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Surface Properties of Germanium 
By WALTER H. BRATTAIN* and JOHN BARDEENt 

(Manuscript received September 3, 1952) 

The contact potential (c.p.) and the change of contact potential with il­
lumination (b.c.p.h of several germanium surfaces have been measured. 
The reference electrode used was platinum. It was found that the c.p. could 
be cycled between two extremes about 0.5 volts apart by changing the gaseous 
ambient. Ozone or peroxide vapors gave the c.p. extreme corresponding to 
the largest dipole at the Ge surface. Vapors with OH radicals produced the 
other extreme. There is a one to one correlation between c.p. and (b.c.p.h . 
For 12-ohm cm n-type Ge (b.c.p.h was large and positive when the surface 
dipole was largest, decreased to zero and became slightly negative as the 
surface dipole decreased to its smallest value. The variation for 12-ohm 
cm p-type Ge was just opposite as regards both sign and dependence on 
surface dipole. The surface recombination velocity was found to be inde­
pendent of c.p. For a chemically prepared surface it was 50-70 cm/sec 
and 180-200 cm/sec for nand p-type surfaces respectively. A theory is 
given that explains the results in terms of surface traps, Naper cm2 donor­
type traps near the conduction band and Nb per cm2 acceptor-type traps 
near the filled band. A quantitative fit with experiment is obtained with 
only one free parameter. The results are direct evidence for the existence 
of a space charge layer at the free surface of a semiconductor. 

INTRODUCTION 

Everyone is familiar with the fact that it is necessary to expend 
energy to remove an electron from a conducting solid. This energy is 

* Bell Telephone Laboratories. 
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tories and continued at the University of Illinois. 
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called the work function. The work function is caused in part by a 
charged double layer or dipole at the solid surface. In metals this dipole 
extends over a distance of the order of 10-8 cm. In semiconductors how­
ever part of the dipole extends into the semiconductor to a distance of 
the order of 10-6 to 10-4 cm depending on the properties of the semi­
conductor. This part of the surface dipole is called the space-charge 
layer. The rest of the surface dipole has approximately the same extent 
as in metals. 

In the space between any two conducting solids there is a contact 
potential caused by the difference between the work functions of the 
two surfaces. One can measure this contact potential by several meth­
ods. We have used an adaptation of the well known method of Kelvin. 
If one has a reference electrode whose work function remains constant, 
then by measuring the c.p. between this electrode and another surface 
one can measure any changes in work function or total dipole of this 
second surface. 

The above method has been used to study the properties of the 
germanium surface in a gaseous ambient at atmospheric pressure. It 
has been found that the total dipole at the germanium surface can be 
changed by changing the ambient and further that by proper control 
of the ambient the surface can be cycled back and forth between two 
extremes of small or large dipole corresponding to a C.p. change or work 
function difference of the order of one-half volt. 

If one upsets the thermal equilibrium in the germanium by creating 
excess electron-hole pairs near the surface, the potential of the surface 
will change until a steady state is reached. When· the extra electron­
hole pairs are introduced by illuminating the surface with light, the 
potential change shows up as a measurable change in contact potential 
between the reference electrode and the Ge surface.! It has been found 
that this contact potential change on illumination (~c.p.h is large and 
positive on n-type Ge when the surface dipole is large, then decreases 
to zero and becomes slightly negative as the surface dipole decreases 
to the smaller extreme. For p-type Ge the (~c.p.h is large and negative 
when the surface dipole is small and goes through zero and becomes 
slightly positive as the surface dipole increases to the larger extreme. 

One can describe qualitatively what is going on as follows. The extra 
hole and electron pairs created by the light diffuse either to the interior 
or to the surface to recombine. The recombination in the interior is 
governed by the body life time T. The surface recombination is charac­
terized by a recombination velocity Vs • When the surface is illuminated 
its potential, with respect to the interior, changes until the combined 
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flow of holes and electrons to the surface and interior is just equal to 
the rate they are being created by the light. The sign and magnitude 
of the potential change for a given illumination depends on the body 
properties of the germanium and on the size of the space charge layer. 

These experimental results are direct evidence for the existence of a 
space charge layer at the free surface of a semiconductor. They not only 
confirm the results obtained for silicon surfaces! but go much further 
in that they enable one to determine how the layer is changed by the 
gaseous ambient used. 

It is known that the surface recombination velocity, V s , can be 
changed, by large factors, by surface treatment.2 For mechanically 
treated surfaces Vs approaches thermal velocities. Every hole or electron 
striking the surface recombines. For such a surface it is found that 
(L1C.P.)L is too small to be measured. On the other hand Vs can be as low 
as 100 cm/sec for chemically polished or etched surfaces such as those 
used in the experiments where (L1c.p.h was measured. In this case one 
wishes to know how Vs depends on the gaseous ambient. This was meas­
ured for the same surface used in measuring (L1c.p.h and it was found 
that, for the ambients used, Vs is approximately a constant and there­
fore independent of the other surface changes. 

A quantitative theory, some details of which are in the Appendix, has 
been formulated to explain the results. It is proposed that there are 
two types of recombination traps at the surface: donor type, Na per cm2

, 

with energies, E a , near the conduction band and acceptor type, Nb per 
cm2, with energies, Eb , near the filled band. Surface recombination 
takes place by electrons and holes successively going into one of the 
two types of traps. To account for the fact that Vs is unchanged by 
changes in ambient, it is assumed that the concentrations of these traps 
are independent of ambient. Changes in c.p. with ambient are assumed 
to result from adsorption and desorption of fixed ions which are at an 
effective distance .e I'.J 2 X 10-7 cm outward from the surface traps. A sche­
matic energy level diagram is given in Fig. 13, to be discussed later. 

The charge of the ions is compensated mainly by charges in the 
surface traps which, together with the ions, form a double layer. A 
large part of the change in c.p. with ambient results from changes in 
this double layer. There is also a change in barrier height, -eVB , 

associated with the redistribution of electrons in the traps. An increase 
in negativeions on the surface requires a decrease in number of electrons 
iri traps, and thus a higher barrier. 

Part of the change with light, (L1c.p.h, occurs in the body of the 
semiconductor and part' occurs across the barrier layer. Changes in VB 
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and occupancy of the traps compensate in their effect on surface re­
combination, so that VB is unchanged by ambient. This means that 
changes in concentrations of electrons and holes in the interior with 
illumination and thus the body contribution to (~c.p.h are independent 
of ambient. Changes in (~c.p.h with ambient result soley from changes 
in VB and are in the directions we have described earlier. 

The concentrations of carriers, nand p, and their change with light 
are obtained as follows. Drift mobilities, J..I.n and J..I.p , and the equilibrium 
product, np, are knmvn from earlier experiments of G. L. Pearson, J. R. 
Haynes and W. Shockley.3 From these, and the resistivity of the sample, 
which was measured, nand p can be determined. The light source is 
calibrated in terms of hole-electron pairs created per cm2 per sec. 
The recombination rate is determined from the body life time 7 and the 
surface recombination velocity. From these latter three measurements, 
one can calculate the steady state density of electrons and holes near 
the surface when it is illuminated. 

Mention should be made here of the fact that oxygen has been found 
to' playa definite role on the Ge surface. The large extreme in dipole is 
obtained when active oxygen (ozone) is introduced into the gaseous 
ambient. Peroxide vapors have the same effect. The other extreme is 
produced by vapors having an OR radical, water vapor, alcohol etc. A 
number of vapors not falling in either of the above classes have little 
or no effect on the surface dipole. Another result is that the difference 
in work function or dipole between n- and p-type Ge is small. This is 
to be expected from previous work. 

We shall first discuss the experimental technique and then give the 
experimental results. The main conclusions of the theory will then be 
outlined and compared with these results. 

EXPERIMENTAL METHOD 

The Ge surface to be measured and the reference electrode are mounted 
under a bell jar. Oxygen or nitrogen as desired is allowed to flow through 
the bell jar at a rate of approximately 2 liters per min. The volume of 
the bell jar is 16 liters. The gas used flows over a drying column of silica-gel 
and then calcium chloride. Means are provided for bubbling this gas through 
any desired liquid before it enters the bell jar. A spark discharge can be 
run in the gas flow line. The reference electrode is placed parallel to the Ge 
surface about 1 mm away. It is mounted on a vibrating reed which is 
driven, electromagnetically, at its resonant frequency of about 90 cycles 
per second and at an amplitude of the order of 0.1 mm. This varies the 
capacity sinusoidally giving rise to an electrical signal when any potential, 
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contact or other, exists between the surfaces. When the proper dc potential 
is applied between the surfaces this signal goes to zero. If no other poten­
tials are present this dc potential is equal and opposite to the contact 
potential. A phase reference method * is employed to determine this balance 
point with a relative accuracy of ±5 X 10-4 vo~ts. A diagram of the Ge­
reference electrode circuit is shown in Fig. 1. Care must be taken to shield 
this circuit. Stray capacity reduces sensitivity and should be minimized. 
Charged insulators inside the shield wj}} produce an apparent c.p. All COll­

ducting surfaces other than the Ge should be relatively far from the moving 
reference electrode. The surface is illuminated through a compound 
lens system by focusing the filament image, of a suitable projection 
bulb, on the germanium surface. This light passes through the grid of 
the reference electrode which removes about 10 per cent of the light. 
The light can be modulated by a square wave chopper, so that (~c.p.h 
can be measured on an ac basis. Both Ta and Pt reference electrodes 
have been used. The Pt electrode appears to be somewhat more constant. 
If the Ge surface is replaced by a gold electrode the contact potential 
difference is practically independent of the changes in the gas ambient. 
The arrangement is such that two samples can be mounted in the bell 
jar and the reference electrode moved from one to the other without 
opening the bell jar. In this way two surfaces can be compared, without 
any question arising of long time drifts in the reference electrode. 

EXPERIMENTAL RESULTS 

I. Change of c.p. between Ge and Pt reference electrodes as a function 
of the gaseous ambient 

When this work was started the object was to find some means of 
varying the c.p. It was thought that the actual values of the c.p. would 

Ge SAMPLE 

REFERENCE ,,/ 
ELECTRODE-

TO AMPLIFIER 
~ 

Fig. 1 - Schematic of experimental circuit. 

* H. R. Moore designed and made the electronic equipment used to do this. 



6 THE BELL SYSTEM TECHNICAL JOURNAL, JANUARY 1953 

be highly dependent on past history of the Ge sample. If however one 
could measure one or more other properties, such as (L\c.p.h and Vs , 

on the same surface at the same time, then one could look for correla­
tions between these properties. In this manner one might be able to 
eliminate the past history as a factor. From previous experiments in the 
highly variable ambient of room air we knew the order of magnitude 
of the variation to be expected. At first it was impossible to produce 
this range of variation under the bell jar. The contact potential always 
drifted in the direction of a positive extreme, i.e., small total dipole at 
the Ge surface. The only way found to get a really large change in the 
opposite direction was to lift the bell jar and expose the sample to room 
air. These phenomena were finally traced to the presence of negative ions, 
possible salt ions, in the room air. These were not present in the oxygen 
and nitrogen supplies we used for creating the ambient in the bell jar. 

It was found that the opposite c.p. extreme could be produced, under 
the bell jar, by running a spark discharge in dry oxygen as it was flowing 
into the system. The next step was to cycle the c.p. from one extreme 
to the other and back again. The procedure was to start with the spark 
discharge in dry oxygen, change to either wet O2 or wet N2 and to end 
with dry O2 • The development of this dependable and reproducible 
cycle was a great aid to the proposed study. Fig. 2 is a plot of contact 
potential versus time for a single crystal slice D of Ge cut from a melt 
that was p-type. The surface was prepared by removing some of the 
Ge with a silicon carbide (180 mesh) blast of approximately ten pounds 
air pressure. The Ge was then mounted in the bell jar within one-half 
minute of the "sandblast," and the dry O2 flow started. The c.p. was 
followed for a few minutes to be sure everything was working properly. 
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Fig. 2 - Contact potential cycles for sandblasted sample D. 
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Fig. 3 - Contact potential cycles for etched sample A. 

In Fig. 2 zero time is taken after the spark discharge was run in the O2 

flow line for 2 minutes. This started the first cycle. After approximately 
17 minutes the O2 was made to bubble through H 20. Fifteen minutes or 
so later the O2 was changed back to dry. At this time, 32 minutes, the 
flow rate was increased by a factor of three. The c.p. was followed for 
about i 7 minutes,_ then the process was repeated. The results and the 
reason for the choice of time intervals, are all evident from a study of 
Fig. ,2. The spark discharge in O2 decreases the c.p. After this treatment 
thee.p. increases with time, most of the change occurring in the first 
15 minutes. The wet O2 then increases the c.p. to a maximum value 
which is reached in about 15 minutes. Finally the dry O2 reduces the 
c.p. It is e~ident that there is a quasi-equilibrium value of c.p. in dry 
O2, to which the c.p. returns after either extreme treatment. At first 
there is quite a large shift from cycle to cycle but this shift gradually 
disappears as the cycling is continued. In Fig. 2 cycles 2, 4, 6 and 10 
are shown. Very little change takes place after cycle 10. Such results 
have been obtained many times over a period of two years. When al­
lowance is made for shifts in work function of the reference electrode 
and for the fact that the experimental technique improved as the work 
progressed it is found that all the results for a given sample of Ge are 
very consistent. 

In Fig. 3 are shown similar results for an n-type slice A. In this case 
the surface was first ground or sandblasted to remove any films, and 
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Fig. 4 - Contact potential cycles for etched sample D. 

then given a polishing etch (CP-4). After the etch the surface was 
washed in running distilled water of reasonable quality. The surface was 
then dried with filter paper and kept covered until placed in the bell 
jar.

4 
From here on the procedure was the same as before. In this case 

cycles 1, 3" and 11 are shown. The surprising result is the similarity be­
tween Fig. 2 and Fig. 3. To a first approximation one is tempted to say 
that the dipole of a Ge surface, in the bell jar atmosphere is independent 
of past history. Within certain limits this is approximately true. There 
are differences between Fig. 2 and Fig. 3 but they are small and probably 
due to differences in surface treatment. Fig. 4 shows the results for 
p-type'slice, D, when this surface is etched as above. This slice and the 
slice A were placed in the bell jar at the same time. Cycle 1, Fig. 3, was 
taken on A, cycle 2, Fig. 4, on D and so on. Any differences between 
the results in these two figures are to be attributed to the differences in 
samples. They cannot very well be ascribed to the reference electrode 
and the initial surface treatments were as nearly the same as they 
could be made with reasonable care. By making runs of this type two 
samples at a time, different samples and different surface treatments 
can be intercompared. This method eliminates the shifts in the work 
function of the reference electrode . that sometimes occur from run to 
run. Such results can be illustrated by plotting the data for different 
samples and different surface treatments for cycles 10 or greater where 
the results for successive cycles are the same. This has been done in Fig. 
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5 where one cycle each is plotted for both sample A and D, for each of the 
two surface treatments, sandblasting and etching. The curves are approxi­
mately all of the same shape so that the differences between them can be 
described by giving the shift in contact potential necessary to superimpose 
the curves. This treatment works very well except for the first part of the 
cycle after the spark coil where the shift necessary is sometimes more and 
sometimes less than that needed to make all of two curves superimpose well. 
Note in Fig. 5 that the contact potential for sample A etched is always 
greater than for sample D etched. In the case of the sandblasted surface 
just the reverse is true. Also the contact potential for the etched surface of 
either sample is always larger than for the sandblasted. 

Using these methods comparable results were obtained on two other 
n-type samples, C and E, of increasingly lower specific resistance. 
Taking advantage of the relation between carrier concentration and 
the position of the Fermi level we have plotted in Fig. 6, the contact 
potential for both the etched and the sandblasted surfaces versus the 
position of the Fermi level (E F - E i ) in electron volts. The contact 
potential values used were taken from the saturation values in wet O2 

but the shapes of the curves would be much the same for any other 
point in the cycle. The contact potentials are thought to be accurate 
to about 0.01 volts. Solid lines have been drawn through the points. 
Note that the contact potential for the etched surface is always greater 
than for the sandblasted surface, i.e., the work function is always less 
and that this difference is greater when E F = Ei or the germanium is 
nearly intrinsic. 
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Fig. 5 - Comparison of cycles for samples A and D with sandblasted and 
etched surfaces. 
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For variety Fig. 7 shows results on c.p. for a sandblasted polycrystal­
line sample of silicon. It is apparent that similar phenomena are taking 
place on the silicon surface, however the behavior is different. These 
preliminary results are shown to illustrate the generality of this method 
for investigating semiconductor surfaces in a controlled gaseous ambient. 

The time between cycles was somewhat variable. The first and second 
cycles were always taken immediately after the specimen was placed 
in the bell jar. After this, successive cycles were taken one or two a 
day over a period of a week or more. The bell jar was not opened during 
a run and a small flow of dry gas was maintained between cycles. Little 
if anything occurred during these idle periods, showing that the changes 
that did take place were due to the cycling. 

II. Change of contact potential with illumination 

When the Ge surface is sandblasted the change of contact potential 
with illumination (Llc.p.h is too small to be measured. If however the 
surface has been prepared by the polishing etch, the (Llc.p.h is easily 
observed. This change if not too small can be measured by finding the 
balance on the potentiometer for light off and light on. When the con­
tact potential is changing with time, or if the change is small this is 
difficult to do. A better procedure is to chop the light at a definite 
frequency and measure the amplified output on an ac meter. This gives 
a continuous reading that can be read easily at any given time. If a 
filter is used to pass only those frequencies near the fundamental of 
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the chopping frequency, the improvement in signal to noise enables one 
to read very small changes. 

A plot of (~c.p.h in volts versus the contact potential for samples A 
n-type and D p-type is shown in Fig. 8. For the n-type sample the signal 
is large and positive when the contact potential is small and becomes 
small and negative as the contact potential increases. Except for the 
shift in the contact potential where (~c.p.h goes through zero, the re­
sults for the p-type sample are practically the opposite of those for the 
n-type sample. Similar curves have been obtained cycle after cycle in 
many complete runs. vVithin experimental error the curves have the 
same shape for a given sample for all cycles in all runs. Sometimes the 
curve for the first cycle in a run will differ in shape from the rest. How­
ever there are shifts such that the c.p. for which the light goes through 
zero (c.p.)o does vary from cycle to cycle throughout a run. Fig. 9 is a 
plot of (c.p.)o versus cycle number for p-type sample D and n-type 
sample A. The data are plotted for two distinct runs. Both of these 
units were in the bell jar when the measurements were taken. Consistent 
results of this kind give one confidence that the Pt reference electrode 
is staying constant. 

These experimental results can be summarized as follows. All data 
for a given sample can be superimposed by shifts in contact potential 
scales for the different cycles. A plot of (~c.p.h versus c.p. - (c.p.)o 
can be represented by a single curve for each unit. Moreover all the 
curves for all units both n- and p-type have quite similar shapes provided 
in the latter we plot [- (~C.P')L] versus (c.p.)o - c.p. The shape of this 
curve is shown in Fig. 8 for a given sample and Fig. 9 shows how (c.p.)o 
varies from cycle to cycle. These plots adequately describe the results. 
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Fig. 7 - Contact potential cycles for silicon. 
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Fig. 8 - Change of contact potential with illumination versus contact po­
tential, samples A and D etched. 

Not shown in Fig. 8 because of the scale used is the result that (Ac.p.h 
for n-type material does not increase indefinitely as c.p. decreases but 
approaches a maximum value. Likewise - (Ac.p.h for p-type approaches 
a maximum as c.p. increases. Figures illustrating these results will be 
discussed after the theory is presented. 

Some of the experimental details require discussion. It is necessary 
to calibrate the ac response in terms of absolute potential change. This 
can be done by comparing the ac reading with the dc reading when the 
light signal is large. One can also do this by introducing a known square­
wave signal across the potentiometer in Fig. 1, and reading the ac signal 
out. Both methods agree when allowance is made for variation of the 
light signal with frequency. The latter response is almost flat from 25 
to 300 cycles, but there is evidence for some very low frequency com­
ponents in the dc measurements of (Ac.p.h. When the light signal 
goes through zero the signal is small and the dc value is difficult to read. 
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At times evidence has been obtained to indicate that the dc value changed 
sign. At other times the dc (L1c.p.h behaved as if the place where it 
went through zero was shifted in c.p. from the point where the ac 
signal goes through zero. In view of this it was necessary to prove that 
the ac signal was changing phase at the zero point and not just going 
down in the noise and then increasing again without phase change. This 
was done by comparing the phase of the signal with a signal from a 
photocell placed in the same chopped light beam. By this means it was 
proved conclusively that the ac light signal was actually going through 
zero. 

Some data were obtained on change of contact potential with light 
on n-type samples C and E having progressively smaller specific re­
sistances. It was foun9. that (L1c.p.h decreased with specific resistance. 
It also decreased into the noise as the contact potential was increased, 
so that it could not be determined if it changed sign as for samples A 
and D. Because of the smaller signal (L1c.p.h could not be measured. 
easily except by the ac method and so far the signal has not been cali­
brated properly. 

Some preliminary data on p-type silicon indicate that (L1c.p.h for 
this sample was negative and that it decreased as c.p. was decreased. 
The magnitude of (L1c.p.h for the same light intensity was much larger 
than for germanium and so far it has not been found to go through zero 
and change sign in the experimental range. 

III. Other methods of varying the c.p. 

In some cases N 2 was used in place of O2• A spark discharge in the 
N2 had very little effect on the c.p. On the other hand wet N2 produced 
much the same effect as wet O2• The positive extreme in c.p. was about 
0.1 volt greater in the case of wet N2. Mter the wet treatment dry N2 
was not nearly as effective as dry O2 in reducing the c.p. to its inter­
mediate value. This can hardly be due to a difference in dryness of the 
two gases since the same drying column was used in both cases. The 
results indicate that dry N2 tended to leave the surface in whatever 
condition obtained before the dry N2 flow was started, and that O2 

counteracts the effect of H 20. 
With dry N2 as a carrier, other vapors were tried. A. N. Holden sug­

gested trying a peroxide and picked out ditertiary butyl peroxide as 
being reasonably safe. Use of this vapor was found to produce the same 
changes as the spark coil in the O2 flow. Other vapors having OH radicals 
stich as methyl alcohol and acetic acid were found to act the same way 
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two runs for each sample. 

as water vapor. To prove that this was not caused by traces of water in 
the alcohol or acid the N2 was bubbled through water solutions of 
H 2S04• These results indicated that one needs appreciable amounts of 
water vapor to produce the effect, much more than could be present in 
the alcohol or acid. Other vapors, such as carbon tetrachloride, methyl­
chloride, nitrobenzene and ether, were found to have no effect on either 
the contact potential or (Llc.p.h . Acetone has a small effect in the same 
direction as water. This is to be expected because this compound exists 
in part in a tautomeric form having an OH group. Vapor from 30 per 
cent H 20 2, 70 per cent H 20 acted at first like a peroxide vapor and 
with a longer time of exposure hehaved like water vapor. Small amounts 
of Cb gas in N2 produced the same change as the spark discharge in O2 
and after 14 minutes of flushing the bell jar with N2 produced an ad­
ditional effect when water vapor was introduced. On n-type samples 
before the usual increase in c.p. and decrease in (Llc.p.h there was a 
large increase in (Llc.p.h . This was attributed to the reaction between 
the water vapor and the CI left on the Ge surface, producing oxygen. 
The nature of the change was a rapid shift in (LlC.p.)o and thus a mo­
mentary increase in (Llc.p.h . This effect is only large in the first cycle. 
It indicates that the shifts in (LlC.p.)o plotted in Fig. 9 are probably due 
to an oxidation of the Ge surface as the cycling' progresses. In all these 
experiments the relation between the c.p. and (Llc.p.h was essentially 
the same as that obtained in the standard cycle. 

One can detect the presence of thin surface films by electron diffrac­
tion techniques. R. D. Heidenreich took electron diffraction pictures of 
a germanium surface immediately after the polishing etch and water 
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wash. He found the surface to be quite clean, with a film thickness less 
than 10 A. He also took pictures after the germanium surface had been 
cycled about fifteen times and found in this case definite evidence for a 
thin surface film. The film was either amorphorus or composed of very 
small crystals. He estimated the thickness to be between 20 and 50 A. 

In the discussion of the experimental work it has been assumed that 
all the changes in c.p. are to be attributed to the Ge surface and not to 
the Pt. It is not easy to give a definite proof that this is true. The fact 
that it is a reasonable assumption is suggested by the nature of the re­
sults themselves. Almost identical results were obtained using a Ta 
electrode. In Fig. 10 we show the results of two cycles when the Ge was 
replaced with gold. While there are some changes they are almost an 
order of magnitude smaller than the changes when Ge is present. It 
follows that one would expect much the same results with either Ta, 
Pt or Au reference electrodes and that most of the changes are due to 
the Ge. No change of c.p. with illumination is observed when both 
electrodes are metals. In one case a small amount of H2 was added to 
the N2 flow. Here the c.p. between Pt and Ge changed rapidly but the 
(~c.p.h did not change at all. Subsequent runs using the regular cycle 
indicated that the c.p. scale had been shifted corresponding to a reduc­
tion in work function of the Pt. Except for this shift the results were 
the same and the shift disappeared in about one day. The conclusion 
was that H2 had little effect on Ge but reacted with the Pt decreasing 
its work function. This is a good illustration of the power of this method 
of measuring more than one property of a semiconductor surface at the 
same time. If only c.p. had been measured the conclusions would not 
have been so clear cut. 

If one knew the work function of the Pt electrode then one would 
know the work function of the Ge. Work functions are all measured in 
high vacuum. We have not been able to think of a method of determin­
ing the work function of any electrode in a gaseous ambient unam-
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biguously. It may well be impossible to do this in Bridgman's operational 
sense. Most physicists would agree that the Pt reference electrode 
probably has a work function of around 5 to 7 volts under these con­
ditions, but this of course does not help much. 

IV. Measurement of surface recombination velocity Vs 

At first we tried various methods of measuring Vs on the Ge surface 
at the same time that c.p. and (~c.p.h were measured. No method 
was found that could be trusted. As the study progressed we realized 
that the c.p. of a Ge surface could be cycled in a reproducible way. 
Since the proper geometry for measuring Vs was a rod or filament,2 
rods were prepared of samples A and D with the same chemical surface 
treatment. The decay of hole electron pairs, created by a point light 
source, was measured as a function of distance from the light. If the 
body life time '[ and the dimensions of the filament are known one can 
then determine Vs .2 These measurements were made while the gaseous 
ambient was cycled in the same manner as before. The results for fila­
ments cut from samples A and D are plotted against time in Fig. II. 
The ambient atmosphere was changed as a function of time just as it 
was in Figs. 2 to 4. The main conclusion is that within the accuracy of 
this experiment there is no evident dependence of Vs on the changes in 
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gas ambient and therefore no dependence on the corresponding changes 
in surface dipole. This result was somewhat unexpected and the first 
time the experiment was performed it was hard to believe that the 
previously measured changes in c.p. actually were taking place. In this 
case the gas ambient was experimented with to try to change Vs and it 
was found that Vs could be changed from the order of 102 cm/sec to 
greater than 105 cm/sec and back again by exposure of the filament to 
(NH)40H fumes and then HCI fumes respectively.5 While interesting, 
this has no direct bearing on the other experiments. The experiment 
was performed again with freshly prepared rods and this time the 
cycling used in the c.p. experiments was rigidly adhered to, giving Vs 

equal to 70 cm/sec and 200 cm/sec approximately for samples A and 
D respectively. The experiments were then repeated again using new 
filaments cut from the samples as close as possible to the surfaces used 
in the c.p. experiments leading to the results shown in Fig. 11, namely, 
VB equal to 50 cm/sec and 170 cm/sec respectively. From these experi­
ments it was concluded that Vs is approximately constant in the range 
involved and is determined by the nature of the sample and the surface 
treatment used. It was noted in some of these experiments that Vs for 
t.he first cycle was somewhat larger than for the subsequent cycles. 
This change when it occurred is probably to be correlated with the 
changes in the early cycles in the c.p. measurements. Similar measure­
ments on sample C gave Vs equal to 1500 cm/sec. No measurements of 
Vs were made on samples Band E. 

V. Other experimental measurements 

The specific resistance of each sample was measured near the surface 
used in the experiments. It was approximately constant across the 
surface but did vary slowly with depth in some of the samples. 

The body life times were measured on each sample. The thickness of 
the slices used was intentionally made large compared to their cor­
responding diffusion lengths, about 0.5 cm for A, B, Cand E and about 
2.0 cm for D. The mobilities were taken from J. R. Haynes3 measure­
ments: J-Ln = 3600 and J-Lp = 1700 cm2/volt sec. There is some uncer­
tainty as regards the exact value of the equilibrium product of holes 
and electrons, np, at 300oK. We have used the value 6.3 X 1026 obtained 
from some unpublished data of G. L. Pearson.3 

The light source was calibrated by replacing the germanium sample 
with one of F. S. Goucher's n-p junctions.6 The bell jar, with every­
thing else including the reference electrode, was left in their normal 
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positions. An average was taken over the filament image, and the ef­
fective area of the p-n junction was determined and allowed for. This 
was done for all light intensities used. Most of the experiments were 
performed with a fixed intensity and the averaged result for this in­
tensity was 6.0 X lOIS, hole electron pairs per cm2 sec. The rate of pair 
production was found to be proportional to the light intensity. 

Since practically all the light is absorbed in a depth (10-4 cm or less) 
that is small compared to the diffusion length, it is a simple matter to 
calculate the steady state increase op in hole electron pairs due to the 
light. The relation is 

(1) 

where N is the rate of pair production, Vs is the velocity of recombination 
at the surface and Vd is the diffusion velocity for the minority carrier. 
Since N is proportional to light intensity it follows that op is too. 

The magnitude of (Ac.p.h should depend on the light intensity. 
One might at first expect it to be proportional to light intensity. That 
this is not the case is shown by curve 1 in Fig. 12. Curve 1 is a plot of 
(Ac.p.h versus op for unit D on a log-log scale. A smooth curve has 
been drawn through the experimental points. As we shall see later, 
theory predicts that if (Ac.p.h is large, it should be proportional to 
tn(l + op/a) where a is the equilibrium density of the minority carrier, 
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n in p-type material and p in n-type. That this prediction is borne out 
is shown by how well the experimental points fit the straight line curve 
2 in Fig. 12 where C~c.p.h is plotted versus this quantity. The scale 
for op is shown along the bottom of Fig. 12 and that for inC1 + op/a) 
along the top. Similar results were obtained for unit A. 

In Table I the parameters, specific resistance p in ohm cm, life time T 

in microseconds and the surface recombination velocity Vs in cm/sec 
are given for each unit used. Also given are some pertinent quantities 
derived therefrom, namely the equilibrium densities of electrons and 
holes, nand p in number per cm3 and the increase in density at the 
surface op in number per cm3 when the rate of pair production due to 
the illumination was 6.0 X 1015 per cm2 sec. 

THEORY 

The constancy of Vs throughout the range of surface dipole investi­
gated puts rather stringent requirements on any theoretical model to 
be constructed. W. Shockley and W. T. Read7 have investigated the 
theory of recombination via traps. It is evident from their work that if 
one assumes a trap density peaked near a single energy and very small 
elsewhere, then Vs will be constant over a range of surface dipole values 
provided that the peak energy is either near the conduction band or 
near the filled band. The experimental results make it appear very 
unlikely that the trapping mechanisms on the nand p-type surfaces 
are essentially different. It is assumed that both types of traps are 
present on the surface and that the traps are approximately the same 
for both n- and p-type samples. Further, it is assumed that the traps 
N a of energy Ea near the conduction band are donor type, i.e., neutral 
when filled and positively charged when empty. Likewise the traps Nb 
of energy Eb near the filled band are assumed to be acceptor-type traps, 
i.e., neutral when empty and negatively charged when filled. The 
absolute charge on the traps is not important, however, because we are 

TABLE I 

" p. 
Q.} c a 0- p no po T V. Op 

c'd ;... 
rJJ E-i 

- - --

A n 12.5 1.38 X 1014 4.56 X 1012 900 50-70 2.2 X 1013 4.4 X 10-13 

B n 15 1.14 X 1014 5.6 X 1012 600 (100) 1.9 X 1013 -
D p 12.0 2.1 X 1012 3.0 X 1014 4000 170-200 1.75 X 1013 6.0 X 10-13 

C n 2.5 7.0 X 1014 0.91 X 1012 48 1.5 X 103 1.67 X 1012 20.0 X 10-13 

E n 0.008 4.4 X 1017 1.45 X 109 - - - -
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concerned only with differences between the occupied and unoccupied 
states. 

The fraction of the traps which are occupied depends on the trap 
energy and on the position of the Fermi level at the surface. The latter 
in turn depends on the condition that the surface as a whole be neutral. 
A very obvious mechanism for changing the total surface dipole is the 
adsorption or desorption of ions on the surface. If this happens the 
position of the Fermi level at the surface shifts until the total charge 
on the surface, adsorbed ions, charge in the traps and charge in space­
charge layer, adds up to zero. The consequences of this model have been 
carried through. 

The basis for the theory i$ illustrated in the energy level diagram of 
Fig. 13. At the semiconductor surface there is a space-charge layer of 
thickness tB which gives a change in electrostatic potential of VB, 
corresponding to a potential energy of an electron of - e VB. Outside 
of the surface of the germanium proper, there is a surface film of thick­
ness tD • A double layer giving a potential change V D , is formed from a 
charge of ions, (J'r, on the outer surface of the film and charges in the 
surface traps of types a and b. Changes in c.p. with ambient result 
from changes in (J'r and consequent changes in VB and V D. It is as­
sumed that the remainder of the work function is independent of ambi-
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Fig. 13 - Schematic of energy level diagram at germanium surface. 
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ent. When light shines on the surface, VB is changed to VB + oV Band 
there is an additional potential drop, oVi , in the body of the germanium 
resulting from the recombination current which flows to the interior. 
The change in contact potential with light is equal to oV B + oVi • 

The film thickness CD is shown on an exaggerated scale. We expect 
CD f'-I 10-6 cm and CB f'-I 10-4 cm, so that CB » CD . 

TABLE OF SYMBOLS 

A. Energies: 

Ea = Ea (true) + kT In (Wl1noc/Woc) , is the effective energy of the 
a-traps for VB = o. Here Wl1noc and wac are the statistical 
weights of the unoccupied and occupied states, respectively. 

Eb = effective energy of the b-traps for VB = O. 
Ec energy of lowest state of conduction band in interior of semi-

conductor just beyond the space-charge layer. 
Ev energy of highest state of valence band at the same position. 
E F = Fermi energy. 
Ei = EF when material is intrinsic. 
V D = potential drop across surface film. 
VB = potential drop across space-charge layer. 
V BO = value of VB for which na = Pb, see below. 
Vo = value of V BO for an intrinsic sample. 

B . Concentrations: 

n = Nc exp. [(EF - Ec)/kT] = equilibrium concentration 
(no./cm3

) of conduction electrons in interior of semicon­
ductor just beyond the space-charge layer. 

P = N v exp [(Ev - EF)/kT] = corresponding hole concentra-
tion. 

= intrinsic concentration. 
= equilibrium concentrations of electrons and holes, re­

spectively, at the surface. 
N a , Nb = concentration (no./cm2

) of a- and b-traps, respectively. 
na = equilibrium concentration (no./cm2

) of occupied a-traps. 
= Nb - nb = equilibrium concentration (no./cm2

) of unoc­
cupied b-traps. 

= values of na and Pb for an intrinsic sample with VB = O. 
= n + on, PI = P + op, and nsl , psI, naI, Pbl = concentra­

tions in presence of light. Electrical neutrality reqnires that 
on = op. 
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The theory is based on the· following postulates: 
1. Changes in c.p. with ambient result from changes in (JI and the 

consequent changes in V B and V D • 

c.p. = VB + V D + const. (2) 

The charge (JI is largely compensated by charges in the surface traps. 
The barrier height, VB, is determined by the requirement of electrical 
neutrality: 

(JI = e(na - Pb) + const. (3) 

Since VB and V D are of the same order, the net charge per unit area 
in the space-charge layer will be smaller than (JI in the approximate 
ratio .eD/.eB and may be neglected: 

II. Traps of type a have energies above EF and of type b below EF 
for all values of VB attained in the different ambients used. More ex­
actly 

Ea - eVB - EF > kT, 

E F - Eb + e VB> kT, 

(4) 

(5) 

for all VB. One may then use the Boltzmann approximations for na 
and Pb : 

n -
a-I + exp [(Ea - eVB - EF)/kT] (6) 

r-.J Na exp [(EF - Ea + eVB)/kT], 

Pb = 1 + exp [(EF - Eb + e VB)/kT] (7) 

r-.J Nb exp [(Eb - eVB - EF)/kT]. 

It is not necessary for our arguments to assume that all traps of each 
type have the same energy. The only requirement is that the distributions 
of trap energies are such that the a-traps are always above and the b-traps 
always below the Fermi level for any ambient. 

III. Creation of electron-hole pairs by absorption of light occurs near 
the surface in a distance that is small compared with the diffusion 
length. Optical constants of germanium indicate that practically all of 
the light with energy sufficient to create electron-hole pairs is absorbed 
within a distance of 10-4 cm of the surface. The diffusion length is of 
the order of 0.2 cm. . 

IV. In the presence of light, the concentration of electrons in a-traps 
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is in equilibrium with the concentration of electrons in the conduction 
band and holes in b-traps are in equilibrium with holes in the valence 
band. The barrier height is adjusted so that the total charge in both 
types of traps is unchanged by illumination. We shall show in the ap­
pendix that the resistance to flow of electrons from the conduction band 
across the space-charge layer and into a-traps is small compared with 
the resistance to flow of electrons from the valence band to the traps. 
Similar considerations apply to flow of holes to b-traps from the valence 
band as compared with flow from the conduction band. 

V. Recombination is limited by holes going into traps of type a 
and electrons going into traps of type b. The two types of traps act 
in parallel for recombination. The contributions to the surface re­
combination velocity are proportional to psna and nspb, respectively. 
These products are independent of VB and thus of ambient if postulates 
II and IV are satisfied. If other types of traps were important in re­
combination, one would expect Vs to depend on ambient, contrary to 
what is observed. 

Postulates I and II are used to relate VB and c.p. with changes in 
ambient. Postulates III, IV, and V are used to relate (Llc.p.h with 
V B and the trap densities, and also to obtain an expression for the 
surface recombination velocity. 

As VB is made more positiv~, corresponding to a decrease in barrier 
height for electrons, na increases and Pb decreases. It will be convenient 
for the theoretical discussion to introduce the particular barrier po­
tential V BO , for which na = Pb. With use of the Boltzmann approxi­
mations in Equations (6) and (7), this gives 

exp [2.6V BO] (Nb/Na) exp [(Ea + Eb - 2EF)lkT)] 

(PbO/naO) (pin), 
(8) 

where .6 = e/lcT. The last form follows from the definitions of PbO and 
naO and by noting that exp [2(Ei - EF)lkT] = pin. We then have 

na/Pb = exp [2.6(VB - V BO)]. . (9) 

As so defined, V BO depends on the Fermi level and thus on the con­
ductivity of the specimen. We shall let Vo be the value of V BO for an 
intrinsic specimen. From (8) 

naO/PbO = exp [-2.6Vo]. (10) 

If naO = PbO, then Vo will be zero. Postulate II sets limits on Vo , but Vo 
is otherwise undetermined in our experiments. 
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We shall first relate V D and VB. Since the electric field in the film is 
47rur/KD, 

(11) 

where I(D is the dielectric constant of the film. Substituting for Ur 

from Equation (3) and making use of (8) and (9), we find 

V D = 2H sinh ,B(V B - V BO) + const, (12) 

where 

H = 4;~:D (NaNb exp [(Eb - Ea)/kT])! = (47re-CD/I(D)(naoPbo)!. (13) 

If V D is expressed in volts and -CD in cm. 

(13a) 

The contact potential Equation (2) may be expressed in the form 

c.p. = VB - V BO + 2H sinh j3(V B - V BO) + const. (14) 

The change in contact potential with illumination results from a 
potential drop oVi in the interior and a drop oV B across the space­
charge layer. The former comes from the recombination current of 
holes and electrons diffusing from the surface to the interior. Since 
electrical neutrality requires that on = op, the concentration gradients 
are equal. However, the mobility of electrons is greater than that of 
holes, so that the diffusion current of electrons is larger than that of 
holes by the mobility ratio "b." Since there can be no net current flow 
to the interior, an electric field is established which is in such a direction 
as to enhance the flow of holes and retard the flow of electrons. The net 
potential drop associated with this electric field is 

oV. = (b - 1) In {I + (b + l)oP) 
~ j3(b + 1) bn + p 

(15) 

where op = on is the change in concentration in the interior just beyond 
the space-charge layer. 8 

This potential is positive for both n- and p-type material, and is 
independent of ambient, since op is independent of ambient. The ob­
served (Llc.p.h is generally much larger than given by (15) and is of 
opposite sign for n- and p-type material. To account for the observa­
tions, it is necessary to assume that the major part of the effect is 
associated with a space-charge layer at the free surface. We believe that 
the present experiments give the most convincing evidence obtained so 
far for the existence of.' such a space-charge layer.! 
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The value of 'oV B, the change in potential across the space-charge 
layer due to light, is determined by the requirement that there be no 
net change in charge in the surface traps, or that 

(16) 

The changes ona and OPb come both from changes in op and on and from 
oV B . According to postulate IV, nal = na + ona is in equilibrium with 
the conduction band and Pbl = Pb + OPb with the valence band. 
We have then 

nar/na = nsdns = (nr/n) exp [,BoV B], 

Pbr/Pb = psI/ps = (pdp) exp [-,BOVB]. 

from which it follows that 

ona/na = (nI/n) exp [,BoVB] - 1, 

OPb/Pb = (Pl/P) exp [-,BOVB] - 1, 

na _ [2,B(V V)] _ (pdp) exp [-,BOVB] - 1 - - exp B - BO - --=..,,-.:.....:..,,---:--'-'-----::----==-=---
Pb (ndn) exp [,BoV B] - 1 . 

(17) 

(18) 

(19) 

(20) 

(21) 

Equation (21) is a quadratic equation in exp [,BoV B] which may be solved 
to give an explicit expression for oV B • The role of electrons and holes 
may be interchanged by changing the sign of oV B and of VB - V BO . 
This accounts for the difference in behavior of n- and p-type samples. 
The total change with light is the sum of oVi and oV B : 

(.1c.p.h = oV L = oV B + oVi • (22) 

In the analysis of the data, oVi is calculated theoretically from (15) 
with op = on determined from (1) and oV B is obtained from the ob­
served (.1c.p.h and oVi using (22). Equation (21) is then used to find 
VB - V BO . A plot of c.p. - (VB - VBO) versus sinh ,B(VB - VBO) should 
be a straight line with slope 2H. An analysis of the observed data in 
this manner is given in the following section. 

We turn finally to a discussion of the surface recombination velocity, 
Vs • According to postulate V, recombination is limited by flow of holes 
to a-traps and of conduction electrons to b-traps. The flow of holes 
from the valence band to a-traps (really electrons from a-traps drop 
into the vacant levels in the valence band corresponding to the holes) 
is proportional to the product of the hole concentration at the surface 
psI, and the concentration of electrons in a-traps, nal. The reverse 
flow is that of thermal generation of holes: electrons from the valence 
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band go into unoccupied a-traps. Since, according to postulate II, the 
number of unoccupied traps is nearly equal to the total number of 
traps, and is thus independent of oV Band op, the reverse flow will be 
practically equal to the thermal equilibrium value. If Spa is the re­
combination cross-section for holes, the net flow of holes to a-traps is 

(23) 

Here, Vp is the velocity factor which when multiplied by the concen­
tration gives the number of holes crossing a unit area from one direction: 

Vp = (leT /27rmpl (24) 

With use of the relations, naJ/na = nsdns, Pbt/Pb = P8t/P.~, from 
equations (17) and (18), which follow from the fact that the a-traps are 
in thermal equilibrium with the conduction band and the b-traps with 
the valence band, (23) becomes 

Upa = SpaVp(na/ns)(pslnsl - psns). (25) 

This expression may be simplified further. The ratio 

na = Na exp [(EF - Ea - eVB)/leT1 = Na exp (Ee - Ea) (26) 
no Ne exp [(EF - Ee - eVB)/leT] Ne leT 

is independent of EF and VB. The ratio may be evaluated for an intrinsic 
specimen with VB = 0, in which case na = naO and ns = ni . Thus 

(27) 

We also have from postulate IV, 

(28) 

The equilibrium products are 

(29) 

With use of (27), (28) and (29), (25) becomes 

Upa = SpaVp(naO/ni)(Plnl - pn). (30) 

Similarly, it is found that net flow of electrons to b-traps is equal to: 

(31) 

The total rate of recombination is given by the sum of U nb and U pa 
and is given by an expression of the form: 

U = U nb + U pa = C(Plnl - pn) = C(n + p)op. (32) 
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It should be noted that the coefficient C is independent of the Fermi 
level and thus of the conductivity of the specimen, whereas Vs is not. 
The relation between them is: 

For n-type 

For p-type 

C = vs/n, 

C = Vs/p. 

(33) 

(34) 

Values of C may be determined empirically from observed values of 
Vs . Referring to Table I, for sample A, Vs = 60 cm/sec and n = 1.4 X 
1014/cm3

, so that C = 4.3 X 10-13 cm4/sec. For sample D, Vs = 180 
cm/sec and p = 3.0 X 1014/cm3

, so that C = 6 X 10-13 cm4/sec. The 
~alues of C are approximately the same, indicating that the traps" are 
not much different for the two specimens. 

The theoretical value of C involves naO and PbO. It is the product 
naPb = naOpbO, which is related to the parameter H and which can be 
estimated from empirical data. To obtain the concentrations them­
selves, a value must be assumed for Vo . We have 

naO = (naoPbo)1 exp [- j3Vo], 

PbO = (naoPbOi exp [j3Vo]. 

(35) 

(36) 

As we have mentioned previously, there is no way to determine Vo 
from our experiments, although postulate II sets limits on its value. 

Let us for simplicity assume that SnbVn = SpaVp = Stv. Then, using 
(35) and (36) in (30) and (32), we have 

(37) 

This equation may be used to estimate the trapping cross-section Sf 
for an assumed Vo . 

COMPARISON BETWEEN THEORY AND EXPERIMENT 

In Fig. 14 we have plotted c.p. - (c.p.)o - (VB - VBO ) versus 
2 sinh j3(V B - V BO) for p-type sampleD, (see Table I). Each symbol 
represents experimental points for one cycle. Results are shown for five 
different cycles not all in the same run. These results are typical of all 
the data obtained for this sample. It is seen that these data can be 
fitted over most of the range by a straight line as drawn, giving a value 
of H = 0.02 e.v. 

In Fig. 15 we have used the same experimental results to plot 
BV L versus c.p. - (c.p.)o. Since the experimental values of BV L cover a 
range of a factor of 20 or more, a logarithmic scale was used to plot 
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as suggested by theory. 

oV L • Both positive and negative branches of the curve are plotted on 
the same figure. The symbols used for the experimental points are 
consistent with Fig. 14. When c.p. - (c.p.)o is greater than zero, oV L is 
negative. As c.p. increases it approaches a maximum negative value, 
this is the negative branch. When c.p. - (c.p.)o is less than zero, oV Lis 
positive and as c.p. decreases oV L approaches a positive maximum 
value that is less in magnitude than the negative maximum. The solid 
curve represents the prediction of theory for H = 0.02 e.v. The agree­
ment between theory and experiment is good. It should be emphasized 
that this fit is obtained with only one adjustable parameter. 

The data for the other samples were analyzed in the same way. 
The results are shown by plotting oV L versus c.p. - (c.p.)o as in Fjg. 15. 
Fig. 16 is for n-type sample A and Fig. 17 for n-type sample B. The 
values obtained for H were 0.015 and 0.022 e.v. respectively. The fits 
obtained are about equally good in all cases with some deviation between 
theory and experiment near the extremes of contact potential. The 
values of H obtained are all of the same order as they should be if the 
surface trap structure is approximately the same from sample to sample. 
When VB - V BO is large and positive and thus c.p., Eq. (14), is large, 
oV L approaches the negative maximum 
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-w In ~) - ov.], 
equation 21, and as VB - V BO becomes small and negative, c.p. decreases 
and BV L goes through zero and approaches the positive maximum 

For p-type germanium ndn is greater than pdp so that the negative 
maximum for BV L is greater than the positive maximum. Just the 
opposite is true for n-type germanium. 

In this comparison of theory and experiment a tacit assumption has 
been made that the germanium surface is uniform in its properties. It 
might well be that this is not the case. The surface might be "patchy." 
To estimate what effect patches or non-uniformities might have the 
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experiment and theory sample D, p-type. 
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following was done. It was assumed that the surface was made up of 
two parts each having the theoretical dependence·of oVL on c.p. but 
. with the contact potential where the light effect goes through zero 
differing by 0.05 volts. The values of oV L at a given contact potential 
were averaged and plotted against c.p. 'The difference between this 
curve and the original one was almost entirely a simple shift in (c.p.)o . 
It is therefore unlikely that non-uniformities in c.p., over the surface, of 
the order of 0.1 volts or less would change the relation between oV L 

and c.p. sufficiently to be detectable. 
One can use equations (8), (10) and (21) to calculate values of 

(VB - Yo) for each experimental .value of oV L and then plot these 
. values against the corresponding values of contact potential. These 
results are shown in Fig. 18 for n-type sample A and p-type sample D. 
(VB - Vo) changes with c.p. as one would expect and in an approxi-
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mat ely linear fashion throughout most of the experimental range. The 
change in VB is approximately one-fifth the change in contact potential. 
(VB - Vo) is positive for the p-type sample and negative for the n-type 
sample throughout most of the range. If the trap distribution on the 
surface were symmetrical about the intrinsic position of the Fermi 
level, then PbO would be equal to naO and Vo would be zero. In this case 
the space charge layers on n- and p-type germanium would b~ about 
equally developed. All the experimental evidence on germanium indi­
cates that this is not the case but rather that - V Bn is much larger than 
V Bp • This then means that Vo is negative and that the trap distribution 
is unsymmetrical either in number or energy or both in such a way that 
naO > PbO • 

In Table II values are given for the differences (VB - V BO), etc., 
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also oV's, for certain special cases for samples A and D as calculated 
from theory. From equations (8) and (10) 

1 1 
(VBO - Yo) = e (Ei - EF ) = 2(3 In(p/n). (38) 

It is a constant for any given sample as is oVi (see equation 15). From 
equations (21) and (38) it follows that when oV B = 0 then (VB - yo) = 0 
for all samples. To say this another way, if the traps are symmetrically 
distributed about Ei and VB is zero, then illuminating the germanium 
would produce no potential difference across the surface. One would not 
suspect offhand that (VB - yo) for oV L = 0 was also approximately 
independent of the material in the sample but it is. For the case where 
op and the minority carrier are both small compared to the majority 

TABLE II 

A (n-type) 

-0.044 
+0.0019 

o 
+0.044 
+0.010 
+0.054 
+0.024 

D (p-type) 

+0.064 
+0.0015 

o 
-0.064 
+0.010 
-0.054 
-0.026 
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carrier one can easily show that when oV L = 0, 

(VB - Yo) = (1/2,B) In b. 

This follows from equations (15), (21), (22) and (38). The rest of the 
results hardly need comment. 

It is interesting to compare differences in contact potential, etc., for 
units A and D. In equation (2) the Fermi energy has been included in 
the constant. ThiH equation predicts that if the trap distributions on 
both surfaces are the same, then when the contact potentials of both 
surfaces are equal the values of V D should also be equal and the dif­
ference between the V R'S should be equal and opposite to the differences 
between the Fermi energies in electron volts. This equation can be 
written 

c.p. = (VII - Yo) - (VRO - Yo) + V D + Vo + const. (40) 

In comparing UllitH we shall use ~'s to denote differences and these 
differences are always taken A-D. 

For the case where ~c.p. = 0, ~(V B - V 0) can be read from Fig. 18 
and ~(V BO - V 0) from Table II. We have then 

~(V D + Vo + const) = -0.05. 

This indicates t haL our simple picture is not quite right. If ~ V D were 
zero for this ea~e it should follow from equation (12) that both 
~2H sinh ,B(VII - V IIO) and the difference in the const in this equation 
should be zero. H Lurns out, however, that ~2H sinh ,B(V B - V BO) is 
not zero but +0.07. Equation (12) can be substituted into equation 
(40) giving 

c.p. = (VB - l'o) - (VBO - Vo) + 2H sinh ,B(VB - VBO) 

+ Vo + const2 • 

(41) 

Where the COllHtallL now includes the constant part of V D and is labeled 
const2 to distill~uiHh it from the constant in equation (40). We have 
then for ~c.p. = 0 

~(Vo + const2) = -0.12. 

This differellce ~(1'0 + const2) can be calculated three other ways, 
using the expel'imellL results and theoretical" values where necessary. 
These ways arc 
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1) at the same time in the cycle 

A(Vo + const2) -0.10 

2) when oVL = 0 

A(Vo + const2) -0.13 

3) when oVB = 0 

A(VO + const2) = -0.12. 

All four results are consistent within the probable experimental accuracy 
and give an average result of A(Vo + const2) = -0.12 instead of zero 
as one might expect from the simple picture. This indicates that the 
trap distributions are different on the two surfaces. The constant part 
of V D is proportional to - (Na - N b) and from equation (10) one would 
expect Vo to decrease as Na increases with respect to N b, thus AVo 
and A const2 should be of the same sign and additive so that A const2 

is less than 0.12 volts; assuming that tD/KD is the order of 2 X 10-7 cm, 
this indicates that A(Na - Nb) is the order of 3 X 1011 per cm2 which is 
small compared with the probable trap density, N a , Na , of the order 
of 1014 per cm2 as we shall see in the next paragraph. 

Assuming that tD/I(D in equation (13a) is the order of 2 X 10-7 cm 
one can calculate (naOPbO)! obtaining 4.1 X 1010 and 5.5 X 1010 for 
samples A and D respectively. Using these values one can solve for St 
in equation (37) and obtain for the case of Vo = 0 the value 5.0 X 10-17 

cm2 for the average capture cross section of the surface traps. The 
values of St , naO and PbO depend on what one takes for Vo . The relations 
are 

5 X 10-17 

St= 
cosh .aVo' 

naO = 5 X 1010 exp [ - .aVo] , 

PbO = 5 X 1010 exp [.aVo] . 

This dependence is shown in the graph in Fig. 19. As already mentioned 
there are reasons for thinking that Vo is less than zero. If one takes 
-0.06 volts as a reasonable value then one gets St = 10-17 cm2

, naO 

= 5 X 1011/cm2 and paO = 5 X 109/cm2 respectively. One can push these 
calculations still further to estimate N a, Nb, Ea and Eb . One knows 
that Ea and -Eb must be greater than l/lcT. Also Na and Nb should be 
less than the number of germanium atoms per cm2 of surface which is 
1.4 X 1015/cm2

• Values of Na and Nb of the order of 1 X 1014/cm2 for the 
number of traps per cm2 with energies Ea and - Eb of the order of 0.2 
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e.v. measured from the midband energy are reasonable and not incon­
sistent with the original assumptions. 

As mentioned in the experimental section, some data on (ilc.p.) L for 
samples C and E have been obtained. While no complete analysis of 
these results has been made, one can see that they are of the right 
order of magnitude. As the specific resistance of the sample decreases, 
the body life time 7 decrease~. This empirical result is to be expected. 7 

Consequently op for the same light intensity decreases and one would 
expect (ilc.p.h to decrease as it does. For sample E of course one could 
not neglect the charge in the space layer so that the theory would be 
more involved. 

The comparison between the contact potentials of samples A, C, D 
and E shown in Fig. 6 can be understood in part at least. Consider first 
the over-all result that at the same time in the cycle the c.p. for a sand­
blasted surface is less than for an etched surface, i.e., the work function 
for the sand-blasted surface is greater. It is known that the surface re­
combination increases enormously when the surface is sand-blasted. This 
means that either the surface trap density has increased or that the 
distribution has changed or both in such a way as to increase surface 
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recombination. The results of Fig. 6 indicate that this change in trap 
distribution also has been in a direction to increase (- VB). This is what 
one would expect if Nb has increased with respect to Na , i.e., sand-blasting 
increases the effective number of acceptor traps. About all that can be said 
about the rest of the results in Fig. G is that if one knew the surface trap 
structure in number and energy distribution for the etched surface then 
one could deduce from the results in Fig. 6 the distribution of traps for the 
sand-blasted surface over part of the energy rnnge at least. 

The theory developed here for the germanium surface may not apply 
at all for a silicon surface. In a previous discussion of the silicon surface! 
it was assumed that the resistance to surface trapping occurred mainly 
in the flow across the space charge layer rather than from the surface 
to the traps. This may well be the case in silicon. An investigation of the 
silicon surface using these same techniques should clarify this point. 

It should be emphasized that the ambient used for this study and the 
variations in it are special in that they do not necessarily correspond to 
the atmosphere of ordinary room air. It is very probable that constituents 
in room air other than oxygen ions and water vapor are important, such 
as salt ions for instance. It is quite probable that Vs for such a surface 
exposed to room air would increase considerably with time instead of 
staying relatively constant as it does under the bell jar. 

CONCLUSIONS 

A method has been developed for studying the surface properties of 
Ge in a gaseous ambient at atmospheric pressure. It has been found 
that the Ge surface interacts with this ambient. Two atmospheric 
constituents that are important in this interaction, oxygen and vapors 
\vith OR radicals, have, been isolated. With the controlled use of these, 
the surface dipole of Ge can be cycled between two extremes. Thus the 
dependence of other properties of the Ge surface on surface dipole, such 
as change of contact potential with illumination and surface recombina­
tion, can be determined. 

It is evident from the results that the method is very powerful. In 
order to complete the present study, it was necessary to stop trying new 
experiments since almost all directions of variation open up new and 
interesting phenomena. These results on Ge are really just a beginning, 
and the preliminary data on silicon indicate that the same method would 
also be fruitful on other semiconductors. The technique is of course not 
limited to atmospheric pressure. 

A tentative theory of the Ge surface has been developed that is 
sufficient to explain the experimental results on a semi-quantitative 
basis. Theory and the experiment together predict approximately the 
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number, type and distribution in energy of the surface traps. One has 
therefore a tentative model of the Ge surface that should be very useful 
in any further investigation of its properties. 
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ApPENDIX 

We have assumed (Postulate IV) that traps of type a are in equi­
librium with electrons in the conduction band and that traps of type b 
are in equilibrium with holes in the valence band. vVe wish to show that 
this is not really a separate assumption but follows as a consequence of 
Postulate II if the density of traps is not too high. For simplicity, we 
shall restrict the discussion in the appendix to the limiting case of small 
departures from equilibrium so that the equations are linear. The 
problem may then be discussed most conveniently7 by means of quasi­
Fermi levels* or imrefs, ¢n and ¢P' for the conduction electrons and 
holes, respectively. 

Departures o¢n and o¢P' of the imrefs from the Fermi level are a 
measure of the departures of the concentrations, on and op , from their 
equilibrium values: 

ni = n + on = n exp (-{3o¢n), (A.I) 

PI = P + op = p exp ({3o¢p). 

The imrefs in the interior are then 

.</>, = ~l In (1 + ~), 

.</>p = ~In(l+ .:). 
Correspondingly, the imrefs at the surface are defined by: 

(A.2) 

(A.3) 

(A.4) 

nsl = ns + ons = n exp [(3(VB + oVB - o¢ns)], (A.S) 

psI = ps + ops = p exp [-(3(VB + oVB - o¢ps)]. (A.6) 

* Reference 2, pages 302-308. 
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Changes in imrefs of the traps are defined by: 

ntl = nt + ont = Nt (A 7) 
1 + exp [(Et - EF -e(VB + oVB) + e&pt)/kT] ' . 

Nt 
Ptl = Pt + OPt = ) (A 8) 1 + exp [(EF - E t + e(VB + OVB) - eO¢t /kT]· . 

In these last two equations, t may refer to either type of trap (a or b) 
and OPt = -ont. 

For small signals, the recombination current via a given set of surface 
traps may be considered as a flow produced by differences in the imrefs, 
o¢n and o¢P' through four effective resistances in series, as shown in 
Fig. 20. Here RnB is an effective resistance for flow of electrons across 
the barrier layer, Rnt for flow of electrons from the conduction band at 
the surface to the traps, Rpt for flow of holes from the filled band to the 
traps, and R pB for flow of holes across the barrier layer. Under steady 
state conditions, the net flow of conduction electrons to the surface is 
balanced by an equal flow of holes. The recombination current may be 
thought of as a flow of electrons from the conduction band via the traps 
to the valence band. 

The recombination current per unit area is 

(A.9) 

where R t is the sum of the four resistances in series. Here U is the 
particle current and I is the corresponding electric current. If o¢n and 
o¢p are expressed in volts, R t is in ohms/cm2

• We may define a re­
combination constant Ct by an equation corresponding to (34): 

U = Ct(Plnl - n~). (A.10) 

RnB 
\/"------0 O'fJn 

~I 1: 
/\r------o U'fJp 

RPB 
Fig. 20 - Circuit analogy of surface recombination. 
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The relation between C t and R t is obtained by use of (A.I) and (A.2) 
in (A.I0). Since (A.9) is valid only to terms of the first order in oepn 
and oepp , we make the corresponding approximation in (A.I0) and find 

I/R t = e{3n~Ct. (A.II) 

If there is more than one type of trap, the net recombination resistance, 
R, is that of the various traps in parallel. Values obtained for R for 
specimens A and D from the empirical values of C are about 500 ohms. 

We shall show that for a-traps, Rpa is much larger than the other 
resistances in series, and that for b-traps, Rnb is the dominant resistance. 
This implies that oepa = oepn and Oepb = oepp, or in other words that a-traps 
are in equilibrium with the conduction band and b-traps with the 
valence band. 

First consider the flow across the space-charge layer. The resistances 
Rnt and Rbt depend on the sign of VB. When VB is negative, the net 
electron current across the space-charge layer is: 

(A.12) 

where Vn is defined by an equation similar to (24). The second form is 
the linear approximation. Thus we have 

I/RnB = e{3vnns . 

If VB is positive, ns is replaced by n. 
Correspondingly, for VB negative, the hole current is: 

and 

I = eVp(PI - PsI) exp [{3(VB + oVB)] 

rv e{3vpp(oepps - oepp) , 

For V B positive, P is replaced by ps . 

(A.13) 

(A.14) 

The maximum value of RnB is obtained for the ambient which makes 
VB most negative and R pB is a maximum when VB is most positive. 

The current from the conduction band to the traps is calculated as in 
(23) : 

I = e(VnSntnslPtl - gtntl) 

\./"\ e{3vnSntnsPt(Oepns - oept). 

(A.15) 

(A.16) 
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Here gt is the rate of thermal generation of electrons from occupied 
traps to the conduction band. Since, for equilibrium conditions, I = 0, 
we have: 

(A.I7) 

It may be verified easily that g t is independent of E F and VB. The 
ratio, 

(A.IS) 

is the equilibrium concentration of electrons in the conduction band 
when the Fermi level is at the level of the traps. The expression (A.I6) 
is again the linear approximation. Thus 

(A.I9) 

Similarly, we have 

I/Rpt = e{3vpSptpsnt. (A.20) 

We shall show that the ratio 

Rnt/Rpt = (VnSpt/VpSnt) (psnt/nspt) , (A.2I) 

may be expected to be small compared with unity for a-traps and large 
compared with unity for b-traps. First consider a-traps. If anything, 
Spa < Sna, because holes must give up a larger energy than conduction 
electrons in going to a-traps. The second factor is small compared with 
unity if 

ps «net, (A.22) 

with net defined by (A.IS). This will be the case if the a-traps are closer 
to the conduction band than the top of the valence band at the surface 
is to the Fermi level. According to Postulate II, this should always be 
the case. 

Similarly, for b-traps 

(A.23) 

if 

ns « pvt, (A.24) 

where 

pvt = psnt/pt = N v exp [-(Et - Ev)/kTJ. (A.25) 

is the concentration of holes in the valence band when the .Fermi level 
is at the level of the traps. 
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The values of Rnn and R pB relative to Rnt and Rpt are: 

Rnn/Rnt = SntPt 

R pB/ R pt = Sptnt. 
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(A.26) 

(A.27) 

In our experiments these are always small compared with unity, since 
the trapping cross-sections are of the order of 10-17 cm2 and Pt and nt 
are always less than Nt , which is of the order of 1014/cm2. 

Barrier resistances may be important for surfaces with a large number 
of surface traps. Analysis of earlier data on the change of the contact 
potential of silicon with lighe was made on the assumption that the 
probability that an electron or hole reaching the surface be trapped is 
relatively large, and that consequently the barrier resistances are large 
compared with the trapping resistances. The present experiments on 
germanium throw doubt on this interpretation, but further experiments 
are required to clarify the situation. 
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Frequency Economy in Mobile Radio Bands 
By KENNETH BULLINGTON 

(Manuscript received August 20, 1952) 

The various factors affecting the usability of mobile radio channels are 
discussed, and estimates are obtained for the number of usable channels per 
megacycle for several present and proposed methods of operation. The lack 
of radio-frequency selectivity is the principal barrier to maximum frequency 
economy, but this difficulty can be avoided by sufficient geographical and 
operational coordination. 

The increasing demand for all types of radio services emphasizes the 
need for efficient use of the radio frequency spectrum. In mobile radio 
operation the number of usable channels that can be obtained in the 
VHF and UHF mobile bands depends not only on the width of the in­
dividual channels, but also on how and where each channel is to be used. 
Activity on the same frequency at neighboring locations, and on neigh­
boring frequencies at the same location both affect the usefulness of a 
channel. Halving the channel spacing doubles the number of potential 
assignments, but it does not double, and in some cases it does not ap­
preciably increase the number of usable channels. 

The usefulness of a single isolated channel is determined by the in­
tensity of its signal above the noise level. Because of the very wide varia­
tion in received signal strength caused by distance, terrain, building 
shadowing, etc., the coverage area of a channel can be discussed only in 
statistical terms. There are likely to be islands of poor signal-to-noise 
ratio even close to the transmitter, and the coverage gradually fades out 
into more spotty conditions at greater distance. 

If the same frequency is used at a neighboring location, the familiar 
problem of co-channel interference arises. There will now be locations 
where the desired signal is above noise, but the undesired signal is still 
stronger. Thus, the coverage area of a channel is reduced by the existence 
of the co-channel transmitter; again, it is possible to discuss this reduc­
tion only in statistical terms. 

When two channels are being operated on different frequencies in 
the same general area, the coverage area of each is limited by signal-to-

42 
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noise considerations. In addition, each channel may affect the other 
because of spurious radiation from transmitters, insufficient receiver se­
lectivity, receiver oscjUator radiation, etc. The recent trend toward re­
ceivers with greatly improved IF selectivity is worthwhile, but even 
infinite IF selectivity cannot solve many of the present interference 
problems. 

vVhen three or more channels are operating in the same general area, 
another type of interference occurs because of intermodulation in trans­
mitters or receivers. If it were technically feasible to build into the equip­
ment sufficient radio frequency selectivity to separate the working chan­
nels, this interference could be removed. In fact, this is not feasible, and 
it is necessary to consider possible modulation products from channels 
falling within a frequency band several percent wide. The number of 
possible interference conditions that result from intermodulation (third 
order) rises from 9 for 3 working channels to 50 for 5 channels, to 450 
for 10 channels, and to 495,000 for 100 working channels. Some of 
these interference combinations overlap and fall on the same channel; 
but even considering all possible duplication, intermodulation inter­
ference rapidly becomes controlling as the number of closely spaced chan­
nels working in the same area is increased. 

It is not technically feasible to achieve enough radio frequency selec­
tivity to permit unrestricted and uncoordinated use of many channels 
in a given area, unless the channels are, on the average, separated by 
about 1 per cent of the operating frequency. For any kind of efficiency 
of frequency utilization, it is necessary to have some coordination in the 
location of fixed transmitters and in the use of channels. The maximum 
efficiency of utilization requires the maximum coordination. 

The technical factors that determine channel width, channel spacing, 
and the number of usable channels are described and tabulated below. 
The first section discusses the principal factors that affect the useful­
ness of channels equipped with transmitters and receivers with perfect 
filtering. This is followed by a consideration of the limitations imposed by 
insufficient total filtering and by insufficient radio frequency filtering. 
The next section shows the reduced requirements that are possible by 
coordination between systems. Finally, the quantitative data are used 
to illustrate the capabilities and efficiencies of various present and pro­
posed methods of mobile system operation. 

CHANNELS WITH PERFECT FILTERING 

It has been found by experiment that the radio path loss between an­
tennas in a mobile radio system can be ascribed to three principal fac-
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tors: distance, shadowing and standing wave patterns. The variation 
with distance from the base station follows the theoretical free space 
loss up to 500 feet or more, as long as the points are within line of sight. 
Typical values of the free-space loss are shown in Table 1. Beyond 
about one-half mile the median path loss over plane earth increases 
about 12 db each time the distance is doubled out to distances of 20-30 
miles. I • 2 

In addition to the increase in path loss with distance, which is ac­
counted for reasonably well by the theory of radio propagation over 
plane earth, bold features of geography such as mountains and large 
buildings cause shadow losses that result in irregular coverage patterns. 
For example the median loss at street level for random locations in 
New York City is about 25 db greater than the plane earth values com­
puted for the distance and antenna heights involved; the corresponding 
10 per cent and 90 per cent losses are about 15 and 35 db respectively.3 

Superimposed on the above effects which vary relatively slow1y with 
location are standing wave patterns whose effect on path loss can change 
substantially within a foot or so. The standing waves are the result of 
random additions of multiple reflections from nearby buildings or ter­
rain, and the variation in path loss follows the Rayleigh distribution for 
small changes in distance in urban areas. In other words, there is no 
theoretical limit on the deviation from the median but in 1 per cent of 
the possible locations the signal is likely to be more than 8 db above the 
median value and in 99 per cent of the possible locations the signal level 
is not expected to be more than 18 db below the median value. 

The motion of the mobile unit through the standing wave patterns 
causes signal fluctuations or flutter in the received signal. The flutter 

TABLE I - FREE SPACE Loss BETWEEN DIPOLES 

Separation Between Transmitting and 
Free-Space Loss 

Receiving Antennas 
150 me 450 me 

5 ft. 16 db 26 db 
50 ft. 36 46 

500 ft. 56 66 
?>i mile 70 80 

1 Young, W. R., Jr., Comparison of Mobile Radio Transmission at 150, 450, 900 
and 3700 Mc. Bell Sys. Tech. Jl., 30, pp. 1068-1085, Nov., 1952. 

2 Aikens, A. J., and L. Y. Lacy, A Test of 450-Megacycle. Urban Transmission 
to a Mobile Receiver. I.R.E., Proc., pp. 1317-1319, Nov., 1950. 

3 Bullington, K., Radio Propagation Variations at VHF and UHF. I.R.E., 
Proc., pp. 27-32, Jan., 1950. 
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rate at 150 mc may be as much as 15 cycles per second for a speed of 30 
mph and increases as either the radio frequency or the speed of the 
mobile unit is increased. The fast acting gain controlneeded to minimize 
the flutter effects is obtained automatically with frequency modulation 
but is more difficult to obtain with amplitude modulation. This factor is 
one of the principal advantages of the use of FM instead of AM for 
mobile radio systems. 

The co-channel interference to be expected between stations having 
equal transmitter powers depends on the path loss statistics for both the 
desired and undesired signals. At the edge of the desired coverage area 
there must be a high probability that the desired signal will be strong 
enough to be useful and only a small probability that the undesired 
signnl will be strong enough to be troublesome. The geographical separa­
tion needed between co-channel stations varies from about four to six 
times the desired coverage radius when FM is used and from six to eight 
times when AM is used.4 If the needs for mobile channels were uniformly 
distributed geographically only a small part of the potential channel 
assignments would ever be used in a given area. However, the needs for 
mobile channels are usually concentrated in areas of high population 
density so that a large percentage of the channel assignments may be 
needed in the same area. 

The above estimates on co-channel spacing depend somewhat on the 
antenna heights and the type of terrain, and assume that the same fre­
quency is used in both directions of transmission. When the two-fre­
quency method is used with adequate separation between the trans­
mitting and receiving frequencies, the co-channel spacings can be reduced 
to about three to five times the coverage radius for FM and to about four 
to six times for AM. This reduction of approximately 30 per cent is 
possible because the most troublesome interfering path in the single 
frequency method (from base transmitter to base receiver) can be elim­
inated in the two-frequency method by sufficient selectivity. 

The principal reason for using the single frequency method is to pro­
vide communication between two mobile units when they are relatively 
near each other but are beyond the range of the base station. When 
transmission of all messages through the base station is desirable, or at 
least not objectionable, the two-frequency method is preferable. It is 
shown in a later section that close geographical and operational co­
ordination is needed to achieve maximum efficiency in the use of fre­
quency space and that this coordination can be obtained only with the 
two-frequency method. 

4 See reference in Footnote 3. 
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The bandwidth needed to pass the desired signal depends on the fre­
quency stability that can be maintained as well as on the type of modula­
tion. The allowance for frequency drift includes the variations in both 
transmitters and receivers. The importance of these figures is indicated 
in Table II which shows the tolerances needed for frequency instability . 

. For example, with an overall frequency stability of ±0.002 per cent the 
channel width at 450 mc needs to be 18 kc wider than the minimum band­
width required to pass the modulated signals. 

The use of frequency modulation has several important advantages 
that cannot be readily obtained with AM .. The instantaneous gain con­
trol and the closer co-channel spacings have already been mentioned. 
In addi tion, for the same radiated power, FM with a frequency swing 
greater than about ±3 kc has the well known advantage of providing a 
higher output signal-to-noise ratio throughout most of the coverage 
area than is possible with double sideband amplitude modulation; this 
FM advantage is substantially reduced when the IF bandwidth is large 
compared with the bandwidth required to pass the desired sidebands. 

The bandwidth required for frequency modulation of a 3 kc voice 
band must be at least ±3 kc. For reasonable FM signal-to-noise ad­
vantage, particularly in the presence of impulse noise, the frequency 
swing should be at least ±5 kc which requires a bandwidth of ±8 kc 
for good quality. The corresponding bandwidth for amplitude modula­
tion is ±3 kc; the use of single sideband AM transmission does not seem 
feasible, at least not for single channel operation. 

LIMITATIONS IMPOSED BY INSUFFICIENT (rrOTAL) FILTERING 

The frequency separation between carrier frequencies must be greater 
than the bandwidth required to pass the desired signal because addi­
tional frequency space or guard bands are needed to build up receiver 
selectivity against undesired signals and to avoid the extra band radia­
tion from transmitters. The power of a 100 watt transmitter is about 

TABLE II - TOLERANCE NEEDED FOR OVERALL FREQUENCY 

DRIFT 

Frequency Stability 

±O.OOl% 
±O.002 
±O.005 

Allowance for Frequency Drift 

150 mc Band 

±1.5 kc 
±3 
±7.5 

450 mc Band 

± 4.5 kc 
±9 
±22.5 
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TABLE III - REQUIRED SUPPRESSION VERSUS DISTANCE 
BETWEEN ANTENNAS 

Distance Between Transmitting and 
Receiving Antennas 

Oft. 
50 ft. 

500 ft. 
~2 mile 

Total Selectivity or Filtering Required 

150 mc 

160 db 
124 
104 
90 

450 mc 

160 db 
114 
94 
80 
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160 db greater than the minimum signal that is useful in the receiver 
(140 db below one watt), so ideally no appreciable interference would 
result if the overall selectivity of the receiver and the suppression of 
extra band radiation in the transmitter could be in excess of 160 db. 
This amount of isolation is difficult to obtain by filtering. The inter­
action between transmitter and receiver of the same system is frequently 
avoided by the use of "push-to-talk" operation, but the potential inter­
ference between different systems requires the full 160 db (based on 100 
watt transmitters). Fortunately, a substantial part of the desired isola­
tion can be obtained by modest geographical separation. The net re­
quirements for either receiver selectivity or transmitter filtering are 
less than 160 db by the losses shown in Table I and are summarized in 
Table III. 

Rereiver selectivities of 90-100 db or more are feasible except on 
nearby channels and possibly on certain image channels. Typical values 
of the guard bands that are required between the edge of the desired 
pass band and the frequency at which the desired attenuation to inter­
fering signals can be obtained are estimated in Table IV. 

Even if the guard band, shown in Table IV, required to provide ade­
quate selectivity in the receiver could be reduced to zero by providing 
infinitely steep sides on the IF selectivity curve, there would still re­
main the guard band needed to avoid the extra band radiation from the 
transmitter. The amount of suppression of extra band radiation needed 

TABLE IV - GUARD BAND VERSUS IF SELECTIVITY 

Desired IF Selectivity 

40 db 
60 
80 

100 
120 

Required Guard Band 

12 kc 
15 
20 
25 
30 
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for unrestricted operation is equal to the required receiver selectivity 
given in Table III and can be translated into frequency space in the 
following manner. 

Both AM and FM transmitters radiate some noise and distortion 
products outside of the ideal modulation bandwidth. In addition, some 
of the sideband energy in FM falls outside the desired modulation band­
width. The magnitude of the undesired FM sideband radiation is higher 
than the noise immediately outside of the desired band, but it decreases 
more rapidly with the result that the noise is usually controlling in the 
region where the extra band radiation is more than 60 to 70 db down. 

The guard bands that are required between the edge of the desired 
transmitted band and the frequency at which the necessary suppression 
of extra band radiation can be obtained are estimated in Table V. 
These values depend on the width of the voice band and are relatively 
independent of the radio frequency since rJ. selectivity is not possible. 

Measurements on present day transmitters correspond to the above 
estimates for values of suppression less than 80 db, but a frequency 
separation of nearly one megacycle or more is needed for suppressions of 
100 and 120 db. This limitation is not expected to be inherent so more 
optimistic estimates are indicated in Table V. If the present charac­
teristics cannot be improved, that is, if suppressions greater than about 
80 db cannot be obtained, Table III indicates that some interference 
may be expected within about one-half mile of an unwanted transmitter. 

A comparison of the information given in Tables III, IV and V in­
dicates that the guard bands required for unrestricted operation are 
approximately 100, 50 and 25 kc for minimum separations between 
transmitter and receiver of 50 feet, 500 feet and one-half mile, respec­
tively. These values together with the bandwidth needed for modula­
tion and for frequency instability determine the frequency separation 
required between channels operating in the same area and are sum­
marized in Table VI. 

TABLE V - GUARD BANDS REQUIRED TO AVOID EXTRA 

BAND RADIATION 

Guard Bands Required 
Suppression of Extra Band Radiation 

AM: FM: 

40 db 3 kc 9 kc 
60 10 15 
80 25 25 

100 50 50 
120 100 100 
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TABLE VI - CHANNEL SPACING REQUIRED FOR UNRESTRICTED 
OPERATION OF Two FM CHANNELS IN SAME AREA 

VERSUS ANTENNA SEPARATION 

Channel Spacing, Neglecting Intermodulation 

Minimum Separation Between 
Transmitting and Receiving Antenna 150 mc 450 mc 

±0.002% ±O.OOS% ±0.002% ±0.005% 
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50 ft. 112-122 kc 121-131 kc 124-134 kc 151-161 kc 
500 ft. 62- 72 71- 81 74- 84 101-111 
~ mile 37- 47 46- 56 49- 59 76- 86 

The above table shows that if interference of the types so far con­
sidered is to be kept below the minimum usable signal at all distances 
greater than about 500 feet from undesired transmitters, the channel 
spacing needs to be at least 62 to 75 kc in the 150 mc band and 74 to 105 
kc in the 450 mc band. The channel spacings for AM are equal to the 
minimum shown above, while the higher figure is for FM with ±5 kc 
swing (a modulation bandwidth of ±8 kc). 

Since the above channel spacings are considerably greater than the 
necessary IF bandwidth, it should be possible to use intermediate chan­
nels in adjacent non-overlapping areas. This geographical limitation 
does not appreciably decrease the overall efficiency in the use of fre­
quency space as long as the needs for mobile channels are more or less 
uniformly distributed within a large region, but it becomes important 
where a large percentage of the available channels are needed in the same 
metropolitan area. 

In a later section it is shown that channel spacings less than the values 
given in Table VI are feasible in the same area providing sufficient co­
ordination is achieved in both geographical spacings and operating 
methods. 

The estimated channel spacings shown in Table VI do not take into 
account the effect of intermodulation interference which is discussed in 
the following section. Intermodulation interference may limit the num­
ber of usable one-way channels to only 1 or 2 per megacycle instead of 
the above 6 to 20 per megacycle, unless further restrictions are placed on 
the selection of frequencies and on the method of operation. 

LIMITATIONS IMPOSED BY INSUFFICIENT RF FILTERING 

When a strong unwanted signal on a frequency within the RF bandwidth 
is present at the input to a receiver, overloading occurs and the receiver 
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TABLE VII - REQUIRED RF RECEIVER SELECTIVITY VERSUS 
ANTENNA SEPARATION 

Minimum Separation Between Transmitter 
RF Selectivity 

and Receiver 
150 mc 450 me 

o ft. (common antenna) 95 db 95 db 
50 ft. 59 49 

500 ft. 39 29 
H mile 25 15 

is said to be desensitized. When two or more strong unwanted signals 
are present desensitization also occurs, but in addition, extraneous fre­
quencies are generated by intermodulation in the receiver itself. As the 
levels of the unwanted signals become greater than about 75 db below 
one watt (1 or 2 millivolts across a typical receiver) the intensity of the 
modulation products rises rapidly above the set noise. The resulting 
interference can be 60 db or more above set noise and the number of 
the modulation products increases by at least the cube power of the 
number of operating channels. 

Ideally, the intermodulation interference in the receiver caused by 
100-watt transmitter~ (20 db above one watt) can be eliminated by 
20 + 75 = 95 db RF selectivity even when the receiver and the unwanted 
transmitters are connected to the same antenna. In practice, the effect of 
geographical separation assuming the free space loss given in Table I 
reduces the RF selectivity requirement to the values given in Table VII. 

The RF selectivity requirements given in Table VII cannot be ob­
tained on nearby channels. The approximate RF bandwidths associated 
with various amounts of RF selectivity in mobile receivers is shown in 
Table VIII. For example, in mobile receivers it seems feasible to provide 
40 db of RF selectivity at frequencies removed from the desired chan­
nel by about 3 mc in the 150-mc band and by about 10 mc in the 450-mc 
band. At fixed stations the RF bandwidth required for a given selec-

TABLE VIII - FREQUENCY SPACING FROM MIDBAND VERSUS 
RF SELECTIVITY 

Frequency Spacing from Midband 
Desired RF Selectivity 

150 me 450 mc 

20 db ±1.5 me ± 5 me 
40 ±3 ±1O 
60 ±6 ±20 
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TABLE IX - SIGNIFICANT RF BAND VERSUS ANTENNA 

SPACING 

:Minimum Separation Between Receiver and 
RF Band 

Unwanted Transmitters 
150 me 450 me 

50 ft ±6 me ±14 me 
500 ft. ±3 ±7 
H mile ±2 ±4 
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tivity can be reduced to one-third and possibly to one-fourth of the 
above values by the use of bulky and expensive filters. 

The critical frequency band that needs to be considered in deter­
mining the usefulness of any given channel can be obtained by combining 
the information given in the two preceding tables with the results shown 
in Table IX. For example, if it be desired to work mobile receivers un­
restricted to within 500 feet of two or more unwanted transmitters, all 
frequency assignments within ±3 mc in the 150-mc band (or within 
± 7 mc in the 450-mc band) must be carefully chosen if intermodulation 
interference is to be avoided. . 

When the ±3-mc band is divided into 100 potential channel assign­
ments of 60 kc each and when the channels assigned to a given area are 
chosen at random, 7 channels working 50 per cent of the time (or 37 
channels working 10 per cent of the time) will, on the average, cause 
third order intermodulation interference about 10 per cent of the time 
on each channel within the band. The interference is expected to be 
above the minimum usable signal level in all receivers located less than 
about a mile from the unwanted transmitters. Even if the operating fre­
quencies are selected carefully instead of at random, no more than 11 
channels out of 100 can be found that are free of third order intermodula­
tion when used simultaneously in the same general area. These results 
are discussed more completely in a companion paper.5 When the num­
ber of potential channel assignments is greater or less than 100, the 
corresponding number of usable channels limited by third order modula­
tion alone is shown in Table X. The numbers of usable channels shown 
above are further reduced when fifth and higher order intermodulation 
products are considered. 

A reduction in the nominal channel spacing from 60 kc to 20 kc means 
a three-fold increase in the potential channel assignments, but Table X 
shows that the number of usable channels increases much more slowly. 

5 Babcock, W. C., Intermodulation Interference in Radio Systems. Page 63 of 
this issue. 
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TABLE X - NUMBER OF USABLE CHANNELS VERSUS NUMBER OF 

POTENTIAL CHANNELS 

No. of Usable Channels 

No. of Potential Channel Random Selection 
Assignments in RF Band 10% Chance of Interference 

Shown in Table IX Careful Selection 
No Interference % of Time Transmitter Is On 

50% 25% 10% 

20 7 5 10 25 
50 9 6 12 30 

100 11 7 15 37 
200 12 9 18 45 
500 14 12 24 60 

Thus far, only the intermodulation interference generated in the re­
ceivers has been considered. Intermodulation also occurs at the same 
frequencies in the transmitters, but it usually can be made less impor­
tant than the corresponding interference in the receivers. Ideally, the 
intermodulation products generated in the transmitters should not be 
stronger than 140 db below one watt (about 1 microvolt at the input to 
the receiver) which requires about 75 db RF filtering in each transmitter 
output. This ideal requirement is based on 100 watt transmitters with 
both the transmitters and receiver working on the same antenna. In prac­
tice, the RF filtering requirement is less than 75 db because of physical 
separation between transmitters and receivers, and typical values based 
on free space transmission are shown in Table XI. 

A comparison of the filter requirements on 100 watt transmitters with 
the corresponding receiver selectivity requirements given in Table VII 
shows that the receiver requirements are greater as long as the effective 

TABLE XI - RF TRANSMITTER FILTERING VERSUS ANTENNA 

SEPARATION 

RF Fil tering Needed in Each Transmitter in db 

Distance Between Receiver and 150 me 450 me 
Unwanted Transmitters Distance Between Transmitters Distance Between Transmitters 

Oft 10 ft 50 ft 500 ft Oft 10 ft 50 ft 500 ft 
------ ---- ----

o ft.* 75 - - - 75 - - -
50 ft. 57 46 39 - 52 36 29 -

500 ft. 47 36 29 19 42 26 19 9 
72 mile 40 29 22 12 35 19 12 2 

* Common antenna. 
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separation between transmitters is greater than about 50 feet. For 
example, with a 500-foot separation between the transmitting and re­
ceiving antennas, Table VII shows that the 150 me requirement on rJ. 
selectivity is 39 db. The bandwidth between the 39 db points on the 
receiver selectivity characteristic determines the number of potential 
channel assignments to be used in Table X. 

INCREASED EFFICIENCY OBTAINED BY COORDINATION 

The preceding selectivity and filtering requirements are severe and 
in some cases virtually unattainable except at considerable sacrifice in 
frequency space. The principal reason for these exacting requirements is 
that the assumed unrestricted and independent operation results in large 
differences in field intensities among closely spaced frequencies. In order 
to pick out the weak signals from among the strong, sufficient selec­
tivity must be provided to suppress the potential interference to below 
the minimum usable signal. 

An alternative is to reduce the level differences and hence the filter­
ing requirements by geographical and operational coordination. This 
means that the level of the potential interference can be permitted to 
be many db above set noise as long as it is always at least 10-20 db 
below the desired signal at all possible locations. By proper coordination 
the troublesome RF filtering problems can be eliminated within the co­
ordinated system and the remaining IF selectivity problems can be 
minimized. . 

The first step is to use the two frequency method of operation with 
adequate separation between the frequencies used for the opposite 
directions of transmission. In this way substantial RF filtering can be 
obtained to eliminate the interference between one or more base trans­
mitters and a base receiver. This type of interference is particularly 
troublesome between single frequency systems because of the relatively 
high base transmitter power and because the high antennas at both 
locations reduce the radio path loss to a minimum. The corresponding 
possible interference between transmitters and receivers on different 
mobile units is also reduced by the two frequency method but inter­
ference between mobile units is much less important because of the 
lower power and much lower antenna heights. 

The potential interference between base transmitters and mobile re­
ceivers caused by insufficient total filtering can be reduced by locating 
all base transmitters at or near a common point so the level differ­
ences between the desired and undesired signals will never be exces­
sive. When all transmitters radiate from a common antenna, a selec-
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tivity or filtering requirement of about 40 db (instead of the values 
shown in Table III) is su~cient for a reasonable signal to interference 
.ratio plus an allowance for differential path losses resulting from stand­
ing wave effects. 

The RF selectivity or intermodulation problem in the mobile receiver 
can be eliminated by reducing the power level at the first converter to 
about 75 db below one watt. This can be done by providing a simple 
automatic gain control in the RF stage of the mobile receiver. In regions 
where the desired and undesired signals are weak the receiver has full 
sensitivity, while at locations near the transmitters both the desired 
and undesired signals are reduced in level before reaching the first con­
verter: The result is that the intermodulation products generated in the 
-receiver are reduced about 3 db for every db that the desired signal is 
lowered and the distortion becomes negligible before the output signal­
to-noise ratio is reduced appreciably. In order that the a.g.c. circuit can 
be fully effective it is necessary that the transmitters be grouped to­
gether and that the desired carrier be transmitted to control the gain of 
the receiver. 

Grouping the base transmitters at or near a common point together 
with the associated measures of transmitting the carriers and using 
a.g.c. greatly reduces the requirements on the mobile receiver, but these 
measures complicate the design of the base transmitter. The intermodu­
lation products generated in the closely associated transmitters result 
in potential interference both within and outside of the desired trans­
niitting band. The intermodulation that falls on the mobile receiver fre­
quencies needs to be suppressed by at least 25 db below the carrier on 
any channel to prevent mutual interference within the coordinated 
system. The intermodulation that appears as extra band radiation out­
side the frequency range of the coordinated system must be suppressed 
by RF filters. The guard band needed to prevent mutual interference 
between the coordinated system and its neighbors is small compared 
with the frequency space that is saved by the close spacing of the chan­
nels within the coordinated system. 

In the direction of transmission from the mobile transmitters to the 
base receivers, the above coordinating methods cannot be used but 
equally effective ones are available. The RF selectivity requirements 
shown in Table VII can be reduced 20 db by using 20 db less power in 
the mobile transmitter than in the base transmitter. This measure is 
somewhat analogous to the use of a.g.c. in the opposite direction of 
transmission; a further step would be automatic control of the radiated 
power but this complication does not appear to be necessary. 

In order to regain the full coverage area, multiple base receivers at 
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different locations are needed and this use of space diversity techniques 
provides an opportunity to pick the receiver having the best signal-to­
noise ratio. lVIoreover, the low power in the mobile transmitter together 
with the better RF filters that are possible in fixed locations reduces the 
critical bandwidth within which intermodulation interference can arise 
to about ±0.4 mc at 150 mc and to about ±O.G mc in the 450 mc range. 
In these band widths approximately 20-25 channels can be obtained 
which with random location of the mobile units would be divided more 
or less uniformly among five or more base receiving stations. Since no 
more than 4 or 5 channels would be operating within the' critical RF 
bandwidth at anyone receiving location, the possibility of intermodula­
tion interference is almost negligible. Finally, an off-channel squelch 
circuit is provided which disables the base receiver at a location where 
serious adjacent channel interference is most likely to occur and forces 
the choice of another base receiver in a different location. Another ef­
fect of the off-channel squelch circuit is that it keeps the base receiver 
quiet during idle times, and in this respect it is analagous to the advan­
tage gained in the mobile receiver by continuous transmission of the 
desired carrier at the base transmitter. 

Most of the above coordinating methods tend to emphasize and to 
increase the characteristic differences between the two directions of 
transmission. The net effects are that greater frequency economy is ob­
tained and that the electrical requirements are reduced on the mobile 
equipment where size, weight and power are critical and where cost 
savings are important because of the large number involved. An increase 
in complexity occurs at the multi-channel base station but this s.eems 
economically justified because the cost can be divided among many 
working channels. 

When the above methods of coordination are fully utilized, the RF 
requirements are eliminated in the mobile equipment and can be met 
in the base station equipment. In addition, the IF selectivity require­
ment on nearby channels is reduced to about 40 db in the mobile re­
ceiver and to about 60 db in the base receiver. The extra band radiation 
requirement on nearby channels is reduced to about 25-40 db in the base 
transmitter, depending on whether one or more than one antenna is 
used; and to about 60 db in the mobile transmitter. 

These requirements coupled with the data given in Tables II, IV 
and V lead to the frequency separation between coordinated channels 
operating in the same area as given in Table XII. The channel spacings 
are shown for AM and for FM with a frequency swing of ±5 kc (which 
requires a bandwidth of ±8 kc for good quality). 

The spacings shown in Table XII assume that each channel is trans-
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TABLE XII - CHANNEL SPACING VERSUS SYSTEM STABILITY­

COORDINATED SYSTEMS IN SAME AREAS 

Channel Spacing 

150 mc 450 mc 
Stability 

Mobile Receiver Base Receiver Mobile Receiver I Bass Receiver 

AM FM AM FM AM FM AM FM 
----------------

±O.OO1% 21 31 25 35 27 37 31 41 
±O.OO2% 24 34 28 38 36 46 40 50 
±0.005% 33 43 37 47 63 73 67 77 

mitted on an individual carrier. Single-channel operation seems to be 
the only practical arrangement for transmission from the mobile trans­
mitter to the base receiver. In the other direction of transmission, from 
base transmitter to mobile receiver, the question naturally arises whether 
additional frequency economy could be achieved by multichannel meth­
ods. In this case individual carrier operation is also indicated for trans­
mission and economic reasons. The multiple echoes that exist at street 
level in urban areas limit the number of usable channels that can be 
transmitted on a single carrier. 6 While the exact number is somewhat 
indefinite, it appears to be less than about 20 and perhaps less than 10 
channels. In addition the selectivity and linearity requirements on 
multi-channel receivers (even for two channels) are much more severe 
than for single channel equipment. From these considerations it appears 
that the use of more expensive receivers and channel separation equip­
ment in each mobile unit is not economically feasible. 

FREQUENCY ECONOMY IN PRESENT AND PROPOSED MOBILE SYSTEMS 

The technical factors given above provide a basis for estimating the 
number of usable mobile channels that can be obtained in a given band­
width. This bandwidth must be sufficiently large to be isolated by RF 
filtering if the results are to be well defined. 

The following examples assume two different geographical distribu­
tions: (1) the number of usable channels with overlapping coverage 
areas that can be obtained within a city or metropolitan area, and (2) 
the number of usable channels that can be obtained when the channels 
are distributed more or less uniformly over a state or other large area. 
The examples are based on the use of frequency modulation with a 

6 Young, W. R., Jr., and L. Y. Lacy, Echoes in Transmission at 450 Megacycles 
from Land-to-Car Radio Units. I.R.E., Proc., pp. 255-258, March, 1950. 
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modulation bandwidth of ±8 kc and a frequency stability of ±.002 
per cent; with these assumptions, the IF passband should be at least 22 
kc in the 150 mc band and 34 kc in the 450 mc band. Narrower band­
widths could be used but this would result in a substantial sacrifice in 
coverage under impulse noise conditions. 

Five cases are considered: 
(1) Single Frequency Semi-Coordinated-In this case, substantially 

no interference is expected from third order modulation problems, which 
are avoided by careful selection of operating frequencies, but higher 
order modulation products may be important. Base station locations 
are unrelated geographically to other systems in same general area, 
except that a minimum spacing of 500 feet between receiver and in­
terfering transmitter is assumed. 

(2) Single Frequency with Interference-In this case, the choice of 
frequencies is unrestricted, but a 10 per cent chance of third order inter­
modulation interference is accepted within 500 feet of unwanted trans­
mitters, when transmitters are in oper~tion 25 per cent of time. 

(3) Two Frequency Semi-coordinated-This is the same as (1), ex­
cept with two-frequency operation. 

(4) Two Frequency with I nterference-8ame as (2) except with two 
frequency operation. 

(5) Fully Coordinated Broad-band-This case assumes: (a) two fre­
quency operation with the land transmitters coordinated in location, 
power, antenna height and emission of protective carriers; (b) low power 
mobile transmitters; (c) multiple land receivers; (d) no interference from 
third or higher order intermodulation; and (e) guard bands to protect 
mobile and neighboring services from mutual interference. 

The number of usable channels that can be obtained in the same area 
is estimated in Table XIII for frequencies near 150 mc. 

The minimum channel spacing shown in the first column of Table XIII 
is calculated as follows: in cases (1), (2), (3) and (4), the extra band 
radiation from the base transmitter is controlling. As shown in Tables 
III and V, to avoid interference for distances greater than 500 feet from 
the interfering transmitter requires a guard band of about 50 kc. This 
is added to the 22 kc required IF pass-band of which ±8 kc is allowed 
for the FM signal, and ±3 kc for 0.002 per cent system instability. 
In (5), the adjacent channel receiver selectivity is controlling: Table IV 
shows the required 60 db can be obtained in 15 kc, which added to the 
required 22 kc IF band gives approximately 40 kc. 

lt will be noted from Table VII that the assumption of a separation 
of 500 feet between the receiver and the interfering transmitter requires 
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TABLE XIII - USABLE CHANNELS IN CITY AT 150 MC 

Method of Operation 

(1) Single frequency semi-coordinated ........... . 
(2) Single frequency with interference ........... . 
(3) Two frequency semi-coordinated ............. . 
(4) Two frequency with interference ............ . 
(5) Fully coordinated broad-band* .............. . 

Minimum 
(Not Average) Number of Usable 

Channel Spacing Channels in 6 me 
in Same Area 

75 kc 10 
75 14 
75 5 
75 7 
40 45 

* Includes three guard bands of 0.8 mc each to protect mobile and neighbor­
ing services from mutual interference. 

about 40 db RF selectivity, and from Table VIII that the 40 db selec­
tivity requires that all frequencies within ±3 mc need to be considered. 
With 75 kc channel spacing, there are 80 potential assignments in 6 mc. 
Table X indicates that 10 one-way channels can be found that are free 
of mutual third order intermodulation interference. If the available 
bandwidth were 12 mc the number of interference-free channels would 
be doubled. 

By the same process from Table X, we derive the number of usable 
channels shown for case (2). 

For cases (3) and (4), the methods are the same, but the number of 
usable channels is reduced to one-half that shown for the single fre­
quency cases. 

In the fully coordinated broad-band system (case 5) a usable one-way 
channel can be obtained every 40 kc. However, three guard bands total­
ing 2.4 mc are provided to protect both the mobile and neighboring 
systems from mutual interference. If the available bandwidth were 12 
mc the number of interference-free channels would be increased from 45 
to 120 since no additional guard bands would be required. 

The comparison between various methods of operation given in Table 
XIII applies to IS0-mc channels operating in the same city. When the 
channels are distributed more or less uniformly over a large area, the 
number of usable channels is increased by several factors. The separation 
between carrier frequencies in non-overlapping areas needs to be only 
slightly greater than the IF pass-band of the receiver, say, 30 kc at 150 
mc. The guard bands needed in one location can be used in other areas 
at geographical separations less than co-channel spacings. Finally the 
required geographical separation between co-channel stations is less 
for the two frequency method than for the single frequency method and 
is less for FM than it would be for AM. 

An estimate of the maximum number of usable channels within a large 
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TABLE XIV - USABLE CHANNELS IN STATE OR LARGE AREA 
AT 150 MC 

59 

Method of Operation Minimum Channel Number of Usable 

(1) Single frequency semi-coordinated ........... . 
(2) Single frequency with interference ........... . 
(3) Two frequency semi-coordinated ............. . 
(4) Two frequency with interference ............. . 
(5) Fully coordinated broad-band ............... . 

Spacing" Channels in 6 me 

25 kc 
25 
25 
25 
25 

108 
171 
108 
171 
240 

* Assumes adjacent channels are not assigned in same area. 

area can be obtained by considering an area whose radius is about six 
times the coverage radius of the individual transmitter. A larger area 
is unnecessary because single frequency FM channel assignments can be 
repeated at this distance, while a smaller area would tend to approach 
the common area concept used above. The large area can be divided into 
9 subareas, each of which can be treated in the manner used in Table 
XIII. The results are shown in Table XIV, which again assumes an 
FM modulation bandwidth of ±8 kc and ±0.002 per cent overall sys­
tem frequency stability. 

The entries in Table XIV are calculated as follows: Once again, the 
smallest band to be considered is limited by the RF selectivity in mobile 
receivers to 6 mc; with 25 kc as the minimum channel spaeillg, there are 
6000/25 = 240 potential assignments. From Table X, only 12 can be 
found to be free of third order intermodulation. With 12 channels in 
each of 9 subareas, there is a grand total of 108 channels usable in the 
state or large area. With more frequency space, the usable number is 
increased in proportion. 

By the same process, from Table X we derive the number shown for 
case (2). 

In the two frequency cases, the co-channel separation can be made 
smaller than in the single frequency cases, since the most troublesome 
case of interference (that between base transmitters and base receivers) 
is eased by RF selectivity. Thus, the co-channel ~:leparation needs to be 
only about 0.7 that for single frequency operation, which means that 
there are now effectively 18 instead of 9 subareas. It follows that the 
grand total of usable channels is the same in cases (1) and (3) and cases 
(2) and (4). 

In considering case (5), we note from Table XIII that 40 kc is the 
minimum channel spacing usable L1 a single subarea. However, the larg­
est grand total of channels is found by using 50 kc spacing in the sub­
areas, and assigning the adjacent 25 kc channels to other subareas. 
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TABLE XV - USABLE CHANNELS IN CITY AT 450 MC 

Method of Operation 

(1) Single frequency semi-coordinated ........... . 
(2) Single frequency with interference ........... . 
(3) Two frequency semi-coordinated ............. . 
(4) Two frequency with interference ............ . 
(5) Fully coordinated broad-band * .............. . 

Minimum 
(Not Average) Number of Usable 

Channel Spacing Channels in 14 me 

85 kc 
85 
85 
85 
50 

12 
17 
6 
9 

68 

* Includes three guard bands of 2.4 mc each to protect mobile and neighboring 
services from mutual interference. 

Similarly, the guard bands of one subarea can be used for channels else­
where so all of the available 240 channels can be used. 

The examples given in Tables XIII and XIV represent the two 
extreme conditions and the practical situation lies in between the two. 

By similar reasoning it is possible to estimate the number of usable 
channels that can be obtained at frequencies around 450 mc. The num­
ber of usable channels shown in Table XV is for overlapping coverage 
areas in a city or metropolitan area and the estimates given in Table 
XVI are based on a uniform distribution over a state or other large sec­
tion of the country. 

Again, FM modulation with a bandwidth of ±8 kc and a system 
frequency stability of 0.002 per cent are assumed. 

For a bandwidth of 28 mc instead of 14 me the number of usable 
channels is doubled for the first four cases and is increased from 68 to 
208 for the fifth case. The corresponding estimates for bandwidths less 
than· 14 me are indefinite because of insufficient rJ. selectivity. 

CONCLUSIONS 

The principal conclusions that result from Tables XIII, XIV, XV 
and XVI, and from the preceding discussion can be summarized as fol-

TABLE XVI - USABLE CHANNELS IN STATE OR LARGE AREA 

AT 450 MC 

Method of Operation 

(1) Single frequency semi-coordinated ........... . 
(2) Single frequency with interference ......... ' .. . 
(3) Two frequency semi-coordinated .. " ........ . 
(4) Two frequency with interference ............. . 
(5) Fully coordinated broad-band ............... . 

Minimum Channel Number of Usable 
Spacing* Channels in 14 me 

35 kc 
35 
35 
35 
35 

117 
198 
117 
198 
400 

* Assumes adj acent channels are not assigned in same area. 
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lows: 
1. A fully coordinated system requires a band of several megacycles 

that can be treated as a unit, but it offers substantial overall frequency 
economy and freedom from interference that can be obtained in no other 
way. This is particularly true in large metropolitan areas where the 
demand is greatest. vVith the same equipment and the same standards 
of quality and reliability, coordinated channels can always be spaced 
much closer in frequency than uncoordinated systems. 

2. The advantages of coordination increase rapidly as the number of 
channels per unit area is increased. However, in areas where only three 
or four channels are required, the advantages of complete coordination 
are sufficiently small that only the semi-coordination of careful frequency 
allocation is required to preserve overall frequency economy. 

3. For maximum economy, where full coordination is not used, the 
channels should be assigned as in FM and TV broadcasting first to areas 
and then to users within areas. The allocation of a block of channels to 
a particular service with a minimum of operational and geographical 
restriction frequently results in an ever-increasing interference problem 
as each additional station is placed in operation. 

4. Single-frequency operation is most suitable where the operational 
need for single channel communication between mobile units (as con­
trasted with fixed-to-mobile) is more important than frequency econ­
omy . 
. 5. A frequency separation between potential channel assignments of 

25 kc in the 150 me range, and 35 kc in the 450-mc range seems tech­
nically feasible; but adjacent channels with these minimum spacings 
cannot be assigned in the same area. These values may be reduced to 
about 20 and 30 kc, respectively, at the sacrifice of an appreciable reduc­
tion in coverage under impulse noise conditions. A further reduction in 
channel spacing would not appreciably increase the total number of 
usable channels, since the controlling factors are RF selectivity and 
extra band radiation, rather than IF selectivity or the total number 
of potential channel assignments. 

6. The average spacing needed between channels operating in the 
same area varies from about 40 to 500 kc or more, depending on the 
method of operation and the criterion of usability. 

7. The need is for a certain small number of channels in all areas, 
plus a peaked demand in centers of population. In the semi-coordinated 
cases, the maximum number of channels that can be allocated to the 
peak area is a small fraction of the total number of channels available. 
In the fully coordinated, broad-band case, there is much more flexibil-
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ity and the peak area can be allocated a large fraction of the total avail­
able. 

8. FM is preferable to AM for land mobile serviee because its instan­
taneous gain control feature minimizes the flutter caused by the motion 
of the mobile unit through standing wave patterns. This advantage in­
creases in importance as the carrier frequency increases. In addition, 
FM with an adequate frequency swing provides an increased signal-to­
noise advantage over most of the coverage area. The somewhat greater 
channel width required by FM is more than offset on an area coverage 
basis by the closer co-channel spacing. 



Intermodulation Interference in 

Radio Systems 

. Frequency of Occurrence and Control by Channel 
Selection 

By WALLACE C. BABCOCK 

(Manuscript received August 25, 1952) 

I ntermodulation interference becomes a serious factor in frequency usage 
when a block of consecutive channels is provided for a given type of radio 
service in a confined area. Formulas are presented which show the number 
of potentially interfering 3rd and 5th order intermodulation products that 
can be formed in a band of n consecutive channels. The probability of en­
countering interference when a number of operating channels are picked 
at random from this band of n channels is developed and the number of in­
terference free operating channels that can be obtained by careful selection 
in this same band is also derived. 

When a block of consecutive radio channels is used in a confined area 
to provide a given type of service, interference becomes a serious prob­
lem. The situation is aggravated by the fact that whenever energy at 
two or more radio frequencies combines in a nonlinear circuit, as in 
transmitter output stages or in receiver input stages, products at other 
than the original frequencies are created. These are called intermodula­
tion products, and they are capable of causing serious interference 
within the block of channels assigned to a given type of service as well 
as in other bands assigned to other types of service. 

It is important in engineering a service to know something about the 
nature of these products in order to evaluate their interference poten­
tialities and to study means of controlling or minimizing that interference. 
The numbers and locations of various types of intermodulation products 
are susceptible to mathematical computation. Whether or not all of 
these products would produce actual interference depends on the geo­
graphical locations of transmitters and receivers, and on their specific 

63 
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electrical characteristics. This paper discusses the number of potential 
interferences, and in effect, envisages a situation where potential inter­
ferences are strong enough to be actual interferences. * 

GENERAL 

Intermodulation products are commonly referred to as 2nd, 3rd, 4th 
... nth order products depending on the order of nonlinearity which 
gives rise to the products. Interference within a system is not generally 
experienced from the even order products because the frequency sepa­
ration bet\veen the channels involved and the product formed by them 
is so great that the selectivity of the transmitter and receiver radio fre­
quency circuits is sufficient to reduce it to a negligible amount. Some of 
the odd order products can be discounted also for the same reason. 
There are odd-order products, however, involving both sums and dif­
ferences of operating frequencies in such fashion that the frequencies 
of the products formed are very close to those which generated them. 
These products are those referred to throughout the remainder of this 
paper since they are the most likely to cause interference. The most 
general form of 3rd order interference occurs when three frequencies, 
A, Band C, intermodulate in such fashion as to produce interference on 
a channel operating at frequency D. In this case 

A+B-C=D 

Another form of 3rd order interference occurs when the second har­
monic of A intermodulates with B to produce interference on a channel 
operating at frequency C. In this case 

2A-B=C 

In like fashion the following forms of 5th order interference may occur. 

A+B+C-D-E=F 

2A + B - C - D = E 

A+B+C-2D=E 

2A + B - 2C = D 

3A-B-C=D 

3A-2B=C 

* Bullington, K., Frequency Economy in Mobile Radio Bands. Page 42 of 
this issue. 
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NUMBER OF INTERMODULATION PRODUCTS AND FREQUENCY BAND AF­

FECTED 

It is of interest to know how many intermodulation products can be 
produced by a block of n uniformly spaced channels and where they 
will fall with respect to the frequency band occupied by the n channels. 

Third Order Products 

When all possible combinations of n uniformly spaced operating 
channels are activated three at a time, n 2(n - 1)/2 products will be 
formed and they will lie between A - (n - 1) and A + 2(n - 1) where 
the operating band lies between channels A and A + (n - 1). This 
means that the bandwidth of the intermodulation products is very 
nearly three times that of the operating channels. The products are 
symmetrically distributed with respect to the midpoint of the operating 
band. There will be 

2n3 + 3n 2 
- 2n - 6 

24 

third order products that will fall in the n - 1 channels immediately 
below the operating band and a like number of products that will fall 
in the n - 1 channels immediately above the operating band. The 
remaining products, 

4n3 
- 9n2 + 2n + 6 

12 

in number, will fall in the n channels that constitute the operating band. 
Not all of these products, however, are capable of producing interference 
since some products of the A + B - C type can fall on the very transmit­
ting channels that combine to produce them. These products are harmless 
since they do not fall on receiving channels and are generally of much lower 
level than the carrier on the channels in which they do fall. If such products 
are not counted, there remain 

~ (n - l)(n - 2) 

products which fall within the operating band. The formulas presented 
here and in Table I are empirical and were derived for values of n up to 
10. However, it is believed that they are reasonably accurate for much 
larger values of n. 
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Fifth Order Products 

When all possible combinations of n operating channels are activated 
five at a time . 

n\n - 1)(n2 
- n + 4) 

12 

fifth order products will be formed and they will lie between A -
2(n - 1) and A + 3(n - 1) where the operating band lies between 
channels A and A + (n - 1). This means that the bandwidth of the 
intermodulation products is very nearly five times that of the operating 
channels. The products are symmetrically distributed with respect to 
the midpoint of the operating band. It has been found empirically that 
if all products known to fall on transmitting channels are excluded, 
there can still be formed 

Y6[6n4 - 87n3 + 575n2 
- 2214n + 3922] 

potentially interfering products which fall within the operating band. 
This is strictly true only for values of n that exceed 8 and are not mul­
tiples of 3. There will remain 

712[n5 
- 14n4 + 179n3 

- 1154n2 + 4428n - 7844] 

proiucts that will fall either outside the band or on transmitting chan­
nels wi~hin the band. Since relatively few of these products fall on trans­
mitting channels within the band the above expression gives to a high 
degree of approximation the number of products that will fall outside 
the operating band. 

Numbers of Potentially Interfering 3rd Order and 5th Order Products 

The formulas given in the two preceding sections were developed by 
considering individually the various types of 3rd orde~ and 5th order 
products. Table I shows the general formulas which apply to these 
individual types of 3rd and 5th order products from which the summa­
tion formulas given in the preceding sections were obtained. The number 
of potentially interfering 3rd and 5th order products is shown in Table 
II for specific transmission bands containing 10 and 20 consecutive 
channels. 

PROBABILITY OF INTERMODULATION INTERFERENCE WHEN OPERATING 

CHANNELS ARE PICKED AT RANDOM 

In an uncoordinated radio communication system it may be assumed 
that p operating channels are assigned on a random basis in a band con-
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TABLE I - NUMBER OF POTENTIALLY INTERFERING INTERMODULATION 

PRODUCTS 

n = Number of consecutive channels in available hand 

Type of Product 

2A - B 

A+B-C 

3A - 2B 

3A - B - C 

2A + B - 2C 

2A + B - C - D 

A + B + C - 2D 

A+B+C-D-E 

(n - 1)2 
2 

if n is odd 

Number of Products 

(n - l)(n - 3)(2n -1 ) 
6 

if n is odd 

~ (n - 3) 
3 

if n is a mUltiple of 3 

3(n2 - lIn + 32) 

H(n 3 - 9n2 + 34n - 56) 

3(n - 3)(n - 5)2 
for n > 6 

4(n - 3)(n - 5)2 

(n - 5)(n - 6)(n2 - lIn + 37) 
for n ~ 8 

n(n - 2) 
6 

if n is even 

n(n - 2)(2n - 5) 
6 

if n is even 

(n - l)(n - 2) 
3 

other n's 

taining n consecutive channels. Let us suppose further that the average 
busy time of the channels is such that T represents the portion of time 
that an average channel is activated by a transmitter and R represents 
the portion of time that an average channel is connected to a receiver. 
The probability of interference, I, may be defined as the probability 
that one or more of the intermodulation products that are formed when 
pT channels are transmitting will fall on a specific channel in the operating 
band. The method used to determine I is based on the assumption that the 
distribution of intermodulation products is uniform over the operating 
band. It is further assumed that the magnitudes of the intermodulation 
products as encountered at the receiver input, are always strong enough to 
cause interference. Table III shows formulas for I that have been developed 
for each type of third order and fifth order product. Fig. 1 shows plots of 
p versus I when only 3rd order products are considered and Fig. 2 shows 
plots of p versus I when both 3rd and 5th order products are considered 
with nand T as independent variables. 

1. Fig. 2a shows that a band in excess of 500 adjacent channels is 
required to limit the probability of 3rd and 5th order interference to 
10 per cent (I = 0.1) when 10 operating channels are picked at random 
from that band if traffic is such as to fully use these 10 channels, 5 for 
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TABLE II - TYPE AND NUMBER OF INTERMODULATION PRODUCTS 

Number of Products 
Type of Product 

10 Channels 20 Channels 

2A - B 40 180 
A+B-C 200 2,100 
3A - 2B 24 114 
3A.- B - C 66 636 
2A + B - 2C 192 2,512 
2A + B - C - D 525 11,475 
A + B + C - 2D 700 15,300 
A+B+C-D-E 540 45,570 

TABLE III - FORMULAS FOR I, PROBABILITY OF INTERFERENCE 

n = Number of consecutive channels in available band. 
p = Number of operating channels picked at random from those in band. 
T = Portion of time average channel is activated by transmitter. 
m = Number of intermodulation products of a specific type expected to 

fall within band of n channels when pT channels arc activated. 

Type of Intermodulation Formula for m 

2A - B 
pT(pT - l)(n - 2) 

ml = 2(n - 1) 

A+B-C 
pT(pT - l)(pT - 2)(2n - 5) 

m2 = 6(n - 1) 

3A - 2B 
pT(pT - l)(n - 2) 

m3 = 3n 

3A - B - C 
3pT(pT - l)(pT - 2)(n2 - 11n + 32) 

m4 = n(n - l)(n - 2) 

2A + B - 2C 
pT(pT - l)(pT - 2)(n3 - 9n2 + 34n - 56) 

ms = 2n(n - l)(n - 2) 

2A + B - C - D 
3pT(pT - l)(pT - 2)(pT - 3)(n - 5)2 

m6 = n(n - l)(n - 2) 

A + B + C - 2D 
4pT(pT - l)(pT - 2)(pT - 3)(n - 5)2 

m7 = n(n - 1)(n - 2) 

A+B+C-D-E 
pT(pT - l)(pT - 2)(pT - 3)(pT - 4)(n - 5) 

ms = ______ ~--~~--~~(n----=6)~(~n-2--~1-1n~+---37.) 
n(n - l)(n - 2)(n - 3)(n - 4) 

I = 1 - (1 - ~) m 1 
+ m

2 
when only third order products are considered. 

( 1) m + m + --- + m 
I = 1 - 1 - n 1 2 S when both third and fifth order products are 

considered. 
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transmitting and 5 for receiving. (T = 0.50 = R) In this case it is the 
2A + B - 2C type of product that requires the use of such a wide 
band. 

2. Fig. 2a shows that there is practical certainty of interference in a 
band of 500 adjacent channels when 30 operating channels, picked at 
random from that band, are fully used. In this case it is the A + B + 
C - D - E type of product that requires the use of such a wide band. 

3. If the same total traffic as was assumed in (1) is handled by a greater 
number of operating channels, the number of available consecutive channels 
required for the same probability of interference remains the same. 
Thus, Fig. 2b shows that a band in excess of 500 consecutive channels is 
still required to limit the chance of interference to ten per cent when the 
traffic is distributed among 20 randomly selected operating channels; 
(T = 0.25 = R) similarly Fig. 2c shows that the required number of 
available consecutive channels remains the same when the traffic is dis­
tributed among 40 operating channels. (T = 0.125 = R). 

CHANNEL SELECTION FOR THE ELIMINATION OF INTERMODULATION IN­

TERFERENCE 

Discounting the effect of selectivity in the radio equipment, it was 
shown in the preceding section that only a very limited number of 
channels can operate together without some degree of mutual inter­
ference when these channels are picked at random from a very consid­
erable number of available channels. This is of course extravagant of 
frequency space. In this section, it is proposed to determine whether 
frequency space can be conserved by carefully selecting the operating 
channels in such fashion that the various types of intermodulation 
products that are formed will all fall on other than operating channels. 
This is readily accomplished in the case of 3rd order products by select­
ing the operating channels in such fashion that the frequency difference 
between any pair of these channels is unlike that between any other 

/ pair of channels. Many other rules inherently more complicated and 
more cumbersome to apply than the one stated above must be obeyed 
if 5th order as well as 3rd order products are to be controlled in this 
way. Table IV presents p operating channels selected from a band of n 
adjacent channels (numbered sequentially in order of ascending fre­
quency) in such fashion as to avoid 3rd order interference within the 
system. Considerable effort has been spent in selecting these channels 
to insure that the number n associated with each value of p is the lowest 
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TABLE IV - SPECIFIC OPERATING CHANNELS HAVING No THIRD ORDER 
INTERMODULATION INTERFERENCE 

P is the number of interference free operating channels which can be obtained 
from n consecutive channels. 

p 

3 
4 
5 
6 
7 
8 
9 

10 
8* 

n 

4 
7 

12 
18 
26 
35 
46 
62 

137 

Operating Channels Having No 3rd Order Interference 

1,2,4 
1,2,5,7 
1, 2, 5, 10, 12 
1, 2, 5, 11, 13, 18 . 
1, 2, 5, 11, 19, 24, 26 
1, 2, 5, 10, 16, 23, 33, 35 
1, 2, 5, 14, 25, 31, 39, 41, 46 
1,2,8,12,27,40,48,57,60,62 
1,2, 8, 12, 27, 50, 78, 137 

* Neither 3rd nor 5th order interference exists with this selection of eight op­
erating channels. 

possible number from which p channels having no 3rd order interference 
can be selected. 

A plot of p versus n based on the above table is shown in Fig. 3. 
The curve which includes both 3rd and 5th order intermodulation prod­
ucts shows that 300 consecutive channels must be made available to 
provide for the careful selection of 10 operating channels which are in­
terference-free at all times, regardless of the traffic load. For comparison, 
it was shown earlier (Fig. 2) that more than 500 consecutive channels 
must be available to permit picking at random 10 operating channels 
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which are subject to interference 10 per cent of the time when fully 
loaded with traffic. 

Careful channel selection is therefore a step toward better frequency 
usage. It is, however, only a small step, and a more effective solution 
must be found if efficient frequency usage is to be achieved in areas 
where sizeable numbers of operating channels are required. Such a solu­
tion for the mobile radio service is a "coordinated system," proposed in 
a companion paper previously referred to, wherein additional measures 
are described for reducing the probability of interference by proper 
geographical system layout and the use of certain practicable operational 
features. 



Magnetic Resonance 

PART I-NUCLEAR MAGNETIC RESONANCE 
By KARL K. DARROW 

(Manuscript received September 3, 1952) 

Magnetic resonance is the name of a phenomenon discovered less than 
sixteen years ago, which from the start has had a high theoretical importance 
and is now attaining a notable practical value. Nuclear magnetic resonance 
occurs when a substance containing magnetic nuclei is exposed to crossed 
magnetic fields, one being steady and the other oscillating, and the strength 
of the former field and the frequency of the latter are matched in a particular 
way. When these are properly matched, the nuclei are turned over in the 
steady field, and energy '£s absorbed from the oscillating field. Another way 
of describing the effect is to say that resonance occurs when the applied 
frequency is equal to the frequency of precession oJ the nuclei in the steady 
field. This phenomenon illustrates very clearly some of the fundamental 
laws of Nature. For the purposes oj nuclear physics it is used to determine 
the magnetic moments of nuclei and their relaxation-times in the substance 
that contains them. It is also used for chemical analysis, for measurement 
of magnetic fields, for analysis of crystal structure and for locating changes 
of phase of the substance containing the nuclei. Magnetic resonance of 
electrons is similar, but for a fundamental reason is confined almost ex­
clusively to free atoms of certain kinds, to ferromagnetic substances and to 
certain strongly paramagnetic salts. For these last it serves to throw light on the 
fields prevailing within the crystals. 

"Magnetic" is an ancient word in physics and so is "resonance," but 
"magnetic resonance" is something new. It is the name of a phenomenon 
which is sharp and clearcut and easy to evoke, which springs directly 
from the ultimate magnetic particles of matter, which illustrates the 
fundamental laws of these, and which has found and still is finding uses 
of importance. There are two types of it, the nuclear and the electronic. 
Nuclear magnetic resonance is the theme of the first part of this article: 
it will recur from time to time in the second part (to appear in a later 
issue of this JOURNAL) but the main topic of that second part will be 
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electronic resonance. It is fitting that they should be treated in this 
order, for the nuclear type of resonance is less distorted by complexities 
than is the other. Perhaps it is not premature to say that while nuclear 
magnetic resonance always goes by that name, the electronic type is 
usually called "paramagnetic resonance" or "ferromagnetic resonance." 

Nuclear magnetic resonance was realized in 1937, in molecular-beam 
experiments. The war distracted physicists, and the next great step 
was not made until after - but very soon after - the armistices. In 
the winter months of 1945-46 the phenomenon was produced in liquids 
and in solids. The news burst upon the world from the pages of The 
Physical Review in the early weeks of 1946, causing among physicists 
an immediate and an· immense sensation. Of some discoveries one 
wonders how they came to be made at all, of others one wonders after­
ward why they were not made earlier. Nuclear magnetic resonance is of 
the latter class. But this is a discovery that could not have been made 
much sooner than it was, for it required the apparatus and techniques of 
short-wave radio and microwaves, and these are recent. 

The work of 1945 was done by two independent groups three thousand 
miles apart, using somewhat different experimental methods and ex­
pounding the theory in somewhat different ways. The differences are 
really superficial, and in the course of time will probably be minimized; 
but the two streams of later work that rose from those two sources are 
still distinguishable. The methods are called the nuclear resonance 
absorption method and the nuclear induction method: I treat them in 
this order. A sketchy account of the molecular-beam method will 
follow upon these, and then several of the applicat~ons - which of these 
are major and which are minor must be left for history to decide. 

On the first few pages, and on many thereafter, the talk will be of 
protons. Protons are the commonest material particles in Nature, 
electrons excepted (neutrons are also an exception but not an important 
one here, as they are seldom found free). Protons also have the happy 
attribute called "spin Yz" soon to be explained, which simplifies the 
exposition greatly. This is one of the rare fields of physics in which the 
simplest case, the commonest case, and the most useful case, are all 
three of them one and the same. 

PROTON RESONANCE ABSORPTION 

To begin with, there must be a sample containing hydrogen, protons 
being the nuclei of ordinary (as distinguished from heavy) hydrogen 
atoms. It may be pure hydrogen in gaseous, liquid or solid form, or any 
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one of countless compounds of hydrogen. I first take water for the 
sample, and enumerate the other particles in water. There are the 
nuclei of the common isotope of oxygen, oxygen 16: they are non­
magnetic and produce no resonance. There are the nuclei of rarer 
isotopes of oxygen and hydrogen: they will be mentioned later. There 
are the electrons: they are reserved for Part II of this article. We are 
now left with the protons. 

The sample is placed between the poles of a magnet, Fig. 1, so that 
it is in a magnetic field which should be homogeneous and is usually strong. 
The strength of the field is denoted by H, and its direction is always that 
of the z-axis (and usually vertical). I should like to call it "the steady field," 
but usually it is modulated during the experiments, so I shall call it 
"the big field". Actually it can be very small, but nearly always it is 
between 8,000 and 15,000 gauss, and 10,000 gauss is a good figure to 
keep in mind. 

The big field must not be the sole magnetic field applied to the sample. 
There must also be an alternating or oscillating field - stationary 
electromagnetic waves, formed in a solenoid (or sometimes in a resonant 
cavity). Such waves comprise, as 1\1ax,vell taught us long ago, an 
alternating electric field and an alternating magnetic field. In most of 
the uses of electromagnetic waves it is the electric field that counts, 
and the magnetic field is remembered only as something demanded by 
Maxwell's equations to keep the electric field going. In this application 
the electric field takes a back seat, and it is the magnetic field that 
counts. This oscillating magnetic field must be at right angles to the 
big field; we lay the x-direction along it. Its amplitude, to be denoted 

H 
J s 

~ t ~ ~ t z 

Lx H1 t ~ t t t ~ t l ~ t SAMPLE 

N 

Fig. 1 - Scheme of the apparatus for observing nuclear magnetic resonance. 
The detecting circuits are omitted. The nuclei indicated by the arrows are of 
"spin ~ ," protons for example. 



NUCLEAR MAGNETIC RESONANCE 77 

Fig. 2 - Peak of nuclear resonance absorption. This is the first peak to be 
published other than those obtained with molecular beams. It pertains to protons 
in water. (Courtesy of E. M. Purcell). 

by Hl , is of the order of a small fraction of one gauss up to several gauss. 
Its frequency must be of the order of tens of megacycles. To be more 
specific, the effect that is sought with protons is located at 42.6 mc 
when H is 10,000 gauss. 

Finally there must be circuits and detectors for measuring the ab­
sorption of the electromagnetic wave-energy in the sample. These are 
well known to those proficient in the art: we pass them over. 

N ow of the two quantities H and v either is to be varied while the 
other is to be kept constant, and the absorption is to be measured. 
Usually H is varied while v is kept constant, and the data consist of a 
plot of absorption against H for a set value of v. 

When such a curve is plotted it proves to be, in the main, a smoothly­
sloping curve, of no interest in the present connection. What is of 
interest is that it is interrupted by a magnificent peak of extraordinary 
sharpness, deserving to be called a needle. Probably there is nothing that 
can please an experimenter more than a curve with a. fine sharp peak: 
here he has it. Fig. 2 exhibits the first such peak on record. But neither 
Fig. 2 nor any other picture can convey an adequate idea of the sharp­
ness of the peak, for the distance from this imposing feature to the 
axis of the ordinates at field-strength zero may be, and often is, tens of 
thousands of times as great as the breadth of the peak. (With the 
induction-method, peaks have been distinguished from each other that 
are separate by only a millionth of the value of H at which they are 
found). This needle has the narrowness that is characteristic of fine 
lines in optical spectra; and this is as it should be, for a spectrum-line 
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is just what it is, even though it lies in the radiofrequency range and for 
technical reasons appears on a scope instead of on a photographic film. 

The peak is the phenomenon of magnetic resonance. We shall now 
interpret it in terms of theory somewhat oversimplified, for it is not the 
office of these opening paragraphs to introduce all of the complexities 
of quantum mechanics. 

In Fig. 1, inside the rectangle which represents the sample, appear a 
number of arrows. These are symbols of the protons. In other circum­
stances we might imagine the protons as solid balls, in still others we 
might imagine them as centres of force; but for the present purpose we 
are regarding them as tiny bar-magnets, and the arrows symbolize the 
directions in which they are pointing. It is necessary to label these 
directions with perfect clea-r:ness. The figure has been drawn with the 
south pole-piece of the big magnet (the one responsible for the big field 
H) above. The point of each arrow represents the north pole of the 
protonic magnet. 

Thus the arrows pointing upward represent protons in the orientation 
into which the big field would like to turn the protonic magnets, and 
would indeed succeed in turning them if they were literal compass­
needles in literal compasses. The arrows pointing downward represent 
protons in the opposite orientation. I will call these, for shortness, the 
"up" orientation and the "down" orientation. Evidently if the physicist 
could reach into the sample with fingers or with forceps and turn a 
proton from the up orientation into the down one, he would be doing 
work upon the proton at the expense of energy from his muscles. Well, 
he cannot reach into the sample with fingers or with forceps and grasp 
and turn a proton. But he can reach into the sample with the oscillating 
field and turn the protons, and this is the experiment we are considering. 
Magnetic resonance is the turning of protons from the up orientation 
into the down one, from the orientation or "level" of lesser energy into 
the orientation or level of greater energy. 

But why does the effect occur at one frequency only? And what 
determines that frequency? To cope with this problem we shall have to 
introduce symbols, equations, and quantitative reasoning. 

The first step is to evaluate the work required to turn the proton, or, 
in other words, the energy-difference between the two orientations or 
levels. It shall be denoted by W, and the magnetic moment of the 
proton by J.1.p. We proceed by strictly classical reasoning. The torque 
exerted on the proton by the magnetic field H is - J.1. pH sin e. Here e stands 
for the angle between the direction of the steady field and the direction 
in which the magnetic moment of the proton is pointing. We have 
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admitted the existence of only two values of 0, viz. the values 0° and 
180°; more will be said about this later; but for the duration of this 
particular argument we shall have to admit all values of 0 from 0° to 
180°. The value of W which we are seeking is the integral of J.LpH sin 0 
from 0° to 180°, from the up orientation to the down one. It is easily 
obtained: 

1800 

W = -1 J.LpH sin OdO = 2J.LpH 
0 0 

(1) 

Having arrived at equation (1) by strictly classical reasoning, we 
must now approach equation (2) by a starkly quantal argument. 
Immense amounts of evidence have shown that when energy is absorbed 
from electromagnetic waves of frequencies v in the optical range of the 
spectrum and in the X-ray range, not to speak of other ranges, it is 
invariably absorbed in parcels or quanta equal to hv, h standing as 
always for Planck's constant. If this doctrine is sometimes difficult to 
assimilate when applied to the optical spectrum, how much more 
difficult it is to accept when applied to waves of radio frequencies! 
Yet here also it is to be accepted, so we put: 

W = hv (2) 

Now we transfer the value of W from equation (1) to equation (2), 
and arrive at the destination: 

H = Y2hv/J.Lp (3) 

In this equation h is known with very great accuracy, and J.Lp had 
also been measured when the first experiments upon magnetic resonance 
were made, though not with nearly the accuracy that physicists now 
claim for it. It remains only for the experimenter to insert for v the 
value of the frequency in his experiment and for H the value of the 
field strength at which the peak appears. The test is whether the two 
sides of the equation agree. Needless to say, the test has been brilliantly 
passed. 

Quantum-theory has entered into this argument in more ways than 
the one which led to equation (2). I return now to the fact that we 
have arrived at equation (3) by postulating two, and only two, "per­
mitted" orientations of the protonic magnets in the steady field. This is 
illustrated by the presence, in Fig. 1, of arrows pointing up and arrows 
pointing down but no arrows pointing slantwise. We might have assumed 
that there are protons, and therefore arrows, pointing in every direction. 
We might have assumed that there is a proton pointing, say, at angle 
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76°13' to the vertical, and that it can absorb a quantum h." of just the 
right energy to turn it to the angle 118°36'. This would have led to the 
inference that instead of absorption confined to the fieldstrength h." /2J1.p 
corresponding to the actual peak, there would be absorption at every 
fieldstrength from h.,,/2J1.p on upwards toward infinity. The experiment 
frustrates this inference, and so declares for the two and the only two 
permitted orientations. One did not have to wait for this experiment to 
learn this fact: it has been known for thirty years, both as a consequence 
of quantum mechanics and as a fact of experience. However this is a 
very pretty proof of it. 

We now must generalize equation (3) so as to make it take care of 
all nuclei and not the proton only; and in the course of this process we 
shall meet the actor behind the scenes who determines the permitted 
orientations. His names are spin and angular momentum. 

THE GENERAL EQUATION FOR NUCLEAR MAGNETIC RESONANCE 

We are now en route to the general equation of which (3) is the 
special case appropriate to the proton. Our first step takes us to the 
deuteron or nucleus of heavy hydrogen. Its magnetic moment differs 
from that of the proton, so we must write J1.d instead of J1.P • More sig­
nificant is the fact that the deuteron has three permitted orientations in 
the big field instead of two. The orientations of proton and deuteron are 
shown in the first and third columns of Fig. 3; beside them are horizontal 
lines depicting their energy-values, energy being measured vertically 
upward from an arbitrary zero. 

One guesses from the aspect of Fig. 3 that the deuteron will show 
three peaks of magnetic resonance; for it seems possible for the deuteron 
to be turned from orientation a to orientation b, from b to z and from a 
all the way to z. But of these three conceivable "transitions" the third 
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Fig. 3 - Orientations and energy-levels of protons and deuterons in a mag­
netic field, according to the "old" quantum-theory. 
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does not occur at all: the theorists know the reason why, and call it a 
"forbidden" transition. As for the other two, the mere symmetry of the 
picture shows that they involve equal absorptions of energy and there­
fore contribute coincident peaks. There is therefore only one dis­
tinguishable peak, and we have to find the value of H at which it appears. 
This is easily done. Going back to equation (1), we integrate the inte­
grand which there appears from 0° to 90° (or from 90° to 180°); and so 
we come to the analogue of equation (3) which applies to the deuteron: 

H = hV//Ld (4) 

In the course of this argument we have met with an example of two 
general rules: no matter how many permitted orientations there are, transi­
tions occur only between consecutive ones, and these permitted transitions 
always agree in energy-absorption, so that there is never more than one 
peak. Yet equation (4) differs from equation (3), because in the right­
hand member hv J p, - and now I am using p, as the general symbol for 
magnetic moment - is multiplied by Y2 for the proton and by one for 
the deuteron. N ow, 7~ is the value of the spin of the proton and one is 
the value of the spin of the deuteron. We generalize from these two 
instances: we use I as the general symbol for the spin; and we arrive at 
the following: 

H = (IJp,)hv (5) 

The generalization is sound; and equation (5) is the fundamental equation 
of nuclear magnetic resonance. 

I now have to interpret the word "spin." Spin is a particular measure 
of the angular momentum of the nucleus. That a magnetic nucleus has 
angular momentum is surely not surprising. We are trained to ascribe 
magnetism to the motion of charged bodies: an electric current flowing 
in a loop has the same magnetic field as a bar-magnet. When a nucleus 
is observed to have a magnetic moment and an angular momentum, it 
is natural to correlate one property with the other: one does not quite 
know how far the analogy may safely be pressed, but at least it is 
helpful. 

But what sort of a measure of the nuclear angular momentum is the 
quantity I? The answer to this question is confused by the fact that in 
our times there have been two forms of quantum theory: the "new" 
quantum mechanics which is undoubtedly more competent in general, 
and the "old" quantum theory of the nineteen-twenties which is certainly 
more simple in the present case. Desire to be clear has led me to employ 
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the older theory up to now, but conscience obliges me to introduce the 
newone. 

In the old theory, I is the nuclear angular momentum in terms of the 
unit h/2rr. Two of the permitted orientations, which I will call the 
"extreme" ones, are straight along and straight against the field­
direction. For these, the projections of the angular momentum upon the 
field-direction are + Ih/2rr and - Ih/2rr. For the proton I = Yz, and 
the two extreme orientations are the only ones. 

In the new theory, the nuclear angular momentum in terms of the 
unit h/2rr is v'I (I + 1). For the two extreme orientations, the pro­
jections of the angular momentum on the field-direction are + Ih/2rr 
and -Ih/2rr, just as they were in the old theory. But now these orienta­
tions are no longer straight along and straight against the field-direction. 
They must be inclined, one to the up direction and the other to the 
down direction, at the angle of which the cosine is 1/ v' 1/ (I + 1). 

Thus I has partly changed its meaning: it is still the maximum 
permissible projection, upon the field-direction, of the nuclear angular 
momentum in terms of the unit h/2rr, and this is what it was before; 
but it is no longer the magnitude of the nuclear angular momentum. 
So also has p. changed a part of its meaning. It is the maximum per­
missible projection, upon the field-direction, of the magnetic moment 
of the nucleus, and this it was before; but it is not the magnitude of the 
nuclear magnetic moment. The language of this subject has not been 
well adjusted to this change. Fortunately I is called the "spin," which, 
does not necessarily convey the impression that it is quite the same 
thing as angular momentum; but p. is still called the "magnetic moment," 
and in the new quantum mechanics this is a mistake. 

Fig. 4 is Fig. 3 redrawn in the spirit of quantum mechanics. The 
arrows now represent angular momentum and magnetic moment jointly, 
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Fig. 4 - Orientations and energy-levels of protons and deuterons in a mag­
netic field, according to quantum mechanics. 
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but the numbers affixed to them are the values of angular momentum. 
The energy-levels in the second and fourth columns are often known as 
"Zeeman levels." I take this occasion to complete the statement about 
the allowed orientations, which in recent paragraphs has been made for 
the extreme orientations only. The projections of the nuclear angular 
momentum upon the field-direction are 

+ Ih/27r, + (J - 1)h/27r, ... , - (I - 1)h/27r, - Ih/27r. 

From this principle combined with the fact that transitions occur only 
between consecutive levels, follows rigorously equation (5), which I de­
rived in a looser way. 

Spins are ascertained in various ways, usually from their influence 
on the electrons surrounding the nuclei, which manifests itself in details 
of optical spectra and in cleverly-designed molecular-beam experiments. 
They are always integer multiples of Y2. Important instances of nuclei 
of spin Y2 are the proton and the nucleus FI9. The neutron and the 
electron also belong in this category, as we shall see later on. The 
deuteron has already provided us with an important instance of a 
nucleus of spin one. Spins as high as 1~ are certainly known, and this is 
probably not the limit. Nuclei of spin zero are common: I have already 
mentioned one of them, oxygen 16. Such nuclei do not produce magnetic 
resonance; we shall have nothing to do with them. 

A brief table shall conclude this section. To what has already been 
stated it adds the number of permitted orientations corresponding to 
each value of spin. 

THE LARl\IOR PRECESSION AND NUCLEAR INDUCTION 

N ow we go back to first principles, make a fresh start, and arrive by 
a different route at the equation for magnetic resonance. On this route 
we meet with a vivid justification of the use of the name "resonance." 

Resonance implies a tuning or a matching between an applied fre­
quency and a frequency either actually or potentially present in the 
substance in question. A piano-wire, a membrane, the air in an organ­
pipe, an electrical circuit comprising capacity and inductance, all 
resonate to the frequency which is that of their own natural vibrations. 
No mention has yet been made of a frequency peculiar to the nucleus 
which is matched by the applied frequency when magnetic resonance 
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occurs. There is indeed such a natural frequency, not however a fre­
quency of vibration; it is a frequency of precession. Precession is a 
concept well known to astronomers and to such physicists as have to 
do with gyroscopes, perhaps not so well known as it should be to others. 

In Fig. 5, the vertical is again the direction of the big magnetic 
field. The arrow represents the angular momentum of the nucleus, 
which I now denote by p. The magnetic field H exerts a torque on the 
nucleus. I have already given an expression for this torque, but I gave 
it in the language of the "old" quantum-theory. To employ this ex­
pression with as little apparent change as possible, I introduce the 
symbol J.1.o for the magnetic moment of the nucleus, and reserve J.1. for 

H 

Fig. 5 - Illustrating the Larmor precession. 

the maximum permissible projection of J.1.o on the field-direction. The 
torque now appears on the right-hand side of the following, purely 
classical, equation: 

dp/dt = J.1.oH sin e (6) 

This is a vectorial equation, but I will endeavor to express its vectorial 
content by words instead of symbols. Fix the attention on the tip of the 
arrow. The torque makes it describe a circle of radius p sin e in the 
horizontal plane, with a frequency which I denote. by 11. Its peripheral 
speed in this circle is 11 multiplied by the circumference of the circle, 
therefore 1I·27rp sin e. This speed is dp/dt. Putting its value into (6), 
we observe with pleasure that e vanishes from the scene: the result is 
going to be the same for all orientations of the magnet: this is it: 

(7) 
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Making the substitutions that have already been describe, we get: 

H = (I/JL)hv (8) 

and this is none other than formula (5), the fundamental equation of 
magnetic resonance. The precession-frequency is the resonance-fre­
quency. 

This precession is often called the "Larmor precession," and the 
frequency given by (5) or (8) is called the "Larmor frequency." The 
name is a posthumous honor; Larmor died before magnetic resonance 
was discovered; his theory was applied to the Zeeman effect, the effect 
of magnetic fields upon optical spectra. 

It is not hard to believe that when the applied frequency coincides 
with the Larmor frequency, something drastic must happen to the 
precession. The theory has been worked out on a classical basis. I will 
not pursue it into its details; but at least the first step should be taken. 

I have said that the alternating field is perpendicular to the big 
field. We take the x-direction as its direction. The magnetic field, or 
magnetic vector as I will henceforth call it, has then HI cos 27rwt for its 
x-component (I use w for the frequency so as to distinguish it from the 
Larmor frequency) and zero for its y-component. Now imagine a 
vector, of constant magnitude (Yz)HI , lying in the xy-plane, pointing 
away from the z-axis and revolving around this axis clockwise with 
frequency w. Its x-component will be (Yz)H I cos 27rwt, its y-component 
will be - (Yz)HI sin 27rwt. Imagine another such vector revolving 
counterclockwise. Its x-component will be (Yz)H I cos 27rwt, its y~com­
ponent will be (Yz)HI sin 27rwt. (It is evident that we have chosen their 
phases so as to bring about this result). The sum of these two vectors 
has HI cos 27rwt for its x-component and zero for its y-component. But 
this is the vector that we started out with. In the language of optics, 
we have resolved a plane-polarized wave into two circularly-polarized 
ones. 

The foregoing is pure mathematics. Now comes the physics. Of these 
two revolving vectors, one is whirling in exact unison with the precessing 
magnet when w is exactly equal to the Larmor frequency, the other is 
rushing round and round in the opposite direction. Our intuition tells 
us that the former may be expected to produce a great effect on the 
precession, the latter a small one. The latter is not always negligible, 
but may be neglected here. Thus in this artful way we have substituted 
a circularly-polarized field for the actual plane-polarized one. 

The theory further leads to the prediction that when resonance 
exists" the precession will be exaggerated in such a way as to produce 
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an alternating magnetic flux across the xz plane. Now I describe an 
actual experiment, the first of its type. 

The sample is water (or something else) in a spherical container. 
Around the container are wrapped two coils at right angles to one 
another. The coil of which the axis is parallel to the x-axis produces the 
alternating field. The coil of which the axis is parallel to the y-axis is 
connected with a rectifier and a detector. At resonance there is an 
alternating magnetic flux through the latter coil, and by the operation 
of the rectifier this is converted into a signal on the scope. The signal 
locates the resonance-frequency as accurately as does the peak in the 
absorption-method. This is the phenomenon called "nuclear induction." 

I terminate this section by mentioning a paradox resulting from 
precession. Everyone has seen a compass-needle turning to point to 
the north: it is natural to infer that when a magnetic field is applied to 
a piece of matter, the elementary magnetic particles of which the 
nuclei (and also the electrons) are examples will automatically turn to 
point along the field. Yet the analogy fails and the inference is false: 
the nuclei do not turn to point along the field, but each of them maintains 
a constant angle with the field while it precesses. It seems to follow that 
matter cannot be magnetized by a magnetic field, but again the inference 
is false. Animistically speaking, the field makes the nuclei want to turn 
into its direction, but they cannot fulfill their desire without assistance 
from something other than the field. This something-other is not absent, 
and in the section on "relaxation" we shall meet with it. 

THE MOLECULAR-BEAM EXPERIMENT 

There are three methods for detecting and locating nuclear magnetic 
resonance, and we have now considered two of them. In one of these, 
the resonating nucleus makes itself manifest by absorbing energy; in 
the other, that of nuclear induction, by radiating energy; in the one 
which is to come, by simply failing to turn up at the scene of the measure­
ment. This singular attribute is that of the molecular-beam experiment, 
which (I repeat) was done before the others and so receives the credit 
of revealing nuclear magnetic resonance. Molecular-beam experiments 
are so remarkable that it is hard to speak of them without yielding to 
temptation to say more than is essential to the purpose, but here the 
temptation must be withstood. 

Conceive a narrow stream of hydrogen-containing molecules coming 
along the (horizontal) axis of y, and cutting across a big magnetic field 
parallel to the (vertical) axis of z. This big field differs from that of 
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Fig. 1 in one important way: it is non-uniform, increasing in strength 
from (say) the bottom to the top. In one respect the protons behave 
just as they do in a sample in a uniform field: roughly half of them are 
pointing up and the other half pointing down. But in the non-uniform 
field the "up" protons experience a net force pushing them upward 
and the "down" protons a net force pushing them down. (Visualizing 
each of the protons as a tiny bar-magnet, one sees that the fieldstrength 
is bigger where the upper pole of the magnet is than where the lower 
pole is). The beam is parted into two diverging pencils, the one con­
taining the "up" protons only and the other the "down" protons only; 
I call the first the "up" pencil and disregard the second. 

The "up" pencil now passes through a region just like that implied 
in Fig. 1: a magnetic field which is big and vertical and uniform-H will 
stand for its strength-and an oscillating field with the magnetic vector 
parallel to the x-direction. If in this second region some of the protons are 
turned by the oscillating field into the "down" orientations, that wm make 
no difference to their course across the remainder of the second region where 
H is uniform. But beyond the second region lies a third where again there 
is a big field that is non-uniform. In this third region the "up" protons go 
one way and the "down" protons go another. The detector lies athwart the 
first way; the "down" protons will miss it. 

The detector-reading is plotted against H for a set value of v. One 
might think that two curves would be plotted, one with the alternating 
field off and the other with it on, and that the latter would be sys­
tematically lower than the former. But the latter will be lower than the 
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former only in the immediate vicinity of the value of H which conforms 
to equation (3); for the protons are turned over only when the Larmor 
frequency agrees very nearly with the applied frequency. Accordingly 
one keeps the alternating field on all the time and plots a single curve; 
and this is marked by a fine sharp peak, but this time a peak that points 
downward, Fig. 6, for it testifies to the absence of the overturned protons 
that have missed the detector. 

The first experiment of this kind was done on molecules of lithium 
chloride. The reader may have been puzzled that I spoke of a beam of 
molecules and then of the deflection of protons: the protons, or whatever 
other magnetic nuclei are being studied, carry the molecules with them. 
In the experiments on Liel, the peaks of lithium and of chlorine were 
found in different parts of the curve. Later the proton-resonance was 
discovered by using molecules of KOH and NaOH, and confirmed with 
molecules of H2 and HD (the latter being a hydrogen molecule of which 
one nucleus is a proton and the other a deuteron). It is from this molecule 
of HD that the proton-resonance, and for that matter the deuteron­
resonance also, stand out most clearly and sharply. In H2 and in D2 
the resonances are perturbed and multiplied, but for reasons which arc 
well understood so that the theory is strengthened instead of being 
weakened; but to describe these pretty things would be confusing 
unless they were explained, and to explain them would take us far 
afield. 

SOME APPLICATIONS OF NUCLEAR MAGNETIC RESONANCE 

'l'he first of the uses of nuclear magnetic resonance is of interest 
mainly to the nuclear theorist. He wants to know (I/J1.) for as many 
nuclei as possible; and this knowledge may be found by locating the 
resonance-peaks, and applying to their values of H and v the equation 
(3) or (5) which I repeat: 

H = (I/J1.)hv (9) 

Anyone who is going to burrow into the literature of this subject 
must be apprised beforehand, or else find out the hard way, that this 
simple statement is variously expressed. Here is a sad case of the 
ruination of a beautiful terminology by carelessness. The terms which 
have been ruined are "gyromagnetic ratio" and "magneto-mechanical 
ratio." The former ought to mean, as originally it did mean, the ratio of 
angular momentum to magnetic moment. The latter ought to mean 
the ratio of magnetic moment to angular momentum. Both have by 
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now been used in both these senses, and there are variants within each 
sense, depending on the unit that is preferred by the user. The ap­
pearance of either "gyromagnetic ratio" or "magneto-mechanical ratio" 
in a paper is a red light warning the reader to make sure just what the 
author means by it. In this paper both of these terms are discarded 
with regret. 

An experimenter may give his value of (J.lI I) directly, or may give 
his value of g, which is (J.lI I) expressed in terms of a peculiar unit. The 
peculiar unit is ehI47rmpc, in which mp stands for the rest-mass of the 
proton and the other symbols have their normal meanings. This unit 
got into the picture because there was a doctrine that (J.lI I) for the 
proton ought to be just two of it. This was based on an analogy with 
the electron which, to the consternation of theorists and the complica­
tion of Nature, proved to be fallacious. Reported values of grange 
from nearly 6 to 0.143; the proton has one of the two highest values, 
the triton or nucleus of hydrogen 3 has the other. Since all these values 
may be described without much extravagance as being "of the order of 
2," the use of g remains convenient.* 

Many people say that they have measured J.l. Formally this is all 
wrong, but practically it is usually all right, for in most if not all cases 
I is known from experiments of other kinds. Most of these people give 
the value of J.l in "nuclear magnetons." This means that they are giving 
the value of gI, as is seen from the following equation which resumes in 
notation what I just said in words, and provides the definition of g: 

(10) 

The quantity in brackets is called "nuclear magneton." 
Now that this tiresome but necessary passage is behind us, we can 

review the results. 
Values of gI - or of some other of the, quantities catalogued above 

- have been published for about forty nuclei. The values of gI available 
toward the end of 1950 were gathered together and published in an 
article to which I give the reference in a footnote. t The largest is about 
twenty-five times the smallest: this is a wide range of variation, yet 
not so wide as that of the nuclear charges or the nuclear masses. Isotopes 
of one another may have values nearly the same or considerably dif­
ferent; the same is true of isobars. Most of the values are positive: this 

* It is perhaps not premature to mention that in optical spectroscopy and in 
electronic magnetic resonance, the symbol g is used with a similar but not an 
identical meaning. 

t Pake, G. E., American Journal of Physics, 18, pp. 438-52, pp. 473-86, 1950. 
The table is on p. 440 of the October issue. 
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means that the angular momentum and the magnetic moment are 
parallel. A few are negative: for these (one of which is the neutron) the 
angular momentum and the magnetic moment are anti-parallel. 

These values of fJ, (for, I repeat, gI is fJ, expressed in terms of a par­
ticular unit) are useful as challenges and as aids to the nuclear theorists. 
They are challenges, because the fJ,-value of a given nucleus is something 
to be explained; they may be aids, because a theory may be fortified by 
giving the right value of fJ, or confuted by leading to a wrong one. Now, 
nuclear theory is difficult, and by and large it is not so far advanced 
that it can demand experimental values accurate to let us say, the 
legendary "sixth place of decimals." This is a piece of temporary good 
fortune, for two reasons. 

First, the strength of the big field H may not be known with adequate 
accuracy at the place where the nuclei are. It can however be ignored 
if one is concerned only to measure the ratio of the (fJ,/1) values of two 
nuclei. The experimenter has then to put into his apparatus successively 
samples containing the two kinds of nuclei, or a single sample containing 
them both: the ratio of the frequencies at which the resonance-peaks 
appear is the ratio of the (fJ,/1) values, and H vanishes in the division. 
Often the comparison-nucleus is the proton, so that many published 
values of gI come ultimately from ratios in which gI for the proton 
stands in the denominator. Such ratios are frequently adequate for the 
testing of theories, and their accuracies may be very good indeed, even 
attaining the sixth signjficant figure. (The basic determination of fJ, for the 
proton itself wnI be mentioned in Part II.) 

Second, the true field which the nuclei experience may be slightly 
different from the big field H, because of local fields within the sub­
stance. This is of course an admission that our fundamental equation, 
(5) or (9) in this article, can be wrong. So it can be, and this is a de­
velopment that may be thought distressing. But such developments are 
almost the rule in physics, whenever the art of measurement is bettered; 
and in the present case the errors in equation (9) must be regarded as 
felicitous, for they lead to some of the most fascinating applications of 
nuclear resonance. 

Thus when ammonium nitrate, NH4N03, is put into the apparatus, 
there are two peaks of nitrogen instead of one. They are not far apart -
if for the frequency in use one is at H = 10,000 gauss the other is at 
9,997. The formula NH4N03 suggests, and the diagram of the molecule 
would confirm if we had it here, that the two nitrogen nuclei are dif-
-ferently placed in the molecule: one may say that they have different 
atomic surroundings_ Thus the position of either of the peaks is dis-
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tinctive not of nitrogen alone, but of nitrogen in its particular sur­
roundings. These same surroundings might recur in several different 
types of molecule, or might be confined to one. The formula of ethyl 
alcohol may be written as CR3 • CR2 • OR. This compound presents 
three proton-peaks, Fig. 7, separated by a few per cent of one gauss 
when the big field is of the order of 10,000: they have been ascribed 
to protons in the three "groups" CR3 and CR2 and OR. To identify a 
group is to perform a process of chemical analysis, and this is a nascent 
application of nuclear magnetic resonance. 

This is a good place to speak of the efficacy of nuclear resonance in 
revealing the presence of chemical elements or of individual isotopes. 
The proton is one of the easiest nuclei to discern in this· way, largely 
owing to its relatively high magnetic moment. It has been calculated 
that 2.1016 protons suffice to give a detectable "signal" by the induc-

Fig. 7 - Breakup of the proton resonance peak of ethyl alcohol into three 
peaks, cach believed to arise from protons in distinctive 'groups" within the 
molecule. (Courtesy of M. E. Packard). 



92 THE BELL SYSTEM TECHNICAL JOURNAL, JANUARY 1953 

tion-method; a small capsule of gaseous hydrogen at a pressure of only 
one atmosphere will show the resonance of protons. The second isotope 
of hydrogen is normally present in that substance in an abundance of 
only 1.5 parts in ten thousand, the second isotope of oxygen exists only 
in an abundance of four parts in ten thousand; neither was discovered 
for more than a decade after the search for isotopes was well under 
way; but both of them have been detected by nuclear resonance. 

Another application is to crystallography. In the crystal called. gyp­
sum, each proton is exposed to a magnetic field of the order of ten gauss 
from its neighboring protonE? The resonance-peak is split into two or 
three or even four, depending on the inclination of the big field to the 
crystal axes .. It would take many pages to describe this effect in detail, 
but it is so intelligible that one may deduce from it the positions of the 
protons in the crystal lattice. Nuclear resonance in fact seemed called 
to playa great role in crystallography, since the principal tool of the 
crystallographer has been the diffraction of X-rays, and this will not 
disclose the presence nor a fortiori the locations of protons in a crystal 
lattice. However this promising child of resonance has apparently been 
throttled in its cradle, for the still newer art of neutron-diffraction has 
proved itself adequate for finding the protons in a lattice. 

Another application is to the measurement of magnetic field strengths. 
One sees that if proton-resonance is produced at a measured frequency in 
a steady field of which the magnitude H is unknown, H may be determined 
by equation (3) with an accuracy contingent on the accuracy wjth which 
p,p is known, and this is pretty high. This has become a common method 
of measuring magnetic field strengths. 

RELAXATION 

If anyone were asked to guess the most important use of nuclear 
magnetic resonance, he would have two good reasons for choosing the 
study of relaxation. More pages of the scientific journals have been 
devoted to it than to any other application. Moreover, the discoverers 
spoke of it almost as soon as they spoke of the discovery; one has the 
feeling that they were so confident of the discovery, that as soon as it 
was made they considered it much less important for its own sake than 
as a tool. 

"Relaxation" is a word that entered long ago into physics. Its general 
meaning is the gradual self-adjustment of a system to a sudden change 
in conditions. In the immediate instance the system is our sample in the 
big magnetic field; the sudden change in conditions is the starting or 
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the stopping of the oscillating field; and what gradually adjusts itself is 
the distribution of the protons between the up and the down orienta­
tions. Now I will describe an experiment such as has been performed 
on protons in water. 

Let the sample be placed in the big field some time - several hours 
will always be ample - before the experiment is to begin. The experi­
menter should know in advance the frequency of the Larmor precession, 
so that he can apply the oscillating field of proper frequency as soon as 
he and the sample are ready. The sample then enters into what I will 
call "the state of resonance." The experimenter is to measure the height 
of the peak as soon as the oscillating field is switched on: I call this 
initial stature Ao . The big field and the alternating field are now both 
to be kept on. The height of the peak, A, is to be measured from time 
to time, say once every tenth of a second (this has been done with 
movie techniques). It is found that A is a declining function of time; 
the peak is shrinking. 

Mter a while, let the alternating field be switched off while the big 
field continues to be on. The state of resonance is now suspended. Again 
the height of the peak is to be recorded every tenth of a second. N eed­
less to say, the alternating field must be on while the record is being 
made, but it shall be off all of the rest of the time, which is most of the 
time. It will be found that the peak is growing again. It is, in fact, 
trending back to its initial stature A o , and the law of its rise is the 
exponential law: 

A = Ao [1 - exp( -,t/T1)]* (11) 

The constant T1 , which this experiment determines, is called the "spin­
lattice relaxation-time." "Lattice" will be recognized as a term ap­
propriate to crystals: in the literature of this subject it is however 
applied to all solids and liquids. Its meaning in this field may be put 
as follows: the "lattice" is all of the sample except the nuclear spins. 

The actual experiment is not usually done quite as I just described 
it. The alternating field does not have to be switched on or off, because 
if its frequency is far from the Larmor frequency it is practically in­
effectual. If the observer wants to end the state of resonance, he dis­
places H or v away from the resonance-value; if he wants to restore it 
he brings H or v back to the resonance-value. By modulating the big 
field with say a 60-cycle frequency, he may pass the system briefly 

* This formula implies that A = 0 when t = 0; the reader can recast it to cover 
the general case in which 0 < A < Ao at t = O. 
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through the state of resonance 60 times in a second; and it is possible 
to record and measure A on every such passage. 

The fall and the rise of A are due to a cause so obvious that the 
reader has probably guessed it already. The peak, we recall, is a peak 
of absorption due to the turning of "up" protons into the "down" 
direction. When an up proton is turned into the down direction it goes 
out of business as an absorber, and continues out of business so long as 
it remains in the down direction. Since there is a fall and since there is 
a rise, the sojourn in the down direction must be neither zero nor in­
finite. If it were zero there would be no fall, and if it were infinite there 
would be no rise. The shrinkage of the peak in the presence of magnetic 
resonance, and the growth of the peak after resonance is discontinued, 
are signs that the sojourn of a proton in the down direction is finite 
but not zero. We divine already that Tl is a measure of the average of 
this sojourn. 

The foregoing may seem to imply that the height A of the peak is 
proportional to the number of up protons in the sample; but this is not 
so, and A is proportional to something else which I call the "margin." 
To present it I use N n for the number of upward-pointing protons, 
Nd for the number of downward-pointing protons, No for their constant 
sum, J.L in the sense defined before, k for Boltzmann's constant; and I 
write down the fundamental theorem of Boltzmann: 

Nu/Nd = exp(2J.LH/kT) (12) 

The "margin" is (Nu - Nd). We find: 

Nu - Nd = Nd [exp(2J.LH/kT) - 1] 

= No (J.LH /kT) approximately 
(13) 

We have approximated by supposing J.LH to be very small compared with 
kT, which it is indeed; and by supposing Nu and Nd each to be nearly half 
of No-this second approximation is retroactively verified, for on substi­
tuting (for instance) 20,000 oersteds for H and room-temperature for T, 
one finds that out of two million protons selected at random a million plus 
seven are pointed up and a million minus seven are pointed down. The 
margin is thus 14 in two millions; but it may also be regarded as seven in 
two millions, since if seven protons out of two million should be turned 
down the margin would vanish and the peak would vanish with it. 

Why is the stature of the peak proportional to the margin and not 
to N u ? The point is, that in addition to turning protons from the up 
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direction to the down direction, the alternating field also helps protons 
to turn from the down to the up direction. Processes of the first kind 
involve absorption, as we already know; processes of the second kind 
involve release of energy. What the detector receives, and what the 
peak makes manifest, is the net of the absorptions over the releases. 
(This effect of the alternating field in helping protons from the down 
to the up direction is called "stimulated emission"). 

N ow we must scrutinize equation (13) more closely. It is evident 
that T stands for an absolute temperature: the question is, what is it 
the temperature of? 

One supposes perhaps that T is the temperature of the sample - that 
is to say, the temperature which would be shown by a thermometer 
stuck into the sample or possibly into a surrounding bath. And this is 
indeed what is supposed when the peak has the stature Ao , signifying 
that the sample has stood long enough in the big field undisturbed by 
resonance or anything else. When A is Ao and T is the temperature of 
the sample, (13) is right. But when A is less than Ao because the peak 
is falling, has fallen or is rising, we must choose between saying that 
(13) is not right, and saying that (13) defines a temperature which is 
to be called the temperature of the spinning nuclei, or the "spin tempera­
ture" for short. 

The second choice is made; and this is the most vivid language in 
which to describe the situation. In this language we say that the reso­
nance elevates the spin-temperature, or heats up the spins; and that 
after resonance ceases, the spins cool down to the temperature of the 
lattice. Thus the study of relaxation becomes the study of the heating 
and the cooling of the spins with respect to the lattice - "lattice" being 
defined, I recall, as everything in the sample except the spins. 

Recorded values of Tl range from times of the order of hours down 
to times of the order of ten-thousandths of a second. The highest are 
exhibited by protons in ice at extremely low temperatures; protons in 
water have Tl = 2.33 seconds; the lowest values are found in the presence 
of "magnetic impurities." The typical dependence of Tl on temperature is 
represented by a curve with a single minimum. 

The importance of "magnetic impurities" derives from the agent of 
relaxation. Relaxation is operated normally by the varying magnetic 
fields whereby the nuclei act on one another; these vary, as I shall 
presently say more fully, because the nuclei are wiggling in thermal 
agitation. But the magnetic fields of nuclei are comparatively small, 
and therefore normal relaxation is comparatively slow. Much bigger is 
the magnetic field of an electron, for the magnetic moment of an electron 
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is 660 times as great as that of a proton. Now, it is indeed true that all 
atoms and molecules contain electrons; and one may properly wonder 
why they do not always dominate the relaxation. The reason is that 
in most atoms and most molecules the electrons are paired "anti­
parallel" so that their magnetic moments neutralize each other. (We 
are to see in Part II that this confines the electronic type of resonance 
to certain very specialized types of substances). One can however in­
troduce into a substance, water for example, atoms or ions for which 
the neutralization is incomplete. These have much bigger magnetic 
moments and magnetic fields than any nucleus, and they speed up the 
spin-lattice relaxation. There is one special case which I treat in more 
detail, because of its relevance in this connection and its importance in 
solid-state physics. 

There are crystals, of fluorite for instance, which occur colorless in 
Nature. These may be colored by exposing them to X-rays, or in other 
ways which we pass over here; and colored examples may also be found 
in Nature. Solid-state physicists have long been acquainted with these 
colorations, which they ascribe to what they call "F-centers." Various 
lines of reasoning have converged on the conclusion that an F-ccntcr is 
a cavity in the lattice (now I am using "lattice" in the normal sense, 
that of the crystallographers) in which a free electron is batting around 
like a wild animal in a cage. If this is so, then coloration of a colorless 
crystal by X-rays or otherwise should reduce its relaxation-time, and 
naturally-colored crystals should have lesser values of Tl than those 
that are colorless. Experiment has ratified these inferences, and thus 
nuclear magnetic resonance has come to confirm the theory of the 
F-centres. So also has electronic resonance, since the F-centres display 
it with extreme clarity; but this is a topic for Part II. 

The cause of relaxation has now been identified as the thermal agita­
tion of the substance, working through the variation-in-time of the 
magnetic fields which act on every nucleus, weakly from its neighbor 
nuclei and strongly from any uncompensated electron that happens 
to be in the vicinity. In gases and liquids the nuclei cruise around, and 
so do the "magnetic impurities" if there are any; fieldstrengths change 
swiftly and relaxation tends to be rapid. In solids the atoms and their 
nuclei vibrate around fixed positions, and thermal agitation has come 
to be interpreted in the following way. 

Nowadays one thinks of the solid sample as quivering with compres­
sional waves, and perhaps torsional waves as well. These constitute the 
thermal agitation of the sample, and their various frequencies form its 
elastic spectrum. From this broad band of frequencies we isolate, in 
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mind, the one which agrees with the frequency of the Larmor Precession. 
Think now of any two adjacent protons. The distance r between them 
will fluctuate in a complicated way as time goes on, but in this compli­
cated motion we distinguish, again in mind, the component which has 
the frequency of the Larmor Precession. Well, according to earlier 
theory it is this component of the vibrations - be they interpreted as 
vibrations of the whole lattice or of two neighboring protons relative to 
each other - which helps the protons to turn from down to up, or for 
that matter from up to down. This is the channel by which energy 
passes to and fro between the lattice and the spins. 

On submitting this idea to calculation it was found to give values of 
TI that are far too long. The next recourse was to take into account the 
"beat tones." Choose any frequency whatever in the elastic spectrum, 
and then another frequency differing from the first one by the frequency 
of the Larmor Precession. The sum of the two will present a beat fre­
quency equal to that of the precession. This is a mathematical state­
ment which seems as empty of physical meaning as - well, as seemed 
in its turn the assertion that the alternating magnetic vector HI directed 
along the x-axis is the sum of two circularly-poiarized vectors. But the 
force between two neighboring protons is not linear (it is proportional 
to the inverse third-power of the distance r), and this gives physical 
meaning to the statement: the two frequencies conjointly act as if the 
beat-frequency were present. When these channels of communication 
between the spins and the lattice are added to the one first thought of, 
the calculated relaxation times come down into the order of magnitude 
of the real ones. More in the way of precise agreement can scarcely be 
hoped for, because of the effect of impurities on T1 • 

Two other topics in the field of spin-lattice relaxation must at least 
be mentioned. 

Some of the known values of TI are too low to be measured by observ­
ing the rise and fall of the resonance-peak. To indicate how these are 
measured, I recall that the energy of a wave-train is proportional to 
the square of its amplitude, Hi in the present case. To speak of protons 
for simplicity: if TI were zero the number of protons in the "up" orienta­
tion would always be the same, and hence the height A of the peak 
would be proportional to Hi . But since TI is not zero the number of 
protons capable of absorbing goes down as Hi goes up; and the curve 
of A against Hi starts off tangent to the ideal straight line for TI = 0, 
but is concave-downward, drops away from the straight line and eventu­
ally will cease to rise. 

We may pursue the argument one step farther. Here is the equation 
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for the rate of change of Nu , the number of "up" protons: 

dNu/dt = (l/T1)(Nou - N u) - bHiNu (14) 

Here Nou stands for the number of "up" protons in the condition of 
equilibrium between the spin-temperature and the lattice-temperature. 
If we were dealing with the rise of the peak after the alternating field 
is shut off, the second term on the right would vanish, and we should 
be back at equation (11). We are however dealing here with the fall 
of the peak when the alternating field is on. One sees that eventually 
N u will reach a constant value - it is said to "saturate" - and the 
peak a constant stature. If this saturation-value is measured and the 
value of b is known, Tl can be computed. The saturation-value is meas­
ured, and b is determined from quantum mechanics. 

Though I have tried to avoid giving the impression that the stature of 
the peak necessarily has its equilibrium-value Ao before the oscillating field 
is first applied, I may not have quite succeeded. It would be a miracle if A 
were equal to Ao at the moment when the sample is first put into the big 
field. Time must be allowed for the nuclei to adjust themselves or "relax" 
to the big field: it was because of this that I said at the beginning that the 
sample was to be placed in the big field several hours (a generous allowance 
of time, by the way) before the application of the alternating field. One 
would expect in general to find A much smaller than A 0 , when the sample 
has just been exposed to the big field; on the other hand it could be greater 
than Ao if the sample had previously been exposed to a field of greater 
strength than the field of the experiment. 

Conceivably one might miss the peak altogether by looking for it too 
soon, if the relaxation-time were long; or by looking for it too late, after 
it had been reduced to its "saturation" stature. It may be that early 
attempts to find magnetic resonance were frustrated in these ways. 
Such dangers are now avoided by mixing the sample deliberately with 
magnetic impurities in order to diminish the value of Tl : the peak of 
Figure 2 was obtained with water mixed with ferric nitrate. There is 
some reason also to conjecture that nuclear magnetic resonance might 
have been sought and found some years earlier than it was, but for an 
imperfect theory which indicated that the spin-lattice relaxation-time 
would be so long as to make it hopeless to look for the peak. 

Students of the literature will find many allusions to another type 
of relaxation - the "spin-spin" relaxation, with a relaxation-time de­
noted by T2 • Except for the bare statement that the breadth of the 
peak varies inversely as the spin-spin relaxation-time, this topic must 
be left for some other occasion. It may be mentioned here, even though not 
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explained, that the line-breadth diminishes suddenly when the substance 
melts, and may also decline at one or more temperatures where the sub­
stance is still a solid. Such temperatures are considered to be those at which 
some special type of molecular motion begins. 

References and acknowledgements are to be appended to the second 
part of this article. Two names will however be mentioned in this place, 
those of Felix Bloch and Edward M. Purcell; for these are the names of 
the physicists to whom, on November 6, 1952, was awarded the Nobel 
Prize for the discovery of nuclear magnetic resonance by the techniques 
here respectively denoted as those of "nuclear induction" and "nuclear 
resonance absorption." 



Delay Curves for Calls Served at Random 

By JOHN RIORDAN 

(Manuscript received March 11, 1952) 

This paper presents curves and tables for the probability of delay of calls 
served by a simple trunk group with assignment of delayed calls to the 
trunks at random and with pure chance call input. These are contrasted 
with the classic results of Erlang ("Erlang e") which are based on service 
in order of arrival. Trunk holding times for both have an exponential dis­
tribution. The theoretical development for computation of the curves is di­
rected to the determination of the moments, which seem to be a natural means 
. of simplification. 

1. INTRODUCTION 

One of the classic results in the study of telephone traffic is the for­
mula for delay given by the Danish engineer A. K. Erlangl in 1917. This 
is for random call input to a fully accessible simple trunk group with 
the trunk holding time exponential and calls served in the order of arrival. 
A proof for this formula and a set of curves for its use have been given 
by E. C. Molina.2 

In many switching systems it is not feasible to fully realize this ethical 
ideal of first come, first served, and it has long been of interest to de­
termine delays on another basis. The contrasting assumption is of calls 
picked at random, which is again an idealization but in large offices ap­
pears to be called for, as a bound for the service actually given. 

The first attempt to formulate the last seems to be that of J. W. 
Mellor.3 While his basic formulation is incomplete, it offers a useful 
approximation to the complete results, particularly in the most interest­
ing region of heavy traffic, and will be referred to here as the "Mellor 
approximation." A complete formulation due to E. Vaulot4 appeared 
in 1946 and included both the fundamental differential recurrence rela­
tion and formulas for delay probabilities for small delays. For complete­
ness, these are repeated below. F. Pollaczek5 has given a development of 
Vaulot's work directed toward determining an asymptotic delay for­
mula. 

100 
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Considerable further theoretical work has been necessary to obtain 
the results given here. Vaulot's differential recurrence relation, which 
formulates the probability of delay at least t of a call which arrives when 
n other calls are waiting, has no simple solution. By approximate meth­
ods, it was possible to use a differential analyser to determine these 
probabilities for small values of n. But it was not feasible in this way to 
cover the whole range of interest, and these results were supplemented 
by approximations for large n, which are described below. Finally the 
delay for an arbitrary call was obtained by summing on n. * 

These results are not reported here, because the attempt to verify 
the accuracy attained led to formulation of the moments of the delay 
curves and this in turn to the representation of the curves as sums of 
exponential curves, with great simplification of the calculations :re­
quired. As will appear, two exponentials furnish a sufficient approxima­
tion except for heavy traffic. 

2. DELAY CURVES 

The delay distribution on calls delayed for occupancy levels (defined 
below) from 0.1 to 0.9 in steps of 0.1 is shown in Fig. 1. The abscissae 
are derived time units which seem to be natural to the problem: u = 

ct/h, with c the number of trunks and h the average holding time. The 
ordinates, on a logarithmic scale, are conditional probabilities that a 
call delayed will be delayed at least u, that is, values of a function 
F(u); the logarithmic scale is chosen to emphasize the dominantly ex­
ponential character of the curves. The occupancy level a is the ratio 
a/ c where a is the average call input in average holding time h. 

Fig. 1 is a master curve for all eventualities and may be changed to 
working curves for various sizes of trunk groups. For the construction 
of these curves Table I, from which Fig. 1 was made, and which also 
compares present results with those for calls served in order of arrival, 
is convenient. A more elaborate table will be given later. For the con­
venience of the reader, it may be noticed that for order of arrival serv­
ice F(u) = e-u(l-a). 

The striking feature of Table I is the increase in delay time for ran­
dom service, which becomes more pronounced with decreasing F(u) 
and increasing occupancy (or traffic) level, a. The increase throughout 
the table is an effect of the limitation to small values of F(u). For given 

* Thanks are due to George W. Abrams for directing this work, to Dr. Richard 
W. Hamming for transforming the equations into forms suitable for the differen­
tial analyser and for supervising its operation, and to Miss Catherine Lennon for 
a great deal of calculation. 
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Fig. I-Delay curves for random service. F(u) = conditional probability of 
delay at least U; u = ct/h, c = no. trunks, h = avo holding time, a = call input 

.in time h, a = a/c. 

a, the delay curves for order of arrival and random service include the 
same area, which is in fact equal to the mean delay (of calls delayed), 
(1 - a)-I. Since F(O) = 1 for both, and the random service curve 
decreases more slowly for large u, the curves must intersect at some 
point, say for U = Uo ; for u < Uo , the o.a. curve must be above the ran-

TABLE I - DELAy-TIME AND RANDOM SERVICE 

Delay Times, U, for given F(u) and a and for order of arrival (o.a.) and ran­
dom service. 

F = 0.1 F = 0.01 F = 0.001 
a 

o.a. Random o.a. Random o.a. Random 

0.1 2.56 2.58 5.12 5.47 7.68 8.60 
0.2 2.88 2.91 5.76 6.57 8.63 10.68 
0.3 3.29 3.34 6.58 8.05 9.87 13.35 
0.4 3.84 3.91 7.68 10.04 11.52 16.95 
0.5 4.61 4.68 9.21 12.89 13.82 22.09 
0.6 5.76 5.82 11.51 17.25 17.27 29.97 
0.7 7.68 8.28 15.36 23.14 23.03 43.33 
0.8 11.51 12.57 23.03 36.80 34.54 70.29 
0.9 23.03 25.99 46.05 77.24 69.08 156.63 
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dom curve. This is shown in Fig. 2 for a = 0.9, but the logarithmic 
scale for F(u) obscures the equality of area. 

The character of the comparison may be clearer if the picture is 
changed. Consider a department store counter with c clerks (correspond­
ing to c trunks) in attendance. The time for a sale corresponds to the 
trunk holding time, and the rate of arrival of customers is like that of 
call input. For service in order of arrival customers are given serially 
numbered tickets on arrival; for random service, these tickets may be 
supposed drawn from a hat, or numbered from a series of random num­
bers, or since aggressiveness and the clerks' attention are subject to 
devious rule, it may be that no attention at all to order of service is 
equivalent to random service. 

The fact that the average delay is independent of the order of service 
may be explained roughly by saying that the average rate at which wait­
ing lines are removed depends only on the average rate of arrival of 
customers and the rate at which they are served. Notice however that 
service at random causes more variable delays (the second and all 
higher moments are larger than for order of arrival service). Thus with 
random service the proportion of waiting customers receiving quick 
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a = 0.9. 
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service is increased (over order of arrival) but this is achieved at the 
cost of making other customers wait much longer. 

Service in order of arrival has the advantage to the customer that his 
delay is independent of all who come after him, and this is particularly 
appreciated in times of heavy ·crowding when long delays are possible 
for random service. In Table I, these crowded conditions correspond to 
small values of F(u) or large values of a, or both. In this picture it 
seems intuitively clear that much longer delays are possible for random 
service, for those unlucky customers who keep missing their turn. 
(Of course, a more realistic model would also include the effects of cus­
tomers leaving before service, a factor of considerable telephone interest 
also.) 

As noted at the start of this section, F (u) is a conditional probability, 
the probability of delay at least u of a call that is surely delayed. To 
obtain unconditional probabilities of delay, F(u) is multiplied by the 
probability that all trunks are busy, which is the probability that a call 
is delayed. This probability is given by a well-known formula due to 
Erlang and customarily written as 

C a 
C(c1 a) = (c _ 1) ! (c - a) [ 

a ~ ~~ 
1+ 1!+2!+ ... + (c -I)! 

+ a
C J-1 

(c - 1) ! (c - a) 

Tables of this function are available*. 
Finally it may be noticed here that for random service and light traf­

fic (roughly, a less than 0.7), with sufficient approximation 

F() 1 ( -u(l-a)Yl + -U(I-a)Y2) U = '2 Yle Y2e 

with Yl = 1 - v'a/2, Y2 = 1 + v'a/2. 
* But there seems to be no extensive tabulation. However, the table for the 

Erlang B function made by Conny Palm (Stockholm, 1947) may be used with the 
relations 

1 

G(e, a) 

1 1 

B(e, a) B(e - 1, a) 

= ~ + _1 _-_(a-,--I e_) 
e B(e, a) 

Notice that G(e, a) also has the recurrence relation 

1 -1 (e-a)(e-l) -.-- = + ~------~~-----
. G(e, a) e - 1 - a a(e - 1 - a)G(e - 1, a) 



DELAY CURVES FOR CALLS SERVED AT RANDOM 105 

3. BASIC FORMULATION 

As noted above, the following notation is used: e is the number of 
trunks, h is the average holding time (the distribution of holding times 
is exponential) and a is the average number of calls arriving in time in­
terval h. Then, if Fn(t) is the probability of delay at least t of a call 
arriving when n other calls are waiting, the differential recurrence 
relation given by Vaulot is 

dFn(t) = _n_ ~ F (t) _ e + a F (t) + ~ F (t) (1) 
dt n + 1 h n-l h n h n+l 

This may be derived as follows. Consider the interval dt after the epoch 
of arrival of the call in question. In this interval three events may occur: 
(i) a call may arrive, (ii) a trunk may be released, or (iii) neither of 
these. The probability of a call arrival is (a/h)dt and if a call arrives 
the delay function is Fn+1(t - dt). The probability of a trunk release, 
because of the assumption of exponential holding time, is (e/h)dt, and 
if· a trunk is released the number of waiting calls is reduced by one; the 
probability that the call seizing the waiting trunk will not be the call 
in question is n/(n + 1). Finally the probability of the third event is 
1 - (c + a)dt/h. All this is summarized in the differential relation 

a n e 
Fn(t) = Ii dt Fn+1(t - dt) + n + 1 Ii dt Fn-1(t - dt) 

+ (1 - eta dt)Fn(t - dt) 

Passing to the limit gives equation (1). 
Using new variables: u = et/h, a = ale, equation (1) may be written 

more simply as 

This equation is a mixed differential-difference equation of the first 
order as a differential equation and of the second order as a difference 
equation; hence three boundary relations are required. For the differen­
tial part, it is clear that Fn(O), which is the probability of some delay 
of the test call, is unity for all n in question, that is, for all integral non­
negative n. Also Fn(u) == 0 for all negative n, is an obvious necessity, 
and, since F n is a distribution function F n ( 00) = 1. Finally the third 
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condition may be stated as 

lim FnCu) = 1, all u 
n=oo 

The probability of delay at least u of an arbitrary call is the sum on 
n of the product of the probability that n calls are waiting when the 
call arrives and the probability, Fn(u), that for this condition the call 
is delayed at least u. The first probability (for statistical equilibrium) 
is known to be 

(1 - a) G(e, a)an 

where G(e, a), as stated above, is the probability that all trunks are 
busy; (1 - a)C(e, a) is the probability that all trunks are busy and no 
calls are waiting. Hence the probability in question, say fCu) , is given by 

00 

feu) = (1 - a)C(e, a) L anFn(u) 
o 

or by 

feu) G(e, a)F(u) 

if 

00 

FCu) = C1 - a) L anFnCu) (2) 
o 

F(u), like Fn(u), is then a conditional probability, the probability at 
least u of a delayed call. Notice that, consistent with this, F(O) = l. 

It is interesting to notice that Mellor's basic equation, which in pres­
ent notation may be written as 

dGnCu) = __ 1_ G C ) 
du n + 1 n u , (3) 

follows from (1) if first it is supposed that Fn_1(u) = Fn(u) = Fn+1(u) 
and then, for clarity, Gn replaces F n • Hence, as indicated by the third 
boundary condition, it may be expected to be useful for large values of 
n. Its solution is 

(4) 

A somewhat better approximation may be determined by the Mac­
Laurin series obtained by repeated differentiation of CIa) and evaluation 
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at u = 0; this is as follows 

u a (U)2 a(2a - 1) (uY~ 
Fn(u) ~ 1 - n + 1 + 2" (n + 1) 3! (n + 1) 

+ a(2a - 1)(3a - 2) (U)4 
4! (n + 1) 

(5) 

But this is the same* as: 

Fn(u) ~ [1 - (1 - a)uJ(n + 1)]l/(l-a) (5a) 

As a approaches unity, (5a) approaches (4). Equation (5a) has been 
used, for large values of a, in the direct computations mentioned above. 

It may also be noted that for a = 0, equation (la) has the solution 
(now writing Fn(u, a) for Fn(u)) 

u 
Fn(u,O) = c/>(u, n) - --1 c/>(u, n - 1) n+ 

where cp(u, n) is the Poisson sum 

e -u (1 + u + ~; + ... + ~~) 

(6) 

Finally, for completeness, note that for small values of u, the Mac­
Laurin series for F(u) is 

1 - a 1 
F(u) = 1 - u _.- log --

a 1 - a 

+ - (1 - a) 2 - -- log --u
2 [1 - a 1 ] 

2 a 1 - a 
(7) 

- ~ (1 - a) 1 + 3a - (1 - a) log -- - L ~ 3 [ 1 00 nJ 
6 1 - a 1 n2 

4. MOMENTS 

The k'th moment (about the origin) of the delay density function 
which is -F'(u) (F(u) itself is a distribution function is defined as 

J.lfk = J
o 

uk[ -F'(u)] du, 

k L Uk-1F(u) du, 

the last by integration by parts. 

* G. W. Abrams is due credit for noticing this. 

(8) 

k> 0, 
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Following (2), this may also be written as 

with 

00 

M k = (1 - a) L anmn,k , 
o 

k > O. 

First, notice that 

mn,O = -l<X)Ffn(U) du = Fn(O) 1· I 

hence 
QO 

Mo = (1 - a) L an = 1, 
o 

showing that F (u) is properly normalized. 

(9) 

(10) 

N ext, by integrating both sides of (la) with respect to u from 0 to 00, 

and using the second form of (10) (with k = 1) 

- (n + 1) = nmn-l,l - (n + 1)(1 + a)mn,l + (n + l)amn+l,l (11) 

In the same way, after first multiplying (la) throughout by uk
-\ it is 

found that 

- ken + l)mn .k-l 
(12) 

= nmn-l.k - (n + 1)(1 + a)mn.k + (n + l)amn+l,k 

Unfortunately, neither (11) nor any other instances of (12) have simple 
solutions; nevertheless they may be used to determine Mk . 

Consider first the simplest case, Ml . If (11) is multiplied throughout 
by an and summed on n, the result may be written 

-LlO = aLu - (1 + a)Lu + Lu - L01 

= -L01 

where for convenience in writing and of later notation 

L01 = L anmn.l = (1 - a)-l Ml 

L11 = L (n + l)a
n
mn.l 

L10 = L (n +l)an = D Lan+! = (1 - a)-2 

(13) 
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and D = d/ da. Hence 

Ml = (1 - a)-l 

This is the mean delay of calls delayed and as mentioned above is the 
same as for service in order of arrival. 

In the general case*, the following notation is convenient 

LOk = L anmn,k ,= (1 - ar1Mk 

L jk = L (n + l)(n + 2) ... (n + j)otmn,k 

Using the relations 

n(n + 2) ... (n + j) 

= n(n + 1) ... (n + j - 1) + (j - l)n(n + 1) ... (n + j - 2) 

+ ... + (j - l)~n(n + 1) ... (n + j - i - 1) + ... 
+ (j - l)In, 

n(n + 1) ... (n + j - 1) 

~, (n + 1) (n + 2) ... (n + j) - j(n + 1) (n + 2) (n + j - 1) 

with 

(j - 1) i.~ (j - 1) (j - 2) .. . (j - i), 

the summing of (12) is found to result in 

kLj,k-l = [j - (j - 1)a]L j - 1,k - a[(j - 1)2L j - 2,k 
(14) 

+ (j - 1)3Lj- 3,k + ... + (j - l)iL j - i,k + ... + (j - 1) IL1,k] 

But this may be simplified by multiplying through by j and sub­
tracting from the same equation with j replaced by j + 1; the result is 

(j + 1 - ja)Ljk - lLj-1,k = kLj+1,k-1 - jkL j,k-1 (15) 

Notice that for j = 0, k = 1, L01 = L lO , as in (13). Notice also that 

a j- 1L jo = L (n + 1) ... (n + j)an+
j- 1 

= D L (n + 1) ... (n + j - l)an+j 

= D(a iL j _ 1 ,o) 

so that 

L jo = jLj- 1,o + aDL j _ 1,o = jI(l - a)-j-l 

* This procedure is the development of a suggestion made by S. O. Rice. 
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Then the ratio 

LOk (LkO)-1 = (1 - a)k+1Lok/k! 

= (1 - a)kMk/k! = Rk 
(16) 

is the ratio of these moments to those for order of arrival service; the 
last relation is a definition. In the same way the ratio 

L ik(LHk ,O)-1 

might be considered, but to avoid fractions the following somewhat odd 
change of variables seems convenient: 

(itk)gkLik = PikLi+k ,0 

where go = gl = 1 and 

g2k = (2 - a)2k-l(3 - 2a)2k-3 ... (k + 1 - ka) 

g2k+1 = (2 - a)2k(3 - 2a)2k-2 ... (k + 1 - ka)2 

Notice that 

(17) 

g2k+l(g2k)-1 = g2k(g2k_lr
r1 

= (2 - a)(3 - 2a) '" (k + 1 - ka) = Dk+1 

the last being a definition, again. 
Since 

(1 - a)Lk,o 

it follows from (15) that 

(j + 1 - ja)pik - j(1 - a)Pi-l,k 

kLk-I,O 

= (gk/gk-I)[(j + I)PHI,k-1 - j(1 

By taking differences of this equation and writing 

qOk = POk 

qlk = Pik - POk = f:.pok 

q2k = P2k - 2PIk + POk = f:.2pOk 

qik ~ f:.qi-I,k = t:/POk 

a somewhat simpler recurrence relation is found to be as follows 

(j + 1 - ja)qik = (gk/gk-I) 

[jaqi-I,k-I + (j + 1 + ja)qj,k-l + tj + l)qHI,k-l] 

(18) 

(19) 
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Since PjO = 1, all j, qoo = 1, and qjO = 0, j ~ O. From these boundary 
conditions, it follows at once from (19) that 

j> k. 

By comparison of (17) and (16) 

A short table of the q's is as follows: 

jlk 

1 2 2(2 + a) 
a(2 - a)-l 2a(18 - 5a - 4a2)D"3 1 

o 
1 
2 
3 

1 
o 
o 
o 

o 
o 

4a(2 - a)-l 
2a2(3 - 2a)-1 

o 
2a2(18 - 7a - 2a2)(3 - 2a)-2 
6a3D~D41 

Continuation of this leads to the values of Rk listed in Table II. Notice 
that for a = 1, by (18) 

since gk 

Pjk (1) = (j + I)Pi+l,k-l (1) 

(j + 1)(j + 2)Pi+2,k-2 (1) 

(j + 1) (j + 2) ... (j + k) 

1 for a = 1 and PjO = 1, all j. From this 

On the other hand, for a = 0, qjk = 0, j > 0 and, by (19) 

so that 

5. MELLOR APPROXIMATION 

It is useful to have the moments of the distribution corresponding to 
the Mellor approximation, since they serve as a guide. Here, following 
equation (4) 

F(u) 
co 

(1 - a) L: ane-uCn+l)-l 
o 

(20) 
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and 
CQ 

exp - xliI = L: M k ( - x) k / k ! 
o 

CQ 

(1 - a) L: an[l + x(n + l)rl 

o 

Hence 
CQ 

Mk = k!(1 - a) L: (n + l)kan (22) 
o 

These moments are expressible in terms of polynomials associated with 
the distribution of permutations into classes according to the number of 
readings left to right necessary to find the elements in standard order. 6 

Indeed the ratio 

has the recurrence relation 

rk+l(a) ,= (lea + l)rk(a) + a(l - a)r' k(a) 

and the first few values are as follows 

r3 = 1 + 4a + a
2 

r4 = 1 + 11a + 11a
2 + a3 

r5 = 1 + 26a + 66a
2 + 26a

3 + a
4 

(23) 

Notice that rk(O) = 1, rk(l) = k!, just as for the precise results. 

6. EXPONENTIAL SUMS 

The shape of the delay curves, from direct calculation, and also from 
Mellor's results, suggests representation in exponential sums. If 

F(u) = Al e-(I-a)u/xl + A2 e-(I-a)u/x2 + ... (24) 

then 

M (1 - a)k 'A k + A k + 
k = IX 2X ••• k! 1 , 2 

(25) 

by a simple calculation. For k exponentials, 2k moments (including 
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Mo) may be fitted exactly by solution of 2k equations of form (25), as 
will be shown. 

The first approximation (k = 1) is the order of arrival curve, say 

Fl(U) = e-(l-a)u 

which has Al = Xl = 1, Ak = Xk = 0, k > 1, and matches .1110 and 1111 . 
The next approximation (k = 2) is determined from equations 

Al + A2 = 1 

Alxl + A 2x2 ;, 1 

Alxi + A2X~ = R2 

Alxi + A2X~ = R3 

Eliminating A2 from successive pairs, 

Al (Xl - X2) = 1 - X2 

AlXl (Xl - X2) = R2 - X2 

Alxi(Xl - X2) = R3 - R 2x2 

Eliminating Al from these, 

(Xl + x2)R2 - XlX2 = R3 
(26) 

or, writing al = Xl + X2, a2 = XlX2, so that X2 - alX + a2 = (x - Xl) 

(X - X2) 

al - a2 = R2 

alR2 - a2 = R3 
(26a) 

From the first of the second set of equations, and from symmetry (or 
from Al + A2 = 1) 

1 - X2 
Al = ---

1 - Xl A2 = 
X2 - Xl 

Taking R2 and R3 from Table II, it turns out that 

XI-
l = 1 - ....;-;;[2 = 2Al 

X2-
1 = 1 + ....;-;;[2 = 2A2 

(27) 

(28) 
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TABLE II -. l\10MENT RATIOS, CALLS SERVED AT RANDOM 

Rk(a) = Mk(l - a)k/k! 

Rl = 1 

2 
R 2 = --

2-a 

R3 = 2(2 + a) 
(2 - a)2 

4(6 + 5a - 4a2 - ( 3) 
R4= 

(2 - a)3(3 - 2a) 

4(36 + 60a - 59a2 - 24a3 + 15a4 + 2(5) 
R5 = ----------------------------

(2 - a)4(3 - 2a)2 

R6 = 8f6(a) 
(2 - a)5(3 - 2a)3(4 - 3a) 

R7 = 8f7(a) 
(2 - a)6(3 - 2a)4(4 - 3a)2 

f6(a) = 432 + 972a - 20l6a2 - 437a 3 + 1790a4 - 528a5 - 196a6 + 67a7 + 6a8 

f7(a) = 10368 + 34560a - 89208a2 - 32772a3 + 177926a4 - 104287a5 - 29260a6 

+ 43876a7 - 9158a8 - 2039a9 + 588alO + 36all 

and the second approximation IS 

2F2(U) = (1 _ ~) e-U (1-a)(1-v'a/2) 

+ (1 + ~) e-u (1-alC!+v'a/2) 
(29) 

which turns out to be a good fit for a roughly less than 0.7. Curiously 
the corresponding Mellor approximation has a more complicated ex­
pression. 

Following the same procedure for three exponentials, it turns out 
that the correspondent to the set of equations (26a) is 

(30) 

with al = Xl + X2 + X3 , a2 = XIX2 + XIX3 + X2X3, a3 = XIX2X3, that is, 
the symmetric functions. 
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Using Table II for values of the R's, it is found that 

al = (18 - 7a - 2(2)(2 - a)-\3 - 2a)-l 

a2 = 18 (2 - a)-\3 - 2a)-l 

a3 = 6 

Xl , X2 and X3 are then the roots of the cubic equation 

X3 - alx
2 + a2X - a3 = 0 

(31) 

The coefficients Ai, i = 1, 2, 3 are determined from equations like 

Al = R2 - (X2 + X3) + X2X 3 

(Xl - X2) (Xl - X3) 
(32) 

For the fourth approximation, matching 8 moments, the equations 
for the symmetric functions are 

a lR 4 - a 2R 3 + a3R2 - a4 = Rs 

alRs - a 2R 4 + a3R3 - a 4R 2 = Rs 

and Xl , X2 , X3 and X4 are roots of the quartic equation 

X4 - alx
3 + a2x

2 
- a3X + a4 = 0 

Coefficients Ai are determined from equations like 

(33) 

Al = R3 - (X2 + X3 + x4)R2 + (X2X 3 + X2X4 + X3X4) - X2X 3X4 (34) 
(Xl - X2) (Xl - X3) (Xl - X4) 

It may be noted that 

X2 + X3 + X4 = al - Xl 

X2X3 + X2X4 + X3X4 = a2 - Xl (al - Xl) 

X2X3X4 = a3 - Xl[a2 - Xl(a - Xl)] = a4xl-
l 

which gives the general structure. 
It is worth noting that equations (33) may be used to determine the 

R's if the a's may be determined otherwise. As a matter of fact, they 
have led to the determination of Rs and R7 in the following way. The 
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results for k = 2 and 3 suggest that 

a4 = 4!(2 - a)-1(3 - 2a)-1(4 - 3a)-1 

Then by the first two of equations (33) 

a1R3 - a2R2 = R4 - a3 + a4 

a1R4 - a2R3 = R5 - a3R2 + a4 

the solutions of which are 

al = 4(24 - 23a + 3(3
) [(2 - a)(3 - 2a)(4 - 3a)r1 

a2 = 2(72 - 23a - 10a2 - 3(3)[(2 - a)(3 - 2a)(4 - 3a)r1 

By the last two of equations (33), R6 and R7 are determined to be the 
values given in Table II, which have been verified independently. Note 
that for a = 0, both R6 and R7 are 1, and for a = 1, R6 = 6!, R7 = 7! 

Table III tabulates, for k = 2 to 5, for convenience in avoiding frac­
tions the symmetric functions bkj related to those above by 

with, as before, 

Dk = (2 - a)(3 - 2a) ... [k - (k - l)a] 

and ao = 1. The functions for k = 5 were obtained by a process like 

TABLE III - SYMMETRIC FUNCTIONS FOR EXPONENTIAL 

SUMS OF CALLS SERVED AT RANDOM 

k = 2 b20 = 2 - 0: 
b21 = 4 
b22 = 2 

k = 3 b30 = 6 - 70: + 20:2 

b31 = 18 - 70: - 20: 2 

ba2 = 18 

k = 4 b40 = 24 - 460: + 290:2 - 60: 3 

b41 = 96 - 920: + 120:3 

b42 = 144 - 460: - 200:2 - 60:3 

b43 = 96 
b44 = 24 

ba3 = 6 

k = 5 b50 = 120 - 3260: + 3290:2 - 1460:3 + 240:4 

b51 = 600 - 9780: + 3290:2 + 1460:3 - 720:4 

b52 = 1200 - 9780: - 1720:2 + 780:3 + 720: 4 

b 53 = 1200 - 3260: - 1720:2 - 780:3 - 240:4 

b54 = 600 
b55 = 120 
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TABLE IV - SYMMETRIC FUNCTIONS FOR EXPONENTIAL SUMS, MELLOR 

ApPROXIMATION 

k = 2 k = 3 al = 6 + 30: 
a2 = 11 + 50: + 20:2 

a3 = 6 

k = 4 al = 10 + 60: 
a2 = 35 + 260: + 110:2 

a3 = 50 + 260: + 140:2 + 60: 3 

a4 = 24 

I. =- 5 al = 15 + 100: 
a2 = 85 + 800: + 350:2 

as = 225 + 2000: + 1250:2 + 500:3 

a4 = 274 + 1540: + 940:2 + 540:3 + 240:4 

as = 120 

k = 6 al = 21 + 150: 
a2 = 175 + 1900: + 850:2 

a3 = 735 + 8550: + 5850:2 + 2250: 3 

a4 = 1624 + 16040: + 11940:2 + 7040:3 + 2740: 4 

as = 1764 + 10440: + 6840:2 + 4440:3 + 2640:4 + 1200:s 

a6 = 720 

that sketched above, and without determining Rs and R9 . Notice that 

bkj = k!(~), 

= j!(~)2, 

a=O 

a = 1 

which may be proved independently. All values in Table III satisfy 
the recurrence relation 

bkj = [k - (k - 1)a]bk_1,j + [k + (k - 1)a]bk- 1,j_l (35) 

- (k - 1)2abk _ 2,j_2 

which also satisfies the boundary relations for a = ° and 1 given above 
for all values of k. 

The corresponding symmetric functions for the Mellor approximation 
are given in Table IV. These have the recurrence relation 

akj = ak-l,j + [lc + (k - l)a]ak-l,j-l - (k - 1)2aak_2,j_2 (36) 

For a = 0, the values are the signless StirlIng numbers of the first 
kind, that is, the numbers given by the expansion of 

(1 + x)(l + 2x) ... (1 + kx). 

For a = 1, the results are the same as for the exact case, as g~ven above. 
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TABLE V - ApPROXIMATIONS TO DELAY FUNCTION F(u) FOR RANDOM 

SERVICE 

4 10 12 14 

Two Exponentials 

0.1 .3590 .1351 .0220 .0041 .0008 .0002 
0.2 .3490 .1344 .0256 .0058 .0015 .0004 .0001 
0.3 .3392 .1332 .0291 .0079 .0023 .0007 .0002 .0001 
0.4 .3292 .1315 .0325 .0101 .0033 .0011 .0004 .0002 
0.5 .3190 .1293 .0357 .0125 .0046 .0017 .0006 .0003 
0.6 .3085 .1265 .0386 .0151 .0061 .0025 .0010 .0004 
0.7 .2978 .1232 .0412 .0177 .0078 .0035 .0015 .0007 
0.8 .2868 .1193 .0434' .0203 .0097 .0047 .0022 .0011 
0.9 .2756 .1148 .0451 .0229 .0118 .0061 .0031 .0016 

Three Exponentials 

0.1 .3586 .1354 .0219 .0040 .0008 .0002 
0.2 .3491 .1356 .0254 .0057 .0014 .0004 .0001 
0.3 .3393 .1358 .0288 .0074 .0022 .0007 .0002 .0001 
0.4 .3291 .1360 .0322 .0092 .0030 .0011 .0004 .0002 
0.5 .3186 .1363 .0358 .0112 .0040 .0016 .0007 .0003 
0.6 .3071 .1359 .0392 .0133 .0050 .0022 .0010 .0005 
0.7 .2951 .1354 .0428 .0156 .0063 .0028 .0014 .0007 
0.8 .2822 .1344 .0466 .0181 .0077 .0036 .0018 .0010 
0.9 .2683 .1325 .0504 .0210 .0094 .0045 .0023 .0013 

7. NUMERICAL RESULTS 

Table V gives both two-exponential and three-exponential 4 decimal 
approximations to the delay function F(u) for 

a = 0.1(0.1)0.9(0.1 to 0.9 in steps of 0.1) 

and for 

u(l - a) = 1(1)2(2)14, 

in the same abbreviated notation.* The variable v = u(l """7"" a) is in­
troduced to reduce the spread of these tables. It will be noticed that, 
as expected, the two orders of approximation agree closely for small 
values of ai indeed, only for the three largest values of a are the dif­
ferences appreciable from the engineering standpoint. 

* The results for two exponentials, some of those for three-exponentials, and 
all special results given below, have been obtained by Miss Marian Darville, 
whom I also thank for her careful drawing of the curves. The entire three-exponen­
tial table has been computed independently by Miss Lennon. 
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For a = 0.9, results for four exponentials have also been obtained 
and compare with those of Table V as follows (lc = number of ex­
ponentials) : 

v 
k 

1 2 4 6 8 10 12 14 

------------ ---------

2 .2756 .1148 .0451 .0229 .0118 .0061 .0037 .0016 
3 .2683 .1325 .0504 .0210 .0094 .0045 .0023 .0013 
4 .2748 .1402 .0483 .0195 .0091 .0047 .0026 .0015 

It is somewhat surprising that two exponentials should do as well as 
they do for large values of v (in fact for v = 12 and 14 better than three); 
a similar behavior appears in the following comparison of approxima­
tions on the Mellor basis, again for a = 0.9 

v 

k 
1 2 4 6 8 10 12 14 

--- --- --- ------------

2 .2725 .1115 .0446 .0237 .0129 .0070 .0038 .0021 
4 .2671 .1379 .0502 .0207 .0097 .0051 .0029 .0018 
6 .2777 .1408 .0477 .0205 .0102 .0054 .0031 .0018 

From these comparisons, it appears a relatively small number of 
exponentials is sufficient for engineering purposes. The curves of Fig. 1 
are those for three exponentials, for uniformity. 
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This paper offers a review and interpretation of laboratory and field experi­
ments aimed at determining the necessary protective threshold Quantities of 
wood preservatives. It details the procedure followed in the soil-block tests at 
the Bell Telephone Laboratories, Incorporated. Discussion of specific criti­
C'l:sms of the techniques involved and replies to these criticisms are included. 
The paper also presents for the first time a correlation of the results obtained 
from soil-block culture tests, outdoor exposure tests on stakes and on pole-
diameter posts as well as pole line experience. It demonstrates that the same 
levels for toxicity-permanence requirements (thresholds) are obtained from 
the three different types of accelerated experimental evaluations. There is 
every reason to believe that the same limits apply for the outer inch of sap­
wood in pine poles in line. 
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INTRODUCTION 

In discussing the problems involved in the evaluation of wood pre­
servatives over the years, it has generally been found necessary to orient 
the audience - in this case the readers of this JOURNAL - in the field of 
biology, and particularly in the field of biological tests involving wood-
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destroying fungi. It is impractical to expect from such tests the degree 
of accuracy in results that one would look for as a matter of course in 
certain types of well conducted physical or chemical experiments. One 
Gan, however, look for high reliability in the biological sense. In the half 
science, half art of wood preservation there is as yet no generally accept­
able laboratory technique for measuring the preservative value of a 
given material. Although much development work has been done, both 
here and abroad, in an effort to promote standard laboratory procedures, 
their proponents have had very little success in bringing into line the 
techniques used in the various areas. The interest of the Bell System in 
establishing a standard bioassay test will become convincingly evident 
as this story unfolds. 

When the first American telephone lines were built there was an ade­
quate supply of naturally durable pole timber in northern cedar and 
chestnut forests. The chestnut trees have been killed by a fungut5 disease, 
the chestnut blight; and the chestnut supply failed completely about 
twenty years ago. Northern cedar trees are not straight enough nor large 
enough nor plentiful enough to meet the demands of the power and 
eommunication utilities, but they are still used to some extent in the 
Lake States area. Usually they are incised at the ground line by toothed 
machines; and they are then given a preservative treatment with creosote 
or with pentachlorophenol in petroleum to prolong the life of the butt 
and ground line section. 

In the northern and western states the increasing demands for poles 
35 feet and longer brought in western red cedar, a straight and nearly 
perfectly shaped pole tree. The present Bell System use of the species is 
relatively small, about 4 per cent of the total annual production. Butt 
treatment of western red as well as northern cedar began in earnest 
about thirty years ago. This procedure protects the ground section. 
Many western cedars are now full length treated because, although the 
species is durable, the tops and sapwood layers are subject to infection 
and decay, sometimes after a relatively short service life. 

In the South and Southeast the great favorite is naturally the southern 
pine pole, full length pressure-treated with creosote. Such poles made 
their way in the Bell System as far north as Memphis and Washington 
by the turn of the century. Their use increased rapidly after World War 
I, and they moved into virtually all parts of the country. They now 
make up about 73 per cent of the telephone pole plant. New treatment 

.procedures for southern pine employing pentachlorophenol in petroleum 
applied by pressure processes are now under way at a number of plants. 

Pressure-treated Douglas fir and butt-treated western red cedar dom-



EVALUATION OF WOOD PRESERVATIVES '123 

inate other species on the West Coast and in the Pacific Northwest, 
while pressure and non-pressure treated lodgepole pine poles are favored 
in the Mountain States area. Pressure-treated jack pine and ponderosa 
pine move into telephone plant in small quantities in the Lake States 
and in the California areas, respectively. 

To render telephone service the Bell System has some 20,000,000 wood 
poles carrying its wires and cables. Many of these poles are used jointly 
with the power companies. Since poles of the joint use sizes are not 
available in sufficient quantities in the southern pine forest to meet all 
the demands of the utilities all of the time it is inevitable that western 
cedar, Douglas fir, lodgepole pine, red pine and western larch should 
move into various parts of the System, either for the direct and sole use 
of the Operating Companies or for joint use. 

The pole plant is continually changing. Pole species from the N orth­
west vary greatly in their treatability and they are generally harder to 
treat than southern pine. It is not possible to use traditional creosote 
pressure treatments for some of these species without running the risk of 
objectionable exudation, or bleeding, of the creosote. 

The development of practical specifications for the application of new 
preservatives such as pentachlorophenol and greensalt, as well as the 
various types of creosote, to all of the pole species now used in Bell 
System plant calls for setting as exactly as possible necessary protective 
quantities of the various preservative materials. This is particularly true 
in view of the fact that for normal telephone use as well as for joint use 
it is absolutely essential to deliver to the Operating Companies poles 
that are clean and satisfactory for use in all types of telephone lines, 
without compromising on the question of adequate physical life for the 
treated units. This purpose is back of the Laboratories' efforts to develop 
bioassay tests that come as close as practicable to measuring the neces­
sary protective amount of any given preservative, and to predicting its 
relative permanence in poles and crossarms in plant. 

It has been pointed out in earlier papers30, 31, 76 that Bell Laboratories' 
concept of preservative evaluation involves (a) laboratory evaluation 
tests, (b) test plot experiments with small stakes, (c) similar tests of 
pole size specimens, and (d) test lines selected for long time observation. 
The latter are chosen with the cooperation of the Operating Companies. 
Lumsden76 has recently presented a summary of a quarter century of 
experience with pole-diameter posts in one test plot located at Gulfport, 
Mississippi. The principal aims of the present paper are to interpret the 
results of various laboratory methods of preservative evaluation, and to 
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indicate how these results may possibly be correlated with test plot and 
field experience. 

A SHORT HISTORY OF THE DEVELOPMENT OF LABORATORY EVALUATION 

PROCEDURES 

The practice of laboratory evaluation of wood preservatives developed 
along different lines in Europe and in the United States. Here the Petri 
dish method was the early favorite. 61, 100 The basic scheme of this test is 
to use agar culture media containing gradient concentrations of the 
preservative material to be tested, and to employ various easily grown 
test fungi as indicators of inhibiting or lethal doses. The same scheme is 
employed with stoppered Erlenmeyer flasks. The fungus now known as 
Madison 517, formerly referred to as Fomes annosus, has been used most 
frequently as the standard test organism although other fungi were also 
used.lOl 

In the culture phase of the European standard agar-block method33 

the test fungi are grown in Kolle flasks on a malt agar medium. The 
impregnated wood test blocks are supported on glass "benches" just 
above the surface of the agar and the growing test fungus. Wood pulp 
or paper boards saturated with malt extract are used by some investi­
gators9, 54 (1) in place of the agar medium alone. Generally an untreated 
block and a treated block are placed together in the same flask. 

The concept of a test for wood preservatives that motivated the 
proponents of the German agar-block method was broad enough to 
include selection of the test blocks and test fungi, treatment and hand­
ling procedures except weathering tests, culture technique, determination 
of the protection boundary, and directions for reporting the results. 
Differences in the behavior of water solutions of single chemical com­
pounds such as sodium fluoride, and of volatile oily preservatives such 
as the creosotes were recognized; and provision was made for dealing 
with both types of materials. 

The formalizing of both the Petri dish agar method in the United 
States and of the agar-block method in Europe developed as a result of 
conferences called by Dr. Hermann von Schrenk, the first in St. Louis 
in 1929, and the second in Berlin in 1930. The Laboratories' representa­
tives at the St. Louis conference were the writer and R. E. Waterman. 
The action taken at St. Louis was published by Schmitz in 1930.100 

In a previous paper99 about a year earlier, Schmitz had discussed 
various laboratory test procedures, and had offered an "improvement" 
in the Petri dish technique based on the idea of preventing evaporation 
of volatile materials. Some of his statements at that time now seem by 
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hindsight to have something of the character of a judgment before trial; 
but their bearing on the questions under discussion and their possible 
effect in retarding the development of more realistic methods appear to 
be important enough to warrant quoting at this time. For example, with 
special reference to Petri dish agar tests he says: 

"The determination of the toxicity of relatively volatile substances, 
such as coal tar creosote, is particularly difficult, owing to the control of 
the loss of preservative during the sterilization process. In order to pre­
vent this loss, it is proposed to place the preservative in small sealed glass 
ampules, which are later broken to liberate the preservative to form 
preservative-agar mixtures of any desired concentration." 

He considers laboratory tests of toxicity of preservatives to have little 
or no application in commercial practice, and his opinions are definitely 
stated as follows: 

"Toxicity studies deal only with the poisonous properties of a wood 
preservative, and therefore they do not give a complete picture of the 
value of any particular substance as a wood preservative .... 

"For commercial work, however, it is of interest to know the amount of 
material that must be initially injected into the wood to maintain the desired 
amount of preservative for a definite period of time. (Author's italics). Lab­
oratory studies of the toxicity of wood preservatives do not give this 
information. Attempts to calculate the amount of material which must 
be injected into the wood from laboratory studies of toxicity are, there­
fore, based upon an erroneous conception of the value of such studies." 

Writing about the laboratory use of impregnated blocks of wood in 
testing wood preservatives, which was already well under way in Europe, 
he says that by using wood one may obtain conditions more or less 
closely resembling but not identical with conditions in actual service; 
but one would not only 4ave to use a solvent in treating to low retentions, 
but there would be difficulties in obtaining an even distribution of the 
preservative in the wood. Furthermore: 

"Getting rid of the solvent would require considerable time, during 
which a considerable loss of creosote would occur .... 

"The composition of the creosote in the impregnated wood after the 
solvent has evaporated may be quite different from that of the original 
sample. More important still, the movement of the solvent in the wood 
during drying would cause an uneven distribution of the creosote." 

The reader will bear in mind that these opinions were expressed in 
advance of the St. Louis and Berlin conferences on laboratory evaluation 
methods. Schmitz repeated them essentially in his 1930 paper, saying, 
for instance:, 

"Toximetric values are not in themselves an index of the wood preserv-
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ing value of the substance tested. Other factors, such as leaching, vola­
tility, chemical stability, penetrability, cost, cleanliness, etc., must all 
be considered in the final evaluation of a wood preservative." 

With respect to the European wood block test, he felt that 
" ... until more confidence can be placed in the even distribution of the 

preservative in the test block(s) their use will be greatly limited." 
He has maintained his,arguments with a high degree of consistency in 

later papers, and they have unquestionably influenced American thought 
on laboratory procedures and their practical application. 

The Petri dish method adopted as a possible American standard pro­
cedure at the 1929 St. Louis meeting followed closely the techniques that 
had been developed and published by Humphrey et al.,61 Batemen8 and 
Richards.94 Bell Telephone Laboratories made an intensive study of the 
Petri dish method during this period. The data obtained were never 
organized for publication since it was felt that the required evaluation of 
toxicity and permanence of toxicity of preservatives could not be ob­
tained by the Petri dish test. 

European workers would accept neither the Petri dish test method nor 
Madison 517 as the test fungus. In 1931, about a year after the Berlin 
conference, and four years before Liese et al71 reported on the task force 
development of the agar-block method, A. Rabanus of the 1. G. Farben­
industrie Aktiengesellschaft, Germany, published his "Die toximetrische 
Prufung von Holzkonservierungsmitteln" (Toximetric testing of wood 
preservatives).86 A somewhat expurgated and amended translation of this 
paper was presented to the American Wood-Preservers' Association in 
1933. In the writer's opinion much of the force of the Rabanus argument 
was lost in the translation. The emphasis on the relative merits of the 
agar toximetric test and of the agar-block test was considerably diluted; 
and the cautiously guarded but nonetheless positive philosophy on the 
possibilities of using the results of agar-block tests in actual wood pre­
serving practice was made water thin. 

Apparently there was an understanding that subsequent to the 1930 
conference in Berlin71 tests by the agar-block method would be run in 
the United States. For this project samples of creosotes as well as Scotch 
pine wood blocks were sent to a number of workers; but to the writer's 
knowledge no treated blocks were ever tested, or if they were no results 
were ever published. At Bell Telephone Laboratories some of the un­
treated Scotch pine blocks were put through preliminary trials with the 
Kolle flask technique,t25 and also a considerable number of plate and 
flask agar toxicity tests were run with the two sample creosotes. The 
inconsistency of the results - as far as translation to practical wood 
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preservation was concerned - was a strong stimulant toward the Lab­
oratories' development of a block test, referred to later. It was more or 
less general information at the time that agar toximetric tests with native 
and European strains of test fungi were being run in other laboratories 
in this country; but again - as far as the writer knows - the results 
were not published. 

In the meantime, and, as in the case of the Rabanus article cited 
above, before the publication of the Liese71 report, Flerov and POpOV48 

published in 1933 in German the basic general principles of a soil-block 
test. The significance of the article by these two Russian investigators 
was apparently completely lost on American workers until the publica­
tion in England in 1946 of Cartwright and Findlay's "Decay of Timber 
and its Prevention.,,26 Findlay had been a member of the Berlin con­
ference. Flerov and Popov were familiar with the discussions and result 
of the conference, and decided in favor of the soil base for their cultures 
after a critical review of the various methods then in use. Their proposals 
to all intents and purposes were unknown here. 

Van den Berge's comprehensive thesis1l6 on "Testing the Suitability 
of Fungicides for Wood Preservation" appeared in Dutch in 1934. A 
mimeographed English translation was made available soon after for 
limited distribution. European workers were about ready to confine the 
use of the agar toximetric test to determining relative toxicities only of 
various preservatives in an agar medium. Liese and his colleagues71 sum­
marized the arguments and experiments on the agar-block method in 
1935, and launched it into a status of general acceptance in Europe and 
Great Britain. The British24 . 45 and German33 editions of the standard 
were issued in 1939. The Rumanian versionllo 

- closely following the 
German - came out in 1950. J acquiot, 64 Lutz77 and Allioe worked out 
proposals for standard procedures that would be more comprehensive 
and in their opinion better applicable to wood preservation research in 
France. 

The Petri dish - and later the stoppered Erlenmeyer flask - agar 
methods continued to be used by many American investigators for test­
ing wood preservatives, and there is no denying a certain utility in these 
methods for developing information about fungus poisons. The persist­
ency of the agar techniques can be traced through publications by 
Richards,94 Schmitz,99. 101 Snell and Shipley/08 Schmitz, Buckman and 
von Schrenk/02 Schmitz, von Schrenk and Kammerer/03 Bland14 and 
Hatfield. 53 BaechleI' still uses the closed flask-agar method and the fungus 
called Madison 517 for determining basic toximetric values;4. 5 and Fin­
holt46 has recently been bold enough to state that "Fungitoxic materials 
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can be evaluated as wood preservatives by mixing the toxic substances 
with a malt extract agar solution and then testing the mix against 
standard fungi." 

Flerov and Popov had used sand in their preliminary experiments, but 
they were by no means the first to do so (see Falck44

). Rabanus86 had 
reported his experiments with sand-block cultures two years earlier. He 
placed a pair of wood blocks - one treated and one untreated - on glass 
rods on wet sand in Erlenmeyer flasks; and after sterilization he inocu­
lated the blocks directly with his test fungi. He points out that in this 
procedure the conditions were less favorable for the fungi than when the 
treated wood is placed above or on a vigorously growing culture, as in 
the agar-block test. 

Since the papers by Rabanus and by Flerov and Popov appeared in 
the same journal, one can assume that the latter knew of Rabanus' work. 
How much any of them knew of still earlier work by Breazzano is un­
certain. His work in Italy,20, 21, 22, 23 begun in the first decade of the 
century, is evidence of the intense interest of the management of the 
Italian railroads in some practical laboratory means for testing wood 
preservatives that would provide results sooner and with more definite­
ness than the traditional service tests. Parts of Breazzano's report of 
Oct. 9, 1913 are worth quoting in full from the English translation as 
historical background information. He reviews the situation as he sees 
it, and says: 

"New systems and various substances for injection into wood are 
constantly being put on the market by industrial concerns, so that the 
Railway Administration finds itself confronted by an ever increasing 
number of processes to be examined and tested for efficiency." 

By 1910 the Railway Experimental Institute 
" ... is well on the way toward testing the efficacy of a system of 

wood preservation by a method which gives dependable results even 
after a few months of observation. 

" ... after making use also of the advice on the subject received 
directly from Prof. Tubeuf and from Netzsch's laboratory ... positive 
results were obtained with the following technique: 

"On the bottom of an Erlenmeyer flask of 200 ml capacity was placed 
a thin layer of sand." After sterilization in dry heat at 180°C "sterilized 
water was poured on the sand to moisten it well. Then there was placed 
on the sand the sample of wood, of dimensions about 9 x 2 x 1 cm., with 
one end resting on the damp sand and the other on the inside wall of the 
flask." 

The whole setup was sterilized in an autoclave at 120°C for about 20 
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minutes. The wood was inoculated by placing a piece of a culture of 
Coniophora cerebella, grown on agar medium, directly on the wood. Bre­
azzano states that the wood was kept moist enough because of the water 
in the sand, that the fungus grew luxuriantly, and that "the development 
of the fungus was evidently at the expense of the wood, since no other 
nutritive substance was at its disposal." 

He used blocks cut from treated beech ties. The fungus grew readily 
and he concludes that the treatment was not effective. He ends this 
early report with the statement: 

" ... If the experiment is carried on under carefully defined conditions 
the various methods proposed for immunizing woods can be judged all 
by the same standard." 

Breazzano presented his method at Pis a in 1919, and in 192221 the 
principles of the sand-block culture were proposed as standard procedure 
(for Italy) for evaluating wood preservatives. Precise directions were 
given for the whole test technique, with important modification of the 
cultures, as indicated in the steps outlined below: 

1. Sterilize by dry heat, at 180°C, "soyka" boxes 8 cm in diameter 
and 4 cm in height "in which is first placed a layer of sand 1 cm deep". 

2. Prepare blocks of wood - treated and untreated - 4 x 4 x 2 cm, 
cutting them so that the broader faces will be transverse sections; and 
place these test blocks broad face down on the sand. 

3. Sterilize at 100°C for one hour. 
4. After sterilizing and cooling add sterile water in an amount that 

will be slightly in excess of what the sand can absorb. 
5. After the wood blocks become moist plant Coniophora cerebella­

without carrying over any agar medium with the transplant. 
6. Incubate the "soyka" box cultures in a covered crystallizing dish 

in a dark place for one month at 20-25°C; and "Take care that in this 
time the water which the sand absorbs does not evaporate completely, 
and add sterile water when necessary." 

At the end of the test the wood blocks were to be examined for decay; 
and if there was any doubt the wood was to be sectioned and examined 
microscopically for the presence of wood-destroying fungus hyphae 
(threads). 

In retrospect the subsequent changes involving the use of soil instead 
of sand, and in the testing of blocks specially treated for the experiment, 
seem like refinements of Breazzano's methods. He later .shifted to the 
use of very thin pieces of treated wood for his test specimens,22 23 severely 
criticizing the agar-block method that grew out of the Berlin conference 
as time consuming and inaccurate (loc. cit.).72 
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In Bell Telephone Laboratories, R. E. Waterman and his colleagues 
started work on a wood-over-water block method for testing 'wood pre­
servatives soon after the St. Louis conference, and they published their 
early results in 1937 and 1938. 67 ,126,127 Their block was a ~~-inch cube 
with a hole drilled through it in the approximate center of a transverse 
face. The % -inch cubes simply represented sections of the ~~ -inch square 
stakes that had been substituted for round saplings69 in the small speci­
men test plot experiments. The hole served a double purpose - it facili­
tated handling the blocks during drying and sorting operations126 and it 
served as a point of entrance of moisture, which was purposely provided 
f or the block by means of a wood wick. 

Leutritz70 formalized a soil-block test completely independently of 
Flerov and Popov, and published his method in this JOURNAL (Vol. 25) 
in 1946, following an earlier short article in 193968 suggesting soil as a 
culture medium. 

Beginning in the summer of 1944 and continuing until Jurie 30, 1951, 
Bell Telephone Laboratories subsidized in part a series of studies by the 
Madison Branch of the Division of Forest Pathology, of the United 
States Department of Agriculture, Bureau of Plant Industry, in coopera­
tion with the Forest Products Laboratory at Madison, Wisconsin. The 
results of these studies and of parallel investigations have appeared in 
eight papers16 , 35, 36, 37,38,39,40, 95 from 1947 to date. The differences 
between the agar-block and the soil-block techniques, and the results 
obtained in comparable test series by the two methods are of funda­
mental importance. They are presented and discussed at length in a 
paper by Duncan.41 Already some 40,000 blocks have been tested by the 
soil-block method at Madison, with 75 oil-type preservatives. Both at 
Madison and at Bell Telephone Laboratories, Murray Hill, additional 
work aimed at further refining of the soil-block technique is under way. 

Subsequent to discussions of the new soil-block techniques between 
representatives of Bell Telephone Laboratories and of the Forest Prod­
ucts Laboratories of Canada, Sedziak106 has developed a soil-block test 
involving burying the block in the soil all but one corner; and instead of 
placing it on a fungus culture growing on feeder blocks, he inoculates a 
corner of the test block directly. 

For a general review of laboratory and test plot methods for evaluating 
wood preservatives the interested reader should have available, in addi­
tion to Cartwright and Findlay's book,26 at least two more recent books, 
namely "Wood Preservation During the Last 50 Years" by van Groenou, 
Rischen and van den Berge,118 and the third edition of Holzkonservierung 
by Mahlke-Troschel-Liese. 78 Hunt and Garratt 62 survey wood preservation 
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with particular reference to the American scene. The works of Boyce,19 
BaxterlO and Hubert58 should be consulted for general information on 
wood-destroying fungi and the pathology of timber products. Kaufert 65 

prepared a concise bibliography of pertinent articles in 1949. For a 
fuller coverage the book by van Groenou, Rischen and van den Berge 
will be found most stimulating. 

Much of the European work on the testing and application of wood 
preservatives has been summarized in challenging form by the investi­
gators at the Berlin-Dahlem testing station. 54 In this memorial volume, 
the first paper, by Schulze, Theden and Starfinger, is a compilation of 
the results of comparative laboratory tests of wood preservatives by the 
agar-block method. So much work has been done that the ingenious 
graphical summary table is about 12 feet long; and even then the authors 
have omitted many results because the conditions of the standard tese3 

were not observed. Becker54
(2) brings up to date the results of testing 

insecticides in the second article; Becker,54(3) in the next paper, summarizes 
tests for termite control; and Becker and Schulze54 (4) in the fourth article 
cover laboratory tests of preservative materials for the control of marine 
borers. Six additional articles on subjects directly related to wood pre­
servation complete an excellent supplement to the Mahlke-Troschel­
Liese book already cited. The emphasis ifl, somewhat naturally, centered 
on the work of the Berlin station. 

Rennerfelt and his colleagues42
, 43, 88 are conducting a series of labora­

tory, decay chamber and test plot experiments in Sweden, aimed at 
evaluating wood preservatives for use in that country, and at possible 
correlation of experimental results with actual experience. 

Bienfait and Hoe3 are working in Holland on what appear to be the 
broadest test post experiments in Europe at the present time, under 
both land and water exposure conditions. Their tests of 10 preservatives 
and some 3350 posts of Douglas fir, Scotch pine, European larch, Sitka 
spruce, poplar and willow rival Bell Telephone Laboratories' installa­
tions in four test plots at Gulfport, Miss., Orange Park, Fla., Chester, 
N. J., and Limon, Colo. 69 , 75, 76 and the Forest Products Laboratory 
installations in Mississippi.17 Bienfait and Hof, like Rennerfelt, have 
been using the standard European agar-block test in their plan for 
correlation of laboratory and field results. No report on the Holland 
tests has appeared since 1948. 

N arayanamurti and his associates82 in their first interim report on 
laboratory and field tests of creosotes of Indian origin present the results 
of some fifteen years work at the Forest Research Institute at Dehra 
Dun, indicating from still another quarter the compelling force that is 
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leading to the development of preservative evaluation methods to sup­
plement or partly displ~ce long and uncertain service tests. The authors 
present a mass of information on six different creosotes, on four creosote 
fractions, and on mixtures of the creosote with fuel oil of Persian origin. 
Sal (Shorea robusta) railway ties were used for the field trials. Many of 
the data are condensed into graphs that are small and difficult to read. 
The findings in general are favorable to the creosote-petroleum blends. 
The writer, on the basis of personal experience, is dubious about either 
the theoretical or practical significance, in experiments of the type re­
ported, of the values given for standard deviations and standard errors. 
The scope of the work entitles it to more complete review than is prac­
ticable at this particular time and place. 

Bell Telephone Laboratories are represented in a group carrying 
on comprehensive cooperative investigations of pedigreed creosotes on 
which four papers have already been published. 5

, 12, 39, 93 . 

The results of outdoor tests of small stakes and fence posts are issued 
periodically by the Forest Products Laboratory at Madison, Wis.15

, 17, 

18,63 In this connection, the Proceedings of the American Wood-Pre­
servers' Association arc in the class of required reading. Additional ref­
erences will be cited at appropriate points in the succeeding paragraphs. 

Data will first be presented on some of the experience of Bell Tele­
phone Laboratories and others with laboratory soil-block tests, with 
outdoor tests of small stakes, of pole-diameter posts, and with pole test 
lines in evaluating wood preservatives. Through analysis and discussion 
an attempt will be made to interpret the significance of the results ob­
tained by the various evaluation procedures and to correlate the evi­
dence. Emphasis will be placed naturally on creosote and pentachloro­
phenol because of their great importance to the Ben System pole plant. 
The writer intends to support his interpretations with experimental data 
wherever possible, reserving the privilege in some cases to make sugges­
tions as to possible significance, even though complete technical proof 
may be lacking at present. 

EVALUATION BY SOIL-BLOCK TESTS 

General" Procedures 

Soil-block cultures have been described in a number of papers95
, 96, 52, 

38,39 since Leutritz presented his method in this JOURNAL in 1946.70 

Some of the following statements, therefore, will be repetition; but the 
intent is to outline the technique employed at Bell Telephone Labora­
tories as a base for later discussion. 
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The culture jars are wide mouth cylindrical 8-ounce bottles, provided 
with screw caps. The moisture content of the soil is predetermined on a 
representative sample, and enough distilled water is placed in the bottle 
so that when the soil is added its moisture content will be somewhat 
above 40 per cent by weight. The bottles are filled approximately half­
full of screened field top soil- which means about 140 grams of an 
oven-dried sandy loam. The soil handles better if it is reasonably dry 
so that it can be poured through a suitable funnel; and putting the 
water in bottles before one puts in the soil results in a practically clean 
glass surface on the inside of the bottle above the soil level. 

Two southern pine sapwood feeder blocks, measuring 1% inches in the 
direction of the grain by ~~ inch by approximately ~~2 inch (35 x 20 
x 4.0-4.5 mm) are placed carefully on the flattened soil surface, as shown 
in Fig. l(a). The soil and feeder block setups are then sterilized for one­
half hour at a pressure of 15 pounds per square inch, after which they 
are allowed to cool in the autoclave. 

Inoculation is accomplished by carefully placing a piece of inoculum, 
cut from a fresh Petri dish culture of what may be called a standard 
test organism, at or near the middle of the feeder block surfaces. Under 

Fig I-Four eight-ounce cylindrical bottles illustrating the soil-block cultures: 
(a) Bottle half-full of top soil, containing 40 per cent moisture on an oven-dry 
soil basis, with two flat feeder blocks of southern pine sapwood on top. (b) A 
sixteen-day old culture ready to receive the impregnated southern pine sapwood 
test blocks. (c) Two laboratory weathered test blocks from the same series treated 
to a below threshold concentration of pentachlorophenol 0.0511b dry penta/cu ft, 
attacked by the test fungus, Lenzites trabea. Cd) Two test blocks, laboratory 
weathered, treated to a retention of 0.194 lb dry penta/cu ft, near the threshold 
retention, showing resistance to fungus attack. 
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the temperature and humidity conditions of the incubation room, the 
growth of the fungus mycelium covers the feeder blocks in about two 
weeks and the fungus threads are then well started downward into the 
soil. 

Treated test blocks are weathered and then conditioned under con­
trolled temperature and humidity to approximate constant weight. They 
are then sterilized, along with untreated control blocks, in an autoclave 
for 15 minutes at 100°0, atmospheric pressure. 

As a rule two treated blocks having approximately the same retention 
of preservative are placed together in a single test bottle. The incubation 
period is three months, in an incubation room held at a temperature of 
80 ± 2°F and at a relative humidity of 70 ± 2 per cent. At the end of 
this period the cultures are taken down. This means that the blocks are 
removed from the bottles, brushed free of fungus mycelium, and weighed 
immediately. They are given a preliminary examination for decay evi­
dence, and then reconditioned, under the same temperature and humid­
ity conditions as before sterilization, to approximate constant weight. 
Fungus attack is determined by observation and by weight losses. 
The general setup of the cultures is illustrated in Fig. 1 (a-d). 

Inoculation and Incubation Rooms 

To facilitate handling the soil-block cultures, an inoculation room and 
an incubation room have been built (Fig. 2) at the Murray Hill Labora­
tories. Both are held at approximately the same temperature and rela­
tive humidity, that is, 80°F and 70 per cent. The inoculation room 
ser;res as a lock chamber, and passage from it to the incubation room 
has a negligible effect on the humidity and temperature of the incuba­
tion room. The latter is provided with an illuminated double plate glass 
window (Fig. 3), so that the interior can be exhibited without the neces­
sity of entering the room. This window is fitted with a heavy roller 
shade, and the room ordinarily is kept dark. 

Soil Characteristics and Moisture Content 

The question that is asked most often about the cultures is whether 
a standard soil is used. European and American criticism has been defi­
nitely directed78

, 122 at the fact that the use of different soils might have 
so much effect upon the growth and the reaction of the test fungi in the 
cultures that quite different results would be obtained by investigators 
in different laboratories. This possibility is recognized; but the evidence 
to date seems to point to the general conclusion that perhaps the prin-
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Fig. 2-Soil-block cultures on the shelves in the incubation room. The un­
painted wood shelves come to equilibrium with the temperature and relative 
humidity and thus are a factor in keeping the conditions stable. The back edges 
of the shelves are set away from the wall to provide spaces for air circulation. The 
front edges of the shelves are provided with metal labeling strips. 



Fig. 3-The "Biossay Corner" at Bell Telephone Laboratories, Murray Hill. Centered in the illustration of the display 
is the illuminated double plate glass window through which the visitor is introduced to some of the mVRtp,rip,R of t,hp ;nr>l1_ 
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cipal and most important factor in the soil-block culture is the moisture 
holding capacity and content of the soil, rather than its nutrient func­
tion. If continued experimentation supports this conclusion it would not 
be necessary to limit the type of soils used except· within rather broad 
limits. It also appears that the size and thickness of the feeder block 
now employed introduces enough wood into the culture bottle to mask 
any minor variations in the soil itself. The all important thing is to have 
enough water in the soil throughout the test period to keep the air above 
the soil essentially at 100 per cent humidity and the blocks at about 
fiber saturation - say about 27 per cent, oven-dry weight basis. 

The soil in use at Bell Laboratories at present is obtained from a plot 
that has been set aside at the Chester (N. J.) Test Station. This plot 
has been fallow for twenty-five years. It supports a general grassy flora. 
The soil is a sandy loam with the following general description: 

pH ......................................... 4.9-5.0 
Available magnesium ......................... 37.5 lbjacre 
Available phosphorus. .. . . . . . . . . . . . . . . . . . . . . .. 4.5 lbjacre 
Available potassium. . . . . . . . . . . . . . . . . . . . . . . . .. 70.0 lbj acre 
Organic matter. . . . . . . . . . . . . . . . . . . . . . . . . . . . .. 3.0 per cent 

The cultures at the Forest Products Laboratorl1 have been made with 
. a silt loam having a pH between 5.5 and 6.0. Bell Telephone Labora­

tories' tests have indicated the desirability of avoiding soils of either 
very sandy or very heavy clay types. The soil from the Chester Test 
Station described above is being used in all cultures, and there is a 
sufficient layer of top soil on the reserved plot to make parallel cultures 
for a good many years. Until such time as more definite and positive 
information on the effect of minor variations in the soil type are deter­
mined it is generally agreed that all of the comparative tests in any 
given series at least should be run on the same soil. Experimental work 
is now under way to determine the possible advantage of the addition 
of Krilium * to the soil in the culture bottles to maintain porosity and 
an even, high moisture holding capacity. . 

After the test blocks are placed in the culture bottles and during the 
course of the ninety-day incubation period the screw caps are left loose. 
The general technique followed in making up the soil cultures, as far as 
moisture is concerned, parallels that used at Madison. The moisture 
content is close to that recommended by Flerov and POpOV,48 namely 
40-50 per cent of the weight of the soil plus the feeder block, with dis­
tilled water added during the test period, if necessary to maintain good 

* An acrylonitrile product of the Monsanto Chemical Company. 
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growth of the test fungus. Breazzan021 thoroughly saturated the sand 
base in his test cultures. Leutritz70 and Harrow51 , 52 working with tightly 
closed culture jars found a 25 per cent level in the soil to be satisfactory. 

Flerov and Popov state after special control tests "that replacement 
of (the) sand by soil had no effect on the results of the tests and only 
shortened their duration." Duncan41 has found from her tests that vari­
ations in moisture content and soil type affect the degree of fungus 
attack only and that they do not change the determination of the treat­
ment threshold concentration in any given set of test blocks. 

Even-Aged Cultures 

The thickness of the feeder blocks has been gradually increased to 
about 716 inch, or between 4 and 4.5 millimeters. This provides food 
for the fungus to establish itself in the bottle. The inoculum pieces are 
roughly 1 cm square, cut from Petri dish cultures that are 15 ± 1 days 
old. The planting routine is carefully scheduled so that even-aged soil­
block cultures - 13-15 days - are ready to receive the treated blocks 
when the latter are ready to be placed in test. This principle of using 
even-aged cultures has been stressed by the Madison investigators, and 
it is considered to be a factor of major importance in the proper culture 
technique. 

Standard Test Organisms 

There have been continuous discussions since the beginning of labora­
tory tests in Europe, as well as in this country, about what test organ­
isms should be used. Conforming to the experience and practice at 
Madison the following three numbered strains of wood-destroying fungi 
are recognized as the "standard" strains for the testing of oil type pre­
servatives in coniferous wood: 

Lentinus lepideus, Madison 534 
Lenzites trabea, Madison 617 
Poria monticola, Madison 698 

All three are known to be associated with the decay of treated timber. 
Lentinus lepideus is particularly tolerant of creosote,41, 66. and relatively 
susceptible to pentachlorophenol. It has frequently been isolated from 
decaying creosoted southern pine poles and other creosoted coniferous 
timber in contact with the ground. Lenzites trabea is generally an "above 
ground" fungus. It also has been isolated from decaying creosoted tim­
ber; and it is the principal cause of "shell rot" in the above ground sap-
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\vood of western red cedar poles. It is relatively susceptible to creosote 
and quite tolerant of pentachlorophenol in the block tests. Poria monti­
cola is relatively tolerant of pentachlorophenol and of copper compounds 
under laboratory test conditions, and relatively susceptible to creosote. 
I t is of special interest also because it may be identical with some of 
the fungi tested in Europe under the name of Poria vaporaria, and thus 
its use may facilitate comparisons of a sort with results obtained by 
other investigators. For instance, information has reached the Division 
of Forest Pathology at Madison, from Findlay at the Princes Risborough 
laboratory in England, that Harrow's Poria vaporaria 51 is the same as 
Liese's,71 and that it has been identified asa strain of Poria monticola 
by Miss M. Nobles of Canada. 

Within the last few years another fungus, characterized by the forma­
tion of conspicuous saffron yellow strands, has been found associated 
with decayed specimens of creosoted pine poles. 60 The writer has seen 
the tell-tale strands in old cull dumps only. It has been identified as 
Poria radiculosa. Whether it is truly a primary attacker or a secondary 
organism is not yet clear. Soil-block tests are under way at Madison to 
determine its significance as a possible species to supplement Lentinus 
lepideus in the evaluation of creosote. 

In connection with the use of the three numbered "standard" strains 
listed above, there may always be some reasonable doubt as to whether 
the cultures employed in different laboratories have the same virulence. 
To answer this question precisely involves a lot of careful biological 
check testing, and such tests are already being made in the Division 
of Forest Pathology at the Plant Industry Station, Beltsville, Md. It is 
assumed for the time being that the numbered strains are virulent and 
satisfactory test organisms for such preservatives as creosotes and pen­
tachlorophenol-petroleum solutions. 

The Scope of the Soil-Block Evaluation Test 

For a complete understanding of the scope of the soil-block evaluation 
test it is necessary to consider this test as having two functions. The 
first function involves ~he use of the soil-block test per se (without 
weathering) to measure the reaction of the test organisms to various 
quantities of a given preservative, and to compare these reactions against 
different preservatives. In this function the test has been used in lieu of 
the agar Petri dish test,94 and is considered to be much more satisfactory 
as a screening test by workers at the Laboratories. It has been employed 
at Madison for testing the natural durability of wood, plywood, fiber 
board, etc. 
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The second - and more important - function of the soil-block eval­
uation is that incorporating a weathering or aging procedure. This puts 
the test in the more practical category of testing the wood preservative 
properties, viz., toxicity and permanence. In this respect it has something 
in common with the German Standard DIN DVM 217633 for short time 
mycological testing of wood preservatives by the block method and 
covers a broad concept from the treating through partial aging of the 
blocks. Separate German standards cover procedures for leaching34 and 
volatility tests/8 (p. 264 and Fig. 42 of Reference 78). 

'fhe Laboratories' concept of the scope of the soil-block test including 
the weathering procedure is definite. It must be appreciated that this 
method which employs manipulative procedures involving both toxicity 
and permanency yields significant data in a period of only a few months. 
The data derived must be correlated subsequently, of course, with the 
data covering the results of tests of % inch stakes six to seven years 
later, with the data on test posts some ten to fifteen years later, and 
with data on poles in line some twenty-five years later. 

It is only being realistic to say that the Bell System cannot afford to 
wait for physical life tests of new materials under natural conditions of 
exposure before recommending them where techniques and extensive 
experience permit acceptable estimates to be made from accelerated 
evaluation in relatively short periods of time. 

Preparation of the Test Blocks ---..:.. .il! anufacture 

Southern pine sapwood, free from stain or decay, is used as a base 
material for the test blocks. The process of manufacture begins at the 
saw mill, where freshly cut logs selected for the purpose are carefully 
sawed into one inch boards. Straight grain material is most desirable. 
The boards are kiln-dried immediately and shipped as soon as practicable 
to the Laboratories. It has been the practice to store the boards in a 
steam heated basement where the humidity is low enough to hold the 
moisture content of the boards down to about 5 to 7 per cent. The sap­
,vood only is used, which means that any small heartwood portions must 
be marked out for rejection. The blocks are accurately cut %-inch cubes. 
A Ys-inch hole is drilled through the center of the tangential surfaces of 
each block. It has been found that drilling the hole through the trans­
verse surface, which was the early practice with Waterman, Leutritz 
and Hill126 is a difficult procedure; and sometimes it amounts to an 
impossibility because the harder summerwood layers deflect and break 
the drHls. In any event, drilling through the tangential surface opens 
up more paths for longitudinal absorptiun and penetration, as well as 
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evaporation, of the preservative. The feeder blocks and the % -inch test 
blocks are usually made at the same time, from parts of the same boards. 
The blocks are kept clean, and reserve stocks are carefully stored in a 
dry room. The blocks in storage reach an approximate moisture equilib­
rium of 6 to 7 per cent, on an oven-dry weight basis. 

Test Block Selection for Density 

Random samples of the blocks are weighed and segregated into groups 
at O.I-gram intervals, 4.10 to 4.19 grams and 4.20 to 4.29 grams, for 
example. Blocks of practically equal weight can be chosen for the com­
parison within any given series of different concentrations of a preserva­
tive. The weighed groups of blocks are kept in convenient lot sizes in a 
dry place. Since the blocks are accurately cut the segregation by weight 
amounts to a segregation by density. 

It has not been found necessary or practicable to separate the blocks 
into groups with the same numbers of annual rings, although in some 
instances an approximation to this ideal has been attempted. Further­
more, it has not been found practicable to separate the blocks on the 
basis of the direction in which the rings run across their transverse faces. 
From experience to date it does not appear that either ring direction or 
ring count has any material effect upon the behavior of the blocks in 
the culture as far as determination of preservative thresholds are con­
cerned; but experiments are under way at Madison to determine the 
effect of density on the relative degree of decay. Inasmuch as all of the 
blocks are placed in culture with the transverse surface down, so that 
alternate spring- and summerwood layers are exposed directly to the 
test organism, the latter can enter either springwood or summerwood 
in accordance with its ability to resist the concentration of the preserva­
tive present in these two parts of the annual ring. 

Average Block Volume 

The average volume of the oven-dried blocks, determined from ran­
dom samples by a mercury displacement technique, was found to be 
6.484 cc, with a standard deviation of 0.083l. This represents a coeffi­
cient of variability of l.28 per cent. The minimum-maximum range of 
volumes ran from 5.93 cc to 6.87 cc. These extreme deviations are nor­
mally detected in handling the blocks and both high and low volume 
blocks are rejected. The variation in density and volume of the test 
blocks will be discussed separately in the paragraphs dealing with the 
treatment of the blocks. 
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Treatment of the Test Blocks 

The blocks selected for any given treatment are numbered serially 
with India ink on the upper half of one of the radial faces. All blocks 
are then oven-dried for 24 hours at 105°C to an approximate constant 
weight. The blocks are removed from the oven, and placed in a desiccator 
over P 205. Check tests of blocks held under these conditions show that 
they do not change weight by more than one hundredth gram within 
the period they are held for weighing. The cooled, oven-dried blocks are 
weighed to the nearest hundredth gram. 

The weighed blocks are placed in beakers and arranged with a tan­
gential face down so that the transverse surfaces do not touch and the 
holes are vertical. This refinement in placing the blocks may not be nec­
essary to obtain satisfactory absorption, but the procedure has worked 
out well, and it has been followed consistently. For any given concen­
tration a sufficient amount of creosote, for example, and toluene are 
combined by weight to leave in the blocks, after treatment, the desired 
retention of preservative. Experience has indicated the concentration 
required, which depends to a certain extent upon the type of vacuum 
equipment that is available as well as upon the density of the blocks 
to be treated and the nature of the treating solution. Actually the process 
of treatment is simple. The beaker containing a given lot of weighed 
oven-dried blocks is placed within a bell jar and ,subjected to a vacuum 
of 3 to 4 millimeters of mercury. When this vacuum has been reached 
the line to the vacuum pump is shut off, and the preservative is run into 
the beaker from a separatory funnel126 fitted into a rubber stopper on 
the top of the vacuum chamber, the blocks being weighted down below 
the level of the preservative. 

The absorption and distribution of the oil within the blocks seems to 
take place very rapidly. Generally speaking, the beaker containing the 
blocks and the preservative are removed from the vacuum chamber as 
soon as practicable to permit continuing the treatment of another group 
of blocks. However, the blocks are usually held in the preservative solu­
tion for an hour or two, which apparently is long enough to bring about 
essentially complete saturation. When all the treatments for a given 
group of concentrations have been finished (a) the treated blocks are 
wiped to remove the excess oil, and (b) they are weighed immediately 
to 0.01 gram. The retentions of creosote or pentachlorophenol, for ex­
ample, are determined on a gain in weight basis by calculations from 
the amount of material picked up during the treatment and the concen­
tration of the preservative in the treating solution. 
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Reten tion Gradients 

In the hope of setting at rest some of the doubts and criticisms that 
have arisen about the accuracy of the treatments and the retention of 
preservative in the blocks, some results of the treatment process just 
described will be presented in rather elaborate detail. 

The success of the treatments depends upon experience, as indicated 
previously, with the particular type of vacuum equipment available. 
However, once the level of performance to be expected from the vacuum 
equipment is learned, one has to take into account the variations that 
are introduced by the density of the blocks and by the specific gravity 
of the treating solution. It is the intent in all of the treatments at the 
Laboratories to arrive at a series of gradient retentions, on as accurate 
a line as possible, and as nearly as possible equal gradients, so that the 
fairest comparison can be made of the behavior of the different preser­
vatives. Fig. 4 shows the gradient obtained by plotting the data shown 
in Table I for retention of creosote and retention of pentachlorophenol 
solution over the concentration of these preservatives in the treating 
solution. The analysis of the creosote - BTL 5340 - is shown in Table 
II. The slopes of the two gradients are considered to be about as close 
as the experimental procedure will permit. Fig. 5 shows the gradient 
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TABLE I - FULL-CELL TREATMENT 

Soil block tests with creosote (No. 5340, see Table II) and with pentachloro­
phenol-petroleum (4.92 per cent in Standard of New Jersey No. 2105 Process 
oil) in toluene; absorption and retention of preservative data for parallel com­
parative tests. 

Charge 
No. 

Average 
Oven-dry 

Weight Density 

n 

Average 
Absorption * 

Total Per cc 

ct 

Average retention 

Whole 
preservative 

Penta 

Creosote Penta 

Creo-I--- ----1----

sote I ~ 1 I Sol. ] Total Per Total Per cc 
..... I cc 

--- --- --- -- ----'------ ---

9 
10 
6 
5 
8 
1 
4 
3 
2 

11 
12 
13 
14 
15 
16 
17 
18 

(gms) 

3.77 
3.78 
3.80 
3.83 
3.80 
3.74 
3.77 
3.80 
3.7~ 

3.70 
3.79 
3.79 
3.75 
3.71 
3.70 
3.72 
3.73 

.584 

.586 

.589 

.594 

.589 

.580 

.584 

.589 

.586 

.574 

.588 

.588 

.581 

.575 

.574 

.577 

.578 

30 
30 
30 
30 
30 
30 
30 
30 
30 

30 
30 
30 
30 
30 
30 
30 
30 

(gms) 

3.28 .509 
3.40 .527 
3.44 .533 
3.46 .536 
3.51 .544 
3.49 .541 
3.51 .544 
3.49 .541 
3.50 .543 

3.33 .516 
3.33 .516 
3.29 .510 
3.31 .513 
3.34 .518 
3.34 .518 
3.38 .524 
3.38 .524 

(percent) (lb/cu ft) (gms) (gms) 

8.18 2.49 - - .281.043 - -
11.45 3.48: - - .39.061 - -
16.11 4.96

1 

- - .55 1 .085 - -
19.33 5.99

1 

- - .67 .104 - -
22.55 7.08 - - .79.123 - -
25.00 7.81 - - .87 .135 - -
25.55 8.03 - - .90. 140 -1-
27.50 8.58 - - .96.149 - -
30.00 9.40 - - 1.05.163 - -

3.25 1.05 .052 - - .005 .0008 
6.25 2.011.099 - - .010

1

.0016 

]~: ~~ '~: ~gl: ~~~I = = :~~gl :~~~r 
15.00 4.84 1 .238

1 

- - .025!.0039 
18.00 5.811.2861- - .030.0047 
23.75 6.79 .334 - - .035 .0054 
23.75 7.77.382 - - .040.0062 

* Absorption is the total amount of the treating solution picked up at treat­
ment, that is, the gain in weight, including both preservative and the toluene 
carrier. 

t C is the concentration of the preservative, e.g., creosote or penta petroleum, 
in the treating solution, in grams per 100 m!. 

for pentachlorophenol alone, without .regard to the petroleum carrier, 
also plotted from data in Table 1. The scale on the abscissa represents 
the concentration of either the creosote or the pentachlorophenol solu­
tion. The ordinate represents pounds per cubic foot retained by the 
blocks, calculated from the pickup during treatment and from the con­
centration of the creosote or pentachlorophenol in the treating solution. 

The A mount of Preservative in the Blocks 

The use of these gradient concentrations is a continuation of the 
procedure worked out in the earlier stages30

•
41 ,of the Madison tests. 



EV AL UATION OF WOOD 'PRESERVATIVES 

TABLE II - ANALYSES OF CREOSOTE BTL No. 5340, 
WATER-FREE BASIS 

145 

1. Fall, 1946 2. Spring, 1952~ . 

Specific gravity 
38/15.5°C .............. , , .... , .............. . 

Distillation, per cent, cumulative 
to 210°C ....................... ' .............. . 
210-235 ................ " ..................... . 
235-270 ...................................... . 
270-300 ...... ~ ................. ',' ............. . 
300-315 ...................................... . 
315-355 ...................................... . 

Residue above 355°C .......................... . 
Total ......................................... . 

Sulph. res., gm/100 ml. ........................ . 
Tar acids, gm/100 mI ........................ " . 
Benzol insol., per cent ......................... . 
Specific gravity 

(38°C) 235-315°C ............................ . 
315-355°C ........................... . 

* Average of 2 analyses. 

1.088 

0.00 
0.80 

12.87 
42.12 
54.30 
79.10 
20.90 

100.00 

0.51 
4.10 
0.07 

1.102 

0.00 
0.00 . 

13.59 ' 

52.03 
78.05 
21.64 
99.69 

0.59 
4.44 
0.59 

1.053 ,.' 
1.118 

It should be noted that the retentions are calculated as averages for the 
respective charges. Attention is called to the small quantity of preserva­
tive material involved. Even in calculated retentions of creosote, for 
example, 9.40 pounds per cubic foot (Table I), the retention means 1.05 
grams in the whole block, or 0.163 grams in each cc of block volume. In 
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the highest retention employed for the penta petroleum solution the cal­
culated net retention averaged 7.77 pounds of the penta solution per 
cubic foot, or 0.382 pounds of pentachlorophenol per cubic foot; and 
these figures represent, respectively, 40 milligrams of pentachlorophenol 
in the average block, or 6.2 milligrams per cc of block volume. Exact data 
on treatment are discussed in the following paragraphs. The use of 
carefully calculated gradient retentions in each case makes it possible 
to detect any wide variation in the normal behavior of the blocks either 
with respect to pickup during treatment or in the reaction of the test 
fungus to the preservative. 

Data are included in Table I on average oven dry weight of the blocks, 

TABLE III - FULL-CELL TREATMENTS 

Soil block tests; treating solution components, per cent by weight. (See 
Table I). 

Charge No. Penta-petroleum Creosote Toluene 

19 4.65 4.65 90.70 
20 10.50 10.50 79.00 
21 15.00 15.00 70.00 

71 - 23.00 77.00 
72 - 23.00 77.00 
73 - 24.75 75.25 
74 - 25.50 74.50 
75 - 30.00 70.00 
76 - 32.00 68.00 

average density on an oven dry weight and volume basis, average pickup 
of creosote or penta solution in pounds per cubic foot and in grams per 
block, the concentration of the preservative materials in the toluene 
preservative solution, and the average grams of preservative per cc of 
block volume. All of the blocks in these two groups of charges were 
chosen within a narrow density range. 

Block Density and Preservative Absorption 

It will be noted that in the charges in Table I there is a general trend 
upward in the grams absorbed at treatment per cc of block volume. 
as the specific gravity of the treating solution increases. This is, of 
course, one of the results of increasing the concentration of creosote, for 
example; and furthermore, as would be expected, the higher gravity 
solutions represented by the creosote treatments show a higher pickup 
in terms of total grams as well as in grams percc. The make-up of the 
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TABLE IV - FULL-CELL TREATMENT WITH PENTA-PETROLEUM­
CREOSOTE IN TOLUENE 

Relation of variable block density to absorption of treating solution, grams 
per cc of block volume; density and volume on oven-dry basis. (See Tables V 
and VI). 

Charge 19 Av. retention 2.99 lb/eu Charge 20 Av. retention 6.69 Charge 21 Av. retention 9.59 
ft lb/eu ft lb/eu ft 

Density' Absorption Density Absorption Density Absorption 
gms/ee of block gms/ee of block gms/ce of block oven-dry vol. oven-dry vol. oven-dry vol. 

.440 .599 .468 .589 .484 .581 

.459 .583 .483 .584 .489 .576 

.459 .586 .533 .549 .505 .564 

.475 .575 .543 .542 .520 .550 

.507 .561 .544 .527 .529 .555 

.517 .545 .557 .537 .541 .541 

.533 .544 .564 .529 .549 .538 

.535 .525 .567 .530 .554 .532 

.543 .530 .569 .569 .555 .526 

.543 .537 .604 .510 .573 .538 

.571 .508 .606 .511 .582 .528 

.574 .524 .611 .504 .582 .530 

.608 .488 .616 .499 .592 .517 

.609 .495 .618 .491 .602 .512 

.611 .500 .618 .497 .610 .497 

.611 .533 .624 .503 .612 .507 

.623 .483 .625 .493 .614 .502 

.624 .493 .627 .492 .614 .508 

.637 .476 .628 .488 .615 .540 

.638 .477 .644 .481 .617 .495 

.641 .474 .645 .488 .617 .504 

.645 .478 .646 .482 .627 .495 

.646 .473 .651 .482 .633 .497 

.657 .462 .662 .433 .647 .488 

.660 .453 .674 .461 .650 .487 

.663 .466 .676 .465 .664 .416 

.663 .468 .674 .452 .672 .473 

.668 .462 .690 .456 .684 .470 

.691 .447 
I 

.703 .445 .687 .464 
.695 .450 .738 .427 .723 .442 

Average 

.592 .507 .614 .501 .598 .512 

Standard deviation 

.0726 .0435 .0616 .0405 .0591 .0370 

Coefficient of variability-per cent 

12.26 8.58 10.03 8.08 9.88 7.23 
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treating solutions for Charges 19-21 and 71-76, inclusive, are shown in 
Table III. The relation of the density of the blocks to the pickup, i.e., the 
'absorption at time of treatment, is illustrated in Tables IV, V and VI and 
in Fig. 6. The data have been split up to facilitate reference. 

Table· IV shows the complete data for oven dry density and for ab­
sorption in grams per cc of block volume for Charges 19, 20 and 21, with 
values for the average, for the standard deviation, and for the coefficient 
of variability. The pickup varies inversely as the density, which is to be 
expected when random blocks instead of selected density blocks are 
employed. The coefficient of variability in the density figures is evidently 
greater than it is in the pickup figures; and a lower figure for the latter 
is related to a lower figure for the former. 
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These same values for these three charges, 19, 20 and 21,.and similar 
values for charges 71-76, inclusive, are incorporated along with average 
and range of retention data in Table V, and with statistical data for 
regression lines in Table VI. The data serve to illustrate the degree of 
variability in treatment results that may occur when random blocks are 
used. The best indices of these variations are in the columns showing 

TABLE V - RETENTION DATA FOR FULL-CELL TREATMENT' 

Soil block tests; average and range of preservative retention, by charges, at 
treatment. 

Pentachlorophenol Creosote 

Charge n ~~~f!:~-
No. lb/cu ft lb/cu ft gms lb/cu ft gms 

_______ ~ Min. Mox. Av. Min. '!,x. ~ Min. 'bx. ~I~ hIox. 

19 30 1.51 .093.064.097.008.007 .010 1.48 1.29 1.970.154,°.1340.205 
20 30 3.35 .163.136.219.017 .014 .023 3.34 2.77 4.440.348

1

°.288.°.462 
21 30 4.79 .237 .192 .269 .024 .020 .028 4.80 3.90 5.46

1

0.5000.4070.569 

71 30 - - - - - - - 8.58 7.65 9.040.8921°.8170.941 
72 30 - - - - - - - 8.52 7.67 9.20 0.886

1

°.7980.957 
73 30 - - - - - - - 9.06 8.43 9.570.9431°.8761.025 
74 30 - - - - - - - 9.46 8.6110.270.9840.8951.068 
75 30 - - - - - - -111.1210.0712.061.15811.0471.254 
76 30 - - - - - - - 11.3711.0511.94

1
1.1841.1491.242 

TABLE VI - FULL-CELL TREATMENT 

Soil-block tests with (a) penta-petroleum creosote, and with (b) creosote, in 
toluene; relation of variable block density to absorption of treating solution. 

Av. retention Density oven-dry Absorption 
Ib/cu ft gms/cc vol. 

Charge Correl. Regression of 
No. n 

Penta- coefI. r absorption Y on 
density X 

Creo- petro Av. 0'* c.v.t Av. 0'* c.v.t sote Creo-
sote 

-- - -------- ------
19 30 - 2.99 .592 .0726 12.26 .507 .0435 8.58 - .3444 .6286-.2066X 
20 30 - 6.69 .614 .0616 10.03 .501 .0405 8.08 - .4282 .6736-.2820X 
21 30 - 9.59 .598 .0591 9.88 .512 .0370 7.23 - .4718 .6893-. 2957X 

71 30 8.58 - .477 .0428 8.97 .597 .0293 4.91 - .9589 .9109-. 6580X 
72 30 8.52 - .486 .0457 9.40 .594 .0326 5.49 - .9233 . 9143-. 6589X 
73 30 9.06 - .499 .0456 9.14 .586 .0275 4.69 - .9426 .8701-. 5692X 
74 30 9.46 - .489 .0402 8.22 .595 .0279 4.69 - .8916 .8969-. 6181X 
75 30 11.12 - .510 .0538 10.55 .596 .0302 5.07 - .9206 .8595-. 5170X 
76 30 11.37 - .557 .0095 1.71 .570 .0114 2.00 - .4583 .8781-. 5543X 

* (J' = standard deviation. 
t c.v. = coefficient of variability, per cent. 
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the average and total spread in grams of preservative absorbed. The 
effect of selection for density is shown clearly - within the particular 
treatment groups - by the figures for charges 75 and 76. In the latter 
the use of selected even density blocks reduced the spread to below half 
of that in charge 75, and reduced the coefficient of variability by two­
thirds. 

Regression lines for pickup in grams per cc of block volume on oven 
dry density are shown for the two groups of charges in Fig. 6. The flatter 
slope of the lines for charges 19, 20 and 21 seems to reflect the difference 
in specific gravity and viscosity of the treating solutions. Higher den­
sities have greater effect on absorption of higher gravity solutions. The 
fact remains that there is considerable uncertainty as to the significance 
of strict selection of the blocks for density if one uses a series of closely 
spaced gradient retentions. 

Data for 8-pound charges for comparative soil-block tests of two of 
the cooperative creosotes, Nos. 7 and 9, a low residue domestic oil, low 
in tar acids and naphthalene, and a British vertical retort tar creosote, 
respectively, are condensed in Table VII. The differences in the treat­
ment results are not considered to be significant. 

Weathering 

The blocks remain on the racks on the laboratory tables for about one 
week, which is long enough to permit the evaporation of most if not all 
of the toluene. Experiments have shown that when blocks are treated 
with toluene alone the toluene is all lost, on a weight basis, within 24 
hours. When treating solutions of creosote in toluene are used the evap­
oration rate, also determined by weight loss, is slower; but it is believed 
that all of the toluene is gone before the blocks are ready for test. In any 
event, after the above-mentioned preliminary drying period the blocks 
are handled in a manner that differs somewhat from the procedure that 

TABLE VII - RETENTION FOR FULL-CELL 8-POUND 

TREATMENT DATA 

For parallel comparative soil-block tests of cooperative creosotes No.7 and 
9 against Lentinus lepideus, Mad. 534: toluene-creosote treating solution. 

Density Creosote Ib/cu ft Creosote grams Coefficient 
Creosote Standard of varia-

No. n oven- deviation bility, dry 
Av. Min. Max. Spread Av. Min. Max. Spread per cent 

------- - - - -- - - -
7 

I 
30 .606 8.11 7.75 8.51 0.76 .848 .809 .889 .080 .0201 2.37 

9 30 .601 7.90 7.49 8.56 1.09 .825 .780 .893 .113 .0237 2.87 



EVALUATION OF WOOD PRESERVATIVES ] 51 

Fig. 7-Three unpainted stacked handling trays. The trays have plastic screen 
bottoms on which the blocks can be arranged with free air space all around, to 
promote even drying conditions. 

has been followed up to this time at Madison. The principal difference 
is the omission of any tests of unweathered blocks. Instead, the emphasis 
is placed on the development of a weathering or aging cycle that will 
bring about total overall preservative losses like those that occur in 
% -inch stake specimens or in pole-diameter posts in the Gulfport test 
plot. The character and extent of such losses will be discussed later. 

Two systems of weathering have been employed up to the time of this 
writing. The first consists in soaking the blocks over the week in water 
that is changed morning and night and drying them at room temperature 
over the weekend, in accordance with German standard for leachingt 
and the second is the same method that is employed in the Madison 
tests39 , 41 in which the blocks are strung on nylon thread, separated by 
glass beads, and exposed to outdoor weathering under natural conditions 
for sixty days. The duration of this outdoor test has been limited to 
sixty days, regardless of the season or month of the year. The effective­
ness of the climatic conditions at the Chester Field Station during the 
period from October, 1951, to April 1, 1952, compared with the roof 
weathering as conducted at Madison with the same creosote sample re­
mains to be seen. 

As for the German standard leaching procedure,34 experience up to 
April 1, 1952, indicates that the method does not result in the removal of 
creosote, for example, in the same degree or manner as preservative 
materials of this type are removed by outdoor weathering conditions. It 
definitely is not comparable with the latter in its effect. The German 
leaching procedure simply uses too much water and not enough air and 
heat; and Bavendam9 quotes Falck as saying that creosote is insoluble 
in water and that it cannot be washed out of wood. The failure of the 
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Fig. 8-Creosoted test blocks; arranged on pins on a metal rack in a large glass 
tube to facilitate handling during sterilization and the subsequent operation of 
planting in the soil cultures. ' 

leached creosoted blocks to decay in the reported soil-block tests on the 
cooperative creosotes39 confirms European experience. Schulze, Theden 
andStarfinger56 

(1) (pi 15, Tab. 13 of Reference 54) indicate that there is 
little if ~~y reduction In the preservative yalp.e 'of creosote as a result of 
their standard leaching tests. Ther:efore, in order to accelerate the weath­
ering process new techniques are being worked out at, the Laboratories 
in which the wet cycle is shortened (Cf. Rhodes et al,50, 89) and in which, 
without the use of a wheel, controlled artificial heat is used to speed up 
evaporation during the rest of the cycle. 

Conditioning 

Convenient unpainted wood trays (Fig. 7) with plastic screen bottoms 
are used for handling the blocks in groups at any time during their 
processing schedule. At the end of the weathering cycle, indoor or out­
door, the blocks are arranged on such trays and conditioned to an 
approximate constant weight and about 12 per cent moisture content on 
shelves in. the' 80°F and 70 per cent relative humidity of the incubation 
room .. Weights, before test, to the nearest 0.01 gram, are taken at the 
end of the conditioning period. The relative amounts of wood, water and 
~reosote in the blocks are determined by weight from test blocks, and 

. by weight and extraction from control blocks after sterilization. 

Sterilizing 

The test blocks are arranged for sterilization on metal racks in large 
glass tubes (Fig. 8). The autoclave temperature is held at 100°C for 15 
mihutes. 

Flow Chart for the Bioassay Test 

The various steps in the whole evaluation procedure are indicated in 
the flow'chart shown in Fig. 9. Rhodes89 used a similar idea to illustrate 
his proced~re. . 



* ASSAY POINTS; CHEMICAL 
ASSAY OF SOLUTIONS OR 
OF BLOCK RETENTION; 
OR DETERMINATION OF 
RESIDUAL OILS BY WEIGHT 

PRESERVATIVES SOIL CULTURES TEST FUNG.I 

STOCK CULTURES 

PETRI DISH 
CULTURES 

INCUBATING 
2 WEEKS 

Fig. 9-Flow chart of the laboratory biossay test procedure. Steps in the overall 
processing must be carefully scheduled to provide adequate time for manipulation 
and to assure the requisite quantity of even-aged cultures at the time the treated 
and weathered test blocks are ready to go into test. 
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Some Madison Test Results 

Inasmuch as results from recent Bell Laboratories' bioassay tests will 
not be immediately available, data from the Madison experiments41 are 
used in order to illustrate the results that one may hope to secure from 

TABLE VIn - BIOASSAY BY SOIL-BLOCK TESTS ON 

OUTDOOR VVEATHERED BLOCKS 

The relation of retention at treatment to block weight loss; Madison data. 

Preservativet 

11 

I 

Weight 
R'" loss 

per cent I 
Weight 

R loss 
per cent I 

Weight 
R loss 

per cent 
I 

Weight 
R loss 

per cent 

Test fungus, Lentinus lepideus, Mad. 534 

6 17.3 I 1.83 I 6 I 17.0 I 1.77 I 6 I 17.4 I 1.60 6 15.2 2.22 
6 14.4 1.94 6 14.1 1.82 6 14.7 1.58 6 14.0 2.22 
6 11. 5 1. 62 6 11. 7 1. 73 6 11 . 9 1. 57 6 11.7 2.17 

---------------------
6 8.9 2.33 6 8.6 2.92 6 8.9 3.31 6 9.0 1.80 

-------
7 6.5 5.73 6 6.2 8.96 6 6.1 7.18 6 6.2 2.57 
5 4.3 9.89 6 4.4 11.73 6 4.6 10.61 6 4.2 9.93 
6 3.1 13.07 7 3.1 15.77 6 3.1 14.95 6 3.1 15.79 
6 2.3 15.44 5 2.3 19.19 6 2.3 16.28 6 2.3 16.84 

Test fungus, Lentinus lepideus, Mad. 534 

Preservative 

A B E 

n R Weight n R Weight n R Weight 
loss per cent loss per cent loss per cent 

--- --- ---

2 11. 70 2.70 2 12.25 3.10 2 11.15 2.55 
1 10.10 2.90 2 10.70 2.40 1 9.50 2.60 ---
4 7.20 3.94 3 7.80 2.63 4 8.38 2.55 
3 5.43 7.96 4 4.88 2.71 4 5.53 2.56 --
4 3.60 15.20 3 2.97 3.10 3 3.70 2.63 

10 2.15 22.18 3 2.13 3.49 3 2.76 6.04 
6 1.00 23.84 4 1.55 6.69 4 2.05 9.49 
5 .58 17.35 3 .97 12.34 4 1.50 16.53 

3 .70 25.53 10 .77 29.70 
8 .40 35.43 
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TABLE VIII-Continued 

Testfungus, Lenzites trabea, Mad. 617 

Preservative 

A B E 

2.57 2 
12.

35
1 

2.80 3 10.93 2.70 
2.42 2 10.30 2.60 3 9.17 2.40 
2.73 3 7.80 2.80 2 6.95 2.60 

3 9.14 
4 7.58 
3 5.53 

2 3.70 2.81 4 4.95 3.24 3 5.30 2.49 
-----

3.97 3 3.33 14.21 4 3.95 3.14 
8.57 11 1.51 35.76 3 2.47 8.00 

38.96 10 .46 46.63 4 1.85 10.79 
55.44 6 1.08 52.90 

7 .64 55.06 

T ~:i~1 
7 1.14 
7 .60

1 

* R = retention at treatment in lb/cu ft. 
t Preservatives 6, 7,8 and 11 are the numbered coop. creosotes (12). 

A = BTL 5340 creosote, 
B = 5 per cent penta in petroleum, 
E = 50/50 by volume mixture of A and B. 

AU preservatives were applied in a toluene solution. The heavy lines represent 
approximate threshold levels. 

careful1y following the soil-block technique. The data, representing the 
writer's interpretation of the relation between average weight loss and 
average treatment retention, are shown in Table VIII and represented 
by the graphs in Figs. 10, 11 and 12. The preservatives in Figs. 11 and 
12 labeled (A), (B) and (E) on the graphs, were respectively a domestic 
creosote (BTL No. 5340, Table II) ; a 5 per cent solution of pentachloro­
phenol in Standard Oil Company of New Jersey No. 2105 Process oil, 
and a 50/50 by volume mixture of these twO.41 Fig. 11 represents the 
results obtained with cooperative creosotes Nos. 6, 7, 8 and 1139 and 
with BTL No. 5340. 

In all three figures there are weight losses that can evidently be classed 
as operational losses, that is, losses by evaporation of some of the volatile 
materials still remaining in the blocks during the time they were in test 
and in the subsequent conditioning period.41 The general areas in which 
the amount of preservative with which the blocks were treated failed to 
protect the wood against attack by the different fungi are shown by the 
rise in the weight loss lines. Perhaps the most interesting set of compara­
tive results are revealed by Fig. 10. The test fungus was Lentinus Zepideus, 
Mad. 534. From these graphs the threshold for creosote for this organism 
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Fig. 10-Soil-block tests against Lentinus lepideus; weathered southern pine 
sapwood blocks; comparison of (A) creosote No. 5340, (B) a 5 per cent solution 
of pentachlorophenol in Standard Oil Company of New Jersey No. 2105 Process 
Oil and (E) a 50/50 by volume blend of the two; the relation of operational weight 
losses, losses by decay, and retention at treatment, lb/cu ft; based on Madison 
data. The Madison treatment thresholds for these 3 preservative solutions were 
set at 7.5,2.4 and 3.4lb/cu ft, respectively. See text, Table VIII, companion Figs. 
11 & 12, Bibliography, Reference 41. 
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appears to be somewhat in excess of 7.5 pounds per cubic foot, whereas 
the thresholds for the pentachlorophenol solution are somewhere between 
2 and 3 pounds, and the threshold for the mixtures of the creosote and 
the penta solution about 3.7 pounds per cubic foot. Duncan

41 
gives 

these respective thresholds as 7.5, 2.4 and 3.4 pounds per cubic foot. 
Fig. 12 shows that when decay does occur as a result of attack by 

Lenzites trabea, Mad. 617, the loss of weight in the wood is considerably 
greater than in the case of attack by Lentinus lepideus. In the case of 
Lenzites trabea, creosote appears as the best of the three preserva-
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Madison data. The Madison treatment thresholds for these five creosotes were 
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tives; and the mixture of creosote and penta solution is somewhat bet­
ter than the penta solution alone, although the difference is not great. 

The results obtained in testing the different creosotes represented in 
Fig. 11 are similar in general character for the four domestic oils, but 
oil No. 11, the mixture of British vertical retort tar creosote and British 
coke oven tar creosote, appears to behave differently. The thresholds for 
all of these creosotes, as determined by the Madison investigators, are 
shown in Table XXXV. The figures in this table correspond very closely 
to thresholds determined by visual observation of the test blocks. 

Check Tests at the Murray Hill Laboratories 

It will be noted that in Fig. 11 the points used for locating the graphs 
are rather far apart in the general region of the estimated thresholds. 
The values shown in Table XXXV were obtained at Madison by the 
intersection of regression lines drawn through the points representing 

TABLE XXXV - SUMMARY AND INTERPRETATION OF 

SOIL-BLOCK TESTS 
·Weathered, creosoted southern pine sapwood blocks; creosote losses; amounts 

and gross characteristics of residual oils at threshold retentions for Lentinus 
lepideus. 

1 2 3 4 5 6 7 8 9 10 I 11 

----------

Creo- Resid- Calcula-Specific Residue Thres- sote ual ted resi-
Residual creosote 

Item Creosote No. * gravity above hold Per cent loss creo- due 38/ 355°C Ib/cu it loss Ib/cu sote above 15.5°C per cent Ib/cu >355°C <355°C it it 355°C Ib/cu it Ib/cu it 
-- --------------

I 1 1.065 18.5 9.8 53.1 5.2 4.6 39.4 1.81 2.79 
2 7 1.077 20.5 9.0 47.8 4.3 4.7 39.3 1.85 2.85 
3 2 1.081 30.6 10.2 47.1 4.8 5.4 57.8 3.12 2.28 
4 6 1.093 34.2 9.0 37.8 3.4 5.6 55.0 3.08 2.52 
5 3 1.108 50.4 12.2 30.3 3.7 8.5 72.3 6.15 2.35 
6 8 1.115 53.2 9.4 25.5 2.4 7.0 71.4 5.00 2.00 
7 9a 21.2 5.7 40.4 2.3 3.4 35.6 1.21 2.19 
8 9 1.001 20.0 5.8 43.1 2.5 3.3 35.1 1.16 2.14 
9 lOa 14.4 6.7 50.9 3.4 3.3 29.4 0.97 2.23 

10 10 1.068 15.2 6.9 52.2 3.6 3.3 31.8 1.05 2.25 
11 11 1.038 18.0 6.5 47.7 3.1 3.4 34.4 1.17 2.23 
12 M1 1.107 41.9 8.0 33.8 2.7 5.3 63.3 3.35 1.95 
13 M2 1.070 18.1 8.3 50.6 4.2 4.1 36.6 1.51 2.59 
14 BTL 5340 1.088 20.9 7.5 46.6 3.5 4.0 39.1 1.57 2.43 

* Creosotes 1, 2, 3, 6, 7, 8, 9, 10 and 11 are those in use in the Cooperative 
Creosote Tests (see Bibliography, References 12 and 39. Oils 9a and lOa are 
samples from the same lots as numbers 9 and 10. (See Bibliography, Reference 
36.) For oils M1 and M2 see Bibliography, References 37 and 38. Creosote 5340 
is shown in Table II. 
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operational losses and through the points representing "\veight losses. 
Data from a repetition of these tests is desirable in order to establish 
the thresholds more definitely from actual weight loss or observational 
data taken close to the assumed threshold points. At Bell Telephone 
Laboratories a check series of tests is now under way on cooperative 
creosotes 6, 7 and 8, domestic oils, and creosotes 9, 10 and 11, British 
oils; and comparison tests are also being run on creosote BTL-5340 and 
on 5 per cent pentachlorophenol in the 2105 process oil. The aim has been~ 
to treat the blocks to a series of retentions that vary narrowly around 
the thresholds set by the Madison investigators. 

Across the Threshold 

Fig. 13 is an illustration of representative blocks from the creosote 
series, line A (creosote BTL-5340) in Fig. 10, just at and below the 
threshold. Fig. 14 shows the character of the attack by Lenzites trabea on 
blocks treated with a 4.92 per cent solution of pentachlorophenol in 
Standard Oil Company of New Jersey's 2105 Process Oil in toluene. The 
blocks are represented at twice their original linear dimensions. The exact 
nature of the decay is difficult to show. The experimenter has to learn a 
system of diagnosis that involves both visual observation and the "feel" 
of the blocks for distortion and firmness that supplement weight loss data. 
For example, in Fig. 14, a threshold between 0.20 and 0.25 pound of penta 
per cubic foot (Blocks C and D) is indicated and this conforms closely to 
the results with the same penta-petroleum solution at Madison.41 

The Significance of the Results of Laboratory Soil-Block Tests on Oil-Type 
Preservatives 

The main conclusions from this discussion of the results of soil-block 
tests on weathered creosoted wood conducted at Madison are (a) that 
in general, under the test conditions, at least 8 and sometimes 9 pounds 
or more of creosote per cubic foot is a necessary treatment to prevent attack 
by Lentinus lepideus on % -inch cube blocks of southern pine sapwood; 
and (b) that a penta petroleum solution is much more effective than 
creosote against this same organism. As will be emphasized later, this 
general conclusion about Lentinuslepideus and creosote corresponds with 
the conclusions to be drawn from the interpretation of results of the 
small stake tests and from the test of pole-diameter posts in the Gulfport 
test plot. 

The creosote tested is a better preservative against Lenzites trabea 
than the penta-petroleum, but the creosote threshold for this organism 
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is below what one would have to use commercially in order to insure 
protection against Lentinus lepideus and to preserve wood exposed to 
ground contact. 

As far as Lentinus lepideus is concerned, the best overall preservative 
combination from the laboratory test would appear to be a 50/50 by 
volume blend of the creosote and the penta-petroleum solution, since 
such a blend appears to contain the best in both components. However, 
there are certain practical considerations, principally relating to the 
incompatibility of some creosotes and petroleums, which make the com­
bined preservative a difficult one to operate with commercially. 

(a) ( b) 

(c) (d) 
Fig. 13-Across the threshold-creosote. Test fungus, Lentinus lepideus; creo­

sote concentration at treatment: (a) 11.70; (b) 6.92; (c) 5.45; and (d) 4.15Ib/cu ft. 
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(a) (b) 

ee) (d) 
Fig. 14-Across the threshold-pentachlorophenol solution. Test fungus Len­

zites trabea; dry penta concentration at treatment: (a) 0.052, (b) 0.099, (c) 0.193; 
and (d) 0.238Ib/cu ft. Photo by A. H. Hearn. 
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Relatively speaking the soil-block test procedure is much more rapid 
than the test plot experiments that are to be discussed next, but since 
the inferences with respect to retention requirements for creosote appear 
to be the same for the laboratory and the field tests, the former have a 
direct and immediate application in practical pole preservation. 
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This paper applies the Boltzmann method of gaseous kinetics to the prob­
lem of charged particles moving through a gas under the influence of a static, 
uniform electric field. The particle density is assumed to be vanishing low, 
and the ion-atom collisions are assumed elastic, but the field is taken to be 
strong; that is the energy which it imparts to the charges is not assumed 
negligible in comparison to thermal energy. In Part I, the formal framework 
of such a theory is built up; the motion in the field is describable by the drift 
velocity concept, and the smoothing out of density variations as an aniso­
tropic diffusion process. In Part II, the "highfield" case is treated in detail; 
this is the case, for which thermal motion of the gas molecules is negligible; 
the equation is solved completely for the case that the mean free time between 
collisions may be treated as independent of speed; complete solutions are 
also presented for extreme mass ratios of the ions and the molecules; special 
attention is given to the case of equal masses, which has to be handled by 
numerical methods. In Part III, information about the "intermediate 
field" case is collected; with the help of a convolution theorem the case of 
constant mean free time is solved; beyond this, only the case of small ion 
mass (electrons) is available. In Part IV, the diffusion process, whose 
existence was proved in Part I, is pushed through to numerical results. 
Part V discusses the scope of the results achieved and demonstrates the possi­
bility of extending them semiquantitatively beyond their original range. 

PART I - GENERAL THEORY OF STRONG FIELD MOTION 

IA. QUALITATIVE DISCUSSION 

It is well known that if we consider a mixture of gases under no ex­
ternal forces the steady velocity distribution which establishes itself 
in the mixture does not depend on the interactions between the gas 
molecules; we have always a Maxwellian distribution for each species 

170 



MOTION OF GASEOUS IONS IN STRONG ELECTRIC FIELDS 171 

with a temperature common to all. This result arises from statistical 
mechanics; the derivation of it is simple and requires few assumptions, 
yet it enjoys a wide degree of generality. As soon, however, as a non­
equilibrium feature is imposed upon the system this simplicity vanishes, 
and the subject acquires ramifications. Results must now be derived by 
kinetic theory. The amount of labor required increases, while, at the 
same time, the result achieved becomes less general. 

A mixture of charged particles (ions or electrons; in the following often 
simply referred to as ions) and gas molecules can in principle never be 
in equilibrium since the presence of the former in itself represents an 
instability. However, one might expect, that equilibrium exists in a 
restricted sense, for instance, as regards motion. Even this is rarely the 
case under actual conditions of observation. The non-equilibrium fea­
tures of greatest importance for analyzing ion motion are a constant 
force (electric field) acting upon one species but not the other (mobility 
theory), and a concentration gradient for one particular species (diffusion 
theory). It is the purpose of this paper to apply kinetic theory to these 
problems, and to compute with its help the most important properties 
which such a gas of charged particles possesses. The work will be dis­
tinguished from similar ones in that the electric field will not be sup­
posed weak; velocity distributions which have no resemblance to the 
Maxwellian distribution will thus make their appearance. Furthermore, 
the mass of the charged particles will not be assumed small, which 
means the possibility of getting results for gaseous ions as well as elec­
trons. Magnetic fields, plasma and A.C. phenomena will, however, be 
excluded. The quantities of interest under those conditions are the drift 
velocity of the ions, their energy, energy partition and diffusion con­
stants. These quantities will be calculated by assuming plausible mechan­
ical models. The work just outlined has been published in part in 
abbreviated form in the Physical Review;1 the exposition to follow will, 
however, proceed independently from these articles. 

Much of the work which concerns itself with transport processes in 
gases makes use of perturbation theory. This method permits us to 
predict the behavior of a gaseous assembly under an electric field or a 
concentration gradient in the limit when the field or the gradient are 
vanishingly small. The result of so perturbing a Maxwellian distribution 
can be expressed through certain constants, such as the mobility or the 
diffusion coefficient, which involve the Maxwellian distribution and 
the internal interactions, but not the perturbation itself. 

1 Wannier, G. H., Phys. Rev., 83, p. 281,1951 and Phys. Rev., 87, p. 795,1952. 
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The limits of such a procedure can easily be estimated. In the case 
of an electric field, perturbation techniques apply if the kinetic energy 
acquired by the ion from the field is small compared to thermal energy. 
This means at least that the energy acquired in one mean free path be 
small, i.e., 

eE"A« kT 

where e is the electronic charge, E the electric field, k Boltzmann's con­
stant, T the absolute temperature, and "A the mean free path. Actually 
the situation is not even that favorable. If the mass of the ions and the 
molecules is very different, the energy transferred upon collision is 
small, and hence the ions possess the ability to store the acquired energy 
through many collisions; for this reason, the inequality reads more 
properly 

(~ + ~) eb"'A« k1', 

,vhere m is the mass of the ions and";'M the mass of the gas molecules. 
After some substitutions this estimate becomes 

(! + ~) eE« P<T, (1) 

where p is the true gas pressure and (j the collision cross-section. Taking 
as an example an ion travelling in the parent gas we find 

~ // 2 ~ I"J 2 0 47r o 10-
16 

5 10-6 
" = 0 e.s.u. 

p e 5.10-10 

or in commonly employed units 

E -« 2 volt/em (mm Hg). 
p 

It is clear that this limit is often surpassed in experimental situations. 
The cases in which the limit (1) is applicable are of no further interest 

here because they are well covered in the literature.2 A field will be called 
"low" when it satisfies the criterion (1) and "high" when the inequality 
is reversed. It is important to notice that a fixed field at a fixed gas 
density may shift from "low" to "high" through a drop in temperature. 

All calculations to follow will contain the assumption of "low ion con­
centration" which is often made in studies of this sort. It means that 

2 See for instance: A. M. Tyndall, The Mobility of Positive Ions in Gases, 
Cambridge University Press, 1938, Chapter IV. 
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all effects which ions exert upon each other are neglected. The equation 
for the distribution function of ionic velocities is then linear instead of 
quadratic. It is clear that this simplification presents great advantages 
from the point of view of calculation. 

In deriving a criterion for the validity of this assumption we must 
distinguish two types of effects of the ions upon each other. The first 
is the space charge effect. In this effect the ions at large distances make 
the major contribution. Its magnitude depends on apparatus dimensions. 
The criterion for no space charge distortion of the field E is 

E 
n « 47reX (2) 

where n is the number densitYxof the ions and X a suitable length chosen 
from apparatus dimensions. Inequality (2) is quite stringent because 
it predicts field distortions at values of n of the order of 108 cm -3. This 
is the value at which it will become impossible, or at least difficult, to 
make significant experimental measurements. But from the point of view 
of theory this criterion is not relevant. Space charge does not change 
the character of the velocity distribution of the ions because the type 
of ion-ion interaction producing the space charge field is long range and 
creates only a smooth modification of the electric field which we may 
presume to have been included in the original field. What we are con­
cerned with here are ion-ion interactions which have a random character 
and thus are apt to upset a velocity distribution derived from the "low 
concentration" theory. From this point of view neighboring ions are 
most effective because their relative location fluctuates rapidly, and 
hence, the Coulomb force. between them will induce mutual scattering. 
The magnitude of this force is of the order e2n2

/
3 where n is the number 

density of the ions. It is known from theorl that the effect of a Coulomb 
force is preferably not represented by discrete "collisons" but by a 
continuous bending of the entire path. Thus we come to the conclusion 
that random ion-ion forces have no effect if the force given above cannot 
produce a significant deflection in one mean free path. This means 

e2n2
/
3X « mean ion energy (3) 

According to whether we are in the high or low field region we get differ­
ent criteria from this. At low field the thermal energy predominates 
and we get 

(3a) 

3 Mott and Masse,Y, The Theory of At01nic Collision, Oxford Press 1933, 
Chapter III. 
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At high field the "field" energy predominates and we get 

e'n'" « eE (~ + ~) 
A rough evaluation of inequality (3a) for one mm Hg pressure gives 

2/3 « 10
3

• 47r·10-
16 

= -21.107 cm-2 

n 25.10-20 

n « 1010 particles/ cm3 

(3b) 

This corresponds to a current of about 1015 particles/cm2 sec or 
200 lLamps/cm2

• At lower pressure the criterion becomes more stringent. 
Equation (3b) gives similar results. 

It is appropriate to survey at this point the past theoretical work 
treating the "low concentration" theory of ionic motion for arbitrary 
fields. A rather complete body of work exists for electrons where the 
following three assumptions seem appropriate: (a) that the mass of an 
"ion" is very small compared to the mass of a molecule, (b) that the 
total kinetic energy is conserved in each encounter, and (c) that the 
angular distribution is isotropic in the center of mass system. 

These three assumptions lead to a distribution law given by Chapman 
and Cowling.4 The law has considerable flexibility because it permits 
the substitution of an arbitrary relationship connecting mean free path 
and speed of encounter. In addition it contains no assumption as to 
whether we have low or high field. A more specialized and explicit dis­
tribution law is obtained if we assume in addition: (d) that the colli­
sion cross-section is independent of the speed of encounter (hard sphere 
approximation); and (e) that we deal with the high field case only. The 
special law resulting in this case is the distribution law of Druyvesteyn. 

If an improvement over the Chapman-Cowling distribution for elec­
trons is desired account should be taken of inelastic collisions, that is 
assumption (b) should be discarded. Work in that direction has been 
carried out by Smit, Allen5 and others. 

The assumption to be discarded first in theory of ionic motion is, of 
course, assumption (a). In order to understand what this implies we 
must understand what advantages assumption (a) has in a calculation. 
In the limit when the ionic mass is very small the encounters with gas 

4 Chapman-Cowling, The Mathematical Theory of Non-uniform Gases, Cam­
bridge University Press 1939, Sections 18.7-18.74. Other references are found 
there. 

6 Smit, J. A., Physica, 3, p. 543,1937 and H. W. Allen, Phys. Rev., 50, p. 707, 
1937. 
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molecules become such that momentum is lost quickly, but energy is 
accumulated in the form of random motion. As a result of this we end up 
with a distribution function which is very nearly spherically symmetrical 
in velocity space. Such a situation permits obvious procedures through 
which the entire calculation is simplified. These procedures will not longer 
be available when assumption (a) is dropped. 

Knowledge concerning the structure of the velocity distribution func­
tion for gaseous ions is practically nonexistent at this time. Hershey, 
who deals with the motion of ions in the high field case, simply substi­
tutes for it a Maxwellian distribution with an unknown offset of the 
origin and unknown temperature parameter,6 shown in Fig. l(a). He 
then computes these two parameters by applying the laws of conserva­
tion of momentum and kinetic energy. It is to be expected that this 
procedure should give reasonable values for the mobility and the mean 
energy of the ion; indeed, if we consider the polarization force only, we 
get exactly the right values; the reason for this is that one may evaluate 
velocity averages for inverse fifth power forces ignoring the distribution 
function 7 and that he did this in effect for the drift velocity and the 

Cz Cz 

(a) (b) 

Fig. 1 - Simplified pictures for the high field velocity distribution of gaseous 
ions. (a) Hershey's assumption. (b) Modification with correct second moments. 

G Hershey, A. V., Phys. Rev., 56, p. 916, 1939. 
7 This will be shown in Section lIB. 
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total energy. In order to test whether an offset Maxwellian distribution 
is a satisfactory approximation we have to go one step further and 
examine the partition of the energy among the three degrees of freedom. 
There we find Hershey's distribution in error, for he assumes equiparti­
tion for the random motion, while, in reality, the random energy parallel 
to the field is much higher than at right angles, 7 giving the distribution a 
decided "ridge" structure. This discrepancy could be taken into account 
by the use of an elliptically distorted Maxwellian distribution, shown in 
Fig. 1(b), and this may prove to be convenient in some applications. 

For a detailed knowledge of the distribution function it is necessary 
to specify the interaction between an ion and a molecule. This interaction 
can be, broadly speaking, summarized under three headings: (a) the 
polarization force, (b) the short distance repulsion, and (c) symmetry 
effects. The polarization force arises because an ion, when passing close 
to a molecule, induces on it a dipole moment; this moment is then at­
tracted by the charge of the ion. The attractive force F resulting from 
this is 

F (4) 

where P is the polarizability of a gas molecule and e the charge of the 
ion. The force varies inversely as the fifth power of the distance p; for 
such a force the cross section (T varies inversely as the speed of encounter 
'Y. Whenever the cross section shows this type of variation it is advantage­
ous to define a mean free time T rather than a mean free path A. The 
formula is 

1 
T =--

N (T'Y 

(5) 

There is a standard difficulty which arises when one tries to make use 
of a formula of the type (5). For most force laws, a total cross-section (T 

cannot be defined; a differential cross section per unit solid angle always 
exists, but it becomes infinite in the forward direction because of small 
deflections suffered by particles passing by each other at a large distance. 
Thus equation (5) is, strictly speaking, meaningless. This is actually 
never a difficulty in the computation of a physical quantity. However, 
equation (5) is convenient for order-of-magnitude thinking and the 
question arises how it can be reasonably interpreted. The general method 
of salvaging (5) - excluding a small forward cone from consideration­
is of little value for this purpose. An analysis of the inverse fourth power 
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attractive potential shows a better way out. The potential gives rise to 
two kinds of orbits; orbits of large angular momentum which look some­
what like hyperbolas, shown in Fig. 2(a), and orbits of small angular 
momentum for which the particles are "sucked" toward each other in a 
spiralling movement until a repulsive force reverses the trend, as shown in 
Fig. 2(b).8 A calculation of Hasse9 shows that the latter type of motion 
is much more efficient in scattering than the former and one gets there­
for a picture which is semiquantitatively correct if one substitutes into 
(5) the cross-section for spiralling collisions and assumes isotropic scat­
tering. lO This cross section equals 

(j = 21l" II /~ + ~ -yip e 
'V m M "I 

(6) 

A-numerical estimate of the cross section (6) automatically leads one 
to compare it with the short distance repulsion familiar from the kinetic 
theory of gases. The two are of the same order, but for the usual gaseous 
speeds (which enter into (6) through "I) and small molecules the cross 

• 

(a) (b) 

Fig. 2 - Sample orbits (schematic) showing the motion of a particle in the 
polarization force field. (a) Hyperbolic orbit (large angular momentum). (b) 
Spiralling orbit (small angular momentum). 

8 There are quantum mechanical analogues to these classical ideas; they should 
lead to practically identical answers unless the angular momentum quantum 
number is small. 

9 Hasse, H. R., Phil. Mag., 1, p. 139, 1926. 
10 This will be discussed more fully in Section lIIB. 



178 THE BELL SYSTEM TECHNICAL JOURNAL, JANUARY 1953 

section (6) is bigger. This situation is accentuated in an actual scattering 
calculation which shows an attractive force to be generally more efficient 
than a repulsive force of equal range. 

A detailed numerical discussion of these questions is found in Massey 
and Mohrll for the case of He + ions moving through He gas. Their 
interest is in the low field mobility. They show that for this problem the 
repulsive force makes so little difference that it could be neglected en­
tirely without much affecting the results. It does finally come out that 
the polarization force gives a mobility which is too big by a factor of two. 
But the additional scattering is due to an effect which we listed above 
under (c): namely a resonance attraction between the He atom and the 
He + ion for which the cross section is abnormally large. It should be 
possible to eliminate this effect by increasing the cross section (6) until 
it masks even this special effect. Lowering the field is not sufficient to 
achieve this because of the temperature motion; it would be necessary 
in addition to reduce the absolute temperature by a sizeable factor and 
so to decrease th~ value of 'Y in (6). Thus we are led to the prediction 
that if the temperature of He is reduced the mobility of He + ions in He 
should gradually rise from its "anomalous" value of 12 cm2jvolt sec to 
the "normal" value of 22 cm2jvolt sec, which one gets by taking account 
of polarization forces only. 

lB. GLOSSARY 

The complicated appearance of equations in gaseous kinetics suggests 
special care in the use of symbols and a convenient arrangement for the 
reader to find their meaning. It is hoped that the glossary to follow will 
accomplish this purpose. It explains all symbols except those used at 
one location only. 

Generally, Latin capital letters will refer to the gas molecules and 
Latin lower case letters to the ions; Greek letters will have no special 
relationship; exceptions will be made for generally recognized symbols. 
Thus we define 
E, E = electric field. 
x, y = cartesian coordinates at right angles to the field direction. 
z = cartesian coordinate along the field direction. ' 
r = position vector with components x, y, z. 
t = time. 
m = ionic mass. 
e = ionic charge. 

11 Massey, H. S. W., C. B. O. Mohr, Proc. Roy. Soc., 144A, p. 554, 1931. 
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eE .. I . a, a = - = IOllIC acce eratlOn. 
m 

b = impact parameter. 
blim = limiting value of the impact parameter separating hyperbolic 

and spiralling orbits (equation (125». 
C, c, c', Cz , Cf , Ci = various ionic velocities or components. 
ex , ey , ez = energies of ionic motion (or "high field" parts thereof) 

along x, y, z. 
ez* = random part of the above energy, 
jt = total particle current density of the ions (may be a function of 

. rand t). 

j = partial current density induced by the concentration gradient; see 
equation (22). 

k = Boltzmann's constant (only when followed directly by T). 
k, k = relative concentration gradient of the ions (a different use is 

made of k in Section IIE). 
n = number density of the ions (may be a function of rand t). 
p, q, r, S = undetermined constants; used three times independently 

(equations (82), (90) and (160». 
p(O), p(1) = various approximations to these numbers. 
u, u', v = ionic velocities. 
w = ionic velocity rendered dimensionless (see eq. (75) or (85». 
g = the inner integral in the double integral eq. (69). 
C, C' = molecular velocities. 
~ = ionic diffusion tensor. 
DII ,DJ. = components of above tensor parallel and perpendicular to 

the field. 
M = molecular mass. 
N = number density of the molecules. 
P = molecular polarizability. 
T = gas temperature. 
U, U' = molecular velocities. 
X, Y = left and right hand sides of equation (lIla). 

f3 = 2~T = temperature parameter (A different use of f3 is made 

in Section IIIB where it is the relative impact parameter b/blim ). 

,,(, "(', 1], 1]' = relative velocities of ion and molecule. 
~, 1], t = cartesian coordinates oriented on c. 
p = distance between ion and molecule. 
(j = collision cross section of ions and molecules (may ,be a function of 'Y). 
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1 
= mean free path of ion between collisions with molecules 

Na 
(may be a function of 'Y). 

1 , 
T = N- = mean free time for the ion between collisions with mole­

a'Y 
cules. 

Ts = same parameter for "spiralling" collisions. 

(:\'; = d~nT('Y) + 1. It is assumed constant in Section ID. 
Cn"'( 

x, Xc , Xu = angle of scattering of ion and molecule in the center of 
mass system. 

K = angle of scattering of the ion by a molecule in the laboratory system. 
€ = scattering azimuth of ion and molecule in the center of mass system. 
w = scattering azimuth in the laboratory system (azimuth of the initial 

ion velocity about the final ion velocity). 
lJ, 1J' = angle between velocity vector and field direction. 
1/;, cp, 0, cp, a = other angles (these angles are defined on spherical tri­

angles which are exhibited in Figs. 8 and 15. 
d(c, f, t) = density function of ions in phase space. 

m(c) = (13: )'/'cxp (-f3mc') = Maxwellian velocity distribution function 

for ionic mass. 

M (e) = (13:)'" exp ( - 13M C') = Maxwellian velocity distribution func­

tion for molecular mass. 
h(c) = "high field" distribution function of the ions for the case that 

the spatial distribution is uniform (the exact meaning of this 
term is to be explained in the text). 

fCc) = true velocity distribution of the ions for the case that the spatial 
distribution is uniform. 

g(c) = correction to fCc) or h\c) for the case of a constant relative con­
centration gradient k. 

a(c) = vectorial a-function in velocity space. 

1
00 -~ 

Ei(x) = ~ d~ (suppression of two minus signs). 
:r; ~ 

Io(x) = modified Bessel function of order 0. 
Ko(x), K 1(x) = Modified Hankel functions of order 0, 1. (Alteration of 

Macdonald function by a factor ~). 
7r 

P/I(X) = Legendre Polynomials. 
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hll(c), gll(C) = expansion coefficients which result when h(e), gee) are 
expanded in Legendre Polynomials about the field direction. 

IsAx) = A set of functions of the scattering angle defined in (48). 
( ) = the quantity in pointed brackets is to be averaged. 
(8, v) = abbreviation for (WSPII (cos 11); the average is taken over hew). 
{ 8, v} = A normalized correction to (8, v ) contributed by g (w); see 

equation (155). 
A special convention will be adopted to distinguish velocities before 

and after a collision: 

e', C' = velocities before the collision. 

e, C = velocities after the collision. 

When used in this fashion the twelve components of the four vectors 
above satisfy the four identities: 

me' + lVfC' = me + MC 

mc'2 + lVfC,2 = mc2 + 111C2 

(7) 

(8) 

The same convention is to apply to other vector quadruples, such as 

u, U, u', U' 

For the velocities in the center of mass system we use 

i' = e' - C' = relative velocity before the collision. 

i = e - C = relative velocity after the collision. 

In consequence of (7) and (8) the 'Y's obey the relation 
,2 2 

'Y = 'Y (9) 

'1'he multiple integrations occurring in the theory are of the following 
two types. Either they are over the three components of a velocity in 
a Cartesian velocity space; we shall denote such integrations by 
de, du, dU', etc. Or they are proper "collision" integrations which classi­
cally have the form 

'Y b db dE 

where b is an impact parameter and E an azimuth. In most cases these 
integrals depend on extraneous factors for their convergence but this 
fact is usually disregarded for convenience; we shall follow this habit by 
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writing the above differential in the form 

:7r 'YO"('Y)II(x) sjn X dx de = 4
17r 'YO"('Y)II(x) dnr 

Here dn is meant to represent an integration over a solid angle and the 
subscript "I, that it is over the solid angle swept out by the vector j. 
The notation makes use of the fact that the choice of the polar axis is 
arbitrary in such an integration. The function n(x) is the probability 
of scattering which equals unity for isotropic scattering. In cases where 
small angle scattering is infinitely probable the above expression becomes 
meaningless, strictly speaking, II(x) being a o-function at X = 0 and 0" 

being infinite. However if a quantity such as 1 - cos X is multiplied 
in, which removes the o-function then the integration gives a finite num­
ber which may be denoted by (0". (1 - cos x). 

IC. FORMAL SURVEY OF THE THEORY 

Under the assumptions stated in Part IA we may describe the motion 
of ions in a gas by their density in phase space. The change in time of 
this function is described by a Boltzmann equation12 which, in our 
notation, reads 

ad(e, f, t) + ad(e, f, t) + ad(e, f, t) 
a o e o

---

at ae af 
(10) 

= ~ II {M(C')d(e, f, t) - M(C)d(e, f, t) }'YO"('Y)n(x) dnr , dC 

The equation is linear in the unknown function d(e, f, t); this is due to 
neglect of ion-ion collisions, as stated earlier. The negative term on the 
right hand side actually reduces to a known function of e multiplying 
d(e, f, t). The positive term is a genuine integral term; it has been shown 
by Pidduck13 that the number of integrations in it can be brought down 
from five to three; this reduction will not be made use of in the following. 

If there were no terms on the left hand side of equation (10) then the 
solution of it would have the equilibrium form 

d(e, f, t) = nm(e) (11) 

where n is a constant. This result is a direct consequence of equation 
(8) which makes the curly bracket in (10) vanish identically when 
Maxwellian functions are inserted. 

12 See Reference 4. 
13 Pidduck, F. B., Proc. Land. Math. Soc., 15, p. 89, 1915. 
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The function m( c) is not the solution of our problem because of the 
presence of the second and third term on the left which arise from an 
electric field and a density variation respectively. These disturbances 
will be assumed of different relative importance. The density variation 
will be assumed sufficiently small so that the third term can be treated 
by perturbation theory; the field term, on the other hand will be taken 
so large that the equilibrium distribution (11) no longer represents a 
first approximation to the solution. In consequence, the equation is 
solved in two stages. In the first, only the second term on the left is 
retained, and the resultant equation is treated rigorously; in the second, 
the full equation (10) is used, but the new terms are taken as 
perturbations. 

The first stage describes those properties of the ion gas which it po­
sesses when assumed of uniform density. Since the field is also assumed 
uniform and not changing in time, the dependence on rand t drops out. 
We may then write 

d(e, r, t) = nf(e) (12) 

where n is a constant and f(c) is a velocity distribution function. The 
equation for f reads 

a· :: = ~ II {M(C')f(e') - M(C)f(e) }/,o-(-y)II(x) dfl"t' dC (13) 

with the side condition 

I f(e)dc = 1 (14) 

As a result of solving (13) we shall obtain the distribution function 
fee) as a function of the electric field contained in a. This distribution 
differs essentially from the Maxwellian one in that it is not symmetric 
about the origin. The vectorial mean of the velocity is therefore not zero 

(c) = I f(e)c de ~ 0 (15) 

This is the drift velocity of the ion in the field which is reached as a 
compromise between the acceleration a and the frictional losses caused 
by the ion-atom collisions. From the structure of equation (13) there is 
one general prediction that can be made concerning this velocity, namely 
that it depends on the gas density and the field only through a/ N ; 
this is the well known E/po of the experimental analysis. This type of 
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dependence does not only hold for (c), but for all averages derivable from 
f( c), notably the mean energy. 

A more important formal prediction can be made about the second 
stage of the contemplated calculation. For it will be shown now that the 
diffusion concept is still applicable in the preseilce of a strong electric 
field. It is true, that if we have a variable density in space the primary 
motion observed is not diffusive but a displacement of the entire density 
pattern with the drift velocity (c). However, once this dominant com­
ponent is subtracted out, then a supplementary current proportional to 
the density gradient is identified. The constant of proportionality is 
anisotropic, that is, we have a diffusion tensor rather than a diffusion 
coefficient. The tensor is axially symmetric about the field direction, 
yielding a longitudinal and a transverse diffusion coefficient. 

To demonstrate these features it is convenient to assume a special 
type of variation of ion density in space. As we shall see the velocity 
distribution is primarily sensitive to the relative density gradient k; 
we shall therefore assume it to be a constant. In other words we set 

nCr, t) = no exp [k· (r - (e)t)] (16) 

The relation can of course not hold everywhere since n increases beyond 
all bounds in one direction, but we must remember here that we are 
doing perturbation theory, that is k is assumed small. The inconsistencies 
in the assumption (16) can then be pushed as far away as we please. 
Furthermore there is no inconsistency at all in the half space where n 
decreases. It is to be observed that according to the assumption (16) 
the spatial distribution is moving unchanged through space with the 
drift velocity (c). This seems to contradict the program of finding the 
effect of diffusion upon nCr, t). However, we follow in this simply conven­
tional steady state computational methods in which a gradient is as­
sumed maintained from an infinitely strong source; the modification 
appears then as a change in the velocity distribution function, which, in 
turn, yields a steady diffusion current. We set therefore 

d(e, r, t) = nCr, t)ff(e) + gee)] (17) 

where gee) is a correction to the solution of (13) which arises from the 
assumption (16). It follows from the definition of nCr, t) and (14) that 

f g(e)de = 0 (18) 

The consistency of the assumptions (16) and (17) with equation 
(10) becomes evident when they are substituted into this equation. We 
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find, after simplification with (13) 

a· a~~e) + ~ II {lll(C)g(e) - 111(C')g(e') }'Yo-(-y)rr(x) dn't' dC 

= -k· (e - (c») {fee) + g(e)} 

(19) 

This is an equation in velocity space only, rand t having disappeared 
completely; this justifies the assumptions. In solving the equation we 
observe that our interest is only in diffusion, that is, the current resulting 
from a concentration gradient when treated in first order perturbation. 
In this case both k and g( c) are to be treated as small and their product 
in (19) is to be neglected. The equation then bec{)mes 

a· a~~e) + :: II {.Ll1(C)g(e) - .Ll1(C')g(e') }'YCT('Y)rr(x) dn't' dC 

= -k· (e - (e»)f(e) 

(20) 

The homogeneous prototype of this inhomogeneous equation is (13); an 
arbitrary amount of f( c) could thus be added to a particular solution 
of (20) were it not for the orthogonality condition (18) which makes the 
solution definite. 

The existence of the diffusion phenomenon follows easily from equation 
(20). The total current jt is given by 

jt(r, t) = I d(e, r, t)e de 

Upon substitution of (17) into this expression two terms result 

jt(r, t) = nCr, t)(e) + j(r, t) 

with 

j(r, t) = nCr, t) I g(e)e de 

(21) 

(22) 

(23) 

The first term in (22) is seen from (15) to just equal the product of the 
density and the drift velocity; this is the expected drift current. The 
new current j(r, t) induced by the density gradient is thus given by (23). 
From (20) it follows that gee) is a linear function of the three com­
ponents kx , ky , kz with coefficients which do not depend orr the density 
or its gradient, but only on the unperturbed velocity distribution' f(e); 
furthermore, the first two of these coefficients are equaL Hence, from 
(23) j comes out as a linear function of the three quantities nCr, t) ·kx , 

nCr, t)· ky , nCr, t)· kz ; these are the components of the density gradient 
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as is evident from (16); in addition the multipliers of the first two com­
ponents are equal. We may write therefore 

j(r, t) = - (ill) an ar (24) 

where (ill) is a tensor which is axially symmetric about the field direction; 
its two components which we shall call the longitudinal diffusion coeffi­
cient D JJ and the transverse coefficient D.L are computed entirely from 
the unperturbed velocity distributionf(c). This makes DJI and DJ.. inde­
pendent of the density or its gradient; it is to be noted, however, that 
they do depend on the electric field as a parameter because this quantity 
enters several times in the course of the computation. 

ID. DIMENSIONAL ANALYSIS 

Dimensional analysis is a convenient tool in a qualitative discussion 
of (13) and (20). In order to get results the situation has to be 
schematized somewhat, but not so much as to impair its usefulness. 
In the first place it is convenient to keep in mind the two limiting cases 
of high and low field, as discussed in the introduction. In addition some 
'assumption must be made about 0"(')') and n(x) occurring under the in­
tegral sign. The most convenient way to dispose of n(x) is to take it as 
independent of ')'. This happens to be true for the two models treated 
in detail later, the polarization force model, and the hard sphere model. 
Actually n(x) can be taken as approximately independent of')' in a wider 
sense. The forces which produce scattering are either repulsive or short 
range attractive, that is, long range attractice forces are absent. As long 
as this is the case the scattering is roughly isotropic and hence can 
change but little with ')'.14 

A more drastic assumption is needed to dispose of 0"(')'). We must 
assume 

(25) 

where a and r are taken to be constants. This assumption contains two 
important special cases in it. They arise respectively by taking a = 0 
and a = 1. The case a = 0 is the case of a constant mean free path as 
exemplified by the hard sphere model. The case a = 1 is the case of 
constant mean free time; it is applicable to the polarization force as dis-

14 This statement is checked in detail in Section IIIB for the polarization 
force. This is the attractive force with the longest range which can arise in this 
field. 
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cussed in Section IA. When (25) is inserted into (13) it is seen that 
a, Nand r enter only in the combination a/ Nr. The quantity 

has the dimension of a velocity. A second such quantity is 

which arises from the Maxwellian functions under the integral sign.Is In 
-the high field case, this quantity does not enter, that is, the velocity dis­
tribution functions for the molecules could be replaced by o-functions 
at the origin. Hence the first combination controls all velocity averages. 
For the mean drift velocity, we can thus write 

(c,) = COI1St'(;r }~. (26a) 

This formula gives the variation of the drift velocity with the electric 
field. It is worth while writing the result out explicitly for the two special 
cases discussed above. The first is the case of constant mean free path, 
a = 0, for which 

(26b) 

This is a drift velocity varying as the square root of the field or a mo­
bility varying inversely as the square root of the field. The second case 
is the one of constant mean free time a = 1, for which 

(Cz) = const· aT (26c) 

This means a drift velocity proportional to the field or a constant mo­
bility. 

In the low field case we cannot disregard one of the two velocity 
parameters constructed above; but now equation (13) is to be solved by 
perturbation theory only, it then yields a drift velocity varying with the 
first power of a/ Nr. Dimensional analysis then yields the dependence of 
the mobility on the temperature. We find 

a (kT)a-I (cz) = const.- - 2 
Nr M 

(27a) 

• 15 Dimensional analysis is incapable of distinguishing between m and M; this 
means that we cannot master dependence on mass by the method of this section; 
all our "pure numbers" are actually unknown functions of m/M. 
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with the special cases 

(

!J

M
CT)-1/2 

(Cz) = const· aA 

for constant mean free path and 

(cz ) = const·aT 

(27b) 

(27c) 

for constant mean free time. Comparison of (26c) and (27c) might lead 
one to surmise that we have here twice the same formula. This is indeed 
the case, as will be shown in Section IlIA. 

Proceeding now to the diffusion problem, we observe from (20), (23) 
and (24) that we must add the quantity 

nk 
. Nr 

to the previous list of parameters when computing the diffusion current. 
However, the current is always linear in this quantity, which means 
that the diffusion coefficients contain the factor 

1 
Nr 

and beyond this factor depend on the same variables as previously. This 
gives in the high field case 

with the special cases 

and 

,a -1 '( )l+a D = const·
Nr

· Nr 2-a 

'2 3 D = const·a T 

(28a) 

(28b) 

(28c) 

In the low field case, the diffusion process becomes independent of the 
field and we get 

D = const· N~ e~)'~· (29a) 

with the special formulas 

(
kT)1/2 

D = const·A 'M (29b) 
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and 

kT 
D = const'T­

M 
. (29c) 

The information in the formulas (29) is now new, but dependent on (27) 
through a universal relation first discovered by N ernst and derived 
independently for gases by J. J. Thomson; it is widely known as the 
Einstein relation. It states that 

D = a(cz). kT 
aa m 

(30) 

Equation (30) contains of course more than is obtainable from (27) 
and (29), since it relates one undetermined constant to another in a 
known way. 

The dimensional methods of this section are convenient for a rough 
classification of experimental material. Figs. 3 to 7 show the drift velocities 

100~X~10~4--r-,,~----~----r--r--r---~~--'--r-r'-r-----~--1 

6 OJ W' .... 

e 10 15 20 

o 

o 
.... 
o 

HELIUM 

PRESSURE 
IN MM Hg 

1.675 
3.52 
8.60 

12.72 
22.2 

30 40 50 60 80 100 
ACCELERATION 

NUMBER DENSITY 

150 200 
X 10- 6 

FIG. 3 - Drift velocity in an electric field of He+ ions in helium gas. Compari­
son of observed results with an "asymptotic" straight line of slope 72. 
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in the parent gas, observed for He+, Ne+, A+, Kr+ and Xe+. The plot 
is a log-log plot of these quantities against a/N, a variety of fields 
having been used to determine each point. The data are taken from 
measurements of J. A. HornbeckI6 . 17 and R. N. Varney.IS These data 
verify in the first place that the drift velocity depends on a and N only 
in the combination a/No Beyond this we see that ·the curves consist of 
two straight line portions: in the lower field portion (cz ) is proportional 
to a/N, in the higher is proportional to va/No We recognize in this 
latter region the high field dependence predicted in equation (26b). 
We learn from this that the collision cross section between noble gas 
atoms and their ions is approximately constant in the experimentally 
significant velocity range. To determine these collision cross sections 
the computation of only a single number, namely the one entering into 

16 Hornbeck, J. A. and G. H. Wannier., Phys. Rev., 82, p. 458,1951. 
17 Hornbeck, J. A., Phys. Rev., 84:, p. 615, 1951. 
18 Varney, R. N., Phys. Rev., 88, p. 362, 1952. 
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(26b) is required. The linear range of this plot is not as informative as 
the high field one. The slope unity is common to all formulas (27), and 
the temperature dependence of the mobility is needed to give the correct 
interpretation with the methods developed here. There is a certain 
likelihood that the parameter a of equation (25) drifts from 0 to 1 as 
the speed of the ions is reduced; this was pointed out for the special case 
of He + in He in section lA. A qualitatively similar situation appears to 
prevail for the other noble gases. 

PART II - THE MOTION OF UNIFORM ION STREAMS IN THE HIGH 

FIELD CASE 

IIA. FORMULATIONS OF THE BOLTZMANN EQUATION 

The dimensional analysis of the last section shows that there is an 
intrinsic simplicity to the high field case which is comparable to the low 
field case, while the intermediate case is more difficult. With one excep­
tion,6 however, theoretical analysis has occupied itself with the low 
field case only. vVe shall try to remedy this in the following. To begin 
with, a tractable but accurate formulation of the problem has to be 
found. Such a formulation cannot treat the field term of equation (13) as 
a perturbation term, but must try instead to make use of the basically 
simple features of the problem, notably those exhibited by the dimen­
sional analysis of Section ID. 

The equation governing the high field properties of the ions is ob­
tained simply by substituting o-functions for the Maxwellian velocity 
distributions in equation (13). This gives 

a ah(c) + _1 h(c) = ~ rr ~(C')h(c') _1_, II(x) dfJy ' dC (31) 
aez T(e) 47r }} T(e) 

A reduction of the number of integrations from five to two must be 
possible in the integral term of (31), owing to the presence of the o-func­
tion. To achieve this we must transform the variables of integration so 
as to make three of the differentials equal to dC' . We do this in the 
following way. First observe that 

y=c-C 

and that c is a constant vector. Hence we may replace dC by dy. The 
five-fold integration reads then 

dfJy ' dC =, -l d'Y dfJy dfJy ' (32) 

that is, it goes over the magnitude 'Y which the two vectors have in 
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common, and their orientations, for which they are independent. It is 
known that in integrating over the two angles defining an orientation 
the polar axis may be chosen freely. We shall, in the following, adopt c as 
our polar axis with t/;, K being pole distances of 'Yand 'Y' to c and cp, w the 
corresponding azimuths. In Fig. 8 these angles are exhibited on the 
unit sphere. All vectors are assumed to be plotted from the center of the 
sphere, and show up through their piercing points. The angles between 
the vectors then show up as sides and the azimuths as angles. The ex­
pression (32) becomes then 

'1'2 d'Y sin t/; dt/; dcp sin K dK dw 

The main transformation consists now in introducing the three com­
ponents of C' in the place K, t/; and cpo The transformation formulas 
follow from the vector identity 

, M 
C =c- 'Y 

M+m 
m , 

M + m 'Y 
(33) 

and read in full 

c~= M'Y . 
M + m SIn t/; cos cp 

m'Y . 
M 

SIn K cos w 
+m 

c~ = 
M'Y . . f, • 

M + m sm 'Y SIn cp 
m'Y . . 

M+msmKsmw 

a _---v 

x 
Fig. 8 - Definition of the angles employed in the formulations of the Boltz­

mann equation for the high field case. 
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,M"{ m"{ 
Cr = - M + m cos 1/; - M + m COS" + c 

From these equations the value of the Jacobian comes out to be 

a(C~, C~, C~) 
a(K, 1/;, cp) 

M23 

(; + :)3 sin if! {cos 1/; sin" - sin t/; cos K cos (cp - w)} 

We needs its value only at the position C~ = C~ = cf = O. If we take 
the above equations for C~ , C~ , cf and multiply them respectively by 
cos K cos W, cos K sin w, - sin K, add and set C' = 0 we get the identity 

M~"{ m {cos if; sin" - sin.f; COS" cos (cp - w)} = c sin" 

The curly bracket is exactly the one occurring in the Jacobian which 
therefore reduces to 

and hence 

[a(c~, C~ '. Cf)] Mm ,2. .f, • = e e sIn 'Y sIn " 
a(K, t/;, cp) c'=o (M + m)2 

"{2 d"{ dn-y dnr, = (M + m)2 dC' de' dw 
Mme 

Substituting finally this expression into (32) and (31) we get the Boltz­
mann equation in the form 

a ah(c) + _1_ h(c) = 
aez r(e) 

M+m (34) 
= (M + m)2 r IM-ml c _1_ n(x) d ' 12~ h( ') d 

47rMme Jc r(e') c 0 C w 

The equation is in need of additional elucidation as regards the exact 
meaning of c' as a vector and as regards the auxiliary variable x. AB to 
the first point we may describe the integration as occurring over a sur­
face in velocity space. This surface is obtained from the relation 

C' = 0 c' = i' (35) 

which substituted into (33) becomes 

(M + m)c - mi' = Mi (36) 
q 
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Squaring this and using (9) we get 

(M - m)e,2 + 2mc'·c - (M + m)e2 = 0 (37) , 

This is the equation of a sphere in velocity space which passes through 
the point c' = c. For all other points e' is bigger than e (collision with 
a stationary object always brings energy loss). The center of the sphere 
lies on the line joining c to the origin; it lies on the side of the origin 
from c when m < M, at infinity (making the sphere a plane) when 
m = M and away from the origin when m > 1J1. We make use of (37) 
to express the polar angle K of c' with respect to c (which does not occur 
as an integration variable in (34» in terms of e'. We get 

(1J1 + m)e2 - (M - m)c,2 (38) 
cos K = 2' mee 

The angle of scattering in the center of mass system also results from 
squaring of (36) if the term my' is firSt taken to the right. We find 

(M + m)2 e2 1J12 + m2 

cos X = 2111m e'2 - 2Mm (39) 

There is a more useful form of equation (34) which results if X is taken as 
one of the integration variables rather than e'. Substitution is made 
from the equation (39) above; it yields 

ilh(c) 1 1 1~ . n(x) (e/)312~ I a --+- h(c) = - sm X dx -,- - h(c) dw 
ilez T(e) 47r 0 T(e) e 0 

(40) 

The magnitude of c' and its polar angle with respect to c are now auxiliary 
parameters; the first is obtained from (39) 

I M+m 
e = e VM2 + m2 + 2Mm cos X (41) 

and the second from (38) and (41) 

cos K = _ / 
V M2 + m2 + 2Mm cos X 

m + .LVI cos X 
(42) 

As previously, the azimuth w of c' about c is an independent variable. 
The simplifications of the equation (31) exhibited in (34) and (40) 

still leave a double integral in the fundamental equation. The integration 
over dw will now be eliminated by decomposition of h(c) in spherical 
harmonics about the field direction. There is no loss of generality in 
this step. 

co 

h(c) = L h"(e)P,, (cos fJ) (43) 
,,=0 
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We have now to consider simultaneously the three vectors c, e' and a 
as well as the angles between them. These angles are defined in Fig 8. 
We study equation (34) or (40) term by term in order to see what be­
comes of it upon substitution of (43). Starting with h(c' ) under the inte­
gral sign we get from Fig. 8 and the addition theorem for spherical har­
monics 

co 

h(e') = L: hv(e')[Pp (cos (J)Pv (cos K) 
1'=0 

" (v - JL)' + 2 ?; (v + JL) i P~ (cos (J)P~ (cos K) cos JLw] 

For this expression, the integration over w is elementary and gives 

(44) 

Further, we get for the derivative in (34) or (40) 

~ (f h" (e)PJI (cos (J)) 
aez p=o 

f dh" (e) _1_ {(v + l)P,,+l (cos (J) + VP,,-l (cos (J)} (45) 
p=o de 2v + 1 

1 v(v + 1) ) + - h,,(e) 2 1 {P,,-l (cos (J) - P,,+l (cos (J } 
e v+ 

Through the equations (43), (44) and (45), all terms in equation (34) 
or (40) are developed in spherical harmonics with respect to the angle (J 
between e and the field direction. We can therefore annul separately 
the coefficient of each Legendre polynomial in cos (J. This gives the follow­
ing set of equations 

(.Ll1 + m)2 i'~=:' c h,,(e' ) P ( ) lI( ) d I _ h,,(e) 
2M ( ') "cos K X e ( ) me c T e T e 

= ~ (dh"_l(e) _ v-I h"_l(e)) 
2v - 1 de e 

(46) 

+ (v + l)a (dh"+l(e) + v + 2 h ()) 
2v + 3 de c ,,+1 e 
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or 

1 17r h ( ') ( ')3 2 0 ;(;,) ~ PI' (cos K) II(x) sin X dx 

_ hv(e) = ~ {dhv_1(e) _ v-I h
V

_
1
(e)} (47) 

r(e) 2v - 1 de e 

+ (v + l)a {dhv+1(e) + v + 2°h ()} 
2v + 3 de c v+l e 

where 

v = 0,1,2,3 .... 

The auxiliary parameters entering are given by (38) and (39) for equa­
tion (46), and (41) and (42) for equation (47). 

The equations (46) or (47) obtained by Legendre decomposition still 
are, in general, mixed integral-differential equations in one independent 
variable. Further simplification is possible only in special cases some 
of which will be discussed later. An even more simple and tractable form 
of the Boltzmann equation can be achieved in general, however, if one 
gives up the idea of determining the velocity distribution function and 
concentrates instead on its moments. In other words, the Boltzmann 
equation can be looked upon as a system of relations between velocity 
averages, and as such it becomes a linear algebraic system. 

To carry out this reduction we multiply equation (47) by e8 +2 and 
integrate from ° to 00. The second term on the left is then a simple 

o velocity average. The same is true on the right hand side if two integra­
tions by part are permissible and leave no integrated out part. 8 ~ -1 is 
probably adequate for this. The integral over the integral term at first 
looks as follows 

1 100 17r h ( ') ( ')3 "2 0 e
s
+2 de 0 :(:') ~ P, (cos K) II(x) sin X dx 

In this expression we pass from e to e' as the independent variable. 
From (41) we see that 

Hence the expression becomes 

t C"+2 ;(~:} dc' ~ { (2)' P, (cos K) n(x) sin X dx 

e 



MOTION OF GASEOUS IONS IN STRONG ELECTRIC FIELDS 199 

From (41) and (42) it is seen that this is actually the product of two 
independent integrals if the angular distribution lI(x) is independent 
of the velocity of encounter c'. The first integral is then identical with 
the one arising from the second term in (47), and the second is a collision 
integral having no connection with the velocity distribution. Even jf 
this is not the case, the second integral is still a dynamic average which 
can be evaluated as a function of c' previously to any knowledge of 
h(e'). We express this by introducing the abbreviation 

r ..• = (2)' P. (cos K) 

Using (41) and (42) we see that Is,v is the following function of X 

( ) = (VM2 + m2 + 2Mm cos x)s. 
Is,v X M + m 

( 
m + M cos X ) .p 

v VM2+m2+2Mmcosx 

(48a) 

which, for the particular case of equal masses, takes the simple form 

(48b) 

With this definition the integrated equation (47) reads 

100 / 1 - Is,v(x) \ h ( ) s+2 d _ 11(11 + 8 + 1) 100 
h () 8+1 d 

\ ( ) / 
vee c - 2 1 v-I C C C 

o aT c 11 - 0 

+ (11 + 1)(8 - 11) 100 

h () 8+1 d 
3 

~+1 C C C 
211 + 0 

or in terms of averages 

(2 + 1) / 1 - Is,v(x) 8p (. _Q)\ 
11 \ aT (c) C /I cos if / 

= 11(11 + 8 + 1)(cs
-

1
pv_l (cos t'J) 

+ (11 + 1)(8 - 1I)(cs
-
1P1I_l (cos t'J) 

(49) 

I believe that equation (49) contains all possible derivable relations 
between averages as special cases. Some of the most notable ones are 
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listed below 

s = 1, p = 1 

/1 - cos X _0\ _ M + m 
\ ar(c) c cos "if / - M 

s = 2, p = 0 

II - cos X 2\ (M + m)2 
\ ar(c) c / = 111m (c cos iJ) 

s = 2, p = 2 

13M sin
2 

X + 4m(1 - cos x) 2p ( _0)\_ 
\ ar(c) c 2 cos "if I -

4(M + m)2 ( _0) = M c cos "if 

(50a) 

(50b) 

(50c) 

While the averages entering into (49) are not always the desired 
ones, it remains true nevertheless that all solution methods evolved in 
the following use this· equation system as a starting point rather than 
other forms of the Boltzmann equation. 

lIB. THE MEAN FREE TIME MODEL AT HIGH FIELD 

If the angular distribution in the center of mass system is independent 
of speed and the collision cross section varies inversely as the speed 
then the developments of the previous section permit actually a solution 
of the Boltzmann equation. It is a solution in the sense that all signifi­
cant velocity averages can be obtained directly without the knowledge 
of the velocity distribution function. 

Before developing these facts from the equations of the last section, I 
should point out that the derivation to follow is in a sense artificial. It 
has been shown already by Maxwell19 for related problems that if the 
mean free time between collisions is assumed constant specially simple 
techniques may be employed to get constants of experimental im­
portance. These techniques can be employed here; they consist essentially 
in multiplying (13) by a suitable multiplier, followed by integration 
over c. However, if we were to follow this procedure we would have to 
duplicate f~}r a special model in an unsystematic way the work done 
systematically for all laws of interactions in the preceding section. A 
further advantage of using systematic procedure is that we can see at a 

19 Maxwell, J. C., Collected Papers, Vol. II, p.40. 
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glance what averages can or cannot be obtained, and what the relation­
ship is between the high field and the general averages. 

For this reason we limit ourselves at present to the high field averages 
obtainable from (49). For the special case under discussion this equation 
system takes the form 

(2v + 1) /1 - Is,v(x)\ (CSpv (cos tJ) 
\ aT / 

v(v + 8 + 1)(CS
-

1p v_ 1 (cos tJ) (51) 

+ (v + 1)(8 - v)(CS-1pv+l (cos tJ) 

that is we have a system of linear relations connecting the averages 
(c8PV (cos tJ). The connection between these averages is made apparent 
in Fig. 9. Each average (csPIJ (cos tJ) is marked in this figure as a dot in 
an 8-v-plane if 8 is integer. The equations (51) connecting these averages 
are shown as lines with different equations leading to the same dot shown 
in different outline. These equations generally have the shape of a V; 

o 2 3 4 

o 

2 

3 

s 

4 

6 

7 • 
Fig. 9 - Interconnection established by the Boltzmann equation among the 

averages (cap. (cos t1)i case of constant mean free time. 
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there are two notable exceptions to this rule, however, which make the 
recurrence method possible, the equations 11 = ° have no left leg and the 
equations s = 11 have no right leg. Starting out with the average 
s = 0, 11 = 0, which equals unity by definition one can thus proceed 
systematically as shown in Fig. 10, to get other averages. The averages 
reached are the ones for which sand 11 are non-negative integers of equal 
parity with the restriction s ~ 11. One verifies easily that this set is equiva­
lent to the set of all products of integer powers of the velocity compo­
nents. 

The first three relations one uses in the path outlined in Fig. 10, are 
the simplified forms of the three equations (50). We find 

( ) _ M + mj II - cos x\ 
C

z 
- M \ aT I 

(C2) = (M + m)3j II - cos X\2 
M2m \ aT I 

2 4(M + m)3 
(c P2 (cos iJ) = . 2 ( )V M2 13M SIn X + 4m 1 - cos X 1 - cos X\ 

j \ aT 1\ aT I 

or, more conveniently with the help of (53) 

(52) 

(53) 

(M + m)3 1M sin
2 

X + 4m(I - cos x)\ 
( 2) \ aT I (54) 
C

z = M2 13M sin2 X + 4m(1 - cos x)V1 - cos X\ 2 

m \ aT 1\ aT I 

The three equations (52), (53) and (54) give the drift velocity, the 
total energy, and the energy partition of the travelling ion. Equation 
(52) gives a constant mobility and can actually be derived from a low 
field theory. Formula (52) thus states that for problems involving a 
constant mean free time the high field and low field mobilities are numeri­
cally identical. One would suspect that the intermediate field value would 
have to fall in line too. This is indeed the case as will be shown in Section 
IlIA. 

A convenient interpretation of (53) may be had by combining (52) 
and (53) in the following way 

(mc2) = m(cz )2 + M (cz )2 (55) 

The left side is essentially the total energy of the ion, the first term on 
the right is the energy visible in the drift motion; it follows therefore 
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that the second term is the "invisible" or random part of the mean 
energy. Formula (55) thus states that 

random energy molecular mass 
visible energy IOn mass 

(56) 

that is, it exhibits in a quantitative way the capacity of storing energy 
in the form of random motion which light ions travelling in a heavy gas 
possess; for ions travelling in the parent gas the ordered and the random 
part of the energy are just equal; for heavy ions in a light gas the dis~ 
ordered fraction becomes negligible. 

There are various ways of un~erstanding the implications of equation 
(54). One way is to derive the mean energy in a direction at right angles 
to the field by the use of (53). We find 

(M + )3 /sin2 x\ 
m \0;;-/" 

(c;) - -;-- /31l1 sin2 X + 4m(1 - cos x)\/l - cos xV 
J. m \ aT /\ aT / 

(57) 

Now from (54) and (57) the partition of the energy e may be obtained. 

o 

s 

P 
2 3 4 

Fig. 10 - Order to be followed in computing by recursion the averages 
(CBPv (cos t7-»; case of constant mean free time. 
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It comes out to be 

. . _ 1M sin
2 x\./M sin

2 x\./M sin
2 

X + 4m(1 - cos x)\ (58) 
ex .ey

.6z - \ 7 /"\ 7 /"\ 7 I 

This shows up immediately the equipartition property for small ml M 
and the overwhelming preponderance of the motion in the field direction 
for large miM. As an analysis of the random motion, however, equation 
(58) is deficient because the three directions become only comparable 
after the square of the drift velocity (52) is subtracted out of the z-com­
ponent. We find 

(M + m)2 I llJ sin
2 

X + 2m(1 - cos x)\ 

( 2) _ ( )2 _ \ a7 I 
Cz Cz - ----~~~.----~~~------~~------~ 

M 13M sm X + 4m(1 - cos x)X1 - cos xV 
m \ a7 I a7 I 

(59) 

and from this a more refined partition formula which only counts random 
motion 

. . * _ Isin
2 

x\./sin
2 x\./M sin

2 
X + 2m(1 - cos x)\ 

ex.ev·ez - \-7-/"\-7-/"\ (lVI + m)7 I (60) 

For small mlM this result does not differ essentially from (58) but if 
ml M is large the z component of the random energy does not grow in­
definitely the way the total energy does. Instead it stops at a value which 
is about four times one of the other two values. 

A discussion of these expressions for special models will be delayed 
until the equations are extended to intermediate field conditions. This 
will be done in Part III. 

lIC. THE CASE OF LARGE MASS RATIOS: ELECTRONS OR HEAVY IONS 

The distribution of velocities for a small value of ml M is treated 
in the literature because it applies to electrons.4

,5 However, for the sake 
of completeness the derivation will be carried out here for the high 
field case. In this derivation all features of the law of scattering are left 
open, except that conservation of the kinetic energy is assumed. 

The development in spherical harmonics carried out in Section IIA 
is the suitable starting point for small mlM, because, in this case, the 
distribution is almost spherically symmetrical and the expansion in 
spherical harmonics is also an expansion in powers of miM. If we keep 
only ~(c) and hl(C) in the system (47) and treat mlM as small we get 
two equations, one for 11 = 0 and the one for 'II = 1. We may then use 
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(41) and (42) in the simplified form 
I 

C m 
- 1'-' 1 + - (1 - cos x) 
c .L11 

+ m .2 
cos K f""V cos X M sm X 

(61) 

(62) 

and develop the equations in powers of mlll1. Starting out with the 
simpler equation 11 = 1 we find 

/1 - cos x\ hl(e) = _ dho(e) 
\ ar(c) / dc 

(63) 

This same procedure is not adequate for the equation 11 0 because 
the two left hand terms in (47) cancel in zero approximation. We must 
therefore develop the integral up to linear terms in mlM; this is a per­
fectly straightforward, though somewhat cumbersome, step. It leads to 
the following equation 

m [c ~ {/1 - cos x\ ho(e)} + 3/1 - cos x\ ho(e)] 
M dc \ ar(c) / \ ar(c) / 

= ~ [dh1(C) + ~ h1(C)] 
3 dc c 

The equation may be integrated by multiplication with c2
; this yields 

hl(e) - 3 m /1 - cos X \ h ( ) 
- M \ ar(c) l 0 e (64) 

Elimination of hl(e) from (63) and (64) gives a differential equation for 
ho(e) which is easily solved by quadrature; the result is 

[ 
m l c 

/1 - cos X\2 ] 
ho(e) = exp -3 M 0 \ ar(c) / c de (65) 

Except for the dependence on the angular law of scattering this formula 
may be found in the literature.4 Its most important special cases are 
obtained for r = const (Pseudo-Maxwellian distribution) and 
r = const/c (Druyvesteyn distribution). 

The derivation of (65) should be completed by a proof that indeed 
h2(e) is small compared to hl(e). This is not true for all values of c; on 
the contrary, the argument below shows that near the origin where 
e f""V ar(e), h2(e) is actually comparable to hl(e). For our purposes, however, 
it is sufficient if it is true in the overwhelming majority of cases. As the 
proof applies equally to all h/s we will run it in this manner. Assuming 
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provisionally that 

hp+1 « hI' « hp- 1 

we see that we can drop the terms in hp+1 in the system (47). The integral 
in (47) is evaluated in zero order with the help of (61) and (62); it 
becomes then 

;(~? . ~ 1011" Pp (cos x)II(x) sin X dx 

This means that we may solve explicitly for hp(c) in terms of h,,_l(C). 
The formula is 

_ dhp_1(c) + v-I h,,_l(e) 
hp(c) ~ __ v_ de. e 

2v - 1 /1 - Pp (cos x)\ 
\ ar(c) / 

(66) 

To estimate the order of magnitude of this we may neglect P., (cos x) as 
compared to 1 and assume v large. The operation in the numerator will 
lead to two kinds of terms: some of the form 

and others of the type 

coming from differentiation of an exponent of the type (65). Now we 
find from (65) that the overwhelming majority of particles have speeds 
e which in order of magnitude satisfy 

(67) 

because this is the range within which the exponent remains comparable 
to 1. Applying this to the two types of terms arising from (66) we find 
for them in order of magnitude 

and 

m C (m)1/2 
ar(e) M {(ar(e)}2 h,,_l(e) I'"">J M h,,_l(e) 
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If we substitute this into (66) we see that the h/s decrease as (m/M)! ", 
with a possible vI slowing up the final convergence. In any case h2(e) 
comes out small compared to hl(e) which is all that is needed to make 
equation (65) approximately correct. 

While the case of small m/.LVI is generally known it appears to be other­
wise for large m/M. The intuitive basis for the solution of this case is 
the fact observable from (52), (57) and (59) that (e) increases indefinitely 
with m/ M, but that the relative deviation from the mean decreases so 
that the distribution function approaches a 8-function. The structure of 
this limiting function may be explored, starting directly from (40), 
because in the limit of large m/}.II the sphere of integration shrinks as 
may be verified from (37). This makes it possible to replace the integral 
in (40) by differential terms. This becomes clearer if (40) is written in 
the form 

a ah(e) = ~ 111" n(x) sin X dx ~ 1211" dw {(~)3 h(e') _ h(e)} (68) 
aez 2 0 27r 0 e T(e') T(e) 

Let us call the inner average Sf. It exhibits the differential properties 
discussed earlier: the curly bracket is the difference of two terms which 
are almost identical. Hence we approximate the value of Sf by expanding 
the slowly varying terms to first order in e' - c, while the fast varying 
h(e') will be expanded to square terms. This expansion is obviously 
permissible for everything except the rapidly varying function hee'). 
For h(e') itself no justification can be offered except success. By proceed­
ing to square terms in this expansion we mitigate any possible error com­
mitted, but it is quite possible that structural details are lost in the 
procedure. 

The development of Sf is straightforward. We proceed as follows 

1 1211" { (( ')3 1 1) (')3 1 } Sf = 27r 0 dw h(e) ~ T(e') - T(e) + ~ T(e') (h(e') - h(e)) 

{(e')3 II} 1 1 1211" , 
~ h(e) c T(e') - T(e) + T(e)· 27r 0 dw {h(e) - h(e)} 

The expansion of the first term involves only (41) which to this order 
reads 

e' - c ~ e M (1 - cos X) 
m 

This formula does not contain the azimuth w which therefore disappears 
trivially. In the second term on the contrary we are dealing with a 
vectorial difference involving all three polar coordinates e', K, w of e'. 
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If we set 

c ~ = c' sin K cos W 

c~ = c' sin K sin w 

, , 
cr = C cos K 

we find 

h(e') - h(e) = ah(e) c~ + ah(e) c~ + ah(e) (c; _ c) + ~ a2
h(e) c? 

ac~ aC1/ aCr 2 ac~2 

+ ~ a2
h(e) C'2 + ~ a

2
h(e) (c' _ C)2 + a

2
h(e) c' c' 

2 ac 2 1/ 2 ac2 r aCtaC ~ 1/ 
" r " 1/ 

With the formulas given, integration over w is elementary. We find 

g ~ h(c) {(~)' T(!') - Tte)} + )e) {il:~;) (e' cos K - e) 

+ 1 (a
2
h(e) + a

2
h(e») ,2 . 2 + 1 a

2
h(e) ( , )2} -- --- --- c SIn K -- --- C cos K - C 

4T(C) ac~2 ac,,2 2T(C) acr2 

All coefficients are to be evaluated only to the lowest non-vanishing order 
in M/m. From the equations (41) and (42) we get 

c' cos K - C ~ (M/m) c(1 - cos x) 

The first term in g is simplified further by introduction of the parameter 
a used in the dimensional analysis of Section ID. According to that 
section we have that 

d .enT(c) = -1 + a 
d .enc 

(69) 

We can generalize the original definition for any T(C) by the above 
equation, where a is now a function of c. Eliminating also the tempo-
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rary device of a ~, 7], r coordinate system we find for g: 

g = M (4 _ a(c»(1 _ cos x) h(c) + M (1 - cos x) {cx ah + Cy ah 
m T(C) m T(C) acx aCy 

+ Cz ah} + (111)2 sin
2 

X r a2
h + a

2
h + a

2
h l 

acz m 4T(C) 'lacx2 aci aCz2 ) 

+ (111)2 2(1 - cos X)2 - sin
2 X c {cx ~ + c ~ + c. ~} 

m 4T(C) acx y acy ~ acz 

• {~ah + 9! ah. + ~ ah} 
e aex e acy e aez 

If the last term is evaluated exactly terms of the order (Mlm)2 are 
added to the first derivative terms in h( c). They are obviously negligible. 
Finally integration over X yields the following form for equation (68) 

a ah(c) = (g) = 111 1\1 - cos X\/{ 4 _ a(e)} h(c) 
acz m T(C) 

+ 111 II - cos x\ t c. ah + ! (M)2 Isin
2 

X\ c2 t a
2
h (70) 

m \ T(C) I i=l 1 aCi 4 m \ T(e) I i=l aCi2 

+ ~ (M) 1(1 - cos x)(l - 3 cos x)\ t CiCk a2h 
4 m \ T(C) I i,k=l aCiaCk 

When equation (70) is considered up to linear terms in Mlm it yields 
a a-function about the drift velocity (cz ) which results from the implicit 
equation 

( ) _ m / I 1 - cos x\ 
Cz - - a \ I M T(C) C=(Cz ) 

(71) 

The a-function takes here the aspect of a non integrable function which 
in a special case can be seen to equal 

h ~ { 2 2 ( (»2}-3/2 ~ Cx + Cy + Cz - Cz 

When normalization is imposed on such a function it is made to vanish 
everywhere except at the point corresponding to the drift velocity. 

The square terms in Mlm are necessary to gain information about the 
functional form of h(c). Since the region in velocity space in which h is 
appreciable is still small we may take a as constant in that region. A 
further simplication results from order of magnitude considerations 
on c: 
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In working out the details we see that division by 

M 11 - cos x) 
m \ 7(C) 

puts the first two terms on the right hand side of (70) in a simple form. 
The coefficient of the field term becomes then 

am 

Mil - cos x\ 
\ 7(C) / 

The first factor is just (Cz ) by the identity (71). For the second factor we 
have up to linear small terms 

. C = vi c; + c; + c; = V c; + c; + ( cz) + Cz - (cz») 2 

~ (cz) {I + Cz - (cz)} 
(cz) 

and hence for the coefficient of the field term 

After division by 

)111 1 - cos x\ 
m \ 7(C) I, 

the square terms still contain another small factor M 1m; it appears 
sufficient, therefore, to keep only the leading terms which are the ones 
containing (cz? as factor. All these terms are multiplied with the ratio 
of two angular averages over dx; these may be taken as independent of 
C to a good approximation. Equation (70) thus takes the form 

(4 - a)h(c) + Cx ah(c) + C
y 

ah(c) + (2 - a)(cz _ (cz») ah(c) 
a~ a~ a~ 

Isin
2 x\ 

+ ! M \-7-1 (c
z
? {a 2

h(C) + a2
h(C)} 

4 m II - cos x\ ac; ac~ (72) 

\ 7 I 
1(1 - cos x)\ 

+ ! M \ 7 I (c
z
? a2

h(c) = 0 
2 m 1(1 cos x)\ ac; 

\ 7 I 
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The equation can be solved explicitly in Cartesian coordinates by the 
method of separation of variables. The result is 

[ 

/1 - cos x\ 
h( ) - 2 m \ 7 / c; + c; e - exp - - ---

M /sin2 x\ (Cz/ 
\-7-/ 

- (2 -

/1 - cos x\ l 
) m \ 7 / (Cz - (CiS») 2 

a M /(1 - cos X)2\ (cz/ J 
\ 7 / 

(73) 

This is a Maxwellian distribution with elliptic distortion and shifted 
origin, that is, the type shown in Fig. 1 (b). 

The result (73) indicates the main features of the solution for heavy 
ions. Because of the neglect of derivatives higher than the second in 
h(e/) it is not certain that (73) is correct in all details, even in the limit 
of very large m/M. 

lID. THE CASE OF EQUAL MASSES; IONS TRAVELLING IN THE PARENT GAS 

The developments of the previous section show that if the ion mass is 
either large or small in comparison to the molecular mass, analytical 
methods can be applied successfully to determine the velocity distribu­
tion of the ions. No such possibility was found for the mass ratio unity, 
which one would judge to be of particular interest because it applies to 
ions travelling in the parent gas. There exist isolated fragments of such 
an analytical theory; for instance, if we assume isotropic scattering in 
(46), that is II(x) = 1, then the zeroth equation (46) becomes explicitly 
integrable and yields 

hn(c) = - ~ a7(c) dh1(c) 
3 de 

(74) 

This is a curious reversal of the differential relationship (63) derived for 
electrons and implies a rather strong condition on the structure of 
l/,J(c). However, I have not been able to consolidate these fragments into 
something which can be used successfully in computation. The high 
field distribution function for mass ratio unity appears, however, suffi­
ciently interesting to warrant the use of other methods. 

A numerical determination of the velocity distribution function was 
undertaken in cooperation with R. W. Hamming by the so-called 
Monte Carlo method. The Monte Carlo method is a way of gaining 
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statistical information about a system by following an individual member 
through a large number of random processes. The result of such a pro­
cedure is knowledge about one member of the assembly for a long period 
of time. Time averages of various kinds can be obtained from such data; 
these time averages are then set equal to instantaneous averages over the 
assembly, in accordance with ergodic theory. In our case, an ion was 
followed through 10,000 collisions. On an average, the collisions were 
isotropic in the center of mass system (II(x) = 1) and obeyed a mean 
free time condition T = const. Actually, both the free time and the scat­
tering angles varied from collision to collision; the angles varied in a 
random fashion over a unit sphere and T was random within an ex­
ponential distribution. 

A Monte Carlo calculation of this type consists of three parts. In the 
first part the random numbers having the required distributions are 
obtained and recorded. In the present problem there were three such 
random numbers required for each collision, namely a time and two 
angles. These numbers were placed on 10,000 IBM cards, along with 
suitable identification. In the second part a calculating machine simulates 
the successive collisions and keeps a record of the initial and final veloci­
ties for each one. The third part consists in analyzing statistically the 
numerical material accumulated in the second. For the first part of the 
calculation particular values must be chosen for the acceleration a and 
the mean free time T. These values were 

a = 1 

T = loglO e = 0.43429 

However, the dimensional analysis of Section ID shows us at this point 
that these two constants enter into the problem only through their 
product aT which scales all velocities. It is therefore convenient at the 
statistical stage to remove these factors and to analyze the results in 
terms of a dimensionless variable which by (26c) we take in the form 

c 
W=­

aT 
(75) 

In view of the a priori information for mean free time problems which 
is gathered in Section IIB we can use the statistical data from the 
Monte Carlo calculation in two ways. We may (a) che~k the numerical 
computation itself or (b) gain new information not available otherwise. 

(a) The check of the numerical calculation by statistical analysis 
proceeds as follows. From deductive reasoning we have obtained the 
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averages (52), (54) and (57) for Cz , c; and c; . These formulas ought' 
to be verified in the Monte Carlo calculation. This is indeed approxi­
mately true. A sampling covering 9492 out of the 10,000 collisions gives 

by Monte Carlo by deduction 

(wz ) 1.912 2 

(w;) 0.801 
8 
- = 0 889 9 . 

(w;) 5.165 
56 
- = 6.222 
9 

The agreement is essentially there but deviations are noticeable. In 
judging these we have to realize that fluctuations are quite large in this 
problem. For instance if the calculation is broken down into ten runs of 
approximately 1,000 events each one finds the following time averages 
for the partial runs: 

(Wz) (w~) (w~) 

1.821 0.837 4.453 
1.975 0.748 5.531 
1.915 0.785 5.132 
1.954 0.829 5.441 
1.868 0.731 4.794 
2.003 0.807 5.581 
1.766 0.793 4.811 
1.962 0.827 5.360 
2.003 0.901 5.471 
1.914 0.727 5.200 

predicted 2.000 0.889 6.222 

Among these runs there are some having averages higher than the pre­
dicted values, but the data clearly show that the Monte Carlo averages 
are generally lower. In the search for reasons it was first felt that perhaps 
the desired mean value for T is not actually reached, perhaps through 
systematic errors introduced by the operator when rejecting certain 
runs. This seems indeed to be the case. The mean free time obtained 
from the 9492 runs mentioned above is 

T = 0.4269 

which is slightly low. Indeed it is observed that the runs with high T 

were particularly troublesome in the calculation and were preferably 
rejected by the operator. It seems doubtful however that this error 
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. could account for the entire discrepancy, particularly in the mean 
squares, although it must be emphasized that the runs with high T make 
a more than proportional contribution to the total average. The angles 
of scattering have not been subjected to a similar analysis so that we 
cannot make a statement whether the aimed at isotropy in the law of 
scattering was realized or not. We conclude therefore by saying that 
while the Monte Carlo calculation gives results in general agreement 
with the deductive theory there are small but noticeable systematic 
errors in it whose origin is only partly explained. Similar errors must 
exist in the new results which cannot be compared with theoretical 
predictions. 

(b) In this part we will discuss the velocity distribution function which 
may be constructed from the Monte Carlo results. In constructing such 
a function we make use of the fact that, between collisions, the velocity 
is accelerated at a uniform rate. Thus, in each period between two 
collisions, the velocity vector traces out a straight line parallel to the Wz 

axis covering equal distances in equal times. The Monte Carlo calculation 
furnishes us with a number of such straight lines as shown in Fig. 11. The 
density of these straight line tracks in velocity space is the velocity 
distribution function. The actual procedure used to obtain it was to lay 
a grid with a mesh of 0.23 in a half-plane with coordinates Wz and 
Wp = V w; + w~ and to count the number of lines crossing each hori­
zontal square edge. When the resultant count is converted to density 

Wz 

I I 
1 

0 

wp = .yW 2 +W 2 
X Y 

Fig. 11 - Straight line pattern in the Wz - We half plane from which the veloc­
ity distribution is constructed; the Monte Carlo calculation furnishes the initial 
and final velocities (dots and rings). 
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and normalized to 1 we get a distribution in the Wz - Wp half plane which 
is shown in Fig. 12. Division by 27l"wz will transform it into a conventional 
distribution function in velocity space; a plot of this function is shown 
in Fig. 13. What distinguishes this distribution function from functions 
previously proposed is the elongated probability contours. This feature 
is not unexpected in view of the unequal energy partition apparent in 
the equations (58) and (60). 

The probability contours shown in Figs. 12 and 13 give a reliable general 
picture but we must not expect from them fine detail. Indeed we will 
now prove that the distribution function is infinite along the entire 
positive cz-axis, a feature which is not obvious from inspection of Fig. 13. 
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Fig. 12 - Motion of ions through the parent gas in a high field; distribution of 
velocities in the w. - wp half plane resulting from the Monte Carlo calculation. 
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Fig. 13 - Velocity distribution function of ions moving through the parent 
gas in a high field; contours constructed from the Monte Carlo results of Fig. 12. 

A simple physical proof of this statement goes as follows. Suppose an 
ion and a molecule make a collision which is almost central, but has a 
small impact parameter b. The collision will bring the ion almost to rest 
because the atom was originally at rest by hypothesis. Because the col­
lision was not quite central, however, the ion will have a small residual 
velocity Cf at right angles to its original velocity Ci . For any reasonable 
law of scattering this quantity Cf will be proportional to Ci and to b. 

Cf cc ci·b 

The probability for a value of b between band b + db is proportional 
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to b db. Thus even if all c/s were equally probable the probability for 
Cf would vary as Cf dCf . Actually very small c/s may be specially probable 
as the theorem states and this fact mayor may not increase the prob­
ability for small Cf. This means that P(cf)dcf probably varies as C~Ch and 
may perhaps even contain a smaller power of Cf . vVhen such a probability 
function is plotted in velocity space it will vary as 1/ Cf • Thus we know 
that the distribution function ep( c) for ions immediately following a col­
lision has a singularity at the origin at least as 1/ Cf . The actual distri­
bution function h(c) is derived from this one by spreading each point 
out in the forward direction as shown in Fig. 11. For the mean free time 
case we can write-this out explicitly in the form 

1100 

.! h(e) = - ep(e - at) e-r dt 
r 0 

(76) 

For the case of a mean free path or other laws the formula is more awk-
t 

ward but they all differ from the above only in replacing e-:r by a more 
complicated weight function. The singularity of h arises out of the singu­
larity of ep which contains at least a factor 1/ vi c; + c~ + (cz - at)2. 
Along the cz-axis, this become a factor I/(cz - at); this factor makes the 
integral diverge for all positive Cz ; as we approach the origin from nega­
tive cz's the distribution function will become infinite at least as en I/cz • 

The reasoning given is intrinsicly classical because of the use of "in­
finitely small" impact parameters. We should not hasten to conclude, 
however, that the quantization of the angular momentum will necessarily 
remove the singularity. Indeed we know that the only mechanical 
information which has to be put into the Boltzmann equation (31) is the 
differential cross-section for scattering. If this quantity does not differ 
essentially in the 1800 direction from a classical cross section then it 
will not modify the conclusion we have reached. 

Conclusions which are more informative, but less "anschaulich" may 
be obtained from a study of Boltzmann's equation either in its closed 
form (34) or (40) or its "Legendre" form (46) or (47). In view of the 
proof given we will give only an outline of the reasoning. First we can 
remove the second term in (40) by the substitution 

h(c) = exp [ - t a~~~)J h*(c) 

The exponential is easily seen to be always positive and finite for finite c. 
The Boltzmann equation then takes the form 

exp [- 1cZ 

dcz ] a ah* = ~. (an integral) 
o ar(c) acz c 
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For equal masses the integral on the right runs over a plane in velocity 
space. Its integrand is always positive; hence the integral can never 
vanish and is always positive; it is conceivable that it could be infinite 
for a special position provided the infinity is integrable. Such an infinity 
would only make matters worse. At any rate the equation shows that 
h*(c) increases monotonely with increasing Cz • When we approach the 
origin from negative Cz we get a logarithmic divergence (or worse). As 
the function h*(c) can nowhere decrease with increasing Cz the infinity 
along the positive Cz axis is confirmed and its logarithmic nature is made 
very likely. 

Information obtainable from equation (46) confirms this conclusion. 
Lowest powers in the entire recursion system can be made to cancel by 
assuming that for small c 

ho I'V -Atnw 

i>O 

with suitable relationships existing between these quantities. 
A defect of all three approaches is that they give no information 

concerning the nature of the infinity for Cz > O. One is tempted to 
conclude from Fig. 13 that it cannot be very strong. Something like a 
singularity is discernible at the origin, particularly if the contour 0.1 is 
drawn back to cut the w~-axis at a negative value; this is perfectly com­
patible with the available information. For large positive Wz , on the other 
hand, the picture almost contradicts the theorem just proved. One -con­
cludes from this that the singularity, for large Cz , becomes a weak and 
narrow ridge rising more or less abruptly in an otherwise well behaved 
function. 

IIE. THE CASE OF EQUAL MASSES; A NEW COMPUTATIONAL PROCEDURE 

The foregoing sections have accumulated substantial evidence that 
there are many analytical details involved when one discusses the 
structure of a velocity distribution function. These details are of little 
interest to the experimenter who may want nothing but a formula for 
the drift velocity or the average energy. In view of this situation it 
appears very desirable to find a method whereby such quantities can be 
derived directly and accurately from the Boltzmann equation without a 
full knowledge of the entire distribution. 

Maxwell's original work shows us how to achieve this for molecules 
obeying the mean free time condition of Section lIB. In the following, 
a general method is described which will permit determination of such 
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averages for an arbitrary law of force between the ions and the gas 
molecules, and an arbitrary mass ratio. The application will be limited 
to the case of the mass ratio 1 whose study was begun in the preceding 
section. 

The basis of the method is an observation on the equation system (46) 
or (47), which is the form taken by the Boltzmann equation after in­
serting the Legendre decomposition (43). It would appear at first sight 
that these recursion relations are of such a structure that an arbitrary 
function ho(e) could be substituted into the "zeroth" equation and that 
the relations would then successively determine hI , h2, h3 . . • . Upon 
closer inpsection this is found not to be the case. Suppose we have 
obtained somehow functions ho, hI, h2 ... hn and we are trying to use 
the nth equation to determine hn+l . This equation is of the form 

dhn+l n + 2 h k . 1 -d- + -- n+l = nown materIa 
e e 

(77) 

We solve for hn+l by multiplying with en+2 and integrating. This gives 

en+2hn+1(e) = fe (known material) de 

The left-hand side is of such a structure that it must vanish both for 
e = 0 and e = 00. It follows that the right-hand integral when taken 
between the limits 0 and 00 must equal zero. This condition is indeed 
obeyed for any ho(e) when n = O. The integral condition reads in this 
case 

1 100 

2 17r () . ho(e') (C')3 100 

ho(c) 2 - e de n X SIn X dx --, - - -- e de = 0 
2 0 0 T(e) e 0 T(e) 

If we invert the order of integration in the double integral, then intro­
duce e' as variable of integration by equation (41) and finally invert 
again this becomes 

[ ~(~; e' de [~ { IT (xl sin X dx - 1] = 0 
This equation is trivally obeyed because the square bracket vanishes in 
virtue of the definition of n(x). For values of n higher than 0, the in­
tegrability condition deduced from (77) is not generally obeyed for any 
function ho(e). Such a statement may be proved by examples; these 
examples will arise in the course of the calculations to follow. Thus 
we find that except in the passage from ho(e) to h1(c), the recursion system 
is such that at each stage it imposes a condition upon the h/s already 
determined if the new hn+l(e) is to exist at all. With such an infinity of 
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conditions one can improve indefinitely an initial trial function assumed 
for ho(c). 

The integrability conditions whose general structure is thus indicated 
have actually already been written down. They are the equations (49) 
for the special case s = P. Generally speaking, the relations (49) are also 
of the recursion type, permitting us to start with arbitrary averages 
(c8

), and computing successively (CSPI (cos if) etc. At every stage, how­
ever, there is the exception mentioned: the equation for which s = v 
has no third member, and therefore it imposes a condition upon averages 
already known from the previous equations. We shall refer to this type 
of equation as a "truncated" relation. 

It is reasonable to assume that l/r(c) can be developed into a power 
series in c because it equals the known constant polarization value for 
c = O. If this can be assumed then each truncated relation s = v is 
equivalent to a unique relation among velocity averages involving 
ho(c) only. One obtains this relation by applying to each member in the 
truncated relation its own recursion formula and repeating this process 
until v is brought down to zero. This process will never lead into another 
truncated relation s' = pI because at each step s' increases by at least 
two units with respect to v'. 

In order to test the method for a known case, it will be applied first 
to the case of constant mean free time. This case is adequately described 
by the theoretical treatment of Section IIB and the Monte Carlo 
calculation of Section IID. We have seen that the equations (49) reduce 
in this case to the form (51) which dovetails as shown in Fig. 9; this 
dovetailing leads to explicit values for certain averages as shown in 
Fig. 10. A "computational method" is only needed when one tries to get 
an average outside this selected list. In the present case the reduction of 
the truncated relations to a condition on ho(w) is particularly simple as 
is seen from Fig. 9. A singular relation which starts out as between 
(C"-lp,,_l (cos if) and (c"Pv (cos if) actually yields the numerical value 
of the latter because the former has been obtained numerically in a previ­
ous stage. This numerical value yields in combination with previous 
information (C,,+lp,,_l (cos tJ), (C,,+2P,,_2 (cos tJ) etc and finally (c2

"). 

Thus we end up with the set of even moments 'of ho(c) which may be 
used in succession to determine ho(c) more and more closely. There is no 
guarantee that this procedure converges mathematically, since the 
general theorems usually require the knowledge of all integer moments.20 

20 Shohat, J. A., and J. D. Tamarkin, The Problem of Moments. Am. Math. 
Soc., 1943. The original three-dimensional formulation appears a little more 
favorable for a proof because, in this case, we know indeed all integer moments. 
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The justification for the method rests therefore on an empirical basis at 
this point. 

Assuming isotropic scattering, as in the "Monte Carlo" calculation 
we express our results in terms of the dimensionless variable w defined 
in (75). The equation system (51) becomes then 

(2v - 1)(1 - (Is,,,(x») (8, v) = 

= v(v + 8 + 1)(8 - 1, v - 1) + (v + l)(v - 8)(8 - 1, v + 1) 
(78) 

where the abbreviation (8, v) has been introduced for (WSP" (cos· {J» 
and the quantities (Is,,,(x» are simple numbers computable from (48b) 
and the assumption of isotropic scattering. The first truncated relation 
is 8 = v = 1. It yields 

(I, I) = 2 

Reducing it with the relation (78) for which 8 = 2, v = 0 we get 

(2,0) = 8 

The next truncated relation is 8 = v = 2, which yields 

and the reduction gives 

Similarly in the next stage 

(2,2) = ~6 

(3, I) = ~2 

(4,0) = 184 

(3,3) = 1~8 

(4 2) = 18112 
, 133 

(5 1) = 421600 
, 399 

(6 0) = 3372800 
, 399 

(79) 

(80) 

(81) 

As an example of an average which cannot be had explicitly we may 
take the mean absolute value of the speed, that is (I, 0). We find this 
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value by picking a sequence of trial functions for ho(w) with the ap­
propriate number of parameters and imposing successively (79), (80) and 
(81) upon this sequence; this leads us to a sequence of values for (w) 
which. ~an then be examined. In such a procedure careful consideration 
of the trial functions is an important element. The following information 
is available. It was proved in Section lID that ho(w) is logarithmically 
infinite at the origin. At infinity, on the other hand, knew) falls as e-w 

times some power of w. One way to check this is to drop the terms con­
taining lie as factor in (46); the solution of the recursion system becomes 
then 

where k is some unknown exponent. Armed with this fore-knowledge, 
we shall use the following sequence of trial function for ho(w) 

ho(w) = pEi(w) + qKo(w) + re-w + swK1(w) (82) 

where 

Ei(w) = 100 

e-
U 

du 
W u 

and Ko( w), K 1 (w) are the modified Hankel functions of order zero 
and 1.21 

We find in zeroth approximation from normalization only 

(w)(O) = 2.2500 

in first approximation, using (79) 

5 
6 

4 
9 

(w)(1) = 2.3818 

(83a) 

(83b) 

21 This definition, which is in accord with the tables of Jahnke-Emde, differs 
from the usual one by a factor 2/7r. This change is suggested by Watson, Bessel 
Functions, p. 79, and proves convenient in the following. 
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in second approximation, using (79) and (80) 

P
(2) 

- 12 
7 

32 
45 

1 r(2) = __ 
20 

(W)(2) = 2.3858 (83c) 

and in third approximation, using (79), and (80) and (81) 

p(3) 3079 
- 7980 

q(3) 202544 
- 209475 

r(3) 2507 ---
18620 

(3) 3152 
S = 209475 

(w? = 2.3864 (83d) 

Appearances indicate strongly that the sequence (83) for (w) approaches 
a limit which one would guess to be 

(w) = 2.3865 (84) 

More evidence that the conclusion drawn is correct can be obtained 
by using the set of trial functions 

ho(w) = pKo(w) + qe-W + rwe-w 

We find then the following sequence of values for (w). 

(w/O) = 2.546 (w/1
) = 2.395 (W)(2) = 2.388 

This descending sequence confirms (84) by approaching this same value 
from above. 

Further evidence for the correctness of the procedure can be obtained 
by deriving a function ho(w) from the Monte Carlo function hew) dis­
cussed in Section IID and comparing it with our trial function. The 
function was constructed by covering Fig. 13 with a grid of concentric 
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circles and horizontal lines and replacing the integration 

i}=7r 

ho(w) = 271" 1=0 hew) d (cos tJ) 

by a summation over grid points. The function ht(w) so obtained is 
compared in Table I with ho(O) (w), ho(1)(w) and hO(2)(W) as defined by 
(82) and the numbers following. We observe that the first approximation 

TABLE I 
Comparison of the Monte Carlo ht(w) for ho(w) with successive approximations 

obtained by the new method. 

w ht(w) h£O)(w) It£l)(W) It£2)(W) 

0 00 00 00 

0.5 0.74 0.8397 0.7281 0.7144 
1 0.29 0.3291 0.3019 0.3002 
1.5 0.15 0.1500 0.1438 0.1440 
2 0.081 0.0734 0.0730 0.0733 
2.5 0.0412 0.0374 0.0384 0.0387 
3 0.0199 0.0196 0.0207 0.0208 
3.5 0.0118 0.0105 0.0114 0.0114 
4 0.0063 0.0057 0.0063 0.0063 
4.5 0.0030 0.0031 0.0035 0.0036 
5 0.0014 0.0017 0.0020 0.0020 
6 0.0004 0.0005 0.0007 0.0006 
7 0.0001 0.0002 0.0002 0.0002 

is an improvement over the zeroth one, while the second one makes little 
difference, considering the accuracy to which ht(w) is given. In indi­
vidual cases the sequence drifts away from h! (w ); this is not surprising 
because the latter function is very rough; this is to be expected from its 
mode of derivation. 

The application of this method to the hard sphere model of ion-atom 
collisions offers no new feature of principle. The actual working out of 
results is somewhat more complicated, mainly because the connection 
diagram for the recursion system (49) is more involved. According to 
equation (26b) the dimensionless variable to be used in this work is 

c 
w---
-~ 

(85) 

We denote its averages (W8pv (cos iJ) by (8,11) as previously. The equa-
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tion system (49) then takes the form 

(2v + 1)(1 - (l8,V(X))( 8 + 1, v) = 

= v(v + 8 + 1)(8 - 1, v-I) + (v + 1)(8 - V)(8 - 1, v + 1) 
(86) 

The numbers (l8,V(X) were already discussed in connection with the 
system (78). What distjnguishes (86) from (78) is the way in which the 
variables are connected; the new connection diagram which replaces Fjg. 9 
is shown in Fig. 14. The truncated relations no longer dovetail into each 
other as they did before. Only the first stage proceeds in a similar way, 
yielding explicit expressions for (2, 1) and (4, 0). In the next stage we 

o 2 3 4 5 

2 

3 

4 

S 

5 

6 

7 

8 

9 • 
0 0 
00 

10 0 • 
Fig. 14 - Interconnection established by the Boltzmann equation among the 

averages (cap v (cos iJ); case of constant mean free path. 
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start out with a relation between (1, 1) and (3, 2). By the use of regular 
recursion formulas we can successively transform this into a relation 
between (3, 0) and (3, 2), then (3, 0) and (5, 1) and finally between 
(3, 0) and (7, 0). Here we have for the first time the normal situation in 
which we do not get the actual value of a moment of ho(c) but only a 
relation between two or more of such moments; the reason for this is 
that the system fails to connect up with (0, 0) which equals unity a 
priori. A similar situation prevails for the next truncated relation; it is 
originally a relation between (2, 2) and (4, 3) and is finally reduced to one 
between (2, 0), (6, 0) and (10, 0). Similarly, the next truncated relation 
reduces to a relation between (5, 0), (9, 0) and (13, 0) and so forth. The 
first three of these reduced relations come out to be 

(W4) = 10 

3(w7
) = 112(w3

) 

2:: (w
6

) = 27(w
2

) + 3~70 (wIO
) 

(87) 

(88) 

(89) 

These formulas will now be imposed upon a sequence of trial functions 
for ho(w) suitably chosen. Again, we may make use of the information 
of Section IID, according to which ho(w) is logarithmically singular at 
the origin. For large w we proceed as previously from (46) leaving off the 
terms of 1/ c. We get then 

hJl(w) f'-1 (2v + l)e-1 w
2
W k 

This suggests the following trial function for ho(w) 

ho(w) = pEi(!W2) + qK oC!w2
) + re-1 

w2 + SW2!(1C!W2) (90) 

The best zero order approximation is actually obtained by the function 
KoC!w2

). We find 

(0) 7f' 
q = 2r2 C%) = 1.04605 

In first order we get, using (87) 

p(I) -0.46543 

q(I) = 1.45285 

In the second order, using (87) and (88) 

p(2) -0.80856 

q(2) = 1.88127 

r(2) = - 0.09804 
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In third order, using (87) and (88) and (89) 

p(3) = -1.15071 

q(3) = 2.37034 

S(3) = 0.02062 

r(3) = -0.29016 

These successive approximations lead to the following sequence for 
the drift velocity (w cos iJ) 

(w cos iJ)(O) = 1.04605 

(w cos iJ)(l) = 1.14256 

(w cos iJ/2) = 1.14616 

(w cos iJ)(3) = 1.14661 

We conclude from this sequence that 

(w cos iJ) = 1.1467 

(91a) 

(91b) 

(91c) 

(91d) 

(92) 

In addition to the drift velocity there is some interest in the energy 
and the energy partition. For the energy the following numbers are 
obtained 

(w2) (0) = 2.1884 (93a) 

(w2
)(l) = 2.3395 (93b) 

(W2/ 2) = 2.3511 (93c) 

(W2
)(3) = 2.3531 (93d) 

giving 

(w2) = 2.353 (94) 

A zero order value for (w2 cos2 iJ) cannot be said to exist because the 
first truncated relation is the condition that a distribution function 
hz(w) exists at all. Thus, we can get only three numbers in a sequence 
approximating (wz cos2 iJ) 

(w2 cos2 
iJ)(l) = 1.8005 

(w2 cos2 iJ/2
) = 1.7696 

(w2 cos2 iJ)'3) = 1.7685 

(95a) 

(95b) 

(95c) 



228 THE BELL SYSTEM TECHNICAL JOURNAL, JANUARY 1953 

giving 

(96) 

We can understand the results (92), (94) and (96) by giving the frac­
tlon of the total energy in ordered motion and the fraction of the energy 
in motion along the z-direction. We find for the first ratio 

(w (~~) 71)' = 0.559 (97) 

and for the second 

(w' <":::)' 71} = 0.751 (98) 

The ratio (97) equals 0.5000 for all mean free time models; the ratio 
(98) is 0.778 for the mean free time model with isotropic scattering. 
Thus, the deviations from the earlier results are not drastic. However, 
in certain derived relations the. difference is more noticeable. For instance, 
a good measure of the anistropy of the diffusion process is furnished by 
the ratio of the random energy along the field to the energy at right 
angles.22 From (97) and (98) we find for this number 

(w
2 

cos
2 

iJ) - (w cos iJ)2 = 1.54 
!(w2) - (W2 cos2 iJ») 

(99) 

For the mean free time case this number equals 2.50. Hershey6 in his 
work assumes this number to be 1.000. 

A comprehensive list of velocity averages is attached in Table II. As 
a comment I may add that the obvious mode of constructing such a 
table, namely by. computing the column v = 0 from (90) and then using 
the recursion system (86) for the others, runs into some difficulty. First 
of all, a series of cancellations reduces the accuracy as v increases; 
finally, at the positions marked "impossible" we find the missing third 
members of the truncated relations. These elements cannot be com­
puted by recursion at all, but would require an explicit solution of the 
equation system (47) for hl'+l(C). In the table, this more arduous path is 
not followed. Instead, the recursion method is used for the numbers in 
italic type and a few numbers are added by extrapolation. The numbers 
so obtained will be needed in Section lVB. 

The calculations on the hard sphere model are immediately applicable 
to the experimental data of Figs. 3 to 7, which exhibit the drift velocity of 

22 See below, equations (147) and (165). 
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the noble gas ions in the parent gas as functions of the parameter a/No 
These data have a high field range in which the drift velocity varies as 
the square root of a/No This is the variation for a model with constant 
mean free path, as seen from the dimensional formula (26b). It was 
indicated furthermore in the Section IA that we have good reason to 
think of the scattering between an ion and an atom as nearly isotropic.23 

These two features characterize uniquely the hard sphere model whose 
treatment we have just completed. To the extent that they are verified 

TABLE II 
Dimensionless high-field velocity averages (8, v) for the hard sphere model 

and mass ratio unity. 

p 0 1 2 3 4 

S 

0 1.0000 0.7845 impossible 
1 1.3923 1.1467 0.8022 impossible 
2 2.3534 2.0000 1.4759 0.990 impossible 
3 4.5868 3.9853 3.0578 2.134 
4 10.0000 8.8353 6.992 5.0602 3.474 
5 23.912 21.405 17.330 12.84 
6 61.847 55.97 46.177 35.36 
7 171.241 156.3 130.91 
8 503.7 462.81 
9 1563 1445 

10 5090.9 4750 

the model is applicable to the experimental data. The formula to apply 
is (92) in combination with (85): 

(cz) = 1.1471 ;cr (lOa) 

In the logarithmic plot of (cz) vs a/N the intercept of the straight line of 
slope 1/2 which fits the high field data thus equals 

1.147 
log y;. 

The values for cr which result from this are shown in Table III. For 
comparison are shown the corresponding atomic cross section as deter­
mined from viscosity data.24 It is interesting to observe that the ratio of 

23 A quantitative discussion of this point for the polarization force will follow 
in Section IIIB. 

24 Landolt-Bornstein, 1950 edition, Vol. I, part 1, page 325. 
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the two retains very nearly the constant value 3 throughout the table. 
The fact that the ratio is substantially larger than unity is explained 
by the resonance feature of the ion-atom scattering process as discussed 
in Section IA. The fact that it is constant is perhaps an indication of 
the fact that both processes are governed by overlap conditions of 
essentially the same wave functions. 

I would like to point out in connection with the calculations of this 
section that the method developed is potentially of very wide applica­
tion. One question that comes up, for instance, is whether a careful 
kinetics calculation is necessarily restricted to certain models or whether 
an ion-atom cross section known numerically could be used to derive 
therefrom kinetic properties. This is indeed possible. Suppose, for 
instance, that the cross section o-(c) were available as a function of C for 
collision of He +-ions and He-atoms and suppose that this cross section 
were to satisfy the condition of isotropy n(x) = 1 to a good approxi-

TABLE III 
Cross sections for ion-atom and atom-atom collisions for the noble gases. 

Gas ion-atom cross section X 1016 cm2 atom-atom cross section X 1016 cm2 

lIe 54 15.0 
Ne 65 21.0 
A 134 42.0 
Kr 157 49 
Xe 192 67 

mation; we may then derive for this eventuality conditions on ho(c) 
which are more general, respectively, than (79) or (87), (80) or (88), (81) 
or (89). Since we are outrunning here the experimental evidence we shall 
limit ourselves to the derivation of the first of these relations. The first 
truncated relation is exactly (50a) which, for isotropy and equal masses, 
reads 

/ Cz \ _ 2 
\ar(c)/ -

(101) 

The reduction of this formula to a condition on ho(c) requires the rela­
tionship v = 0 of the set (46). This relation is always integrable to 
yield hl(c) in terms of ho(c), as was pointed out early in this section. 
For the special circumstances assumed the integrated equation is 
equation (74) 

(102) 
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The elimination of hl(C) is achieved by forming the average (101) on the 
function (102). This leaves the required condition on ho(c); it may be 
given the following form 

j\o-(c) l c 

-/0-(')') d')' \j = 2 a
2 

C 0 N2 
(103) 

The equations (79) and (87) are manifestly special cases of this more 
general relation. Adaptations of this procedure to other cases are clearly 
possible whenever the need arises. 

The calculations of this section are meant to suggest that it is possible 
to compute reliably average values from a Boltzmann equation without 
solving it completely. The method employed here for this purpose 
resembles a Ritz method in that it works with trial functions which must 
be guessed at, and like that method it is capable of indefinite improve­
ment. The numerical results suggest strongly that we are converging 
toward a definite answer; however, a mathematical proof of this fact has 
not been presented. The method will be applied once more in the section 
on diffusion. 

PART III - MOTION OF UNIFORM ION STREAMS IN INTERMEDIATE FIELDS 

IlIA. A CONVOLUTION THEOREM 

Whenever we deal with the motion of a given type of charged particle 
in a gas of given composition, then there exists a wide range of densities 
nand N as discussed in Section IA in which the motion of these particles 
depends only on a/N and kT. For this range the motion is governed by 
equation (13). Since deriving that equation, all our efforts were dealing 
with the "high field" equation (34) or (40), in which the gas temperature 
is taken to be zero and the electric field often scales out, as in (26), (75) 
and (85). The accomplished solution of this restricted problem, together 
with the low field solutions available in the literature, brings us back to 
the more general equation (13) and the question what can be done with 
it. The topic of Part III so defined is definitely inferior in importance 
to the one in Part II. For we are studying here an intermediate range 
of variables which can be handled qualitatively, both in concept and 
practice, by some sort of interpolation between the high and low field 
regimes. For precise measurements, conditions can always be chosen so 
as to satisfy one or the other of the two extremes. For this reason the 
intermediate field case will only be pushed as far as it will go con­
veniently, without appeal to numerical methods. 

In this Section IlIA we shall give a complete solution of the inter-
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mediate field problem for the mean free time models discussed in Section 
lIB. This solution is achieved by the following theorem: Given the 
general equation (13) for constant mean free time 

aT af(c) + f(c) = 41 rr M(C')f(c')II(x) dnr, dC (104) 
acz ~ JJ 

and the "high field" equation derived from it by setting the gas temperature 
equal zero 

aT ah(c) + h(c) = 41 rr o(C')h(c')II(x) dnr , dC (105) 
acz ~ JJ 

and the Maxwellian equation derived from (104) by dropping the field 
term 

m(c) = 4~ II M(C')m(c')II(x) dnr , dC (lOG) 

then the solution f(c) of (104) is the convolution of the solution h(c) of 
(105) and the solution m( c) of (106): 

f(c) = I h(u)m(c - u) du (107) 

We carry through the proof by constructing explicitly the equation 
satisfied by the convolution. We replace the running variables c, c', C, 
C' in (105) by U, u/, U, U' and multiply in m(c - u). We get 

aT ah(u) m(c - u) + h(u)m(c - u) = 
auz 

= 4~ II o(U')h(u')m(c - u)II(xu) dn7J , dU 

We now definef(c) by the relation (107), and integrate the above equation 
over u. The second member on the left comes out to be fer). For the 
first member, we carry out an integration by parts: 

I ah(u) ( ) d - I h( ) am(c - u) d --mc-u u- - u u 
a~ . a~ 

= +1 h(u) a(m(c - u)) du 
acz 

= ~ I h(u)m(c - u) du 
acz 

= af(c) 
acz 
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For the right hand member we observe that we have the eightfold 
integration 

dflTl' dU du, 

that is an integration over the collision angles and all final velocity 
components. By a general principle of kinetic theorl5 we can invert in 
this integration the final and the initial quantities and write 

dflTl' dU du = dflTl dU' du' (108) 

This puts us in a position to eliminate the a-function by integration. 
We find 

aT a~~:) + f(c) = :7r II h(u')m(c - u)II(xu) dflTl du' (109) 

with the side condition that u, U, u', U' form a quadruple of vectors 
in the sense discussed in Section IB for which in addition 

U' = 0 

If we substitute (107) into (104), denoting the dummy variable by u' 
instead of u, then the two equations (104) and (109) take on a very 
similar look. A proof of their identity hinges upon proving the identity 
of the integral terms: 

I h(u') du' I m(c - u)II(xu) dflTl 
(110) 

= I h(u') du' II M(C')m(c' - u')II(xc) dflr' dC 

The form of this relation suggests the assumption that the expressions 
are identical before integration over u'; this assumption is proved by 
the events below. The complicated function h(u') thus disappears from 
the problem. The other such function, namely II(x) disappears then also; 
for it is by assumption arbitrary, hence could be replaced by a a-function 
for a fixed, but arbitrary x. The two sides of (110) must therefore be 
equal before we integrate over Xu or Xc , and the two x's are to be taken 
equal and fixed. Defining angles as shown in the spherical diagram Fig. 
15 we thus get (110) in the form 

I m(c - u) dE = II M(C')m(c' - u') d¢ dC (lIla) 

25 See Reference 4, Section 3.52. 
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This is to be true with the side conditions 

c = fixed 

u' = fixed 

u' = 0 

Xc = Xu = X = fixed 

(lUb) 

(U1e) 

(111d) 

(U1e) 

Equation (111) is an identity involving only elementary functions. 
Thus the relation itself is in a sense elementary. Those who wish to 
believe it, may consider the theorem proved; for completeness, however, 
the proof of (111) will now follow. 

Call the left side of (lIla) X, the right side Y. To determine X, we 
substitute from (7) and (llld) 

m , M 
u=M+m u +M+m 17 

with 

2 '2 
1] = U 

Fig. 15 - Definit.ion of the angles occurring in the proof of the convolution 
theorem. 
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because of (9). This yields with the angles as shown on Fig. 15 

X = {' m(c - u) dE = (13;:)'" exp [ - 13mc' 

f.I '2 1112 + m2 + 2Mm cos X + 2f.1 ' m + 111 cos X .f'] 
- fJmu (M + m)2 fJmcu 111 + m cos 't' 

·1" exp [213 Mm: m cu' sin X sin'" cos E] dE 

The integral is evaluated by a formula known from the theory of Bessel 
functions 

1
211' 

eZ 
cos E de = 27r1o(z) (112) 

and yields 

X - ~ (f.I )3/2 [_ f.I 2 _ f.I '2 M2 + m2 + 2111m cos X 
- Y; fJm exp fJmc fJmu (M + m)2 

(113) 
, m + M cos X ] ( 2(3M m ,. . ) 

+ 2(3mcu 111 + m cos 1/; . 10 M + m cu sm X SIn 1f; 

Passing now to the right hand side of (lIla) we may replace in the 
first place de by dy, because of (IUb). c' and C' are then replaced by 
the expressions 

, J.11 111, 
C =C-M+mY+M+m Y 

, M J.11, 
C =C- M+mY-M+m Y 

With the angles defined in Fig. 15, we thus get for Y 

(
(31Vf)3/2 ((3 )3/2 

Y = 7 : exp [- f3Mc2 - (3m(c - U')2] 

·1111 "12 d'Y sin 0 dO do d¢ 

exp[ - (3111"12 + (3M c'Y (cos 1/; cos 0 + sin 1/; sin 0 cos 0) 

m111 , ( .)] - 2(3 M + m u "I cos 0 - cos 0 cos X - sin 0 SIn X cos ¢ 
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Integrations over a and <p again go with (112). Beofore writing down the 
result we shall pass over to a cylindrical coordinate system defined by 

I'll = I' cos () I'.L = I' sin () 

1'2 dl' sin () d() = I'.L dl'.L dl'.L 

The result of the first two integrations then reads 

y = ~ ri(M m)3/2 exp [- 13M c2 - {3m(c - U')2] 
7r 

l:~ d1'11 exp [ - 1'1111'11 + 2{Jlkhll (c cos'" - 111 ",:-' m (1 - cos X»)] 
1 ~ 1'.L d1'.L cxp [,811:[1' 'U . 10 (21'111 C1'.L sin "') . 10 (21' 1I1]j~ m m ,,' 1'.L sin X ) 

The first of these two integrals is elementary, the other is Weber's second 
exponential integral26 which equals 

1~ exp (-p't')Io(at)Io(bt)t dt = 2~' exp (a' 4~' b') 10 (2a;,) (114) 

This yields for Y exactly the expression (113). The identity (111) is 
thus proved, and with it the convolution theorem. 

The theorem just proved reduces the velocity distribution for arbitrary 
field and temperature to two components, one containing the field, but 
not the temperature, the other the temperature but not the field. In each 
of these components, in turn, the variable parameter scales out; thus the 
general distribution reduces to two basic ones one of which is the 
Maxwellian one: the other is worked out partially in the calculations of 
the Sections IIC and lID. The special case of heavy ion mass has been 
published independently by Kihara27 without any apparent knowledge 
of this theorem which was available in the literature without complete 
proof.1 Kihara's form of the theorem is that heavy ions in a light gas 
have an off-set Maxwellian distribution, with the gas temperature as 
parameter if the mean free time condition is obeyed for their collisions. 
Such a function is indeed the convolution of a Maxwellian distribution 
and the a-function discussed in the Sections lIB and lIC. 

The general distribution function resulting from (107) cannot be 
written down explicitly because this goal was never achieved for h(c). 
However we do find a result which is almost a full substitute for this, 

26 Watson, G. N., A Treatise on the Theory of Bessel Functions. Cambridge 
Univ~rsity Press, Section 13.31, 1922. 

27 Kihara, Taro, Rev. Mod. Phys., 24, p. 45, 1952. 
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namely that all averages of products of integer powers of the Cartesian 
velocity components, which were shown to be computable in the high 
field case, can be computed for the intermediate and low field range as 
well. The calculation proceeds as follows. Suppose we wish to compute 
the velocity average 

(115) 

for 1n, n, p integer or zero. We apply the convolution theorem (107) to 
f(c), decompose the three factors into 

c:cm = {u:c + (c:c - u:c)}m 

Cy n = {uy + (cy - uy) r 
c/ = {uz + (cz - uz)} p 

and expand each of them by the binomial theorem. We find 

J h() J.I v 7r d J () m-J.I n-v p-7r d u U:c Uy Uz u m v V:c Vy Vz V 

(116) 

The second integral is a thermal average, the first a high field average 
computable by the method of Section lIB. Thus the average (116) is a 
finite sum of products of computable averages and is itself computable. 

When formula (116) is applied to the averages (52), (53), (54), (57) 
and (59) very simple results are found because of the symmetry of the 
function m(v). For the drift velocity (cz ) we get from (52) 

(cz) = 111 + m/ /1 - cos x\ (117) 
111 \ aT / 

This is the same formula as (52) which is thus proved to hold inde­
pendently of the gas temperature. In the energy formulas we find simple 
addition of the th~rmal and high field values because the middle term in 
(116) drops out by symmetry. Inserting (53), (54), (57) and (59) we find 

(mc2) = 3leT + (M ;2 m)3 / (1 -a~os xy 
(111 + m)3 / M si1l

2 
X + 4m(1 - cos X) , 

(mc;) = leT + \ aT 
M2 /3111 sin2 

X + 4m(1 - cos x)V1 - cos x\ 
1 \ aT /\ aT / 

(118) 

(119) 
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(M + m)2 I M sin
2 

x + 2m(1 - cos X)\ 
kT + 2 \ aT I (120) 

]yI 13M sin X + 4m(1 - cos x)\/1 - cos X\2 
\ ~ 1\ ~ I 

(M + m? Isin
2 

x\ 
kT + 2 \ aT / 

M 13M sin X + 4m(1 - cos x)\/1 
\ aT 1\ 

(121) 

- cos X\2 
aT / 

The interpretation of these formulas is implicit in the discussion of the 
high field formulas given earlier. In particular the combination of the 
equations (55) and (116) can be given the elegant form 

(122) 

It states that the energy of an ion is obtained by adding the energy of a 
gas molecule, the energy visible in the drift motion and a storage term 
which is M I m times the energy in the drift motion; this term becomes 
important for electrons in a gas. A low field approximation to this for­
mula (in which the second term on the right may be neglected) has been 
published in the article of Kihara.28 

IIIB. RESULTS FOR THE POLARIZATION FORCE AND THE ISOTROPIC 

"MAXWELLIAN" MODEL 

The polarization force between ions and molecules which predominates 
over other forces at sufficiently low temperature satisfies the mean fren 
time requirement of the preceding section. It follows that the complete 
theory given for those conditions applies to this force. The magnitude of 
force was given in (4). Its potential equals 

V = ! e
2
p 

2 p4 
(123) 

Classical theory is usually. applicable to the scattering by the potential 
(123) because angular momentum quantum numbers run as high as 30 
or 50 in normal situations.29 This classical type theory, first developed by 
Langevin,30 follows standard elementary mt~thods for computing the 

28 Reference 27, formula 5.12. 
29 Holstein, Theodore, private communication j see also Reference 11. 
30 Langevin, Ann. de Chim. et de Phys., 5, p. 245, 1905. 
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angle of deflection X due to a potential of the type (123). The result is 

rUl du 
X = 7r - 2 Jo {I 2 e2P(M + m) 4}1/2 (124) 

1)2 - u + Mmb2'Y2 u 

Here b is the "impact parameter", and Ul is the lower of the two positive 
roots of the polynomial in the denominator; if the polynomial has no 
real root, the integration goes from 0 to 00. The question whether the 
denominator has a real root or not is tied up with the nature of the orbit. 
If b is sufficiently large a root exists and the orbit looks like a hyperbola, 
Fig. 2(a); for small b no root exists and the two particles are "sucked" 
towards each other in a spiralling orbit as shown in Fig. 2(b). The two 
regimes are separated by a limiting orbit in which the particles spiral 
asymptotically into a circular orbit. This limiting orbit is found by 
setting the discriminant of the square root in (124) equal to O. We find 

b4• _ 4e
2
P(M + m) 

11m - Mm'Y2 (125) 

From this value of bJim a cross section and a mean free time 78 

for spiralling collisions can be derived. We find 

1 ( Mm }1/2 
78 = 27reN l(M + m)P 

(126) 

This is indeed a constant mean free time as st~ted, the speed of encounter 
'Y having dropped out. 

1/ T is the dimensional quantity entering into the averages «({I(X)/7) 
which occur in the Sections lIB and IlIA. In working them out in detail 
as was done by Hasse 9 one has to take into account hyperbolic collisions 
also; for them a T cannot be defined or comes out to be zero in the mean. 
This is due to small angle deflections which are infinitely probable. 
However, any quantity ({I(x)/ T to be averaged in a physical problem con­
tains a ({I(x) which vanishes for such impacts. Hence finite averages 
result which do not give overdue weight to these types of collisions. 
Following Hasse9

, we do this in the following way for the present case. 
We write (124) in the form 

(127) 
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Here v equals bu and the parameter {3 equals blblim • It is the parameter 
(3 introduced by Hasse. Now by the definition of 7 we have 

1
<0 1211" 

= N 0 -ycp(x)b db 0 de 

= 7rN -ybIim fo<O cp(x) d({32) 

From (125) and (126) the factor in front of the integral just equals 1/78 ; 
the integral on the other hand is a computable pure number independent 
of -y which is obtained by inserting into it the relationship (127) between 
X and {3. Hence we may write 

(128) 

The three equations (126), (127) and (128) completely define the nature 
of the averages appearing in previous sections. The integral (128) has 
to be computed by numerical methods. It is seen in the course of the 
evaluations that it naturally decomposes into two parts. The part for 
which (3 varies from 0 to 1 deals with spiralling collisions and exists for 
any cp(x). For (3 between 1 and 00 we get the contribution of the hyper­
bolic collisions to the average. This part is only finite if cp(x) vanishes for 
small angle deflections. 

The averages (52), (53),.(54), (57) and (59), as well as (117) to (121) 
contain numerous averages of the form (128) all of which satisfy the 
predicted condition cp(O) = O. They are obtained by linear combination 
of two basic types: «( 1 - cos x) I 7) and (sin2 xl 7). The first average is 
given in Hasse. 9 Separating the parts due to spiralling and hyperbolic 
collisions we find 

fol (1 - cos X) d({32) = 0.8979 

1<0 (1 - cos x) dcri) = .0.2073 

This combines to give 

1\1 - cos x\1 = !.1.1052 
7 7s 

(129) 
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The analogous result for sin2 
X was obtained by the computing group 

of Bell Telephone Laboratories 

which gives 

1 

fa sin2 
X d({i) = 0.511 

lC1'J sin2 
X dcri) = 0.261 

/sin
2 x\ _ 1 0772 

~-T-/ - ~ .. (130) 

We may now rewrite the major results of Section lIlA for the polariza­
tion force. From equation (117) we get 

< ) 
_ 0.9048 ~ / 1 + 1 ~ 

C
z 

- ~ 'V M m NvP (131) 

This formula may be found in the literature.3
! What is new about (131) 

is the realization that it is exact at high as well as low electric field. 
The formula for the total energy needs no discussion for a special 

model; it does not involve the angular distribution law when written in 
the form (122). Thus we would obtain, for instance, for an ion travelling 
in the parent gas that its total energy is obtained by doubling its ap­
parent energy observable in the drift and adding to this the thermal 
energy %kT. 

For the partition of the high field component of the energy in the 
three coordinate directions we have two formulas, formula (58) parti­
tions the entire field contribution of the kinetic energy, formula (60) only 
its random component. The first formula gives 

(132) 

Formula (60) gives 

ex:ey:ez* = (M + m):(M + m):(.ilf + 3.72m) (133) 

It is convenient to apply the general formulas also to the case of con­
stant mean free time, coupled with the assumption of isotropic scattering. 
This combination of assumptions represents, strictly speaking, an im-

31 The formula is equation (3), p. 39 of Reference 2, in the limit h = 0; or also the 
last unnumbered equation on p. 919 of Reference 6. 
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possibility; for we know of no mechanical force which realizes this ar­
rangement. This model was already taken as the basis of the Monte Carlo 
calculation in Section IID. It will be seen now that it has a wider sig­
nificance than one might anticipate. The necessary angular averages are 

rhis yields for (117) 

(1 - cos x) = 1 

(sin2 x) = % 

(134) 

(135) 

(136) 

As usual, the formula for the energy does not involve the law of scattering 
if written in the form (122). If we choose the form (118) instead we get 
in agreement with (79) 

(137) 

The partition formula (58) becomes 

ex:ey:ez = ~[:~[: (~[ + urn) (138) 

the partition formula (60) which counts random energy only becomes 

ex:ey:e: = (M + m):(M + m):(M + 4m) (139) 

Comparison of these expressions with the ones for the polarization 
force shows that the difference between it and the isotropic model is 
remarkably small from a kinetic standpoint. We may see this by com­
paring (132) and (138) or (133) and (139). For the other formulas, we 
may compare more specifically the polarization results with an isotropic 
case having its mean free time 7 given by 

7 = 0.9048 78 (140) 

Equation (136) becomes then identical with (131) and because of (122) 
the same identity persists for the energy formula (137). In the light of 
this we may say that it is very nearly correct to state that scattering is 
isotropic for the polarization force. This qualitatively correct fact was 
repeatedly made use of in the preceding sections of the paper. The 
reason for it is chiefly the predominant effect of spiralling collisions. 
Indeed, equation (140) shows that a modification of 78 by only 10 per 
cent takes into account the main influence of hyperbolic collisions. 

From the discussion in Section IA it may be seen that the results 
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obtained for the polarization force have a potentially wide field of ap­
plication when measurements of ion drift are extended to low tempera­
ture. In the meantime, the results apply occasionally at room 
temperature, whenever we deal with a small ion and are not bothered 
by special scattering mechanisms having large cross section. An example 
of this are the molecular noble gas ions in the parent gas whose drift 
velocities were measured by Hornbeckl6 , 17 and Varney.lS Table IV shows 
the measured mobility at standard gas density measured for these ions, 
in comparison with a value obtained from equation (131). The field 
range from which the observed mobility was obtained is intermediate. 
There is not only good numerical agreement, but the experiments follow 
the theory also in that there is little variation of the observed value 

TABLE IV 
Mobilities at standard density of the noble gas molecular ions. Comparison of 

the experiment with a formula based on the polarization force only. 

Gas 
cm2 cm2 

Jlobs. Volt sec Jleale Volt sec 

He 18 18.2 
Ne 6.5 6.21 
A 1.9 2.09 
Kr 1.2 1.18 
Xe 0.7 0.74 

with the field. The discrepancy between the two columns can be used to 
determine a hard collision cross section which is to be superimposed on 
the polarization force, as is suggested in the so-called Langevin mode1.30 

IIIC. VELOCITY DISTRIBUTION FUNCTION FOR ELECTRONS 

We have almost exhausted the results achieved for intermediate 
field conditions. For the sake of completeness I shall mention shortly 
the intermediate field distribution function for electrons whose derivation 
we owe to the ingenuity of Davydov.32 

The derivation does not differ in principle from the one presented in 
Section nc for the electrons in the high field case. The distribution 
function is first expanded in spherical harmonics. For group theoretical 
reasons the scattering term in the Boltzmann equation is diagonal in 

32 Davydov, B., Phys. Zeits. Sowjetunion., 8, p. 59, 1935. See also Reference 4, 
pp. 349-350. 
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such a decomposition even in the presence of molecular agitation. Thence 
a generalized form of (47) may be derived containing essentially the 
same terms. Finally, all but the first two spherical harmonics are dropped 
and two equations analogous to (63) and (64) are obtained. In fact, it 
is found that equation (63) is maintained entirely. An extremely compli­
cated reasoning is required, on the other hand, to find the generalization 
of (64). The result is 

f ( ) = {3kT dfo + 3 m .f ( )}/1 - cos x\ (141) 
1 C M dc M CJ 0 C \ aT (C) / 

Combining (63) and (141) we find 

( 

1 + 3kT) dfo + 3 m cfo = 0 
/1 - cos x\ M dc M 
\. aT(c) / 

and hence 

fo(c) = exp [-,n l' ! M
C 

dc 1 
3 2 + kT 

/1 - cos x\ 
\ aT(c) / -l 

(142) 

This is the so-called Davydov distribution which is a generalization 
containing within itself the Maxwellian distribution as well as the high 
field distribution (65). 

The mean energy and the drift velocity of electrons may be calculated 
from (63) and (142). They are obtainable from the literature and will 
not be discussed here any further. Equipartition of the energy exists at 
all field conditions. 

PART IV - DIFFUSIVE MOTION OF IONS 

IVA. DIFFUSION FOR MEAN FREE TIME MODELS 

It was proved in Section IC that if there are spatial inequalities in the 
distribution of the charge carriers then a smoothing out process sets in 
which can be described as diffusion. This derivation of principle can be 
supplemented for "Maxwellian" molecules by an explicit computation 
of the two components of the tensor (24), that is an evaluation of the 
integral (23). We shall do this by following the method of Maxwell19 
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rather than by generalizing the formal procedure of the Sections IIA, 
lIB and IlIA. Such a generalization would no doubt be possible, but 
would increase unduly the bulk of this paper. We shall operate therefore 
directly on equation (20). To get out the integral (23) we multiply the 
equation vectorially with e and integrate over de. This operation makes 
the first term vanish completely. This is obvious from symmetry for the 
components Cx and Cy of the multiplier e. For Cz we have 

An integration by parts brings this in the form (18) and thus makes 
it equal to zero. 

Temporarily, we may break the integral term of (20) into two parts, 
using some artificial procedure to eliminate small angle collisions. The 
first half of the integral term reads then simply 

~ I g(c)e de 

This is already the desired average (23). On the second half we use the 
identity (108) to give it the form 

- 4~T II jll(C')g(e')ell(x) dny dC' dc' 

We now use (7) to replace e by the expression 

m , 111 , J..l{ 

e=M+m e +M+m C +M+m"( 

Only "( is affected by the integration over dny which we take up first. 
Using "(' as the axis of a polar coordinate system we may write 

"( = "(II + "(..1-

For every value of x, "(II has the fixed value y' cos x. On the other hand 
the average of "(..1- vanishes through integration over all azimuths. Thence 
we may write 

1 I ( m, J..vI , 1l{ (' ') ( ) 
471" ell x) dn y = jl{ + m e + NI + m C + M + m e - C cos X 

= m + 1l{ (cos x) e' + jl{(1 - cos x) C' 
M+m M+m 

We now multiply with M(C')g(e') and integrate over dc' dC'. The inte­
gration of the term containing C' obviously vanishes for two independent 
reasons. The integration of the term in e', finally, yields again the average 
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(23). Combining the two pieces, we find 

M /1 - cos x\ J () d 
M+m\ T / gee e 

In this expression, the artificial exclusion of small angle scattering is no 
longer necessary and can be dropped. Completing the· integrating of 
equation (20) we see that the right hand side gives averages over the 
unperturbed velocity distribution fee). Combining pieces, using (23) 
and indices 1, 2, 3 for the x, y and z components we get 

ji(r, t) = -nCr, t) t, kIf [M I~ : c~s x\ {(CiC.) - (Ci)(C,) lJ (143) 

\ T / 

According to (16) and (24), the square bracket in (143) is the diffusion 
tensor. It has two distinct components which equal respectively 

D - M + m (c/) - (cz/ (144) 
II - M / 1 - cos X \ 

\ T / 

111 + m (c/) 
M /1 - cos X\ 

\ T / 

DJ. (145) 

The velocity averages entering are (120), and (121), that is the directional 
components of the random part of the energy. Substituting we get finally 

(M + m)kT 
DII 

M /1 - cos x\ 
m \ T / 

(M + m)3 /M sin
2 

X + 2m(1 - cos X)\ 
+ 2 \ T / 

a M2 /3M sin2 X + 4m(1 - cos x)\/1 - cos X\3 
m \ T /\ T / 

DJ.. = (M + m)kT 

M 
/1 - cos x\ 

m \ T / 

(M + m)4 /sin
2 

x\ 
+ 2 \ T / 

a M2 /3M sin2 X + 4m(1 - cos x)\/1 - cos X\3 
m \ T /\ T / 

(146) 

(147) 

The diffusion coefficients have the simple property that they are ob­
tained by adding the low field and the high field limiting expressions. 
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This is a consequence of the limited form of the convolution theorem 
proved in Section IlIA; it probably implies also that the theorem can 
be extended in some form to include the case of diffusion. 

It has been mentioned in the Section ID that the N ernst-Townsend 
relation (30) applies only to ions moving in a low field. vVe are now in a 
position to examine possible extensions of it to general fields. Equations 
(144), (145) and (117) suggest the form 

Dn 2 X mean random energy along n 
mobility e 

(148) 

where n stands for one of the principal directions of the diffusion tensor. 
This formula contains equation (30) as a specialization to the low 
field case. 

Formula (148) is one of the formulas obtained in this study of ion 
motion in which model parameters do not appear. It is valid (a) for all 
interactions at low field and (b) for the mean free time case at all fields. 
It also holds dimensionally at high field for models obeying (25); this 
may be seen from (26a) and (28a). It appears a reasonable conjecture 
that (148) is approximately true for any law of interaction; the question 
will be taken up again in the next section. 

Let us, in conclusion, write down the formulas resulting from (146) 
and (147) for the two special mean free time models studied in detail 
in Section IlIB: the polarization force and the isotropic model. The 
necessary averages are (129), (130), (134) and (135). They yield for the 
polarization force 

M+m 
DII = Mm 0.9057,·kT 

+ ~ (M + m)\.ll1 + 3.72m) 2(0905 )3 
3 M2m(M + 1.908m) a . 78 

(149) 

1vI + m 1 (M + m)4 2 3 

D.L = Mm 0.90578 • kT + :3 M2m(M + 1.908m) a (0.9057 8 ) 
(150) 

and for the case of isotropic scattering 

D - J.11 + m 111 + 1 (J.11 + m)3(M + 4m) 2 3 (151) 
II - Mm 7C :3 M2m(M + 2m) a 7 

M + m 1 (J.11 + m)4 2 3 

D.L = Mm 7kT + :3 M2m(M + 2m) a 7 (152) 

Just as in the earlier study the results for the two models do not differ 
appreciably. 
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IVB. LONGITUDINAL DIFFUSION FOR THE HARD SPHERE MODEL 

Whenever the mean free time condition for collisions is not fulfilled, 
then the computation of diffusion coefficients requires a procedure analo­
gous to that of Section lIE. Since this entails some numerical work the 
calculation was only carried out for a case which was thought to be of 
experimental interest, namely for longitudinal diffusion of ions in the 
parent gas. In other words, we are extending the numerical computation 
at the end of Section lIE to include longitudinal diffusion. The computa­
tion to provide us with the undetermined constant of equation (28b) 
for the special case when m and M are equal; it also offers, incidentally, 
a good test case for applying the method of Section lIE outside the 
area for which it was designed originally. 

Since the equation is only to be solved in the high field case we may 
apply to (20) the reduction method of Section lIA. If we introduce also 
the specialization warranted by the hard sphere model and unit mass 
ratio then, in analogy to equation (40), we get the following starting 
equation 

ag(w) + wg(w) _ ~ 17r W
'4 

sin X dx 127r g(w') dw 
awz 47r 0 w3 0 (153) 

= -Ak{wz - (wz)}h(w) 

Here the dimensionless variable w defined by (85) has been employed 
instead of c. 

Equation (153) is the fundamental equation of our problem; it is an 
inhomogeneous version of equation (40). We solve the equation in the 
same way as we did previously, namely by decomposing g(w) into spheri­
cal harmonics and forming moments. In other words we follow step by 
step the procedure of Section IIA, the only difference being the presence 
of an inhomogeneous term. We shall not enumerate all these steps again. 
We shall only note in passing the inhomogeneous form of (47) which is 

117r 14 
2" 0 :3 g,,(w')PII (cos K) sin X dx - wg,,(w) 

V {dg"_l v-I ()} - --- -- - -- g,,-l W 
2v - 1 dw w 

v + 1 {dgJl+1 + v + 2 ()} _ - --- -- -- g,,+l w -
2v + 3 dw w 

= Ak [2. ~ 1 wh~,(w) + ;. ~ ~ wh<4-'(w) - (w,)h,(w) ] 
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Having introduced moments in the manner described earlier we arrive 
at the inhomogeneous version of (49) or (86) 

v(s + v + l){s - 1, v - I} + (v + 1)(s - v){s - 1, v + I} 

- (2v + 1)(1 - (Is,v» {s + 1, v} = - (2v + 1)(1, 1)(s, v) (154) 

+ v(s + 1, v-I) + (v + 1)(s + 1, v + 1) 

Here the curly brackets {s, v} are normalized moments over g(w) defined 
as follows 

{s, v} = I~A f g(w)WSPIl (cos iJ) dw (155) 

The equations (154) show that the quantities {s, v} are numbers, the 
variable density gradient nk having been eliminated by the definition 
(155). The system does permit that arbitrary amounts of the pointed 
averages be added to the curly ones. This indeterminacy is removed by 
the supplementary condition (18) which, in the present notation reads 

{O,O} = 0 (156a) 

The connectivity of the equation system (154) is the same as that of 
(86). Hence it will have the same properties as that earlier system. We 
may, therefore, reduce it in the manner followed previously and get 
inhomogeneous versions of the equations (87), (88) and (89). They read 

5 5 
{4,0} = -3 (4, 1) + 3 (1, 1)(3,0). 

- 13
0 

(2, 0) - 23
0 

(2, 0) + 10(1, I? 

112{3,0} - 3{7, O} = 4(7,1) - 4(1, 1)(6,0) 

+ 55
6 

(5, 0) + 1!2 (5, 2) 

- 1~8 (I, 1)(4, 1) 

_ 1344 (3 1) + 1344 (3 3) 
25' 25' 

+ 4~8 (1, 1)(2, 0) - 4~8 (I, 1)(2, 2) 

(157a) 

(158a) 
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295 17 17 17 
54{2,0} - 28 {6, O} + 165 {l0,0} = -135 (10, I) + 135 (1,1)(9,0) 

17 17 17 
- 36 (8, 0) - 18 (8, 2) + 12 (1, 1)(7, I) 

21 44 (159a) + 6(6, 1) - "5 (6, 3) - "5 (1, 1)(5, 0) + 7(1, 1)(5, 2) 

+ 5: (4, 0) + 1~8 (4, 2) - 23
8
: (4,4) 

162 72 - 5 (1, 1)(3, 1) + "5 (1, 1)(3, 3) 

The pointed averages over the distribution hew) may be found in Table 
II. Substituting them we get 

{O,O} = 0 

{4,0} = -10.494 

112{3,0} - 3{7, O} = 647.8 

295 17 
54{2,0} - 28 {6, O} + 165 flO, O} = -566.4 

(156b) 

(157b) 

(158b) 

(159b) 

The form (90) that was assumed' for ho(w) will again be taken for yo(w) 
with new undetermined coefficients p, q, r, s and a factor kX evident from 
(153) or (155): 

yo(w) = kX[pEi(!W2) + qK o(!w2) + re-!w2 + sw2Kl(!W2)] (160) 

This is a rather poor assumption because the form (90) was adopted for 
ho(w) after an extensive study of the properties of the distribution 
function hew). For yew) we know little beyond the fact that it is some 
kind of distorted p-type function. The Yo( w) derived from this is not 
likely to resemble ho(w) very closely. Thus the choice (160) is mainly 
based on ignorance and convenience; this explains the slower convergence 
observed here than in (91), (93) and (95). To start with, the zero order 
is completely lost because (156) yields a zero coefficient. We find in first 
order, using (156) and (157) 

pCI) = 4.8842 
qCI) = -4.2689 



MOTION OF GASEOUS IONS IN STRONG ELECTRIC FIELDS 251 

in second order, using (156), (157) and (158) 

p(2) = -10.542 

q(2) = +14.993 

r(2) = -4.408 

in third order, using (156), (157), (158) and (159) 

p(3) = -0.8710 

q(3) + 1.1754 

r(3) +1.0140 

8(3) -0.5809 

The longitudinal diffusion coefficient results from these numbers by the 
use of (23), (24) and (160). With the notation (155) the formula becomes 

D II = - a1
/
2A 3/2 { 1, I} 

The formula (154) yielding {I, I} from go(w) is 8 = 2, v = 0 

{I, I} = l{3, O} + !(3, 1) - !(1, 1)(2,0) 

or numerically from the Table II 

The result is 

{I, I} = l{3, O} + 0.6433 

{I, I} (1) = -0.3695 

{I, I} (2) = -0.2075 

{I, I} (3) = -0.2198 

(161) 

(162a) 

(162b) 

(163a) 

(163b) 

(163c) 

The numbers do not extrapolate too reliably but one would guess that 

{1,1} = -0.22 

is essentially correct. Hence we have 

DII = 0.22a1
/
2
A3/2 (164) 

In order to gain an appreciation of the value obtained it is worthwhile 
to compare it with the value that would have been predicted from the 
generalized Nernst-Townsend relation (148). The mobility concept is 
ambiguous for all but the cases discussed then. It would seem that the 
appropriate concept here is the differential mobility because comparison 
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is made between a small density gradient and a small change in the 
applied field. Thus we would interpret (148) to mean 

Dil ~a(cz) [(c/) - (Cz)2] 
aa 

which, with (85), (92) and (96), becomes 

DII ~ O.26al/2A3/2 

(165a) 

(165b) 

The error of formula (165) is thus 18 per cent, when compared to (164). 

PART V - CONCLUDING OBSERVATIONS 

The present article is supposed to contain the essentials of a kinetic 
theory of charged particles moving through a gas in the presence of an 
intermediate or high electric field. An effort was made to make the theory 
general, yet many irksome restrictions will become apparent to those 
who will try to apply it to their particular problem. Especially those who 
have in mind application to electrons will find the article unsatisfactory. 
It is true that many sections leave the masses variable; however, the 
assumption of elastic collisions, which is made throughout, is almost 
fatal to all but the most elementary applications. Thus most of the 
material is slanted for ions. Within this domain, numerous awkward 
restrictions are still found here. The most important ones are pre­
sumably the restriction to D.C. conditions, the assumption of "low" 
ion density, and the omission of all magnetic effects. It is my general 
impression, which I gained from the convolution theorem Section IlIA 
and which is confirmed by a recent publication27 that much can be done 
to remove these three restrictions provided the mean free time assump­
tion is made for collisions. To many the adoption of the mean free time 
condition will in itself appear an awkward restriction. In a rigorous sense 
this is true, and calculations are made in this article for the more ap­
propriate hard sphere model when quantitative comparison with experi­
ment is contemplated (equations (100) and (164)). Indications are even 
given for a treatment which dispenses altogether with the use of models 
(equation (103)). However, for rapid advance and easy handling, the 
mean free time assumption does appear essential. It is therefore im­
portant to point out that in a wider semiquantitative sense, the use of 
this model is no barrier to application. In other words, there is in the 
mean free time formulas information which suggests a wider validity. 
This is particularly true for equations which do not contain model 
parameters, such as (55), (56), (122) and (148). Even formulas which 
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do contain the mean free time yield to judicious treatment. For example, 
we have the hard sphere formula (100) for the drift velocity of an ion. 
This formula happens to be limited to the high field case and mass ratio 
unity. On the other hand we have formula (136) which holds for all fields 
and all mass ratios, but assumes constant mean free time. We now adopt 
this formula as a general guess for the hard sphere model, interpreting 
T as previously as the mean free time between collisions; this quantity 
is now no longer a constant, but should be taken as 

A 
(166) 

The denominator is the root mean square relative velocity which is 
familiar from other applications. The interpretation (166) yields a tenta­
tive formula for the drift for all mass ratios and for all fields. Specializing 
to the high field case, we may neglect (C2

) in (166) and then substitute 
for (c2

) from (55). This yields the high field formula 

( ;11 )1/4 1/4 

( ) 
rv .b + m m ('-) 1/2 

Cz rv M1/2 a/\ (167) 

This is indeed a very successful formula. For ions in the parent gas it 
differs from (100) by only 4 per cent. For electrons it checks the result 
of Druyvesteyn4 to within 12 per cent. Finally, for heavy ions in a light 
gas, we find exact agreement with equation (71). As a second specializa­
tion we may apply (166) to the low field case. We must then set 

(c') + (C,) = 3lcT (~+ if) 
and get from (136) and (166) 

1 (1 1 )1/2 eE'A 
(cz) = V3 :;, + J.l1 VkT (168) 

All dimensional factors in this formula are correct. Numerically (168) 
is somewhat inferior to (167); for the factor differs from the correct one33 

by 20 per cent. Nevertheless, the combination of (136) and (166) gives 
results which are semiquantitatively correct in all relevant limiting cases. 
This makes it a reliable interpolation formula for intermediate field con­
ditions; for this case (c2

) would have to be substituted from (122) and 
the resultant quadratic equation solved for (cz). 

From the examples given we may conclude that the mean free time 
formulas contain in essence information applicable to other types of 
elastic scattering. 

33 See Reference 2, page 40, second equation. 
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power consumption, and expected long life of transistors, it now appears that 
the transistor will replace the vacuum tube as a computer element. This paper 
presents a study of binary computer functions with recommended mechaniza­
tions that were selected because they appeared to be readily attainable with 
transistors now under development. Block diagrams are presented of switches, 
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A Broad-Band Interdigital Circuit for Use in Traveling-Wave-Type 
Amplifiers. R. C. FLETCHER!. I.R.E., Proc., 40, pp. 951-958, August, 
1952. 

Because of its high power-handling capacity, the interdigital circuit has been 
considered for use in traveling-wave-type amplifiers. An analysis is presented here 
which indicates that this type of circuit can be arranged to give constant phase 
velocity over a wide bandwidth (30 per cent), as required to give constant gain. 
The analysis is qualitatively checked experimentally. The impedance parameter 
(proportional to the cube of the gain in db) is approximately the same as the 
flattened helix (such as has been used for the magnetron amplifier) and about 
one-third that of the conventional circular helix. 
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S.M.P.T.E., Jl., 59, pp. 32-39, July, 1952. 
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ciated with production of motion pictures. 
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Waveguide. A. P. KING1• I.R.E., Proc., 40, pp. 966-969, August, 1952. 

This paper presents some dominant wave transmission characteristics of 
multimode round waveguide lines in the4-kmc range of frequencies. The use of 
such waveguide lines offers the advantages of lower transmsision losses than ob­
tainable with single-mode rectangular waveguide, and relative ease of making 
good joints. Possible mode conversion effects, including dominant mode elliptical 
polarization, have been examined and found to be innocuous. As a result, cross­
polarized dominant waves can be used to provide two reasonably independent 
signaling channels at the same frequency in one pipe. The experimental results 
obtained with a straight line 2.812-inch inside diameter and length of 150 feet 
are given. 

Superconductivity in the Cobalt-Silicon System. B. T. MATTHIASI. Letter 
to the Editor. Phys. Rev., 87, p. 380, July 15, 1952. 
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Single-Crystal Germanium. G. K. TEALl, M. SPARKS1 and E. BUEHLER.1 
I.R.E., Proc., 40, pp. 906-909, August 1952. 

Significant advances have been made in the development of new types of 
transistors, photocells, and rectifiers and in the improvement of the reproduci­
bility and reliability of the point-contact transistor. A key factor in this de­
velopment has been the use of single-crystal germanium having a high degree of 
lattice perfection and compositional control. Of particular interest to the device­
development engineer is the fact that the rectifying barriers between the p-type 
and n-type sections behave in a manner predictable from the measured properties 
of each section. The exceptionally long lifetime of injected carriers observed in 
the material and the high degree of control over its chemical composition make 
it ideally suitable for the production of p-n structures. The ranges of properties 
of germanium single crystals which are now realizable are given, as well as their 
present degree of control. 

Lead-Acid Stationary Batteries. U. B. THOMASI. Electrochem. Soc. Jl., 
99, pp. 238C-241C, September, 1952. 

Polymorphism of ND4D 2P04 • E. A. WOODt, W. J. MERZI and B. T. 
MATTHIASI. Phys. Rev., 87, p. 544, August 1, 1952. 

Lightning Protection for lvfobile Radio Fixed Stations. D. W. BODLEI. 
I.R.E. Trans., P.G.V.C.-l, pp. 122-133, February, 1952. 

Equipment in fixed stations of a mobile radio system is susceptible to damage 
from lightning strokes to either the antennas or the connecting power and land 
communication facilities unless special protection is provided. The problem, 
however, is not alone one of protecting the station equipment, but consideration 
must also be given to the protection of these connecting facilities to insure their 
continuity of service. The causes of and factors affecting lightning damage are 
discussed, including the probable incidence of strokes to the antennas. General 
protection principles are outlined, and the application of specific protection 
methods is described. 
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Matching Coax Line to the Ground-Plane Antenna. R. T. DECAMp2• 

QST, 36, pp. 18-19, 120, 122, September, 1952. 
This article describes a method for predetermining antenna and matching­

stub dimensions for matching any selected transmission line. Although applied 
particularly to the ground-plane antenna, the curves are useful for half-wave 
dipoles if allowance is made, when necessary, for the effect of ground on the 
antenna characteristics. 

The Telephone System in National Defense. C. M. MAPES2• JJ!Iilitary 
Engr., 44, pp. 375-377, September-October, 1952. 

Multi-Element Directional Couplers. S. E. MILLERI and W. W. MUM­

FORD I . I.R.E., Proc., 40, pp. 1071-1078, September 1952. 
It is shown that the backward wave in a directional coupler is related to the 

shape of the function describing the coupling between transmission lines by the 
Fourier transform. This facilitates the design of directional couplers for arbitrary 
directivities over any prescribed frequency band. Tightly coupled directional 
couplers are analyzed in simple terms, and it is shown that any desired loss ratio, 
including complete power transfer between lines, may be achieved. The theories 
are verified using waveguide models operating at 4,000, 24,000, and 48,000 mc, 
and it is indicated that the work is applicable to many types of electrical and 
acoustic transmission lines. 

Segregation of Two Solutes, with Particular Reference to Semiconductors. 
W. G. PFANNI . Jl. Aletals, 4, pp. 861-865, August, 1952. (Monograph 

2020). 
The simultaneous segregation of two solutes during the directional solidifica­

tion of an ingot is treated mathematically on the basis of simplifying assump­
tions. Expressions are derived for the difference in concentration of two solutes, 
and for the location and concentration gradient of a pn barrier formed in a semi­
conductor by the segregation of a donor and an acceptor. 

N onsynchronous Time Division with Holding and with Random Sam­
pling. J. R. PIERCEI and A. L. HOPPERl. I.R.E., Proc., 40, pp. 1079-1088, 
September, 1952. 

There is a general type of system in which an indefinitely large number of 
transmitters can have access to any of an indefinitely large number of receivers 
over a medium of limited band-width. In these systems, signal-to-noise ratio goes 
down as more transmitters are used simultaneously. This paper describes a 
particular system which sends samples by means of coded pulse groups sent at 
random times. The signal-to-noise ratio is good in the absence of interference 
and the effect of interference is minimized by holding the previous sample if a 
sample is lost. An experimental system worked satisfactorily and gave close to 
the predicted signal-to-noise ratio might be used to provide communication 
and automatic swi~ching in rural telephony, or for other applications. 
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An Improved Electrolysis Switch. V. B. PIKEl. Corrosion, 8, pp. 311-
313; disc. pp. 322-323, September, 1952. (Monograph 2021). 

An improved electrolysis switch has been placed in use in the Bell System for 
mitigation of electrolysis of cables by stray currents. It consists of three relays 
operating in sequence, namely control, intermediate and drain relays. It auto­
matically closes a drainage bond between a lead-covered underground cable and 
a power return ground when stray current is picked up by the cable to such 
an extent as to make some of the sheath positive with respect to its environment. 
It also opens bond when the drainage current falls to zero and drainage is no 
longer required. Two sizes are used capable of draining 200 amperes and 400 am­
peres, respectively. Its action is very fast, only 0.015 second elapsing from the 
time the control circuit releases until opening of the drainage bond. Separate ad­
justments are available for setting the voltage at which the switch closes and 
opens the drainage bond. A capacitive voltage booster enables switch operation 
over longer battery power supply wires than is possible if the booster is not used. 
A power supply unit consisting of a step down transformer and selenium rectifier 
is also available to operate the switch with power drawn from an AC power 
source if the switch must be installed beyond reach of the battery power. A sealed 
steel housing enables the switch to withstand submersion and permits installation 
in very damp locations. 

Stat?:stics of the Recombinations of Holes and Electrons. W. SHOCKLEyl 

and W. T. READ, JR.1. Phys. Rev., 87, pp. 835-842, September 1, 1952. 
(Monograph 2022). 

The statistics of the recombination of holes and electrons in semiconductors is 
analyzed on the basis of a model in which the recombination occurs through the 
mechanism of trapping. A trap is assumed to have an energy level in the energy 
gap so that its charge may have either of two values differing by one electronic 
charge. The dependence of lifetime of injected carriers upon initial conductivity 
and upon injected carrier density is discussed. 

1110tion of Gaseous Ions in a Strong Electric Field. G. H. WANNIERl. 

Phys. Rev., 87, pp. 795-798, September 1, 1952. (Mono6raph 2023). 
This paper continues an earlier one on the same subject. Its object is to eluci­

date the nature of the random motion of an ion about its drift. In Section F it is 
shown that this motion can be described as a diffusion with a diffusion tensor 
axially symmetric about the field. If the mean free time between the collisions of 
an ion with molecules is independent of speed, then explicit expressions may be 
deprived for the two diffusion coefficients; these expressions are written down 
without proof in Section G; they are connected with the mobility by a natural 
extension of the Einstein relation. In Section H, the longitudinal diffusion co­
efficient is computed numerically for the hard sphere model, high field, and mass 
ratio 1; the method of computation is the same as in Section D. Finally, it is 
shown in Section I how approximate formulas of wider validity can be inferred 
from the ones obtained. 
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High-Frequency Crystal Un-its for Primary Frequency Standards. A. 
W. WARNERl. I.R.E., Proc., 40, pp. 1030-1033, September, 1952. 

A new approach to the design of crystal units for primary frequency standard 
use has resulted in crystal units in the 3- to 20-mc frequency range characterized 
by high Q and low capacitance in the series arm of the equivalent electrical 
circuit. By utilizing the overtone frequency of specially shaped AT-cut quartz 
plates, both Q and the rate of impedance change with frequency are enhanced 
together, and in addition the stability with time of the crystal unit is increased 
because of a larger frequency-determining dimension. Additional characteristics 
of the crystal units include small size, stability under conditions of vibration and 
shock, and low-temperature coefficient. Crystal-oscillator stabilities of one part 
in 108 per month have been achieved without recourse to stabilized circuits. 
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