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Measurements of Transfer Inefficiency of
250-Element Undercut-Isolated
Charge Coupled Devices

By M. F. TOMPSETT, B. B. KOSICKI, and D. KAHNG
(Manuscript received August 10, 1972)

A 250-element charge coupled device is described in which the transfer
electrodes are delineated and isolated using an undercul-etch technique.
The device has metal electrodes on two thicknesses of oxide and ts primarily
intended to be operated in a two-phase manner. Measurements of transfer
ineffictency as a function of frequency have been made on both n- and
p-channel devices. Below 1 MHz, values of 4 X 10~ per transfer inde-
pendent of transfer frequency have been obtatned. Above 1 M Hz the transfer
ineffictency progressively rises as the dynamics of charge motion limit the
transfer of charge.

I. INTRODUCTION

A new method of fabricating charge coupled devices' (CCD) using
the technique of undercut isolation has been reported recently.? A
schematic cross section of a device made using this technique is shown
in Fig. 1. The essential feature is a method of forming electrically
isolated but self-aligned metal electrodes on two thicknesses of oxide.
By connecting the electrodes in pairs, which may be done externally
or using electrochemically plated regions on the device, as shown in
Fig. 1, a two-level oxide structure®** that may be operated in a two-
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glljg 1—Schematic longitudinal cross section of an undercut-isolated stepped-oxide

phase mode is obtained. This structure has several advantages over
other structures. For example, compared to the three-phase structures,
the geometrical constraints of having three phases, the requirement to
fabricate 2- to 3-pm gaps, and the instabilities associated with the
exposed oxide in these gaps are removed. Compared to other two-
phase structures,®—5 there is no need for a refractory metal technology
or ion implantation, and the packing density of elements can be higher.

Test devices using undercut isolation and 250 elements long have
been fabricated, and their transfer inefficiencies measured. The increase
in number of elements from an earlier device? has allowed the small
values of transfer inefliciency inherent in this structure to be measured
accurately.

II. DEVICE FABRICATION

The 250-element CCD, which is the subject of this paper, was
fabricated using the same photolithographic masks, except for two,
as an earlier 500-element three-phase device® so that the undercut-
isolated structure could be quickly evaluated. A photograph of one
end of a finished device is shown in Fig. 2. The transfer region with the
alternate thin and thick oxide levels is seen in the center of the photo-
graph. The transfer electrodes are connected alternately on either side
directly to two metal buses and via diffused cross-unders to two other
buses. These cross-unders are not necessary for a two-phase CCD but
were retained from the earlier three-phase device design to enable
four-phase operation to be carried out for experimental purposes.
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Fig. 2—View of the output section of a finished 250-element device, showing output
diode D, output gate G, electrodes E1 and E3 over thick oxide, and electrodes E2
and E4 over thin oxide.

The transfer region is defined laterally by a ‘‘channel-stopping”
diffusion that enhances the substrate doping. A device made exactly
to the mask dimensions would have transfer electrodes that were 11
pm long over the thin oxide and 7 pm long over the thick oxide, with
an 18-um-wide channel. The devices were fabricated as described in
an earlier paper? on both n- and p-type substrates.

III. MEASUREMENTS OF TRANSFER INEFFICIENCY

In order to measure the performance of the devices, voltages and
pulses appropriate for either p- or n-channel devices, and two- or
four-phase modes of operation were provided. Owing to eircuit limi-
tations, negative square pulses for driving p-channel devices up to



4 THE BELL SYSTEM TECHNICAL JOURNAL, JANUARY 1973

frequencies of 10 MHz, and positive pulses up to 2 MHz, for testing
n-channel devices were available. However, the n-channel devices
could also be driven at up to 7 MHz using sinusoidal drive. As has
already been mentioned, the device was made by modifying the design
of an existing device, which had a very narrow transfer channel, so
that the size of the output signal was not as large as is really desirable
for easy and accurate measurements of transfer inefficiency. With a
pulse voltage of 20 V, the maximum size of a charge packet was 0.5 pC.
In all the measurements, a background charge was injected into the
device so that all the elements carried a small charge so as to keep the
interface states filled. Varying the amount of background charge in
the range from 20 to 80 percent of a full charge packet caused no
appreciable change in the measured transfer inefficiency.

At frequencies up to 2 MHz, the transfer inefficiency e was measured
by periodically injecting a single packet of charge into the device and
observing the sequence of charge packets that emerged. The injection
of charge was done either optically with a small light spot projected
through a microscope or electrically. An advantage of the optical
method is that the light spot could be moved near the output and the
form of the output signal for a small number of transfers could be
established. Also, by moving the spot along the device and observing
the output signal, any discontinuities in transfer efficiency at a region
of poor transfer, possibly caused by a partially blocked channel or
an open electrode, could be detected and the device rejected. Obtaining
a numerical value for e from the observed sequence of output charge
packets is based on comparison with the expected sequences® for
different values of transfer inefficiency product ne, where n is the
number of transfers.

Particularly for measuring values of ne > 1, it is more accurate to
use another technique in which a sinusoidal input at different fre-
quencies is fed to the device and the amplitude of the output measured.
The frequency response of the device corrected for the response of the
output amplifier is then plotted. Comparison with the theoretical
response curves’ enables values of ne to be obtained. The advantage
of this method is that values of transfer inefficiency for high values of
drive frequency f, could be obtained using input signals and amplifiers
with bandwidths much lower than the drive frequency f,.

IV. MEASURED VALUES OF TRANSFER INEFFICIENCY

A plot of transfer inefficiency versus frequency for both n- and
p-channel devices operated in the two-phase mode is presented in
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Fig. 3—Measurements of transfer inefficiency (per transfer) for both n- and p-
channel undercut-isolated CCDs. The theoretical values for p- and n-channel
devices assuming a 9-um field free region under the transfer electrodes on the thin
oxide have also been plotted.

Fig. 3. The transfer inefliciencies for both the p- and the n-channel
devices, as predicted by calculations of charge motion® for devices
with mobilities of 200 and 400 ecm? Vs~ respectively, are also shown
on the figure. A 9-um-long field free region is assumed under each
electrode on the thin oxide, since the electric fields from the neigh-
boring electrodes will penetrate at each end of the electrode.

Referring to I'ig. 3, the transfer inefficiency of the devices appears
to be flat below 0.5 MHz, perhaps due to limitations caused by inter-
face states.’® Above 0.5 MHz, the transfer inefficiency progressively
degrades until, for the p-channel device, it rises exponentially following
the theoretical curve. The rounding of the experimental curve is due
to the joint contributions of the interface states and the dynamics of
charge transfer. The greater carrier mobility in the n-channel devices
is reflected in the lower transfer inefficiencies of these devices at
frequencies in excess of 1 MHz.
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DIRECT DELAYED

Fig. 4—Showing the use of a 250-element n-channel undercut-isolated CCD to
delay a Picturephone® video signal by 121 us. The direct (undelayed) display is seen
on the left and the delayed display on the right.

The transfer inefficiency per transfer obtained on the p-channel
device operated in the four-phase mode at 1 MHz was 5 X 107,
which is about the same as that obtained in two-phase mode. However,
in the two-phase mode, only half the number of transfers are required
for a CCD with the same number of elements so that a device operated
in this way has half the transfer inefficiency product ne of one operated
in four-phase mode. This is an important observation, not only because
of the improved performance, but because of the additional advantage
that two-phase interconnection gives to the design of functional
devices.

The p-channel device was used, as described in more detail else-
where,!! to delay a Picturephone® video signal by 121 us with barely
noticeable degradation in the display as shown in Fig. 4.

V. CONCLUSIONS

The structure described has given transfer inefficiencies which are
more than adequate to permit the design of devices for many appli-
cations. The two-level oxide structure with electroplated intercon-
nections leads to some relatively simple designs of devices for various
applications. The active region of the device is fully protected with a
double-layer oxide and there are no exposed regions of oxide which
can charge up and degrade the performance of the devices. There is
no need for refractory metal electrodes and high-temperature processing
to obtain a good second-level dielectric layer for insulation, or for fine
features to be etched in the metallization as required in other struc-
tures. In addition, there is no ecritical reregistration required in the
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cell, so that compared to other structures, a smaller cell may be
fabricated given the same fabrication tolerances. This would lead to
higher packing densities and a capability of operating at higher
frequencies. An encapsulant may be required to protect the undercut
regions from dirt, damage, and electrical breakdown.
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Formulas on Queues in Burst Processes—I

By B. GOPINATH, DEBASIS MITRA, and M. M. SONDHI*
(Manuscript received July 11, 1972)

Queues arising in buffers due to either random interruptions of the
channel or variable source rates are analyzed in the framework of a single
switched system. Examples of systems to which the results of the paper
may be applied are: multiplexing of speech with data in telephone channels
and, in certain instances, buffering of data generated by the coding of
moving images in the Picturephone® system. The switched system con-
sists of a uniform source, buffer, switch and channel. The source feeds
data to the buffer at a uniform rate. The buffer’s access to the channel s
controlled by the switch; if the switch is closed, the buffer empties to the
extent of the channel’s transmission rate. The on-off pattern of the switch
1s indicated by a 0 — 1 burst process {E;}, j =0,1,2, ---; if E; = 0,
the switch is closed for the duration [ §, 7 + 1). The burst phenomenon is
ntroduced to account for two different processes responsible for the event
E; = 0. There are relatively long periods during which E; = 0 uniformly,
and the activity separated by such periods is defined to be a burst. During
a burst, E; = 0 only infrequently. The duration of a burst is an inde-
pendently distributed random variable with a geometric or weighted sum
of geometric distributions. The inler-burst periods are assumed to be
sufficiently long for the buffer to empty at some point during these pertods
of wnactivity. During a burst {E;} is a Bernoulli sequence of independent
random variables.

Exact expressions for a variety of performance functionals related to
the system described above are obtained, together with qualitative results.
Recursive formulas are obtained for the following: (i) steady-state distri-
bution of buffer content for a finite buffer of size N; (i1) mean time for
first passage across a level N ; (ii1) the probability of overflow, for a given
level N, during a burst; (i) mean time for first passage across a level N
during a burst. The recursion in each case is with respect to N. The
asymptotic behavior of the main recursions is determined.

* The sequence of names was determined by coin tossing.
9



10 THE BELL SYSTEM TECHNICAL JOURNAL, JANUARY 1973

I. INTRODUCTION

A convenient framework for an unified analysis of a variety of
digital communication systems involving buffering-some are discussed
later—is provided by the system in Fig. 1. The source emits data uni-
formly at the rate of one symbol per unit time. The transmission rate
of the channel is (k + 1) symbols per unit time where £ is some positive
integer. The buffer has access to the channel only when the switch
is closed. The switch is controlled by a burst process {E;}, j = 0, 1,
2, ---. E;, for every j, is either 0 or 1. If E; = 0, the switch is closed
for the duration [j, 7 + 1); otherwise the switch is open. The burst
process is introduced to account for cases where two basically
different types of phenomena are responsible for the event E; = 0.
There are relatively long periods during which E; = 0 uniformly;
the activity separated by such periods is defined to be a burst. On
the other hand, during a burst, £; = 0 only infrequently. The dura-
tion or length of a burst is a random variable. It is assumed that
the burst length is independently distributed with a geometric or
a weighted sum of geometric distributions. The interburst periods
are assumed to be sufficiently long for the buffer to empty during
these periods. The statistical assumption made in the paper about
the controlling sequence {E;} within a burst is that it is a Bernoulli
sequence of independent random variables and Pr{E; = 1} = = where
0 < 7 < 1. In a companion paper, the case where {E;} is first-order
Markov will be considered.

Important aspects of various digital communication systems are
subsumed within the framework of the system described above.
Diverse schemes for multiplexing data with speech on telephone
channels!? are representative of one class of such systems. A summary
of the main features of the system which has been described in some
detail in Ref. 1 follows. The central idea is to utilize the telephone
channel during the periods of silence in speech which amount to as
much as half of the total conversation period to transmit digital data.
The speaker needs to have priority for the use of the channel since
otherwise the quality of speech is impaired. E; = 0(1) corresponds to
the decision that silence (speech) exists during the interval [j, 7 + 1)

UNIFORM
SOURCE BUFFER oo CHANNEL
SWITCH

Fig. 1—Switched communication system.
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so that only after it is decided that the speaker is silent does the
buffer have access to the channel. An excellent example of the burst
phenomenon may be found in speech monologues. Due to the presence
of phrases in speech, two types of silences, interphrase and intraphrase
silences, exist;** the former type consists of silences no less than 250
ms long and this is substantially longer than the mean duration of
(uninterrupted) intraphrase silence.

There exists another class of digital communication systems com-
posed of systems with only one source which transmits at a nonuniform
rate. Most of the time the source rate is less than, say, ro bits per unit
time and 7, is less than the channel rate r. Ocecasionally, for short
periods of time, the source rate spurts to a level r; which exceeds r.
During such periods buffering becomes necessary. These oceasional
bursts of overloading of the channel are indicated by the {#;} process.
The relation to the switched communication system of Fig. 1 is clear
if (ry — r) is normalized to unity, and (r — 7o) corresponds to k.

An example of such a system for which the analysis of this paper is
relevant arises in buffering of data generated by the coding of moving
images in the Picturephone® system.5 In this case, of course, 7, and
r1 should be interpreted as average rates® in the two regimes, or, when
the worst case is of interest, as the extreme rates. The results of this
paper appear to be relevant? for variable rate in-frame coding, since
during bursts of high detail, the correlation of the data rates for
successive picture elements is not high. For frame-to-frame coding
the first-order Markov model, to be treated in a companion paper, is
of interest.

Exact expressions for diverse performance functionals related to
the system in Fig. 1 are obtained, together with qualitative results.
As a whole they provide a rather comprehensive set of criteria for the
design of the important parameters of the system, such as the buffer
size and the transmission rate of the channel. A summary of the main
contributions follows.*

(¢) A recursive formula is obtained for the steady-state distribution
of buffer content for finite buffers. The recursion is with respect to N
where N is the size of the buffer.

(#7) It is proved that Fy, the mean time for first passage through a
level N, is given by
1—=

1 1
Fy =—Fy_1— Fy_p1+ —
T T

™

* N is used to denote both the buffer size [as in (z), (7i7) and (v2)] and a level [as
in (72) and (). In what follows, the definition of N should be clear from the context.
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(772) gn, the probability of overflow of a buffer of size N during a
burst, the duration of which is distributed geometrically with a param-
eter p is given by

1 1 1 - 1 -1
AN
pT gN_1 T gN—k-1

(#v) A closed expression and a recursive formula are obtained for the
mean time for first passage through a level N during a burst; the
recursion is with respect to N.

(v) The asymptotic behavior of all formulas in items (¢) through
(#17), as N becomes large, is given. The derivation is dependent on the
following: of the roots of the polynomials associated with the recur-
sions, either one or two roots, depending on which recursion is being
considered, lie outside the unit circle.

(vi) Itisproved that under certain conditions on the initial probabil-
ity distribution of the contents of the buffer, the probability of a
buffer being full is a monotonic, nondecreasing sequence with respect
to time; if the buffer is initially empty, the above-mentioned conditions
are satisfied. One of the main implications of the result is that the
steady-state probability of the buffer being full is an upper bound
on the probabilities of the buffer being full at any instant. Furthermore,
a particularly simple recursion is obtained for Py, the steady-state
probability of a buffer of size N being full :

(1 1 1—7 1 )‘1
Py =(=- - : :
T Pyx_1 T  Pxy_r

(Observe that 1/Py is also the mean time for recurrence of the state
corresponding to a full buffer.) '

The closed expressions obtained are for all k¥ and N, and the recur-
sions hold for all N = 2k 4 1. Wherever applicable, the buffer is
assumed to be initially empty. An important feature of the given
formulas is that they are also given in the form of recursions. The
advantages of recursive formulas over the alternate versions need to be
emphasized. For a given N, typically, a closed expression for a recursion
involves inverting a matrix of order N. For large N, the effort is
substantial. If, in addition, it is borne in mind that a designer is
interested in functionals associated with a range of possible buffer
sizes, the advantages of recursive formulas of the form given in this
paper become overwhelming. This is only to be expected since the
recursions are obtained by taking into full aceount the structure of
the matrices involved.
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II. EQUATIONS OF PROCESSES

Let B; be the number of symbols in the buffer at the jth instant.
For a finite buffer of size N,
B, = Max{B; — k,0} if E;=0
= Min{B; + 1, N} if E;=1.

Since B; depends only on B;_1 and E;_;, the state of the Markov chain
of interest at the jth instant, S,, is determined by the value of B;
where B; € {0, 1,2, --- , N}. Let P,.(n) denote the probability of the
state S, = n. Then

Pn(0) = 0 = m) X Pna()) (1)

Pu(@) = mPna(t — 1) + (1 = 7)Pua(f + k)
1=1,2---N—Fk (2
Pn() = 7Pna(i — 1)
t=N-—-k+1,N—-k+2---,N—1 (3)
Pu(N) = 7[Pna(N — 1) + Pua(N)]. €))
It is well known from the theory of Markov chains 8 that the limiting
distribution of the states P (%) is obtained from (1) through (4) by
equating P, (¢) and P._1(z) to P(2).
2.1 Equations for Some New Probabilities
Central to most of what follows are the probabilities @..(z), where

Qn(@) =Pr{Sn=9 N\ (B; £ N, j=<m)

and the buffer size exceeds N. For convenience, let X, denote the
event S; € {0,1,2, ---, N} forall 7,0 < 7 £ m, so that

Qn(2) = Pr{(Sm = 9) N Xn}. (%)

The equation governing the transitions of {@;} is derived. It is shown
that there exists a matrix A which relates {Q;} to {Q:_1}, i.e.,

N
Q:(J) = E AuQi (D) (6)

or, in matrix notation, @; = AQ; ;.
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In (5) 7 & {0, 1, --+, N}, so that
Qu()) = Pr{(Sn = 1) N\ Xy}

N
=X Pr{(Suw =2 N Xn1M Su1 = j)}.
=0
Hence, ’

Qn(@) = Z Pr{(8n =19)[(8n-1= 1) N X0t} Pr{(Sn = j) N Xu_s}

=0

g Pri{(Sn = 2)|(Sn-1 = ) N X1} Qu_1(5)

k
1 —-m) Z Qun-1(j) if 7=0 (7a)
TQuar(i 1) 4 (I = m)Quor(i + k)
if ¢=1,2---,N—Fk (7b)

WQm-—l(i—l)
if ¢t=N—-k+1,N—-k+2 ---,N. (7¢)

(7) defines the (N 4+ 1) by (N + 1) matrix A. Sometimes when the
need arises, the (N + 1) by (N 4+ 1) matrix 4 associated with a given
N will be specified by 4 (N).

1 2 k+1 k+2 N+1
(1—7m) 1 —m)(l —m) W 1
T, 0 (1_7").

| N—k+1

A= . ®*

s 0 0 N
L r 0 JN+1

It will be observed that the only difference between (7) and the
transition equations (1) through (4) for a finite buffer of size N, is
that eq. (4) is modified since a transition from state N to state N is
not possible in the present context. For the same reason, the matrix A
is not a Markov matrix since the sum of the elements of the last,
ie., (N 4+ 1)th column is (1 — 7), the remaining columns sum to
unity as is the case for all columns of Markov matrices.

* The dots indicate continuation of the values of the adjoining elements; remaining
elements are assumed to be 0.
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If the transition matrix of the basic Markov process, i.e., the matrix
defined by egs. (1) through (4), is irreducible, then (I — pAd) is
nonsingular for |p| = 1. The proof follows from a well-known result
in matrix theory® which in this case states that if all the columns of
(I — pA) are weakly column-sum dominant and at least one column
of (I — pA4) is strongly column-sum dominant, then the matrix is
nonsingular.

III. STEADY-STATE PROBABILITIES FOR FINITE BUFFERS

In this section, a formula is given for recursively generating the
steady-state probabilities P(7) where the recursion is, with respect to
N, the size of the buffer. To distinguish the steady-state probabilities
for different buffer sizes, the symbol P¥(¢) is introduced to denote
P(z) for a buffer of size N.

If N =z k + 1, as is almost always the case, an equation of the type
given in (2), namely,

1

P¥(i— 1) — “PY@) + =P+ k) = 0 (9)
T i

occurs at least once and since N >> k usually, the main body of equa-

tions defining the steady-state probabilities is of that form. It is

proved in Ref. 1 what may reasonably be expected, namely, every

solution of the homogenous set of equations that define the steady-

state probabilities is of the form

Ny k+1 N—j .
P (.7)=Zbil-‘i .7=0;1;"'7N (10)

=1
where u; are the simple roots of the polynomial
1 l—7

™ ™

k+1

(11)

n

If the polynomial has multiple roots the obvious modifications must
be made. [Note: Since 0 < = < 1, the polynomial in (11) has distinct
roots whenever = # k/(k + 1); when = = k/(k + 1), the only repeated
root is 1.]

The complete recursive formula for P¥(j) is obtained in two parts.
First, a recursive formula for a set of solutions ¢y (7) to the steady-state
equations is obtained and, second, a recursive formula for the
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normalizing constant 2y is obtained. Finally,

1
PN(]) =z_qN(.7) j=01---,N. (12)
N

3.1 Recursions for {qn(j)}

Let
gn(N) =1 (13)

and suppose {qn(j)} satisfies the steady-state equations of a finite
buffer of size N. Hence, ¢~ () has the form given in (10).* For fixed N
andz=1,2, .-+, k 4 1, let

k+1

A i—1
di = 2 aju; .

j=1
The transformation {a;} — {d;} is invertible since the Vandermonde
matrix is nonsingular. Now,

di = IE g P
j=1
=qv(N —74+ 1) 1=1,2---,k+ 1. (14)
Also, from the steady-state equations themselves,
di = gn(N) = 1 (15)
l1—

di = qv(N —i+1) = 1=23, -, k+1  (16)

7|.i—1

Hence, significantly, {d;} is independent of N from which it follows
that {a:} is also independent of N.

. k+1 Nt kb 1—j
an+r1(f) = 2 qaps ’
i=1
k+1 1 ) 1 —7 -
=3 ail—uOT wi Y from (11)
1=1 ™ T
1 . 1 —= . .
= ;QN-H:(]) - - qn(J) j=0,1,---,N. (17)

The formula for {gxi++1(f)} is complete if (15) and (16) are appended,

* To distinguish between {P¥(j)} and {gn(j)}, denote the coefficients in the form
for the latter by {a:}, i.e., b; = (1/Zn)ai.
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ie.,

1 —
QN+I¢+1(N + Z) = P i = 17 27 T k (16)
T —i41
gyv+eri(N +k+ 1) = 1 (15)
3.2 Recursion for the Normalizing Constant
Let
ad .
Iy = 2 an(]). (18)
j=0
Now ’
N+k+1 k 1 2
2 v =1+ 0 -m X <;)
j=N+1 f=1 (19)
1
==

Summing both sides of (17),

1 1 1 l—7=
ZNtht1 — — = _|:2N+k - = 2N
™

T rhtt e

ie.,
1 l1—
2N+k+1 = —EN+}¢ - EN (20)
™

m™

(20) is the recursion for the normalizing constant. The derivation of the
recursive formula for {P¥(j)} is now complete.

Observe that in the course of the above analysis, a simple recursive
formula for the rather important steady-state probability of the buffer
being full, i.e., PY(XN), has been obtained.
gv(N) 1

. E_N (21)

PY¥(N) =

and Zy, of course, is obtained from (20).

IV. MEAN FIRST PASSAGE TIME

Suppose N is a fixed positive integer and the buffer capacity is
greater than N. A functional that provides substantial insight into
the problem of designing a buffer for which the probability of overflow
is small is Fy, the mean time required for the buffer contents to first
exceed N. It is particularly useful in the context of burst processes
where only incomplete data are available concerning the burst length



18 THE BELL SYSTEM TECHNICAL JOURNAL, JANUARY 1973

distribution—provided that the length of bursts is bounded, a simple
comparison of the bound with Fx provides an useful guide. In this
section a recursive formula for Fy, the recursion being with respect to
N, is obtained. To correspond with the practical situation, the buffer
is initially assumed to be empty ; the same recursive formula holds for
the other interesting initial condition, namely, the buffer initially
contains an unit symbol.
X is the event that S8; € {1,2, .-+, N} forall ,0 < j = m.

0; £ Pr{overflow occurs for the first time at i} (22)

PI‘{ (E,,'_1 = 1) N (Si—l = N) N Xi—l}
7 Pr{(S;.1 = N N X,_,)}, from the independence of {E}

I

It

= 7Q;_1(N) (23)
where {Q;} is as defined in eq. (5). It has been shown in Section 2.1 that
Qi = AQi-1. (6)
Hence,
0; = mQi1(N)

= 7(0, -- -, 0, Qi1
7"(0: M) 0’ I)Ai_lQO

= merAi1Q, (24)

where ¢; denotes the vector* with a single element equal to unity at the
th location and all remaining elements 0; r = N 4+ 1. Finally,

Fxn = Mean time for first passage through level N
= > 70; (25)
T=1

0
.t .
=7 3 1e,A"7Q

i=1

=re, (% z'AH) Qo
= me,(I — A)(I — A)'Qo- (26)
Let A
zt =l — A

* The superscript ¢ denotes the transpose of a vector.
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so that

wt(I — A) = ep- (27)
But

1
xt=_(1> 1:"')1) (28)
T

is a solution of (27) since the elements of the last, i.e., (N 4+ 1)th
column of A sum to (1 — 7) and the remaining columns sum to 1.
Moreover, (28) is the unique solution of (27) since (I — A) is non-
singular. Hence,

Fy=(1,1---,1)(I — A)7Qo
= 1t(I — A)™'Q, (29)

where 1 denotes the vector with all elements equal to unity. In the
following section, the above formula with @, = e; is analyzed further
to yield a recursive formula.

4.1 Recursive Formula for Fy

Henceforth, it is necessary to be specific about the dimensions of
A-the matrix A associated with a given N is denoted by A(N).
The buffer is assumed to be initially empty, i.e., So = 0 or, equiv-
alently, Qo = e1.

Since* [I — A(N)|[I — A(N)] % is the vector of (signed)
cofactors of the 1st row of [I — A(N)]

' — ANV — A(N)Ier = [D(N)] (30)

where D(N) is the (N + 1) by (N +1) matrix obtained from A4 (¥) by
replacing all elements of the first row of 4 (N) by unity. Then, from
(29),

| D(N)|
[I — AN)|
Adding rows 2, 3, ---, (N 4+ 1) of [I — A(N)] to the first row,
it can be verified that
|[I — A(N)| = =¥+, (32)

In Appendix A it is shown that
[ DIN)| = [DV = 1| = @ —m)r*[DIN —k— 1| + V. (33)

* | X| denotes the determinant of the matrix X.



20 THE BELL SYSTEM TECHNICAL JOURNAL, JANUARY 1973

Hence,
|ID(N)| 1 |D(N — 1) (1—mn* |[DIN —k—1) 1
TNt o N - k ' | to, (34
™ T T any TNk T
ie.,
1 1 — 1
Fy=-Fy_1— Fy_x 1+ —- (35)
T T T

The above relation is the desired recursive formula for the mean first
passage time. It was obtained under the assumption that the buffer
is initially empty. An alternative assumption about the initial distribu-
tion, which is also of interest, is that the buffer contains an unit symbol,
i.e., 8o = 1. It may be shown that even for this case the mean first
passage time satisfies the formula (35) though, of course, the initial
conditions to the recursion in the formula are different.

V. PROBABILITY OF NO OVERFLOW IN A BURST

The results of this section are useful when information concerning
the length of bursts is available. It is assumed that the distribution of
burst length may be expressed as a weighted sum of geometric distribu-
tions. Given below are formulas which yield the probability that the
contents of the buffer during bursts do not exceed N, a given positive
integer.

At this stage, assume that the distribution of burst length is geomet-
ric; the generalization to distributions that are weighted sums of
geometric distributions will be taken up later. If the burst length is
denoted by [, then ‘

Pril =14} = (1 —p)p! i=12,---. (36)

for some p, 0 <p <1 Let Gy £ pr {buffer contents do not exceed N
during a burst}. The usual decomposition into mutually exclusive
events yields

Gy = X Pr{SiE(OyI:"’,N)r j=0,1,---,m;

m=1
and burst length = m}
= 3 Pr{X, NIl =m}
m=1
= ¥ Pr{X,}Pr{l = m}. (37)

m=1
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The last relation holds since, Pr{X.,.|l = m} = Pr{X.}. Now,

N
> Pr{Sn = i M X}

=0

% Qn(7) from (5),

=0
1'Qn

= 1tA™Q, (38)
where A is the (N + 1) by (N 4+ 1) transition matrix defined in

Section 2.1 and @, is the vector given by the initial distribution—it
may be assumed that Sy € (0, 1, -- -, N). Hence

Gn = 2 1*A™Qo(1 — p)p™!

mz=1

SCN? { )3 @A)m} Q

P m=1

Pr{X,}

I

1—0»p
= ; LI — pA)™? — I}Qo

_d-»
p

{1¢(I — pA)7'Qo — 1}~ (39)

In the sequel, a recursive formula for Gx is developed for the case
where Sy, = 0 or, equivalently, Q, = e;.

5.1 Recursive Formula for Gx

The matrix A associated with a given N is denoted by A4 (N).
|[I — pA(N)|[{I — pA(N)}e; is the vector of (signed) cofactors of
the first row of {I—pA(N)}. Therefore, |I—pA (N)|1t{1—pA(n)}les
is the determinant of the matrix B(N) obtained by replacing every
element of the first row of {I — pA(N)} by unity.

_ B

17— pA()]
Let the (signed) cofactor of the element {I — pA (N)}1: be denoted by
¥ ¢=1,2 ---,N + 1. From the definition of B(¥),

|B(\N)| = X Cv- (41)

i=1

14{1 — pA(N)}er (40)
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The elements of the (N + 1)th column of {I — pA(N)} sum to
{1 — p(1 — =)} and the elements of the remaining columns sum to
(1 — p). Hence, by adding the rows 2, 3, - - -, N 4+ 1 torow 1, it follows
that

1= pA@)| = (1= p) ¥ C%+ {1 = p(1 — m)}C1¥+

1=1

N+1
= (=) T O (1= = m) ~ (L= P} O
= (1 = p)[B(N)| + prC*-N*1  from (41),
ie.,
| B(N)| 1 pm C1 N+
I—pAN)| L1—p 1—0pl|l—pAN)
Recapitulating,

(42)

Gy = ol [1¢{1 — pA(N)} ey — 1] from (39)
P
_l=p B
= - [ T— oA 1:| from (40)
C1.N+1
=1— ﬂ—m from (42).  (43)

The remainder of the derivation is in two parts. First, a closed form
expression for C1:¥+! ig obtained. The second part is on the recursive
formula for |I — pA(N)| and this formula is derived in Appendix B.

1 23 k+1k42 N+1
(L 4N AA... A 1
s 10 A 2
I—pA(N) = L " (44)
Tu10 N | N—k+1
w10 | N
| 1 JN+1
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where —p(1 — 7) = N and —pr = u. C1-¥+1 the (signed) cofactor to
{I — pA(N)}1,n+1, is the signed determinant of an upper triangular
matrix;
CI,N-H —_ (._1)N+2”N — (_l)N+2(_P7r)N
= pN7¥, (45)

In Appendix B it is shown that if zy, a scalar, is used to denote
|I — pA(N)|, then the following recursive formula holds:

TN = TN-1 — pk+17rk(1 - 1r)xN_k_1. (46)
Hence,
Ty 1/ v ) 1= TN—k_1 ) (a7)
7NN pp \mN-1pN-1 - T N—k=1,N=k—1
Let
Ty T — pA(N)]
yn < NN N,N (48)
T™p Tp
so that,
1 11—
YN = —Yn—1 — YN—k—1. (49)
T T

From (43) and (45),

VN
Gy=1———
_ 11— pA(N)]
1.e.,
ki3
Gy =1— —- (50)
Yn

(49) and (50) together provide the desired recursive formula for the
probability that the contents of the buffer does not exceed a given level
N during bursts if the buffer is initially empty and the distribution of
burst lengths is geometric.

Suppose the distribution of burst lengths is the weighted sum of

geometric distributions; i.e.,
J

Pr{burst length = 7} = 3~ «;(1 — p;) (ps)*™ . (51)
7i=1
It may then be shown that Gy = ¥ 7_,a,G;,» where G,y is obtained
from (50) and (49) with p replaced by p; in the latter equation and
G;,n identified with Gy.
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VI. MEAN TIME FOR FIRST PASSAGE IN A BURST

In Section IV certain formulas for the mean time for first passage
across prespecified levels are given. In burst processes where data
regarding the length of bursts is available, a more meaningful functional
is one in which a level is defined to be crossed only if this event occurs
during a burst. Bursts, then, may be visualized as a period of observa-
tion of the buffer. First passage across N, a positive integer, is defined
to occur at ¢ if

{S;=N,j=0,1,2,---,2— 1and 8; = N 4+ 1 and,
burst length =7}.

Let R; denote the probability of this event. The functional of interest
is Hy = X721 1R;. The burst length distribution is assumed to be
geometric ; generalization to larger classes of distributions may be un-
dertaken as indicated in the preceding section. Hence, if [ denotes
burst length,

Pril =14} = (1 — p)p*t i=1,2 - (52)

for some p, 0 < p < 1.
In the notation of Section 2.1,

Ri=Pr{Sii=NNX, . NE,_1=1N1=1}
=Pr{f; = 1}Pr{S;ici = NN Xi4|l = i}Pr{l = 7}
=rPr{S;_1 = NN X;4}Pr{l = ¢}
=7Q—1(N)p?

= ey (pA) Q0. (53)

A is, of course, the (N + 1) by (N + 1) matrix defined in Section 2.1
and @ is the initial condition vector.

Hy = me,(X i(pA)")Qo
=1
1e.,

Hy = mex(I — pA) (I — pA)Qo. (54)

The above concludes the derivation of the closed formula for H y—the
rest of the section is concerned with recursive versions of the formula
for the case where the buffer is initially empty, i.e., @ = e1. Once again,
it is necessary to revert to the use of the symbol A (N) to denote the

matrix A associated with N. ‘
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For fixed N,
2(p) & e X pHAN(N)ey
i20
= per 3 {pA(N)} ey
120
= per{I — pA(N)}les.
Hence,

d ¢ .
Z(p) = %Z(p) =e 2 (¢ + Dpidi(N)e

120

er 3 i{pd (N)}ite;

121

1
=-—HN-

™

Returning to z(p) and (55), observe that

pCL N+
2(p) = —————
[I — pA(N)|
CLN+H = NN,
Hence,
pN+l7rN
2(p) = ——————
[T — pA(N)|

and, from (56),

d pNH N+
=
dp L|I — pA(N)|
Let
1 A pN+l.n.N+1

o T — pA(N)|

25

(55)

(56)

(57)

(45)

(58)

(59)

Since vy = (1/p7)y~ where yx has been defined previously in (48) and
the recursion in (49) for y» is linear, vy satisfies the same recursion.

Hence, with uy 2 (d/dp)vn(p), the following formula is obtained:

Uun
HN= — s
2
UN

(60)
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and,
1 1 —=
UN = —UN—1 — UN—k—1 (61)
pm T
1 1 - 1
Un = '; UN-1 — - UN—k-1 — ’)—2;7)N—1~ (62)

VII. ASYMPTOTICS OF RECURSIONS

The main recursions occurring in the paper are of the following
forms:

1 l1—x

TN = —ITN-1 — TN—k—1 (63)
T T
1 11— 1

YN = —YnN—1 — YN—k—1 + — (64)
iy ™ ™
1 1 —7

N = — 2N—1 — ZN—k—1 where 0 < p < 1. (65)

pmw ™

Equation (63) occurs in the formula for the (unnormalized) steady-
state probabilities and in the formula for the normalization constant;
(64) occurs in the formula for the mean first passage time ; (65) oceurs in
the formula for the probability of no overflow during bursts. The
fundamental solutions of these recursions are obtained from the roots
of the following polynomials.

Fu) = p*tt — — u* 4 (66)
™ ™
1 11—

G(p) = phtt — —pF + . (67)
pT T

Equation (66) is associated with (63) and (64); (67) with (65). The
two results given below enumerate and estimate the roots of F(u) and
G (u) outside the unit circle.

Lemma 1': Except for one positive real root 1/6, and 1, all other roots of
F(u) lie inside the unit circle |u| = 1. The root 1/6 lies outside the unit
circle if and only if k > n/(1 — w).

Lemma, 1 is a specialization of a result proved in Ref. 1. Bounds on
6 are also given there.

Lemma 2: G(u) has k roots inside the unit circle |u| £ 1, no roots in the
annular ring 1 = |u| £ 1/p, and one real, positive root outside the
circle (] = 1/p.
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Proof:

GO) = —~ >0

™

G(1) == (1 = 1/p) <0

GOM)=1;T[1———]<O

Since G(0) > 0 and G(1) < 0, there exists a real positive root of
G(u), r, where r < 1. Since G(1/p) < 0 and G(u) — = as y— =,
there exists a real positive root of G(n), R, where B > 1/p. The
following theorem which is stated without proof may now be applied.

Pellet’s Theorem:"° Given the polynomial
f(@) =a0+az+ - +apw?+ - 4 az”, ap, #Z0.
If the polynomial
Fo@) = [ao] + |lar]z + -+ + lapafe”™
= las|z? + |aps1]2?™ + - -+ |aa|2”

has two posttive zeros r and R, r < R, then f(2) has exactly p zeros in or
on the circle |z| < r and no zeros in the annular ring r < |z| < R.

Identifying p with k, n with £ + 1 and f(2) with G(x) the rest of
the proof follows.
The reader may now verify that, for large N,

™

xy = C, if k<

1—=

~(C,+ C:N if k=1r/1—1r

1\¥ . T
%014—02(5) if k>1—7r

yvn=C:1 + NC, if k<

1—

=~ (C; + NC; + NC; if k=x/1l—n=

1\ ¥
gCl'*‘NCg‘FCs(b‘) if k>

1—7

v = Cy(R)Y
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where, R and 1/6 are roots previously defined and the C’s are constants.
The constants may be obtained by fairly straightforward computations.

The qualitative difference between the forms of the expressions
corresponding to k < #/(1 — =) and k > #/(1 — =) are noteworthy.
This is not unexpected, since it may be recalled that in Ref. 1 it was
proved in a more general context that the Markov chain associated
with the infinite buffer is positive recurrent if and only if & > #/(1—).

VIII. A MONOTONICITY PROPERTY OF THE PROBABILITY OF A FINITE
BUFFER BEING FULL

The steady-state probability of a buffer being full, i.e., P(N) where N
is the size of the buffer [see Section III and, in particular, eq. (21)]
may be expected to be an important factor in the practical design of
buffers. This is so not only because of the immediate implications of
the definition but also because 1/P(N) is the average recurrence time
of state N. However, this approach would appear to overlook the
possibility that the probability of the buffer being full in the transient,
i.e., in the approach to steady state, is seriously underestimated by
P(N). Such an event is not easy to rule out because, after all, P(N) is
an element of only one (normalized) eigenvector of the transition
matrix while all the modes or eigenvectors and eigenvalues of the
matrix contribute to yield P..(N) when m is finite. However, one of the
implications of the result in this seetion is that, under certain conditions
on the initial probability distribution of the contents of the buffer,
P(N) is indeed an upper bound on P.(N), ie., P,(N) < P(N),
m =0, 1, --- ; furthermore, the important case of the buffer being
initially empty satisfies the conditions just mentioned.

For a buffer of size N, the result states the following. Suppose at the
mth instant the state probabilities satisfy the inequalities:

itk

m™Pu(@) — (1 —m) 2 Pu()20 7=0,1,---,N —k (68)

j=it1

TPn(i) — (1 —m) 2 Pa(5) 20

j=itl
t=N—-k+1,N—k+2 ---,N—1. (69

Then (a) Pn(N) £ Pnia(N), and, as shown below, (b) the inequalities
in (68) and (69) are satisfied with P,(I) replaced by P n41(l) forl = 0,
1, 2, ---, N. Therefore, if (68) and (69) hold, P;(N) < P.;.1(N) for
all 2, ¢ = m; i.e., the probability of the buffer being full is a monotonie,
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non-decreasing sequence. (a) may be trivially verified. The proof of
(b) is as follows.

(1) <=0.

T™Pni(t) — (1L = D) {Prpa(C+ 1) + Pupn(C+ 2) -+ + P (0 + £
=71 = o)[Pn(0)+ Pnr(l) + -+ + Pr(k)] — (1 — m)x
X [Pu(0) + Pu(l) + -+ Pulk — 1)] — (1 — ) [Pu(k + 1)
4 Pah+2) + -+ Pa(2h)]
= (1= m[Pu(k) — (1 — m){Puk + 1)
£ Pk +2) -+ Pa)}] 2 0

() 127 N — 2k

TPpi1(d) = (1 = ) {Pupr(G+ 1) + Prua(@ +2) -+ - + Prn(i + k)
=r(l — m)[Pn(0) + Pn(1) + -+ + Pn(k)] — (1 — m)x[Px(0)
+Pa(l)+ - + Pubk— 1] — (1 — 2)[Pulk + 1)
+ Pnk+2) + -+ + Pn(2k)]
=1 —m)[xPnk) — Q1 — 7){Pnlk+1)
+Pu(k+2)+ - +Pn2k)} 120
() N—2% +1<¢{<N-—Fk—1.

7er+1(7:) - (1 - T){Pm+l(7: + 1)

+ Pupi(t+2) 4+ - + Pup(G + k)}

= w[Puli—1) + (1 = WP + k)] — (1 — )

X alPu(@) + Pu(i+1) + - + Puli +k — 1]

— A= a2PuG+ b+ 1) +PuG+E+2) + - + Pn(V)]

= 2[7Pn(i — 1) — (1 — 7){Pn(i) + Pn(i + 1)
4+ + PG+ E—D}]+ A - D[aPuG+Ek) — 1A —7)
XA{Pu(t+k+1) +Pu(@+k+2)+ -+ +Po(N)}]120

() i = N — k.

7P ms1(6) — (1 — ) (Pmpa(G + 1)
+Pm+1(i+2) + +Pm+l(7:+k)}
= a[7Pui — 1) + (1 — D)Pu( + k)] — (1 — 2)a[Pu(i)
FPai+ 1)+ -+ Puli+k— 1] = (I — m)7Pu(N)
=7[mPu(i —1) — (1 — m){Pn()
FPaGH+ ) 4+ PG+ k—1)]20



30 THE BELL SYSTEM TECHNICAL JOURNAL, JANUARY 1973

WN-k+1=2¢=N-—-1

TPmy1() — (1 = T){Pni1(@ + 1) + Prpa(@ +2) + -+ - + Puia(N))
=7mPu(i — 1) = (1 = m)a[Pm() + Pu(@+ 1) + -+ + Pu(N)]
=gqaPn(i—1)—(1 — ) {Pn() + Put+1)

b+ Pa}]Z 0

(b) is proved.

Observe that P,(0) = 1, P,(7) = 0,7 =1, 2, ---, N satisfies the
inequalities (68) and (69). However, the other initial distribution of
interest, namely, P»(0) = 0, P,(1) = 1,P,(2) =0,7=2,3,---, N
does not satisfy the inequalities. Also, it may be verified that for the
latter set of initial conditions, the monotonicity property does not hold.

It is interesting to note that if (68) and (69) hold, then P, (0)
= P,11(0), so that together with (b), P;(0) = P.1(0) forall ¢, ¢ = m,
i.e., the probability of the buffer being empty is a monotonic, non-
increasing sequence.

APPENDIX A

Recursive Formula for |D(N) |

1 2 kE+1 N N+1
S O | 1 ) 1
{_’.’ 10 =1 0 2
D(N) =
=z 1 0 C(r—1D|N—-k+1
-, 1.0 0 N—-—Lk+2
1 0 N
L -7 1 JN+1
Expanding |D(N)| along the (N 4 1)st row yields
[IDN)| = |[DIV — 1)| + =[X] (70)

where
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1 2 E+1 N -1 N
0 1 o | 1 3 1
—r10 (r—1) 2
A
X = -7 1 0 (r—=1) 0 N—-k—-1
-7 1 0 0 0 N -k
-7 10 0 (—1|N—-k+1
-7 1 0
i o Jw

Expanding | X | along last column:

[X| = (=D¥(=m)V" + (r — D(=D¥E=HDIY] - (71)

where
1 2 k41 N —1
(1 D 1
-7 1 0 r—1, 2
y 2
-7 1 0 r— 1IN —-k—1
—7r 1 0 N —k
-7 1
q —erN—l

Expanding | Y| along the last (k — 1) row.
Y| = (—=m)*|D(N — k — 1. (72)
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Combining (70) through (72):
[ID(N)| = |[DIN = 1)| = (1 — m)x*|D(N — k — 1)|. (73)

APPENDIX B

Recursive Formula for |I — pA(N)|

I — pA(N) is given in (44). Let z, denote |I — pA(N)|. Also,
A= —p(1l—m) and u = —pm.

(7) Expand |I — pA(N)| along the last, ie., (N + 1)th row, of
[I — pA(N)].

TN = TN-1 — /.Lle (74:)
where
12 kE+1 N
MM+Xx X . . . N 0 0 1
n 1 0 A 2
A AN OIN—-k-—-1
X= 0 O|N —&
0 N N—-Fk+1
w10
v OJN

(¢7) Expand |X| along the last, i.e., Nth column of X.
le = (= 1)(¥—kD+N)\ | Y|

= (=Y (75)
where
1 2 E+1
(14X A A 1
I 1 A 2
y &

w10 AMN-k—-1

w1 0 O|N —k
0w 10 ON—Kk+1

‘I-‘.]-
L #JN—l
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(447) Expand |Y| along the last & — 1 rows.

|Y| = p* ey . (76)
Hence,
xy = ay_1 — u| X| from (74)
=ay_1 — p(—1\|T| from (75)
= TN-1 — ,Ll.(—].)k_l)\ﬂk—lxN_k_l from (76)
= ay-1 — p*rH(l — )TNk (77)
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The frame-to-frame coder described in Ref. 1 used an 8-bit PCM signal
Sor input. If, instead, the signal is obtained by digitally integrating the
output of an element difference coder, the quantizaiion noise may be mus-
interpreted as motion, and cause unnecessary transmission. In the
particular example of the Phase I coder,? the quantization notse loads the
Sframe codec to the extent that it produces an unacceptable picture.

In this paper, a frame-to-frame coder for Picturephone® signals us
described which is capable of coding the digital output of a Phase I codec
for transmission over a 2-megabit/second channel. Improved methods are
used to segment the noisy picture into moving areas and background areas.
The moving areas are then transmitted using a number of data reduction
techniques. During periods of slow movement, clusters of frame-to-frame
differences in the moving area are transmulted. For moderate movement,
frame differences are sent only in every other field, the moving areas of
intervening fields being transmitted by a conditional field interpolation
technique. For rapid movement, 2:1 horizontal subsampling s used, and,
Jfinally, during violent motion when the buffer fills, frame repeating vs used.

The picture quality obtained from a laboratory simulation of this
system 1is believed to be satisfactory even for a very active subject. With
small amounts of motion the subjective quality is actually improved because
the visibility of the quantizing noise from the Phase I codec vs reduced by
the inherent frame repeating action of the coder.

I. INTRODUCTION AND SUMMARY

In Ref. 1 an 8-bit-per-picture element (pel) Picturephone-type signal
is coded using only 2 megabits/second (Mb/s). Clusters of significant
frame differences are transmitted using a double-length code (four-bit
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and six-bit) for the frame differences and eight-bit addresses for the
clusters. During periods of moderate movement, every other significant
frame difference along the line is transmitted, the intervening elements
being obtained by linear interpolation. If, during violent motion, the
buffer fills, frame repeating is used.

In this system a frame difference was deemed significant if its
magnitude exceeded some threshold value (T = 4, 5, 6, 7) which
depended on the buffer fullness. Two exceptions to this criterion were
made, however: (7) if a significant change was surrounded on both
sides by two insignificant changes, then the change was deemed
insignificant, and (#7) if two clusters of significant changes were
separated by three or less insignificant changes, then the clusters were
joined by relabeling the intervening changes as significant.

FFor maximum flexibility of the Picturephone transmission system, it
is desirable that an interframe coder be able to accept as an input a
signal that has previously been coded by an intraframe coder, such as
an element difference coder. Such a signal will have a significantly
higher level of quantization noise than an 8-bit PCM signal. The
Phase I codec? is an example of an element difference coder. Since the
quantization noise from this coder has been carefully shaped for
minimum visibility, the signal it produces probably contains the highest
noise level of any signal likely to be encountered by an interframe
coder. Designing an interframe coder to work with such a signal thus
reveals many of the problems involved in working with signals having
realistic noise levels.

If the input signal contains element differential quantizing noise,
the system in Ref. 1 does not perform well at all. An inordinate
number of sizable frame-to-frame differences arise due to the quantizing
noise, and in the case of the Phase I codec, acceptable video transmis-
sion at 2Mb/s is impossible. Raising the threshold of significance
reduces the number of background frame differences which are trans-
mitted, but it also reduces the number of subjectively important frame
differences in the moving area which are sent. Unacceptable picture
quality results.

Averaged over a small region in space and time, the frame differences
due to quantizing noise differ in many ways from the subjectively
important frame differences due to movement. For example, frame
differences due to movement are correlated spatially, whereas frame
differences due to quantizing noise are not.

These properties have been exploited to give a method for segment-
ing the picture into moving areas and stationary areas.? The moving
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area as defined by the segmenter tends to be slightly larger than the
actual moving area, but it has been found that this is necessary if a
subjectively acceptable picture is to be obtained.

The number of picture elements which must be transmitted using the
noisy input and this segmenter is much larger than with the 8-bit input
and the segmenting criterion of Ref. 1. Thus, even with a good seg-
menter, the data rate is larger than 2 Mb/s using only the data reduc-
tion techniques of Ref. 1. Other means of data compression are required
if a 2-Mb/s rate is to be obtained.

Two techniques are proposed. First, since the segmenting criterion
used here requires that all picture elements in the moving area be
transmitted, a large number of zero frame differences are sent, i.e.,
the average transmitted frame difference is much smaller than in
Ref. 1. Under these circumstances, variable word length codes can be
used to good advantage. Using a variable word length code optimized
for moderate motion, only about two bits per frame difference are
required on the average. Using this same code during periods of active
motion requires about three bits per frame difference on the average.

Using the new segmenter and variable word length coding of frame
differences, transmission below 2 Mb/s is easily accomplished during
periods of slow movement. When motion becomes a little more rapid,
however, the 2-Mb/s rate is surpassed, and another data compression
technique must be used. Two-to-one horizontal subsampling generally
results in subjectively unacceptable picture quality because the
movement is too slow to hide the resolution loss. Thus, a conditional
field interpolation technique*® is used as the second method of data
rate reduction.

With this technique, frame differences in the moving area are
transmitted only during every other field. Each pel in the moving area
of the intervening fields is obtained at the receiver by a four-way
average of vertically adjacent picture elements in the two fields
adjacent to the one being coded. However, if the four-way average is in
error by an amount larger than some prescribed threshold, then a
quantized correction value must be sent to maintain acceptable
picture quality.+

The receiver as described above would still have to be told
which picture elements in the intervening field are in the moving
area, and which are in the background. However, since movement is
so highly correlated from field to field, we believe that this information
can be extracted from the two fields adjacent to the one being
interpolated.
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With rapid motion, 2:1 horizontal subsampling can be employed.
This is brought in under buffer control. When motion becomes violent
and the buffer fills, then transmission ceases for one frame period and
the previous frame is repeated.

Using the data compression techniques described above, a laboratory
simulation was constructed to test the important aspects of a 2-Mb/s
frame-to-frame codec that is capable of coding the digital output of a
Phase I codec. A simplified block diagram of the simulation is shown
in Fig. 1. A digital signal identical to the output of the frame-to-frame
codec was passed through another digital Phase I codec without degrad-
ing the picture noticeably. The system described is capable of accom-
modating about the same amount of movement as that in Ref. 1,
with a picture quality comparable to that of the Phase I codec.

The Phase I codec was designed, of course, without any thought of
frame-to-frame coding. It is not surprising, therefore, that many
difficulties arise when frame-to-frame coding techniques are applied
to the output of a Phase I codec. Changes in the Phase I coder to reduce
the quantization noise would not only result in a simpler interframe
coder, but could also lead to a data rate less than the 2 Mb/s obtained
here. How much less will have to await further study.

The next four sections deseribe in more detail the operation of the
frame-to-frame coder. The last section describes the simulation.

I1. SEGMENTING THE PICTURE INTO “MOVING’’ AND “STATIONARY” AREAS

An essential preliminary to the development of the coder described
in this paper was the development of methods for detecting or segment-
ing the moving area in a video signal which has already been corrupted
by noise due to an in-frame coding operation. A full deseription of the
work done on this problem will be given in subsequent papers. In this

MoV

QUANTIZED SE}”;‘gT"O“REA

ELEMENT (SEGMENTER)
DIFFERENCE
SIGNAL FRAME
DIFFERENCE ":gE’LNG
SIGNAL SIGNAL
8 BIT PCM
VIDEO SIGNAL I;H}{_\:in}le INTERFRAME ||\7H€:§IJIE TO DISPLAY
CODEC CODEC CODEC

Fig. 1—A simplified block diagram of the simulation showing the signals used
and produced by the segmenter.
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section, we will simply state the various properties of the video signal
and the coding noise which can be exploited in detecting the moving
area. Following that, we give a description of the actual segmenter
that was developed for use in the system deseribed in this paper.

In order to separate the frame-to-frame brightness changes caused by
movement from those caused by noise from an element difference
quantizer, advantage can be taken of certain distinguishing properties.
The most important property of the movement-generated frame
differences is that they are spatially correlated. Two properties of the
noise are important:

(¢) It is almost entirely uncorrelated spatially;

(#7) The magnitudes of individual noise spikes are equal to the
spacing of the representative levels used in the element differ-
ence quantizer.

The second property of the noise results from the fact that in stationary
areas a small noise perturbation from one frame to the next can cause
a change in the representative level used to encode a particular element
difference. This change will be to an adjacent representative level in
the quantizing scale, and, consequently, the resultant frame difference
will be equal to the spacing of those levels. The more widely spaced
outer levels of the companded quantizing scale are used to encode
detailed areas and contrasty vertical edges. Thus, the frame difference
noise is greatest in these regions.

Finally, a useful property of moving areas is that they are spatially
and temporally contiguous. In other words, if a pel is in the moving
area, it is highly probable that the spatially adjacent pels and the same
pel in the next frame are in the moving area.

The signals employed by the segmenter in detecting the moving
area are indicated in Fig. 1. A block diagram of the processing of the
quantized element difference signal and the frame difference signal is
given in Fig. 2. The frame difference signal undergoes two separate
spatial filtering operations which increase the signal-to-noise ratio for
the spatially correlated frame differences caused by movement.
Filter A is designed to enhance the frame difference signal associated
with moving edges and particularly with vertical edges moving
horizontally. This signal is characterized by high horizontal spatial
frequencies and lower vertical spatial frequencies. By averaging the
frame difference signal from adjacent lines, these low vertical fre-
quencies are enhanced relative to the spectrally flat frame difference
noise.
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SPATIAL FILTERING
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SIGNAL I |
FILTER B
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- ]

Fig. 2—A simplified block diagram of the segmenter showing the spatial filtering
and noise estimation processes.

Filter B is designed to enhance the frame difference signal associated
with the movement of relatively flat areas. This signal has most of its
energy at low spatial frequencies. By averaging the frame difference
signal in an 8-pel-by-2-line area, an increased S/N ratio is obtained.
After the averaging operation, the signals from both filters are rectified
since the frame difference signal can be of either sign.

Although filter B enhances the movement-generated frame differ-
ences in relatively flat areas, it is found that in highly detailed,
stationary areas its output commonly exceeds the output arising in
slowly moving, flat areas, such as hair. Thus, simple threshold detection
is no good. However, it is possible to compensate the output of filter B
for these detail-dependent variations in the frame difference noise by
subtracting a filtered estimate of the magnitude of the noise signal.

As mentioned above, individual frame differences caused by quantiz-
ing noise are equal to the spacing between representative levels of the
element-difference quantizing scale. Thus, in blocks C and D in Fig. 2,
the filtered estimate of the noise signal is derived from the quantized
element-difference signal by generating at the output of block C a
non-negative signal that is proportional to the spacing between the
input representative level and the adjacent smaller level in the element-
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difference quantizing scale. (Because the probability distribution of
element differences is monotonic and peaks at zero, the most probable
transition between representative levels due to a noise perturbation is
from an outer level to the adjacent smaller level.) The estimated
frame-difference, noise-magnitude assignment for the representative
levels is modified for the four inner levels of the 16-level quantizing
scale of the Phase I codec as shown in Table I, which gives the output
versus input for block C. This modification reflects the fact that noise
frame-differences are relatively small in flat areas of the picture.
Experimentally it was found that flat, stationary areas could be more
easily distinguished from flat, moving areas if no noise compensation
was used in these regions. Thus, the estimated frame-difference
noise magnitude for the four inner levels is set to zero.

The filtered and noise-compensated frame-difference signals serve
as inputs to the decision logie of block E. This logic takes advantage of
the fact that moving areas tend to be contiguous both spatially and
temporally. Thus, if movement is occurring at a particular pel, there
is a high probability that movement is occurring at pels that are
spatially and temporally adjacent. Consequently, the philosophy for
the design of the decision logic was to use a high decision threshold for
the detection of movement in regions of the picture which were
previously stationary, and a lower threshold in regions where move-
ment had recently been detected.

A block diagram of the decision logic is given in Fig. 3. (For simplie-
ity, a number of delays required to keep the binary signals in register
have not been shown.) The filtered and noise-compensated frame-
difference signals serve as inputs to this logic. They are first converted
to binary signals by threshold operations having the following transfer
characteristics,

B;
B;

1 if F=>T;
0 if F<T;

I

where F is the input, T'; the threshold, and B; the corresponding binary
output signal. A control signal from the interframe coder that indicates
the amount of movement by measuring the buffer fullness is used to
raise the thresholds T and T'; during periods of fast motion.! Move-
ment detection is easy in this situation, and the segmenting accuracy
can be increased.

In order to best describe the operation of the decision logic, we will
start with the block labeled “Binary Threshold Logic with Hysteresis.”
This block will be referred to as an N out of M (N/M) device after
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TABLE I—REPRESENTATIVE LEVELS oF PHASE I CopEc QUANTIZER AND CORRE-~
SPONDING ESTIMATES OF FRAME DIFFERENCE NOISE MAGNITUDE

Quantized Element Estimate of Frame Difference
Difference Noise Magnitude

+2/256 0/256
+6

+14
+30
+46
+62
+78
+04

CO0WWW O

Limb and Pease.® A block diagram of this device is given in Fig. 4.
The accumulator in the N/M device keeps a count of the number of
ones in the 8-by-3 block of 24 pels adjacent to the pel of interest as
shown in Fig. 5. (Thus, M is 24.) If the output of the accumulator is
greater than or equal to the threshold N; = 9, the output flip-flop is
set; and segmenter output function Bs becomes a one to indicate
moving area. In keeping with the design philosophy mentioned above,
the flip-flop can only be reset by having the output of the accumulator
drop below the lower threshold N, = 4. Note that by setting N equal
to nine, the signal Bj;, which indicates the occurrence of flat area
movement on the present line can never by itself cause the flip-flop to

F, = VERTICALLY AVERAGED

CONTROL SIGNAL FRAME DIFFERENCE SIGNAL
FROM BUFFER

F, = NOISE COMPENSATED AND
AREA AVERAGED FRAME
I_ DIFFERENCE SIGNAL

Fy B, ISOLATED | B4
MOVING AREA
REJECTION 1: MOVING PEL
B 0: STATIONARY PEL
T 2 \\
2
Fy | SET B,
INPUT X Bg \\
B B
Ta = 2 BINARY Bs |
| AND GATE
l 8, | THRESHOLD | B 1'
L LOGIC WITH d
VARIABLE THRESHOLDS By | HYSTERESIS
B=1IFF >T, (N/M)
B=0 IFF KT,
LINE FIELD—1/2 LINE
DELAY ’ DELAY

Fig. 3—Decision logic. The N/M device processes binary signals from the present
and previous fields to produce the moving area signal.
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OR GATE

O—s—{ ACCUMULATOR Ny =9
TO MONITOR
B, NUMBEROF |\
o—s— BINARY ONES |{—yd
IN 8x3 BLOCK
Bg AROUND POINT

OF INTEREST

SET B5
FLIP— o
RESE C

l
|
|
I
N N

-
B, | THRESHOLD
I
|
I
|

THRESHOLD |
i Ny =4

| NOR GATE
B4—MOVING EDGES L ]

B3—FLAT AREAS MOVEMENT Bg—MOVING AREA

B, AND Bg—PREVIOUS FIELD 0IFN< N, SIGNAL
MOVEMENT OUTPUT =
TIFNZ N

Fig. 4—N/M device. Two thresholds are applied to the output of an accumulator
that keeps a count of the number of binary ones in an 8-pel-by-3-line area around the
point of interest. These thresholds control the state of the output flip-flop along with
the moving edge signal B..

be set. Initially, the only way the flip—flop can be set is for a one to
oceur in the signal B,. Since this function indicates movement of edges,
edge movement must be detected before flat area movement. However,
once edge movement is detected, the flip-flop is set and the lower
threshold N, determines whether adjacent pels on the same line will
be designated as moving. In addition, referring to Fig. 3, if B,, which is
a more sensitive but noisier indicator of flat area movement than B;,
is a one when the flip-flop is set, Bs will be a one. Hence, in keeping
with the design philosophy, the value of N, for the spatially and
temporally adjacent pels in the next field will be effectively lowered by
the appearance of these ones in B; and Bg. As a result of the interactions
described above, the N/M device tends to fill in moving areas, and to
designate areas as moving for a short while after they become
stationary.

Given the above description of the N/M device, the functions and
choice of design variables for the various other blocks in Fig. 3 become

= = X = X X = = X = Xm = X = = X — =X
4
P () S
I/ X X: X X 7@ X: X X: AN
\ \
\7——-X———-X———~X——~~—X—/-‘— —X=—— X —— X — — = X— - \‘
\\ // |
1
INTERLACED LINES PEL OF INTEREST PRESENT FIELD
FROM PREVIOUS LINE
FIELD

Fig. 5—Arrangement of the 8-by-3 block of pels monitored by the N/M device.
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evident. The threshold T'; is set relatively high (~10 on an 8-bit PCM
scale of 256 levels) to insure that a binary one in the function B; is
indeed caused by the movement of an edge. This function undergoes
further processing so that isolated ones (no other ones within two pels
horizontally in either direction) arising from noise spikes are set to
zero.! Similarly, the threshold 7T'; is set relatively high (~4/256) to
insure that the condition B; = 1 corresponds to movement in flat areas.
The threshold T'; on the other hand can be set lower (~2/256), since
it causes ones to occur in Bj only if the segmenter output, Bs, is a one.
However, it eliminates from Bg most of the “fill-in”’ pels generated by
the N/M device. This process stabilizes the feedback loop around this
device.

If the thresholds 7' to T'; are fixed, they must be set quite low in
order to detect very slow motion. Given the level of quantization noise
from a Phase I coder, such low thresholds inevitably lead to the
inclusion of some background points in the moving area. By using the
control signal from the buffer, the thresholds can be made speed
dependent. For even moderate motion, the segmenting is then virtually
ideal.

1II. VARIABLE WORD-LENGTH CODING OF FRAME DIFFERENCES

In Ref. 1, the 9-bit frame differences (—255 --- 0 - - - 4255) were
quantized into 64 levels. Since the Phase I coder gives an effective
6-bit signal (6 bits with the seventh bit alternately 0 and 1 along the
line), only frame differences that are multiples of 4/256 can occur.
This set of frame differences is sufficiently coarsely quantized for
efficient transmission.

Also, in Ref. 1 it was very much easier to separate the subjectively
important frame differences from those few due to camera and system
noise. In the system described here, where a Phase I signal is used as
an input, once the moving area has been identified, all frame differences
in it must be transmitted since it is not possible to tell which are due to
movement and which are due to quantizing noise. Within the moving
area, as defined by the segmenter, many zero frame differences do occur.
However, since they are randomly interspersed among the nonzero
frame differences, it is much more efficient to transmit them than it
would be to delete them and address the remaining nonzero frame
differences.?

This causes the average magnitude of transmitted frame differences
to be considerably smaller than in Ref. 1 where an 8-bit input is used.
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Fig. 6—Typical histogram of moving area frame differences during moderate
motion. Huftman code word lengths are shown for each level.

Thus, a more complex variable word-length code can be used to good
advantage in reducing the average number of bits required to transmit
a frame difference. Preliminary measurements indicate that with a
good variable word-length code, less than two bits per frame difference
are required on the average during periods of slow movement. During
moderate movement, a little more than two bits per frame difference
are required ; and during rapid movement, about three bits are needed.

Figure 6 shows a typical histogram of the magnitude of the frame
differences in the moving area during moderate motion. Also shown are
the Huffman code word lengths corresponding to this distribution.
The average word length per frame difference is 2.05 bits.

IV. CONDITIONAL FIELD INTERPOLATION

During very low-speed movement, variable word-length coding of
frame differences in the moving area is sufficient to code at a rate
below 2 Mb/s. Unfortunately, the speed at which the bit rate rises
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/C
/: ’F’,‘OD

// FIELD 3

FIELD 2

FIELD 1 /

Fig. 7.—Four-way vertical averaging. Fields 1 and 3 are sent via frame differences
in the moving area. Information about moving area pels (E) in field 2 is sent only if
the interpolation error |E— (A+B+C+-D)/4| exceeds a threshold.

above 2 Mb/s is still too slow to hide the resolution loss incurred by
2:1 horizontal subsampling. Thus, another data compression technique
is used.

With conditional field interpolation (called conditional vertical
subsampling in Ref. 4) only every other field is transmitted by sending
frame differences in the moving area. The moving area pels in the
intervening fields are obtained from a 4-way average of vertically
adjacent pels in the two adjacent fields. In Fig. 7, fields 1 and 3
have been transmitted via frame differences in the moving area, and
pel E is to be sent via conditional field interpolation. Pels A and C are
directly above E, and pels B and D are directly below E. The 4-way
average (A + B + C + D)/4 is computed and used as a prediction
of E. If the interpolation error does not exceed some prescribed
threshold value, then nothing is sent, and the 4-way average is used
in place of E. If the interpolation error does exceed the threshold, then
a quantized correction value is transmitted.

Since the receiver treats background area in the interpolated fields
differently than it does moving area, it must be told which picture
elements are in the moving area and vice-versa. Preliminary measure-
ments indicate that addresses for the moving area of the interpolated
fields could probably be transmitted using less than 0.1 Mb/s. Alter-
natively, the moving area of the interpolated fields might be satisfacto-
rily obtained from the union of the moving areas in the two adjacent
uninterpolated fields. This would not require any additional informa-
tion to be transmitted.



FRAME-TO-FRAME CODER

47

In order to determine whether or not the field interpolation error
was acceptable, threshold values between 7 and 15 out of 255 were used.
These values gave acceptable to marginally acceptable picture quality,
and a data rate which was drastically reduced compared with sending

frame differences.

V. BLOCK DIAGRAM

Figure 8 shows a block diagram of the system. (The segmenting
operation is shown in detail in Figs. 2 to 4.) During very slow movement,
every field is transmitted by sending frame differences (B’ — D) in

| BUFFER l—’ TO CHANNEL (2M BITS/SEC)

PHASE 1
_ —-FOUR WAY INTERPOLATION ERROR
CODEC ADDRESSING - DURING FIELD INTERPOLATION
B’ 00 “ _ _ —FRAME DIFF. TO BUFFER EXCEPT
e — DURING INPUT OF INTERPOLATED FIELDS
_ [
v s; 1
SEGMENTER
1= MOVING [~ ———¢
AREA I
FIELD + 1/2
LINE DELAY
T
I ; J, I
T—THRESHOLD
D FIELD— 0 FIELD + B
1/2 LINE ! Q-QUANTIZER 1/2 LINE f+>
DELAY S5 01 DELAY H
0o
—0
1s,
II }——C J -—1A LINE DELAY |
LINE DELAY ArBICHD |
D 4 B
' B
| [ erasen
| oA D/A MONITOR |

L

SIMULATION ONLY

]

Fic. 8. —Frame-to-frame coder for Picturephone® signals with Phase I quantizing
noise. During field interpolation, information from two fields is fed to the buffer

simultaneously.
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the moving area as defined by the segmenter. S; is in the 0 position to
give an uninterrupted frame memory, and S, is in the 0 position so
that no interpolation error information reaches the buffer. S; is
controlled by the segmenter. When in the 0 position, the previous frame
value D (see Fig. 7) is fed to delay I, and no frame difference is fed to
the buffer. When in the 1 position, the new pel B = D 4+ (B’ — D)
is fed to the delay, and a frame difference is fed to the buffer for coding,
addressing, and transmission.

When movement becomes more rapid and the buffer fills beyond
some prescribed threshold, only every other field is sent via frame
differences in the moving area as outlined above. Mode switching occurs
only at the end of a field. During input of a field which is to be inter-
polated, S, and S; are in the 0 positions allowing uninterpolated fields
to enter delay II unchanged. S; is controlled by the segmenter as
before ; however, no frame differences are fed to the buffer for transmission.
Coding and transmission of this field takes place at a later time. Thus,
during input of interpolated fields no amplitude information is fed to
the buffer. Addressing information needed to specify the moving area
at the receiver could be sent at this time if it is found to be more
efficient ; however, this information could just as well be obtained from
the output of delay III and sent later during the actual coding and
transmission of the interpolated fields.

During input of uninterpolated fields, coding and transmission of
frame differences in the moving area are carried out as usual by means
of switch S;. However, at the same time, coding and transmission of
interpolated fields are also performed. When pel E in an interpolated
field (see Fig. 7) emerges from delay I, pels A, B, C, and D are emerging
from their respective delays as shown in Fig. 8. The output of delay
IIT identifies E as either a background or a moving area pel.

If E is a background pel, S, and S; are switched to the 0 positions. E
enters delay IT and no information is fed to the buffer. If E is a moving
area pel, then S; is switched to position 1, and S, is controlled by the
threshold logic T. The threshold logic compares the magnitude of the
interpolation error [E — (A + B 4+ C + D)/4] with a prescribed
threshold. If the error is smaller than the threshold value 7, then S, is
opened (0 position), nothing is fed to the buffer for transmission, and
the 4-way average enters delay II in place of E. If the interpolation
error is too large, S; is closed (1 position), & quantized interpolation
error generated by the quantizer Q is fed to the buffer for transmission,
and the corrected interpolation value is fed to delay II in place of E.

A number of implementation aspects have not been discussed.
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Fig. 9—Receiver configuration. Information is read from the buffer two fields at
a time during field interpolation.

For example:

() All moving area picture element information fed to the buffer
must, of course, be accompanied by addressing information,
and efficient addressing may require that some of the switch
control functions be modified, e.g., isolated point rejection, gap
bridging (see Ref. 1).

(¢t) During field interpolation, information from two fields is fed
to the buffer simultaneously. Thus, some multiplexing arrange-
ment must be devised in order to implement the system as
described. For example, a buffer might be provided for each
field and the outputs switched.

(i) The receiver configuration is very similar to that of the
transmitter (see Fig. 9).

(<) Two-to-one horizontal subsampling, and frame repeating have
not been discussed here since they are covered elsewhere.!+¢

VI. SIMULATION OF THE SYSTEM

A number of short cuts were taken to simulate the system deseribed
above. First; no coding, buffering or transmission of the data was
undertaken. In the simulation, only the picture processing performed
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at the transmitter was undertaken. The picture which would have
appeared at a receiver in the absence of transmission errors was
equivalent to the output of field memory II in Fig. 8. As in Ref. 1,
buffer control of the picture processing was obtained by using an
analog integrator to keep track of the number of bits that would have
been in a real buffer had one been built. Also, as in Ref. 1, a buffer size
of 67,000 bits was chosen so that it would completely empty if the
input of data were stopped for one frame period.

Second, the effect of the variable word-length coding was only
partially simulated. Recall from Section III that with a good variable
word-length code, pels in the moving area could be transmitted using,
on the average, less than two bits per frame difference during periods of
slow movement, approximately two bits during moderate movement,
and about three bits during rapid movement. This was simulated by
counting two bits per frame difference during periods of slow and
moderate movement and four bits during rapid movement when 2:1
horizontal subsampling was employed.

During conditional field interpolation, the same bit assignment
scheme was used to account for the transmission of interpolation
errors. Although transmitted interpolation errors were not quantized
in the simulation, preliminary results indicate that they can be
quantized quite coarsely. Thus, a 2-bit, 4-bit assignment is not
unreasonable.

Transmission of moving area addresses for the interpolated fields
was not simulated. Preliminary measurements indicate that with rapid
motion, the number of clusters requiring addressing is, on the average,
about two per line. If 16 bits are used to address each cluster, then
about 0.1 Mb/s would be required to transmit them. If, as was con-
jectured in Section IV, this moving area can be obtained adequately
from the uninterpolated fields, then no extra information need be
transmitted.

Finally, transmitted information from interpolated fields was delayed
by a field period before being fed to the buffer simulator purely for
reasons of expedience. This means that during most of conditional
field interpolation, information from two fields does not enter the
buffer simulator at the same time as is described in Section V. This
should not affeet the results very much since much less data is gen-
erated during interpolated fields than during uninterpolated fields.
However, frame repeating due to buffer filling may occur slightly
more often in the actual system than it did in the simulation if the same
buffer size is used.



FRAME-TO-FRAME CODER 51

The acceptability of the pictures obtained using the simulation
described above was determined mainly by comparison with pictures
from the Phase I codec alone. This codec gives pictures that have
moderate amounts of both granular noise and edge busyness through-
out the picture. The frame-to-frame codec described above transmits
information only about the moving area. Consequently, the Phase I
codec noise in the background becomes stationary and, hence, much
less noticeable. In this sense, the pictures are improved.

Some loss of quality is caused, however, by the use of subsampling.
Under some conditions, a slight jerkiness in the movement being
depicted is noticeable as the codec enters the vertical subsampling
mode. Also, for very high-speed movement, a slight checkered pattern
at contrasty edges is detectable. This is caused by the use of both
horizontal and vertical subsampling.

On an overall basis, the picture quality produced by this 2-Mb/s
codec is felt to be equal to the quality of the input Phase I codec
signal.
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A DC-t0-2.3-GHz Amplifier Using an
“Embedding” Scheme

By GERARD WHITE and GEN M. CHIN
(Manuscript received July 26, 1972)

A novel circuit technique is described for embedding a high-frequency
amplifier in a low-frequency circuit to achieve a defined, flat gain from dc to
the cutoff frequency of the hf amplifier. The technique provides this low-
frequency gain without compromising the hf design optimization. An
embodiment of this technique is described which has provided, experi-
mentally, amplifier gain from dc to a half-power point of 2.3 GHz.

I. INTRODUCTION

This paper describes a novel circuit technique for providing broad-
band amplifier gain response from de¢ to extremely high frequencies.
The technique provides this wide spectrum response without com-
promising either the hf response or the de stability. This performance is
obtained by ‘“embedding’’ a parameter-optimized hf amplifier within a
dc gain-defining circuit, and providing means for ensuring a smooth
transition between the low-frequency to high-frequency operating
modes. This technique avoids the compromise of hf performance which
is frequently present in direct coupled amplifiers.!+

Amplifiers with response to de are frequently required in communica-
tion systems employing a baseband Pulse Code Modulation (PCM)
type encoding scheme where the entropy of the information signal is
unknown. Because of the simplicity afforded by binary PCM, its use
has been adopted in many optical systems.3:* In such cases, the channel
information rate is restricted mainly by the bandwidth of the electronic
driving circuits. The economics of noncoherent optical systems again
dictate the use of extremely broadband amplifiers and, if the system
simplicity is not to suffer,® a gain response to dec is required. Such
systems should benefit from an hf optimized amplifier providing gain
to de. A particular realization of the embedding technique is described
in this paper which may find use in such systems. This realization

53
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provides essentially flat gain response up to approximately 0.5 of the
constituent device common base cutoff frequencies. The technique
results in an amplifier voltage gain of 8 dB over the range de to 2.3
GHz with a step response rise time of 200 ps. At frequencies below the
pre-cutoff resonance, inband ripple is typically less than 1.5 dB.

II. THE EMBEDDING TECHNIQUE

Amplifier embedding is applicable to a number of circuit realizations
but is best described in terms of the simple common emitter stage
shown in Fig. 1. At de, this stage exhibits a gain of

Rey + ERe.
Re + Ryl

Gdc =~

and at high frequencies the gain is simply Gu = R¢,/Rg,, so that,
by making the equality

RCI + RCz
RE! + REz

= RC’I/REZ;

HIGH FREQUENCY
AMPLIFIER

LOW FREQUENCY GAIN
DEFINING CIRCUIT

Fig. 1—Embedded common emitter stage.
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Fig. 2—Amplifier gain spectrum.

the two portions of the gain spectrum, shown in Fig. 2, will be equal.
In addition to this requirement, a flat transitional crossover is required.
This ecritical crossover point has always been the major difficulty in
split-band additive amplifiers.® To analyze the requirements for a
flat crossover, it is more meaningful to consider the practical circuit
arrangement shown in Fig. 3. The circuit also incorporates emitter-
follower buffering stages at the input and output. The additional

- —HIGH FREQUENCY
’_ /_‘| AMPLIFIER

A

8
9
Vel

[ I I —

'_.

Fig. 3—Practical hf amplifier embedded in a low-frequency gain-defining circuit.
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capacitances are for minimization of the lengths of the constituent
current loops in the circuit for good high-frequency gain performance
and the improvement of stability by effecting a reduction in the points
of interaction of these loops. The condition for a flat gain spectrum
can be analyzed using the simple equivalent circuit shown in Fig. 4.
The simplicity of this circuit is afforded by the frequency of crossover
(approximately 3kHz) being much less than the cutoff frequency of the
transistor so that a low-frequency model is permissible.
The transfer function of this circuit is readily shown to be

Vo Rei1l 4+ s7¢
Vin - R_m[l + -S‘TE:I
[Roi/Ras(1+s7¢)+11D —[sCoRer(14-575) +5CsRes (1-+57¢) ]
' [[RCI/RM (1+s75)+ 11D —[sCsRes(1+578)+5CsRa (1 +sfc)]:|

where

D= (1 + STC)(l + STE) + SRCch(l —+ STE) -+ SRmCB(l + S‘rc)
Te = C,CRCZ, Ce = Ce+Chp

TE = C’E‘RE’Z; C;z =Cs + Cg

for
RE1 REI + REz

R—Cl B R(h + R(.‘z

It is clearly seen that by making 7 = 7¢, the poles and zeros of the
system cancel, thus producing a flat crossover. The value of Cp is
seen to be unimportant. Large values of Cp will produce a dominant
pole and zero which will tend to mask the required equality of 7¢
and TE.

and a=1.

ouT

Ce+Ca=Cg < Cc=Cc+Cp

)

Fig. 4—Equivalent circuit of embedded gain cell.
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R R +R R Re. + R
Re, c; ey *Re, c, Ffo,*fe,
Re Re, * e, Ri, Ry * Ry
Re, =
Re,

Re,
Ry —_—
@
(a) (b) =

Fig. 5—Embedding technique applied to (a) modified cascode stage, (b) shunt
feedback stage. (Gain equality requirement indicated for If and hf cases.)

The consequence of separating the 1f and hf gain-determining
components is that the If portion may be designed to ensure a high
de stability (e.g., Rz, large) without impairment of the hf optimization.

The technique has more general applications to any gain stage where
the stage gain is defined by the ratio of two real impedances; these
further applications of embedding are shown for the modified cascode
and shunt feedback stages of Figs. 5a and b. The realization of Fig. 5a
is particularly important since the optimization of the high-frequency
circuit parameters leads to frequencies of operation where the elimina-
tion of the Miller effect afforded by this circuit is important. Also,
the low external emitter impedances presented provide an enhanced
stability, important at these high frequencies.

These circuits constitute a class of split-band additive amplifiers.
Split-band amplifiers were first described by Wheeler” many years ago,
but their successful realization has been retarded by the difficulties of
achieving a satisfactory crossover mode in extremely high-frequency
amplifiers. The embedding scheme provides a crossover transition at
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relatively low frequencies so that its physical synthesis is straight-
forward. Although the internal gain is provided in a product sense, the
embedding technique is essentially additive, and thus related to the
distributed amplifier of Percival® and the Gilbert® gain cell.

III. A DC-T0-2.3-GHZ EMBEDDED AMPLIFIER

The embedding principle has been embodied in a broadband amplifier
of the type shown in Fig. 3. This amplifier has been designed for
optimum hf performance. To demonstrate the way in which this
optimization is achieved without compromising the low-frequency
stability, it is pertinent to indicate briefly the hf design optimization.
The design procedure is based on the simplifying assumptions that the
major frequency-limiting mechanisms are the frequency fall-off of the
transistor current gain o (modeled as a single pole fall-off), and the
collector-base capacitance of the gain transistor (this being assumed
to be the dominant parasitic reactance). For simplicity, both effects
are evaluated separately. The consequence of the former effect is
evaluated by substituting the single-pole approximation for « in the
gain transfer function for the stage, assuming negligible loading at the
output of the gain transistor (this latter approximation is justifiable
since the practical realization employs double emitter follower buffer-
ing to the output). The gain transfer function is

Vo _ aRe, |: Rg/(1 — a)? ]
Vi Rg LRp/(1 — o) + R.J

R, being the source resistance. Upon substitution of the single-pole
approximation to «, and making the further simplification that «,, the
low-frequency, common-base, short-circuit gain, is equal to unity, the
following equation results,

Vo Rcll: (1 4 s74) ]

Vi Rg Ll + 257, + (1 + R,/Rg,)s*7a
where 7, is the time constant associated with the single-pole approxima-
tion to the frequency-dependent current gain (7,22 1/wr). The
dominant time constants here are a conjugate pair of poles at

-1 . VR./Rx,
+ j :

]- + Rs/REl 1 + Rs/RE1

Py P2 =

The position of these poles, normalized to 7., is shown in Fig. 6.
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Fig. 6—Pole-zero loci for Rz, variations (normalized to 7).

Selecting a normal Butterworth response (@ = 0.7) gives

1 _ VR,/Rg,
1+ R./Rs, 1+ R./Rg,

This may be interpreted as an upper limit on Rg, which, of course,
prohibits the achievement of a high de stability factor. Practically,
the upper value of Rz, is restricted by considerations of providing
high-stage gain while maintaining a corner frequency, due to the
collector base capacitance, of not less than the corner frequency due to
high-frequency fall-off of the current gain. The devices used exhibited
an fr of 4 GHz and a C,; of 0.25 pF. This output capacitance (plus
other additive capacitance due to loading) restricts the value of
Re, to 100 Q for a stage gain of 8 dB, with the concomitant effect
that Rg, (including the dynamic internal emitter resistance) be ap-
proximately 30 ohms. For efficient quiescent point definition, and
hence dec stability, the value of external emitter resistance should
be of the order of 1000 ohms. These parameter values allow a com-
plete description of all other parameter values used. The embedded
amplifier was designed with a band transition frequency of approx-
imately 3 kHz; this allows easily realizable synthesis. The actual
circuit was fabricated using a hybrid technology consisting of tantalum
nitride and gold thin films on alumina substrates with beam leaded

or Ry, = R..
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Fig. 7—Embedded amplifier in thin-film, beam lead technology.

device chips. A photograph of this realization is shown in Fig. 7. The
pulse response (see Fig. 8) exhibits a 200-ps rise time with a gain of
8 t0 10 dB; the frequency response (Fig. 9) shows a flat gain curve up to

Fig. 8—Embedded amplifier pulse response. Upper trace, input. Lower trace,
output. (200 mV/cm, 100 ps/cm.)
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Fig. 9—Eight-decade gain response of broadband embedded amplifier.

2 GHz with the exception of some parasitic resonance-induced devia-
tions just below 2 GHz. The conjugate pole resonance at 2 GHz is also
apparent at the cutoff. This should easily be eliminated by choosing a
suitable ratio of R,/Rg, to provide a suberitical @ factor.

The effect of mismatch of the emitter and collector circuit time
constants, 7¢ and 7g, is shown in Fig. 10. These waveforms illustrate
the effects of gross mismatches where the relaxation times observed
are commensurate with a 3-KHz transition frequency.

IV. CONCLUSIONS

A technique has been described for providing gain to de in hf
amplifiers without compromising the hf circuit optimization. This

Fig. 10—Mismatch of emitter and collector time constants. Upper, rz<7c.
Lower, rz=2r¢. (b us/cm.)
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embedding technique can be applied to a number of types of gain
stage. The common emitter stage, from which results have been
obtained, exhibited a de-to-2.3-GHz bandwidth with a voltage insertion
gain of approximately 2.6. The gain was restricted to this value to
minimize the effects of collector-to-base junction capacitance. With
other stages, such as the modified cascode, this restriction is not as
severe, and much higher gains are to be expected. The high-to-low-
frequency transition is easily realized, in contrast to other split-level
amplifier configurations.

The enhanced de stability available from the embedding technique
favors a cascading of individual gain cells to obtain larger amplifier
gains. It is worth noting that the freedom of choice of deviee operating
point inherent in the embedding technique allows an optimization of
biasing conditions for low-noise operation, appropriate to post-detec-
tion amplification in optical PCM terminals.
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Coupling Coefficients For Imperfect
Asymmetric Slab Waveguides

By D. MARCUSE
(Manuscript received July 6, 1972)

This paper presents a collection of formulas that are necessary for the
treatment of radiation and mode conversion phenomena of tmperfect
asymmetric slab waveguides. The coupled mode theory of dielectric wave-
guides is briefly reviewed, and general expressions for the coupling coeffi-
cients are given. The field expression of the guided and the radiation TE
and TM modes of the asymmetric slab waveguide are stated, and are used
to derive formulas for the coupling coefficient for slight core boundary
irregularities.

I. INTRODUCTION

Mode coupling phenomena and radiation losses caused by core-
cladding interface irregularities have been studied extensively for
symmetric slab waveguides and for round optical fibers.!=7 These
results are not immediately applicable to the asymmetric slab wave-
guides used in integrated optics circuits. It is the purpose of this paper
to colleet the formulas for the normal modes of the asymmetric slab
waveguides, and for the coupling coefficients between guided modes
and guided and radiation modes caused by core boundary irregularities
of these waveguides.

The coupling coefficients between guided modes are useful for the
design of distributed feedback sections for lasers and for an evaluation
of unintentional mode coupling caused by core boundary roughness.
The results collected in this paper are further necessary for the evalua-
tion of radiation losses caused by core boundary roughness.

Because of the many parameters that enter into the theory, it is
impossible to evaluate the formulas in graphical form for all cases of
practical interest. This paper is thus a collection of the required
formulas which the reader can use to evaluate his particular problems.
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II. SUMMARY OF THE COUPLED MODE THEORY

The coupling theory is based on an expansion of the solution of
Maxwell’s equations in terms of normal modes. The general theory of
the mode expansion and the derivation of the coupling coefficients have
been published by A. W. Snyder.2:3 His theory is based on local normal
modes. Local normal modes resemble the modes of the ideal asymmetric
slab waveguide with perfect core boundary. However, the boundary
of the perfect guide is allowed to change in such a way that it coincides
with the actual deformed core boundary at the particular point 2z along
the waveguide axis at which the coupling coefficients are to be eval-
uated. Since the waveguide width parameter is no longer a constant,
the local normal modes are not themselves solutions of Maxwell’s
equations. They must be superimposed with z-dependent expansion
coefficients to form such a solution. The fact that these modes form a
complete orthogonal set and coincide with the modes of a fictitious
waveguide, the width of which is locally (at the point z under consider-
ation) the same as that of the deformed waveguide, explains the name
“local normal modes.” It is also possible to express the general field
in terms of the modes of the ideal waveguide, the constant width of
which differs slightly from that of the actual waveguide. This expansion
suffers from convergence difficulties that are caused by the fact that
the normal components of the electric field are discontinuous at the
core boundary. The modes of the ideal guide are discontinuous at the
dielectric interface of the ideal guide which does not coincide with that
of the actual guide. The expansion in terms of ideal modes of the
waveguide is thus discontinuous term by term at a point where the
entire series must be continuous, and furthermore, it must describe a
discontinuous field at the interface of the actual waveguide at a point
where each individual term of the expansion remains continuous. The
expansion in terms of local normal modes, on the other hand, describes
the field discontinuity with a series, the individual terms of which
are discontinuous in just the right way at the point of discontinuity of
the entire series. The convergence behavior of this latter expansion
can thus be expected to be superior to the expansion in terms of ideal
modes.

The electric and magnetic fields of the imperfect asymmetric slab
waveguide are expressed by the series expansions

o) &)
E=3 (o
14
“+) =)

H=73 (5" + 5. )

+a 87 (1)
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The expansion coefficients ¢ and ¢~ are functions of the length
coordinate z. The superscripts (+) and (—) indicate waves traveling
in positive and negative z-direction. The sums in (1) and (2) are
symbolic representations of a summation over guided modes plus an
integration over the radiation modes of the continuum.*® In order to
simplify the notation, both sum and integral are indicated by the
same symbol. In the integral, the summation index » is replaced by
the continuous variable », and the sum must be understood as the
integral

> - / dv. (3)
v 0
The local normal modes E, and H, are solutions of the equations
FiB,(es X 86,°) + Vi X 507 = jweqn2en® 4)
FiBe: X &) + Ve X 87 = — jwpoies”. (5)

The upper and lower signs and superscripts belong together. The
symbols appearing in these equations have the following meaning.

B, = propagation constant of mode »
e, = unit vector in 2-direction

V: = transverse part of the operator V
» = radian frequency
€0 = dielectric permittivity of the vacuum

wo = magnetic susceptibility of the vacuum
n = dielectric constant of the waveguide [n = n(z, y, 2)].

Substitution of the field expansions (1) and (2) into Maxwell’s equa-
tions and use of the orthogonality relations [see (9)] lead to the set

X na>ng

- x=1z}
/
n, /
B /L\ z
_— ~——— 7_/

n | CORE

/3
d
—‘__\ﬁy‘k_r’—cﬁ__w_/_'.*\jﬂ-__
\/

ng N CORE BOUNDARIES
~ x = —d+h(z)

Fig. 1—Sketch of the asymmetric slab waveguide with distorted core boundaries.
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of coupled wave equations?:3+

+)

de -y (-
—d“z— = — e + T KTV 1 KT (6)
dc(—)
. ) — Tl AT
;z =B = T (KS Ve + KS T, )

The coupling coefficients have the form?:3

+)
(£.p) 1 *® 6 811 (+)*
K, = ==— {:l: ( X % )-ez
g 4P ,/;w 9z "
)

* 03¢,
—p(aﬁ“ X )e} dz. (8)

0z

The asterisk indicates complex conjugation. The superscript p stands
for (+) or (—) while the factor p assumes the values +1 and —1.
P is a normalization parameter which is related to the power carried
by the modes via the relation
é (& x 57"y - e.dx = Pé,. (9)
The symbol §,,» indicates the Dirac delta function if both » and »
represent continuous variables, it represents the Kronecker delta
symbol if both » and »’ are discrete labels, and it is zero if one subseript
belongs to discrete modes while the other indicates a mode of the
continuum.
The coupling coeflicients (8) are not very easy to evaluate since they
are expressed in terms of derivatives of the mode functions. A. W.
Snyder® has shown that the coupling coefficients can be transformed

to the following more useful form. (8, = —g,9)
®© Jdn? ¢
fwi.p) _ weo / _sf‘i) -Sy(p)dx. (10)
1PE® — p7) J_ 52

The coupled wave equations (6) and (7), with the coupling coefficients
(10), provide an exact description of imperfect dielectric waveguides.
The one-dimensional integral in (10) constitutes a specialization to a
two-dimensional problem in view of our interest in the asymmetric
slab waveguide. By extending the integration over the cross-sectional
z, ¥ plane, the general coupling coefficients are obtained.
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For our purpose, it is advantageous to derive approximate coupling
coefficients for asymmetric slab waveguides with discontinuous index
distributions. We use the fact that the normal component E,, of the
electric field obeys the relation

niBlyy = naBas. (11)

It is shown in Fig. 1 that n, and n, are the values of the refractive
index at either side of the interface. In order to derive the desired
expression for the coupling coefficient, we assume that the discon-
tinuous index distribution is smoothed out (in an arbitrary way) into
a continuous distribution. We assume that the wavelength of the
radiation is very much larger than the region over which the refractive
index varies continuously and write

n
Ey = —En. (12)
n2

We show in the appendix how the integral in (10) can be evaluated and
obtain the result

2
+.» weo 2 2 df [ o » &®*
s = - W {(nl - nZ)?d—; [;;8,;; &: + gp.y gvy

dh [ ny

(2)* ,(») 2 2 N1 (2> L(»)

+ 8;42 gvz ] - (nl - nS)_ I:_Zgu: 8;'2
z=1(2) dz Ln

(F)* ,(p) (£)* ,(P)
+ gu.y gyy + gpz gvz

] } . a3)
z=—d+h(z)

The index distribution can now again be considered as discontinuous.
The functions f(2) and h(2) describe the deformation of the upper and
lower side of the core boundary (see Fig. 1). The field components are
taken inside the core region at the core boundary. The refractive index
of the core is n; while n, and n; are the indices above and below the
core region. The electric field components are related in the following
way.

) )

8;:2: = gvz
& = &[ (14)
& = — 8

The approximation involved in the coupling coefficient (13) consists
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in using the  component E,, and 2 component E,, of the local normal
modes instead of their normal and tangential components with
respect to the interface. The approximation is valid provided that

af

K1 d dh «1 (15)
— an — .
dz dz

For many practical applications it is sufficient to use an approximate
solution of the coupled wave eqs. (6) and (7). In particular, for the

calculation of the radiation loss coeflicient, we use the approximate
solution of (6) (u = p)

(&) @ @ [P (&
o (2)==c, e if / Kp'" (u)
0

(» ()

-exp I:—z/ B8, () — B, )dv] du. (16)
0

The coefficient ¢/? is the amplitude of the guided mode, the losses of
which we want to calculate, taken at z = 0. The propagation constant
B, is a function of z since it belongs to a guided mode in a non-uniform
waveguide, 8, is independent of z since it belongs to a radiation mode.
The relative power loss AP,/P, that mode » suffers in traveling from
z = 0 toz = L is given in Refs. 5 and 6.

AP, 1 " @
=Rt [ e, ()
v 0

The sum in front of the integral sign indicates that we must add up the
contributions of forward and backward traveling modes as well as
the contributions from the various kinds of radiation modes that will
be discussed in the next section. The integral extends over the range
of p values that belongs to propagating (non-evanescent) radiation
modes. We show below that the functional form of the radiation
modes is not the same over the entire integration range.

III. MODES OF THE ASYMMETRIC SLAB WAVEGUIDE

We consider only the special case in which there is no field variation
and no waveguide distortion in y direction. This fact is symbolically
expressed by the equation

— =0. (18)
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With the restriction (18), the fields of the slab waveguide can be
classified as either TE or TM fields.® The TE fields have only the
following non-vanishing field components

E, H,, H.. (19)
The TM fields have the non-vanishing field components
H,E,E.. (20)

It is assumed that the refractive indices of the waveguide are ordered
in the following way
ny > Ne = Nna. (21)

IV. GUIDED TE MODES

The x and z components of the magnetic field follow from the £,
component by differentiation

i1 OF,
H,=—— (22)
wWo a9z
i 0E,
H, = — . (23)
wio 0T

The guided TE modes of the asymmetric slab waveguide are obtained
as follows (the factor exp[Z(wt — Bz)] is always suppressed) :

8, = Ay for 0Sz<w (24)
Y.

&, = Ag<cos kx — —sin xx) for —-d=22z=20 (25)
K

& = A,,(cos xd + X sin xd)e“”“d) for —wo<z=—d (26)
K

The parameters appearing in these field expressions are defined by the
equations:

Y= B — mak? 27)
6 = 3 — nyk? (28)
K2 = nik2 — B (29)
k2 = wPequo. (30)
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The propagation constant 8 is determined from the eigenvalue equation

k(y +6)
k2 — v0

tan kd = (31)

The normalization of the mode is obtained by expressing the amplitude
coefficient 4, in terms of the power P carried by the mode.

AapoP
A= il : (32)

1(a +$+ 10)( Y

The mode labels », that were used in the coupled wave equations and
the field expansions, are suppressed. The modes are labeled according
to the solutions of the eigenvalue equation (31).

V. TE RADIATION MODES

The propagation constants of the radiation modes do not have a
discrete set of values. However, the asymmetric slab waveguide has
different types of radiation modes. In the range

we find only one type of radiation mode, the fields of which decay
exponentially into the region three with refractive index =, but are
standing waves in the space above the waveguide with refractive
index n,. We can visualize the physical mechanism for exciting these
modes by assuming that a source at infinity sends a plane wave that
impinges on the core of the slab waveguide under an angle that is
given by

nzk

The incident plane wave penetrates into the core region but is totally
internally reflected if the angle « stays in the range given by (33).
This total internal reflection occurs because we assumed that n; < n.,.
In the space above the core we find a reflected wave added to the
incident wave supplied by the external source. This explains the occur-
rence of standing waves in this region. It is not possible to find solutions
of Maxwell’s equations satisfying the boundary conditions which have
only traveling waves outside of the core region.

In the range of propagation constants given by (33) we find the
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following expression for the field of the radiation modes

8y = A, cos px + EB, sinpr for 0=z <® (35)
p

& = A,cosox + B,sinez for —d=z2=0 (36)

8y = (4. cos od — Brsin od)e4@+d  for —w<2z = —d. (37)

H, and H, are obtained from E, with the help of (22) and (23). The
constant B is related to the constant A by the equation

A — o tan od

B, =———A4, (38)
A tan od + 2o

and the parameters appearing in these equations are defined as follows

ot = nik? — B2 (39)
Pt = mak? — B2 (40)
A? = ngk? — B, (41)

Note that A is imaginary for 8 values in the range given by (33).
It is convenient to identify the parameter p with the mode label »
to label the radiation modes. We thus use the identity

= 8(p — p') (42)
in (9) and find for the amplitude coefficient 4 the relation

A 2
p2<0' cos od + ~— sin ad)

4P
e : . (43)
T I,Bl A 2 . A 2
p2(0' cos od -+ —sin ad) =+ a2<a sin od — — cos ad)
7 )
With 8 in the range (33) we find that p is confined to the region
0= 0% (n2 — na)k. (44)

Next we proceed to list the radiation modes that belong to propagation
constants in the range

0=B8=nk B real

and - (45)

0< |8 <» B imaginary|
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The corresponding range for p is given by

(ns — n)tk < p < 0. (46)

For real values of 8, these modes propagate along the z axis while they
are evanescent waves in z direction for imaginary values of 8. It is
again possible to visualize the modes in the range (46) as being excited
by a source outside of the waveguide core located at infinity. This
source sends a plane wave toward the slab whose angle of propagation
with respect to the z axis is given by (34). However, there is now no
longer total internal reflection at the lower boundary of the core so
that we obtain an incident and reflected (in z-direction) wave in the
space above as well as inside the core. Below the core there is a trans-
mitted propagating wave. However, we may now assume with equal
justification that a second source sends a plane wave in the direction
of the core from below. If both sources are turned on simultaneously,
we obtain standing waves (in z-direction) below as well as above the
waveguide core. The exact form of the radiation field depends on the
relative phases between the two sources. It is thus not surprising that
there should be an infinite number of ways in which orthogonal sets
of radiation modes can be constructed.

We list only the £, components of the modes and obtain the H, and
H. components by differentiation from (22) and (23). (z = 1, 2)

8§, = C,(cos oz + ZF; sin px) 0Lz < (47)
p
&, = Cr(cosoxr + Fisinozx) —d=z=20 (48)

&y

C,{ (cos od — F;sin od) cos A(x + d)

+§(sinad+F,-cos«rd) sin A(x+d)} —w<zs ~d. (49

The parameters o, p and A are given by (39), (40) and (41), A is now
a real constant. Whereas the amplitude coefficient B, in (35) through
(387) was related to A, by the boundary conditions, we now face the
situation where the amplitude coefficient F; remains arbitrary. Equa-
tions (47) through (49) satisfly Maxwells’ equations as well as the
boundary conditions without any further restriction having to be
imposed on the coefficient F;. This freedom of choice is related to the
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arbitrary amplitude and phase of the two plane wave sources of the
radiation mode mentioned above. We must choose F; in such a way
that two radiation modes with the same value of the propagation
constant, but different values of F'; become mutually orthogonal. But
even this requirement does not specify the possible values of F;
uniquely. We are thus free to choose F values according to our own
convenience. Of the infinitely many possibilities, we choose the F,
coeflicients such that in the limit n, = n;, even and odd radiation modes
result. In the asymmetric slab waveguide no even or odd modes exist.
But the guided modes become either even or odd as nmy approaches
n;. We obtain the same symmetries for the radiation modes by a
suitable choice of the F; coefficients.

1 A
Fia2= 2 — A?) cos 20d + —(o* — p?
e (¢* — A?) sin 2(rd{(o ) 7 p(a »)

A
+ [(0'2 — A% 4 2 (0% — A (o — p?) cos 20d
p

A? :
+Se-or[]. 60
o
The + sign (— sign) belongs to the odd (even) mode in the limit
Ny = ng, A = p. We identify the mode label v again with the transverse
propagation constant p, and obtain from the normalization condition
(9) and (42) the relation between the amplitude coefficient C, and the
power P

—(cos od — F;sin ad)?

2 4wyuP[ A
P

a2 o

2 —1

+ —(sined + F;cosed)? + 1 + —F,-{I . (51)
Ap o°

We have thus obtained two distinet sets of radiation modes, the
propagation constants of which lie in the range (45). The two sets are
distinguished by the labels 2 = 1and 7 = 2. F; and F, follow from (50)
if we use both signs of the square root expression. It is noteworthy that
the following relation holds.

This listing contains the complete set of TE guided and radiation
modes consistent with the restriction (18). All modes are mutually
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orthogonal to each other. We have concentrated on the forward
traveling modes. The backward traveling modes are obtained simply
by changing the sign of 8, (3¢ = —g),

VI. GUIDED TM MODES

The TM modes are very similar to the TE modes except that the
roles of the field components are interchanged. We now list only the
H, component and obtain the E; and E. components of the field by
differentiation

¢ 0H,

(53)

=7 n2wey 02
- —1 8H,
E, = (54)
nweo 0T
3, = Dye=r* 0=fr<w (55)
2
mvy .
e, = D,(cos kx — — —sin KZIJ) —d=z=0 (56)
n: K
2
nmy |
¢, = Dg(cos kd + — —sin Kd>e”(’+"” —o< =2 —d. (87)
n? k
2

The parameters «, v and 6 are defined by (27) through (29). The
eigenvalue equation is
2 2 2
nik(ngy + n20)

tankd = ——— (58)
n:niﬂ — n"l'yB

and the amplitude coefficient is given by

Di _ 4:w€oP
18]
n2n4l<2
1762
X - (89)
nfnzg k% 4 2 ninz k2 4+ 62
4 4
(nek? =+ nw2)|:d + ]
Y n:lc2 + n‘:'yz (] n“sxz + n‘i()2
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VII. TM RADIATION MODES

The TM radiation modes must again be split up into two ranges.
In the range 0 £ p £ (n2 — n3)ik, the fields have the form

2

n
3¢, = D, cos px +—EfG, sin px 0=z < (60)
n:p
1
3¢, = D, cosox + @, sin ox —d=Zz=0 (61)
3¢, = (D, cos od — G, sin od)e~a =+ —oZLzx £ —d. (62

The boundary conditions require that G, is related to D, in the following
way:

niA cos od — mia sin od
= (63)

T . .
an sin od + mizr cos od

The parameters o, p and A are defined by (39) through (41), —1A is
a real positive quantity. The amplitude coefficient D, is related to
the power coefficient P

2 4n§weOP 1
TS @
Neo 0'2 Gr
4
nyp* D?

In the range (ni — n2)k < p £ » the radiation modes have the form
(t=12)

2
n
Je, = S,(cos oz + —: ER,- sin px) 0=Sz<» (65)
np
1
3y = S.(cosoz 4 Risinor) —d=Zz=0 (66)

3, = S,{(cos od — R;sin od) cos Az + d)

2
+ 22 (sin od + Rs cos od) sin Az + d)
nf A

—o<z=< —d. (67)
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The coeflicients R; are again arbitrary. Our choice

1 4 4
R, = nso? — n1A2) cos 20d
2 (n;ﬂ — nl‘AZ) sin 20d {( : 149

2

ng A 4 4 4 1 ng A% 4 4
+ — —(n20? — nyp?) I:(naaz — mA?)? + — —(nye? — nyp?)?
n; p n‘; p?

nz A 4 4 4 4 d
+ 2— —(ngo? — n1A%) (nee? — n1p?) cos 20d (68)
n? p
2

causes the modes with index ¢ = 1 to be orthogonal to the modes with
index 7 = 2 and, in addition, assures that these modes become even
and odd in the limit n, = n;. [The + sign (— sign) belongs to the
odd (even) mode.] The normalization is given by

2 4(060P 1 'nz 0'2 2
Sy = —— 1 — + — + ———(sm od + R; cos od)?
T|B| n; n“ p? n pA

-1
+ = —(cos od — R;sined)?; . (69)
n 4

All amplitude coefficients for the TE and TM modes were taken to
be real quantities. This assumption does not lead to a loss of generality
since the necessary phase factors are incorporated in the expansion
coefficients c,.

VIII. COUPLING COEFFICIENTS

With the help of the expressions for the normal modes and the
coupling coefficients (10), any problem of the asymmetric slab wave-
guide with arbitrary irregularities of its refractive index distribution
can be solved, provided that the restriction (18) is imposed. Problems
caused by core boundary irregularities or by gentle tapers can be solved
with the help of the coupling coefficients (13). For convenience, a few
coupling coefficients will be worked out explicitly.

As long as the restriction (18) applies, TE modes do not couple to
TM modes. All coupling coeflicients between TE and TM modes
vanish. We restrict the discussion to listing the coupling coefficients
between guided TE modes, guided TM modes, and to coupling from a
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guided TE or TM mode to its respective radiation modes for the case
of core boundary irregularities.
The coupling coeflicients between two guided TE modes can be
obtained from (13) and (25). (p = 4+ or —)
[d S sin k,d sin x,d dh]
KKy P ———

dz sin «,d sin «,d| dz
K‘(;l:.p) - _ | M I . (70)
() » I S| I 1\
Yu 0 Y 0,

The eigenvalue equation (31) was used to express (70) in this simple
form. This eoupling coefficient (and all others to be listed below) holds
for the special case f(z) K 7/k, h(2) K 7/x with « of (29). Instead of
using the values of the field at = f(2) and x = —d + h(2), the field
valuesat £ = 0 and x = —d were used. In order to see the agreement of
this coupling coeflicient with the coupling coefficient for the symmetric
case [eq. (7) of Ref. 7], it is necessary to note that the core thickness
d of this paper corresponds to 2d of Ref. 7. In addition, we need to
keep in mind that only the Fourier components of f(2) and k(2)
with spatial frequency Bﬁi) — B contribute to coupling between
modes g and ». The derivatives appearing in (70) are thus equivalent
to the products i(8{® — 8”) f(z) and (B{*® — B{P)h(z). Keeping
these remarks in mind, complete agreement of (70) with (7) of Ref. 7
is obtained for the special case n, = nj, v = 9.

The coupling coefficient for coupling between a guided TE mode v
and a TE radiation mode p follows similarly from (13), (25), and (36)
for radiation in the range 0 < p < (n3 — n2)%

2 2 A
(n1 — ne)¥kk,p( o cos od + — sin od
1

(ﬁ(:t) — B(p))
P v

df sin x,d /ni — nZ)* o dh
-{dz [sin x,d | \nf — n? A dz}

o cos od + — sin od
7

11 Ay
"Wlﬁpﬁv[(d + —+ ;)I:pz(a cos od + — sin ad)
Y» ». 1

A )%
+ 02(0 sin ¢d — — cos ad) :“ . (71

2
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The coupling coefficient of the guided TE mode » to the TE radiation
mode p in the range (n3 — n3)k < p < « is given by

2 2
() (n1—ng) kx,
Kz‘pv = -

1 1\*
(6% = 50| xl,] (a+ =+ =)
, ’ Yo 0

df sinwd (ni—n“;

! Cdh
_— ) (cos ad—F; sin od)—
dz |sin x,d| dz

n2_n2
1 2

. - (72)
A 0'2 (72 9 3
[—(cos od—F; sin od)*+—(sin od+F; cos ad)2+1+—F,~]
P pA p?
The factors F; and F, are obtained from (50). The radiation modes do
not all propagate along the z-axis. Propagating modes are confined to
the range 0 < p £ nsk.

The reader should not be startled by the fact that the coupling
coefficients (70) have the dimension m~! while the coupling coefficients
(71) and (72) have the dimension m~*. The different dimensions are
attributable to the fact that the coupling coefficients between guided
modes occur under a summation sign while the eoupling coefficients
that describe coupling to radiation modes oceur under an integral sign.
The integration is performed with respect to p, the dimension of which
is m™.. The product ¢,K ,,dp has the dimension m™' in agreement with
the dimension of the coupling coefficients for guided modes.”

Finally, we list the coupling coefficients for the TM modes. Coupling
between guided TM modes is described by the coupling coefficient
(p=+4or—)

2 2
(. 2) (1 — n2) Dy Dou { 2 (&) (») | 2 af
L v YY) —
M 4P(B(j:) _ B(p))wfonin‘; (nzﬂu B -+ 1Y ’Y,.) dz
» v

. . 2 2 4 2 4 2 4 2 4 2
sin k,d sin k,d ny — ng [(’nsz + nyy,) (Naky + nw,,):r

|sin «,d sin k,d| n* — n2 L (n%® 4+ n%62)(n%? + n6?)
1 2 3 1 3 u 1 g

dh
(3BT B + n16,0,) E} . (73)

The coupling coefficients for the TM modes are far more complicated

t Note that /"|c,|%d, is dimensionless so that the dimension of ¢, is m3.
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than the corresponding coefficients for the TE modes. To simplify the
notation, we did not substitute expression (59) for the mode amplitude
into (73).

The coefficient for coupling from a guided TM mode to a TM
radiation mode in the range 0 £ p £ (n2 — nd)ik is

2 2
(£.2) (nl - n2)ngDrp {(B(i)ﬁ(p) Grp> df
v - v — 0%y -
g’ 4P(3id:) — Bim)weonin; ’ K D,/ dz

. 2 2 42 4 2
sin k,d 11 — ng [Nty + 11y, () _(p) Gy .
B, B, |cosed — sin od
nik? + ni6? D
14 v

[sin «,d| nf - 7122 o

. G,, dh
+ o6, (sm od + cos ad>:| —} - (74)
rp dz
The amplitude coefficients D,,, D., and G,, are obtained from (59),
(63) and (64).
The coefficient for coupling from a guided TM mode to a TM
radiation mode in the range (n — n)*% < p £ « is given by

2 2,
n1 — n9) DS, d
Kffy'p) _ (ma 2)DgS:p ’(B,()i)ﬁip) B o"y,,R,-)—f

4P(ﬁ’f’i) — BP)wem?n? dz

. d 2 2 4 2 + 4 2 3
SIn &, Ny — N3 | NeKy N1Y» (+) () .
: I: ] l:ﬁp 8, (cosed — R;sin ad)
| sin «,d | n — nlni? + ni?
v v

dh
+ ¢8,(sin od + R, cos od):l d_} - (75)
2

The amplitude coefficients Dg,, S.,, and R; are obtained from (59),
(68), and (69). The index 7 assumes the values 1 and 2, and corresponds
to the two types of radiation modes that are distinguished by the +
and — signs in (68). The superseripts, + and —, attached to the
coupling coefficients are supposed to indicate whether the modes
travel in + or — 2-direction.

It can be shown that the coupling coefficients derived in this paper
specialize to the correct expressions®® of the symmetric slab waveguide
in the limit ny = n3, v = A, p = 6.1

T Equations (9.5-26) and (9.5-27) of Ref. 5 must be divided by 72, eq. (9.5-31)
must, correspondingly, be divided by nj.
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IX. CONCLUSIONS

We have collected the formulas for the modes of the asymmetric
slab waveguide and have used this information to derive the coupling
coefficients between guided modes as well as between guided and
radiation modes for the case of very slight core boundary imperfections.
Also presented is the general theory of coupled modes of dielectric
waveguides and the general formulas for the coupling coefficients.
The theory collected in this paper is useful for the description of mode
conversion and radiation phenomena. Phenomena such as the grating
coupler and the interaction of acoustic waves and guided light waves
can readily be treated with the theory presented here. For an applica-
tion to statistical irregularities of the core boundary, the reader is
advised to consult Refs. 5, 6, and 7.

APPENDIX
Evaluation of the Integral (12)

We consider the index distribution of the slab waveguide as being
smoothed out to avoid the discontinuity at the core boundary. It is
assumed that the index varies only in a direction perpendicular to the
core boundary. We use a coordinate system z’, z’, the axes of which are
perpendicular, and parallel to the tangent at a particular point of the
core boundary as shown in Fig. 2. In this coordinate system, we assume
that the refractive index is of the form

n? = F(z'). (76)

For values of 2/ £ 0 we have F = n?; for values 2’ > £ we have
F = n2. At the end of our discussion, we let £ — 0. The scalar product

ﬁ x
N :
\ dx "2
\ dx’ | ~
\ \ ~
\ \ 7 ~ TANGENT OF
\ n CORE BOUNDARY
\ ~
dz
\ %
¥ z

Fig. 2—Sketch of the coordinate systems used for the evaluation of integral (10).
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of the electric field vectors can be expressed as
&8 = 6,80 + 66 (77)

The coordinate ¢ indicates a direction parallel to the core boundary.
8, is continuous at the core boundary and can be taken out of the
integral. &,,-, on the other hand, is discontinuous. We express it in
terms of the field just inside of the core and, using (12), write

2

gvz' = (8”: )z’-—O (78)
F(z')
The scalar product can thus be written in the form

4

su' &, = FZ( /) (8;‘2'8”: ):v’ 0 + gutgvt (79)

We thus have to deal with two different integrals. We first consider
the integral

© gF (' ax’ [* oF (x'
/ ( )dx—~—— ( )dx. (80)
0 0z dz 0 Bx'
We obtain from Fig. 2 the relations
ox’ .
— =gsina (81)
9z
and
dx’
dr = . (82)
cos «
The integral can thus be evaluated
© 9F (2 '
/ ;)m=[m9—mmMMm (83)
0 2

At the upper core coundary, we have tana = df(z)/dz, and at the
lower core boundary we have tane = dh(z)/dz. Taking both core
boundaries into account, we find with the help of (76),

® gn? af

E— 8,“8”(11: = — (nl - ’nz) (g,ug..z)z=j

—o0

dh
+M—@E@@mﬂm@®
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The integral associated with the normal field components is essentially
of the form

/‘” 1 9F(z) iz = (tan a)/” 1 aF(:c) &’
0 F"’(I') 0z 0

I

F(§) — F (0)
(tan «) W (85)

The integral containing the normal field components results in

ant n d
/ ., 8,‘,:8”,411; = - (nl - "l:) - (8”,8,, )x=f f
_w 02 n? dz

2 2

2 2. N1 x dh
+ (1 — ny) o (8uzr8r2r) sm—ath E (86)

3

In (13) we replaced 2’ with z and ¢ with z. These approximations are
valid provided that the inequalities (15) apply. The error is of second
order in the derivatives of f(z) or h(z).
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Batch Input to a Multiserver Queue with
Constant Service Times
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Delay probability formulas for batch input to a finite number of con-
stant-holding-time servers are derived under the assumption of statistical
equilibrium. The service-delay distribution (delay until a first request from
the batch enters service) ts gien in terms of the roots of a transcendental
equation, while the probability of no service-delay and the average delay are
expressed directly in terms of the number of servers, the holding lime, and
the parameters of the input process. A numerical example with a fixed
batch size is discussed.

I. INTRODUCTION

Batch arrivals constitute an important class of input processes in
the theory of queues. The investigation of the problem of batch input
to a group of constant-holding-time servers was motivated by the
existence of installations with multiple Automatic Calling Units
(ACU). Customer-based computer equipment controlling the ACU’s
is capable of originating simultaneous requests. The dial-tone markers,
the first common control equipment in a No. 5 Crossbar central office
to serve the requests, can be modeled as a group of constant-holding-
time servers.

Another example comes from an information transmission system.
Messages containing a (small) random number of characters (a batch
of characters) arrive according to a Poisson process and must be
transmitted to some destination. Delayed messages are stored in a
buffer. Since the transmission time per character is usually fixed, this
system provides another example of the model studied.

In Section II, the mathematical model used in this study is de-
scribed and the input process defined; the state equations are written
and used to derive the generating function for the equilibrium state
probabilities. The probability of no service-delay is found in Section

83
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III, while the average delay is computed in Section IV. The service-
delay distribution is given in terms of the roots of a transcendental
equation in Section V. A numerical example with a fixed batch size is
discussed in Section VI. The effect of this batching scheme on the
average delay and the service-delay probability is examined.

II. MATHEMATICAL MODEL

The model studied here is that of a queuing system with a finite
number of servers, batch arrivals, and constant holding time. The
assumptions are

() Requests arrive according to a compound Poisson process, that
is, requests arrive in groups or batches and the instants at
which the batches arrive constitute a Poisson process.

(#7) There are ¢ servers and each request has access to any one of
them.

(#72) All requests have the same constant service time, 7.

(7v) The delayed batches wait until service becomes available and
are served in order of arrival. The service discipline for requests
within a bateh is arbitrary, i.e., not specified here.

(v) The system is in statistical equilibrium.

Systems with simple Poisson input have been studied as early as
1920, when A. K. Erlang! obtained expressions for the probability of
delay for arbitrary values of ¢ and the average delay for¢ = 1, 2, and 3.
The first complete treatment of such systems was by Pollaczek.??
Crommelin,*® using a method which is simpler than that of Erlang
or Pollaczek, also derived general formulas for the probability of delay,
the average delay, and the delay distribution. A simplified and concise
account of Crommelin’s work is given by A. Descloux,® who also shows
how Pollaczek’s formulas can be deduced from Crommelin’s results.
The development herein is an extension of Crommelin’s results to the
case of compound Poisson input using the simpler methods employed
by Descloux.

We now define the input process. Consider events which happen in
groups rather than singly, that is, requests arriving in batches at a
group of ¢ servers. For k = 1, 2, ---, let Ni(t) be a Poisson process
with intensity A; which governs the arrival of k-sized batches. Assume
independence of the processes Ni(f), k = 1, 2, -.-. Let N(f) be the
total number of requests that have arrived in the interval (0, ¢].
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Then
N@) = 2 kN (t) 1
k=1

is called a compound Poisson process (Ref. 7, page 271).
The probability that an arriving batch is of size £ is equal to A/\,
where

From eq. (1), we see that the mean and variance of the number
of arrivals per unit time are

@

M1 = Z k)\k and M2 = Z kz)\k, (2)
k=1 k=1
respectively. The generating function of the probability distribution
() = P{IN({) =n},n=20,1,2, ---,is given by

w(t,2) = 2 wa(l)em = et

n=0

where

,3(2) = i Ap2® — A,

n=1
and hence the probabilities 7, (f) are given by

)M (Aah)- - - (Ant) e
W) = e . n=01,2 -, 3
) = L o " ®

where 9, is the class of all sets of nonnegative integers {k1, ko, - - -, ka}
such that k1 + 2k, + -+ + nk, = n.

The expression given in (3) is not suited for computing m,(¢). These
probabilities are more conveniently computed from the recurrence
relation

t k
i1 (t) = m;go (b — 4+ DNejprmi (), k=012 ---, @
Wo(t) = ¢7M,

Equation (4) is easily obtained from the relation k!mx(t) = =® (¢, 0),

where the superscript denotes differentiation with respect to z.
Special cases of the compound Poisson process are obtained by

choosing different convergent sequences of the positive constants
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A1, Ae, +++. One such sequence is obtained by setting \; = o/ri 7,
r>1,j=1,2, --.. This special example has become known as the
“stuttering” Poisson process.® In this case, a simple expression for
m,(t) can be obtained by noting that the generating function has a
power series expansion in z, the coefficients of which are given in terms
of the Laguerre polynomials L,, that is,

z\ ° 2\"
ethz) = g\t (1 - —) L,(—atr) (—) ,
r/] n=0 T

az

1—2z/r

since

— -

B(z) =
It follows that
mo(t) = e

T () = f_—m [L.(—otr) — L,_1(—atr)], n=12-.-. ®)
rn

We will now obtain the equilibrium state equations, and find the
probability generating function of the stationary distribution for the
general case. Let X (¢) be the number of requests (waiting or in service)
in the system at time ¢. Let

pii(t) = P{X (1) = j|X(0) = 1}

be the transition probability functions of the process {X(¢), ¢ = 0}.
It is elear that X (¢) is not Markovian. If, however, we examine

Xk:X(kT>y k=0’ 17 2) Yy (6)

we see that this sequence is Markovian and, in fact, { X, k=0,1,2, .- -}
is a homogeneous Markov chain with one-step transition probabilities

pij=P{Xk+1=lek=7:}; k=071;27"'7

given by
(1), for 0=<=¢
Dij = ATj_ie (1), for ¢e<i1=2j+¢
0, for j+4+c¢ <.

We will be interested in the distribution of the number of requests
in the system encountered by an arbitrarily arriving batch (a batch
arriving at a time point a long way from the origin, i.e., after statistical
equilibrium has been reached). But since the instants at which the
batches arrive constitute a Poisson process, this distribution is the
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same as the stationary distribution

Pi = lim pii(t); j =012 ---,

t->c0
of the process { X (¢), t = 0}. Moreover, if this limit exists, then so does

lim P{X; = j|Xo =1}

k ->o0
and they are equal. Consequently, the distribution of interest to us is
given by the stationary distribution of the imbedded Markov chain
(6). This distribution is obtained by solving the Chapman-Kolmogorov
equations

Po = mo(7)

n+c (7)
P = To(7)0: + 2 DPuTn—mye(7), n=12---,
m=c+1
where
Un = 2 Dm
m=0

We will assume that uir < ¢ so that the stationary distribution {p;}
exists.

We need to solve the system (7) for the unknowns p,. To do this we
introduce the probability generating function

(@) = X paz~-
n=0
Multiplying both sides of (7) by 2* and summing over n, we have

f@) = ae™® 4 3 3 poypima_i(7)e”

n=1 j=1

> o0
ae™@ + 3 Y peypjma_j(r)e”

j=1 n=j

1

a.e® + —e @[ 1) = g(2)]
zC

where

g(z) = 2 paz"-
n=0

Thus the probability generating function of the sequence p,
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n=20,1,.--,is given by
J@) = ———re ®

III. PROBABILITY OF NO SERVICE-DELAY

We say that the service of a batch is delayed if upon its arrival all
servers are busy. Hence, the probability of no service-delay will be
defined by a._;, that is, the probability of at most ¢ — 1 servers busy.
An explicit expression for this probability will now be found.

We start with eq. (8). Since the p,’s are probabilities, f(2) is holo-
morphic in |z| = 1 and, therefore, the zeros of the denominator and
numerator in |z| = 1 must be the same and have the same multi-
plicities. We will show that the denominator of (8) has ¢ distinct
roots in |z| = 1 and that all of them, with the exception of z = 1, lie
inside the unit circle.

For |z| = 14 3, with § sufficiently small and positive, we have

©
le'fﬁ(z)lé e—)\f exp T { Z )\klzlk} = ef)l15+0(52)
k=1

where u; is defined by (2).
Since 7u; < ¢ by assumption, we have

eI < (14 9)° = |els,
and by Rouché’s theorem, the equation
erﬂ(z) —z2c =0

has exactly ¢ roots within the region [2| = 1 + 8. Let these roots be
denoted by 2y, 22, - -+, Ze—1, 2.(= 1). Then

(%) 1, 21, 29, - -+, 2.1 are distinet.
@) |zn| <1forn=1,2,---,¢c— 1
To prove (2), first note that the root 2 = 1 is simple because
1 — zte—78(2)
Iim——— = 7u; — ¢ #0-
z->1 z — 1
Similarly, for any root 2,2 = 1,2, ---, ¢ — 1,
1 — zce—'rﬁ(z) o ©
lim ———— = 2; le=B i) I:r 2 gy — c:I-
k=1

z>zi 2 — 2
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The first two factors cannot vanish for any admissible choice of the
root z;, so that if 2, is to be a root of second or higher order, we must
have

r(A\z1 + 2N022 + 3Ns23 + 1) =¢.
But this is not possible since
TNz 20028 + 3N 4+ | £ T < ¢,

and the roots 1, zy, 25, - -+, 2._1 are therefore all distinct.

To prove (47), suppose that |z,| = 1forsomen,n = 1,2, .+., ¢ — 1,
then |exp [78(¢.)]] = 1 and hence the real part of 78(z,) must be
zero, that is, R[8(z.)] = 0. Hence we must have

RB(z.)] = ® { gl M (1 - zii>} =0

Since all terms in the sum are nonnegative, we have ®&(1 — 2£) = 0
for all k, and therefore z, = 1, contrary to the assumption. It follows
that [2,] < 1forn =1,2, ---, ¢ — 1.

Since the numerator of (8) is a polynomial of degree ¢, f(2) has

the form
(z—=1)(z—2)(z —22) - (2 — 2ez1)

fle) = A 1 — zee—B() (%)
The condition f(1) = 1 determines 4 :
—c
e (10)

A= .
(1 — 21)(1 - 22)' "(1 - Zc—l)

In computing a._, it is convenient to introduce the generating function
F(z) = % an2™-
n=0
Then, since an — @n_1 = P, n = 1,2, ---, we have
(1 = 2)F(2) = f(2),
i@

1—2z

or

F(z) =

Now, making use of (9), we obtain

(2 —=21)(2 —29) (2 — 2e1)

1 — zce—rﬁ(z)

Fz) = —4
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The probability of no service-delay, a.—i, is given by the coefficient
of 271 in the expansion of F(2):

Cc — u1T )
1 —=2z)(1 —2): (1 = 2c1)

An expression for a._; which does not involve the roots z; is obtained
through an application of the generalized argument-principle (Ref. 9,
page 151). That is, suppose ¢ (2) is holomorphic and ¢ (2) is meromorphie
on and inside the contour C. Let e, k = 1, 2, - -+, be the zeros with
multiplicities 7%, and By, & = 1, 2, - - -, the poles with multiplicities s
of the function ¢(2) inside C. Then the generalized argument-principle
states that

(11)

Ae—1 = —A =

1 r
/M$“%=mem—zwm»
c (2

—27'5 ¢ k k
Taking the logarithm of eq. (11), we have

c—1
log ac—1 = log (¢ — pa7) — 2 log (1 — 2z9)-
t=1
We will eliminate the roots z; from the second term of the right-hand
side of the preceding equation. Let

6() = e — 2,
and note that ¢(2) has simple zeros at z = 25, 25, -+, 2,—1. Choose
¥ (2) as the principal branch of log (1 — 2). The generalized argument-
principle yields

c—1

1
S log (1 —z,) = 2—1/‘ log (1 — 2)d[log¢(2)] = J
T Je

ne=1
where C is the contour |z2| = 1 — ¢ and €(>0) is chosen so that
2o, n =12 --., ¢ — 1, lie inside C but 2 (=1) is exterior to C. We
will now show that
0 1 0
J=1log(c—m) + X - X m(n),

n=1T7 j=nc¢

and hence
0 1 o0
log ey = — 2 — X mi(nt)- (12)

n=1M j=nc

d
Note first that the principal branch of log (1 — 2) - [z tlog (1 — 2)]
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is holomorphic in [2| < 1 — e Since its integral on C is zero, we have

— 2—cgTB(2)
- _/ log (1 — 2)d [log———:l-
1 —21

Integration by parts yields

1 1 — z7ce¥)7  de
J = —— logI: :I .
) 1 -2 z—1

The integrand above has a simple pole at z = 1, and its residue there is
equal to log (¢ — uyr). Choose 8(>0) such that the only zeros of
¢(2) in the disk |z| < 1 + 8 are 1, 21, 25, - -+, z-1, and let C; be the
contour |z| = 1 + 6. Noting that the integral of log (1 — 271)/(z — 1)
on C; vanishes, we have

dz

1
J =log (¢ — mr) — — log [1 — zcem™@)]
271 2 — 1
Now since [z7¢¢7#¢*)| < 1 on C}, the power series for log [1 — z=e7# ()]
converges uniformly on C;, and termwise integration is allowed, so that

—nc

dz

1 =1
=log (¢ —mr) +— X - e’"‘””
Tl n=1 7

lOg (C — #17) _|_ Z [1 - Z / ernﬂ(z)z "°+'7d2:|

n=1T7 2w i=0
Expanding the integrand in powers of 2, and integrating term by term,
we see that the integral is zero for all terms except one, and that there

it is equal to 277 times the coeflicient of 2=*. But the coeflicient of 2!
is exactly mnc—j—1(n7), so that

= log (¢ — pir) + i l[ MZ— 7rm_,_1(nr)]

n=1"N j=0
© 1 0

=log (¢ — wmr) + 2 - 2. mi(nr),
n=1 j=nc

and this is the result stated earlier.
For the case of a simple Poisson input, we have A\; = A\, \; = 0,
j=2,3,--,and (12) reduces to [Crommelin, Ref. 5, eq. (5)]

—AnT

log ae_y = — Z Z (MT)J

n=17 j=nc .7'
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Note that this expression and eq. (12) differ only in the terms =;(nr)
and ((Mr)i/j0e~*»7, which represent the same probabilities in two
different systems: both are equal to the probability of exactly j
arrivals in the time interval nr. As we shall see later, these probabilities
appear again in the expressions for the average delay and the service-
delay distribution.

For “stuttering’’ Poisson input, eq. (12) reduces to

© e—[vn‘rr/(r-l)] 0

1
loga.1=— X > = [Lij(—en7r) — Li_1(—ontr)]

j=nc

where the L. () are Laguerre polynomials.

IV. AVERAGE DELAY

Under equilibrium conditions, the average delay D is equal to the
average amount of waiting per unit of time divided by the average
number of arrivals per unit of time. The average amount of waiting
per unit of time is equal to

o0

Z (n - c)pn,

n=c+1
so that D is given by
1 = 1 =
D=— % (n—0pa=—2 npa—7
K1 n—ct1 M1 n=0

where y; is the average number of arrivals per unit of time defined by
(2). An explicit expression for D can be readily obtained by noting that

i d
> np. = lim [—f(z)] ) lz]< 1,
n=0 z->1 dz

where f(z) is the generating function given by (8). Straightforward
differentiation of (8) and application of L’Hospital’s rule lead to

D 1 ¢ 1 per + pr(uar — 1) —c(c — 1)
—=—2X + (13)
T Tl — 2 2uir(c — pi7)

where 24, 29, + -+, 2._1 are the roots defined previously. Again we wish

to eliminate these roots. The method used in the previous section
suggests the application of the generalized argument-principle with
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(1 — 2)'as ¢ (2), and ¢(2) as before. Thus we have
-1 ] 1 1 ¢'(2)

- dz = K. (14)
am1l — 20 2w el — 2 ¢(2)

d
Noting that the integral of (1 — 2)—! = {log [21(1 — 2)]} on C is

equal to (¢ — 1)2x¢ (the residue at the simple pole z = O0is ¢ — 1), eq.
(14) becomes

K- ( 1)_'_1/ 1 d[l l—z‘ce’ﬂ(”:l
- 275 Je (1 — 2) o8 1 -2

Integration by parts yields
1 1 — z7cem8) dz
K=(c—1)———./log|: ] (15)
27t J e (

L) 1 —2z 1-—- z)"'

The integrand in (15) has a pole of second order at z = 1, and its
residue there is found to be
cc = 1) — mpa(rur — 1) — 7pe

2(c — 7u1) B

Consequently,

clc = 1) — rua(rur — 1) — 7o

2(c — 7u1)
1 1 I:l - z‘”e”””] dz (16)
— — 0 .
27t J ¢, & 1 —2z1 1 —2)?

Combining (14) and (16) and noting that the integral of
(1 —2)2log (1 —27Y)
vanishes on C;, we obtain

D

dz
(1 —2)
Recall now that |z=¢e78()| < 1 on Ci, and hence log [1 — 2% )]

has a uniformly convergent power series representation in 2=¢¢7#) on
C1, so that

T 2miuy

/ log[:l _ Z—cerﬁ(z)]
Cy

D 1 121 [ evfyne
f (17)

_=—— - ———dz
T mr2mia.ointe (1 —2)?
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The integrand in (17) has poles at 2 = 0 and z = 1 with residues

ne—1

k% (ne — k)mi(n7)
and -

n(ﬂlT - C)’
respectively, giving us the final result

D 1 =21¢2
—_ = - Z -_ Z kﬂ‘nc+k(n7'). (18)

T M1T n=1 N k=1

V. SERVICE-DELAY DISTRIBUTION

For the purpose of obtaining the service-delay distribution (delay
until a first request from the batch enters service), let us define g.(t)
as the probability that among the requests present at some time i,
at most m of them are still in the system at time ¢, + ¢{. Considering
the state corresponding to gmcsc—1(t), we see that, at most, me¢ + ¢ — 1
of the requests preceding the given batch will be in progress at time ¢
later, and consequently, at most, ¢ — 1 of them at time mr + ¢ later.
This is the condition for the service-delay d to be less than mr + ¢,
or in symbols

P{d < mr + t} = gmc+c—1(t): 0 é t < T. (19)

To determine g, (t), we introduce the generating function
GGl = 2 gn(D)em.
m=0

Upon noting that 3% ¢ m—n(t)gn(t) = as, we have

o0

e E: gm(B)z™ T wa(t)zm

G(zt) =
m=0 n=0
=@ 3 27 Y T (@) gm ()
n=0 m=0

0

= ¢ @) Y gt = e POF ().

n=0
Substituting for F (z) we obtain

(z—21)(z —22) - (2 — 2c_y)e B2
GGt) = —A - . - o - : (20)
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A direct expansion of the right-hand side of (20) in powers of z is
not desirable because the coefficients of z involve sums the terms of
which have alternate signs and, therefore, are not well suited for
computation. To circumvent this difficulty, we first obtain a Laurent
series expansion of G(z,t) in the annulus 1 < |z| < |£], where ¢ is
that root of z¢ exp [—78(2)] — 1 = 0 which has the smallest modulus
exceeding 1. The existence of such a root can be proved as follows.
Since z° exp [—r8(x)] takes on the value 1 at 2 = 1 (z = real part
of 2), has a positive derivative there, and vanishes at infinity, the
equation z°exp [—718(2)] — 1 = 0 has at least one root outside the
unit circle.

Forl < |z| < |£]|, the absolute value of 27 exp [+8(¢)] is less than
unity. Expanding the denominator in powers of z—¢ exp [78(z)] and
the exponential function in powers of 2, and collecting like-power terms,
we obtain, for 1 < |z] < |£],

0 c—1 0

Gil) = X | X @0 Z Tejrerr—n[ (j+ D7 — £]} 2 (21)

k=0 n=0 j=0
where ¢, is the coefficient of 2 in the polynomial
Az — 21)(z — 22)+ - - (2 — 1)

Since z = 1 is the only singularity of G(z,1) in |2| < |£| (a simple pole
with residue —1), G(z,t) 4+ (2 — 1)~!is holomorphicin |z| < |£| and
hence for [z| < |£]

1 0
G(z,t) + p—r = expansion (21) 4+ > z7».
5 —

n=1
Therefore, for |z| < 1, we must have
G(zt) = X z* + expansion (21) + > z=".
n=0 n=1

From this equation, we obtain the service-delay distribution

c—1 o
P{d < mr + t} =1- Z qn Z 7|'(m+j+2)c—n—l[(j + 1)7' - t] )
n=0 i=0

m=0,1,2 -, 0=t<r. (22

VI. A NUMERICAL EXAMPLE

We examine a fixed-size batching scheme which provides some
insight into the effect of batch arrivals on the average delay and the
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probability of service-delay. Suppose customers arrive in batches of
size m. Then N; = 0 for j #£m, 1 = m\,, and

s )
Wj(t) = k!

0 ) otherwise.

, for j=km

Figure 1 shows the average delay experienced for an arbitrary customer
as a function of the occupancy p = 7ui/¢, for various values of m.
We assume that the holding time is unity, and that ¢ = 4.

Equation (18) written in the form

ne—l

1 =21
D=—%—inm—ct+ce™) + 3 (nc— jmi(n)

M1 n=1T

was used to obtain the curves drawn in Fig. 1. We might point out
here that the above series converges slowly when the occupancy is near
unity. In the interest of speedy computation it may be necessary to
solve for the roots of the denominator in eq. (8) and then use (13)
to calculate the average delay. The same remarks apply to eq. (12)
which is used to compute the probability of no delay.

Because holding times are constant, several interesting phenomena
are observed. First, if the batch size is an integer multiple of the number
of servers, say m = kc, then the mean time until the service of an
arriving batch (or the first customer from the batch) begins is the
same as the average delay in a one-server system with single Poisson
arrivals and holding time k. From the Pollaczek-Khintchine formula,
this number is given by

kp
2(1 — p)
Hence the mean delay which an arbitrary customer experiences is the

average of the above number and the mean delay experienced by the
last customer in the batch to be served. Thus we have

E—1 ok
= +
2 2(1 —p)
Note that as p — 0, D — (k — 1)/2.

On the other hand, if the number of servers is an integer multiple
of the batch size, say ¢ = jm, then the system may be viewed as a

D

(m = kc).
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AVERAGE DELAY IN UNITS OF HOLDING TIME

0.01 1 I 1 |
0 0.2 04 0.6 0.8 1.0

p. OCCUPANCY

Fig. 1-——Average delay in an M/D/4 queue when arrivals occur in batches of size m.

collection of single-server systems with constant holding time and
J-phased Erlangian input of mean offered load pi/j. This can be seen
by imagining that the sets of m servers required to serve the arriving
batches are chosen in cyclic order.

Figure 2 shows the probability of service-delay (the probability that
the service of an arriving batch is delayed) as a function of the oc-
cupancy, for various values of the batch size m and ¢ = 4. From eq.
(12) we obtained and used the following expression for the service-
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Fig. 2—Probability of service-delay in an M/D/4 queue when arrivals ocecur in
batches of size m.

delay probability :
© 1 ne—1
1—ep|{-Z=[1-F nw ]}
n=1"N

=0

Phenomena similar to those observed in Fig. 1 exist here also. For
example, if the batch size is an integer multiple of ¢, say m = ke, then
the probability of service-delay is the same as the probability of delay
in a one-server system with single Poisson arrivals, i.e., it is simply p.

On the other hand, if ¢ = jm, then the service-delay probability is
the same as would be found in a system with single Poissonian arrivals
of intensity A» and j constant-holding-time servers.
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Crosstalk in Uniformly Coupled Lossy

Transmission Lines

By J. C. ISAACS, JR., and N. A. STRAKHOV
(Manuscript received July 5, 1972)

The crosstalk between two identical, uniformly coupled, lossy transmas-
ston lines ts examined. Equations are derived which can be solved to obtain
formulas for the mear-end crosstalk (NEXT) and far-end crosstalk
(FEXT). An example 1s worked which illustrates the mutual influence of
the two lines in terms of the modal voltages and currents. The mutual in-
Sluence of the two lines is also studied by comparing the results of this
example with the “classical” crosstalk formulas which assume weak
coupling and neglect the influence of the disturbed line on the disturbing
line. It is shown that the influence of the disturbed line on the disturbing
line can be neglected for NEXT for most weak coupling siluations. For
sufficiently high frequencies and/or long line lengths, however, this in-
Sfluence cannot be neglected for FEXT.

I. INTRODUCTION

One of the earliest analyses of crosstalk in coupled transmission lines
was made by Campbell ;! later Shelkunoff and Odarenko? used a similar
method to analyze the crosstalk in coaxial structures. These “classical”’
formulas were derived for two parallel transmission lines with weak
coupling and matched terminations. One drawback of these analyses
is that they do not take into account the effect of the disturbed line
on the disturbing line. However, their crosstalk formulas are simple in
form and easy to analyze. Also, they are applicable to any parallel,
uniformly coupled transmission lines with weak coupling.

Somewhat later an analysis of coupled transmission lines was made
by Rice.? His results apply under quite general conditions and are
expressed in compact matrix notation. However, his results have
apparently not influenced current analyses, possibly because the
formulas are more complicated to analyze than those in Refs. 1 and 2.
Coupling between two pairs under similarly general conditions is

101
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given by Kuznetsov and Stratonovich.* Although the emphasis is in
obtaining results for the time domain, the basic approach is similar to
the one we will follow. The specific time domain results do not apply
to the transmission lines of interest here because the frequency de-
pendence of the primary constants is not taken into account. More
recent analyses’-® have relaxed the assumptions of weak coupling and
matched lines and do take into account the effect of the disturbed line
on the disturbing line. Unfortunately, these analyses focus attention
on the lossless case in order to obtain crosstalk formulas which can be
readily calculated. While the lossless case may be of interest for some
line lengths and frequency ranges, it does not cover many applications
which are of great practical interest.

In this paper, a fairly general analytical model is presented for two
identical, parallel, uniformly coupled transmission lines with a common
ground return. This model does not assume weak coupling, matched
terminations, or lossless lines. The resultant crosstalk equations, al-
though somewhat unwieldy, can be evaluated with the aid of a
computer.

The motivation for this study was, in part, to assist in the analysis
of special cables being utilized in the interconnection of equipment
racks. These cables, referred to as flat flexible cables, have conductors
that are not twisted and therefore can couple to each other strongly
under certain conditions. The results of this study are also of interest
to those studying longitudinal mode coupling effects in multipair
cable.

II. DERIVATION OF CROSSTALK BETWEEN TRANSMISSION LINES WITH
ARBITRARY CONSTANT COUPLING

The starting point for this analysis is the set of coupled differential
equations which are assumed to govern the two transmission lines.
They are

dE, , '
— = —(R + joL)I, — joL., (1a)
dz
dIl . .
Fe — (G + joC)Ey — juC.E, (1b)
T
dEs ‘ .
- (R + jwL)I: — jwL.I) (1)
X
dl2 . .
= —(G + juC)E; — juC.E\ (1d)

dx
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where

E; 1is the voltage across transmission line ¢, 7 = 1, 2
is the current flowing in transmission line ¢, ¢ = 1, 2

are standard distributed resistance, inductance,
conductance, and capacitance, respectively

e ot

is frequency in radians/s
L.| are “coupling” inductance and capacitance; the relationship to
C.| physical quantities will be derived in a later section.

A number of assumptions are tacitly implied in order for the equa-
tions to describe the physical situation. These will now be discussed.

The first and most basic assumption is that only two sets of voltages
and currents are involved in the coupling mechanism. This assumption
is readily met in the case of unbalanced transmission lines shown in
Fig. 1a. However, for balanced transmission lines, depicted in Fig. 1b,
other voltages and currents may play a role in the coupling mechanism.
They will only be negligible if each transmission line is well balanced
with respect to ground.

Another important assumption is that the power propagating down
the transmission lines is essentially described by TEM modes. This
assumption is required to assure that the telegrapher’s equations
(i.e., (1) with L, = C, = 0] are valid.

For the time being, it is not necessary to specify whether or not R,
L, G, C, C,, and L, are frequency independent. However, if these
results are translated from the frequency domain to the time domain,
the frequency dependence of these parameters will have to be specified.

b
GROUND-~
PLANE

(a) (b)

Fig. 1—(a) Unbalanced transmission lines. (b) Balanced transmission lines.

GROUND~”
PLANE
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Of course, it is a fundamental assumption of this analysis that the six
parameters are independent of z.

Differentiation of (1a) and (l¢) with respect to x and substitution
of (1b) and (1d) for the appropriate quantities result in

d*E,

= AnE, 4+ A E, (2a)

dx?

d?E,
= ApE) + ApE, (2b)

dx?

where

Ay = (R + jouL)(G + juC) — ?L.C. 3)
Agg = Au (4)
Ay = (R + joL)juC. + (G + jwC)joLe.. (5)

Assuming a solution of the form E; = Ae7* and E; = Ase7* for (2)
yields
v = £+t or +y
’Y+ = VA, + A12
= {[R + ju(L + L.)J[G + jw(C + Co)]}* (6)
v~ =VYAnu — Ap
= {[R + jo(L — LJ)J[G + ju(C — C)]}t (M)
4, if vy = oyt
—A, if v = kv

where

and

A2=

Therefore, the general solutions for E;(z) and E,(x) are expressed as
Ei(x) = Aterts 4 A—ev = 4 Bte~7"* 4 B—¢~7= (8a)
Ex(z) = Ater'® — A~e"* 4+ Bte™"* — B¢~ 777 (8b)

where the four constants A+, A—, B*, and B~ will be determined from
boundary conditions. The corresponding expressions for the two
currents can be obtained by solving (1a) and (1¢). After the required
algebraic manipulations, one obtains

1 1 1 1
= — — tz . A—er s + —Btegrte 4 - B—g~r =
Ii(z) ZiATer — ——Amers + o Bre s + - Bree (9a)

1 1 1 1
= a— — +z —A—pr% P —ytz _ ___ RB—o—vz
I,(x) +A+e“f + ——A-er* + +B‘fe 7 -B~e™ (9b)
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z Li(o) 11 (%)
1 —- —_—
+ o—
+ +
Vi E4(0) Eq(2) ézz
— ©
Iplo) L(8%)
QO O
+ +
23$ E;lo) Ey(0) %24
- ©°

Fig. 2—Boundary conditions imposed on coupled transmission lines.

where

e _ [R+ jo(L + L.
G + jo(C + C.

(10)

1l

_ R+jw(L_Lc) %.
B [G + jw(C — Cc):l (11)

The boundary conditions that will be imposed are shown in Fig. 2.
The corresponding boundary condition equations are:

Vi = Z11,(0) + E1(0) (12a)
0 = Z;I,(0) + E»(0) (12b)
0 =Z,I,(l) — E.(D) (12¢)
0 = Z.I.() — E.(]). (12d)

Substituting (8) and (9) into (12) results in four equations for the
four unknowns A+, A=, B+, and B~. Solving for these quantities and
substituting them into (8) yield a solution* of the form

Ei(x)

Voo R+ (x) + 3R~ (x) (13a)
E(x)

7 = iR+(z) — 3R~ (x). (13b)

The near-end crosstalk is given by E:(0)/E:(o) while' the far-end
crosstalk (equal level) is given by E:(l)/E:(l).

*In principle, (13) could be derived from egs. (1.25) and (1.30) of Ref. 3.
However, applying the boundary conditions (12) to these equations leads to sufficient
algebraic complication that it is easier to derive (13) directly.

T The conventional definition of near-end crosstalk is Ez(0)/V: which is equivalent
to the above definition (except for a factor of 2) under the conditions of loose coupling
and matched terminations.



106 THE BELL SYSTEM TECHNICAL JOURNAL, JANUARY 1973

Obtaining expressions for R*(z) and R~ (z) involves very extensive
algebra for arbitrary impedances and in general does not lend insight
into the coupling process. For applications where switching circuits
are involved, several special cases of interest partially simplify the
algebra in obtaining expressions for the near-end and far-end crosstalk.
Some of these cases are:

(3) Z, = Zyand Z, = Z4," (possible application to analog switch-
ing systems).
(@) Zy = Zy = Z, Z, = Zy = » (possible application to switching
systems using ‘“totem pole’’ logic).
(19%) Zy = 0,Zy = Z3 = Z4 = » (possible application to switching
systems using simple transistor logic).

These cases all involve somewhat bulky expressions, but they can be
obtained with perseverance.

The case that will be studied in detail in the following section is
Zy = Zy = Z3 = Z4. This case is of special interest for three reasons:

(3) The coupling capacitance and inductance can be related easily
to physically measurable quantities.
(#2) The conditions under which the “classical’” crosstalk formulas
apply can be studied.
(727) This case is of interest for many applications involving analog
cireuits.

III. RELATIONSHIP TO PHYSICAL QUANTITIES

The behavior of the coupling process is most easily illustrated by
modifying the excitation assumed in (12). Instead of only exciting
circuit 1, an excitation will also be applied to circuit 2 as shown in
Fig. 3. The set of equations, (12), is modified by letting Z, = Z, = Z;
= Z,4 and replacing (12b) by

pV1 = Z1I,(0) + E.(o) (14)
where p is a complex scalar. Obviously, the case p = 0 corresponds to

the situation in Fig. 2 with equal terminating impedances. With this
substitution, (13) becomes

El(.’l:) 1 + P+ 1 - p -
v = R,(x) + 5 R, (x) (15a)
Ba(w) 1+ PRY @) - — LRI (15b)

Vi 2 2
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2, Tjfo) L9
O
+ + +
Vi Eqlo) Ce Ey(0) éz,
- o~ "o
z, Iyfo) 1,0

R — .

— O

+ + +
oV, E,lo) SR Eo(2) z,
- o~ o

Fig. 3—An alternate means of exciting the coupled transmission lines.

where e i
+ Pooer =2 — PogmrTi—s
o) = P2evti — P2 vt (16a)
00 10
_ Poe7(—2) — Ple~v (=2
Ro(@) = = (16b)
01 11
“and
4 17
Poo =1 + E ( a)
Po=1-2 17b
w=1--— (17b)
Po =142 (17¢)
= — c
01 Z_
P12 (17d)
11 = Z_.

It is now apparent that any excitation of the two coupled trans-
mission lines depicted in Fig. 3 will result in a response which will be a
linear combination of the two functions R;f(z) and R, (x). Therefore,
these functions will be referred to as modes. They will now be examined
in somewhat greater detail.

If p = 1, then (15) reduces to

h@ 5@ _ e (18)
Vi Vi

Therefore, if the two lines are energized with equal and in-phase

sinusoids, the resulting voltage distributions are given by R, (). Note
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that R;" () contains terms with a + superscript and does not contain
any terms with a — superseript. This, in turn, signifies that the
propagation constant and the characteristic impedance associated with
R} (x) are given by (6) and (10), respectively. This result will now
be interpreted in terms of the distributed capacitance and inductance
associated with the two transmission lines.

Figure 4 shows a cross section of the two coupled transmission lines,
assuming symmetric excitation (p = 1). According to (18), the voltages
on the two lines are equal at every point x; this fact is indicated on
Fig. 4. The capacitance per unit length of each conductor to the
ground plane is denoted by C,;, while the coupling between conductors
is denoted by Cis.

Since there is no potential difference across C1s, the signals propagat-
ing along the two transmission lines are not affected by it. Therefore,
each signal propagates along its respective transmission line as if the
two lines were uncoupled and with distributed capacitance:

C+0C,=0C, (19)

The distributed inductance can be expressed in terms of C, using the
relationship:
(C+ C)(L + L) = pe, (20)

(See, for example, Chapter I, Sec. 4, eq. (31) of Ref 8.) This
formula is applicable to the case where the frequency of excitation is
sufficiently high that the magnetic field penetrating the metal con-
ductors contributes a negligible amount to the coupling inductance.
Thus

L+L =X (21)
c = 00
Turning now to the case p = —1, eq. (15) yields
E E -
@) _ _BE@) e, (22)

Vi Vi

The propagation constant and characteristic impedance associated
with this mode are expressed by (7) and (11), respectively. As with the
previous mode, this mode behaves as if the two lines were uncoupled
but with primary constants R, G, C — C., and L — L.. To see how
these are related to the physical capacitance, it is convenient to
depiet the voltages and capacitances as shown in Fig. 5.

As indicated by (22), the voltages on each transmission line are
equal but opposite in sign. A vertical line between the two conductors
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Fig. 4—Cross section of two coupled transmission lines—symmetric excitation.

must therefore constitute a surface of ground potential. Thus, the
total capacitance to ground influencing a signal propagating along
either line is given by

C—C.=0Cy+ 20

(23)

As in the previous case, one may take (C — C.)(L — L.,) = ue if the
frequency is sufficiently high. Thus

and

and

ue
L-L,=——.
Cg + 2012
Combining (19) and (23) to solve for C and C, yields
C= Ca + Cyy
Cc = _012,
while combining (21) and (24) to solve for L and L, results in
Ca '+' 012
L=pye——— ——
C,(C, + 2Cy2)
Ci2

c

pe ——————
C,(C, + 2Cyy)

(24)

(25)

(26)

(27)

(28)

Orne final observation is that, in the higher frequency bands of in-

E=0
|

2Cq, | 2¢y,

|
I
] _E1 |
|
|

GROUND PLANE

+
C, E,=—E

g/|\2 |

7.

Fig. 5—Cross section of two coupled transmission lines—asymmetrical case.
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terest, the following approximations can be made with little error:

LR

Y =E—Z—+ + jw\/ue (29&)
R 1

v~ E?—Z—_ + jovne (29b)
L 4+ L\?

7t =~ 29
c+ Cc) (26¢)

7- =~ (L _ L°>§ 29d

=\c_.. (29d)

(See Chapter 1I, Sec. 13, eqs. (18), (8), and (6) of Ref. 8.)
Substituting eqs. (25) to (28) into the above equations yields

et B0 i (30a)
Y= Jovue a
2 Jue
1R(C, + 2C R
- ———-(——_—lj)- + joue (30b)
2 e
Ve
7t = 30
C. (30c)
Vue
e 30d
Co+ 201 (80d)

Thus, the R, () mode has a higher loss and smaller characteristic
impedance than the R;"(z) mode.

It is now possible to outline a measurement procedure that will yield
all quantities required to evaluate (13). Since the effective dielectric
constant surrounding most physical transmission lines is determined
by the detailed geometry of the insulation and shields surrounding
each conductor, the quantity Yue will be assumed unknown for the
following procedure, even though u and ¢ may be known for each
constituent material in the transmission line.

Step 1. Measure C, and Cj..

Step 2. Terminate the coupled pairs in four equal impedances Z,
and energize the two lines from the same voltage generator. The
generator frequency should be in the range for which the approxi-
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mations leading to (29) and (30) are valid. In other words, terminate
and excite the lines as shown in Fig. 3 with p = 1.

Step 3. Adjust all four impedances, Z;, until B, (1) is a maximum.
It is easy to show that in this case Z; = Z*. Using (30¢) and the value
of C, from Step 1 gives Vue.

Step 4. With Z, = Z+, measure R, () which equals (}) exp (—+*).
With 4t given by (30a), B can be solved for directly, given the length
of the coupled lines, I.

Step 5. The remaining quantities, v~ and Z—, can now be evaluated
using (30b) and (30d). Note that there is an additional check on the
value of Yue through the imaginary part of y+.

IV. COMPARISON OF RESULTS WITH CLASSICAL CROSSTALK FORMULAS

We now use the results of the previous section to analyze the
“classical”’ crosstalk formulas as derived by Shelkunoff and Odarenko.?
Their analysis assumed uniform weak coupling between two parallel
transmission lines terminated in their characteristic impedances.
Assuming the two transmission lines had identical primary and
secondary constants, they derived the following formulas for near-end
crosstalk (NEXT) and far-end crosstalk (FEXT):

N(w) = ___Z_ﬁ__(l — ety (31)
4Z0‘)’0(w)
Fw) = Z'”z (32)
T 27,

where Zys, Z), are the mutual impedances between the two lines for
NEXT and FEXT, respectively, Z, and v, the secondary quantities
of an isolated line [i.e., (10) and (6) with L, = C, = 0], and ! the
length of the lines. The above formulas were derived neglecting the
effects of the disturbed line on the disturbing line. In the discussion
that follows, we shall examine the validity of this assumption.

Referring to (6), (7), (10), and (11), and assuming L. K L, C. K C,
and Z, = Z,, it can be shown that

7+ 7o+ 5 (33a)
Jw 2
8 = — (L, — C.Zy) (33b)
270
—IK1 33¢
Z (33¢)
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and

YE = vok e (34a)
(Lo + CZa)
€ = ]wT (34b)
€
—| 1. (34c)
Yo

Now using (33), (34), (13), (16), and (17) one can show that

)
1 — g2l h (2el) — 7 — sinh (2¢l
Ex(0) _ 86< ‘ [COS (2e) = g7 sinh ( G)D
E]_(O)—Zo 16

where the approximation is obtained by only assuming weak coupling.
Now for sufficiently small |el|, the term in brackets is approximately
unity so that (35) becomes

(35)

0
N(w) %’Z (1 — e2n})

Jw
4voZo
This agrees with the Shelkunoff and Odarenko result, (31), with
Zyy = jw(Le — C.Z3).

For larger values of [, the exponential term in (35) can usually be
neglected for lossy lines. In the lossless case, the term in brackets will
cause a departure from the classical formula for sufficiently large |€!|;
however, in weak coupling situations, the length and/or frequency
required to invalidate the approximation cosh (2¢l) =2 1 are usually
large enough to invalidate the lossless assumption. Thus, for most
practical situations involving weak coupling, eq. (31) is adequate.

We now consider far-end crosstalk. Again referring to (13), (16),
and (17), letting « = I, and assuming the conditions for weak coupling
exist, it can be shown that

(Lo — C.Zg)(1 — e=2rot). (36)

g7l — el
Fo) = m' (37)
Substituting (34a) into (37) results in
e—el —_— eel

= —tanh (el). (38)

F(w) =
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Referring to (34b), for sufficiently large w, Z, is a real constant and e
is an imaginary number; thus, (38) can be written as

F(w)= —jtan (— jel) (39a)

>~ —¢ for |el] =

(Lo + ZoC W)

= o (39h)
0

Therefore, for |el| =< (v/6), eq. (39b) agrees with (32) with Z,
= —jw(L, + ZiC.). Shelkunoff and Odarenko? point out that (32)
must not be carried to an absurd conclusion: namely, that most of
the far-end power will reside in the disturbed circuit for sufficiently
long transmission lines. They conjecture that, in the limiting case, the
far-end power will divide equally between the two lines. Equation
(39a) indicates that the far-end power oscillates back and forth between
the two lines as a function of I (or frequency, since ¢ is a function of w).
Equation (39a) is valid over a larger range of I than (32) (or 39b),
although it is not valid for all [, since it is based on an approximation,
(34), which is multiplied by . To be more specific, (6) and (7) can be
written as

v = [(vo — @LeCo) £ juve(ZeC + Lo/Zo)) Tt
jow 9 w? b
= 'on:]. =+ (Lc + CcZo) - —LCCC:I . (4:0)
Yoo Yo

Assuming the conditions for weak coupling (L. << L, C. <K C), the
third term in the brackets is much smaller than the second term, and
the second term in the brackets has a magnitude much less than unity,
$0 (34) is a good first-order approximation to (40). Now for Z, a real
constant, eis an imaginary quantity. However, for any given frequency
the higher order terms from (40) contain real parts which will dominate
the behavior of the exponential terms in (387) for sufficiently large I.
Thus, referring to (37), in the limit as { — o,

1 — glrt=r)

lim lF(w)l = lim m

[ [

=1. (41)

The same result is reached by fixing I and letting w — .
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In summary, when weak coupling conditions exist, the effect of the
disturbed line on the disturbing line can be neglected for most NEXT
calculations; however, for a sufficiently large ! and/or w, the effect of
the disturbed line on the disturbing line cannot be neglected for
FEXT calculations. This is because, for certain values of [ and/or w,
the far-end power in the disturbed line will be comparable to the far-
end power in the disturbing line.

V. CONCLUSION

An analytical model for analyzing crosstalk between two identical,
parallel, uniformly coupled transmission lines with ground return has
been presented. Using this model, formulas were developed for the
two sets of modal voltages and currents on the transmission lines. It
was found that each mode has associated with it a propagation factor
and characteristic impedance which, in general, are different for each
mode.

By applying different sets of excitation voltages to the two lines
(changing boundary conditions), the effect of each line on the other
can be analyzed in terms of the modal quantities. Using this technique,
formulas were derived for the coupling capacitance and inductance in
terms of the distributed capacitance and distributed inductance of an
isolated line, the distributed capacitance to ground for the nonisolated
lines, and the permeability and permittivity of the medium surround-
ing the transmission lines.

The mutual influence of the two lines was also studied by assuming
weak coupling between them and then deriving NEXT and FEXT
formulas using this model. These formulas were compared with the
classical formulas which do not take into account the influence of the
disturbed line on the disturbing line. In the case of NEXT, the effect
of the disturbed line on the disturbing line was found to be negligible
for most practical cases. In the case of equal level FEXT, however, the
effect of the disturbed line on the disturbing line can be quite signifi-
cant for sufficiently large line length and/or frequency.
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Applications for Quantum Amplifiers in
Simple Digital Optical Communication
Systems

By S. D. PERSONICK
(Manuscript received August 14, 1972)

Previously published results on the performance of optical direct de-
tection digital recetvers using avalanche detectors are extended to the case
where incoherent noise due to quantum amplifiers in the transmission
medium 1s present at the detector. These calculations are applied to de-
termine the usefulness of quantum amplifiersin simple digital transmission
systems where the optical source instability results in a required amplifier
bandwidth which may be orders of magnitude greater than the modulation
bandwidth. It vs concluded that practical applications exist where quantum
amplifiers can be used 1n analog repeaters between regenerating repeaters in
a hybrid digital system; and also as front ends of regenerating repeaters to
increase their sensitivities.

I. INTRODUCTION

Quantum amplifiers can be used in optical communication systems
even if the optical sources are only partially coherent. They can serve
as optical analog repeaters between regenerating repeaters in a
hybrid digital system to compensate for transmission loss (see Fig. 1),
and also as the front ends of regenerating repeaters which demodulate
back to baseband.

This paper investigates the applications for quantum amplifiers
in simple digital communication systems employing “on-off”’ intensity
modulation. It will be assumed that due to source instability, the
optical system bandwidth may be orders of magnitude greater than
the bandwidth of the modulation, and that the quantum amplifiers
have limited gain.

We shall calculate Chernov bounds on the required signal energy per
pulse at the detector of a digital repeater (to be described in detail
below) to achieve a 10~ error rate as a function of the received sponta-
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Fig. 1—Fiber communication system.

neous emission noise level from quantum amplifiers, or of the incoherent
background noise level for some typical values of dark current of the
detector, mean detector gain, and thermal noise introduced by circuitry
following the detector. For these Chernov bound calculations, we shall
assume a unilateral gain detector. Numerical results for other detectors
and parameter values can be obtained by using the moment generating
functions to be derived below with the results of two previous papers!
concerning Chernov bounds for direct detection intensity modulation
systems using avalanche gain.

We shall also derive some signal-to-noise ratio results which can be
used to approximate the energy required per pulse to achieve a desired
error rate. These signal-to-noise ratio results are consistent with
previous published work of other authors.3—%

Throughout this paper it will be assumed that the modulation
consists of varying the intensity of the transmitted signal in each
baud interval to produce pulses at the regenerating repeater which are
of one of two amplitudes, and such that the pulses are approximately
constant in a baud interval of length T seconds. Generalization to
other pulse shapes should be straightforward using the results below.

II. A MODEL FOR THE QUANTUM AMPLIFIER NOISE

Throughout this paper we shall model the source as follows. Its
voltage in a single spatial mode will be given by

E;(t) = V2re{Aei(9+e)t} (1)
where |w| < 27B/2.

That is, the source will be nominally at optical frequency Q/27 but
due to source instability there will be an uncertainty of bandwidth B.
(The conclusions and numerical results that follow also hold if the
source is a randomly phase-modulated sinusoid having a bandwidth B
of the form E,(t) = V2re{Aet@®+20} ) '

If the modulated signal is to be transmitted over a channel with
quantum amplifiers and possibly with optical filters as well, then these



QUANTUM AMPLIFIERS 119

devices must have a bandwidth of at least B -+ 1/T to accommodate
the modulated signal for all possible values of w. (The term 1/7 is due
to the increase in bandwidth of the source due to the modulation.)

At the regenerating repeater input, the classical field will be modeled
as follows (assuming only a single spatial mode)

E.(t) = V2re{m(t)e! @)t 4 n(t)} (2)

where m(¢), the modulation, assumes one of the two possible pulse
amplitudes (a pulse which is approximately constant in each baud
interval T) and n(f) is a complex Gaussian random process which
represents the incoherent spontaneous emission noise introduced in
the quantum amplifiers or represents incoherent background noise.®
In each baud interval T, we can expand the field complex envelope in
a Fourier series;' taking only enough terms to include the “system”
bandwidth B’.}

(L—1)/2 ei@rkt/T)
@) = m@et +nt) = X a l:——:' (3)
e(t) ( ( P

where L (the number of temporal modes) is given by L = B'T = 1
+ BT. Defining

7h
my = —— m t eiwte—i(27rkt/7‘)dt
k \/T baud interval () ’
1
Ny = —= n(t)et@mktIT) 4 4a)
k \/T ﬁaud interval () ’ (

we have for each value of &, ar = mi + n:. Because we have a digital
system, the signal components, my, take on one of two values for each
k. The noise components n, are complex Gaussian random variables.

(nanj) = Ni;, (ning) =0 (4b)

where N, is the classical incoherent noise spectral height®: (n(t)n*(r))
= N,(t — 7), and (x) stands for the expected value of z.

T A more rigorous and general approach taken in the Appendix is to expand the re-
ceived field in a Karhunen-Loéve expansion® using the autocorrelation function of the
noise n(t) at the detector input as the kernel. The approach taken here is justified on
grounds of simplicity and intuitiveness.

t The system bandwidth B’ is the minimum of the quantum amplifier bandwidth,
the detector optical bandwidth, and the bandwidths of any filters in the optical path
preceding the detector. Of course B’ > B + (1/7T), if we are to accommodate all
possible signals with the unstable source described above.

§ That is, the number of watts of incoherent power falling on the detector in the
bandwidth B’ is N,B’.
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At the regenerating repeater it will be assumed that the field falls
upon a detector with internal gain (e.g., an avalanche detector) and
causes the detector to emit “primary” hole-electron pairs at rate
(average pairs/second)

Kl 2
NORS %l e (D) (5)

where # = Planck’s constant/2r, @ = optical frequency in radians/s,
n = detector quantum efficiency, and ¢,(f) was defined in eq. (3) above.

Due to internal gain, each primary ‘“‘count” (hole-electron pair)
produces a random number of additional secondary counts. Because
the modulation pulse is approximately constant throughout a baud
interval, we will be interested in the total number of counts produced
by the detector due to signal and incoherent noise in each baud interval.
The moment generating function” of the random total number of
counts, N, produced in each baud interval, T, is defined as

My(s) = 5 ep(n) ©)

n=0

where
p(n) = probability that N = n.

From previous work! we have

My(s) = Mc(¥e(s)) )
where

!//G(S) is ln[Mg(S):l

M (s) is the moment generating function of the random internal gain
G and M ¢(s) is the moment generating function of the total number of
primary counts, C.

We can evaluate M ¢(s) as follows. Define the quantity A as

7 7 (L-1)/2
= — )|t = — 3 ax|? (8)
#$ Jbaud interval ' ( | Q2 _(L_1)/2 I kl

where A is the average number of received primary counts in a baud
interval given ¢.(f). A is a random variable, since the {a:} are random
variables having the following joint complex Gaussian probability
density

1

L
p{al’ a2...aL} = H e—lax — mk|2/No

k=17l'No

The probability distribution of the total number of primary counts
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Fig. 2—Twin-channel system.

C in a baud interval given A is Poisson, i.e.,

Ac —A

p(clA) = = probability that ¢ = ¢ given A.

It follows that M¢(s) is given by

Mo(s) = f ) [ 2 p(c|A>esc]p<A>dA

= / eAe=Dp (A)dA

—00

Xelt/he) = [mel*(es — 1)/[1 — (/BYNo(er — 11} (9)

ITI. SIGNAL-TO-NOISE RATIO RESULTS

From (7) and (9) we obtain the mean number of counts, (N),
emitted by the avalanche detector in a baud interval as follows

a
N) = — My(s) = ———
N) Y (s) da)]

G[m? + LN, Jn/ 78 (10)

d
Me(¥o(s) o Ya(s)

§=0
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where
(L-1)[2

m? = / [m@)|2dt = > |mi|?
baud interval

—(L-1)/2

N, = {|n:|?) = classical spectral height of the incoherent noise
at the detector input,
BT + 1,

L= [B+1/TIT

and G is the mean avalanche gain.
The variance of the total number of counts is

)2
s=0

n — 2 = 7\
: 4 LN,) @ + (LN" + 2Nm?) (@) =
(o LN LT+ (I 2@ CI

2

Py My (s)

(N?) — (N)?

(5
- 6—8 ~(8)

s=0

shot noises beat noisest

where G is the mean square avalanche gain.

Consider a typical twin-channel digital system, shown in Fig. 2.
There is light incident on each detector containing “‘on-off” modulated
signal pulses of duration T and incoherent noise. A channel is in the
“on” state when its signal pulse has optical power p. In the “off’”’ state
the signal pulse power is p-EXT, where EXT is small compared to
unity. During each baud interval, one or the other channel is ‘“‘on.”
The detectors are assumed to have internal random gain (e.g., av-
alanche gain or photomultiplier gain) and there are assumed to be
thermal noises added to the detector outputs due to the amplifiers
following the detectors. It is assumed that the signaling rate is slow
enough so that each signal pulse of light of duration 7' produces an
output current from its detector of duration T that does not overlap
with the currents from other pulses. The detector output current
pulses plus the corresponding noises are integrated in each period T
(or equivalently filtered). The output variable z is compared to the
threshold after each integration to decide which channel is “on.” An
error is made if z > 0 when the ‘“zero’’ channel is on, or vice-versa.

The baseband noise-to-signal ratio is defined as the variance of the
output voltage x divided by the square of the mean of the output
voltage .

t The term ‘“‘beat noise’’ has been used in literature® to describe those noise terms at
the output of a square law detector which are due to fluctuations in the instantaneous
power of a carrier which has a fluctuating amplitude.
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@) — (&) 4koT
(x)?  ReM:(1 — EXT)WG*
\ thermal noise ’
4 __
2\a + 2L)\,, + N\ (1 + EXT) G?
Xi(l — EXT)? ()2

shot noises

2LAZ/+ 2m§1 + EXT)

(1 — EXT)?

(12)

beat noises

where

ké = Boltzman’s constant-absolute noise temperature referred
to the integrator input.
R = integrator equivalent thermal noise input resistance.
As = mean dark current counts per detector per interval T before
avalanche gain.
As = mPy/hQ = mean signal counts per interval 7' in “on”” chan-
nel before avalanche gain.
L)\, = mean incoherent noise counts in either channel per baud
interval T before avalanche gain.
BT + 1, and equals the number of temporal modes de-
tected.
EXT = Signal power in “off”” channel/signal power in “on’’ channel.

L

v

In eq. (12), terms which are due to the incoherent spontaneous
emission noises of the quantum amplifiers (or background noise) are
marked with arrows.

We see that the optical incoherent noise, when detected to baseband,
causes additional shot noise and also contributes two beat noise terms.
One of these is proportional to the signal A, and one is proportional to
L. One can use these signal-to-noise ratio results to approximate the
error rate by assuming that the output variable x is roughly Gaussian
in distribution.

In the next section we shall generate some curves that may give a
clearer picture of the effects of L, \,, A\, etc., on performance.
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IV. CHERNOV BOUNDS

The moment generating function defined in (9) was used with
previously published results!:? on avalanche photo-diode gain statistics
to obtain Chernov upper bounds on the energy per pulse required at
the input of a digital twin-channel regenerating repeater of Fig. 2 to
achieve a desired error rate as a function of the other parameters.

The general Chernov bound is given as follows.” Let X be a random
variable with moment generating function M,(s). Let Pry(x > v) be
the probability that an outcome x of X exceeds y. Then it follows that

Pro(z > v) £ evx®=s1 for s> 0 (13)
where

¥x(s) = In[M,(s)].

The bound is optimized for s such that (3y(s)/ds) = v provided
that value of s is greater than zero.
Similarly,
Pr,(z < v) £ e¥x®@= for s <0 (14)

where the optimal value of s is given by (3¢ (s)/ds) = v provided that
value of s is less than zero.

To obtain Chernov bounds upon the probability of error for the
twin-channel system of Fig. 2, one needs the moment generating
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Fig. 3—Required energy per pulse normalized by »/#2 vs the incoherent noise level
N, at the detector, also normalized by 5/#%%Q.
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Fig. 4—Same as Fig. 3.

function of the output variable x. This can be obtained using (9) and
the results of the Refs. 1 and 2, which are too detailed to duplicate here.

From simple cases where error rates can be calculated exactly, the
differences in required power between those results and the bounds
are typically a few dB or less. Experimental results also confirm the
tightness of the bounds. Therefore, in this paper we shall take the
liberty of comparing the effects of various parameters upon the
required energy per pulse to achieve a desired error rate by comparing
the bounds.

It was decided that the calculations should be presented graphically
in two ways.

First, in Figs. 3 to 5, the required energy per pulse normalized by
7/hQ (i.e., the mean number of detected signal photons per pulse) is
plotted vs the incoherent noise level N, at the detector also normalized
by 5/#8. This is done for various values shown of L, mean avalanche
gain, thermal noise, dark current, error rate, and extinction ratio, for a
low-noise unilateral gain avalanche detector (i.e., a detector in which
only one type of carrier causes ionizing collisions, and where carrier
injection is from one end of the high field region). The avalanche gains
used in these calculations do not minimize the required energy per
pulse for the given values of the other parameters, but were used for
illustration.
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It was recognized that in a hybrid system, if the loss between the

regenerating repeater and the analog repeater closest to it is in-
creased, then the signal energy per pulse at the regenerating repeater
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Fig. 6—Required energy per pulse normalized by /% vs the ratio Z of spontane-
ous emission noise spectral height to signal energy.
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input will decrease while the ratio of signal energy per pulse to spon-
taneous emission noise spectral height at the regenerating repeater
input will remain fixed. Thus in Figs. 6 to 8, the required energy per
pulse normalized by 7/#Q is plotted vs the ratio Z of spontaneous
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Fig. 8—Same as Fig. 6.
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emission noise spectral height to signal energy, for the various values
shown of other parameters.

V. APPLICATIONS AND EXAMPLES
5.1 Analog Repeaters

Suppose one used quantum amplifiers in analog repeaters placed
between regenerating repeaters so as to increase the distance between
regenerating repeaters. See Fig. 1. Each quantum amplifier introduces
a spontaneous emission noise which has spectral height referred to its
input given by®

G, —1
Ninput = Fhﬂ( G ) (15)

q

where @, is the quantum amplifier power gain and F is a noise figure
which can be near unity for good quantum amplifiers and is typically
less than 10." If the input to analog repeater k is ax nepers (in power)
higher than the signal level at the input of the regenerating repeater,
then the total spontaneous emission noise spectral height N, at the
input of the regenerating repeater is

R Gor — 1
N.=YX ka(—q"—)e—ak (16)
1 qu

where B = number of analog repeaters.

The ratio of N, in (16) to the signal energy per pulse, p-7T' at the
regenerating repeater input, see Fig. 2, is the parameter Z defined in
Section IV above. Since the incoherent noise and the signal both
experience equal loss per unit length from the fiber, the ratio Z is
constant between the regenerating repeater and the analog repeater
closest to it.

Example: Suppose we make the following assumptions. A twin-channel
system is used with a unilateral gain detector having mean gain 100
and with all the other parameter values necessary above so that the
Chernov bound curves of Fig. 8 are applicable. The source is a
Nd:YAIG laser having bandwidth 1 A at wavelength 1 um, i..,
3-10' Hz. The modulation rate is 300 Mb/s sothat T ~ 3.33 X 10~*s.

tF is related to the population inversion in the amplifying medium which is as-
sumed constant in this analysis.
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We then have L = 100. There are 10 analog repeaters and they are
spaced so that the signal level is the same at the input to each one.

From Fig. 8 (assuming that the upper bounds are tight enough so
that we can comment upon the effects of various parameters on the
required energy per pulse by observing their effects upon the bounds’)
we see that when Z is less than 10~%, the required signal energy at the
regenerator input is 600 counts, i.e., p-T = #Q/5-600. This value of
signal energy is the same as that which would be required if no sponta-
neous emission noise were present (Z = 0).

Thus for spontaneous emission noise to be negligible in this example,
we must have the ratio of the signal energy per pulse at the regenerator
input to N, larger than 103

This means [from (16)] that at the analog repeater inputs the signal
level must exceed 103-#QRF[(G,—1)/G,] where

R = number of analog repeaters = 10 in this example
G, = gain of analog repeater (assumed the same for all repeaters)
F = noise figure of an analog repeater (assumed the same for all

repeaters).

Looking again at Fig. 8, we see that for L = 100, Z can be as large
as 5 X 1072 before the required signal level at the regenerating repeater
becomes large and enters the sensitive region. This means that the
signal level at the inputs to the analog repeaters might be as low as
200-2QRF[ (G, — 1)/G,] in which case the signal required at the
regenerating repeater is somewhat larger, but still not extremely
sensitive to small changes in Z. Suppose F = 10, p = 1, G, = 100, and
the maximum power output of any repeater is 1 mW. Suppose the loss
of the medium is 10 dB/km. When spontaneous emission noise is
negligible, we need 600 202 = 1.2 X 1071 joules per pulse at the input
to the regenerating repeater and we have 3.33 X 10712 joules per pulse
at the output. Without analog repeaters we can have about 44.5 dB of
loss or 4.45 km between regenerating repeaters. Suppose on the other
hand we use 10 analog repeaters starting where the signal level is 200
AQRF[ (Gy — 1)/G,] = 4 X 1071 joules per pulse (i.e., Z = 5 X 107%);
or about 28.8 dB (2.88 km) from the regenerating repeater output.
The string of 10 analog repeaters spaced at 20-dB intervals spans 200
dB or 20 km of distance; and we can have an additional 13 dB or 1.3 km
of distance to the next regenerating repeater input resulting in the
required 2 X 107¢ joules per pulse at that regenerating repeater input.

t See comment Section IV.
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The total distance between regenerating repeaters is now about 24.2
km.t

It seems prudent that for a given value of L, one should avoid values
of Z which are so large that small changes in Z result in large changes
in the required signal energy at the regenerating repeater. Such small
changes in Z might come about if the source power or quantum ampli-
fier gains fluctuated slightly.

5.2 Regenerator Repeater Front End

Suppose that in the example above we had just one quantum
amplifier (or equivalently, the spontaneous emission noise from any
additional quantum amplifiers was negligible).

In the absence of spontaneous emission noise, the energy per pulse
required at the regenerative repeater input is approximately 600 #Q/7.
Now suppose we place the quantum amplifier immediately before the
regenerating repeater. If the gain is sufficiently large, then we can
operate with Z as large as 7-10-3. This means the energy per pulse at
the input to the quantum amplifier need only be about 2QF /(7 X 107%)
=~ 1404QF (for large G,). Thus, we see that if 140F < 600/7, then the
quantum amplifier increases the sensitivity of the regenerative repeater
over that associated with an avalanche detector alone (in this example
with L = 100).

For other values of L in this example, the condition for a quantum
amplifier front end to increase the regenerative repeater sensitivity is

r 600

Zmax 7’

where Z ., is the maximum value of Z for reasonable required energy
per pulse at the input to the regenerating repeater (following the
quantum amplifier).

For other systems with different types of avalanche detectors and
different parameters (avalanche gain, dark current, etc.) the number
600 in the above equation should be replaced by the required mean
number of detected counts in the absence of a quantum amplifier.

t A slightly larger total distance between regenerating repeaters can be obtained by
starting the chain of analog repeaters 20 dB (rather than 28.8 dB) from the regener-
ating repeater output. In that case Z =2 5-10~* and the next regenerating repeater can
be about 45 dB from the last analog repeater for a total span of 24.5 km between re-
generaling repeaters. Placing the analog repeaters as described in the above example
allows some margin for overload.
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5.3 Background Noise

As a final comment, it is clear from eq. (12) that if the incoherent
noise spectral height, N,, at the regenerating repeater input is small
enough so that (n/%#Q2)N, < G%/(G)? then only the additional shot noise
term is important amongst the three noise terms associated with the
incoherent noise.

This inequality always holds for the case where the incoherent
noise is background (thermal) radiation in equilibrium at temperatures
below 10* °K, since for thermal background radiation we have

Q

N,(Thermal) = ——,
ehﬂlkﬂ —1
ké = Boltzman’s constant -absolute temperature.

At room temperature and at a wavelength of 1 um, #Q/k6 =~ 50.

Therefore, in analyses where incoherent background radiation is
included, one usually only includes the additional shot noise term
LN ,(n/#2) = L\, in the signal-to-noise ratio formulae.

VI. CONCLUSIONS

We have shown that quantum amplifiers can have applications in
both analog repeaters to extend the distance between regenerating
repeaters and as front ends of regenerating repeaters. Their usefulness
1s a funection of the ratio of the optical bandwidth of the system to the
modulation bandwidth; but is not limited to small values of this ratio.
To choose system parameters, for example, the required signal levels
at the analog and regenerating repeater inputs, various component
parameters such as the mean avalanche gain, avalanche detector type,
source bandwidth, baseband thermal noise, etc., must be given.
Computations in addition to those presented, upper bounding the
error rates, can be carried out with previously published Chernov
bound results;!'? or approximate error-rate calculations can be made
using the signal-to-noise ratio results of Section III above.

APPENDIX

Use of the Karhunen-Loéve Expression

Starting with eq. (2) of the text, we could expand the received
complex envelope ¢.(t) = m(f)e’*t + n(f) in a baud interval in terms
of the Karhunen-Loéve eigenfunctions of the band limited incoherent
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noise n(t), i.e., define

Rn(t)u): {‘lbk(u)}) and {710}
as follows
Ra(tu) = (n(t)n*(u))

/ V(W) R, (uw)du = vipr(t) for te baud interval,
baud interval

k=1,23--..
Then
&) = 22 abu(t) for te(0,T)
1
where
ar = Mp + N
mi = / m(t)e"“”#;,t(t)dt
baud interval
ne = / n () (t)dt
baud interval
("kﬂj} = Yudrj, {ngn;) =0
and

[ oo 003 0 = b
baud interval

Then we would find that M¢(s) of eq. (9) could be more rigorously
given by

Mo = | I[1-"2 -]

k=1

o {/i) £ flmafzer = 1) /[1= Loater - v}

Thus in eq. (9) N, has been rigorously replaced by v for each k
and the finite number of terms L has been replaced by an infinite
number of terms.

If we make the reasonable assumption that the incoherent noise
is flat with spectral height N, in a band of width B’ 4 1/7T then

Yo = N, for 1=2k=1L
~ 0 otherwise a7
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where

L=PBT+1.

Thus the form for M¢(s) derived in the main text is identical to the
more rigorous result under this approximation.
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A Proper Model for Testing the Planarity

of Electrical Circuits

By A. J. GOLDSTEIN and D. G. SCHWEIKERT
(Manuscript received August 25, 1972)

The question of whether an electrical circuit can be laid out on a plane,
without resorting to crossovers or multilayer wiring, ts usually answered
by testing the planarity of a graph representing the circudl.

Two commonly used representations are shown to be inadequate. We
present the following new representation, and show it to be complete and
unrestrictive: The graph has one node for each circuit module, and one node
for each net; for every net with k modules, there is a “star” of k edges
connecting the net’s node to each of the modules of the net.

I. INTRODUCTION

Electrical networks frequently consist of a set of modules (beam-
leaded chips, DIPs, etc.), and a set of electrical interconnections or
“nets” among two or more modules. Each net specifies a set of modules
to be interconnected with a single conducting path. The planar design
problem consists of placing the modules and the net wiring in the
plane. The question of whether the interconnections can be accomp-
lished in the plane without resorting to crossovers or multilayer
wiring is usually answered by testing the planarity of a graph represent-
ing the circuit.

This graph is typically constructed by one of two mappings:

() Module-to-Node Mapping. The modules are represented by
the nodes (or points) of the graph; and the nets are represented
by its edges (or lines); or

(i) Module-to-Edge Mapping. The modules are represented by
the edges and the nets are represented by the nodes.

Since the edge of a graph connects exactly two nodes, these mappings
are not uniquely defined and a priori design decisions must be made
which may be either improper or restrictive, and may produce spurious
crossovers (see Sections I and III).

135
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We give a unique representation that maps both nets and modules
into the nodes of a graph, G. In this representation, a k-module net
will appear as a ‘“‘star” with an edge from its node to each of the
modules in the net. We show that this mapping is a complete and
unrestrictive representation of an electrical circuit. The main result
of this paper (Section IV) is that the network can be laid out in the
plane without crossovers if and only if G is planar. Thus the practical
problem of planarity of these networks is solved since there are good
computer algorithms for testing planarity.'~® Such algorithms will do
a good but not optimal job of minimizing crossovers in a nonplanar
graph. As with other mappings, we are ignoring ecertain practical
restrictions, such as a specified eyclic terminal order for a module.
Usually, these restrictions can be forced on the graph by auxiliary
strategies.

The representation presented here is similar to that given by Engl
and Mylnski:® in order to properly represent a k-node net, the conven-
tional definition of an undirected edge, i.e., a set of two nodes, was
generalized to a set of £ nodes. We demonstrate here that such general-
ized concepts are unnecessary. By mapping both nets and modules
into nodes, we retain the conventional definition of an edge, which
greatly simplifies the presentation and proof, and most importantly,
permits the use of conventional planarity testing algorithms.

II. INADEQUACY OF THE MODULE-TO-NODE MAPPING

Since nets map into edges, and an edge connects exactly two nodes,
there is an inherent restriction to two-module nets. A common embel-
lishment of the module-to-node mapping, is to decompose & k-module

Fig. 1—Planar circuit (ignoring dashed net).
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Fig. 2a.—Planar graph constructed using the module-to-node mapping on Fig. 1.
Note A’ and A’ are adjacent on 1. .

Fig. 2b—Alternative planar graph. Terminals for A’ and A" are not adjacent
on 1.

net (k¢ > 2) into a string of k& — 1 two-module nets.* Thus k¥ — 2 of
the modules are formally permitted to have two terminals contacting
the same net. Since the cyclic order of edges leaving a node is irrelevant
in deciding whether a graph is planar, these two terminals may not be
adjacent in a planar layout of the graph. If not adjacent, these two
terminals may necessitate a crossover inside the module; we will
term this a “module crossing.”

For example, the electrical circuit in Fig. 1 has a three-module net A.
If A is represented as two two-module nets A’ (3, 1) and A’ (1, 6) then
the module-to-node mapping yields a graph having a planar layout
shown in Fig. 2a. Since the A’ and A’/ terminals on 1 are adjacent, they
can be merged, and planarity is legitimately indicated.

However, this graph has a second, and equally acceptable, planar
layout (see Fig. 2b) in which the A’ and A’ terminals on Module 1 are
not adjacent, and a physical realization (see Fig. 3) of this second layout
may require an unnccessary crossover inside Module 1, i.e., a module
crossing.

If one adds the additional net (3, 5) (shown as a dashed line in Fig. 1)
then the graph has only one planar layout (Fig. 2b), and that layout
requires a module crossing for its physical realization (Fig. 3).

These two examples demonstrate that the module-to-node mapping,
by arbitrarily inserting two terminals per module for certain nets,
cannot distinguish layouts which are physically planar from those

* The use of the complete graph for k& nodes (all pair-wise connections), commonly
but inaccurately used” in graphical representations for partitioning and placement

algorithms, is clearly unacceptable here since the complete graph for five or more
nodes is nonplanar.
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Fig. 3—Physical implementation of graph in Fig. 2b. Note ‘“module crossing”
at 1.

which use module crossings. Furthermore, if a planar layout of the
graph requires the use of module crossings, there may or may not be
an alternative planar layout of the graph which does not require the
use of module crossings.

When a k-module net is decomposed into two-module connections,
it is possible to choose a decomposition which will produce a nonplanar
graph even though the circuit is planar. For example, the circuit in
Fig. 4 is planar, and the module-to-node mapping will produce a
planar graph if net A is decomposed into the string of three two-module
nets: (1, 2), (2, 3), (3, 4). However, one may have chosen the alterna-
tive decomposition (1, 3), (2, 4), (3, 4) which yields the nonplanar
graph shown in Fig. 5.

Certain technologies permit a limited amount of ‘“‘under-module”
wiring, which may permit the required module crossing in the above
examples. However, even if this capability exists, there are two

Fig. 4—Planar circuit.
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A

Fig. 5—Nonplanar graph resulting from an inappropriate decomposition of Net A
in Fig. 4.

objections to the use of this mapping: (z) the set of two-module nets
which best represent the k-module net (¢ > 2) is difficult to determine
a priori, and an arbitrary choice may result in unnecessary crossovers;
and (i7) unnecessary module crossings may result.

III. INADEQUACY OF THE MODULE-TO-EDGE MAPPING

A module which connects to £ > 2 nets cannot be simply represented
as a single edge. A typical elaboration of this mapping?® is to represent
a k-net module as a ring of & two-net modules. For example, the
four-net Module 2 in the circuit above (see Fig. 1-ignoring the dashed
connection) could map into the four edges shown in Fig. 6a. With
similar representations for Modules 1, 5, and 6, the module-to-edge
mapping for this circuit has the planar layout shown in Fig. 7.

However, without the obviously planar schematic in Fig. 1 for
guidance, one may have arbitrarily chosen the equally acceptable

2a 2c 2a 2c

(=) OO
(a) (b)
Fig. 6—Alternative decompositions of Module 2 in Fig. 1.
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Fig. 7—Planar graph constructed using the module-to-edge mapping on Fig. 1.

representation of Module 2 shown in Fig. 6b. In this case, the graph is
not planar.

Basically, the representation of a k-net module (¢ > 3) as a ring
of edges, requires the specification of the sequence of terminals leaving
a module—a specification which may not be required by the physical
problem. As demonstrated in the above example, an arbitrary choice
of terminal sequence may be restrictive and may yield a false indication
of nonplanarity.

For certain designs, where the modules are predesigned and the
terminal sequence 7s specified, the choice of ring sequence is obvious
and not a restriction, but a practical requirement. Note, however,
that the ring may appear as a mirror image in the planar layout of the
graph; where the module cannot be physically mirrored, additional
restrictions are necessary.

IV. MODULE-AND-NET-TO-NODE MAPPING

The previous two mappings fail to produce graphs which always
reflect the planarity aspects of the circuit. In this section, we construct
a graph, G, to represent the circuit and show that the circuit is planar
if and only if G is planar. The graph G constructed from the net infor-
mation has one node for each module plus a ‘“net node’” for every net.
For every k-module net there is a “star’” of k edges connecting the net
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FI;g. 8—Planar graph constructed using the new module-and-net-to-node mapping
on Fig. 1.

node to each module in the net. Using this mapping, Fig. 8 shows the
planar graph representing the circuit of Fig. 1.

The star-like subgraph is selected somewhat arbitrarily and can be
replaced by any tree attached to the net’s modules. Recall (Section I)
that the cyclic order of edges at a module is unrestricted.

Theorem: The circuit is planar if and only if G s planar.

Proof: If G is planar, then clearly the circuit is planar. Conversely,
suppose the circuit is planar. Consider the planar subgraph of any net.
(Since they are electrically unnecessary, we may assume the subgraph
has no loops.) We will modify it to form a star. First, create a node s at
any point of the subgraph which is not a terminal. Continue to modify
the subgraph by repeating the following process at s until a star
subgraph results: (cf. Fig. 9).

Choose an edge (s, t) of the modified subgraph with t having at
least two edges. Let (t, u) be the first edge at t in, say, clockwise
order from (t, s). Create a new subgraph by replacing the edge
(t, u) by an edge (dashed in Fig. 9) from s to u “running parallel”
and on the left side of the path s, t, u. If t now has only two edges,
then delete t and coalesce its two edges into one.

Since the subgraph of the net was planar, the resulting star subgraph
is also planar and has a node s corresponding to the net. By replacing
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[-———————-

N
\
!
/

'—E,

Fig. 9—Net A of planar circuit in Fig. 4.

every net subgraph by a star subgraph, we obtain a planar graph, G,
of the desired type. Q. E. D.

Two observations may substantially reduce the size of the graph
which is tested for planarity. Since a two-module net results in a star
with only two edges, it is clear that planarity is unchanged if this net
node is deleted and the two edges are coalesced into one. Similarly, a
two-net module results in a node with only two edges connected to it;
again, that module node can be deleted and the two edges coalesced
into one.
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