Motion Estimation with

Quadtree Splines
Richard Szeliski and Heung-Yeung Shum

Digital Equipment Corporation
Cambridge Research Lab

CRL 95/1 March, 1995
III
| 8
|| n
£ |
||| n i
O i A

<
I { )
|

Ilm\r | 1)
|

dlilgliltall 3]

CAMBRIDGE RESEARCH LABORATORY
Technical Report Series



Digital Equipment Corporation has four research facilities: the Systems Research Center and the
Western Research Laboratory, both in Palo Alto, California; the Paris Research Laboratory, in
Paris; and the Cambridge Research Laboratory, in Cambridge, Massachusetts.

The Cambridge laboratory became operational in 1988 and is located at One Kendall Square,
near MIT. CRL engages in computing research to extend the state of the computing art in areas
likely to be important to Digital and its customers in future years. CRL’s main focus is
applications technology; that is, the creation of knowledge and tools useful for the preparation of
important classes of applications.

CRL Technical Reports can be ordered by electronic mail. To receive instructions, send a mes-
sage to one of the following addresses, with the wastpp in the Subject line:

On Digital's EASYnet: CRL::TECHREPORTS
On the Internet: techreports@crl.dec.com

This work may not be copied or reproduced for any commercial purpose. Permission to copy without payment is
granted for non-profit educational and research purposes provided all such copies include a notice that such copy-
ing is by permission of the Cambridge Research Lab of Digital Equipment Corporation, an acknowledgment of the
authors to the work, and all applicable portions of the copyright notice.

The Digital logo is a trademark of Digital Equipment Corporation.

dli gl a1 On Kendall Sauare

Cambridge, Massachusetts 02139



Motion Estimation with

Quadtree Splines
Richard Szeliski and Heung-Yeung Shum

Digital Equipment Corporation
Cambridge Research Lab

CRL 95/1 March, 1995

Abstract

This paper presents a motion estimation algorithm based on a new multiresolution representa-
tion, thequadtree spline. This representation describes the motion field as a collection of smoothly
connected patches of varying size, where the patch size is automatically adapted to the complex-
ity of the underlying motion. The topology of the patches is determined by a quadtree data struc-
ture, and both split and merge techniques are developed for estimating this spatial subdivision. The
guadtree spline is implemented using another novel representaticedapteve hierarchical ba-
sisspline, and combines the advantages of adaptively-sized correlation windows with the speedups
obtained with hierarchical basis preconditioners. Results are presented on some standard motion
sequences.

Keywords. motion analysis, multiframe image analysis, hierarchical image registration, optical
flow, splines, quadtree splines, adaptive subdivision.
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1 Introduction 1

1 Introduction

One of the fundamental tradeoffs in designing motion estimation and stereo matching algorithms is
selecting the size of the windows or filters to be used in comparing portions of corresponding im-
ages. Using larger windows leads to better noise immunity through averaging and can also disam-
biguate potential matches in areas of weak texture or potential aperture problems. However, larger
windows fail where they straddle motion or depth discontinuities, or in general where the motion
or disparity varies significantly within the window.

Many techniques have been devised to deal with this problem, e.g., using adaptively-sized win-
dows in stereo matching. In this paper, we present a technique for recursively subdividing an image
into square patches of varying size and then matching these patches to subsequent frames in a way
which preserves inter-patch motion continuity. Our technique is an extension glthe based
image registration technique presented in [Szeliski and Coughlan, 1994], and thus has the same
advantages when compared to correlation-based approaches, i.e., lower computational cost and the
ability to handle large image deformations.

As a first step, we show how usirgerarchical basis splines instead of regular splines can
lead to faster convergence and qualitatively perform a smoothing function similar to regulariza-
tion. Then, we show how selectively setting certain nodes in the hierarchical basis to zero leads
to anadaptive hierarchical basis. We can use this idea to build a spline defined over a quadtree
domain, i.e., auadtree spline. To determine the size of the patches in our adaptive basis, i.e., the
shape of the quadtree, we develop both split and merge techniques based on the residual errors in
the current optical flow estimates.

While this paper deals primarily with motion estimation (also knowimaege registration or
optical flowcomputation), the techniques developed here can equally well be applied to stereo match-
ing. In our framework, we view stereo as a special case of motion estimation whese blar
geometry (corresponding lines) are known, thus reducing a two-dimensional search space at each
pixel to a one-dimensional space. Our techniques can also be used as mhrécfraethod which
simultaneously solves for projective depth and camera motion [Szeliski and Coughlan, 1994].

The adaptive hierarchical basis splines developed in this paper are equivalent to adaptively sub-
dividing global parametric motion regions while maintaining continuity between adjacent patches.
We can therefore implement a continuum of motion models ranging from a single global (e.g.,
affine) motion, all the way to a completely general local motion, as warranted by the data in a given
image sequence. By examining the local certainty in the flow computation, we can also use our
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algorithm as a parallel feature tracker for very long motion sequences where image deformations
may be significant [Szeliskt al., 1995].

The motion estimation algorithms developed in this paper can be used in a number of applica-
tions. Examples include motion compensation for video compression, the extraction of 3D scene
geometry and camera motion, robot navigation, and the registration of multiple images, e.g., for
medical applications. Feature tracking algorithms based on our techniques can be used in human
interface applications such as gaze tracking or expression detection, in addition to classical robotics
applications.

The remainder of the paper is structured as follows. Section 2 presents a review of relevant pre-
vious work. Section 3 gives the general problem formulations for image registration. Section 4 re-
views the spline-based motion estimation algorithm. Section 5 shows how hierarchical basis func-
tions can be used to accelerate and regularize spline-based flow estimation. Section 6 presents our
novel quadtree splines and discusses how their shape can be estimated using both split and merge
techniques. Section 7 discusses the relationship of adaptive hierarchical basis splines to multiscale
Markov Random Fields. Section 8 presents experimental results based on some commonly used
motion test sequences. We close with a comparison of our approach to previous algorithms and a
discussion of future work.

2 Previouswork

Motion estimation has long been one of the most actively studied areas of computer vision and
image processing [Aggarwal and Nandhakumar, 1988; Brown, 1992]. Motion estimation algo-
rithms include optical flow (general motion) estimators, global parametric motion estimators, con-
strained motion estimatordi(ect methods), stereo and multiframe stereo, hierarchical (coarse-to-
fine) methods, feature trackers, and feature-based registration techniques. We will use this rough
taxonomy to briefly review previous work, while recognizing that these algorithms overlap and that
many algorithms use ideas from several of these categories.

The general motion estimation problem is often catlgiilcal flow recovery [Horn and Schunck,
1981]. This involves estimating an independent displacement vector for each pixel in an image.
Approaches to this problem include gradient-based approaches basedooigth@ess constraint
[Horn and Schunck, 1981; Lucas and Kanade, 1981; Nagel, 1987], correlation-based techniques
such as theum of squared differences (SSD) [Anandan, 1989], spatio-temporal filtering [Adelson
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and Bergen, 1985; Heeger, 1987; Fleet and Jepson, 1990; Weber and Malik, 1993], and regulariza-
tion [Horn and Schunck, 1981; Hildreth, 1986; Poggial., 1985]. Nagel [1987], Anandan [1989],

and Otte and Nagel [1994] provide comparisons and derive relations between different techniques,
while Barronet al. [1994] provide some numerical comparisons.

Global motion estimators [Lucas, 1984; Bergtial., 1992] use a simple flow field model pa-
rameterized by a small number of unknown variables. Examples of global motion models include
affine and quadratic flow fields. In the taxonomy of Bergeal. [1992], these fields are called
parametric motion models, since they can be used locally as well (e.g., affine flow can be estimated
at every pixel). The spline-based flow fields we describe in the next section can be viewed as local
parametric models, since the flow within each spline patch is defined by a small number of control
vertices.

Global methods are most useful when the scene has a particularly simple form, e.g., when the
scene is planar. These methods can be extended to more complex scenes, however, by using a col-
lection of global motion models. For example, each pixel can be associated with one of several
global motion hypotheses, resulting inayered motion model [Wang and Adelson, 1993; Jepson
and Black, 1993; Etoh and Shirai, 1993; Bober and Kittler, 1993]. Alternatively, a single image can
be recursively subdivided into smaller parametric motion patches based on estimates of the current
residual error in the flow estimate [Mller et al., 1994]. Our approach is similar to this latter work,
except that it preserves inter-patch motion continuity, and uses both split and merge techniques.

Stereo matching [Barnard and Fischler, 1982; Quam, 1984; Dhond and Aggarwal, 1989] is
traditionally considered as a separate sub-discipline within computer vision (and, of course, pho-
togrammetry), but there are strong connections between it and motion estimation. Stereo can be
viewed as a simplified version of constrained motion estimation wherepipelar geometry is
given, so that each flow vector is constrained to lie along a known line. While stereo is traditionally
performed on pairs of images, more recent algorithms use sequences of imelgidsa(me stereo
or motion stereo) [Bolleset al., 1987; Matthie®t al., 1989; Okutomi and Kanade, 1993]. The idea
of using adaptive window sizes in stereo [Okutomi and Kanade, 1992; Okutomi and Kanade, 1994]
is similar in spirit to the idea used in this paper, although their algorithm has a much higher com-
putational complexity.

Hierarchical (coarse-to-fine) matching algorithms have a long history of use both in stereo match-
ing [Quam, 1984, Witkiret al., 1987] and in motion estimation [Enkelmann, 1988; Anandan, 1989;
Singh, 1990; Bergest al., 1992]. Hierarchical algorithms first solve the matching problem on
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smaller, lower-resolution images and then use these to initialize higher-resolution estimates. Their
advantages include both increased computation efficiency and the ability to find better solutions by
escaping from local minima.

The algorithm presented in this paper is also related to patch-based feature trackers [Lucas and
Kanade, 1981; Rehg and Witkin, 1991; Tomasi and Kanade, 1992]. It differs from these previous
approaches in that we use patches of varying size, we completely tile the image with patches, and
we have no motion discontinuities across patch boundaries. Our motion estimator can be used as
a parallel, adaptive feature tracker by selecting spline control vertices with low uncertainty in both
motion components [Szeliski al., 1995].

3 General problem formulation

The general motion estimation problem can be formulated as follows. We are given a sequence of
images/;(x, y) which we assume were formed by locally displacing a reference ifiageg ) with
horizontal and vertical displacement fields(x, y) andv,(z, ), i.e.,

Iie + iy +v) = I, y). (1)

Each individual image is assumed to be corrupted with uniform white Gaussian noise. We also
ignore possible occlusions (“foldovers”) in the warped images.

Given such a sequence of images, we wish to simultaneously recover the displacement fields
(u¢, v;) and the reference imadéz, y). The maximum likelihood solution to this problem is well
known and consists of minimizing the squared error

Z//[[t(x +ug, y + ) — (2, y)]2de dy. (2)

In practice, we are usually given a set of discretely sampled images, so we replace the above inte-
grals with summations over the set of pixéls;, v;)}.

If the displacement fields; andv; at different times are independent of each other and the refer-
ence intensity imagé&(«x, y) is assumed to be known, the above minimization problem decomposes
into a set of independent minimizations, one for each frame. For now, we will assume that this is
the case, and only study the two frame problem, which can be rewritten as

E({ug,vi}) = Z[[I(l'i + wi, yi + vi) — Lo(a, yi)]z' 3

K3

LWe will use the termslisplacement field, flow field, andmotion estimate interchangeably.
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This equation is called th&im of squared differences (SSD) formula [Anandan, 1989]. Expanding
I, in afirst order Taylor series expansiorin, v;) yields the themage brightness constraint [Horn
and Schunck, 1981]

E({ui,v}) ~ Z[A] + Low; + Lv)?,

whereAl = I, — [, andV I, = (I, 1,) is the intensity gradient.

The squared pixel error function (3) is by no means the only possible optimization criterion. For
example, it can be generalized to account for photometric variation (global brightness and contrast
changes), using

E'({ui,vi}) =D L@ + wiyyi + vi) — elo(@i, y;) + b7,

K3

whereb andc are the (per-frame) brightness and contrast correction terms. Both of these parameters
can be estimated concurrently with the flow field at little additional cost. Their inclusion is most
useful in situations where the photometry can change between successive views (e.g., when the
images are not acquired concurrently).

Another way to generalize the criterion is to replace the squaring function with a non-quadratic
penalty function, which results inrabust motion estimator which can reject outlier measurements
[Black and Anandan, 1993; Bober and Kittler, 1993; Black and Rangarajan, 1994]. Another possi-
bility is to weight each squared error term with a factor proportional to

1
o3+ a2|VI|?

whereo? ando? are the variances of the image and derivative noise, which can compensate for noise
in the image derivative computation [Simoncetlal., 1991]. To further increase noise immunity,
the intensity images used in (3) can be replaced by filtered images [Burt and Adelson, 1983].

The above minimization problem typically has many local minima. Several techniques are com-
monly used to find a more globally optimal estimate. For example, the SSD algorithm performs the
summation at each pixel over an x m window (typically5 x 5) [Anandan, 1989]. More recent
variations use adaptive windows [Okutomi and Kanade, 1992] and multiple frames [Okutomi and
Kanade, 1993]. Regularization-based algorithms add smoothness constraints @mthefields
to obtain good solutions [Horn and Schunck, 1981; Hildreth, 1986; Pa#ggio, 1985]. Finally,
multiscale or hierarchical (coarse-to-fine) techniques are often used to speed the search for the op-
timum displacement estimate and to avoid local minima.
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Figure 1: Displacement spline: the spline control vertit@s, v;)} are shown as circles) and
the pixel displacement§ «,, v;)} are shown as plusesJ.

The choice of representation for the, v) field also strongly influences the performance of the
motion estimation algorithm. The most commonly made choice is to assign an independent esti-
mate at each pixék;, v;), but global motion descriptors are also possible [Lucas, 1984; Betgen
al., 1992; Szeliski and Coughlan, 1994]. One can observe, however, that motion estimates at indi-
vidual pixels are never truly independent. Both local correlation windows (as in SSD) and global
smoothness constraints aggregate information from neighboring pixels. The resulting displacement
estimates are therefore highly correlated. While it is possible to analyze the correlations induced
by overlapping windows [Matthieat al., 1989] and regularization [Szeliski, 1989], the procedures
are cumbersome and rarely used. For these reasons, we have chosen in our work to represent the
motion field as a spline, which is a representation which falls in between per-pixel motion estimates
and purely global motion estimates.

4  Spline-based flow estimation

Our approach is to represent the displacements figlelg) andv(x, y) as two-dimensionalines
controlled by a smaller number of displacement estimatesdv; which lie on a coarsespline
control grid (Figure 1). The value for the displacement at a pixedn be written as

w(wg,y) = > 4 Bj(as,y:) or wp =Y djwi, (4)
7 7
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where theB;(z,y) are called thédasis functions and are only non-zero over a small intervi (
nite support). We call thew;; = B;(x;, y;) weights to emphasize that the:;, v;) are known linear
combinations of théu;, 9;).

In our current implementation, the basis functions are spatially shifted versions of each other,
i.e., Bj(z,y) = B(x — &;,y — y;). We have studied five different interpolation functions: (1)
block, (2) linear on squares, (3) linear on triangles, (4) bilinear, and (5) biquadratic [Szeliski and
Coughlan, 1994]. In practice, we most often use the bilinear bases. We also impose the condition
that the spline control grid is a regular subsampling of the pixel gfigs max;, y; = my;, So that
each set ofn x m pixels corresponds to a single spline patch.

4.1 Function minimization

To recover the local spline-based flow parameters, we need to minimize the cost function (3) with
respect to thé;, v, }. We do this using a variant of the Levenberg-Marquardt iterative non-linear
minimization technique [Pressal., 1992]. First, we compute the gradient/oin (3) with respect

to each of the parameteis andv;,

or

gy = — =2 e, G w;;
J au]‘ ZZ: J
ok
g?/ = — = 2 eiszwil, (5)
J aU]‘ ZZ: J
where
ei = Li(xi + wi, yi + vi) — To(wi, i) (6)
is the intensity error at pixel
(G7,GY) = V(x4 wiyyi + vi) (7)

is the intensity gradient of; at the displaced position for pixgland thew;; are the sampled values

of the spline basis function (4). Algorithmically, we compute the above gradients by first forming
the displacement vector for each pixel, v;) using (4), then computing the resampled intensity
and gradient values df at(«!,y!) = («; 4+ ui, y; + v;), computing;, and finally incrementing the

g; andg? values of all control vertices affecting that pixel [Szeliski and Coughlan, 1994].

2In the remainder of the paper, we will use indiéder pixels and; for spline control vertices.
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For the Levenberg-Marquardt algorithm, we also require the approximate Hessian matrix
where the second-derivative terms are left out. The matroontains entries of the form

862» 662»

uw — VYIR )2
ajy = ZZZ: 94, i = QZi:walk(Gi)
Je; Oe;
w _ gvu 9 Lot =9 wiGEGY 8
ik = Aj Zi:aﬁj on Zi:ijk i Ui (8)
Je; Oe;

v ] ] 2
ajk = QZZ: aﬁ] 8ﬁk = QZZ:w”wzk(G?) .

The entries ofA can be computed at the same time as the energy gradients.
The Levenberg-Marquardt algorithm proceeds by computing an incretend the current
displacement estimaiewhich satisfies

(A 4+ M)Au = —g, (9)

whereu is the vector of concatenated displacement estimiates, }, g is the vector of concate-
nated energy gradienfg;', g7 }, and) is a stabilization factor which varies over time [Presal .,
1992]. To solve this large, sparse system of linear equations, we use preconditioned gradient de-
scent
Au=—-aB'g=—ag (20)

whereB = A + I, andA = block diag A ) is the set o x 2 block diagonal matrices defined in
(9) with 7 = k£, andg = B~ g is called thepreconditioned residual vector? An optimal value for
« can be computed at each iteration by minimizing

AE(ad) = o*d"Ad — 2ad”g,

i.e., by settingy = (d - g)/(d” Ad), whered = g is thedirection vector for the current step. See
[Szeliski and Coughlan, 1994] for more details on our algorithm implementation.

To handle larger displacements, we run our algorithm in a coarse-to-fine (hierarchical) fash-
ion. A Gaussian image pyramid is first computed using an iterated 3-point filter [Burt and Adelson,
1983]. We then run the algorithm on one of the smaller pyramid levels, and use the resulting flow
estimates to initialize the next finer level (using bilinear interpolation and doubling the displacement
magnitudes).

3Preconditioning means adjusting the descent direction to accelerate the convergence, e.g., by pre-multiplying it by
an approximate inverse & [Axelsson and Barker, 1984; Preatsal., 1992].
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Figure 2 shows an example of the flow estimates produced by our technique. The input image
IS 256 x 240 pixels, and the flow is displayed om3& x 28 grid. We show the results of using a
3 level pyramid, 9 iterations at each level, and with three different patch sizes 64, m = 16,
andm = 4. As we can see, using patches that are too large result in flow estimates which are too
smooth, while using patches that are too small result in noisy estimates. (This latter problem could
potentially be fixed by adding regularization, but at the cost of increased iterations.) To overcome
this problem, we need a technique which automatically selects the best patch size in each region of
the image. This is the idea we will develop in the next two sections.

5 Hierarchical basis splines

Regularized problems often require many iterations to propagate information from regions with
high certainty (textures or edges) to regions with little information (uniform intensities). Several
techniques have been developed to overcome this problem. Coarse-to-fine techniques [Quam, 1984;
Anandan, 1989] can help, but often don’t converge as quickly to the optimal solution as multi-
grid techniques [Terzopoulos, 1986]. Conjugate gradient descent can also be used, especially for
non-linear problems such as shape-from-shading [Simckbal, 1989]. Perhaps the most ef-
fective technique is a combination of conjugate gradient descent with hierarchical basis functions
[Yserentant, 1986], which has been applied both to interpolation problems in stereo matching [Szeliski,
1990] and to shape-from-shading [Szeliski, 1991].

Hierarchical basis functions are based on using a pyramidal representation for the data [Burtand
Adelson, 1983], where the number of nodes in the pyramid is equal to the original number of nodes
at the finest level (Figure 3). To convert from the hierarchical basis representation to the usual fine-
level representation (which is called thedal basisrepresentation [Yserentant, 1986]), we start at
the coarsest (smallest) level of the pyramid and interpolate the values at this level, thus doubling
the resolution. These interpolated values are then added to the hierarchical representation values
at the next lower level, and the process is repeated until the nodal representation is dbtiised.
process can be written algorithmically as

procedures
for{ = L — 1 down tol

“Hierarchical basis splines are therefore a degenerate (non-orthogonal) form of wavelets [Mallat, 1989] with ex-
tremely compact support and inverses.
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coarse /@\ =3
N\

Figure 3: Multiresolution pyramid
The multiple resolution levels are a schematic representation of the hierarchical basis spline. The
circles indicate the nodes in the hierarchical basis. Filled cirelemé free variables in the quadtree
spline (Section 6), while open circles)(must be zero (see Figure 6).

forj € M,
. ~alr
ub =0k + Y pen, Wity

ends .

In this procedure, each node is assigned to one of the level collectifhrighe circles in Figure

3). Each node also has a number of “parent nodésdn the next coarser level that contribute to

its value during the interpolation process. Thg are the weighting functions that depend on the
particular choice of interpolation function. For the examples shown in this paper, we use bilinear
interpolation, since previous experiments suggest that this is a reasonable choice for the interpolator
[Szeliski, 1990].

We can write the above process algebraically as

u=Sa=5,S,...S,_1, (11)
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with

1 if j =k

(Si)je =% wy if 5 € M;andk € N

0 otherwise
andu is the hierarchical basis representation. Using a hierarchical basis representation for the flow
field is equivalent to usin§S* as a preconditioner, i.eg, = SSTg [Axelsson and Barker, 1984;
Szeliski, 1990]. The transformati®s’ can be used as a preconditioner because the influence of
hierarchical bases at coarser levels (which are obtained fro’tlogeration) are propagated to
the nodal basis at the fine level through heperation. To evaluatg’, i.e., to convert from the
nodal basis representation to the hierarchical basis representation, we use the procedure

procedures”
fori=1toL —1
fork € M,

A1 41 N
W = u ) en, WikY;
ends? .

When combining hierarchical basis preconditioning with the block diagonal preconditioning in
(10), we have several choices. We can apply the block diagonal preconditioniggfir§iS"B—'g,
or secondg = B~'SS”g, or we can interleave the two preconditiongrs- SB=!S%g, org =
B-7SS”Bg, whereB = Bz. The latter two operations correspond to well-defined precondition-
ers (i.e., optimization under a change of basis), while the first two are easier to implement. In our
current work, we use the first form, i.e., we apply block preconditioning first, and then use sweep
up and then down the hierarchical basis pyramid to smooth the residual. In future work, we plan to
develop optimal combinations of block diagonal and hierarchical basis preconditioning.

To summarize our algorithm (Figure 4), we keep both the hierarchical and nodal representations,
and map between the two as required. For accumulating the distances and gradients required in
(9), we compute the image flows and the derivatives with respect to the parameters in the nodal
basis. We then use the hierarchical basis to smooth the residual gelogdore selecting a new
conjugate direction and computing the optimal step size. Using this technique not only makes the
convergence faster but also propagates local corrections over the whole domain, which tends to
smooth the resulting flow significantly.

To demonstrate the performance improvements available with hierarchical basis functions, we
use as our example tiSguare2 sequence, which is part of the data set used by Batralin [1994].
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Figure 5a shows one image in the sequence, while Figure 5b shows the convergence rates for regular
gradient descent/(= 1), coarse-to-fine estimatiort (= 3), and preconditioning with hierarchical

basis functions = 3), with different amounts of regularization( = 0, 100, 1000). As we can

see from these results, adding more regularization results in amore accurate solution (this is because
the true flow is a single constant value), using coarse to fine is quicker than single-level relaxation,
and hierarchical basis preconditioning is faster than coarse-to-fine relaxation. It is interesting to
note that using hierarchical basis functions even without regularization quickly smooths out the
solution and outperforms coarse-to-fine without regularization.

6 Quadtree (adaptive resolution) splines

While hierarchical basis splines can help accelerate an estimation algorithm or even to add extra
smoothness to the solution, they do not in themselves solve the problem of having adaptively-sized
patches. For this, we will use the ideaqodtree splines, i.e., splines defined on a quadtree domain.

A quadtree is a 2-D representation built by recursively subdividing rectangles into four pieces (Fig-
ure 6) [Samet, 1989]. The basic concept of a quadtree spline is to define a continuous function over
a quadtree domain by interpolating numeric values at the corners of each spline leaf cell (square).
However, because cells are non-uniformly subdiviaeagks or first-order discontinuities in the in-
terpolated function will arise (Figure 6b) unlesesrack-filling strategy is used [Samet, 1989]. The
simplest strategy is to simply replace the values at the nodes along a crack edge (the white circles
in Figure 6) with the average values of its two parent nodes along the edge. This is the strategy we
used in developingctree splines for the representation of multi-resolution distance maps in 3-D
pose estimation problems [Lavediét al., 1991].

When the problem is one of iterativedgtimating the values on the nodes in the quadtree spline,
enforcing the crack-filling rule becomes more complicated. A useful strategy, which we developed
for estimating 3-D displacement fields in elastic medical image registration [Szeliski anddegvall”
1994], is to use a hierarchical basis and to selectively zero out nodes in this basis. Observe thatifin
Figures 3 and 6a we set the values of the open cirele® ero in the hierarchical basis and then
re-compute the nodal basis usigthe resulting spline has the desired continuity, i.e., nodes along
longer edges are the averages of their parents.

The formulation of the quadtree spline in terms ofaalaptive hierarchical basis, i.e., a basis
in which some nodes are set to zero, has several advantages. First, it is very easy to implement,
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(b)

Figure 6: Quadtree associated with spline function, and potential cracks in quadtree spline
(a) the nodes with filled circle) are free variables in the associated hierarchical basis, whereas
the open circlesd) (and also the nodes not drawn) must be zero (in the nodal basis, these nodes
are interpolated from their ancestors); (b) potential cracks in a simpler quadtree spline are shown
as shaded areas.

simply requiring a selective zeroing step betweenth@ndS operations (algebraically, we write

g = SZSTg, whereZ is a diagonal matrix with 1's and 0’s on the diagonal—see FiguteSBcond,

it generalizes to splines of arbitrary order, e.g., we can build@uadtree spline based on quadratic
B-splines using adaptive hierarchical basis functions. However, for higher-order splines, even more
nodes have to be zeroed in order to ensure that finer level splines do not affect nearby coarser (un-
divided) cells. Third, as we will discuss in the next section, the adaptive hierarchical basis idea is
even more general than the quadtree spline, and corresponds to a specific kind of multi-resolution
prior model.

The quadtree spline as described here ensures that the function within any leaf cell (square do-
main) has a simple form (single polynomial description, no spurious ripples). An alternative way
of interpreting the quadtree in Figure 6a is that it specifiestimemum degree of complexity in
each cell, i.e., that each square is guaranteed to have its full degrees of freedom (e.g., all 4 corners
have independent values in the bilinear case). In this latter interpretation, the open circles in the
hierarchical basis are not zeroed, and only the circles actually not drawn in Figure 6a are zeroed.
In this approach, large squares can have arbitrarily-detailed ripples inside their domain resulting

>Whenever th& matrix changes, we also have to re-compute the quadtree splinewsingZS~'u. TheS—!
procedure is similar t87, but nowi; « w; — @;y.
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from fine-level basis functions near the square’s boundaries. To date, we have not investigated this
alternative possibility.

6.1 Subdivision strategy

The quadtree spline provides a convenient way to use adaptively-sized patches for motion estima-

tion, while maintaining inter-patch continuity. The question remains how to actually determine the

topology of the patches, i.e., which patches get subdivided and which ones remain large. Ideally,

we would like each patch to cover a region of the image within which the parametric motion model

is valid. In a real-world situation, this may correspond to planar surface patches undergoing rigid

motion with a small amount of perspective distortion (bilinear flow is then very close to projective

flow). However, usually we are natpriori given the required segmentation of the image. Instead,

we must deduce such a segmentation based on the adequacy of the flow model within each patch.
The fundamental tool we will use here is the concepestiual flow [Iranietal., 1992], recently

used by Miller et al. [1994] to subdivide affine motion patches (which they tiédk). The residual

flow is the per-pixel estimate of flow required to register the two images in addition to the flow

currently being modeled by the parametric motion model. At a single pixel, only the normal flow

can be estimated,
N (elevelG?)
N _ 12
el (7 (12)

where the intensity errar; and the gradient/;, = (G%,GY) are given in (6—7). This measure
is different from that used in [lraret al., 1992; Miller et al., 1994], who sum the numerator and
denominator in (12) over a small neighborhood around each pixel.

To decide whether to split a spline patch into four smaller patches, we sum the magnitude of
the residual normal floyfuX¥|| over all the pixels in the patch and compare it to a threshld
Patches where the motion model is adequate should fall below this threshold, while patches which
have multiple motions should be above. Starting with the whole image, we subdivide recursively
until either the p-norm residual falls below an acceptable value or the smallest patch size considered
(typically 4-8 pixels wide) is reached.

Figures 7a—c show an example of a quadtree spline motion estimate produced with this split-
ting technique for a simple synthetic example in which two central disks are independently moving

S Actually, we use @—norm, (3, [[alN||?)*/?, which can model a max operation@as+ cc.
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Figure 7: Quadtree spline motion estimatidnvp Discs (SRI Trees) sequence): (a) input image,
(b) true flow, (c) split technique, (d) merge technique.
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against a textured background. The quadtree boundaries are warped to show the extent of the esti-
mated image motion (up and left for the top disc, down and right for the bottom disc). Note how the
subdivision occurs mostly at the object boundaries, as would be expected. The most visible error
(near the upper right edge of the lower disc) occurs in an area of little image contrast and where the
motion is mostly parallel to the region contour.

An alternative to the iterative splitting strategy is to start with small patches and tognrge
adjacent patches with compatible motion estimates into larger patches (within the constraints of
allowable quadtree topologies). To test if a larger patch has consistent flow, we compare the four
values along the edge of the patch and the value at the center with the average values interpolated
from the four corner cells (look at the lower left quadrant of Figure 6a to visualize this). The relative
difference between the estimated and interpolated values,

A

0, — 0|

|+ {2

u;

wheret; is the interpolated value, must be below a thresHiglftypically 0.25-0.5) for all five
nodes before the four constituent patches are allowed to be merged into a larger patch. Notice
that the quantitya; — @, is exactly the value of the hierarchical basis function at a node (at least
for bilinear splines), so we are in effect converting small hierarchical basis values close to be ex-
actly zero (this has a Bayesian interpretation, as we will discuss in the next section). Note also that
this consistency criterion may fail in regions of little texture where the flow estimates are initially
unreliable, unless regularization is applied to make these flow fields more smooth.

Figure 7d shows an example of a quadtree spline motion estimate produced with this merging
technique. The results are qualitatively quite similar to the results obtained with the split technique.

7 A Bayesian interpretation

The connection between energy-based or regularized low-level vision problems and Bayesian esti-
mation formulations is well known [Kimeldorf and Wahba, 1970; Marroagial., 1987; Szeliski,

1989]. In a nutshell, it can be shown that the energy or cost function being minimized can be con-
verted into a probability distribution over the unknowns using a Gibbs or Boltzmann distribution,
and that finding the minimum energy solution is equivalentgximum a posteriori (MAP) es-
timation. The Bayesian model nicely decomposes the energy function into a measurement model
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(typically the squared error terms between the measurements and their predicted values) and a prior
model (which usually corresponds to the stabilizer or smoothing term), i.e.,

E(u) = E(u,d) + &E(u) & pu) oc e M = ¢~Calmd) =& oc p(u, d) p(u) (13)

It then becomes straightforward to make use of robust statistical models by simply modifying the
appropriate energy terms [Black and Anandan, 1993; Black and Rangarajan, 1994].

The basic spline-based flow model introduced in [Szeliski and Coughlan, 1994] is already a
valid prior model, since it restricts the family of functions to the smooth set of tensor-product splines.
In most cases, a small amount of intensity variation inside each spline patch is sufficient to ensure
that a unique, well-behaved solution exists. However, just to be on the safe side, it is easy to add a
small amount of regularization with quadratic penalty terms oritfseand their finite differences.

Hierarchical basis splines, as well as other multilevel representations such as overcomplete pyra-
mids can be viewed as multiresolution priors [Szeliski and Terzopoulos, 1989]. There are two ba-
sic approaches to specifying such a prior. The first, which we use in our current work, is to simply
view the hierarchical basis as a preconditioner, and to define the prior model over the usual nodal
basis [Szeliski, 1990]. The alternative is to define the prior model directly on the hierarchical ba-
sis, usually assuming that each basis element is statistically independent from the others (i.e., that
the covariance matrix is diagonal) [Szeliski and Terzopoulos, 1989; Pentland, 1994]. An extreme
example of this is thecale-recursive multiscale Markov Random Fields introduced in [Chiral .,

1993], whose special structure makes it possible to recover the field in a single sweep through the
pyramid. Unfortunately, their technique is based on a piecewise-constant model of flow, which re-
sults in recovered fields that have excessive “blockiness” [Luetgain, 1994].

Within this framework, adaptive hierarchical basis splines can be viewed as having a more com-
plex multiresolution prior where each hierarchical node has a non-zero prior probability of being
exactly zero. The split and merge algorithms can be viewed as simple heuristic techniques designed
to recover the underlying motion field and to decide which nodes are actually zero. More sophisti-
cated techniques to solve this problem would include simulated annealing [Mares@uirl987]
and mean-field annealing [Geiger and Girosi, 1991].

Quadtree splines have an even more complicated prior model, since the existence of zeros at
certain levels in the pyramid implies zeros at lower levels as well as zeros at some neighboring
nodes (depending on the exact interpretation of the quadtree spline). We will not pursue these model
further in this paper, and leave their investigation to future work.
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Technique Eiror | Dev. | Eror | Dev. | Density
regular spline{ = 16) 0.95 | 1.71 12.41° 18.95° | 100%
regular spline{ = 8) 0.89 | 1.64 11.78° 17.75° | 100%
regular spline{ = 4) 0.95 | 1.68 14.81° 17.80° | 100%
quadtree spline (merge,=4) | 0.85 | 1.58 11.04° 16.66° | 100%
quadtree spline (spli, = 4) 0.95 | 1.63 14.41° 18.11° | 100%

Table 1: Summary ofwo Discs (SRI Trees) results

8 Experimental results

To investigate the performance of our quadtree spline-based motion estimator, we use the synthet-
ically generated'wo Discs (SRI Trees) sequence shown in Figure 7, for which we know the true
motion (Figure 7b). The results of our spline-based motion estimator for various choices of win-
dow sizes, as well as the results with both the split and merge techniques, are shown in Table 1.
The experiments show that the optimal fixed window size is 8, and that both split and merge
techniques provide slightly better results. The relatively small difference is error between the vari-
ous techniques is due to most of the error being concentrated in the regions where occlusions occur
(Figure 8). Adding an occlusion detection process to our algorithm should help reduce the errors
in these regions.

We also tested our algorithm on some of the standard motion sequences used in other recent
motion estimation papers [Barrabal., 1994; Wang and Adelson, 1993; Otte and Nagel, 1994].
The results on thelamburg Taxi sequence are shown in Figure 9, where the independent motion
of the three moving cars can be clearly distinguished. Notice that the algorithm was also able to
pick out the small region of the moving pedestrian near the upper left corner.

The result on thé&lower Garden sequence are shown in Figure 10. Here, the trunk of the tree
is clearly segmented from the rest of the scene. The top of the flower garden, on the other hand, is
not clearly segmented from the house and sky, since it appears thi#t tomtinuous motion field
represented by the splines is an adequate description.

The final sequence which we studied is the table of marble blocks acquired by Michael Otte

"Unlike the global motion estimates used in [Wang and Adelson, 1993], we do not require that the motion be a
combination of a few global affine motions.
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Figure 8: Flow errofju —u*|| and residual normal floyju} || for Two Discs (SRI Trees) sequence.
Note how most of the errors are concentrated near the motion discontinuities and especially the
disoccluded region in the center.
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Figure 9:Hambur g Taxi sequence: estimated quadtree and estimated flow, mergirgpatches
in a 3-level pyramid.
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Figure 10: Flower Garden sequence: estimated quadtree and estimated flow, mergiag4
patches in a 4-level pyramid.

[Otte and Nagel, 1994]. In this scene, the camera is moving forward and left while all of the blocks
are stationary, except for the short central block, which is independently moving to the left. The
guadtree segmentation of the motion field has separated out the tall block in the foreground and the
independently moving block, but has not separated the other blocks from the table or the checkered
background. Changing the thresholds on the merge algorithm could be used to achieve a greater
segmentation, but this does not appear to be necessary to adequately model the motion field.

9 Extensions

We are currently extending the algorithm described in this paper in a number of directions, which
include better multiframe flow estimation, parallel feature tracking, and local search.

When given more than two frames, we must assume a model of motion coherency across frames
to take advantage of the additional information available. The simplest assumption islthedirof
flow, i.e., that displacements between successive images and a base image are known scalar multi-
ples of each othen; = s;u;.* Flow estimation can then be formulated by summing the intensity
differences between the base frame and all other frames [Szeliski and Coughlan, 1994], which is
similar to thesum of sum of squared-distance (SSSD) algorithm of [Okutomi and Kanade, 1993].
We have found that in practice this works well, although it is often necesshoptsirap the motion

8In the most common case, e.g., for spatio-temporal filtering, a uniform temporal sampliag)(is assumed, but
this is not strictly necessary.
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Figure 11: Michael Otte's sequence: estimated quadtree and estimated flow, mesgiag 8
patches in a 4-level pyramid.

estimate by first computing motion estimates with fewer frames (this is because gradient descent
gets trapped in local minima when the inter-frame displacements become large).

When the motion is not linear, i.e., we have a non-zero acceleration, we cannot perform a single
batch optimization. Instead, we can compute a separate flow field between each pair of images,
using the previous flow as an initial guess. Alternatively, we can compute the motion between a base
image and each successive image, using a linear predictoru,_; + (u;—; — u;—3). This latter
approach is useful if we are trying to track feature points without the problemfo{accumulated
error) which can occur if we just use inter-frame flows.

The linearly predicted multiframe motion estimator forms the basis of our parallel extended im-
age sequence feature tracker [Szeldlal., 1995]. To separate locations in the image where fea-
tures are being tracked reliably from uninformative or confusing regions, we use a combination of
the local Hessian estimate (9) and the local intensity error within each spline patch. This is similar
to Shi and Tomasi’s tracker [Shi and Tomasi, 1994], except that we use bilinear patches stitched
together by the spline motion model, which yields better stability than isolated affine patches.

To deal with the local minima which can trap our gradient descent technique, we are also adding
an exhaustive search component to our algorithm. At the beginning of each set of iterations, e.g.,
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after inter-level transfers in the coarse to fine algorithm, or after splitting in the quadtree spline es-
timator, we search around the curréntv) estimate by trying a discrete set of neatbyv) values

(as in SSD algorithms [Anandan, 1989]). However, because we must maintain spline continuity,
we cannot make the selection of best motion estimate for each patch independently. Instead, we
average the motion estimates of neighboring patches to determine the motion of each spline con-
trol vertex.

In future work, we plan to extend our algorithm to handle occlusions in order to improve the
accuracy of the flow estimates. The first part, which is simpler to implement, is to simply detect
foldovers, i.e., when one region occludes another due to faster motion, and to disable error con-
tributions from the occluded background. The second part would be to add an explicit occlusion
model, which is not as straightforward because our splines are curtéhdgntinuous. In other
work, we would also like to study the suitability of our method as a robust way to bootstrap layered
motion models. We also plan to test our technique on standard stereo problems.

10 Discussion and Conclusions

The quadtree-spline motion algorithm we have developed provides a novel way of computing an ac-
curate motion estimate while performing an initial segmentation of the motion field. Our approach
optimizes the same stability versus detail tradeoff as adaptively-sized correlation windows, with-
out incurring the large computational cost of overlapping windows and trial-and-error window size
adjustment. Compared to the recursively split affine patch trackerafé¢iet al., 1994], our tech-

nigue provides a higher level of continuity in the motion field, which leads to more accurate motion
estimates.

The general framework of quadtree splines and hierarchical basis functions is equally applicable
to other computer vision problems such as surface interpolation, as well as computer graphics and
numerical relaxation problems. It has already been applied successfully to the elastic registration
of 3D medical images [Szeliski and Lawed, 1994], and we plan to extend our approach to other
applications.
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