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Optimal Resource Allocation for Two Processes*

By C. COURCOUBETIS' and P. VARAIYA*
(Manuscript received May 9, 1984)

Two processes compete for access to n resources. A scheduling policy
allocates the resource when the processes request it simultaneously. The
objective is to minimize the average value of a state-dependent cost. The
optimal policy can be calculated explicitly for the case of one resource. In the
general case n > 1, an adaptive scheduling algorithm is proposed. The algo-
rithm measures average transition times of the system and converges to the
optimal policy.

I. INTRODUCTION

Two processes share n resources. A process operates in one of these
states: thinking, requesting, or holding a given resource. The thinking
and resource holding times are geometric, with means depending on
the process and the resource.

Time for the system is discrete. A decision has to be made when the
two processes simultaneously request the same resource k, in which
case a scheduling policy assigns the resource to process 1 with proba-
bility u € {0, 1]. A resource cannot stay idle when there is a process
requesting it. The problem is to choose u* € [0, 1]", which minimizes
the average value of a cost depending on the state of the system.

A simple example of such a system is the case of two processes
sharing the same broadcast facility. Such a process goes through the
following phases. It thinks for an arbitrary amount of time (any
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activity other than broadcasting), requests the resource (broadcast
channel), uses the resource for an arbitrary time (broadcasts), and
then resumes thinking. If the resource was busy upon request, the
process has to wait until the resource is released. If two processes
request the resource simultaneously (during the same slot), the sched-
uler of the resource will decide, according to the scheduling policy of
the system, which process will proceed first.

In Section III the problem is solved explicitly for the case n =1 and
when the cost is taken to be resource idle time. It is shown that for
large ratios of average thinking times, u* does not depend on the
holding times and contrasts with the familiar “cu” results, where the
average waiting cost is minimized when priority is given to processes
with large waiting cost and small holding times (e.g., Refs. 1 through
6). It turns out that in that case the optimal policy consists in serving
the process with the least thinking time first.

This is -a new result for nonpreemptive systems. Similar results
appeared in the literature concerning n processes sharing a single
resource in a preemptive-resume way. For such systems, the “least
thinking time first” scheduling rule has been proved optimal (see Refs.
7 and 8). For example, in Ref. 8 the author considers a “mirror image”
problem, where the goal is to minimize the utilization (repair time) of
the scarce resource (repairman). In this case the policy of serving the
process with longest thinking time first is optimal. Because preemptive
policies were considered and a single resource was shared, results are
not applicable to the problem considered here.

In Section IV we consider the case of n resources and an arbitrary
state-dependent cost. Since Section III suggests that an analytic
expression for the optimal policy u* as a function of the parameters
of the processes would be extremely hard or even impossible to get,
we proceed with an adaptive algorithm to compute u*. This algorithm
converges in a finite number of steps to u* by using measurements of
the average transition times of the system. The analysis is based on
the results contained in Refs. 9 through 15, which are reviewed in
Section 4.1. In Section 4.4 the structure of the problems for which the
results apply is generalized. We permit a process to consist of an
arbitrary set of thinking states, an arbitrary set of resource holding
states for each resource in the system (one set of states per resource),
and a number of resource request states (one state per resource).
Finally, in Section V we present some open problems.

“1l. MODEL DESCRIPTION

In this section we give a formal description of the model for n = 1.
The state of process i (i = 1, 2) at time ¢ (¢t = 0) is X;. If X} = 0,
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then process i is thinking. If X! =1 [resp. 2], then process i is
requesting [resp. holding] the resource. See Fig. 1.

The resource can accommodate only one process at any time. When
the two processes are simultaneously requesting the resource, then the
resource is assigned with probability u € [0, 1] to process 1.

Denote by p; the probability that process i(i = 1, 2) will complete
its thinking time in a given time unit. Similarly define g; for completion
of service (holding). From this definition, one finds that the process
X, = (X}, X},t=0,1, .-, is a Markov chain with transition prob-
ability matrix P = {P(x, y)|x, y € X = {0, 1, 2}?} defined as follows:

P(00, 10) = p;(1 — p2), P(00, 01) = (1 — p1)ps, P(00, 11) = p;yps;
P(01, 12) = pi, P(10, 21) - De;

P(01, 02) = (1 — py1), P(10, 20) = (1 — py);

P11, 21) =u, P(11,12) =1 — u;

P(02, 12) = pi(1 — g2), P(02, 00) = (1 — p1)ge;

P(20, 21) = (1 = qu)pe, P(20, 00) = qi(1 — p2);

P(12, 20) = g2, P(21, 02) = q. (1)

The diagonal elements of P are defined so that the rows sum to one.
For any choice of u, X, is ergodic.

Define as 7, the invariant measure of X;, and let k&: X — R be the
state-dependent cost vector. Then the expected cost-per-unit time is

1—g;

_SCHEDULER-CONTROLLED
e TRANSITION
e

SERVICE STATE

9
REQUEST STATE

THINKING STATE

Fig. 1—Process i (i = 1, 2).
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J(u) = lim —l—E 3 EX) = I mlk() @)

T—0 T x€X

Our goal is to find u* that minimizes (2).

IL. MAXIMIZING RESOURCE UTILIZATION

Throughout this section we will assume k(00) = 1, &(j) = 0, ij # 00.
Let = be the invariant probability measure associated with P. Then
the expected idle time of the resource is

Jw) = ¥ mi). 3

i,j€{0,1}
Direct computation of 7, shows that (3) takes the following form:

Au+ B
Cu+D’

where A, B, C, D are functions of {p1, ps, q1, g2}. From (4) it follows
that

J(u) = (4)

sign (%) = sign(AD — BC). (5)

In what follows, we will choose u* € [0, 1], which minimizes (4). From
(5) it follows that u* is an extreme point of [0, 1]. We state now the
key results, which are proved in the Appendix.

Fact:
AD — BC = p\p:q3qiF,F,,

Whel’e Fi = Fi(ply P2, 41, Q2), l = 17 2.

Theorem 1 implies that the sign of AD — BC is determined by the
sign of F.
Theorem 1:

F2 0 for all pl; p29 q1, g2 € [O 1]

We state now the main theorem.
Theorem 2: 1. The curve {(p1, p2) € [0, 1]1?| F1(p1, P2, q1, g2) = 0} lies
between the lines p; = p; and p; = p1/2 for g, < @z, and between p, = p;
and p, = py/2 for g: < qu.
2. p1 = 2p; implies Fy = 0, and p; = 2p, implies F; < 0, for all q,q, €
[0, 1].
The following corollary follows now from Theorem 2 and (5):
Corollary 2.1: Let u* be the value of the control minimizing (4). Then
the following hold:

1. p1 = 2p, implies u* = 1, and p. = 2p, implies u* =
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P2

0 1 I3

Fig. 2—Optimal policy u* as a function of the parameter p,, p,.

2. If p1 = ps, then g < q; implies u* = 0, else u* = 1;

3. If g, = qs, then py = p, implies u* =1, else u* = 0.

Theorem 2 and Corollary 2.1 are illustrated in Fig. 2, where F; =0
is considered for some fixed values of ¢, g2, g2 < g1. The surprising
result here is that there exist “safe” regions of the parameters, where
u* does not depend on the service times of the processes.

IV. ESTIMATION OF u*

In this section we give a method for calculating u* for an arbitrary
cost vector k. The algorithm we propose requires no a priori knowledge
of the parameters of the processes and is performed adaptively to the
system. It starts by applying some arbitrary policy u°, and then by
monitoring the evolution of the system and estimating certain tran-
sition times, it updates the policy used until u* is reached; this is
always achieved in a finite number of steps, depending on the number
of the shared resources. Since the algorithm is adaptive, it could be
effectively used in systems with slowly varying parameters. This,
together with the simplicity of the computation involved, makes this
approach an interesting alternative to a direct calculation of u* by
using standard policy iteration algorithms (see Ref. 15). In Section 4.1
some general results are stated. We discuss in Section 4.2 the case of
two processes and one resource, and in Section 4.3 the case of two
processes and n resources.

4.1 Some results in Markov decision theory

Propositions 1, 2, and 3 consist of results already known and are
stated without proof in order to make the present work self-contained.
The key propositions used to calculate u* are Propositions 4, 5, and
6, which consist of new results; their proofs are included in the
Appendix.

RESOURCE ALLOCATION 5



Let X; be a Markov chain on {1, - .-, s}. If X, = i, then any control
u € U(i) may be used, where U(i) is a compact set. A stationary
strategy is any element u = (u(1), .-, u(s)) € U= U(1) X ... X
U(s). Let P(u) be the s X s transition probability matrix describing
X,, and assume that X, consists of a single ergodic class and that P(u)
is continuous on U. Let Q(u) := P(u) — I, and let & := (k(1), ---,
k(s))’ be the cost vector, not depending on u. The cost to be minimized
isd(u) =limz_. 1/(T+ 1)E ¥ L, k(X;). The following two propositions
give the optimality conditions for wu.
Proposition 1: (see, e.g., Ref. 14, Lemma 3.1) For u € U consider the s
linear equations in the s + 1 variables v E R, ¢ € R®,

vl = Qu)e + k&, (6)

where 1 = (1, ..., 1)’. Then:

1. If (v, ¢) is a solution, then v = J(u).

2. If (v, c) is a solution, then so is (v, ¢ + 6L) for all 5.

3. A solution always exists and is almost unique in the sense of (2).

Let H(c, u) = Q(u)c + k, H = (H,, ---, H,)'. Note that H;(c, u) =
Hi(c, u(i)) depends only on u(i). Let h(c) = (hy, - -+, hs), hi(c) = min
{Hi(c, v) v € U(i)}.
Proposition 2: (see, e.g., Theorems 3.1 and 3.2) The control u is optimal
(minimizing J(u)) iff there exist (y, ¢) such that y1 = h(c) =
H(c, u).

The following propositions will be used in the part dealing with the
estimation of u*.

Consider the equation

V.= (I - aP(u)) k. (7

Then V,(i) is the expected discounted cost with the discount factor a,
a € [0, 1), starting from state i, i.e., V,(i) = E{Y0 a’k(X,)}. Let
Z% = (I —aP(u))™.

Proposition 3: (see, e.g., Ref. 9, Chapter 3) Z¢ is the fundamental
matrix of the absorbing chain X¢ defined on {0, 1, - -, s} with the
(s + 1) X (s + 1) transition probability matrix P, such that

Pa(iaj)=aP(i,j)’ i,jE{].,"‘,S},
P,(i,0) =1—a for i#0, P,0,0)=1.
Let N[ j] be the expected number of visits to state j starting from i of

X, in a geometrically distributed interval of time with mean (1 — a)™.
Then z§ = N?[j].

6 TECHNICAL JOURNAL, JANUARY 1985



Proposition 4:
linlllVa(i) = Va(R)] = c(i) — c(k),

where c satisfies (6).

Proposition 5: Let T; be the expected time before the first visit to state

J by X, starting from i. Then - B
Tim Ty ¢ pojmi

},ifll[N‘i’[j] - Niljll =

if k=j#1

The next proposition is key, since it relates the dual variable ¢ to
transition times of the chain X;, which can be estimated quite readily.
The proposition can be readily obtained from Propositions 3, 4, 5, and

eq. (7).
Proposition 6:

c(i) — c(k) = g [Tk’ "] k(j) + k() — k().

4.2 Optimal resolution of conflict for two processes and one resource

In this section we provide the following results. In Theorem 3 we
characterize the value of u*. In Theorem 4 we relate the value of u*
with the sign of a quantity that can be estimated using Proposition 6
from the behavior of the system. We finally propose Algorithm 1,
which uses these results to adaptively calculate w*.

Theorem 3: u* can always be restricted to the set {0, 1}.

Proof: Let (v*, ¢*) be the variables in (6) corresponding to the optimal
policy u*. Then by Proposition 2 and the fact that u enters only in
the row of P corresponding to the state (11),

v* = min{—c*(11) — (1 — u)c*(12)
+ uc*(21) + k(11)|u € U}
= minf{[c*(12) — ¢*(11) + k(11)]

+ ufe*(21) — ¢*(12)]|u € U} 8

and the minimum is achieved at u*. Let A = ¢*(21) — ¢*(12). Then
A > 0 implies u* = 0, A < 0 implies u* = 1, and A = 0 implies that
anyu € [0, 1]Jwilldo. O

Theorem 4: Let (v, ¢) be a solution to (6). Then S1gn[c(21) —c(12)] =
const. forallu € U.

RESOURCE ALLOCATION 7



Proof: Suppose there exists a uo such that ¢“(21) — ¢“(12) = 0. Then
v*, c* are optimal dual variables since the optimality condition (8) is
trivially satisfied. Then every u € U will satisfy the optimality condi-
tions with ¢*(21) — ¢*(21) = ¢*(21) — ¢*(12) = 0; hence u is also
optimal. From this and Proposition 4.1 it follows that ¢*“(21) —
c“1(12) = ¢*(21) — ¢*(12) = 0, for all u; € U. This, with the next
Fact, proves Theorem 4.
Fact: The vector ¢ of (6) can be chosen to be a continuous function of
u.

This can be proved as follows. Let «, be the invariant probability
measure of P(u). Since v = 7.k, by using (6) we get

mkl — k= Qu)c. 9)

Since 7, is continuous in u (by the ergodicity of P(u)), and @(u) is of
rank s — 1 for all u € [0, 1], then there is always a solution ¢ = (¢(1),
«+.,¢(s—1),0) of (9) continuous in u, and by the “almost” uniqueness
of ¢ the Fact follows. O

Corollary 4.1: Let (v, c¢) be a solution to (6). Then c(21) — ¢(12) > 0
implies u* = 0; ¢(21) — ¢(12) < 0 implies u* = 1; and if c¢(21) —
¢(12) = 0, any u* will do.

Corollary 4.1 suggests the following algorithm to estimate u* adap-
tively.

Algorithm 1:

1. Start the system with an arbitrary u.

2. Use Proposition 6 to estimate the sign of ¢(21) — ¢(12).

3. Use Corollary 4.1 to choose u*.

We will conclude this section with an example. Consider the case of
minimizing the probability of conflict, i.e., the probability that both
processes request simultaneously. In this case, k(i) = 0 for { # 11. It
follows that

Tl2,11 - T21,11

c(21) — ¢(12) = k(11) T )

and
s1gn[c(21) b 0(12)] = sign[le’u bt T21’11].

An intuitive justification for the above equation is the following.
Minimizing P(11) is equivalent to maximizing T, 11, which is equiva-
lent to giving priority to the process so that the busy period of the
system corresponding to that process being serviced first is maximized.
It is easy to see by using renewal arguments that this is equivalent to
choosing the largest among the Tig11, T2111.

8 TECHNICAL JOURNAL, JANUARY 1985



4.3 The case of n resources

In this section we will generalize some of the previous results. Each

process has a thinking state 0 as before, and pair (1, 2;) of request
and resource holding states for every resource k. Hence there are n
conflict states, and the control u is the n-tuple (uy, - - -, u,), where u;
is the probability of assigning resource k to process 1 in the conflict
state (1, 1z). See Fig. 3. Again, we are concerned with the estimation
of u*. To simplify notation, we will prove the theorems for n = 2; the
same proofs hold for any n larger than 2. We follow the sequence of
the previous section.
Theorem 5: u* can always be selected from {(0, 0), (0, 1), (1, 0), (1, 1)}.
Proof: Assume that each process consists of the states (0, 1;, 2,
15, 2,), where states 1;, 2; are associated with resource 1, and 1, 2,
with resource 2. The proof is similar to the proof of Theorem 3, since
the optimality conditions are

¥* = minf{[c*(1,2:) — ¢*(1,1;) + k(1;1,)]
+ wile*(211;) — ¢*(1129)]|u; € U}, (10a)

= min{[c*(122;) — c¢*(1212) + k(1215)]
+ ugfc*(2:12) — c*(1:22)]|us € Uy}, O (10b)

The following algorithm is a policy iteration algorithm that starts
with an arbitrary initial choice of u and in a finite number of repeti-
tions converges to u*. Step 2 corresponds to the value determination
operation, and Step 3 to the policy improvement operation. The novel
feature of this algorithm is the simple and adaptive execution of the
value determination operation by using Proposition 6. The ergodicity
of the system ensures that every improvement of the policy corre-
sponds to a strict decrease in cost (see Refs. 15 and 16). Define 4, =

Fig. 3—Process i (i = 1, 2), n resources.
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¢(21) — ¢(12) and A;:=¢(2'1’) — ¢(1’2’). (Observe that A,, A, are the
coefficients of u;, u. in eq. [10].)
Algorithm 2:

1. Start with some arbitrary u* = (u%, uf).

2. Using Proposition 6, estimate the sign of A% and A%, where A* =
Ai(uk), I = 1, 2.

3. Choose in an extreme way the u®*!, i = 1, 2, in order to decrease
each Afuf*! separately (i.e., if A;(u*) > 0, choose uf*' =0, ...). If
u™ # u*, go to Step 2 by using u = u**!. If u**! = u*, then u* = u*.

The convergence follows, since every choice of a different u” corre-
sponds to a strict decrease of the cost (by ergodicity), and there is a
finite number of choices for u* (finite extreme points in U). The
essential difference between the cases n =1 and n > 1 is that Theorem
4 cannot be generalized for n > 1. This prevents us from inventing a
“one step” algorithm for the estimation of u*.

Note that although not addressed in this paper, the problem of
estimating the T/’s is of great importance for the algorithm. Substan-
tial errors in the estimation procedure could lead to a wrong choice of
u* by the algorithm.

4.4 A generalization

One can notice that throughout Sections 4.2 and 4.3, the only parts
of the structure of P used were the rows corresponding to conflict
states. This leads to a generalization of the form of the processes. A
process can consist of an arbitrary set Sy of thinking states and a pair
(1, S%) for each resource k, where S% is an arbitrary set of service
states. The only constraint on the transition diagram of the process is
that there is a unique state in S& to which a process & can transit from
state 1,.

V. CONCLUSIONS

One open problem is the relation between the distributions of service
and thinking times, and the safe regions of Section III. In other words,
is there a general rule suggesting that for large ratios of thinking time
of the processes, the choice of u* is independent of service times? This
would be nice, since no further calculations are needed to obtain the
optimal u*.

Another open problem is the generalization to m processes sharing
n resources. A realistic model for this situation would suggest a
decentralized information structure for each resource scheduler. By
this we mean that the scheduler of resource r should base its decision
on “local” information only, i.e., the state of resource r and the identity
of processes requesting resource r. If one uses Markov Decision Theory

10 TECHNICAL JOURNAL, JANUARY 1985



as was done here, the optimal decision of scheduler r concerning
conflict between processes i, j would depend on “global” information
about the system, i.e., the state of all other processes even if they are
not involved in this particular conflict. This is unsatisfactory. Instead
one would like to obtain a rule for making local decisions that are
optimal “in the average”, by “smoothing out” what happens in the rest
of the system.

As a final open question, we state the generalization of Section III.
One should be able to prove the existence of the safe regions of
Theorem 2 without explicitly calculating the invariant probability
measure.

VI. ACKNOWLEDGMENTS

The authors would like to thank Professor Jean Walrand for many
helpful discussions and for his shortened version of the proof of
Proposition 5.

REFERENCES

1. J. Harrison, “Dynamic Scheduling of a Multiclass Queue: Discount Optimality,”
Oper. Res., 23 (March-April 1975), pp. 270-82.

. J. Harrison, “A Priority Queue With Discounted Linear Costs,” Oper. Res., 23
(March-April 1975), pp. 260-9.

. G. Klimov, “Time-Sharing Service Systems, I,” Theory Probab. Appl., 19 (Septem-
ber 1974), pp. 532-51.

. I. Meilijson and G. Weiss, “Multiple Feedback at a Single-Server Station,” Sto-
chastic Processes and Applications, 5 (1977), pp. 195-205.

. L. Schrage, “A Proof of Optimality of the Shortest Remaining Processing Time
Discipline,” Oper. Res., 16 (1968), pp. 687-90.

. I. Meilijson and U. Yechiali, “On Optimal Right-of-Way Policies at a Single Server
Station When Insertion of Idle Times is Permitted,” Stochastic Processes and
Applications, 6 (November 1977), pp. 25-32.

. P. Nash and R. Weber, “Dominant Strategies in Stochastic Allocation and Sched-
uling Problems,” in Deterministic and Stochastic Scheduling, M. A. H. Dempster,
ed., Dordrecht, The Netherlands: Reidel, 1982, pp. 343-53.

8. D. Smith, “Optimal Repair of a Series System,” Oper. Res., 26, No. 4 (July-August
1978), pp. 653-62.
9. J. Kemeny and J. Snell, Finite Markov Chains, New York: Springer Verlag, 1976.
10. N. Jaiswal, Priority Queues, New York: Academic Press, 1968.
11. P. Billingsley, Statistical Inference for Markov Processes, Chicago: The University
of Chicago Press, 1961.

12. J. Kemperman, The Passage Problem for a Stationary Markov Chain, Chicago: The
University of Chicago Press, 1961.

13. V. Borkar and P. Varaiya, “Adaptive Control of Markov Chains, I: Finite Parameter
Set,” IEEE Trans. Automat. Contr., 24, No. 6 (December 1979), pp. 953-17.

14. P. Varaiya, “Optimal and Suboptimal Control for Markov Chains,” IEEE Trans.
Automat. Contr., 23, No. 3 (June 1978), pp. 388-94.

15. S. Ross, Applied Probability Models with Optimization Applications, San Francisco:
Holden Day, 1970.

16. H. Mine and S. Osaki, Markovian Decision Processes, New York: Elsevier, 1970.

S v s W N

I

APPENDIX
Proof of Theorem 1: After calculating, we have

AD — BC = pip:q3q3F Fy,
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where
Fy = pip:q: — pipsq: — pige — p1p3g: — prp3a: + piq

+pip3 —pi—pipe—p2 + p1 +pi (11)
Fy = qigo[pip3 + pipe — p1pe — p1 — p2 + 1]

+ (P2 = p1p2)gz + (P1 — Prp2a)ga.  (12)
Let L(p1, pe) = pipz + p1p3 — pipz — p1 — pz + 1. Then by (12)
F; = q1q:L + (p2 — p1p2)g2 + (p1 — p1P2)qs.

Consider G1(q1) := Fo( p1, po, q1, G2). Then

Gi(q1) = qilg2L + (p1 = p1p2)] + (P2 — Pp2)ge.

Since G1(qi) is linear in g, to prove G, = 0 for all ps, ps, ¢1, g2 € [0, 1],
it is enough to show G;(0) = 0 and G1(1) = 0. But G1(0) = (p2 — p1p2)gs
= 0; hence we only have to prove Gi(1) = 0. Let Ga(g2) := G1(1). Using
a similar argument, since G, is linear in g, and G:(0) = p, —
p2p2 = 0, we only have to show Gg(1) = 0. But this holds since
G2(1) = p1p2(p1 + p2 — 2) — p1p2 + 1 = 0, as one can readily check. O
Proof of Theorem 2: Consider the function Gi(p2) = Fi(p1, P2, q1, G2)
and q; < g,. Then proving the theorem is equivalent to proving the
following:

1. Gi(p2) has a unique root p? in the interval [ p,/2, p:].

2. G1(p2) has no root in the intervals [0, p:/2], [p1, 1]

3. p2 < pJ implies G1(p2) = 0, and p; = p$ implies Gy(p2) < O.
One can now prove 1 through 3 since

Gi(1) <0, Gi(p) <0, Gi(py/2) = 0, G:(0) = 0, pIpip3 > 1,

where p3, p3, p3 are the roots of Gy(p;) = 0, and Fi(a, b, ¢, d) =
~Fy(d, a, d, c), as one can easily check.

Proof of Proposition 4: Define ¢ := (c(1), .-+, ¢(s — 1), 0), and Q =
(P —I). Then

vl = Q¢ + k has a unique solution (v, ¢). (13)
Let y, :== V, — V,(s)L. Then by using (7) and subtracting, we get
1 -a)Vus)L = (aP — Dy, + k. (14)

By multiplying (7) by the invariant measure =, we get «[(1 — a)
V., — k] = 0, which, together with the ergodicity assumption (i.e., all
components of 7 are >0) and the fact that V, = 0, implies that no
component of V, tends to « as a — 1. Let v, := (1 — a) Vi(s). By the
previous argument it follows that there is a converging subsequence
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of v, as a — 1, and for this subsequence let v* := lim,_.»v.. By using
(14) we find

Yol = (aP — I)y, + k. (15)

Consider (15) as a — 1 along the above subsequence. Since it has a
unique solution y, for every a, it follows that there is a unique y* :=
lim,_,1¥., and (13) implies that v = ¥* and ¢ = y*. The proof now
follows by observing that V, (i} — V,(k) = y.(i) — y.(k), and c(i) —
c(k) = ¢(i) — ¢(k) by Proposition 1. [

Proof of Proposition 5: Let X, be the chain under consideration, X; €
Si:=11, .--, s}, and define Y,, t =0, 1, ---, Y; € ¥ = {0, 1} such
that P[Yi1 =1 |Y:=0]=1—-a, P[Yu=1]| Y. =1] =1, ie, is an
absorbing chain with one being the absorbing state. We also define
the following:

N¢[j] := Number of visits by X; to state j starting from
i before absorption,

T, = Min{n = 0| X,, = j},
Ty :== Min{n = 0| Y, = 1},
z := Number of visits to state j before absorption. [l

Lemma: N¢[j] = E,0[2]PT: > Ti].
Proof: Start the system (X;, Y:) from state (i, 0) and count visits to
state j before absorption. One can always start counting from time T
on, since no visit to state j occurs before T. The count z will not be
identically zero only when (X;, Y;) = (j, 0), and this occurs with
probability P;[T> > Ti]. By the strong Markov property, one can
always restart the system from state (j, 0), and the result follows since
the new expected count will be E;, )[2].

Note that N¢[j] = E(,0[z] since P;[Ts > Ti] = 1.

Let B3 := P{X? = j for some ¢t > 0}. Then by using the previous
lemma, it follows that

N1 = N;j1j18% for i # J,
and by using similar renewal arguments,
N7lj1 =1+ B5N;Lj;
hence

1

Niljl = 1=
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Since 8% = E[a”¥], by using dominated convergence we obtain

9 gs = BTy

da
and
.0 =
}zl—illl da By = Ty.

Therefore if i 5 j # k, then
}11_1)111 [N?[j] = Niljll = },inll [(8% — B%)NZ[1

= lim Lﬁa’v
I
_Ts-T;

by de I’'Hospital’s rule. The proof for k = j is similar. O
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This paper describes the reliability model used by system designers at
AT&T Bell Laboratories to predict component and equipment reliability. A
decreasing-failure-rate Weibull model describes the high incidence of early-
life failures, or infant mortality. This is combined with the constant-failure-
rate (exponential) model traditionally and widely used for the long term.
Formal modeling of both early-life and long-term reliability is needed to
manage the development and manufacture of reliable products. The effects of
temperature and electrical stress on failure rate are taken into account. A
model for the effect of integrated circuit dynamic burn-in on reliability is also
described.

1. INTRODUCTION

Reliability describes the ability of a system to continue to perform
its required function to the satisfaction of the user. Predicting the
reliability of a new electronic system is an important part of the
system design process. If the design will not meet reliability objectives,
it must be improved by using more reliable components, adding system
redundancy (tolerance to component failures), or performing burn-in
or other screening.

The ability to satisfy customers is the most critical factor for a
viable product. But reliability has other economic impacts as well.
Repair costs, both during a warranty period and beyond, depend on
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the reliability. Reliability also affects the numbers of spares needed in
the field to accommodate expected repair needs.

System reliability depends on the reliability of its components in
their application environment. Unfortunately, it is impossible to pre-
dict the operating life for any individual electronic component. It is,
however, possible to treat large populations of such components sta-
tistically with acceptable results. For example, the number of failures
among a large population of components and each component’s prob-
ability of survival or failure can be estimated. The statistical behavior
of the components then determines the statistical behavior of the
entire system. In this way the reliability of an electronic system can
be estimated.

This paper describes the techniques and models currently used by
system designers at AT&T Bell Laboratories to predict the failure
probabilities of electronic components. There are other widely used
reliability prediction models. Most are based on a simple constant-
failure-rate model. One such widely used method is described in Ref.
1, MIL-HDBK-217D. For many purposes, these models are inade-
quate. Early-life reliability predictions provide information needed to
balance requirements, design, screening, and field support activities
for commercial products. By not reflecting the relatively high failure
rates associated with early equipment life, the constant-failure-rate
models do not provide the information needed to manage these early-
life reliability issues.

The model described here is more realistic. It has elements in
common with the conceptual “bathtub curve” reliability model. Under
this model, a relatively large number of defects can be expected early
in equipment life. This is referred to as “infant mortality”. The -
likelihood of failure then falls dramatically to a low, constant level
called long-term reliability. This low failure rate is the behavior
expected of mature products. Eventually, components can degrade and
the incidence of failure increases during “wear-out”. The model pre-
sented here reflects both infant mortality and long-term behavior.
Integrated circuit reliability dominates the reliability of modern elec-
tronic equipment. Because properly designed and manufactured silicon
integrated circuits do not experience “wear-out” behavior, it is not
modeled.

To go along with the model, we also have tabulated, elsewhere,
reliability estimates for a wide variety of components. These estimates
are based on AT&T Bell Laboratories data whenever possible. Other-
wise, estimates are obtained from MIL-HDBK-217D, the de facto
industry standard.

As we already mentioned, predictions of reliability are useful in
estimating its impact on both customer satisfaction and economic
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viability. Both the early-life and long-term aspects of reliability are
important and need to be addressed. The need to address long-term
reliability is well known. In addition, formal modeling of early-life
reliability provides information essential to managing the design,
manufacture, reliability testing, and screening programs needed to
assure that initial product reliability will satisfy customers.

1. INFANT MORTALITY (SHORT-TERM RELIABILITY)

Infant mortality is characterized by an initially high, but rapidly
decreasing, failure rate. The early failures come from a small fraction
of the components considered to be weak. These weak units contain
defects (usually manufacturing defects) that are not immediately fatal
but that will cause failure in a relatively short time. Examples of these
defects are poor internal electrical connections, the presence of con-
taminants, and insulating layers that are too thin.

Failures due to infant mortality can appear in two different ways.
In one, failures occur during operation after some time. These are
called “device operating failures” or DOFs. The failures are time
dependent. The infant mortality part of the reliability model describes
their occurrence.

In addition to the DOFs, initial failures are found at various first
tests, including first circuit pack tests, first system test, or when the
system is first tested after shipment to the field. These failures are
called “dead on arrivals” or DOAs. They cannot be related to operating
time. A component can test as satisfactory, be assembled into equip-
ment, and then fail to work. No operation has occurred. Instead, these
failures may be thought of as event dependent rather than time
dependent. Somehow, handling during equipment manufacture has
induced failure of the weak component. DOAs are not reflected in the
reliability model. Although their existence is well recognized, we do
not know how to quantitatively predict their occurrence.

During infant mortality, components exhibit a “high incidence of
failure”, high relative to later life (the long term). This should be kept
in perspective. Only a very small fraction of components actually fail
(typically much less than one percent). See the discussion in Section
VII on calculating numbers of failures for more details.

I1l. LONG-TERM RELIABILITY

Infant mortality failures are mostly caused by defects. Even in the
long term, some failures continue to appear due to manufacturing
defects; however, other failures occur due to more fundamental com-
ponent properties. The important aspect, though, is that the failure
rate is low and relatively constant in the long term. This is the behavior
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observed in large populations of mature components. Failures occur
at a fairly constant rate within the entire population; therefore, it can
be treated as a homogeneous population of components having con-
stant failure rates.

IV. RELIABILITY DEFINITIONS

Before looking at the specific reliability model, we should review
some basic reliability definitions. Reliability models are based on the
probabilities of survival or failure of a component or system. These
probabilities can be described by one of several common functions.?
Assume that a component starts to operate at time ¢ = 0. Then F(¢)
represents the probability that the component fails at or before time
t. This is called a cumulative distribution function and it has the
properties

Fit)=0 for t<0,
0<F@t)<Ft') for 0=st=t’,
F(t) -1 for t — oo,

The reliability function, R(t), gives the probability of surviving past
time t. It is related to F(¢):

R(t) =1 — F(¢t).

This function is the source of the usual definition of reliability as “the
probability of surviving”. The derivative of F(t) is a probability density
function represented by f(t):

d
or ft) = 5. F(o)

¢
F@i) = f f(x)dx.
0
In practice, the instantaneous failure rate or hazard rate A(f) is

often more useful than the functions just mentioned. From this point
on, failure rate will mean instantaneous failure rate:

d
AO) =~ =— a In[R(9)],
which implies that
Ry = &b
The failure rate A(f) of a unit has the following interpretation: If the
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unit has survived until ¢, the probability of failing in a small time
interval At at t is At A(E).

V. COMPONENT FAILURE RATE MODEL

The reliability model described here applies to individual compo-
nents. We use the failure rate function to describe the reliability
model, since it is the most convenient.

The basic reliability model consists of two parts, shown by the heavy
lines in Fig. 1. During the infant mortality period, the failure rate is
described by a two-parameter Weibull model. The Weibull failure rate®
can be expressed as

AE) = Mt

This distribution appears as a straight line when plotted on logarithmic
scales, as in Fig. 1. The slope of the line is —a and the intercept at
t =1 hours is A;. The failure rate is initially high but decreases rapidly.

Beyond 10,000 hours the model assumes that the failure rate is
constant. The exponential model, which implies a constant failure
rate, is used. The long-term failure rate is simply

)\(t) = )\L-

Defining the Weibull-to-exponential switchover point to be at ex-
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Fig. 1—A component failure rate model (shown by solid lines) combining a Weibull
model and an exponential distribution. The failure rates shown here are typical, but are
not intended to correspond to any particular component.
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actly 10,000 hours is arbitrary but reasonable. Weibull behavior has
been observed to persist for at least a year (8760 hours). At that point,
the failure rate is changing very slowly. Therefore, any time somewhat
greater than one year could have been chosen as the switchover point
with little impact on the modeled failure rates; 10,000 hours was a
conveniently round number.

There are two distinct sources of information on component relia-
bility: direct monitoring of performance in the factory or field, and
accelerated life tests. Factory or field data give a real measure of
component reliability in the short term (a year or so), and some data
are also available for the long term. Accelerated life tests provide
information about reliability expected in the very long term (tens to
hundreds of years).

Reliability studies seldom continue for more than two or three years.
Therefore, primarily infant mortality is observed. Plotting the loga-
rithm of the observed failure rate versus the logarithm of operating
time usually gives a straight line. The straight line means that a
Weibull distribution describes the failure rate behavior well, as we see
in Fig. 2. We use the Weibull model to describe infant mortality
because of such data.

104
103 =

= 1976 PRODUCT-—"" _~1975 PRODUCT
10?

T TTTTTT

RANGES SHOWN ARE 90-PERCENT
CONFIDENCE INTERVALS ABOUT
OBSERVED REMOVAL RATES %

10!

REMOVAL RATE (REMOVALS IN 109 COMPONENT-HOURS)

T T T T

100 roorsrul Locepigedo1og gt BRI
100 10! 102 103 10*
OPERATING HOURS

_ Fig. 2—Infant mortality removal rate of beam-lead sealed-junction T?L integrated
circuits (small-scale integration/medium-scale integration) (see Ref. 4).
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As just mentioned, we can directly measure the time dependence of
infant mortality failures. However, measuring the lifetime distribution
of the main population in the long term is impractical using normal
operating conditions, since so few components fail. Therefore, we use
accelerated test conditions to estimate the lifetime distribution and,
hence, the failure rate, at normal use conditions. The test results imply
that only a very small fraction of semiconductor components will fail
at normal use conditions within a forty-year service life. This is a very
important result. It means that wear-out will not occur during the
service life. (In fact, wearout of semiconductor components should
never occur.) Figure 3 illustrates this point. For semiconductors, a
lognormal model describes the main lifetime distribution in accelerated
tests.” Two such lognormal failure rate curves, extrapolated to normal
use, are shown in Fig. 3. These examples represent values in the range
usually observed.

Accelerated testing does not define the long-term failure rate very
precisely during the service life. Accelerated life conditions are far
removed from normal use conditions; therefore, a long extrapolation
is required to estimate real field performance. This is inherently a
tricky business. Furthermore, in accelerated life tests, the sample size
is generally small. In such cases the tests cannot accurately show the
distribution of the first few percent of the failures. However, only the
lowest few percent of the population failure times will occur within
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Fig. 3—The two lognormal curves (dashed lines) show possible relationships between
accelerated-stress results and the basic failure rate model.
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the service life. Therefore, accelerated testing does not accurately
predict the failure rate distribution during the service life. For the
lognormal examples shown in Fig. 3, only two percent of the compo-
nents will have failed before the maximum failure rate is reached (in
Fig. 1, at forty to four hundred years).

Since neither direct observations nor accelerated life testing defines
the time dependence of the long-term failure rate, how then do we
justify using the constant-failure-rate exponential model? We have
used the exponential model largely by default, since it is almost
universally used to model long-term failure rates as, for example, in
MIL-HDBK-217D. The model is a reasonable compromise between
the decreasing failure rate of the Weibull model and the increasing
failure rate of the lognormal curve.

Field tracking does not define the failure rate during the very long
term, but it can give failure rates at the end of infant mortality and
the beginning of the long term. From those we can estimate the long-
term failure rates. Accelerated life testing results are used in addition
to tracking data. From these results we predict the total fraction of
the population estimated to fail within the service life, which must be
consistent with the failure rate estimates. If it is not, the estimates
must be reevaluated.

5.1 Sources of component failure rates

If field tracking or accelerated testing data are available, the pro-
cedure just described is used to estimate the long-term failure rate.
Where we do not have any relevant data, we use MIL-HDBK-217D
numbers. With few exceptions, our estimates for semiconductor com-
ponents come from AT&T Bell Laboratories data and those for
nonsemiconductors come from MIL-HDBK-217D.

The infant mortality data that exist are solely from semiconductor
components. These data form the basis for our estimates of the infant
mortality parameters for all semiconductor components.

We do not have good infant mortality data on nonsemiconductor
components. We do, however, believe that infant mortality exists for
these components. Because we do not have good data, we chose a value
of « = 0.6 at the lower end of the range observed in equipment
(between 0.6 and 0.9). Furthermore, we assume the infant mortality
failure rate at 10,000 hours equals the long-term failure rate. These
two assumptions, taken together, describe the existence of infant
mortality, to a modest extent, in nonsemiconductor components.

5.2 Effect of temperature

Up to this point, we have only described the failure rate for a
component as a function of time. In reality, a component’s operating

22 TECHNICAL JOURNAL, JANUARY 1985



environment will also affect the failure rate. The component’s oper-
ating temperature is one such environmental factor. It can have a
strong effect on the failure rate.

We base the component failure rate estimates on an assumed 40°C
“typical” ambient temperature, since this is the temperature at which
most of the available field tracking data are taken. Ambient temper-
ature refers to the temperature in the immediate vicinity of the
component. In most cases the failure rate estimates can be used
directly. In cases where the temperature departs significantly from the
typical value, its effect must be taken into account.

The effect of temperature is usually modeled through its effect on
the rate of aging of a component. At a higher temperature, failures
will generally occur sooner and, therefore, at a greater rate. The
difference in rates of component aging at two different temperatures
is described by an acceleration factor. If T is a higher temperature
than T, then the Arrhenius relationship gives the following accelera-
tion factor:

E. /1 1
A(T, Ty) = eE(F'E),

where kg is the Boltzmann constant and E, is the “activation energy”.
T, and T, are in units of degrees Kelvin. This Arrhenius relationship
is well understood for chemical reactions. However, its use in the
current context is based purely on empirical evidence. Therefore, the
constant E, does not really have physical meaning as an activation
energy. Rather, it should be considered as an empirical curve-fitting
constant.

With the exponential model, a factor of A(T., Th) increase in the
rate of aging leads to a factor of A(T,, T)) increase in the constant
failure rate, that is:

7\T2 = A(Tz, T1)>\T,-

Under the Weibull model for infant mortality, the effect of tempera-
ture on the failure rate is not as simple. A factor of A(T,, T) increase
in the rate of aging leads (after some careful algebra) to a factor of
A(T,, Ty)'™® increase in the failure rate:

Ary(t) = A(T, T1)'"*Npy(t).

It should be noted that the activation energy, and hence the acceler-
ation factor, in the long term is not necessarily the same as during
infant mortality. It depends on whether the expected cause of failures
(failure mechanism) is the same. Table I lists the activation energies
used.
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Table |—Activation energies for selected components

Component E. (eV) Reference

Infant Mortality

All components 04 4
Long Term

Discrete semiconductor 0.4 Unpublished work

Bipolar integrated circuits 04 Unpublished work

Metal-Oxide Semiconductor (MOS) inte- 0.5 Unpublished work

grated circuits

Ceramic capacitors 1.0 6

Plastic capacitors—metallized and foil 0.12 6

Film resistors—metal or carbon 0.08 6

Carbon resistors 0.34 6

5.3 Effect of electrical stress

The level of electrical stress at which a component operates can
also affect the failure rate. The higher the level of electrical stress, the
more quickly we expect a component to fail. The effect of electrical
stress, as for temperature, is modeled with an acceleration factor. This
gives the difference in rate of aging at different values of applied
electrical stress. The relationship we use to describe S, the acceleration
factor, is

S(pz, p1) = ™",

where p, and p; are stress levels. These stress levels are given as a
percentage of the maximum specified level. The electrical parameters
that constitute electrical stress are different for different types of
components (see Table II).

The stress constants (m) are based on information in MIL-HDBK-
217D for long-term operation. There is no effect of electrical stress on
integrated circuits, since the applied voltage is specified and assumed
to be constant. Due to lack of information, no effects of electrical
stress on failure rates during infant mortality are modeled.

The level of applied electrical stress assumed for typical operation
is 25 percent. If actual levels of applied electrical stress significantly
differ from 25 percent, then the acceleration must be taken into
account. As with temperature acceleration, the electrical stress accel-
eration factor simply multiplies the constant long-term failure rate, as
follows:

Ap, = S(p2, PV,

Figure 4 shows how the combined effects of elevated operating
temperature and high electrical stress can affect a component’s failure
rate. Both temperature acceleration (Arr) and acceleration due to
electrical stress (S) can affect the long-term failure rate. Only temper-
ature acceleration (Apv) affects the failure rate during infant mortality.
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Table Il—Electrical stress dependence (S) of
selected components

Electrical Stress Range of m
Component Parameter Values
Integrated circuits Not applicable —
Resistors Power 0.006-0.024
Capacitors Voltage 0.024-0.150
Switches Current 0.013

Note that these acceleration factors change the time at which the
long-term failure rate is reached in the model.

5.4 Effect of dynamic burn-in screening

One widely used method to reduce the impact of infant mortality
on equipment is the “screening” method. This refers to some activity
performed on components or equipment to screen or “weed out” infant
mortality failures before customer use. Components or equipment are
stressed in some way and then tested. Any failures are removed or
repaired. By inducing these failures to occur prior to use, customers
should experience fewer equipment failures. Some commonly used
screens are thermal cycling, high-voltage stress, or simply electrical
operation (burn-in).
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A variety of screens are believed to be effective in some cases.
However, we have formally modeled the effects of only dynamic burn-
in. This refers to the electrical operation of components or systems in
a manner simulating eventual use. It consists of powering up and
dynamically exercising the component or system for a period of time.
This is distinguished from static burn-in in which power is applied
but no dynamic exercise takes place. The burn-in may or may not
occur at an elevated temperature.

We model only dynamic burn-in because we do not have a suffi-
ciently good understanding of the quantitative effects of other screens.
Even the understanding of the effects of dynamic burn-in is poor.
Mathematically, our burn-in model follows naturally from the basic
failure rate model. However, there is little direct evidence to substan-
tiate the model.

One assumption provides the basis for the dynamic burn-in model.
We assume that the failure rate of a component depends on the length
of time of previous operation, wherever that operation occurred. As is
clear from our model in Fig. 1, the more operating time a component
has accumulated within the infant mortality period, the lower will be
its failure rate. Therefore, a manufacturer can reduce the failure rate
a customer will experience by operating components or equipment for
a period of time before shipment.

Calculating the effect of dynamic burn-in is a matter of calculating
the effective operating time to which the burn-in is equivalent. The
effective operating time, t.g, corresponds to operation at the nominal
40°C. Then, if ¢ represents the amount of operating time after the
burn-in, the failure rate at 40°C is

AE) = Mt + te) ™

Operation after burn-in might occur at a temperature higher than
40°C. In that case, the above failure rate is modified by the temperature
acceleration factor already discussed.

Figure 5 illustrates the modeled effect of dynamic burn-in. The
straight dashed line shows the basic infant mortality failure rate. The
solid curve gives the failure rate after a burn-in equivalent in time to
t.r. Note that this curve is a simple replotting of the dashed line but
starting at age t. rather than at zero age.

To calculate t, we again make use of the temperature acceleration
factor, A, introduced earlier. If burn-in occurs at a temperature
above 40°C for x hours, then the effective burn-in time is t.; = Apx.
(Amv is the acceleration factor, for the burn-in temperature, relative
to 40°C.)

Burn-in can be performed at any of several stages. Components can
be burned in. Burn-in can also occur at the circuit pack or at the
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Fig. 5—Effect of burn-in on early system failure rate.

system level. Moreover, equipment can be burned in at more than one
of these stages. Under the model, the effect of burn-in is cumulative.
With more than one burn-in, the effective burn-in times at each stage
are added to give the total effective burn-in time which is

all stages

(teff)total = 2 (teff)i°

Caution should be exercised in using this additive assumption of
burn-in treatments. In some instances the initial failure rate of a
population of devices during a second burn-in was larger than the
final failure rate during the first burn-in. This “setback” may have
been due to the testing of the devices and insertion of the devices into
circuit boards, which was done between the two burn-in treatments.
This additional handling may damage some devices (e.g., by electro-
static discharge) causing them to fail sooner than they would have
otherwise.

VL. FAILURE RATES FOR EQUIPMENT

Up to this point, we have described the failure rate models applied
to individual components. It is a simple matter to combine the com-
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Table [ll—Environmental application factors

Environment E
Permanent structures, environmentally controlled 1.0
Ground shelters, not temperature controlled 1.1 (Ref. 7)
Manholes, poles 1.5 (assumed)
Vehicular-mounted equipment 8.0 (Ref. 7)

ponent failure rates to estimate the failure rates of equipment. Basi-
cally, component failure rates are added together to give equipment
failure rates. There is, however, one final modification we make to the
summed failure rates. This modification accounts for a failure rate
effect, which we do not understand well enough to apply at the
component level. Rather, we apply it at the equipment level.

The modification involves an environmental application factor, E.
It reflects environmental factors other than temperature that affect
the equipment failure rates. Values of E are listed in Table III. These
cover the usual environments for AT&T telecommunications equip-
ment. They are based on information in Ref. 7.

With the inclusion of the equipment-level application factor, equa-
tions giving equipment failure rates can be written. For infant mor-
tality the equipment failure rate is

allcomponents

Aotal(t) = E P (Am)i ™MDt + (tee)d] ™

The long-term failure rate is

all components

Motal = E % (Arr)iSi(\L):-

i

VII. PREDICTING THE NUMBER OF INFANT MORTALITY FAILURES IN
A TIME INTERVAL

Being able to predict the numbers of failures during the infant
mortality period is important for a number of reasons. The estimates
are useful for anticipating customer reaction. They can be used to
understand warranty repair costs and to plan repair strategies. If any
of these factors appear undesirable or unacceptable, the design, screen-
ing, or requirements of the products can be reevaluated. If this is done
at an early enough stage, changes can be made when the impact on
cost is low. Predictions also provide standards against which compo-
nent or equipment performance can be measured. Once production
begins, the results of ongoing reliability testing can be compared to
the standards to show where to concentrate ongoing efforts to make
improvements.

One calculation that is particularly useful is predicting the number
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of failures out of some population during a stated time interval. The
fraction of units failing between ¢; and ¢, is

]
fraction fail = f A(t)dt,
¢

1

where A(¢) is the unit’s time-dependent failure rate. This approach is
strictly correct when all failures in a population are repaired. In
addition, it is correct if they are replaced with units of the same age.
However, it is also a good approximation even if failing units are
replaced by units of different age or not at all, if the fraction failing is
small (less than a few percent).

The following example illustrates the strong effect of infant mor-
tality. Typical failure rate parameters for integrated circuits are A\, =
10 FITs, o« = 0.8, and \; = 16,000 FITs. (One FIT equals one failure
per 10° component-hours.) In the long term, we would expect about
1078 failures per component-hour, or 7.2 X 107 failures per compo-
nent-month. In a system made up of 10,000 such components, we
would expect 0.072 failures per system during one month. In the infant
mortality period, the situation is drastically different. In the first
month, we would expect

720
fraction fail = (1.6 x 107°%) f t~08qt,
0

or roughly 0.0003 failures per component. This gives three failures per
system in the first month. The number of failures expected during the
first month is roughly forty times higher than expected in one month
in the long term. Clearly, such an effect, if not anticipated, could lead
to nasty surprises.

VIII. COMPARISON WITH MIL-HDBK-217D

Many of the concepts embodied in our failure rate model are also
used in MIL-HDBK-217D, the de facto industry standard for failure
rate prediction. There are, however, some important differences be-
tween the two models as well. As we already mentioned, the largest
difference is in our formal inclusion of a model for infant mortality.
This enhancement overcomes the major shortcoming of the MIL-
HDBK-217D methodology, especially as applied to commercial prod-
ucts.

A second difference lies in the magnitudes of long-term failure rate
estimates for integrated circuits. Our numbers are based on predives-
titure Bell System experience. They are generally lower than those in
MIL-HDBK-217D. Our data show that the MIL-HDBK-217D failure
rates for integrated circuits are unrealistically high, especially those
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for Large-Scale Integration (LSI) components. A final difference is in
our dynamic burn-in model, which predicts an effect of burn-in on the
infant mortality but not on long-term failure rates. MIL-HDBK-217D
assumes that burn-in impacts long-term failure rates.

IX. SUMMARY

We have described the basic component reliability model used at
AT&T Bell Laboratories to predict component and equipment relia-
bility. It is a two-part model. A Weibull model describes infant
mortality. An exponential model describes long-term behavior, beyond
roughly the first year. The infant mortality part of the model is very
important. It quantitatively describes the initially high, but rapidly
decreasing, early-life failure rates. Recognizing such behavior is be-
coming critical as increasingly complex electronic systems are being
sold to a variety of customers. Widely recognized methods of predicting
reliability, such as MIL-HDBK-217D, do not model infant mortality
effects.

Given the basic component reliability models and failure rate esti-
mates, failure rates of equipment can be easily estimated. These
equipment estimates, including infant mortality, are essential when
planning for new, competitive product offerings and manufacturing
them to have well-controlled reliability.
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Waiting Time Convexity in the M/G/1 Queue

By D. L. JAGERMAN*

(Manuscript received June 8, 1984)

Strong bounds are obtained on the complementary waiting time distribution
for the M/G/1 queue using the a-convexity structural characteristic of the
distribution. This notion is discussed and a sufficient condition is obtained.

1. INTRODUCTION

This paper investigates the a-convexity’ of the complementary
waiting time distribution in the M/G/1 queue and shows how a
sufficient condition for a-convexity is obtained, in terms of the service
time distribution. This structure characteristic will permit strong
bounds to be obtained on the complementary waiting time distribution.
For convenience, the definition of a-convexity and some of its prop-
erties are given below.

II. a-CONVEXITY

A function f(x) is said to be a-convex on an interval I if e**f(x) is
convex on I. Of course, ordinary convexity corresponds to « = 0. A
sufficient condition for a-convexity is

cr @7
e e (e*f(x)) = 0, x€E L (1)

This is the same as
f"(x) + 2af (x) + o*f(x) =0, x €L (2)
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A function may be «a-convex without being convex; for example,
consider f(x) = x3, which is a-convex for x = 0 and « = 0. For a = 1,
however, x? is a-convex for —3—+3 < x < —3++/3 as seen by use of
(2).

The a-convexity of a function may permit stronger bounds than
convexity to be obtained on the function or on integrals of the function.
For example, let p(x) = 0 and let f(x) be convex on I; then Jensen’s
inequality® states

f; fx)p(x)dx = f(u) flp(x)dx,

p= flxp(x)dx / fl p(x)dx. (3)

If f(x) is a-convex on I, then, since

f, f(x)p(x)dx = f e“f(x)e™*p(x)dx, (4)

one has

J; f@)p(x)dx = e™f(p) J; e~ *"p(x)dx,

p= J;xe“""p(x)dx/J;e"“‘p(x)dx. (5)

This result can be stronger than (3).
An example is provided by

o e_x
K_J; 1+xdx’ ®)

whose value is K = 0.5963. From (3), one has K'= 0.5. Since, for x =
0, 1/(1 + x) is a-convex for all «, one may apply (5) to obtain

(3

ea+1

K= Rt (7
which, for a = (v5 — 1)/2, yields K = 0.5596.
Let f(s) be the Laplace transform of a function f(x), that is,
fs) = fo e™f(x)dx, ®)

and let the transform be absolutely convergent for s > 0. Then the
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approximation sequence, f,(x) (n = 0, 1, 2, ---), introduced in the
Laplace inversion theory, is given by’

mm=t¥¢ﬁW@‘ , ©)
n. n+

s =

from which, in particular,

mw=—%”@) (10)

The approximation sequence may be used to obtain bounds on f(x);
thus, if f(x) is convex for x = 0, then

f(x) < fon(x) < fulx), x=0, n=0. (11)

If f(x) is a-convex on x = 0, then the bound of (11) may be strength-
ened. Let f(s — a) be absolutely convergent for s > 0; then it is the
transform of a function g(x) for which

f(x) = e™*g(x). (12)
Application of (11) now provides the inequality
flx) < e gpi1(x) < e™%g,(x), x=0, nz=0. (13)

This is a much tighter inequality than (11), especially for the tail of
f(x), and constitutes the main tool for bounding the M/G/1 waiting
time distribution.

The Bernstein theorem,® which states that f(x) = 0 if f(s) is
completely monotone and, conversely, may be used to translate con-
dition (1) in terms of 7 (s). Thus let /”(x) be continuous on (0, »); then
f(x) is a-convex on (0, ) if and only if

(s + a)*f(s) = (s + 2a)f(0+) = f'(0+) (14)

is completely monotone in s on (0, ) and is absolutely convergent for
s>0.

A function, f(x) > 0, is said to be log-convex if In f(x) is convex on
some interval I. The condition for log-convexity is

ff@fx) = f(x)*=0, zx€L (15)

In particular, log-convexity implies convexity; hence e**f(x) is convex,
and a log-convex function is a-convex for all «. The converse is also
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true. This follows from (2) on observing that the discriminant of the
quadratic in « is f'(x)% — f”(x)f(x); hence a-convexity for all « implies
(15) and the log-convexity of f(x). An interesting corollary of this is
that the sum of log-convex functions is log-convex since, clearly, the
sum of functions convex for the same « is again convex for this a.
This theorem and eq. (14) permit ascertaining the log-convexity of
f(x) from its Laplace transform.

Il. «-CONVEXITY IN M/G/1

The starting point for this investigation of a-convexity in M/G/1 is
the Pollaczek-Khintchine formula.! Let B(x) be the service time
distribution and F(x) the complementary waiting time distribution;
also let B(s), F(s) be the corresponding Laplace-Stieltjes transforms.
Then

_ ps — A1 — B(s)]
T s—AN1-B@s)]’

in which A is the arrival rate, u is the service rate, and p = A\/u is the
offered load. It is convenient to use the forward recurrence time
distribution, 6(x), corresponding to B(x). Since the Laplace-Stieltjes
transform, 6(s), of 6(x) is

F(s)

p <1, (16)

. 1-B
ds) = w 22 a7)
one has
. 1 — 6(s)
F(s) = =
(s)=0p 1= 0)
F(s) = P _l;afi), (18)
s 1 — pb(s)
in which F(s) is the corresponding Laplace transform. Clearly,
f(s) ~ g 5 — o (19)
hence
N 1-—
o) ~p-22020 e (20)
Thus,
F(0+) = p,  F'(0+) = —pp(1 — p). (21)

The information is now available to apply condition (14). That expres-
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sion now takes the form
NG 22)
1 — pb(s)

N(s) = pp(1 — p) + 3‘8—”

- {p(l —p)s+ N+ 2a) + aTZp} i(s).

The function 1/[1 — pd(s)] is the Laplace-Stieltjes transform of a
monotone increasing function on (0, «). If we write N(s) in the form

2

N(s) = %+ A1 = p)B(s)

ML= p)(A + 20)

. [1 - B(s)]

a2

-7 h- B(s)]. (23)

we see that N(s) is a Laplace transform. For the function of (22) to
be completely monotone, it is therefore sufficient that N(s) be the
transform of a nonnegative function. If we let b(x) be the service-time
density function, and r(x) the corresponding rate function, that is,

b(x)

1B’ (24)

r(x) =

this condition may be written in the following two forms:

a®p

m+ b(x) = (A + 2a)[1 — B(x)]

(12
+

J; [1 — B(u)]du,

1-»p

a2 1 -—40(x)
)+ e T e A+ 2 (25)

to assure the a-convexity of F(x).
The case o = 0 of (25) yields the interesting result that convexity
of F(x) is guaranteed by

r(x) = A\, x =0, (26)
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which also implies
1 — B(x) <e™, x=0. ©@n

Application of (25) will now be made to the following class of
distribution functions B(x):

B(x) = J; (1 — e™dG(u) (28)

in which G(x) is a distribution function on (0, ). Condition (25) now
becomes

z _ a? 1
S e ™ u—)\—2a+1 =)dGu) = 0. (29)

Now the integrand is nonnegative if

2

4
U= N+ 2 + \/(A+2a)2—1fp, (30)

which suggests the introduction of the quantity ¢ defined by

¢ = inf[x; G(x) > 0). (31)

Thus condition (30) need be satisfied only for u = ¢, and hence

42
2c= N+ 2a + \/()\+2a)2—1a
—-p

assures (29) and the a-convexity of F(x). One implication of (32) is
the following constraint on a:

(32)

a<c(l—p) — Vel = p)(\ = cp). (33)
Application of (33) to the exponential case B(x) = e™* yields
a < u(l — p), (34)
which, of course, is consistent with the known result
F(x) = pe#1-»x, (35)

As another illustration, consider

— __1_ —x_l —-2x
Bx) =1 5¢ 5¢ (36)
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for which ¢ = 1, u = 4/3. One has

Since

A 1 1 + 1
2s+1 s+ 2°

use of (18) yields

) = A 35 + 5

s2+(3—)\)s+2—g}\

If we let

7_—3+>\+\/1+>\2

2 b
5_—3+>\—\/1+>\2

= 5 ,

A_3\/1+>\2+1+3>\

2 9

B_3s/1+>\2—1—3>\

= 5 ,

then we have

F(x) = A (Ae™ + Be®)
4V1 + A2 ’

(37)

(38)

(39)

(40)

(41)

This distribution is, in fact, log-convex; thus (37) is overly restrictive.
This might have been expected since (25) is only a sufficient condition

for a-convexity.

IV. BOUNDS

When values of « have been determined by use of the complete
monotonicity of N(s) in (23), or by use of (25), then (13) may be
applied to F(s) in (18). It is, of course, advantageous to use as large a
value of « as possible consistent with the requirement that F(s — )
be absolutely convergent for s > 0. Applying (10) and (13) to (18)
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Table I—Numerical inversion for different «

F(x)
Exact a= a=
X Results a=0 0.34549 0.69098
1 0.1718 0.1815 0.1753 0.1727
2 0.0834 0.0997 0.0883 0.0841
3 0.0414 0.0590 0.0460 0.0416
4 0.0207 0.0368 0.0245 0.0208
5 0.0103 0.0239 0.0133 0.0104
6 0.0052 0.0161 0.0073 0.0052
7 0.0026 0.0112 0.0041 0.0026
8 0.0013 0.0080 0.0023 0.0013
9 0.0007 0.0058 0.0013 0.0007

provides the following explicit bounds:

—ax

e

1-— ax 1 A1 ’
1—pl{—-—«
x

F(x) =

A [2
p(1 — p)o’ (—— a)
4e™ x

+ 9% — ax2 [ R (2 2 (42)
1 - pb i a)]

As a numerical example, the approximation Fy(x) was calculated for
F(s) of (39) with A = 0.5. Table I shows the exact results obtained
from (41). It also shows the inversion with « = 0 (that is, no a-
enhancement used), the results with the value of « obtained from (37)
(0.34549), and, finally, the calculation using the optimum choice,
¥ =—a, i.e., a = 0.69098.

As expected, the table shows improved accuracy as « is increased
and, in particular, in the tracking of the tail behavior. This, of course,
is the primary goal of a-enhancement. Observe that the approximate
values are larger than the exact values, as implied by the a-convexity
of F(x) and (13).
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Accumulation of Jitter: A Stochastic Model
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A problem that has been considered extensively in the past is the accumu-
lation of jitter in a chain of regenerative repeaters. For simplicity it is usually
assumed that all repeaters in the chain are identical. However, this is not the
case in real Systems, where considerable differences among the repeaters of a
chain have been observed. These random variations are due mainly to manu-
facturing tolerances, aging effects, temperature changes, etc. In this work, we
examine the accumulation of systematic and random jitter along the chain,
when the repeater transfer functions are subjected to random variations. We
derive expressions for the expected value and variance of the output jitter
spectrum in terms of average values of the repeater’s jitter transfer function.
In addition we find the expected value and the variance of the RMS jitter.
Finally we examine two special cases where the timing circuit employs either
a phased-locked loop or a surface acoustic wave filter, and derive some
asymptotic relations for the power spectral density and root-mean-square
value of the accumulated systematic jitter.

1. INTRODUCTION

In a chain of self-timed regenerative repeaters for data transmission
with Pulse Amplitude Modulation (PAM), each regenerator extracts
the timing information (clock) directly from the received pulse train.
Ideally the output of the timing circuit should be a sine wave with
frequency equal to the baud rate of the data. In practice, however,
imperfections of the circuits and noise in the transmission channel
disturb the timing recovery operation so that the phase of the recovered

* AT&T Bell Laboratories.
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clock is randomly deviated from the desired input clock phase. Such
deviations, called timing jitter, produce a position modulation of the
regenerated signal; the timing jitter tends to accumulate along the
chain and degrade the system’s performance. If the jitter introduced
by the repeater’s timing recovery circuitry is the same for each repeater
(for example, if it depends on the data pattern), it is called systematic
jitter. Otherwise it is called random jitter.

The problem of jitter accumulation in a chain of regenerative
repeaters has been considered extensively in the past.? For simplicity
it is usually assumed that all repeaters in the chain are identical.
However, this is not the case in real systems, where considerable
differences have been observed among repeaters.® These random var-
lations are mainly because of manufacturing tolerances, aging effects,
temperature changes, etc. In this work we examine the accumulation
of systematic and random jitter along the chain, when the repeater’s
jitter transfer functions are subjected to random variations. Previous
papers™* have treated the relationship between the jitter transfer
function and the retiming circuit parameters.

In this paper, we derive expressions for the expected value and the
variance of the output jitter spectrum in terms of averages of jitter
transfer functions of the ensemble of regenerators. In addition we find
the expected value and the variance of the Root-Mean-Square (RMS)
jitter.

We also examine two special cases where the timing circuit employs
either a Phased-Locked Loop (PLL) or a Surface Acoustic Wave
(SAW) filter. Finally we consider the case of a retiming circuit exhib-
iting random variations in its phase only and derive some asymptotic
relations for the power spectral density and the RMS value of the
accumulated systematic jitter. Of particular interest perhaps is relation
(40), where we show that the RMS value of the accumulated systematic
jitter for a nonpeaking case is approximately equal to v0.36*N/a,
where N is the number of regenerators and « the phase slope of the
average jitter transfer function.

Il. THE THEORY
2.1 The basic model

A brief review of jitter accumulation is presented here for complete-
ness. The model we use to study the jitter accumulation is similar to
the linear model attributed to Chapman, as described by Byrne et al.!
Questions regarding the validity of this linear model will not be
considered here. This problem will be addressed in a forthcoming
paper. An oversimplified treatment is also given in Appendix B.
According to this model, the timing jitter produced in a regenerative
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Fig. 1—Chapman’s model for timing jitter accumulation in a chain of repeaters.

section is the filtered sum of the jitter coming from the previous
section plus an additional equivalent jitter e;(t) inserted at the local
input. This is illustrated in Fig. 1, where W;(w) is the jitter transfer
function of the ith repeater. The major differences between our model
and the ones used previously are that we do not assume W;(w) to be
the same for every repeater.

The input jitter, e;(t), can be separated into its two components, the
random part e; (t) and the systematic part e;(t), i.e.,

e;(t) = e, (t) + ei(2). (1)

The random component e;(t) is different for each repeater and is
usually caused by random sources, e.g., line noise, thermal noise,
crosstalk, etc. The systematic component e;(¢t) is the same for each
repeater and is usually pattern dependent.

Let ®(w), P,(w), $;(w) be the two-sided power spectra of e;(t), e;-(¢),
and e;(t), respectively. Assuming that e;(t) and e;(t) are statistically
independent, then

P(w) = &, (w) + Py(w). (2)
If S(w) is the spectrum of the output jitter then we can write
S(w) = & (0)Tr(w) + Ps(w) Ts(w), 3)

where!

Ti(w) = | Wi(w)]|* + | Wi(0) Wa(w) |*
+ o+ [ Wiw) oo Walw)]? (1)

is the total transfer function for random jitter, and
Ts(w) = | Wi(w) + Wi(w) Wa(w)
+ oo+ Wilw)Walw) -+ Walw)|? (5)

is the total transfer function for systematic jitter.
If we assume that

VVJ(‘-")=W(“’) ]=1’2’7N, (6)

then we obtain the known relations!
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1— | W(w) ™

Tw) = | W(0)| 1= (W) [? (7)
and
, [1= W)
Ti(w) = | W(w) | T- W | (8)

As we will show, relations (7) and (8) provide us with a satisfactory
approximation when the fine structure of S(w) is not important, as in
the evaluation of the RMS jitter,

o= 1 f S(w)dw. 9)
271' —oc

However, in some applications the detailed structure of S(w) is
essential, and the random variations of W;(w) must be taken into
consideration. Hence it is important to describe W;(w) with a proba-
bilistic model instead of the deterministic approach used in the past.

Another advantage of using this approach is that we can directly
examine the impact of tolerances in manufacturing the repeater com-
ponents on the accumulation of jitter.

2.2 The stochastic model

In this section we shall consider W;(w) to be a random variable,
independent and identically distributed (i.i.d.). Thus S(w), the spec-
trum of the jitter at the output of N regenerative repeaters, is also a
random variable and it should be described with its expected value
and variance.

With the assumption that e;(t) is a stationary stochastic process we
obtain from (2) and (3)

E{S(0)} = () E{Ty(w)} + &, (0)E{T,(w)) (10a)
Var{S (w)}] = ®2(w)Var{T,(w)] + &%(w)Var{T,(w)}
+ 28, (), ()[E{ Ty () Tr(w)} — E{T(w)}E{T.(w)}], (10b)

where E{X} and szir{X} are, respectively, the expected value and the
variance of the random variable X. The spectra ®,(w) and ®,(w) of the
input systematic and random jitter will be considered known, because
we can measure them experimentally. Usually &,(w) and &.(w) are
constant for the low frequencies where T, (w) and T, (w) are significant
(white noise). Typical values for &, and ®, are between 1 and 100 deg?/
MHz.

Thus for the evaluation of the E{S(w)} and Var{S(w)} in (10)
we need to find E{T(w)}, E{T(w)}, Var{Ti(w)}, Var{T,(w)} and

E{T(w)T,(w)}. The expressions for their analytical evaluation are
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given below for a chain of NV repeaters. Their derivations are given in
Appendix A. For simplicity hereafter we shall omit the dependence of
the various functions on the parameter w, except if it is not obviously
implied. Since the derivation of Var{T,} and E{T,T,} is complicated,
we simplified our analysis by making use of the Central Limit Theorem
and assuming that the two random variables X and Y defined as
X+jY=3YN, W,W, ... W, are jointly normal. Hence relations (15)
and (16) are not exact, because of the above approximation.
For a chain of N repeaters

— 1- BV
T, = E\T} = BT—5 (11)
_ 1— BN B 1-w¥ 1-BY
TS—E{TS}—B1_B+2Re1_B/W{1_W— 1_3} (12)
1-CV C 1-BY 1-C¥
2) —_
E{Tf}‘c1—c+21—0/3{1—3 1—0} (13)
Var{T,} = E{T2%} — E%T,} (14)

Var{T,} = 2[E*{X? + E} Y% + 2EX XY} — (E*{X} + E}{Y})?] (15)
E{T,T,} — E{TJE|T,} = 2[E{X}E{XT,}
+ E{YIE{YT} — (E*{X} + E*Y)E(T/]], (16)

where
W = E{W} (17a)
Z = E{W} (17b)
B = E{|W;|% (17¢)
C = E{|W;|*} (17d)
and
D = E{|W;|*W}. (17e)
With X and Y defined as
X+jY=Q=k§:1 WiW, .. Wx (171)
we have
E{X} = Re E{Q}, E{Y} = Im E{Q) (17g)
E{X?* = [T, + Re E{@}]/2 (17h)
E{Y?* = [T — Re E{@%]/2 (171)
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E{XY} = Im E{Q")/2 (175)

E|XT,} = Re E{QT)} (17k)
E{YT,} = Im E{QT/, 1m
where
1-wr
EQ) = W —— (17m)
L, 1-2N z [1-w 1-2z¥
E{Qf“z1—z+21—Z/W[1-W 1—2] (170)
1- DV D 1-w¥ 1-D%
E{QT’}=D1—D+21—D/W[1—W—1—D]' (170)

With the above formulas we can evaluate the E{S(w)} and Var{S(w)}
in (10) in terms of the averages W(w), Z(v), B(w), C(w), and D(w) of
the individual jitter transfer functions W;(w). These quantities can be
estimated either experimentally from a sufficient number of samples
of Wi(w), or numerically, using a Monte Carlo technique, from an
appropriate model of W;(w). The second approach will be used in
our examples. If Wi(w) = W(w) i=1,2, ---, Nthen B =| W(v)|?
W = W(w), and after some algebra we can show that relation (12) is
equivalent to relation (8).

Another quantity, beyond S (w), which is important in jitter accu-
mulation, is o,, the RMS value of the output jitter. We shall also
evaluate its expected value and its variance.

The expected value is obtained easily from (9) and (10a) as

00

Blo? = = f EiS (0)ldw. (18)
21 J-w

The evaluation of the variance of o2 is more difficult. This is done
in Appendix A. However, the result is complicated because it involves
the evaluation of R(u, v) = E{W;(u)W;(v)}, the autocorrelation of
W;(w). To avoid the additional computations needed for the calculation
of R(u, v), we obtain an upper and lower bound for Var{c2} by assuming
that W;(w;) and W;(w;) are, respectively, highly correlated or uncor-
related. Then we can derive (see Appendix A) that

1 0 . 1/2
o lJ: Var{S(w)}dw

where Var{S(w)} is obtained from (10b). The average value of the two
bounds appears to be a good estimator of the true variance of the
RMS. With the relations given above we can now evaluate E{S(w)},
Var{S(w)}, E{c2}, Var{c2}.

< Var{e2} < 517—; J:w Var{S(w)}dw, (19)
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In deriving E{S(w)} in (10a) and Var{S(w)} in (10b), we have made
the additional assumption that ®(w), the spectrum of the additive
jitter e;(t), is the same for all the regenerators. This appears to
contradict our assumption of different W;(w), since it is well known
that ®(w) is highly correlated with the transfer function of the re-
generator. This problem can be resolved if we define e, (t), the system-
atic component of e;(t), as the part that is identical, within a constant,
for all the repeaters, i.e., e;(t) = «a;e(t), where «; depends on W;(w).
The random component e;.(t), the remaining part of e;(t), has a
spectrum ®;(w) and is statistically independent for each repeater. Then
in relation (5) we have to replace W;(w) by a; W;(w), while in relation
(4) we must replace | Wi(w) |2 by ®:(w)| W;(w) |2 Using these substi-
tutions, all the remaining expressions are still valid. The evaluation
of o; and ®;(w) in terms of the transfer function W;(w) is a difficult
problem directly related to the problem of expressing the statistical
properties of e;(t) in terms of the regenerator’s transfer function. This
question has been considered in Refs. 4 through 6.

IIL. APPLICATIONS

In the following three sections we shall present some numerical
applications of the above theory. In Section 3.1 we shall examine
chains employing phase-locked loops in their timing circuits.*® In
Section 3.2 the timing circuit employs a SAW filter.”® Finally, in
Section 3.3 we shall examine a special case, where W;(w) is assumed
to exhibit a random variation only in its phase while its amplitude is
identical for all repeaters. This case is of interest when we have a
maximally flat filter and we want to examine the spectrum of the
accumulated jitter for low frequencies.

All the numerical results are normalized by assuming ®,(w) =
®.(w) = 1 deg?/MHz.

3.1 Timing circuits with PLL

Phase-locked loops have been used extensively in the timing circuits
of regenerative repeaters and their jitter performance has been ex-
amined thoroughly.3*¢ If the timing extractor employs a PLL, its jitter
transfer function W(w) is equal to the phase transfer function of the
PLL, under the assumption that the output of the phase detector is
small. This is equivalent to the assumption of having small alignment
jitter. (Alignment jitter refers to the deviations in alignment between
the clock embedded in the incoming data stream of the regenerator
and the timing clock derived from the data stream by the timing circuit
of the regenerator.) The above requirement is usually satisfied, vali-
dating the linear model of the PLL. The phase transfer function of a
PLL used in the literature is typically described with a second-order
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model. If we want to consider parasitic elements in the PLL, then, as
M. W. Hall suggested,? a fifth-order model is more realistic, especially
for high frequencies. However, the spectrum of the accumulated jitter
is significant only in the low frequencies. Hence the second-order
model provides an adequate description of the PLL in this frequency
range, because it coincides with the fifth-order model in this range of
frequencies.

Thus the jitter transfer function W;(w) of the ith repeater can be
modeled as

2§iwns + Wi
s2 + 26wnis + w?;

Wils/i) = § = jw, (20)
where ¢{; is the damping coefficient of the PLL and w,; its natural
frequency.

We shall assume that the average values of {; and w,; are {; = 6 and
@ni = 4.5 kHz. Also, the bandwidth of the PLL is assumed to vary
from 20 kHz up to 80 kHz. To simulate the above conditions we
assumed that {; is uniformly distributed from 4 to 8 and w,; is also
uniformly distributed from 2 kHz to 7 kHz. Using the above numbers,
we calculated W(w), Z(w), B(w), C(w), D(w) (see 17a, b, c, d, e) by
numerically averaging 1000 samples of W;(w). In Fig. 2 we show the
amplitude and phase of W(w) as well as two samples of W;(w) with
& = 6 and wy, = 2 kHz and 7 kHz. The shaded area shows the
permissible range of W;(w). Bandwidth varies between 16 kHz and
110 kHz, while phase slope varies between —0.6 deg/kHz and —3.2
deg/kHz. In Fig. 3a we plot E{T,(w)}, and E{T,(w)} * Var{Ts(w)} for a
chain of 50 repeaters. Also in the same graph we show the T,(w)
evaluated by using relation (8), i.e., assuming that all repeaters have
identical PLLs with W(w) = E{W;(w)}. In Fig. 3b we show the same
results for 200 repeaters. Figure 4 shows the same curves for the
random jitter component.

To check our theoretical results, we did a complete numerical
Monte-Carlo simulation of 200 chains and computed the various
parameters, including E{c2} and Var{s2}. The resulting graphs were
indistinguishable from those shown in Figs. 3 and 4; the numerical
values obtained for E{c2} and Var{c2} are shown in Table 1. All the
numbers agree with the results of our theoretical analysis. Also, the
expected value of the RMS of the accumulated jitter, systematic and
random, is shown in Fig. 5 with the +3 Var{c?} curves (99.7 percent
confidence). Also in the same graph we plot the RMS values for the
accumulated jitter for a chain having identical repeaters with jitter
transfer function equal to the average value E{ W;(w)}.

We can draw the following conclusions from the previous example:
(1) The model of identical repeaters having as jitter transfer function
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Fig. 3—Total transfer function T;(w) for systematic jitter for (a) 50 repeaters and (b)
200 repeaters with PLL using the stochastic model and the model with identical
repeaters.

the average jitter transfer function underestimates slightly the average
RMS value and the power spectrum density. (2) The variance of the
RMS jitter was only 5 percent (see Table I and Fig. 5) even if the
bandwidth of the PLL jitter transfer function varied from 16 kHz up
to 110 kHz. This implies that the model of identical repeaters provides
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Fig. 4—Total transfer function T,(w) for random jitter for (a) 50 repeaters and (b)
200 repeaters with PLL using the stochastic model and the model with identical
repeaters.

us with a reliable estimation of the RMS jitter. (3) The total transfer
function T.(w) has a smaller variance than T(w).

3.2 Timing circuits with SAW filters

The introduction of optical-fiber transmission systems has made
possible data transmission rates of several hundred megabits per
second. This introduced significant changes in the construction of the
timing extracting circuits in the regenerative repeaters. The popular
PLLs had to be replaced, because their implementation above 100
Mb/s has been difficult, especially in integrated circuit form. Cur-
rently, SAW filters’ have emerged as their replacements. This actually
represents a return to passive filtering after many years of using the
PLL.

In this section we analyze a system where the tuned filter in the
timing circuit is a passive SAW filter. In the present analysis we will
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Table I—Theoretical and numerical values for E{o2} and Var{e2} for chains with 50, 100, 200, and 300 repeaters

S86L AIVNNYI “TIYNINO! TVIINHDIIL

Ef{o2} deg® * Var{o?}
Using Random Using Identical Numerical Result Numerical Result
Model Repeaters (200 chains) Lower Bound Upper Bound (200 chains)
N Syst. Ran. Syst. Ran. Syst. Ran. Syst. Ran. Syst. Ran. Syst. Ran.
50 PLL 18.57 1.44 18.20 1.36 18.61 1.45 0.18 0.01 1.85 0.18 1.06 0.15
SAW 28.94 8.45 28.82 8.00 0.08 0.05 0.93 0.90
100 PLL 51.49 2.70 50.57 2.50 51.57 2.72 0.56 0.01 4.50 0.26 2.27 0.18
SAW 58.17 13.94 57.98 13.01 0.23 0.08 1.53 1.47
200 PLL 188.85 7.13 184.55 7.05 189.16 7.1 2.68 0.05 17.82 0.60 8.61 0.36
SAW 116.67 22.85 116.38 20.97 1.02 0.11 3.27 2.18
300 PLL 540.64 22.41 522.45 20.12 550.53 22.68 10.12 0.21 62.89 1.80 32.93 1.25
SAW 175.19 30.43 174.83 27.68 2.02 0.15 4.87 2.80

* The input jitter is ®,(w) = &,{w) = 1 deg?’/MHz.
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not consider the effects introduced by the prefilter and nonlinear
device, which often precede the tuned circuit. It can be shown that
this simplification is not restrictive.> A simple proof is also presented
in Appendix B.

Let H(w) = A(w)e“ be the transfer function of the SAW filter.
Then, as has been shown,” the jitter transfer function of the regener-
ator is approximately given by

_ H(w — w)e’®“ + H(w + wg)e ¢«
2A(w0)

where w, 1s the baud rate of the data. Relation (21) is valid under the
assumption that the accumulated jitter does not have large compo-
nents at high frequencies. The exact conditions for the validity of (21)
will be studied in a forthcoming work. A simple derivation of (21) is
given also in Appendix B.

Let us now define the normalized low-pass equivalent of H(w) as

H(w + wy)e 7o
A(wo)

W(w) , for |w|<wo, (21)

H;(w) = for > —wp. (22)
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Thus W(w) is now given by

[Hi(w) + H(—w)]

W(w) = 7

(23)

where = denotes complex conjugate.

A model for transversal SAW filters related to its design electrical
characteristics, i.e., number of fingers, distance of transducers, termi-
nating impedances, etc, is given in Ref. 8. Since in the present
simulation we are interested only in its transfer function, we will use
a simpler representation, and model H},(w), the low-pass equivalent of
the SAW filter, as a two-pole filter. Its transfer function is

5182

Hils) = (s — 51)(s — s82) ¢

-, (24)

where
s,-=—a,-+jb,~=——(1ie)a+jbi i=1,2

are its two poles and c is a linear phase slope used to correct the phase
of the model, since SAW filters are not minimum phase filters. For
jitter studies our model provides an adequate description for SAW
filters.

Denoting by BW the bandwidth of the SAW filter, w. its center
frequency, and w, the baud rate of the data, the various SAW filter
parameters can be defined in terms of «, b;, and the asymmetry factor
e as follows:

we — wo = (b + by)/2 mistuning (25)
b= (b — b)/2 a= (a1 + ap)/2

a = 2(w, — wo)/BW detuning factor
w:=ad + b natural frequency
¢ = a/w, damping factor
& = w./BW filter’s quality factor. (26)

The natural frequency w, can be determined approximately from
the BW (for e << 1) by

BWY’ 1
“n = <T> —(1 = 2{%) + (1 — 28)% + 1)V*° (27)

For the simulation we used the following numerical values for the
range of bandwidth BW, static offset, damping factor ¢, and asymmetry
factor e
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160 kHz < EZE] < 240 kHz

If. — fol < 50 kHz
0.60 < { < 0.80
—-01<e<01
¢ = —0.2 deg/kHz. (28)

We assumed the above parameters to be uniformly distributed
between their upper and lower limits. If the baud rate of the data is
300 MHz, then the above values correspond to filters having @’s
between 625 and 940. To illustrate the relation of the above parameters
to Hy (w) and W(w), we plot in Fig. 6 the passband of the SAW filter
and the corresponding jitter transfer functions for { = 0.65 and various
combinations of ¢ and «. Notice that the frequency scale has been
normalized to BW/2, the bandwidth of Hj (w).

In Fig. 6a we plot the passband of the SAW filters for { = 0.65 and
e =0, 0.1. In Fig. 6b we plot the corresponding jitter transfer function

C (a) §=085 C (b) ¢ =065
= - ~€=0.1 a =0.00
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- N0
s 0.1 -
o C
i ] -
w i
@
o
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z
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S ©) ¢ =065 - (d) ¢=0865
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o
s 0 =
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- : : €=0
2k - 0.1
v AN NENEEEEEEE RN /£ 1 1 | U O O O 1
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NORMALIZED FREQUENCY
Fig. 6—(a) Underdamped SAW filter with { = 0.65 and asymmetry factor ¢ = 0 and

0.1. Jitter transfer functions obtained with various detuning factors o = 2(w, — w,)/BW
for (b) « = 0 (0.105 dB jitter peaking), (c) « = —0.50, and (d) « = 0.50.
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W(w) when f. = fo(a = 0). For this case the asymmetry is almost
canceled. This is expected because from relation (23) we can see that
asymmetries in H; (w) that are odd with respect to f. will be canceled
when we form W(w). In Fig. 6¢ we plot the corresponding jitter transfer
function when the detuning factor is & = —0.5, i.e., the baud rate is
100 kHz less than the center frequency of the filter. Figure 6d shows
the jitter transfer function for o = 0.5. In Fig. 7 we plot E{W;(w)}
(1000 samples) as well as two extreme samples of W;(w). Most of the
Wi(w) will be between W;(w) and W, (w). The shaded area shows the
permissible range of W;(w). In Fig. 8 we plot the average total transfer
function for systematic jitter, E{T,(w)}, and E{T(w)} + Var{T,(w)} for
50 and 200 repeaters. The variance of T(w) in this example is much
less than the variance of the example with PLL. This is due to the
narrow distribution of the SAW filter phase slopes (—0.5 deg/kHz to
—0.8 deg/kHz). Finally, in Fig. 9 we plot the expected value of the
RMS of the accumulated jitter, systematic and random, with the
+3 Var{o§} curves (99.7 percent confidence). Some numerical values
- for the accumulated RMS jitter and its variance are shown in Table I
for N = 50, 100, 200, and 300. To find the true RMS value we have to
multiply the numbers shown in Table I with the ®(w) and ®.(w)
measured in deg?’/MHz. For example, if N = 200 and a PLL is used,
then assuming &, = 20 deg?/MHz and &, = 5 deg?/MHz, we obtain

oo, = [20-189 + 5.7.73]"2 = 61.8 degrees. (29)
Using the same numbers for the SAW filters we obtain

0o = [20-117 + 5-22.9]"% = 49.5 degrees. (30)

Thus the simulated SAW filters accumulate less jitter, even with a
bandwidth larger than the bandwidth of PLLs. This is due to the fact
that PLLs have an inherent jitter peaking and because their phase is
smaller than the SAW filters [see eq. (40)]. To obtain the correspond-
ing peak-to-peak values we usually multiply the RMS value with a
peak-to-peak/RMS factor. Typical values for this factor are between
8 and 15.

From the above example it becomes clear that, using our random
model, we can tolerate larger manufacturing variances, because we
can accept retiming circuits exhibiting substantial jitter peaking. For
example, W, (w) (0.4 dB jitter peaking) in Fig. 7 can be accepted if the
expected average jitter transfer function W(w) of the manufactured
SAW filters possess a moderate jitter peaking (i.e., less than 0.1 dB).

3.3 Timing circuits with random phase

In this section we will consider the dependence of the jitter power
spectrum on phase variations. This case is of interest when we want
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Fig. 9—RMS values of systematic and random jitter for repeaters with SAW filters.

to estimate the jitter spectral density for low frequencies.® We shall
assume that

Wiw) = A(w)ef!¢(w)+m(w)i’ (31)

where 7;(w) are random variables with zero mean and independent
and identically distributed (i.i.d.). Let $,(X) be the characteristic
density function of %, i.e.,

P, (X, w) = E{e/n9%} = f: (X, w)e™dy. (32)
Then [see relations (17)] all the needed statistics for W;(w) can be
obtained analytically if @,(X, w) is known, i.e.,
W(w) = E{Wi(0)} = A(w)e”“®,(1, )
Z(w) = E{W}i(0)} = A*(0)e”**“®,(2, w)
D(w) = Ef| Wi(w) |* Wi(w)} = A%(w)e?“,(1, w). (33)

If 9;(w) is assumed to have zero mean and to be uniformly distributed
between —¥(w) and ¥(w), then
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sin ¥(w)X

P, (X, w) = V(@)X

(34)

If n;(w) is assumed to be zero mean and Gaussian distributed with
variance o(w), then

®,(X, w) = e X2, (35)

Using (34), (35), (33), and (10) we can obtain E{T(w)} and Var{T,(w)}.
In Fig. 10 we plot E{T,(w)} for a transversal filter with maximally flat
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Fig. 10—Systematic jitter power density versus phase for identical repeaters, repeat-
ers with uniform phase distribution, and repeaters with Gaussian phase distribution for
(a) N = 100 repeaters and (b) N = 180 repeaters.
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transfer function ({ = «/5/2) as a function of its phase ¢(w) for 100
and 180 regenerators for the cases n; = 0, 5; uniformly distributed with
WV, (w) = 8.1° and %; gaussian distributed with o;(w) = 8.1°/3.

In Fig. 11 we plot E{T;} and its variance for the case of uniform

distribution.

Finally, we would like to note the following approximate relations.

1. Large variance approximation—If the variance of the phase is
large for w = wo, then W(wo) < 1 because ®,(1, wo) is small [see
relations (33) and (34)], and from relation (12) we obtain
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6

Fig. 11—Mean and variance of systematic jitter power density versus phase for
repeaters with uniform phase distribution for (a) N = 100 repeaters and (b) N = 180

repeaters.
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(li)m> E{T(wo)} = E{T,(wo)}. (36)
alg) =
This is expected because the randomness of the phase removes the
coherent accumulation of the systematic jitter for w = wy.

2. Low frequencies and long chain approximation—For large N the
jitter energy is concentrated near w = 0. For this region, we can assume
that A(w) = 1 and approximate relation (12) with

2[1 — WNW — N(1 — W?)
1-w)?
3. High frequencies and long chain—For high frequencies where
A(w) < 1 and large N) we obtain that E{T\} ~ E{T,} = E{| W;|?}.
4. Small-phase variance approximation—If we assume that the

variance o{w) of the phase ¢(w) is small, after some algebra we can
obtain the following relation:

E{T} = Re { w= 0. 37

BT = At o) gl An, (38)
where
Anl@) = 1A(@)|* % .
and
o’ (w) < %

For low frequencies, w = 0, we can assume A(w) = 1 and the term
A, (w) in relation (38) can be approximated with

ne(w) | 2
SlnT
A (w) = T aw) | (39)
n 2

Sl 9

5. Linear phase, low frequencies, small variance approximation—
Let us assume ¢(w) = — aw for w = 0. Then ¢%*(w) = S%w, where S is
the variance of «, and relation (39) becomes

. naw |?
sin ——2
. aw
sin —2‘

An(w) =

For large N and assuming no jitter peaking and small-phase variance
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we can approximate the variance o2 of the systematic jitter at the
output of N regenerators with

2 3

E{o2} = ,(0) [@ N + S (ﬁ) Nz] deg?, (40)
a 3 «

where

®,(0) is the spectral density in deg?/MHz

o is the average phase slope in deg/kHz

S? s the variance of «

N  is the number of regenerators.

Relation (40) shows that for long chains of regenerators exhibiting
no jitter peaking the RMS value of the systematic accumulated jitter
is determined mainly by the dc phase slope of the jitter transfer
function and not by its shape. This is illustrated in Fig. 12, where we
evaluate the RMS value of the systematic accumulated jitter for chain,
consisting of identical regenerators having the jitter transfer func-
tion the W(w) shown in Fig. 7. A curve using numerical integration

is compared versus the curve predicted by the simple formula
o0 = 0.6V N/a (e = 0.63 deg/kHz). For a first-order filter with band-

DEGREES

a = 0.63 DEG/kHz

0 I Y I ) o I v
0 50 100 150 200 250 300

NUMBER OF REGENERATORS

Fig. 12—RMS systematic jitter accumulation using numerical integration and rela-
tion (40).
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width B, we have B = 0.36/«a and the above relation becomes s, =
vBN. This is the widely used relation (69) given in Ref. 1, which is
valid only for first-order filters.

IV. CONCLUSION

We have presented a generalized model for the accumulation of
jitter. This model differs from those used previously in that we do not
assume all the repeaters have the same transfer functions. We have
derived analytical expressions for the variance and the mean of the
accumulated jitter in terms of the repeater’s jitter transfer function
Wiw).

We have also presented some numerical results for PLL and SAW
filters. From our numerical simulations we found that for long chains
the variance of the RMS jitter is about 5 percent. This implies that
we can still reliably estimate RMS jitter by assuming that the jitter
transfer function of all the repeaters is equal to the average jitter
transfer function. Another result obtained from our modeling is that
retiming circuits exhibiting large jitter peaking are acceptable if their
average jitter transfer function does not have jitter peaking.
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APPENDIX A
Stochastic Evaluation of Jitter Parameters

For simplicity the dependence on w is omitted in most of the
following formulas.

A.1 Evaluation of E{T,(w)}
The transfer function T,(w) for the random jitter is given by [see
4)]
To=|Wi |2+ [WiWa |2+ oo + | WL W, -. - Wy|2  (41)
With the assumption that the W, are i.i.d., we obtain the expected
value of T, as
1—- BV

E{T)=B+B*+B*+ ... +B"=B -8’

(42)
where

B = E{| W;|?
and this is the desired relation (11).

A.2 Evaluation of E{T.(w)}

The transfer function T(w) for the systematic jitter is given [see
(5)] by

N 2
Ts= Z W1W2"' Wk . (43)
k=1
The expected value of T, may be written
N N
E{T =E{E WiW, oo W ¥ WIW3 ... Wii}
k=1 m=1
N
= E{kz |W1W2 e Wk|2
=1
N k-1
+2Re ¥ Y |[WiWso o Wo|* Wi Whss - - Wk}-
k=1 m=1
Defining
W=E{Wj, B=E{|W]|%} (44)
and using that W; are i.i.d. we obtain
N N k-1
E{T}= Y B*+2Re Y Y B"Wkn™
k=1 k=1 m=1
1-BY ad vy 1 — (B/W)F?
=BToE TR 2 W W
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or

1- BN - B 1-w¥N 1-BY
E{T} =B T_ B +2Re1—B/W{1—W - 1—3}’ (45)
which is the desired relation (12).
For large w where | W;(w) | < 1 we can obtain from (42) and (45)
that

E{T} = E{T} = B(w). (46)

A.3 Evaluation of Var{T,}

To evaluate the variance of Ti(w), the transfer function of the
random jitter, we need only to find E{T?}, since

Var{T,} = (E{T% — E*T)
and E{T,} has been evaluated in (42):

. N N
E{T? =E{k2 | WyWs - .. Wi|? 21 | WiW, ... Wmlz}. 47)
=1 m=
/
Defining B(w) as in (44) and

C(w) = E{| Wi(w)|*, (48)
we obtain

N
E{TE} =E{E | Wi W, ... Wk|4

k=1

N N-1

+2 3 Y IWiWoWo|* | Wona Wass - - Wklz}

k=1 m=1

N N N-1
=YCt+2y ¥ CrBF™

k=1 k=1 m=1

or

o A1=CY cC [1-B¥ 1-¢~
BTh=C1—¢*21_¢Bl\1-8 1-cj*

and this is relation (13).

A.4 Evaluation of Var{T,(w)}

A direct evaluation of the Var{T,} is possible but the resulting
formula is lengthy. To simplify our analysis we will make an additional
assumption.

Let us define [see (17f)]

N
Q=Y WiW, ... W, =X +jY (50)
k=1
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and
X = E{X}, Y = E{Y}.

Then, if N is large, since W, are independent we can assume that X
and Y are jointly normal. This assumption will permit us to avoid
calculations of fourth-order statistics.

Since X, Y are jointly normal, the following relations are valid (see

Ref. 10, p. 374):
E{X%) = 3E*{X? - 2X*
E{Y*} = 3E}{Y?} — 27"
E{X?Y? = 2E*XY} - 2X°Y? + E{X}E{Y?. (51)
Then
Var{T,} = E{T2 — E*T}}
= E{X* + Y*)*) — E*{T}}
= E{X") + E{Y"} + 2E{X?Y? — E{(T}}
= 3E%X?% + 3E*{Y? — 2X* — 2¥7*
+ 4B XY} — 4X2Y? + 2E{X*E{Y?})
— E*(X?) — E2{Y? — 2E{X3E{Y?
or
Var{T,) = 2{E*X?} + EX{YY + 2E{XY}} — 2(X2 + V%)% (52)

which is relation (15).
To evaluate (52) we need X, Y, E{X?}, E{Y?%, E{XY}. We evaluate

these terms below.
Since @ = X +jY we have

E{Q* = E{X?* — E{Y?* + 2JE(XY)
E{TJ = E{|Q|* = E{X*} + E{Y?}.
Thus
X = Re E{Q)}

Y = Im E{Q}
E{X*} = |E{T|} + Re E{Q}}/2
E{Y?* = (E{T|} - Re E{Q*}}/2
E{XY} = Im E{Q*/2. (53)

Hence, we need evaluate only E{Q)}, E{Q?, since E{T,} has already
been calculated in (45). From (50) and (44) we obtain

JITTER ACCUMULATION IN REPEATERS 69



Eigy=wito

Also, following a similar method with the evaluation of E{T}, we
can find that

1—ZN Z 1-wV 1-2V
EQ) =2 Z+21—Z/W{1—W_1—Z}’ (55)

(54)

where
Z(w) = E{W}(w)}
and this relation completes the evaluation of Vgr{Ts}.

A.5 Evaluation of E{T,T}

A direct evaluation of E{T, T} is possible but the derivation and the
resulted formula are lengthy. To facilitate our analysis, let us assume
that @ = X + jY and T, are jointly normal. Then

E{T.T,} = E{X*T, + Y*T,. (56)
But since X, Y and T, are assumed jointly normal we have
E{X®T,} = 2XE{XT,} — 2X*E\T,} + E{X*|E{T,}
E{Y?T,} = 2YE{YT,} — 2Y*E{T,} + E{Y*}E{T.} (57
and
E{T.T,} — E{TJE{T}}
= 2{XE{XT,} + YE{YT,} — E{T}(X* + Y*}. (58)

All the above terms have been evaluated in (53) except for E{XT.}
and E{YT,}. Since @ = X + jY and T, is real, it is enough to find
E{QT,}. From relations (50) and (4) we obtain

E{QT,) = { 2 Wi ..o Wp/Wy .- Wmlz}

N K N m-1
= 2 E k—m + 2 2 Dk m—k
k=1 m=1 m=2 k=1
or
1 - DV D 1-WwWV¥ 1-DV
EQT) =D 35 +21—DW[ —w 1—0]’ (59)
and then
E{XT,} = Re E{QT,}
E{YT, = Im E{QT.}. (60)
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A.6 Evaluation of Var{c2}

We have defined

o= 1 f S(w)dw. (61)
271' —o0

Hence
Var?{¢?} = E{c}} — E*{¢?}

- L, f [E{Sw)S ()} — E{S(w)}E{S (v)}]dudv

472

=£r—2 j:w f I(u, v)dudv. (62)

To facilitate our calculations we will assume that the random term is
small compared to the systematic term and we shall approximate the
spectrum S(w) as

S(w) = P5(w) Ts(w). (63)
A direct evaluation of Var{sZ} is possible but requires knowledge of
R (u, v) = E{W;(u)W;(v)}
Ra(u, v) = E{W,(u) W} (v)}. (64)

A simpler approach is to evaluate an upper and lower bound for
Var{c2}. We can obtain an upper bound if we assume that S(u) and
S(v) are highly correlated, i.e.,

E{(S(w) — S)(S() — S©)} = Var{S(w)}Var{S()}, (65)

and a lower bound if we assume that S(u) and S(v) are uncorrelated,
ie.,

E{(S() — SW)(Sw) — S)} = Var{Sw)}s(u — v).  (66)
Then

1/2

-]

< Varo?} <%J: Var{S(w)ldw. (67)

1 ‘ f Vir(S (0)}dw
2w _w

Var{S(w)} has already been evaluated in (10b). It is expected that for
long chains (large N) the true value will be closer to the lower bound,
while for short chains (small N), it will be closer to the upper bound.
From our numerical simulations we found the average of the two
bounds to be a good estimator for Var{s2}.
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APPENDIX B
On the Jitter Transfer Function of a Tuned Circuit

In most applications the jitter transfer function of a timing recovery
circuit is approximated with the phase transfer function of the timing
passive bandpass filter. In this appendix we derive in a simple way the
phase transfer function of an arbitrary filter. The limits of the appli-
cability of the derived formula are discussed. Finally, the results are
extended for the case when a prefilter followed by a squarer is used.

B.1 Phase transfer function
In this part the phase transfer function of a narrow passive bandpass
filter is shown to be

H(w — w)e’®“ + H(w + wp)e o
2A(w0)

W(w) = , for |w]| <w, (68)

where H(w) = A(w)e’*“ is the transfer function of the bandpass filter
and wo is the baud rate of the received data. In Fig. 13 we illustrate
the above relation.

Hiw) = Alwle/(w)

~,
\\
\*\ Alw)
| )':\-\,. _____
~= \
/ |
/s \
// | N l
- 1 S~ |
-Wwy 0 wg w
H{w-wg) el Plwo) /
\ 0 H{w+ wg)e-iPlwo) plw)
as
/ 4 \\
—_— / \
g \\
= - -
0l N\ w
S ap——
Wiw)

.

Fig. 13—Construction of the jitter transfer function W(w) from H(w), the transfer
function of the retiming circuit filter.
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Proof:
Let
£(8) = eleore (69)

be the input of the bandpass filter and e(¢) the input jitter. We
decompose e(t) into its low-frequency and high-frequency parts, e, (¢)
and ey (t), respectively. We define e;(¢t) as the component of e(t) with
frequencies much less than the bandwidth of the bandpass filter. Thus

e(t) = er(t) + en(t). (70)
Then if | ey(t) | < 1 we can write f(£) as
f(8) = Mo+ + jey(t) — .- -], (71)

which is a narrowband process centered at w,. Let Hi(w) be the
normalized low-pass equivalent of H(w), where

H(w + wo) eId(w0)

Hy(w) = Alwn) w > —wp. (72)
Then the output of the filter is*
g(t) = f(t)xh(t) = e/ A(wo)e’*“ {hy(t)+e”"}, (73)

where = indicates convolution and h(t), h(t) are the impulse responses
corresponding to H(w) and H(w). The output phase is the phase of
the term Ay (t)*exp(je(t)), plus the static phase shift of e/,

Using that [see (72)]

f hp(t)dt = H,(0) = 1
and because of the definition of e;(t), we can assume e;(t) to be
constant compared with hy (), i.e.,
hi(t)*e/t® =~ H(0)e/® = g/ot®,
We therefore obtain
hu(£)*ei*® & @01 + jer(t)*hu ()]

~ ellethen) by ()

= pile(®)*h(t)] (74)
Thus, since e(t) is real,

g(t) = A(wp)elwot+o(] gile®hyt)

=A (wo)e—[e(t)*lmhz,(t)] ejlwot+¢(wo)+e(t)*RehL(t)l, (75)
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where
A(wo)e e mhi®) j5 an amplitude modulation term. Thus the phase
transfer function is the Fourier transform of w(t) = Ref{h.(t)}, that is,

_ Hy() + Hi(-w)

W(w) 2 (76)
and using (72) we obtain, finally, (68).
To derive (9) we have made two assumptions:
(a) lex(t)] <1 and |eu(t)*h ()| <1 (77)
(b) |eL(t)| = constant. (78)

When W(w) is going to be used to examine the accumulation of jitter
in a chain of repeaters, the validity of (10) and (11) must be questioned
for every repeater in the chain. For the Nth repeater, e, (t) represents
the accumulated jitter appearing in the clock of the (N — 1)-th repeater,
while ey (t) represents the additional jitter generated by the Nth
repeater section, and it is always very small. Thus, assumptions (a)
are valid in general, while assumption (b) is true only if jitter peaking
does not occur. As is known, jitter peaking occurs if max| W(w) | > 1,
and in such a case the accumulated jitter grows exponentially. Thus
relation (68) can be used to evaluate jitter accumulation when we have
no jitter peaking. If jitter peaking is present, then

er(t) = Agcos wpt,
where w), is the peaking frequency, i.e.,
| W(wp) | = max| W(w) |

and (68) can be used only if |e(t) | < 1. This limits the applicability
of the formula to short chains of regenerators. It is our feeling that in
the case of jitter peaking, the linear model in (68) will overestimate
jitter accumulation for long chains, because the nonlinear model will
shift energy from the peaking frequency band to other bands. Prelim-
inary simulations appear to agree with the above statement.

Relation (68) also suggests that

1. Filters with symmetric ripples in their passband are undesirable
because they will always create jitter peaking. This is due to the
normalization factor 24 (w) in (68).

2. Even with a monotonic filter, jitter peaking can occur if the data
frequency, fo, is placed away from the filter’s center frequency f..’
Define the detuning parameter as follows:

Wy — Wc
a =0,

B
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where B is the bandwidth of the low-pass filter H(w). Then jitter
peaking usually occurs if o > 1.

These results are illustrated in Fig. 14, where the phase transfer
function of a second-order Butterworth is plotted for various «.

B.2 Timing circuit with prefilter and squarer

In case a prefilter and a squarer are used we can modify the above
analysis and also take the above circuits into consideration.

With wo denoting the baud rate of the received data, the component
that is going to generate the clock is located at w,/2. Therefore, if e(t)
is the jitter present in the input data, the component of the input
located at wy/2 can be represented as

ft) = ellwotte®)/2, (79)

Notice that e(t) also contains the jitter generated by the repeater.
Let us also define as p(¢) the output of the prefilter when the symbol
1 is transmitted, and let P(w) = B(w)e’*“ be the Fourier Transform

of p(t), 1.e.,
p(t) &L, P(w) = B(w)e@, (80)

Then, using the same assumptions we used in deriving relations (74)
and (75) and defining

[wiw)?

0 | I !
0 0.5 1.0 15 20

FREQUENCY NORMALIZED TO FILTER BANDWIDTH (w/B)

Fig. 14—Jitter transfer function of a second-order Butterworth filter for various
values of the detuning parameter a.
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M eIV o/2)
B(wo/2)

as the low-pass equivalent of P(w), we obtain
g(t) = [f(t)*p()F*h(t)
~ B(wo/2)e ot +2¥ o/ g le®)pLt ¥ py( 1)
~ A(wo)B(wo/2)e w02 ¥ wn/2)+6(wo) o le(®)pr(®) iy (1) (82)
Reasoning as in (76) we obtain

_ Pr(w)Hi() + PI(-0)HE(-w)

Pr(w) = (81)

W(w) 70 (83)
Since P(w) is much wider than H; (w), we can assume that
Pr(w)H(w) = Hp(w), (84)

which implies that the presence of a prefilter will not change signifi-
cantly the jitter transfer function of the repeater. However, the jitter
generated within the repeater may significantly depend on the prefilter
and squarer.
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Nonlocal Input-Output Expansions
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In a recent series of papers by this writer on the existence, determination,
and properties of power-series-like expansions for expressing a nonlinear
system’s outputs in terms of its inputs, the emphasis is primarily on locally
convergent expansions. Here we report on related general results concerning
nonlocal expansions, including in particular material concerning the size of
the region of convergence. One of the results given provides useful necessary
and sufficient conditions under which f has a generalized power-series
expansion, where f is a certain important general type of invertible map (that,
for example, might take one set of complex-valued signals defined on [0, )
into another).

I. INTRODUCTION

In a recent series of papers including Refs. 1 through 3 on the
existence, determination, and properties of power-series-like expan-
sions for expressing a nonlinear system’s outputs in terms of its inputs,
the emphasis is primarily on locally convergent expansions. Here, in
Section II, we report on related general results concerning nonlocal
expansions, including in particular material concerning the size of the
region of convergence.

More specifically, Theorem 1 in Section II gives necessary and
sufficient conditions under which ™! has a generalized power series
expansion (see Section II for the details) when f is an invertible locally
Lipschitz map between certain general subsets of two complex Banach
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spaces. Theorem 2 provides an algorithm for obtaining the expansion
whenever it exists.

In Section 2.4 we use Theorems 1 and 2 to prove results concerning
a system model considered in Ref. 3 and in earlier papers (e.g., Ref.
2). This model is characterized by five operators: a nonlinear operator
N and linear operators, A, B, C, and D. The system input v and
corresponding output w are related by the equations

y = Nx (1)
x=Av + Cy (2)
w = Dv + By, (3)

where x and y, respectively, can be interpreted as the input and output
of the nonlinear portion of the system.* In Ref. 3 it is assumed that y,
x, v, and w are n-vector valued and defined for ¢t = 0, where as usual n
is an arbitrary positive integer; here these quantities are allowed to
belong to a general complex Banach space %, but we shall be interested
mainly in the case where 4 is the space L. of bounded functions
considered in Ref. 3. Theorem 4 in Section 2.4 shows that, in an
interesting and important setting, w can be expressed as a certain
power series in v that converges for Av € V, where V is any open ball
in 4 centered at the origin such that there is an open subset V; of 4
for which (I — CN) (I is the identity operator on %) is a homeomorph-
ism of V, onto V, with (I — CN)™! locally Lipschitz on V in the sense
of Section 2.1. Theorem 4 is actually somewhat more general than is
indicated above, and it together with its relation to earlier work is
discussed in Section 2.4.2. A pertinent example is given in Appendix
B.

Il. HOMOGENEOUS POLYNOMIALS AND EXPANSIONS FOR MAPS
BETWEEN SUBSETS OF COMPLEX BANACH SPACES

2.1 Preliminaries

Throughout the paper, %, and % are Banach spaces such that
there is a linear homeomorphism q of & onto %,. (Thus, %, and %
are taken to be isomorphic. We shall be interested mainly in the case
in which in fact %, = %. ) The same symbols | - || and 4, respectively,
are used to denote the norm and zero element in %, as well as in %.
Unless stated otherwise, %, and % are assumed to be over the field
of complex scalars.

* The equations of a very large class of systems can be written in the form (1) through
(3), with N memoryless. It is not necessary that the equations of the system to be
studied be given at the outset in the form (1) through (3) (see Ref. 3, Appendices I and
II). In Ref. 3, y, x, and w are taken to belong to an extended space L«.. For the purposes
of this paper extended space concepts are not needed.
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A map g from a nonempty open subset U of & or of %, into %, or
%, respectively, is locally Lipschitz on U if for each a € U there are a
positive number ¢, and an open ball 8, C U centered at a such that
lg(u:) — g(u)ll < calles — uz|| for u;, and w, in 8,. We use d™g(a) to
denote the mth-order Fréchet derivative (Ref. 4, pp. 149, 181) of g at
a point a € U, assuming it exists. A sufficient condition for g to be
locally Lipschitz on U is that it be continuously Fréchet differentiable
in U.

For Vyand V any nonempty open subsets of %, and %, respectively,
H(Vy, V) denotes the set of all homeomorphisms h of V, onto V such
that h is locally Lipschitz on V. Our results are concerned with this
class of maps with V assumed to be a c-star about some p € %, by
which is meant that V= {x € 4:x =p + W]}, where W is a subset of
4% with the property that zw € W for w € W and any complex scalar
z with |z| < 1. The concept of a c-star is of importance in studies of
the region of convergence of abstract power series expansions (see
Ref. 5, Theorems 26.5.9 and 26.6.1). In this paper we could have
restricted attention to the case where V is an open ball centered at p,
which clearly is a c-star about p, but this was not done because no
significant simplification results.

Given any positive integer m, by an m-linear map @ from %™ into
B, we mean that Q(hy, - - -, hy) is linear (i.e., additive and homoge-
neous) separately in each h;. Such a map is symmetric if Q(hy, - - -, hy)
is symmetric in the variables hy, - .-, hy. A map M(.) from £ into
%, is called a homogeneous polynomial of degree m if there exists an
m-linear map @ from %™ into %, such that M(h) = Q(h, ---, h) for
all h*. We now come to a definition of central importance in our

results.
For p € & and V C % an open c-star about p, let #(p, V) denote

the set of all maps g from V into %, such that there are homogeneous
polynomials g,(p, -) of degree m (m =1, 2, -..), from 2 into ,,
with the properties that

Y &gn(p, w)
m=1
converges in %, for each (p + w) € V, and

gp+w)=gp)+ Y gulp,w), (p+w)EV. (4)

m=1

*This definition of a homogeneous polynomial M(.) is not the same as,
but is equivalent to, the one given in Ref. 5, that M(zh) = z2"M(h) and M(p + zh) =
S Mj(p, h)z’ for p and h in % and any complex scalar 2, where the M; do not depend
on z. Also, the first definition given above describes the same class of maps M(.) if
“m-linear” is replaced with “symmetric m-linear”.
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The set #(p, V) is of course a set of maps g that admit a generalized
power series expansion in the sense indicated. The expansion (4) for
any g € #(p, V) is unique in the sense that if

&(p + w) =g(p) + Zl hn(p, w), (p+w)eEV (5)
[by which is meant, in particular that the sum in (5) converges] with
each h,,(p, -) a homogeneous polynomial of degree m, then g.(p, ) =
hn(p, -) for all m. This follows from a simple argument due to Graves
(Ref. 6, p. 174). (See also Ref. 1, Section 2.7.)

Finally, we say that g belongs to #x(p, V) if g belongs to £ (p, V)
and for each m there is a continuous symmetric m-linear @, from %™
into %, that depends on p such that g.,.(p, k) = Q..(h, ---, h) for all
h. In particular, then each g,.(p, -) is bounded in the sense that there
is a positive constant p,, such that ||g.(p, h)| < pn||RIl™ for all m and
h, with p fixed, and every g.(p, -) is Fréchet differentiable on %.

2.2 Inverses of maps in H(V,, V) and generalized power series expansions

Our first result, Theorem 1 below, provides a complete characteri-

zation of those f’s in H(V,, V), with V a c-star, for which ™! has a
generalized power series expansion of the type described in the pre-
ceding section.
Theorem 1: Let Vy and V be nonempty open subsets of %, and %,
respectively, with V a c-star about some point p in 4. Let f € H(V,, V).
Then, ' € @(p, V) if and only if f is Fréchet differentiable on V, and
f~' is locally Lipschitz on V. In addition, we have f™* € Pr(p, V)
whenever f~' € P(p, V).

2.2.1 Proof of Theorem 1

We first prove the following lemma.

Lemma 1: Let Vy and V be nonempty open subsets of %, and %,
respectively, with %, and & over the same field, either real or complex.
Let h be an invertible Fréchet continuously differentiable map of V,
onto V, with h™ locally Lipschitz on V. Then d(h™*)(-) (the Fréchet
derivative of h™") exists and is continuous throughout V.

Proof of Lemma 1: With q the homeomorphism mentioned in Section
2.1, define s on V, by s(x) = gh(x) for x € V,. It is not difficult to
verify that s is a continuously Fréchet differentiable invertible map of
Vo C %, onto the open subset* q(V) of %, and that s™! is locally
Lipschitz on q(V). Since the inverses A~ and s~ of h and s, respec-

*The set q(V) is open by the open mapping theorem, or because it is simply the
inverse image of the open set V under the continuous map ¢~
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tively, are related by h™* = s7'q, it follows that the lemma holds in
general if it holds for &4 = %,. We therefore assume throughout the
remainder of the proof that 4 and %, are the same spaces.

Let a € V, be arbitrary, and let cx) and Bu«), respectively, be a
positive constant and an open ball in V centered at h(a) such that
IR () — A~ (u2)ll S el — usll for u and us in Bu). Let S =
{x € B:(x + a) € V). Let 8 denote the open ball in & centered at
the origin, with the same radius as Bja).

Define H,:S — % by H,(x) = h(x + a) - h(a), x € S. The set S is
open in 4. Thus, by the continuity of H,, the inverse image H;'(3) is
open in S and hence in 4. [The fact that H;'(8) is an open subset of
% is used in connection with (6) and (7) below, and at the end of the
proof.]

Let h,:H;'(8) — 8 be given by h.(x) = H,(x), x € H;'(8). By the
invertibility of h, h, is an invertible map of H;'(8) onto 8. Let h;'
denote its inverse, and define g:3 — 4 by

gu) = u - dh(a)h;u + w, u€Ep

for w € B, where dh(a) is the Fréchet derivative of h at a.
By the mean value theorem in Ref. 4, p. 160, and the continuity of
dh(.),
| ha(21) = ha(22) = dh(a)(z — 2o)]]
lz: — 2|

—0 (6)
as max([|z1]l, ||zz]]) — O with 2z, # 2,.* Therefore, with ¢ > 0 such that
oCha) < 1, there is a > 0 for which {z € Z: ||z|| < 6} C H;'(8) and

ha(21) = ha(22) — dh(a)(zy — 2o)]| < (7)
lz1 = 22|l

for z; # 2, |21l < o, and ||z2]| < 6. Since ||z|| < chwlu| for u € 8
and z = h;'u [because then h(a + 2) = u + h(a), which gives z =
h™! (u + h(a)) — h™'(h(a))], we have

lur — ue — dh(a)[hz u; — hztu]| <
lhatu — h'us|l N

for u; # us, |lui|l < p, and |lus|| < p, where p = min(ps/a, 6(chw) ™), ps
is the radius of 3, and « is any number in (1, ).

Now let u; and u, belong to 8, and define x; and x, by x; = h7'u
and x, = h;'u,. Clearly, h(x; + a) = h(a) + u, and h(x; + a) = h(a) +
Uy, which gives ||x; — x2|| < ch|lus — uzll. This, together with (8) and

(8)

* With regard to Ref. 4, p. 160, ho(21) — ha(22) — dh(a)(2: — 22) = [h(a + 21) — dh(a)z1]
— [A(a + 2z2) — dh(a)z,).
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ochia < 1, shows that the map g defined above is a contraction on the
set So = {u € Z: |u|l < p}. Since h;'(f) = 0, it is easy to see that for
all w € # with Jjw| < po and po > 0 sufficiently small, g maps S, into
itself. By the contraction-mapping fixed point theorem, g has a unique
fixed point* in S,, and thus there is a unique solution u € S; of
dh(a)h;'u = w, for each such w.

By the linearity of dh(a), we see that for each w € % there is a
unique x € 4 such that dh(a)x = w, the uniqueness following from
the fact that h, maps an open ball in & centered at ¢ into Sy [recall
that h.(0) = 6, that h, is continuous, and that H;(8) is open in 2]."
This shows that dh(a) is an invertible map of % onto 4. By the
boundedness of dh(a), dh(a)™! is bounded (Ref. 9, p. 119). Since a €
Vo is arbitrary, and dh(-) is assumed to be continuous, it follows (Ref.
4, p. 273) that h™' is continuously Fréchet differentiable on V, which
proves the lemma.*

Returning now to the proof of the theorem, suppose initially that
f1 e @(p, V). Since the series associated with f™! is a (G)-power
series in the sense of Ref. 5, p. 773, this series is (G)-differentiable
(i.e., Gateaux differentiable) in V (Ref. 5, p. 773). By the (G)-differ-
entiability and continuity of f™' (which implies that f~! is analytic), it
follows Ref. 5, Theorem 3.17.1 that f™' is Fréchet differentiable
throughout V. Using the following lemma,* which is proved in Appen-
dix A and which is used also in Section 2.3, d(f~!)(-) is continuous.

Lemma 2: If g is a Fréchet differentiable map of a nonempty open
subset V of 4 into a complex Banach space %, then g is twice Fréchet
differentiable on V.

* This part of the proof is along the lines of proofs of the classical implicit function
theorem (see, for example, Ref. 7, pp. 194-5). Lemma 1 is related to a theorem stated
in Ref. 8, p. 165, but the argument given there does not prove the theorem. (In the
terminology of Ref. 8, it is not shown that the definition of a linearization leads to the
limit given. However, the proof above shows that the theorem in Ref. 8, p. 165 is true
under the additional hypotheses that L, exists and is continuous in a neighborhood of
X = Xo.)

* A modification of an argument given in Ref. 8, p. 165 could also have been used to
obtain the uniqueness.

* With regard to Lemma 1 and the condition in Section 2.1 that there is a linear
homeomorphism g that maps % onto %, we note that, in the absence of that condition,
the existence of dh(-) and dh™'(-) as indicated in the lemma implies (see Proposition 1
in Section 2.3.1) that the condition holds. This shows that there is no loss of generality
in assuming that the condition is met.

¥ This lemma, which is an analog of a standard proposition in the classical theory of
functions of a complex variable, is probably a known result, but we have not encountered
it in the literature. However, for related material concerning Gdteaux variations, see
Ref. 5. The lemma provides additional understanding concerning some results proved
in Ref. 1 and other recent papers. While it does not strengthen these results, it shows
that some hypotheses actually follow from others that were introduced (see, e.g., Ref. 1,
Theorem 2, which is an early result concerning nonlocal expansions).
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Thus f is locally Lipschitz on V, and, by Lemma 1, df(-) exists on
Vo. Using the analyticity of /7!, by Ref. 5, Theorems 3.16.2, 26.3.4 and
26.3.6, one has f ' € Px(p, V).

Now assume that f is (F)-differentiable, and thus continuously
(F)-differentiable, on V, and that f is locally Lipschitz on V.
Using Lemma 1, d(f7*)(-) exists in V. In particular, f* is (G)-differ-
entiable in V, and by Ref. 5, Theorems 3.16.2 and 26.3.5, we have f' €
P(p, V), which completes the proof of the theorem.

2.2.2 Comments

Proposition 1 in Section 2.3.1 and the proof of Theorem 1 show that
under the hypotheses of the theorem, f~! € #(p, V) implies also that
df(a) is a homeomorphism of %, onto % for every a € V,.*

For the extreme case in which both %, and 4 are just the space of
complex numbers with the absolute value norm, the condition that V
is an open c-star about p reduces to the requirement that V is an open
disk in the complex plane centered at p. In that case, by standard
results in the classical theory of functions of a complex variable, f* €
P(p, V) implies that the ordinary derivative (f™')’(z) exists for
z € V. In addition, since f™* is one-to-one on V, it follows from a
known result (Ref. 10, Theorem 16-23) that (f™')’(z) # 0 for z € V,
which shows that /() exists on V,. Similarly, using Ref. 10, Theorem
16-23, it follows from the hypothesis that f’(z) exists for z € V, that
f 1€ P(p, V). Theorem 1 can be viewed as a Banach space relative
of these propositions.

2.3 Construction of the expansion of '

Here we give an algorithm, along the lines of Theorem 2 of Ref. 1,
for expanding f~*.

Theorem 2: Let the hypotheses of Theorem 1 be met, and assume that
fre @(p, V). Then for each | = 1, 2, .., the lth-order Fréchet
derivative d'f(x) exists for x € Vi, and

f{p+h)=Ff"p) + ; gn(p,h), (p+h)EV (9

where

&i(p, h) = (dflf(P))7'h

* And this adds to material in Ref. 1, Section 2.6 concerning the necessity of a certain
invertibility condition.

T In these observations, the hypothesis that f is locally Lipschitz is not needed. On
the other hand, the Lipschitz condition is obviously a consequence of f* € #(p, V).
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(the inverse exists by Proposition 1, below), and
gn(p, h) = =(df[f (P~ Ez ™

'2 dlf[f—l(p)]gkl(P, h)gkz(ps h)' ° 'gk,(P, h):

kytkot- - +k=m
i
m=2* (10)
2.3.1 Proof of Theorem 2

Proof: Since by Theorem 1 and Proposition 1 (which appears below),
f1€ P(p, V) implies that df(a) and [df(a)]™" exist for each a € V),
Lemma 2, the proof of Theorem 2 of Ref. 1, and Theorem 3.16.2 of
Ref. 5, show that Theorem 2 holds.

Proposition 1: If V, and V are nonempty open subsets of %, and %,
respectively, and f is a homeomorphism of V, onto V such that f and
f! are Fréchet differentiable on their respective domains, then df(a)
is a homeomorphism of %, onto % for any a € V.

The proposition is a well-known result (see, for example, Ref.
11, p. 175, Problem 6) provable using the relations f7'[f(x)] = x and
flf Y(y)] =y for x and y in V, and V, respectively, and the chain rule
(see Ref. 11, pp. 171-2) for differentiating a composite function.

2.4 Theorems concerning the system model

In this section attention is focused on the system model described
in Section I. We use I to denote the identity map on 4.

Let A, B, C, and D be linear maps of & into itself, with B and C
bounded. Let N be a map from a subset S of 4 into %, for which
there are nonempty open subsets V, and V of 4 such that V,C S, V
is a c-star about some point p € %, and (I — CN) is a homeomorphism
of Vyonto V, with (I = CN)™! locally Lipschitz on V. (It is not difficult
to give important examples in which these hypotheses on N are met.
This is illustrated in Appendix B.)

Let _# (for “set of inputs”) denote the collection of all v € & such
that Av € V, and assume that there is a vy € 4 for which Av, = p.
We see that for each v € _Z there are unique x, ¥, and w in V;, %, and
%, respectively, such that

x=Av + Cy
w = Dv + By
y = Nx.
*In (10), Xy 4ap+...+5-m denotes a sum over all positive integers ki, - - -, kl that add
to m. k>0
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Let W be the map from _# into % defined by the condition that
W(v) = w when v € _7Z In other words, let W be given by

W(v) = Dv + B(I — CN) Ay, VE Z (11)

Since N differentiable on V, implies (by Lemma 2) that it is
continuously differentiable on V, and thus locally Lipschitz there, by
Theorem 1 and the boundedness of C we have the following:

Theorem 3: Let N be Fréchet differentiable on V. Then (I — CN)™' €
Z F (P, V)

Theorem 3 shows that, under merely the condition indicated, W has

an expansion about v, in terms of homogeneous polynomials that is
valid* for all v € _Z With regard to actually determining the expansion
for W, we have the following.
Theorem 4: Let N be Fréchet differentiable on V,. Then for each | = 2,
3, - - . the Fréchet derivative d' N(-) exists in some open neighborhood
N of the point xo in V, that satisfies xo — CN(xo) = Avo, and for
v € _7 we have

W(v) = BN(x,) + Dv + i BY (v — vo) (12)
m=1

where Yy, Y@, --- are the homogeneous polynomials defined by the
relations’
X = vo) = [I — CdN(x0)]'A(v — o),

Xoml(v = v0) = [ = CAN(x)]"'C Ii @

2 le(xo)X(kl)(U - Uo) e X(k,)(l) - l)o) (13)
Eythgt - Ah=m
kj>0

for m = 2, and

Yim@ —v)) = ¥ (N7 2 d' N (x0) Xy (v — vo)
=1 Eytkot- - -+R=m
k>0

-+« Xy = vo) (14)
form = 1.

2.4.1 Proof of Theorem 4

Proof: Let %* denote the Banach space 4 X % with norm max
(-1, -1 Define G: Vo X 8 — 22 by

* Here the boundedness of B is used to ensure that ¥ m—o Bgn[p, A(v — vo)] converges
to BY m-0 8nlp, A(v — vo), where X 7o gn[p, A(v — vo)] is the series for (I = CN)™ Av.
t The inverse of I — CdN(xo) exists; see Section 2.2.2.
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Gi(py, p2) = p1 — CNp,

Gz(Pl, p2) = Np1 — p.

for (pi1, p2) € Vo X 4. With 8 a nonempty open ball in & centered at
0, let

D = {(p1, p2) € Vo X B:G(py, p2) = (q1, ¢2), (q1, 2) € V X B}

[i.e., let 2 = GV % B)]. We see that & is open in B? (because V
and B are open, and G is continuous and defined on an open subset of
%), and that V X Bis a c-star in % centered at (p, 0). The restriction
F of G to 9 is a differentiable homeomorphism of & onto V X 8.
Using this fact, it is not difficult to show that a proof of Theorem 4
can be obtained by proceeding as in Ref. 2, proof of part (ii) of Theorem
1, but with our Theorem 2 with 4 = %, employed instead of Lemma
1 in Ref. 2.* (It is easy to verify that for F as described above, F™! is
locally Lipschitz.)

2.4.2 Discussion

Under the conditions on N of Theorem 4, N has the representation
N(x) = N(xo) + ¥ (I)'d'N(xo)(x — x0)’ (15)
1=1

in which the series converges (for example) uniformly for x in some
sufficiently small ball in S centered at xo," and of course (15) provides
an important interpretation of the maps d'N(x,) that appear in (13)
and (14).

It is often useful to observe that the operator (I — CN)!in (11) can
naturally be identified with the “feedback part” of the system repre-
sented by (1), (2), and (3) (see Ref. 3, Figs. 1 and 2). Aside from
considerations concerning the differentiability hypothesis on N, and
the existence of a v, as described, Theorem 4 shows that the series
representation given by (12) holds for Av € V, whenever V is an open
c-star about some p such that the equation x — CNx = u of the feedback
portion is, so to speak, uniquely locally-Lipschitz-solvable in some
open subset of S for every u in V. Implicit in this is the assumption
that 4 is a complex Banach space. Since the inputs and outputs of
most nonlinear systems of direct interest are real valued functions,
the main point of Theorem 4 with regard to applications is that an

* See also Ref. 3, Theorem 1, with regard to the expression for the Y.

¥ See Ref. 5, Theorem 3.17.1, and Ref. 11, p. 198. Also, notice that the convergence
to N(x) of the right side of (15) for xo = p and x € V is implicit in Theorem 4, since C
and D can be taken to be the zero map and A and B can be assumed to be the identity
map.
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expansion exists, and can be constructed as specified, when the original
system equations can be “complexified” so that the hypotheses con-
cerning Vi, V, and (I — CN), and of the theorem, are met. It is not
difficult to give specific examples. One example is provided by the
material in Appendix B.

Theorem 4 with N(8) = p = vy = xo = 0 bears directly on the main
result in Ref. 3, which concerns expansions involving iterated inte-
grals, for the case in which 4 is the set L., of bounded complex n-
vector valued functions on the interval [0, ).>* Our theorem shows
that the locally convergent expansions described there converge in
fact for Av € V for any V and V; such that our solvability hypotheses
with p = 0 are met, assuming merely that S = I', where T is the domain
of definition of N in Hypothesis B.2 of Ref. 3.

In this connection, if 4 = L. and N is memoryless in the sense
that (Ns)(t) = q[s(t), t], t = 0 for s € S, with S =T and 5 and T,
respectively, a function and a domain of the kind described in Ref. 3,
Hypothesis B.2, and if, for simplicity, n = 1, then [d'N(xo)Xw,
(L = o) -+ Xup(v ~ o)](t) is just the product MI(¢)[ X, (v — vo)](2)
c o [Xup(v — vo)(2)] for ¢ = 0, where Ml(t) = d'n(z, t)/32'| .-z (se€
Ref. 2, Lemma 3).
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APPENDIX A
Proof of Lemma 2

Proof: Choose a € V and, using the continuity of g, let r and M be
positive numbers such that & C V and ||g(x)|| < M for x € < where
2 ={x € AB:|x — a| <r}. Since g is analytic on & in the sense of
Ref. 5, Definition 3.17.2, there are continuous symmetric m-linear
maps Q.. from %™ into %;, which depend on a, such that

gla) + El (m)7'Qn(k, - -+, k)

converges absolutely to g(a + k) for ||k|| < r (see Ref. 5, Theorems
3.16.2, 26.3.4, 26.3.6, and 26.6.6).
With h € %, consider the formal series

L (nl)y mQnlh, -, by ) (16)

whose terms are bounded linear maps from % to %,. Choose any
B1>1 and let 8 = (8,/r). Using an analog (Ref. 5, Theorem 3.16.3) of
the Cauchy bounds and the m-linearity of @,

1Qn(E, ---, B)I < M(mD)(BIEI)™
for k € 4. Since (see Ref. 16, Proposition 2.2.11)
sup{ll@n(ky, « - -, k)l : kil < 1, - -+, [ Rnll < 1
< m™(m!)7'sup{ll @u(k, ---, B : 1kl <1} (A7)

we have
1Qm(ky, - -+, Bn)ll < m"MB™|kall -« - |lknll (18)
for any ky, - - -, k, in 4. By Sterling’s formula for m!,
m! > (27)Y2m2mme ™. (19)

Thus, by (18) and (19) one has for the mth term in (16),
H(m)™'mQn(h, - -, h, -)|
= sup{|(m)™'mQn(h, - - -, h, B)|| : [ k] <1}
< (2m)7*m'’M(e) ||eBhl .
It easily follows that there is a positive r, < r such that (16) converges

absolutely to a bounded linear map L(a, h) for || h| < r;. Since L(a, h)
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is an (F)-power series in h in the sense of Ref. 5, Theorem 26.64, the
map L(a, -) is analytic and hence Fréchet differentiable (Ref. 5,
Theorem 3.17.1) on {x € &: || x|| < ri}. In particular, L(a, -) is Fréchet
differentiable at 6.

In addition, for ||h|| < ar; and ||6]] < ar; where « € (0, 1/2),

lgla + h + 8) — gla + h) — L(a, h)d|
< 2_32 I(m) [Quh + 6, -+, h +8) — Qu(h, ---, h)

= m@Qu(h, -+, h, 9]
< 2_2 (mH72" || Qnll(ar) ™2 18], (20)

where || Q.| is the left side of (17). Using (18) and (19), it is a simple
matter to verify that for « sufficiently small the extreme right side of
(20) is o([|6]]) as ||6]] — 0. This shows that dg(a + h) = L(a, h) for all
h in some neighborhood of 8, and thus that dg(-) is Fréchet differen-
tiable at the arbitrary point a € V.

APPENDIX B
An Example

Here we give a simple example of a map (I — CN) and associated
sets Vo and V that meet the conditions at the beginning of Section
2.4. The construction of the example involves a contraction-mapping
technique that is well known and often useful. We shall use L. to
denote the set of bounded complex-valued Lebesgue measurable func-
tions defined on [0, «) with the usual sup norm.*

Let S = & = L., and let us take C to be an operator, such as a
convolution operator, with induced norm p. We assume that p > 0. Let
N be defined by (Nx)(¢t) = x(¢)® for t = 0 and x € %, and take F:
B — P to be given by Fx = u + CNx for every x € %, where u is an
element of 4.

We note that for x, in the closed ball 3(r) of radius r in & centered
at 8, dN(xo)h(t) = 3xo(t)?h(t), t = 0, for arbitrary h € %, and therefore
|CdN(xo)|| < 3pr® Thus, F is a contraction mapping on 3(r) for 0 <
r < ro, where ro = (3p) /2. Also, F takes 8(r) into itself if

lull + sup{|CNx| : x € B(r)} < r,

* In other words, here L. is the set L. in Ref. 3 with n = 1. (The definition of L«
ordinarily found in the system-theoretic literature involves instead the essential sup
norm. That our L. in this paper, or in Ref. 3, is complete follows from the Cauchy
criterion for uniform convergence and the standard proposition that pointwise limits of
measurable functions are measurable.)
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which is met when | u|| < q(r), where q(r) = r — pr®. These observations
and the monotonicity of ¢ on (0, ro) motivate the following.

Take V to be the open ball in & of radius q(ro) centered at . Given
any u € V there is an r; € (0, ro) such that |u] < q(r) for all r €
[r1, ro). Hence, by the contraction-mapping theorem, for any such u
and all associated r there is a unique solution x € B(r) of the equation
x — CNx = u. Also, for any open ball 3, in V centered at some point
a, there is an r € (0, ry) such that ||u} < q(r) for u € 8,, and it easily
follows that the solutions x; and x; corresponding to any u,; and u, in
Ba satisfy ||x; — x2]] < (1 — 3pr®) ™ | us — ue|.

Thus, with V, the intersection of the open ball B(ro) of radius ro
centered at § with the inverse image of V under (I — CN), we see that
Vb is open and that (I — CN) is a homeomorphism of V; onto the open
c-star V about the point 6, with (I — CN)™! locally Lipschitz on V.*
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* A similar example can be given that addresses the more general case in which
(Nx)(t) = n[x(t)], t = 0 (x € 4 ) with 5 an entire function such that »(0) = 0.
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High-speed (= 4.8 kb/s) echo-cancellation-based full-duplex direct distance
dialing modems usually have to deal with two echos: the near echo, which is
generated at the modem location, and the far, or talker, echo, which has been
looped back to the modem after passing through a carrier system. The near
echo propagates through a channel that is essentially linear, and thus it can,
at least in theory, be perfectly canceled by an echo canceler. On the other
hand, the far-echo channel is generally plagued by impairments that can
seriously degrade the performance of an echo canceler. In this paper we study
the effects of these channel impairments on the performance of an in-band
data-driven echo canceler. This echo canceler has been found to be particularly
well suited for full-duplex voice-grade data transmission applications. Both
analytical and real-time experimental results are presented. It is shown that
frequency offset, even in small amounts, is by far the most damaging of the
channel impairments that are commonly encountered in carrier systems. The
degradation of performance due to phase jitter can be significant. However,
this can only happen under simultaneous worst-case conditions of phase jitter
and signal power levels, and these cases might not be statistically significant.
Worst-case nonlinearities in the echo channel do not degrade substantially
the performance of the echo canceler.

I. INTRODUCTION AND SUMMARY

In this paper we study the effects of channel impairments on the
performance of a data-driven in-band echo canceler. This echo can-

* AT&T Information Systems, Inc.
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celer is intended to be used in two-wire, high-speed (= 4.8 kb/s), full-
duplex, voice-grade data transmission. Details about this application
for 4800 b/s Direct Distance Dialing (DDD) operation are given in
Ref. 1. Performance degradations due to finite precision effects in the
digital implementation of the echo canceler are studied in a companion
paper.’

The use of echo cancellation in two-wire, full-duplex data transmis-
sion will be described with reference to Fig. 1.>¢ Figure 1la shows a
simplified version of a typical connection over the switched network.
Echoes arise because of impedance mismatches in the hybrid couplers
that make the connections between two-wire and four-wire transmis-
sion facilities. Consequently, some energy leaks directly through the
first hybrid encountered by the transmitted signal. This signal is called
the near echo. Similarly, some energy leaks through the hybrid at the
other end of the four-wire circuit and is looped back to the modem
through the carrier system. This signal is called the talker or far echo.
These two echoes are added to the signal transmitted by the far-end
modem, and they appear as interference at the receiver’s input.

The echo canceler in Fig. 1b synthesizes a replica of the channel
traversed by the echoes. It can take its input from various points of
the transmitter. For example, a voice-type canceler takes its input
from the output of the transmitter, whereas a data-driven canceler
gets its input directly from the data symbols at the input of the
transmitter. Under ideal conditions, if the canceler and the echo
channel have the same inputs, they should also have the same outputs,

N
l/
FOUR-WIRE
CARRIER CIRCUIT
TWO-WIRE % TWO-WIRE
Loor : N Loop
(a)
DATA [ ]
I | TR | l NEAR ECHO
ECHO
CANG HYBRID

REC

Ob---
C

/*\- I FAR ECHO
(b)

Fig. 1—(a) Typical dialed connection. (b) Use of data-driven echo canceler at station
location.

92 TECHNICAL JOURNAL, JANUARY 1985



and the signal, after subtraction at point A, should consist only of the
wanted far-end data signal. These ideal conditions exist, to some
extent, for the near-end echo because the hybrid introduces mainly
linear distortion (for which the canceler can compensate perfectly if
its memory span and the digital precision are large enough). However,
this is not true for the far echo that has propagated through a channel
that is generally time varying and nonlinear. The updating algorithms
and structure used in the basic canceler can only compensate partially,
if at all, for these impairments, and some residual echo will appear at
point A in Fig. 1b. Some of the effects of these channel impairments
for voice-type cancelers are studied in Refs. 7 through 11.

Because the near echo and the far echo have different characteris-
tics, we will find it convenient to break the canceler into two parts, a
near canceler and a far canceler. The requirements for these two
cancelers are quite different. Due to the delay characteristics of the
far-echo channel, the far canceler requires a larger memory span than
the near canceler. However, under worst-case conditions of hybrid
leakage and signal levels, the near canceler has to provide a much
larger echo attenuation than the far canceler. In both cases these
attenuations generally have to be achieved under “double-talking”*
(full-duplex transmission) conditions and, in the case of the far can-
celer, in the presence of time-varying and nonlinear echo-channel
impairments.

Our purpose in this paper is to study the performance degradation
of the far canceler in the presence of the impairments that are most
commonly encountered in carrier systems. The echo canceler used in
the study is the so-called data-driven, Nyquist, in-band canceler. Its
structure is derived in the next section. The experimental and analyt-
ical work presented here consisted of studying the signals at point A,
in Fig. 1b, when different types of impairments were inserted in the
far-echo channel. In the experimental setup, the echo channel was
simulated by using the appropriate laboratory equipment, and real-
time performance measurements were achieved by using an echo
canceler implemented on an in-house developed digital signal proces-
sor. We now summarize our findings. Frequency offset, even in small
amounts (a fraction of a hertz), is found to be the most damaging of
all the impairments. Possible corrective actions are studied in a
forthcoming paper. The performance of the canceler can also be
significantly degraded by phase jitter. However, in practice, this can

* The signal at point A in Fig. 1b is used to adapt the echo canceler’s tap coefficients.
In steady-state operation this signal will consist mostly of the far signal, which will thus
act as a strong noise component in the adaptation algorithm.!® An arrangement proposed
recently allows, in principle, the elimination of the double-talker from the adaptation
algorithm.'?
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only happen under certain simultaneous worst-case (round-trip) con-
ditions of jitter and signal power levels, and these cases might not be
statistically significant. Worst-case nonlinearities did not degrade
substantially the performance of the canceler.

The paper is organized as follows. The structure of the echo canceler
used in this study is derived in the next section. Its convergence
properties in the presence of a double-talker are analyzed in Section
III. The effects of phase jitter and frequency offset are studied in
Sections IV and V, respectively. Finally, in Section VI we present real-
time performance results obtained with an echo canceler implemented
on a bit-slice processor.

II. IN-BAND ECHO CANCELER STRUCTURE

The echo canceler structure derived in this section is of the Nyquist
or interpolating type. That is, it cancels the echo at all frequencies. It
is also called an in-band canceler because it synthesizes passband
filters rather than equivalent baseband filters. This canceler is partic-
ularly attractive because it is less complex to implement than either
the voice-type canceler or the Nyquist data-driven canceler described
in Ref. 6.

A two-dimensional (in-phase and quadrature) modulated signal is
generally represented by the expression

s(t) = Re {2 Ang(t = nT)ej“’°‘}, (1)

where A, = a, + jb, is the discrete-valued multilevel complex symbol
to be transmitted, g(t) is a Nyquist pulse, 1/T is the symbol rate, and
w./2w is the carrier frequency. In the usual case where the highest
frequency component in g(t) is smaller than the carrier frequency, the
complex signal in brackets in (1) is an analytic signal Z(t), where

Z(@t) = s(t) +j5(t) = X Ang(t — nT)e™, (2)

and where $(t) is the Hilbert transform of s(t). Equation (2) can be
rewritten as

Z(t) = E Anej“"nTg(t _ nT)ejwc(t—-nT) 3)
Z(t) = ¥ ALR(t — nT), )
where
A,’; = A"ej“’c"T (5)
R(t) = g(t)ej“’ft. (6)
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When the signal s(t) is transmitted through a channel with impulse
response h(t), the analytic signal corresponding to the output signal
is

Zy(t) = Z(@)*h(t) = X AiRi(¢ — nT), (7

where * denotes convolution and
Ry(t) = R(t)*h(t), (8

and where Z,(t) and R,(t) are analytic signals. The signal at the output
of the channel is the real part of Z,(¢t), i.e.,

s1(8) = X [aini(t — nT) — bifi(t — nT)], C)

where Rl(t) = rl(t) +]F1(t)

Thus, the echo s,(t) is obtained by feeding the symbols a;, and b,, to
in-phase and quadrature bandpass filters with impulse responses r,(t)
and F(t), respectively. This suggests the following structure for a
digitally implemented data-driven echo canceler. We can feed the
rotated symbols a;, and b;, to two transversal filters with variable tap
coefficients and tap delay spacings of T"’. The signal s;(¢) in (9) is
sampled at a rate 1/7", which will be assumed to be at least twice the
highest frequency of s,(t), so that the wanted far signal, which is added
to s1(¢) in full-duplex operation, can be reconstructed after cancella-
tion. A standard Mean-Squared Error (MSE) criterion can then be
used to adapt the tap coefficients. Ideally, after adaptation, the tap
coefficients of the two transversal filters converge to the sampled
values of r,(t) and 7 (¢) in (9). The echo canceler structure is shown
in Fig. 2. Notice from (4), (5), and (6) that the same structure can be
used to implement the transmitter, in which case the tap coefficients
are fixed.™

Referring again to Fig. 2, the transmitter generates the symbols a,
and b} at the symbol rate 1/T, which is always smaller than the
sampling rate 1/T". Therefore the canceler’s delay lines in Fig. 2 will
only be sparsely filled. In fact, they will contain L — 1 zeros for each

e/ enT an = 0 0 - 0 7 an_y

v 71
T I 1 T
T 1T

o—n X%

= N C_N+1 C_.N+2
o—z dn d_N+1 d_n+2

bp
71 1 T

'
by — 0 — o Obn-l

Fig. 2—In-band data-driven echo canceler structure.
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o™ \
; SUBCANCELER fc_q.d_1) >§ L

SUBCANCELER (c_g1.d__4) /

(a)

Fig. 3—(a) Modified canceler structure. (b) Subcanceler structure.

nonzero symbol, where L = T/T’ is the number of sampling periods
per symbol interval.* A direct implementation of this canceler struc-
ture would waste computation power since multiplication by zero need
not be performed. A more efficient, but equivalent, structure can be
derived by observing that a different subset of coefficients is used for
the computation of the output when the symbols move down the delay
line in Fig. 2. There are L such subsets that are each used once per
symbol interval. All the subsets of coefficients are correlated with the
same input vectors (a;, a;-1, - --) and (b}, b;—1, - --) in a given symbol
period. Therefore the canceler can be considered as a parallel combi-
nation of L “subcancelers” having all the same delay line but different
sets of coefficients, as shown in Fig. 3a. One of the subcancelers is
shown in Fig. 3b. The taps of the transversal filters are now spaced at
T rather than T’, and none of the entries in the delay lines are zero.
The ith subcanceler consists of the tap vectors ¢; and d; whose elements

* Theoretically many other interpolation schemes can be envisioned. However, the
scheme described here leads to the simplest possible practical implementation of the
echo canceler.
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are c_y+i+kr and d_py4ivnn, respectively, where i = 0 ... L — 1, The
outputs of the canceler are generated at the sampling rate 1/T’ by
computing, in a cyclic fashion, the outputs of the L subcancelers shown
in Fig. 3a. This model applies also to the echo channel and we can
consider that it consists of a parallel combination of L subchannels.
Convergence of the whole canceler can then be achieved by having
each subcanceler converge to the corresponding subchannel. The al-
gorithms used during adaptation are described in the next section.

Il. CONVERGENCE PROPERTIES IN THE PRESENCE OF A DOUBLE-
TALKER

In order to adapt the tap coefficients of the canceler, we will
separately minimize the MSE between the outputs of each subcanceler
and the corresponding echo subchannel. That is, each subcanceler’s
output is computed once per symbol interval, an error is derived, and
a stochastic-gradient algorithm is used to update the tap coefficients.
Nyquist cancellation is obtained by cyclicly repeating these operations
at the sampling rate 1/T for all the subcancelers. We analyze this
adaptation scheme by assuming that the subcancelers adapt independ-
ently. This assumption was found to be in excellent agreement with
our experimental results. For simplicity of notation, we will also
assume that the inputs of the echo canceler are the original symbols
a, and b, rather than the rotated symbols a, and b). We now define
the following quantities, at the nth symbol instant:

al = [an, Gn-y, Gns, - - -] = in-phase data vector.
b} = [by, ba-1, bu-s, - - -] = quadrature data vector.
e = [CoNtiy CoN+itL, CoN+i+2Ls =]

= vector of in-phase tap coefficients of ith subcanceler.
d/ = [d-n+iy d-NtivL, A-Ntivor, - -]

= vector of quadrature tap coefficients of ith subcanceler.
ri = [nGT"), (T + iT’), n2T + iT’), ---]

= vector of in-phase samples of ith echo subchannel.
r% = [r(T"), ro(T + iT’), ro(2T + iT’), -]

= vector of quadrature samples of ith echo subchannel.

The superscript 7 designates transposed vectors where all these
vectors are assumed to be infinite. For finite-length cancelers shorter
than the echo-channel impulse response, we simply insert zeros on the
right in the definitions of ¢/ and d7. The outputs, s.(nT + iT’) and
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s.(nT + iT’), of the ith subchannel and the ith subcanceler at time
nT + 1T’ are

se(nT + iT’) = alry + blry + &, (10)
se(nT +iT') = aZ‘ci + b,q:di, (11)

where £,; is an additive interference signal that is uncorrelated with
the signal to be canceled. This interference will generally consist of
the desired (far-end) data signal and some additive noise. The error
en; between the outputs of the ith subchannel and the ith subcanceler
is

eni = s(nT + iT") — s.(nT + iT"’), 1=0,1,---,L—1, (12)
and we want to minimize the MSE
E; = ((en)?) = ([s.(nT + iT") — s.(nT + iT")]?)
= ([an(ry — €) + bi(ry — di) + £,]°), (13)

where (.) denotes the expectation of the quantity inside the brackets.
Note that E; cannot be smaller than the irreducible noise (£3;).

The Minimum MSE (MMSE) is achieved when the N; complex tap
coefficients of the ith subcanceler are equal to the corresponding
subchannel complex sampled values. The MMSE is given by

min E; = A Y [r}kT + iT’) + r3(kT + iT’)] + (£?), (14)

k>N
where the data-symbol power is given by A = (a?) = (b?).

This MMSE is obviously not the same for all the subcancelers. The
adjustment algorithms for the updating of the subcanceler tap coeffi-

cients are obtained by taking the gradient of the MSE in (13) with
respect to the tap vectors ¢; and d;

dE;

P —2(asen;) =r;—¢; (15)
OE; _ _

a_(L_ 2<bnen’,) =ry — d;. (16)

As is usual in practice, the gradients, with respect to the squared error
rather than the MSE, are used for the adjustment of the tap coeffi-
cients. The corresponding stochastic tap adjustment algorithms are
then

cn+1,i = cn,i + aanen,i (17)
dn+1,i = dn,i + abnen,i, (18)

where « is the step size of the adjustments and i =0, 1, ---, L — 1.

98 TECHNICAL JOURNAL, JANUARY 1985



Inspection of (11), (17), and (18) shows that each subcanceler requires
a total of about 4N multiplications and additions for the filtering and
updating operations. Therefore the implementation of the whole can-
celer requires 4LN multiplications and additions per symbol period.
An analysis similar to those given in Refs. 4, 6, and 14 can be used to
study the convergence properties of the MSE as a function of time.
As is usually the case, the analysis assumes that the data vectors a,
and b, in the subcancelers are uncorrelated between successive tap
adjustments. Under these conditions it is shown in Appendix A that
the MSE decreases as

(eﬁ,,') = (1 - 20A + 2a2N,-A2)"(e3,i)

1—(1— 224 + 2a°N;A%)"
1—(1— 2aA + 2a2N;A?%)

20A(ER), (19

where N; is the number of complex taps in the ith subcanceler.

In the derivation of (19) it was assumed that the first term on the
right in (14) was zero. That is, it was assumed that the canceler was
long enough to cover the memory span of the echo channel, and that
no degradation was introduced by the finite precision in the digital
implementation. Effects of finite precision are studied in detail in
Ref. 2.

For the expression in (19) to converge, we require

|1 — 20A + 2°N;A%| < 1 (20)
so that the step size « has to satisfy

O<a< (21)

NA~

The step size that provides the fastest speed of convergence to the
corresponding steady-state MSE is obtained by setting the derivative
of the expression in (20) to zero, i.e.,

1
ot = INA

or one-half the maximum step size. From (19) it is clear that the ith
subcanceler’s steady-state MSE for a given step size is given by

(22)

(£})
2, = -
€xi) 1—aNA' (23)
and the overall steady-state MSE averaged over a symbol period is
1Al )
2 _ 1
(=) = L 2 7= aNA" (24)
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If we assume that all the subcancelers have the same number N of
complex taps and if we define

1 L-1
=7 L (& (25)
i=0
as the average power of the interfering signal in a symbol period, we
can rewrite (24) in the form
(&%)
1—aNA'

The signal-to-noise ratio (s/n) achievable in front of the receiver
can be derived from (26). The uncorrelated term (£?) consists of the
noise in the channel with power P, and the far signal with power Ps.
The residual MSE E is the sum of Ps and some interfering “noise”, I,
defined by

E=(ei) = (26)

_ _ aNAPs + P,
I=E-Ps=—""1 @
The steady-state received signal-to-noise ratio is then
1 — alV.
s/n =L alNVA (28)

T~ aNA + PP,

Notice from (22) and (28) that the maximum achievable s/n is 0 dB
when the optimum step size for speed of convergence is used, and the
channel noise is assumed to be zero (P, = 0). Although the noise in
(22) through (28) is not Gaussian, this expression has proved to be
very useful for predicting the echo canceler’s performance for various
design parameters. Notice that, in the absence of channel impairments
other than noise, the s/n is not a function of the relative powers of
the echo and the far signal before cancellation. This result, of course,
is not valid in a finite precision environment.

IV. EFFECT OF PHASE JITTER AND DOUBLE-TALKING

The distant echo, which has propagated through carrier systems, is
likely to exhibit phase jitter. A Quadrature Amplitude Modulation
(QAM) signal with phase jitter is usually defined as the real part of

Zo(t) = ¥ AuGi(t — nT)e/ e+, (29)

where ®(t) is the phase jitter.

This complex signal is generally not an analytic signal; however, for
small enough ®(¢), it is a very good approximation to an analytic
signal. If we assume | ®(t) | < 1, we can write

Zo(t) = Z:(t)e’* = Zi(t)-[1 + j2 ()], (30)
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where Z,(t) is the analytic signal of the jitter-free, but possibly other-
wise distorted, QAM signal. Taking the real part of (33), we get

so(t) = s1(t) — 31(¢t)- B(t). (31)

It can be easily shown that s,(t) and §,(¢) are uncorrelated. Therefore
the signal §,(¢)- ®(¢t) can be considered as uncorrelated noise that is
added to the jitter-free QAM signal s;(¢). The phase jitter &(t) is
usually slowly time varying compared to the symbol rate, so that we
can assume that it remains constant in a given symbol period, i.e.,

&(nT + iT') = &, = constant for given nand i =0, i, (L — 1).

Sampling the output signal (34) at time nT + {T’, squaring, and taking
the average, we get

(s3(nT + iT")) = (si(nT + iT’)) + (33(nT + iT’))-(®Z). (32)

If we define the average powers in a symbol period

1Lt .
P, A I ¥ (s3(nT + iT")) (33)
=0
1 L-1 1 L-1
P, A=Y (si(nT +iT')) == (83nT + iT")), (34)
L =0 L =0
we can rewrite (36) as
Py = Pi(1 + (®2)). (35)

Thus the power, Py, of the far echo is generally time varying due to
the term (®3). However, it can be shown that the power, Pi, of the
jitter-free echo is a constant provided that L = 2. The expression, (26),
for the residual MSE after convergence of the canceler is repeated
here as

)

E_<e°°)_1—aNA’ (36)
where (£?) is the average power in the uncorrelated interference signal.
One of the components of (£?) is the quantity P;-(®2), which is due
to the phase jitter, and another component is the desired information-
bearing signal received from the other modem. The average power of
this later signal, defined as in (33), will be denoted by P;. There is, of
course, the ever-present additive Gaussian noise, and there are some
other uncorrelated components that will generally depend on the
specific architecture of the system. The average power of all these
signals will be denoted by P,. Equation (36) can now be written as

P, + P,-(®2) + P,
1 — aNA )

E = (37)
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This is the input power seen by the receiver after echo cancellation
has taken place. The useful power for the receiver is P, and the rest
of the power is interfering “noise”, I, defined by

aNAP, + P;-(®2) + P,

I=E-F= 1- aNA 38)
The steady-state received s/n in a given symbol period is then
P, 1 - aNA
S/n = T = GNA + (B/P)(3%) + PuB,’ 39

Notice that the s/n is now a function of the echo-to-signal ratio
before cancellation. The phase jitter, ®(¢), is usually modeled as a
slowly varying sine wave. As a consequence, the expression for the
s/n is also time varying, and in order to compute the worst-case s/n,
we have to use the largest value of ($2) in (39). Assume that &(t) is a
simple sine wave

®(t) = C cos 27fot. (40)
If B is the peak-to-peak phase jitter in degrees, then the maximum
value of ($2) is
™

2
max ($2) = C* = (%B) ; (41)

This expression does not depend on frequency and can be used even
if the jitter cannot be modeled as a sine wave. However, if we want to
check experimental results against analytical results, we have to use
the time average of ($2), since laboratory equipment will generally
average power measurements over long periods of time. In this case

the quantity
c: i« ?
2y 2 (1
(@3) = 5 2<SGOB> (42)

should be used in (39).

V. EFFECT OF FREQUENCY OFFSET

The analytic signal of a QAM signal affected by frequency offset
can be represented by

Zo(t) = 3 AaGi(t — nT)e/tret), (43)

where w; is the radian frequency offset. Frequency offset can be
considered as a special case of phase-jitter if we replace ®(t) in (29)
by w,t. However, the expansion (30) does not hold anymore, even for
a very small ;. In order to study the effect of frequency offset on the
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in-band canceler we can use the analysis given in Section III and
rewrite (43) in the following way:

Zo(t) = X AiRu(t — nT), (44)

where, if we assume . T = k2,
Al = AT (45)

and R;(¢) consists of in-phase and quadrature bandpass filters. The
sampled output of the ith subchannel is, from (12),

se(nT + iT') = alTry; + b ry, (46)

where we assume, for the time being, that £,; = 0.
If we define

A, =a, +jb, and Ry = ry + jry, 47)
we can rewrite (46) in the two following ways:
25.(nT + iT’) = (e™*AL).R¥; + RI-(e"2AL)*
= AT (€7Ru)* + (7™°RT)-AL,  (48)

where we have defined w;T = A, and * denotes the complex conjugate.

The two expressions in (48) lead to two different interpretations of
the effect of frequency offset on a QAM signal. First we can consider
that the symbol vectors A, are rotated by small increments A at the
input of a time-invariant channel. Alternatively we can assume that
the vectors A, are the channel’s inputs and that the sampled channel’s
impulse responses R,; are rotated by increments—A. The canceler’s
performance in the presence of frequency offset is studied in Appendix
B, where we have assumed that the nonrotated symbols A, are the
inputs of both the canceler and the channel, and that the algorithms
given in Section III are used for updating the tap coefficients. Under
these conditions it is shown that the mean steady-state tap coefficients
satisfy

ade’®

1—(1~-ad)e?’
The quantity on the right is equal to the ith subchannel’s complex
impulse response at time (nT + iT’) multiplied by a constant complex
number. Therefore, the canceler’s complex taps rotate and track the
channel’s complex impulse response with a fixed phase lag and a
different amplitude. It is interesting to note that the mean-tap values
go to zero when the step size « goes to zero. This most peculiar
behavior was also observed experimentally. The ith subcanceler’s
steady-state MSE after cancellation is derived in Appendix B. It is
given by

(Cni) = Rye™ (49)
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1—caA AA®
1 — aNA ?A? + (1 — aA)A?

where (e2,(A = 0)) is the MSE in the absence of frequency offset.
The MSE for the whole canceler is obtained by averaging (50) over
all the subcancelers. The resulting quantity is not very useful, because
it is dependent on the channel characteristics. This is not the case for
the Echo-Return-Loss Enhancement (ERLE), which is also studied in
Appendix B. The ERLE is defined as the ratio between the power of
the uncanceled echo and the power of the residual echo. It is given by

(er:) = (er (A =0)) + RIRY, (50)

1—-o0A A?
ERLE = 10 log (1 —aNA PAT+ (1= aA)AZ)' (61)
This expression is the same for all the subcancelers, and therefore it
gives also the ERLE for the whole canceler. In the derivation of (51)
it was assumed that there was no interfering, uncorrelated signal at
the output of the channel.

V1. EXPERIMENTAL RESULTS

Experimental results were obtained by using an in-band data-driven
echo canceler implemented on a bit-slice processor. Figure 4 shows

30

25+

20+

s/n IN DECIBELS
o
T

® COMPUTED
X MEASURED
& NONLINEARITIES

N =32

] 1 1 1 1
-6 2-8 2-10 2-12 2-14 2-16 2-18
STEP SIZE

Fig. 4—The s/n in the presence of noise or nonlinearities.
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performance curves giving the achievable s/n as a function of the step
size for various types of channel impairments. A simulated far signal
was added to the echo before cancellation, and the s/n was measured
after cancellation (point A in Fig. 1b). The echo and the far signal had
the same power before cancellation. The straight curve corresponds to
the case where no impairments, other than linear distortion, were
present in the echo channel. Notice that the achievable s/n, under
these ideal conditions, increases by 3 dB when the step size decreases
by a factor of two. One of the two curves that flatten out was obtained
by adding noise to the echo and the far signal. In this case the noise
power was 24 dB below the echo power. As one might expect, this
curve goes asymptotically to an s/n of 24 dB when the step size
becomes small. In both the preceding cases the theoretical curves were
computed by using (28). The third curve was obtained by introducing
nonlinearities in the echo channel. The amount of nonlinearities used
in this experiment corresponded to the worst case reported in the
1969-70 DDD connection survey.'®

Figure 5 shows similar results when phase jitter was introduced in
the echo channel. The theoretical curves were obtained by using (39)
and (42). The frequency of the phase jitter used in the experiments
was 120 Hz, and the far signal and far echo had again the same power.
If the far echo’s power were X dB below the power of the far signal,
then the flat portion of the curves would move up by X dB, as seen

25 ~

-
o
1

s/n IN DECIBELS
=
T

@ COMPUTED
X MEASURED

N =32

| | l
2-6 2-8 2-10 2-12 2-14 2-16
STEP SIZE

Fig. 5—The s/n degradation due to phase jitter.
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from (39). A word of caution is in order here about the usage of all the
results discussed so far for predicting receiver performance. The noise
in the s/n is not Gaussian, and, thus, standard probability of error
formulas assuming Gaussian noise should not be used in a naive way.
However, we found that the preceding results were very good indicators
for predicting relative receiver performance for various design param-
eters and channel impairments. One has also to consider that the
residual echo is amplitude modulated by the phase jitter when this
impairment is present in the echo channel, as seen from (31) and Fig.
6. The probability of error, in this case will be mostly influenced by
the maxima of the residual echo, rather than by its average power.
Figures 7 and 8 show experimental results obtained when frequency
offset was present in the echo channel. The Echo-Return-Loss En-
hancement (ERLE) shown in Fig. 7 is defined as the ratio between
the echo power before cancellation and the power of the residual echo
after cancellation. No double-talker was present in these experiments.

(b)

Fig. 6—Residual mean-squared error (a) without phase jitter and (b) in the presence
of phase jitter.
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Fig. 7—ERLE degradation due to frequency offset.
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Fig. 8—Evolution of the ERLE in the presence of frequency offset and with frozen
taps.

The theoretical curves were computed by using (51). The agreement
between the experimental and analytical results is seen to be excellent.
Notice the intuitively satisfying result that the tracking capability of
the echo canceler improves with large step sizes. Figure 7 was obtained
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by conducting the following experiment. The echo canceler was first
converged when no frequency offset was present in the echo channel.
The canceler’s taps were then frozen and a frequency offset of 2 Hz
was introduced in the channel. Notice the periodic evolution of the
ERLE. As was mentioned in the preceding section, the effect of
frequency offset can be modeled by a periodic rotation of the sampled
values of the in-phase and quadrature impulse responses of the echo
channel. Thus, the ERLE will pass through a minimum when these
sampled values are in phase with the complex tap coefficients of the
echo canceler. It will pass through a maximum when the sampled
impulse responses and the complex tap coefficients are out of phase
by 180 degrees.

We conclude this section with some brief comments on the impli-
cations of the preceding results on the practical implementation of
high-speed, full-duplex DDD modems. The effects of noise, nonlinear-
ities, and phase jitter are very similar, as seen in Figs. 4, 5, and 7. In
each case a comfortable s/n can be achieved by using a small enough
step size in the tap adjustment algorithm. This is certainly true for
the 4800 b/s modem described in Ref. 1 that requires an s/n of about
14 dB in order to achieve a bit-error rate of 107°. It is usually assumed
that the far echo is always at least 10 dB below the far signal. Thus,
under these worst-case conditions, the flat portions of the curves in
Fig. 5 would all move up by 10 dB. In this case, even a 25-degree peak-
to-peak phase jitter in the far echo would not deteriorate significantly
the canceler’s performance, provided that the step size is chosen small
enough. On the other hand, a small step size will limit the echo
canceler’s capability of tracking frequency offset in the far echo, as
shown in Fig. 7. A frequency offset as small as 0.01 Hz can seriously
degrade the echo canceler’s performance. It is generally accepted that
the United States’ domestic network does not introduce frequency
offset in the far echo. However, this is not necessarily true in other
countries. Frequency offset compensation techniques are known, but
they are quite expensive to implement.*"!
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APPENDIX A
Convergence of the MSE

For notational convenience we will delete the index i in the equations

but it will be understood that the analysis applies to a subcanceler and
not the whole canceler. The updating algorithms are, from (19) and

(20),

Cn+1 = Cp + aage, (52)
d,+1 = d, + ab,e,. (53)
If we define the complex tap weights and data symbols
C.4c,+jd, (54)
A, & a, + jb,, (55)

we can rewrite (52) and (53) in the compact form

Coni=C, + aAge,. (56)

Subtracting both sides of (56) from the complex vector

R= r +jr2, (57)

we get the impulse-response error signal

€+l — € — aAnen + Fn, (58)

where we have defined the canceler tap errors as

2R —-C,=[r —c, +jr: —d,)]. (59)
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In (58) we have also included a complex vector F,, which will be
needed in Appendix B, to account for frequency offset. In this Appen-
dix this quantity is taken to be zero.

The canceler error at the nth iteration is, from (13),

e.=(rf —cha, + 7 —dD)b, + &, (60)

- %(em + ATe) + £, (61)

where the asterisk * denotes the complex conjugate. The MSE at the
nth iteration becomes

(e2) = 7 ((TAT + ATe)?) + (D). 62)

The tap error vectors ¢, depend only on the vectors A,—; as shown
in (58). If we assume that consecutive data vectors A,—; and A, are
uncorrelated, and that the a/s are uncorrelated with the b)s, we can
rewrite (62) as

(e2) = Aeler) + (&2), (63)
where A = (a2) = (b2) is the variance in the symbols. The MSE at
the (n + 1)th iteration is

(enn1) = Alenni€in) + (£7). (64)
Using (58), we get
(€241) = A((el + FT — ae,AT)

(€ + Ff — ae,A¥)) + (&%) (65)
= A(elet) — aA(e, (ATl + efAF))
+ 202A2N(€2) + Af(F,), , (66)
where we have used
ATA* = 2AN, . (67)
and have defined
f(F,) = (Fl(e — ae,Af) + (e — ae, ADF}). (68)

Setting F, to zero and using (61) and (63) in (66), we get the
equation

(€2,1) = (1 — 20A + 2a°NA?) . (e2) + 20A(E?). (69)
The solution to this recurrence equation is
(e2) = (1 — 2aA + 2a°NA?)"(e})
1—- (1 - 2aA + 2a°NA?%)"
1— (1 —2aA + 2¢°NA?)

20 A(E?). (70)
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APPENDIX B
Effect of Frequency Offset

It was shown in Section VI that the effect of frequency offset can
be accounted for by rotating the channel’s sampled impulse responses
at the symbol rate by angles A = w; T, where w; is the radian frequency
offset. We can then rewrite (56) in the following way:

Ry —Crti =R, - C, — aAe, + Rois — R, (71)
€n+1 = €, — aApe, + F,, (72)
where we have defined
e=R,—C,=Re’™ - C, (73)
F. = R, — R, = Re7"4(e7* — 1). (74)

The analysis given in Appendix A can now be carried through up to
(69) by keeping F, different from zero. The MSE at the (n + 1)th
iteration is now

(€241) = (1 — 20A + 20°NA?%)(e2) + 20A(£2) + Af(F,), (75)
where from (68)
f(F,). = (FL(ef — ae,A}) + (e — ae, ADFE). (76)

Using (72) and (73), we can rewrite this expression in the following
way:

f(F,) = FI(R} — (Cin)) + (R — (CT1))Fr. (77)

The evaluation of this quantity requires the knowledge of the mean-
tap fluctuations (C,). Replacing e, in (56) by its value in (61) and
taking the average gives

(Cps1) = (Cp) + g(An(eZAz + ATe)

= (C,) + aA{e). (78)
From (73) we get
(Crs1) = (Cu)(1 — @A) + aARe™7™, (79)

After some algebra, the solution of this recurrence equation is found
to be

(Crs1) = (Co)(1 — aA)™

. 1 - (1 _ aA)n+1ej(n+l)A
jnA. T
+ adARe 1= = ad)e

In steady-state operation, as n goes to infinity, we have

(80)
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1
1—-(1—-ad)e?’

We can now get an expression for the steady-state value of f(F,) in
(77). After some algebra

f(F,) = =2R*(1 — aA)
3 —4cos A+ cos 2A — 20A(1 — cos A)

(Cps1) = AR,

(81)

1+(1—al)2—-2(1 —ad)cosA '’ (82)
where we have defined
R? = RTR* (83)
In the usual case where A << 1, we can use the approximation
A2
cos A=1- 5 (84)
in which case (82) simplifies to
. 20AA%*(1 — aA)-R?
f(,) = 22880 = od) (85)

?A% + (1 — aA)A’

This quantity is a constant, which does not depend on time. The
solution to the recurrence (75) is then, in steady-state operation,

1—-aA AA’R?
1 — aNA o®A® + (1 — aA)AY
where (e2(A = 0)) designates the steady-state value of the MSE given
in (70) in the absence of frequency offset.

We can use this expression to find the value of the ERLE in the

presence of frequency offset. We will assume that there is no other
impairment in the channel. The output of the channel is then

(eh) = (en(A=0)) +

(86)

Som = %(AZR;‘ + RTAY), (87)

and the mean-squared output of the channel is
(s2,) = ARIR} = AR (88)

The MSE after cancellation is given in (86), where we put the first
term on the right equal to zero. The ERLE is then

ERLE = 10 log(s2,) — 10 log(eZ)
1—ad A?
=10 log (1 —aNA AT+ (1 - aA)A2>‘
Notice that the ERLE goes to zero when the step size o goes to zero.
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Effects of Biases on Digitally Implemented Data-
Driven Echo Cancelers
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In this paper the effects of biases, of a hardware origin, on the performance
of a digitally implemented data-driven echo canceler are studied both analyt-
ically and experimentally. It is shown that, as a consequence of any such bias,
the canceler tap weights can randomly drift; however, in contrast to voice-
type cancelers and fractionally spaced equalizers, the data-driven canceler will
not drift into instability. Nevertheless, the canceler’s performance can be
severely degraded, even for very small amounts of bias. The main result of
this paper is a quantitative study of the canceler’s performance as a function
of the biases and the canceler’s various design parameters, such as the number
of tap coefficients and the step size used in the tap adjustment algorithm.
Although the study concentrates on the biases introduced by two’s-comple-
ment arithmetic, the results are general enough to be used with any type of
arithmetic, provided that the biases introduced by these different types of
arithmetic are known. Some of the analytical results have been verified
experimentally, in real time, on a digital signal processor constructed at AT&T
Bell Laboratories and AT&T Information Systems. Specifically, it is shown
how the bias introduced by rounding the product of commercially available
two’s-complement multipliers can be eliminated by a proper choice of the
values of the canceler’s input symbols.

I. INTRODUCTION AND SUMMARY

The “tap-drifting” problem in fractionally spaced equalizers and
voice-type echo cancelers is a manifestation of the presence of small

* AT&T Bell Laboratories; now at IBM Research. ' AT&T Information Systems,
Inc.

Copyright © 1985 AT&T. Photo reproduction for noncommercial use is permitted with-
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and abstract, but no other portions, of this paper may be copied or distributed royalty
free by computer-based and other information-service systems without further permis-
sion. Permission to reproduce or republish any other portion of this paper must be
obtained from the Editor.

115



biases in the digital implementation of adaptive algorithms. These
biases allow some of the equalizer and canceler tap coefficients to
slowly grow in magnitude. As a result, the intermediate accumulated
sums in the filtering computations also grow. Ultimately, either the
tap coefficients or the intermediate-accumulated sum exceeds the
boundaries of the digital representation (“overflow”), and the algo-
rithms become unstable. The sensitivity of these algorithms to biases
has been investigated, and several corrective actions against tap drift-
ing have been proposed and successfully implemented.” Tap drifting
can, in principle, be eliminated in its hardware origin by removing all
the biases from the digital implementation. However, the elimination
of biases is not always possible, especially if off-the-shelf devices are
used in the design. For example, most commercially available arith-
metic units use two’s-complement arithmetic, which introduces biases
in the computations when the digital words are reduced in length.

In this paper, we present a study of the tap-drifting problem in a
data-driven canceler. This canceler is very attractive for two-wire full-
duplex data transmission applications.* In its simplest configuration,
for 4800-b/s full-duplex operation, the data-driven canceler requires
only additions and subtractions for the computation of the filtering
and updating algorithms. In this case no multiplier is required in the
implementation of the canceler. However, a multiplier is required for
higher speeds of transmission (=9600 b/s).

For most implementations, the effect of bias can be mitigated by
using enough precision in the digital computations. However, such an
approach will generally not be cost-effective, and in most practical
digital implementations there will be some small biases due to the
finite precision used in the computations. It is shown in this paper
that, unlike voice-type cancelers,’ data-driven cancelers cannot be
driven to instability by these biases. Nevertheless, tap drifting always
occurs to some extent and, after a sufficient period of time, introduces
a degradation in the canceler’s performance. This phenomenon has
been studied both analytically and experimentally. We give a general
formula that permits the degradation in the canceler’s performance
due to digital biases to be predicted. Real-time experimental results
were obtained on a digital signal processor. The frequency components
in the distortion introduced by the biases are shown to include spectral
lines located at the origin and at multiples of the symbol rate. It is
also shown that the performance of the biased canceler is degraded
when the step size used in the updating of the tap coefficients de-

* The motivations for using echo cancellation in these applications are explained in
Ref. 3. Section II of Ref. 3 also presents more details about the echo canceler structure
used in the following study.
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creases. This is in direct contrast to the behavior of the unbiased,
infinite-precision canceler for which performance improves with de-
creasing step sizes. This phenomenon has also been observed in other
applications.>”

Special attention has been given to the degradation introduced by
commercially available two’s-complement multipliers. The naive use
of such multipliers is shown to degrade the canceler’s performance to
unacceptable levels, even when large precision is used in the digital
implementation. However, it is proved in this paper that proper choice
of the values of the data symbols can completely eliminate the bias
associated with the rounding of a two’s-complement product. Two sets
of binary symbols having this desired property are described.

The paper is organized as follows. In the next section the data-
driven canceler used in the analysis and experiments is briefly de-
scribed. In Section III we discuss the mathematical modeling of the
biases, when two’s-complement arithmetic is utilized in the canceler’s
updating algorithm. Quantitative results for the degradation in the
canceler’s performance are obtained in Section IV. The frequency-
domain characteristics of the distortion introduced by the biases are
studied in Section V. Finally, in Section VI we present some experi-
mental results obtained on a digital signal processor, and we compare
these results to the analytical results.

Il. CANCELER DESCRIPTION

The data-driven passband echo canceler described in Refs. 8 and 3
synthesizes a signal of the form

s(¢) = Re {Z Ang(t - nT)ef’”C’}, (1)

where A, = a, + jb, is the complex symbol to be transmitted, g(¢) is a
(possibly complex) baseband signal, w./27 is the carrier frequency,
and Re denotes the real part of the quantity in brackets. It is shown
in Ref. 8 that this signal can be generated by using the structure given
in Fig. 1. The canceler consists of two transversal filters whose taps
are spaced at intervals T, where 1/T” has to be at least twice the
highest frequency in the signal s(¢) in (1). This condition makes the
canceler Nyquist, that is, it can generate an exact replica of s(t) at all
frequencies.

After convergence, the tap coefficients are equal to the sampled
values of the impulse responses of the in-phase and quadrature pass-
band filters. For this reason the canceler is called an “in-band”
canceler, distinguishing it from other possible structures that synthe-
size baseband equivalents of the channel. The symbol rotation at the
input of the canceler ensures phase continuity of the carrier. For most
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cases of practical interest, the relationship between . and T is such
that the rotated symbols a; and b}, are similar to the symbols a, and
b,.. That is, if a, and b, are binary levels {*a}, then the rotated symbol
levels will also be binary. Thus, the primes have been dropped in the
ensuing analysis. The Digital-to-Analog (D/A) converter and low-pass
filter at the output of the canceler perform the usual interpolation
functions needed for further analog processing.

Since inputs are accepted by the canceler at a rate of 1/T", while
the data symbols are only presented at a rate 1/T, L. — 1 zero symbols,
where L = T/T’, are inserted between successive nonzero inputs to
the canceler. Thus, only one of every L complex taps is active for each
filter iteration, as shown in Fig. 1. The unnecessary computations
associated with the zero symbols can be eliminated by grouping taps
that act simultaneously into L parallel subcancelers, as seen in Fig. 2.
Similarly, the echo channel can be considered as a parallel combination
of L subchannels. Convergence of the canceler is achieved by mini-
mizing the Mean-Squared Error (MSE) between the outputs of each
subchannel and the corresponding subcanceler. The subcancelers are
assumed to adapt independently, and this assumption was found to be
in excellent agreement with experimental results. The MSE for the
whole canceler is obtained by averaging MSEs of all the subcancelers.
A more detailed analysis of the subcanceler structure is given in Ref.
8. The echo canceler’s performance in the presence of channel impair-
ments is studied in a companion paper.® Some of the definitions used
in Ref. 3 that are needed in the sequel are briefly repeated. The error
for the ith subcanceler at time nT + 1T is

€ni = (rli - _C_n,i)Tgn + (£2i - gn,i)Tb_n + si’ (2)

where i = 1, 2, ..., L and the superscript T denotes a transposed
vector. In (2), r; and ry; are the sampled in-phase and quadrature
impulse response vectors of the ith subchannel; ¢, ; and dy; are the in-
phase and quadrature tap coefficient vectors of the ith subcanceler;
and &; is a signal that is uncorrelated with the data symbols (the far-
end signal and noise). The following definitions are also needed:

e/

LOW-PASS|
FILTER

Fig. 1—In-band echo canceler structure.
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Fig. 2—(a) Subcanceler structure. (b) Modified canceler structure.

vector of complex input symbols,

én = gn +]bn

C,i = cn;i + jdn; = vector of complex tap coefficients
of the ith subcanceler.

The above summary of the subcanceler structure is sufficient for the
purpose of describing the effects of biases in this paper.

IIl. MATHEMATICAL MODEL OF BIAS
The stochastic-gradient algorithm for the adjustment of the ith
subcanceler’s complex tap coefficients is given by
gn+1,i = Qn,i + ‘Yen,iém l = 1: 23 Tty L; (3)

where v is the step size, and the error e, is given in (2). All of the
entries (real and imaginary) in A, are assumed to be discrete-valued
symbols with zero mean. Biases are usually introduced in the evalua-
tion of the correction term,

gn,i = 'Yen,iAm (4)
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In the following, it is assumed that this expression is computed by
using fractional two’s-complement arithmetic, since this is the type of
arithmetic most commonly used in digital signal processing. (Some of
the properties of two’s-complement arithmetic are discussed in Ap-
pendix B.) In a cost-conscious implementation, the quantity vye,;
should be evaluated first, because it is the same for all the tap
coefficients. First consideration is given to the case where (4) is
computed without utilizing a multiplier, i.e., the scaled error, vye,;, is
obtained by using arithmetic right shifts since v is always less than
unity to ensure stability. Due to the finite precision of the digital
representation, some of the lower bits of e,; may be lost during the
shifting operation, and consequently, a positive number will always
decrease in magnitude and a negative number will always increase in
magnitude. Therefore, negative bias is introduced, on the average,
during the computation of ye,; and during “multiplication” by data
symbols having value less than unity (since this operation also corre-
sponds to right shifts). If all of the symbols are binary and chosen
equal to +1, the updating algorithm in (3) is simply implemented by
either adding or subtracting the scaled error to each tap coefficient.
An explicit bias occurs during these operations if the quantity ve,;
has “fallen out” of its register length. In this case a positive number
becomes a true zero, but a negative number remains equal in magnitude
to the Least-Significant Bit (LSB) of the digital representation, thus
again introducing a negative mean bias. The correction factor in (4)
can now be rewritten as

__G_n,i = ('Yen,i + Aln,i)én + _é2n,i = ‘Yen,ién + gn,i; (5)

where A,,; is a random variable representing biases introduced in the
evaluation of yen,;; A, is a complex random vector representing biases
introduced in the computation of (ve,:) A,; and B, is the total bias.
The other quantities are assumed to be represented with infinite
precision.

An expression similar to (5) is obtained when a two’s-complement
multiplier is used to compute the correction factor in the updating of
the tap coefficients. When a negative product is truncated, the result-
ing number is always increased in magnitude. Conversely, when the
product is positive, it is always decreased in magnitude. Therefore,
truncation introduces a negative mean bias. Two’s-complement round-
ing, on the other hand, always selects the number that is closest in
magnitude to the exact product, independent of the product’s sign.
One exception, however, occurs when the double-precision product is
equally close to two single-precision numbers. In this case the most
positive number is always selected, independently of the product’s
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sign, and a positive bias is introduced in the computations.* This
situation can occur quite frequently in data-driven echo cancelers
using symbol values of +£1/2 or +1/4. A remarkable property of data-
driven cancelers is that the mean bias associated with this rounding
can be eliminated by using the proper levels for the symbols. These
levels must be chosen in a way such that the bias situation can never
occur. Two sets of symbols which have the desired property are
described in Appendix B.

The model represented by (5) also holds for other types of arith-
metic. Furthermore, other effects such as biases in the Analog-to-
Digital (A/D) conversion can also be accounted for by properly defin-
ing the random variables in A;,; and A,,;. In general, the statistics of
these random variables will depend on v, the statistics of e, and 4,,
and the type of digital implementation utilized. The characterization
of the statistics of A;,; and Ay, is a formidable problem that will not
be addressed here. However, reasonable approximations permit the
study of the canceler’s performance degradation in the presence of
digital biases. It will be shown later that both the mean and the
variance of the random variables in (5) influence the canceler’s per-
formance. However, the effect of any nonzero-mean bias will, in
general, be predominant. This quantity is discussed next.

From (5) the mean gradient estimate is given by

<gn,i) = ('Yen,ién) + éh (6)
where
gi = <§n,i> = (Aln,ién + éZn,i)- (7)

The mean values of A;,; and A, ; are generally not zero, as explained
in the preceding discussion. In obtaining quantitative results, some
assumptions concerning the mean values are made. First, all of the
components of the vector (A,;) corresponding to the ith subcanceler
are assumed equal. This is a reasonable assumption since the same
scaled error is used for the updating of all of the taps of a given
subcanceler. The weighting of this term by A, should yield the same
average bias in steady-state operation. It is not assumed that the
vector (Aq,;) is the same for all the subcancelers, since the error, ey,
is a sample of a cyclostationary process whose statistics will depend
upon the index i. As a consequence, the statistics of the product,
vyen:An, generally vary for different subcancelers.

* This type of bias is present in most of the commercially available two’s-complement
multipliers. However, the bias can be removed in a new design at the cost of a slight
increase in the chip’s complexity. This is achieved by first detecting the bias condition
and then changing the rounding rules according to the sign of the product.
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The influence of the term (A;,:A,) in (7) is somewhat more difficult
to assess. If the assumption is made that A;,; is uncorrelated with A,
and that (4,) is zero, then this quantity is also zero. However, there
can be reasonably long sequences of symbols during which the mean
value of A, is not zero. Biases can accumulate during these sequences
and introduce a degradation in the canceler’s performance. We will
not pursue this problem any further.

IV. EXCESS ERROR DUE TO BIAS

We will now show how biases can produce an increase in the MSE.
It is assumed that no other impairments are present except, perhaps,
for some uncorrelated noise added to the input signal. The mean tap
coefficient fluctuations are investigated first. In the beginning of this
section, the subscript i is dropped in the equations, but it will be
understood that the analysis applied to a subcanceler. Combining (3)
and (6), the mean tap vector evolves according to

(gn+1> = (Qn) + ('yenén> + B- (8)
Using (2), we can write this expression as
(Cot1) = (1 = YA)NCp) + (r1 + jra)yA + B, 9

where A = (a2) = (b%), and the a}s and b/s are assumed to be
uncorrelated. The steady-state tap values are given by

B
(Co) =1 +jr2 + fA, (10)

where the term B/vA represents the tap deviation due to the mean
bias B. With AC denoting the tap deviation from the optimum setting,
one obtains
B
AC = (Cu) = Con = =2 (11)
Note that the bias is the same for each tap weight and that decreas-
ing the step size v will result in an increased mean tap deviation. This
contrasts with the well-known results that decreasing the step size,
for an infinite-precision canceler (without bias), will, in general, im-
prove steady-state performance. The deviation is also proportional to
the bias, which agrees with intuition. Recall that in a finite-precision
environment the step size cannot be arbitrarily close to zero, and
therefore the tap deviation in (11) cannot approach infinity. The only
way to effectively have a zero step size is to stop updating, in which
case the bias no longer affects the algorithms. When quantitative
results are discussed in the following sections, the step sizes used in
practice will usually be found to be several orders of magnitude larger
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than the bias B. Thus the tap offset in (11) is small. As a consequence,
the tap coefficients will never overflow, and a data-driven canceler
cannot become unstable. However, as will be shown later, a very small
offset can severely degrade the MSE.

It is interesting to contrast the preceding results with those obtained
for a voice-type canceler, which behaves similarly to fractionally
spaced equalizers.? In this case it can be shown that the mean tap
offset becomes

B
AC= o/t 2, (12)

where o/ is the input autocorrelation matrix of the data signal.
Performing a spectral expansion of the mean tap deviation yields

C=121ﬁ&, (13)
- Y i Vi

where v; and f; are the ith eigenvalue and eigenvector of </ respec-
tively. Small eigenvalues, corresponding to input frequency ranges of
little or no energy, can make this term large, especially if /7B is not
small. Hence, for the voice-driven canceler, distortion due to biases
can be expected to be concentrated in frequency ranges corresponding
to little input energy. Furthermore, the tap offset in (13) can be much
larger than the offset given in (11), so that some tap coefficients can
“overflow and make the canceler unstable.

The mean-squared error for the data-driven subcanceler is derived
in Appendix A.* The expression for the ith subcanceler’s steady-state
MSE is given by

(E)'*‘—(ﬁ)"' (5;)2
1—7NA ’

where (£7) is the minimum mean-squared error, N is the number of
taps, and §; is a random variable corresponding to one component
(real or imaginary) of the vector B, in (5). In the derivation of (14),
it was assumed that (87) and (B;) were constants and the same for all
the entries of the vector B, ;. The MSE averaged over all L subcancelers
is

(ed;) = (14)

* Another expression for the MSE (also derived in Appendix A) is obtained in the
resonance case, when the step size has its optimum value for speed of convergence. This
step size can only be used at start-up, when there is no double-talker, in which case
convergence is so fast that the effects of biases are negligible. Therefore, we will not
discuss this second case any further, and the MSE discussed in the sequel corresponds
to the nonresonant case.
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where we have defined
n=1% @, =13 @ (16
@ =73 @, =1 3 (6D,

and
2 _ }_Lil B 2
B2 =1 (B

Two quantities of interest can be derived from this expression. The
first one is the Bias-Performance Ratio (BPR), which is defined as the
ratio of the uncanceled echo’s power to the MSE after cancellation, in
the absence of a double-talker. This quantity is similar to the Echo-
Return-Loss Enhancement (ERLE) studied in Ref. 3 and is particu-
larly useful in comparing analytical and experimental results. The
other quantity of interest is the signal-to-noise ratio (s/n), which is
the ratio of the wanted signal power to the power of any additive noise
after cancellation and which determines the receiver error rate. (From
the receiver’s viewpoint, the wanted signal is the double-talker, which
acts as noise in the tap-adjustment algorithm.) From (15) the BPR is
given by

BPR = LNP 1 = ?vaé) : 17)
=SB+ T (B
Y Y

where P, is the power of the uncancelled echo. In deriving an expres-
sion for the s/n, it is assumed that the only component of the
interfering signal is the wanted signal, i.e., there is no additive noise.
The total signal power after cancellation is the MSE, (15), the power
in the wanted signal is P, = (£?), and the remaining power is noise,
so that the s/n becomes

s/n = — = (18)
eZ) — P, LN ,  2LN

Under normal conditions of operation, the step size v is very small,
relative to 1/NA, and the expressions in (17) and (18) can be approx-
imated by

2
BPR o PAY"

~ 2LN(B)? (19)
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and

P.Av?
2LN{(B)*’

where it has been assumed that (8) # 0. The BPR and the s/n have
the same expressions, except that the echo’s power, P,, in (19) is
replaced by the wanted signal’s power, P;, in (20). Both quantities
decrease with decreasing step size, which is in agreement with the
preceding observations made about the mean tap behavior for small
step size.

Equations (14) through (20) reflect degradation in the canceler’s
performance only under steady-state conditions. These steady-state
quantities are not influenced by initial conditions. The complete
equations for the MSE evolution with time are given by (55) and (64)
in Appendix A. These equations are strongly influenced, in their
transient terms, by the canceler’s initial state. An initial condition of
particular interest is that which the condition that exists after the
canceler has converged with no bias, and then a bias is introduced. As
was discussed in Section III, this situation can arise as a result of
certain nonrandom short-term statistics of the scrambled data se-

quence, A,. Under these circumstances, the iterative MSE, given in
(55), reduces to

(&%)
1-—-yNA

s/n = (20)

(en) =

NL 2NL
ML gy + 2L gy

242 v?A
+ (1 —[1 — 2vA + 2N~2A%]"Y) 1= ~NA)
4N(B*)
—_ n _ —_ 24210
+ ([1 = vA] [1 —2vA + 2Ny?A?] )'yzA(QN'yA—l)’ (21)
and the evolution of the s/n is approximated by
s PnA
Y Y (22)

(e2) — P, P,(yNA) + [1 — (1 — 2yA)"|@NL)(B)*’

where it is assumed that the uncorrelated signal (£2) consists only of
the wanted signal with power, P,. The approximation in (22) is
obtained for a small step size. We will not pursue further the study of
transient effects.

V. FREQUENCY ANALYSIS OF BIAS DISTORTION

For the data-driven canceler, distortion due to biases introduces
spectral components concentrated in narrow frequency bands centered

BIAS EFFECTS ON ECHO CANCELER 125



around integer multiples of the symbol rate. To facilitate investigation
of this phenomenon, the mean tap vector is again written in terms of
its deviation from optimum

(g‘”) = _C__opt,i + Agi, (23)

where the subscript i is reintroduced to designate a subcanceler. The
corresponding frequency response is the Fourier transform of the
sequence obtained from the vector C., and it is defined as

(Coo,i(w» = Coptilw) + ACi(w). (24)

Since all components of the mean-bias vector B; are assumed equal
and

B;
Agi = ;—Z ’ (25)
then
. N_l .
AC,‘(UJ) — E 2 e"anT’
'YA n=0
= Bi -y Sin[NT/2] (26)

T 4A sin[wT/2] ’

where B; is a component of B; and 1/7 is the symbol rate.

The amplitude of the distortion is the familiar periodic sinc function.
From (26) it is seen that the distortion is concentrated at integer
multiples of the symbol rate. As mentioned earlier, the bias vectors
for each subcanceler need not be the same even if the bias components
within any particular subcanceler are assumed constant. The corre-
sponding tap-deviation spectrum can be expressed in terms of the tap-
deviation spectra, AC;(w), of each of the L subcancelers as

L-1
AC(w) = ¥ ACi(w)e™ T, (27)
i
where T’ = T/L.

If each AC;(w) has the same shaping, but with a different magnitude,

ie.,

AC,((.O) = kiACO(w): i = Os Sty L - 1, (28)

where ky = 1 and the k,, are proportionality constants, then (27)
becomes
L-1

AC(w) = ACy(w) X kT, (29)

i=0

For the special case k, = 1 for all m, the distortion becomes
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Fig. 3—Frequency distortion of mean tap coefficients.

concentrated at integer multiples of 1/7T". Since all subcanceler biases
are equal in this case, the structure becomes equivalent to one canceler
at rate 1/T”. As the value k,, varies, bias distortion is concentrated at
integer multiples of the symbol rate, 1/T.* One such example is shown
in Fig. 3, where we have arbitrarily chosen values of k., equal to 1, 0.5,
0.25,0.5, 1, 0.5, 0.75, and 0.5. The study of many other examples shows
that as a general rule of thumb, the spectral lines introduced by biases
in a data-driven echo canceler composed of L subcancelers will be
concentrated at integer multiples of the symbol rate. Experimental
evidence verifying these findings will be presented in the next section.

VI. EXPERIMENTAL RESULTS

Several experiments were conducted on a digital signal processor,
using a 12-bit two’s-complement multiplier, to verify some of the
qualitative and quantitative results obtained in the preceding sections.
The echo canceler used in the experiments was operating at a sampling
rate of 9600 samples per second, and a symbol rate of 1200 bauds.
Thus, it could be implemented by using eight subcancelers. The
validity of the expression for the BPR in (17) was verified by artificially
inserting biases in the updating algorithm of an in-band echo canceler.
A positive quantity equal to 27! was added periodically to the correc-
tion factor before updating the tap coefficients. Therefore, if this
quantity was added every mT seconds, the equivalent mean bias per

* In certain rare cases, the biases can insert nulls at some particular multiples of the
symbol rate.
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symbol update was (27'')/m. This bias was chosen large enough so
that we could distinguish its effect from other digital effects such as
round-off noise. The influence of the bias of the two’s-complement
multiplier was eliminated by using one of the sets of symbols described
in Appendix B.

The measured values for the BPR are given in Fig. 4 for different
values of m and as a function of the step size. The BPR has also been
computed by using (17) and the corresponding curves are shown in
Fig. 4. In Fig. 5, curves are also shown for the case in which the bias
of the two’s-complement multiplier was not eliminated by a proper
choice of the data symbols. No artificial bias was added, and the
computed curves were obtained by assuming a mean bias of 2713, (A
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Fig. 4—Performance degradation due to simulated biases.
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Fig. 5—Performance degradation due to rounding of a two’s-complement multiplier.

bias of 27! was introduced whenever the bias situation occurred. With
symbol values +1/2, this situation was likely to occur half the time so
that a mean bias of 27** was introduced in the algorithm.) For reason-
ably small step sizes, both the experimental and the theoretical curves
decrease 6 dB for each factor-of-two decrease in step size. This is
consistent with the expression for the BPR given in (19), and similar
behavior can be expected for the s/n as shown in (20). Both these
quantities go to zero when the step size goes to zero. This is in direct
contrast to the behavior of a bias-free, infinite precision canceler for
which performance improves with decreasing step sizes.

Although the two’s-complement multiplier rounding bias was elim-
inated in the processor by using the sets of symbols described in
Appendix B, there remained some other very small, unexplained
biases. The effect of these biases on the BPR was negligible, as shown
in Fig. 4. Nevertheless, they could be observed by studying the spec-
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trum of the residual echo when no double-talker was present. This
spectrum is the flat trace in Fig. 6, and the bell-shaped curve depicts
the spectrum of the uncanceled echo. (Due to the small magnitude of
the residual biases, it took several minutes of the canceler’s operation
to obtain the spectrum in Fig. 6. Immediately after convergence the
peaks were very weak.) Notice that the peaks around the origin and
at multiples of the symbol rate (1200 bauds in this case) produce
exactly the kind of spectrum that was predicted by the analysis in
Section V. These peaks would be much larger if the optimum sets of
symbols described in Appendix B were not utilized. In Fig. 6, we also
show the spectrum of the residual echo of a voice-type canceler that
was implemented on the processor. Notice that for the voice-canceler
spectrum, the residual echo’s energy accumulates in the frequency
regions where the uncanceled echo has little energy. This energy
increases with time and ultimately, without some sort of compensation,
the canceler diverges after several minutes of operation. Finally, for
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=
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a
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Fig. 6—Power spectrum of the residual error. (a) Data-driven echo canceler. (b)
Voice-type echo canceler.
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Fig. 8—Signal-to-noise degradation due to biases.

completeness, computed curves giving the BPR and the s/n for various
values of biases are given in Figs. 7 and 8.
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APPENDIX A
MSE Evolution

The following is an analysis of the evolution of the MSE for a data-
driven echo canceler in the presence of digital biases. It is assumed
that the input sequences g, and b, are white and uncorrelated with
the bias, 8., and each other. It is also assumed that the canceler spans
the entire length of the echo impulse response. The analysis applies
to a subcanceler, but for simplicity of notation, the index i will be
deleted.

The following definitions are used in the derivations:

B, = Bn + jB.» = complex bias vector*

C. = ¢» + jd, = complex tap vector

A, = a, + jb, = complex data vector
v = step size in the adjustment algorithm
r; = sampled in-phase channel impulse response vector (30)

r, = sampled quadrature channel impulse response vector (31)

¢ = sampled uncorrelated interfering signal. (32)
The error at the nth iteration is given by
en = [r1 — c]"an + [r2 — dn]"bn + &. (33)
The in-phase and quadrature tap error vectors are defined by
Enldrn—cn (34)
Emdro—d, (35)

* For ease of notation the real and imaginary parts of B, are taken to be equal.
Although this assumption is not strictly true, it will not modify the end result of the
analysis.
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so that (33) can be rewritten as
en = ETnan + E50bn + &, (36)
and the MSE becomes
(en+1) = (ETn118m18m+1E€1n41)
+ <§2T,n+1l_>n+1éf+1§2,n+1) + (£%). (37)

Letting
A A (a?) = (b?) (38)

and making the usual assumption that successive data vectors are
uncorrelated, one obtains

(ehw1) = A<E{n+1§1,n+l> + A(Eg:n+1§2,n+1) + (£%). (39)

The biased stochastic-gradient algorithm can be expressed as

Cn+1 = Cn + Yenan + B (40)
dnr1 = dn + verbs + Bn. (41)
Subtracting both sides of (40) and (41) from r; and r, yields
Eine1 = E1n — Yenn — fn (42)
Eoni1 = Eon — venrb, — Bn. (43)

Using (42) and (43) in (39) gives
(€r41) = A ((Evn — Yentn — Bn) (Ern — Yentn — Bn))
+ A (Ean — Yenbn — Bn)"(Ezn — venbn — Bn)) + (£ . (44)
After some algebra, and using (36), (38), and a’a, = blb, = NA, we
have
(enr1) = (en) [1 — 2vA + 2y°NA®] + 2yA(£?)
+ 2AN(B%) — 2A(B7 E1n) — 2A(BrEan). (45)

To proceed further, (87€,,,) and (B+E,,) must be evaluated. We
will assume that g, is uncorrelated with €, , and €; ..

Using (42) and (36), and assuming again that the current tap error
vector and the current data vector are independent, we have

(BY(E1nr1) = (1 = YAN(B)Y(Ern) — N(B)Y, (46)
where it is assumed that the mean vector (8,) is a constant vector
whose entries are all equal to (8). Solving the iteration (46) yields
1-(1—-+~4)"

A N(B)*. (47

(B)(Ern) = (1 — vA)(B) 11 —
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In (50) it is assumed that (€,,0) = ry, that is, the canceler is originally
started with all of its tap coefficients equal to zero. A similar expression
holds for the quadrature component.

The difference equation for the MSE in (45) now becomes

(€241) = (€2)[1 — 2vA + 2NY2A%] + 2vA(£%) + 2AN(B?)
- 24 [(1 — YA BTy, — MNW]
YA
- 24 [(1 — yA)(BT)rs - 1—"(IVAT—”WNW]. (48)

The above equation, although notationally complex, is only a first-
order difference equation of the form

(err1) = (€)1 + k1 — kA3, (49)
where
M=1-—-2vA + 2N‘y?‘A2 (50)
A=1—vA (51)
by = 2vA(E?) + 2AN(B?) + %Nm)z (52)
ke = 2A(8")ry + 2A(8")rs + %Nw, (53)

and where it is assumed that (82) is a constant and equal to (3?).
Assuming stability,.

IMP<1 and [N <1, (54)

there are two cases to be considered in solving (53).
Case 1: \; # Ao (nonresonant).
Assume

(e2) = C1 + CoAT + Ca)5. (55)

Then solving (49) by substitution, and assuming the initial condition
(e?) gives

ky
=15 (56)
_ —ky ky
C3_)\2—-)\1_>\1—>\2 (57
Cg = (e%) - Cl - C:; . (58)

In terms of the original parameters in (48),
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(&) +— (ﬁ ) + (6)2

C, = (1 — YNA) (59)
4N
21Br) 11+ (BTl + L N(B)?
C, =7 v'4 (60)
8 (2NvyA - 1)
C, = (e2) — C, — Cs. (61)

All of the parameters appearing in the expression for the MSE in (55)
are now known. In the steady state, as n goes to infinity the MSE
becomes

(&) +— (5 ) + <6)2

(e) = 1 — ‘yNA . (62)

Case 2: Resonance (y; = v2).
In this case, from (50) and (51)

1
y = INA" (63)
Assume
(ery = Cy + Coy? + nCeyi. (64)

Solving .(49) again by substitution, we get, after some algebra,
(er) = 2(£%) + 4ANA(B?) + 16NA(B)*
1

+ [(eB) — 2(£?) — ANA(B®) — 16N°A(B)’] (1 - §N)

= n2A[(BT)r1 + (BT)ra] +8N?A(B)?] (1—%\,) . (65)
In this case the steady-state MSE is
(e2) = 2(£%) + 4NA(B%) + 16N?A(B)% (66)

APPENDIX B
Bias-Free Two’s-Complement Multiplication for a Data-Driven Canceler

In this Appendix, it is shown that the bias that occurs when rounding
the product of a two’s-complement multiplier can be eliminated by
properly choosing the values of the binary input symbols. Let « be an
(I+1)-bit fractional two’s-complement number represented as

Q= Qo182 - -+ Oy (67)
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where a; = 0 or 1, and g, is the LSB of the number.
The numerical value of « is given by*

3
a = —ay + 2 a,~2‘i, (68)

=1

and the product of two such numbers becomes

1 1
ax=(=ay+ Y a27)(=xo + ¥ x:27%)
=1 E=1
! ! o .
=ao—ao 2 2 — % X a2+ ¥ Y ax27P.  (69)
k=1 i=1 i=1 k=1
This can be rewritten as a two’s-complement number
2

a-x=—co+ % ¢27, (70)
i=1

where the summation on the right now goes to 2/, making the length
of the product (2/ + 1). A two’s-complement multiplier usually has one
of two means of reducing this product to a (I + 1)-bit number. In
truncation, all the bits corresponding to i = [ + 1 are discarded. From
(70), it is seen that such an operation always decreases the magnitude
of a positive number, and increases the magnitude of a negative
number, thus introducing a negative bias. In rounding a number, 2~*1
is added to the product in (70) and the result is truncated to (I + 1)
bits. This always selects the (I + 1)-bit number that is closest in
magnitude to the true product. An ambiguity arises, however, when
this product is equidistant from two (I + 1)-bit numbers. It is seen
from (69) that rounding, in this case, always increases the magnitude
of a positive number and decreases the magnitude of a negative
number, thus introducing a positive bias in the arithmetic.

It is assumed that the numbers o and x in (69) represent the
symbols and the scaled error, respectively, in the updating algorithm.
The bias situation in rounding arises when the following conditions
occur in (70):

ce1=1 and ¢ =0 for i>1+ 1. (71)

Inspection of (69) shows that these conditions are equivalent to

14 [}
2 2 aixkz—(i+k) = 2—(I+l)' (72)

i=1 k=l+1-i

* It is readily verified that, with this definition, the largest negative number that can
be represented is —1, and the largest positive number is +1 — LSB.
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The rounding bias can be eliminated by choosing the a;s in such a
manner as to never satisfy (72), regardless of the choice of the x’s.
The search for all of the possible numbers, «, having this property is
tedious and will not be pursued here. Rather, two sets of symbols are
proposed and shown to have the desired property. The proof requires
that the scaled error be reasonably small. More specifically, the mag-
nitude of x must be strictly less than one-half. This assumption is
always satisfied in practice, even during start-up.
The first two binary symbols to be considered are defined by

« = 0100 ... 001 = 27! + 27! (73)

and

{
—a=1011 ... 111 =-1+ Y 27 (74)
=2
These numbers are equal to {+((1/2) + LSB)}. Considering the positive
symbol and replacing the a/’s by their value in (72) yields

[}
£27HD 4 P 5,270R = g, (75)
k=1

This equation can only be satisfied under the condition x; = 1 and
x; = 0 for i > 1. From (68), it is seen that the only two numbers
satisfying this condition are *+1/2. These numbers were discarded
earlier as valid solutions. For a negative symbol (72) becomes

1
2 Z xk2-(i+k) = 2—(I+1). (76)
=2 ke=lt1-i

A sequence of x;’s cannot be synthesized to satisfy this equation. The

lowest-order bit on the left corresponds to the power 2! of 1/2. There

is only one term on the left in (76) contributing to this bit’s value: i =

k = l. Since there is no such term on the right, this bit must be zero

(x; = 0). The value of second-lowest bit corresponding to a power

(21-1) depends upon two terms: i = [, k =1 — 1 and { = [ — 1. Therefore,

its value is (x; + x;—,), which must be zero modulo-2. Since x; = 0, this

implies x;_; = 0. Reasoning by induction shows that all of the x;’s must
be zero for i = 2. The highest-order bit corresponds to the (I + 1)th
power of 1/2. Combining this with the preceding result, we see that
only one term contributes to its value; i = [, k = 1. Therefore, to satisfy
(76), x; must equal one. As previously noted, the only two numbers
that produce the bias situation are +1/2, which are not valid solutions.
The second set of symbols that eliminates the multiplier’s bias is
given by

a=0111 ... 111 =1-2" (77)
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and
—a = 1000 --- 001 = -1 + 2% (78)

These numbers are equal to {+(1-LSB)}. Proof by contradiction,
similar to the one utilized previously, can be used to show that these
symbols eliminate the multiplier’s bias. The proof is left as an exercise
for the reader.
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