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Arithietic in a One's-Complement Cocmputer.

A. Introduction.

The nain parts of the aritkmetic section of a one's-
comrlement corputer cre the X-Rezister (abbreviated XR),
the J-Arzi~ter, CR, and the Ace.mulator, AC. Fumbers may
be taken from the cells nf the menmory sccticon and vput into
these registers and the four rundan-ntal arithmetic on»erations
perforned on tnem therc. Tor cach of the operations we shall
indicatz the vrocess through-which the machinc ‘gocs and prove
that this process zgives the correct result,

The commuter cperates with 24 dizit signless binary num-
bers, cach of which reprcgents a positive eor negative 23 digit
binary numbcr (perhaps havin~ sunerflusgs zecros.) The numbers
with which the machine opcrates will be referred to as dizital
nwibers, and the numbcrs for wvhich these stand as binary num—
bers, or simply numbers,

It is first nccessary to investigatce the way in which a
numbcer ie represcentcd in the computcer.

3. The Corrcspondencs,

Consider the signless binary numbers (digital numbers) of

b
24 digits, X - Xp3 ».. X5, X3 = O or )}, cxcluding that digital

nunbcr consisting cxclusively of 1's. The one's-complement of

such a digital numbor X 1is defined to be X = (224 - 1) - X.
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24 it , ot ' .
Sincce 2“7~ 1211 ... 11, it ig s2en thot X = X3t .60 X,
where x4 = ;%: according as x3 = ,?; . Tote that
‘\ ' 1
Tjin t o X ) = X.
(--1, - X (X ) =

Between the above set ©” digit-=1l rumbers and vhe set of

signed biraric. of 23 dizits x (pcrinaus with supcrfluovs

ger. 2, 1 - 233§: xS L -1, sét v a one~onu cerrosnendénce
¢ rollow ! :

If 2 0 and Ki = Xgn een Xy then let X — X -

’qug ver Xge I'f x< 0 wund )X Xop +os Xy then let

A X g Bo sus Xy 2 20w L AR Xy, See., I x 3

ncgative let it correspornd to the cne's-cermlement of the
image of its obsolute valuc. Notc that thc two scts between
which thc corresvondence is defined are actually cardinally
cquivalcnt.

The XX, (R and memory. cclls renrcsciit binary numbers
223 . 23

. x < 2°° -1, as digital nusbders by mecans of the

x, 1 -

I

above correspondcnce. The AC, however, can rcpresent a number

247( 47

a, 1 - ag 2 - 1, as a 48 digit digital rumber by

virtuc of an analogous onc-cnc correspondcnce. If A is one
of thesce 48 digit digital numbers (nct consisting cxclusively
of 1's) then its onc's-complement is by definition the

! \
(248

!
digital number A = -1) - % = agp ... ap where
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St YR inz E & iy A
Ay s (g according as oy = (lj acain, (aJ) = aj and

[}

(A) =i, Th: annlo_.ous cne-one ecorrescondencs b virtue

of whieh the al holds an sizne? 47 dizit nuber is the
follosir - onc. iet iai =z rnge vov . If 7 N thven
p = n =z 0245 oo 2. If 0~ thern A e— - 1":‘6
st aai 2291 4 s,

st Xy = Faz ces Xoz Zog Xon ... Yy Xg if
X =2 %97 o4. Xqe ‘le have the onsily verified

-yia It IS .0 is the remrcsentation of x on 4R, then

X 1is the rooresentation of x on al, i.e., if x¢e— XK

then % &= .‘(_".

C. addition.

A digitel munber X = X5y ... in R 4is "added" to

%0

a i itol nuber a = Ngm o+ %9 in aC 1in the folloving

wvay. The rmechire comutes

A = ag7 848 o Ap5 G4 Np3 Bpp e Bg T

’

mninus ;IA Xnm Xom e+ Xog Xoz Xpz Xpo von X,

and if there is r. borro'r lecft over at the left-'wand cnd,
this borrov is subtrocted fro: the rasultine: diffcrence to

cive n resnlt called the "sun" of A and i_or A®X,

X a

2/, 9
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1

Bo gt reatials olord ie mov pa L m<anravnA borror
Fthed. The subtraction ¢ the borrow Sror the first
di:ference mey generate another serics of torrows, but this

5 cannot run for rcre than 48 places, since in

(7]
o
R]
3
s |
jon
7]
m
3
>
D
r

the first sud‘raction a borrow can originate only at a con-

0
fizaraticn 57 the form —%—, and the 1 ir. the first difference
will %11l any borrow gernerated in the sccend subtraction.

It must be shown that, within the range of the cormuter,
if X e and Ae— A then a ¢ X 5 A6 X, Moreover,
it will be shown that if the result runs over the capacity of
28

the machine it is still corroct rodulo

It X, . & ther no end-around borrow can be gencrated
and A( X - A - XA' End around btorrow will occur if and only
if X, > A. Using cnd-around borrow is equivalent to adding
248 o A, subtracting XA from their sun, and then sub-
tracting 1 fror this difference. Thus if X, > 4, AT X -

{ (4« 2% .x) -1 =a + X.. Concisely,

A
/ y

e o i s p
if X3 %A then A9 X - 4 X,
if X, A then a™® X - A - %,.
b % b

ot X, 1~2%a 2 e BB iz 2wy o B M6 B

™ ~

nunber represcnted on XR by X, and

- =
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a, 1 =2~ 8- 2 -1, A = agg et Ry be a nunber

represented on aC by «. Notice first that

4

|

0 iaj-x - (27 -1)-(FL1) s

~3

o U SIE Y Y F 247 _ 1. Therc arc four cases, onc for
cach of the oussidle distridbutions of signs on X and a,
which arise in thc addition of x to a by mecans of their
represent.tives on the corputer. Sach case nust be considered

serarately in order to prove thet in general a -~ X «-: 4! A.

Crsc 1t x 2 0 and a -~ O. In this case

a — 4 zCagg ... 85 = . 8&;
X ¢« ‘(;Ong.. X, = ‘X4
X, -0 ...0xpp ... X5 = x| and
X‘; o e | xéz...1;3(248—1)—)23:(248-1) —.EXn:

Since X.> A, A X :-a X = &+ ixp. If

a*ux;f247 1 thep A2 X e— 121 + X} - &+ X

But if 'a, = :xs > 2% - 1, then, sinco

e ez o (287 -1 4 (2R 1), e 2 (3T D
where € 7 o ¢ 2‘2:5 - 1. Then since O < 247 -n < 247 -1,

o have A X< (298 - 1) - (27 - n) e - (247 - 0) = a
But (& + .x.;-m.z‘“’—l 80 a + X =

val + xi = n (mod 248 - 1) and

ADX e anm a + X "(mod248—-1). /
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Case II: x <0 and a 2 0. 1In this case

a(-—-oA:Oa‘;G ses @, = ray

(o}

X &= X - lxlz‘z LI Xol

’

> PECT A, PN S

-1) - 'x and
:(&:09000:22 .« Xo:ix',

If XAEA then A—Y‘X:A__'{A:la._'x'.
But if x‘; : aA then ' X :A’_ -ai and o /\ lar - 1 x4 S- 2‘;7 L, l

and AP X «la| - ixi =a + x. On the other hand, if
7

X, > A then adiX =4+ Xy = rarv « (298 1) - x -

7’

(2% - 1) - (1 xi-im1). also, If X. >4 then
'xt >1a1 and 0 < Ixy-ja) 247 =1 ema
ABX e - (Ixi=-121) = a8 + x.

Caseg III: x>0 and a < 0. In this casc

X ¢—3 X - 0x22 eve Xy = XU

i =0 ss. D Xon ee0 X5 = X1

. ¢ (2% _

Xy =1 5.. 1 xéz A . 1Y) = X, = (248 -1) - 1x1,

o
1

a ¢— A = lage oo 2; = {3 1) - 1a1,

If K€ 4l thes A8 X = £ wd
e n

(R L% L jgs a ((2%8 2y o i3 ) - - KA IRl

/
SA $a then 'xi 2 1a¢ 80 0% - a1 + X < 287 .1

~

end A X e— - 12] 4+ |x) = 2 + X,

&8«
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! ,
1t X, >4 then ACXz4+X = (2% -1) - (ar - 20,

3 " 47
Since %A > A, iXr € a4 end O ¢ tat = ! x| g 2 « 1 80

AB X g~ (iat - 1x1) =2+ Xx.

Case IV: x~ 0 and a < 0. 1In this case

aesizla ...8 = (26 _ 1) - 12

X ¢ X - 1X;2 veo xé

:\A:I...llzz % xo and 5
xA = O e o x22 “ve xo - X

Stnce X, <4, A" X2d-X, = (2% -1) - (1ar + xi).

.If a1 = axr ¢ 247- 1 then A7 X g=a~ (18 + I1X() =8 + X,

But if 1a! + 1x) 247 - 1 then, since

abe 130 % (oM L 1) A (PP 1Y, dai e iz 2 {EY = ep

where 0 < n¢ 223 _ 1. Tnen (2% - 1) - (ya: + 1x4) =

247 _ n, and since 0¢ 2%7 _ n ¢ 2%7 -1,

A@Xe—)247-n:m. But n- (- (iar + xi)) =

2’8 -1 80 a+x=- (at ~ ;) E n(o0d 248 _ 1)

end AD X ¢e—n a +x (med 248 _ 1Y,

The above argunments prove that if x,a and a + X are
within the ranges of XR, AC and AC respectivcly, then

a+ Xe—2»A X and if 2 - x is beycnd the range of AC

2
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the A@X {s still the correct image of a + x -modulo 2% - 1,

D. Subtraction.

Subtraction is performed by the computer by subtracting
Jg\ from A' using end-around borrow when necessary, i.e.,
A€ X - APX. If ae-34 and x e X s «— X' and
APXé3a+x or AQX e n=z a+x (mod 2%8 - 1) and
c A X A@XI(———-)a +(-x) —a-~-x or aXe&e—>n=
a-x (mod #*® - 1) as the case may de. Thus the desired
correspondence is preserved by machine subtraction.

E 3asic Arithmetic Cperations.

Below is a table summarizing thc basic arithmetic operations.

NUMBERS SUBTRACTED II'TO aC I¥ THE BaASIC OPRRATIONS

! CPERATION i «C DIGITS

‘ ~ ” ~ n

L 847 ™46 24 23 %23 ¢ %1 %

! ADD XR TO aC Xoz Xog o+ Xog 11'33 X5g oo % X,

'SUBTRACT iR FRON aC ! Xog Xoz eee Xoz Xng Xon «.w X X

IABSOLUTE 4DD ‘R TC ul |

i

’ /

'; IF X23 = 0 : IR | 1.3 xna Xl b

; IF 183 = 1 e A O p A ng 71 XO

| ABSCLUTE SUBTRACT XR FROM AC! :

[ : \ al '

; IF x23 - 0 . 23 sees 8 \' :‘:‘:2 oo xl xo

| | f
\i 17 x%:l b ees 08 x.;.,...x,’ xo’ L
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The only operations in this table which have not been proved

to yield correct results arc the operations of absolute add and

absolute subtract.

From a consideration of the digits put into

AC in thcse operations it is casily verificd that they correspond

to the truc operations of addition and subtraction of absolutc

valucs.

F. lMultiplication.

In addition to X] and .C the arithmetic section contains a

Q-Register, QR, which holds a 23 digit signed binary ns n

digital numbdber of 2

4 digits just as XX docs.

411 the digits of

QR or of AC may be shifted left any number of places from 1 to &7.

The shift is circular, i.c., a digit shifting out the left cnd of

the register is not lost but shifts to the right cnd.

In the proof of the multivlicntion algorithm we will need

following two lemmas.

I¥+ Let

Lemno 11

a Dbe the result of shifting 4

s

placcs where s <
is the product of
image).

Proof:

S = 8‘17

8.

3

o

2% with the digit~l nurder A

s s B te a digital number in AC.

the

Let

circularly to the left s

= 5 4 B
Then & = 427 (nod 2‘8 - 1), where a2

(not its

and

/5 7
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a4y -+ B48_¢ 00w... 00 = 248 (a47 . a48—s) and therefore

48 places
x 48 - A
A7 = (2% - 1) (agp «.. agg g) = Bgp_g +-» Bg By -+ Bgg o= A
and A = 42% (mod g% _ 1y,

Lemma III: Let A and B be two 48 place digital numbers and

let AH B denote their difference using end-around borrow if

necessary. Let R, é, A!B B denote the results of shifting

cach s places where s < 48. Then A A B - A & B.

Proof: All congruenccs here are modulo 248 - 1. It is implicit

‘L

from the result on page 4 that AEB-—A-B A5 B=4- B
B

From Lemma II, A= 2 A B2 B. and hence A -

Thus A5 B=2%(ABB)=(A85). But 0<A& B¢ 2%® -1 and

0¢ A8 B <2¥® -1 and therefore EBEZABB.

Whon the computer adds and when it subtracts it computes
an end-around bo;:ow difference, which operation we have de-
noted by |4 in Lemma III. Thus Lemma III holds for both
machine addition and machine subtraction.

Lemma IV: Let the AC digital number A +———>a where
a1 2%% - 1. Thon if & ¢ 24, i —s a2%"
The truth of this lcmma is most easily seen from a con-

sideration of cases &om = 0 and 8oz = 1.

We now proceed to the multiplication algorithm proper.

e JOY
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fultiplication alzorithm
1¢3 contents
QR contains multiplier
XR contains multiplicnnd
AC contains number to which
the product is to be added.
algorithn

1. Shift AC 24 places left.

2« I Aoz 1, subtract XR into AC.

It Qo3 = 0, procced directly to step 3.
3. Do 24 times:
a. Shift AC one place left.

b. If goz = 1 add 7R invo aC,
otherwisc procced to 3C.

c. Shift QR onc plnce left.

4. If gpz = 1, ndd &R into aC.

AC contains pro“icé plus its initi~. dontcents.
' QR contains multiplier.

Let a3 4 = Qpr es. 2 X ¢— N - Xog oee X and
'y <

o' 0

qQ > Q = Qpz - -+ Qy- #t the ond of the operntion AC has been
shifted lcft 18 pnlaces nnd is back whore it started. In view
of Lemma III we may consider the & held stationary and X3

shiftcd along it each step. OSince QR is shiftcd each stcp we

T 11/37
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*rith

may consider the machine to examine the »roper digit of Q

Exanination of the algorithm in the light

QR held stationary.

of thesc remarks shows that the machine computes the sum

@ (923)
& (g23)
@ (az2)

@ (qq)
&WADOV
ﬂwAnmwv

DFN m:.m m:a & @ wiee mmm mDF mm
xwu XO5 XOY «onne

xmw Nmu Num 6 % v 0k

wa xmw Nmu xmm .

...........

x1

L4 /

Xo NNW

X1 Xp

mmm e
XDS . 54 »

XJW g

5/2]

. mH QO «> 8
, ’ ok
- X23 X23 &> “X°2" °q23
e
cenee XD3 ey XT2 w.@mu
22
3 oeenne X234 X2 "*Qpp
5 . u
-Xy X4 Xp3 € : B "qQ;
“ v xH xO NO aLO
. Xy Xq .Y .@mu
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The corplenent is used in the second line because machine
subtr~ction is the samc ns machinc addition of the complement.

The factors qi to the left simply indicate whether or not the
term is to be included in the total sum (according as qqy = 1 or 0).

The correspondences to the right follow fron
Lermna IV, By scction C the total machinc sum corrcsponds to the
sun of the imnges or to some number which is congrucnt modulc

2% _ 1 to the sum of the images. Let P be the machine sun
of the digital numbers. Then N
- 24

Peosp= n-x2qa3+
i

x-2i.qi + X'Qoz (nod 248 -1),

s

1f Qoz = 0 then Q S L (s 0 20 +++ Qo Z 0 and

[®] ¢}

a - x 2°4 Qpg * S x PY qy * X Gz = & * X 3., 8y 2# -
1-23 1-23
48
n+xq and Peap= a+qx (mod 2% -1).
If, on thc othcr hand, Aoz = 1, then
Qe q = —0_4;2 3, ¢ 0 and
0 )
21 il e | 24 i'
- x 2 gpg e T xe2hqy ¢ Xigpg = A - (K(271)- 5 xe27eqy) =
i-23 i-23
- i = V.
a - 2;} a2 e (1 = l) o LT g 2 g + q x. Thus in
i-2 i-23
L— this cnsc as well as the first
N 8
i e P= a+qx (rod 2 s X

P ‘-3/1?
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D. Divisicn.
In performin: the division operation the computer zocs

throigh the process indicated in the followingz diagranm.

=

Division alzorithn

@

Initinl Conterts

o
3

is cleared
contnins diviscr
centnins dividen?d

m o
oY

al;or.thn
1., Coge 1!  1If Aam = 0, #o to step 2.

Case II:'-If 1, ~bsolutc subtrnact XR

Fa7 =
into AC.

2. Shift aC 24 placcs.
3. Do 24 -tinmes:
A. Shift 4C onc plnce.

B If & subtrrct AR into 4C nnd inscrt

24 = ¥oz0
1 An a,-

LE a0 # Xnq, add XR into 4C,

a. If =o,, =1, if case It absolute add LF into
aC, replace q, Yy doz-

b, 1Y% SEVIE 1, if case II: a4absclute add XR into
aC.

c. If a,. =0, if carz It No action.

s \If Anq = Y if cnsc II: Replace gq by Qo

Final Contcents
Qrt ccntains quotient
XR contains divisor
aC contains least non-negntive remainder.

- 1A -

11429
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In the proof of thc validity of this algcrithn we shall

nced the
Lonna Vi Lot f(x) = 2 x - ). Then
, n p Y o L. 8T -~ ~ 1) DB+l _
f(xo) - S .(x]“1 -0 ST 08 (xa_ 18 1).
k-n-1 k-n
o
n — % 7 ¥
. . N | J -
Proof: f(xo) S+ 5 f(xk+l' 2%
k-n-1
0
5 £ - g 2 - 1) of _
(u xo 1) o + L (N xk,l ) & =
k:n-—-
0 o
. +1 WAl _ N e oK
L xk_'l Zk - x,) Pt - o g &
k=n-1 K=n--1
z k 2 n ]
i Eud . F e, BT P ey -
k:n
O N
s .4 r‘"l
N ) - BN =
Z Xk o + (xn i 9! ko
k=n
Case I. 'e¢ will first concider the cnse «f twe positive ounm-
Throughout the proof usc will bu ~nde ¢f Lermnmes IT znd
o slid

bers.
ITI. Thc aC will Ye cunsidered strtionary and the XX s
along it an amount whizh an oxemin~tion »f the algorithr will make

d the

be considercd statiocn.ry zn

evident. Similarly JH will
cormputer will be sssumcd to inscrt ¢ preper digit in the pro-

of twc non-necnitive numbors

th

the divigicn

vile

per place. In thc cnsg

algorithm rcduccs to the folluwing
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Q- qpg ++r G = 1

-
"

Xpg -o0 X, x=-0 Xop +o Xg 2 0, Xyq = 0

8.47 cea 30(__)‘8.-0&46 wos &°>, 0, 847-0

1 . Shift AC 25 places
Subtract XR into AC and insort 1 in q,.
Shift QR one plece.

2 . Do 23 times
a. Shift AC one place.

i A & ¢ any 0 subtract XR into AC and insert 1 in Q-

1£ 8oy 1 add XR into AC. _

c. Shift QR one place.
3. Do one of the following:

a. If a., - 1t Add XR into AC, replace 4, by Gpae

24 -
;3 TR 1 4 Bps = 0: VNo action.

Step 1%, Make q, = 1 and compute

------

9 C 123 PR AR xo 0
1 1 ; ¥ o7
- n};-; n]jw vesce &25 Doy !}23 Doo sevene ng = Nl ~> a - x27 = nl 2

If wo define f(t) = 2t - 1, we have, sincc gq, = 1,

B, =8a- f(qo) x 223. Now let us assune that not only do X

and A represent non-negative numbers, dbut alsc that

C.CE's 223 _ 1 and O0< a <x2%. Then -x 223 ¢ n, < 0

and 1n} < X 223, But x 2335 (228 - 1) 223 < 246 _ 1, anad

-1 =

1627
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L

R SRS 2*6 - 1. Thercfore n}‘-, = nzﬁ and since 1ny C,

-~ -‘~
nge = 1. 9ince Lo gubstep 1 of step 2 nub {s conpared

C

(notice that ni6 is now tre "4 referred to in 2

=y
with Xy 2 s the oncration in sudstep 1 1s o7 and 1o3
1s left as O.
Stup 2°. Substep 1 Compute
1 : 1 & 1 1 1 1
e BE s e we Tn n oats e 2 !
47 846 45 24 D23 M2z 0 ey
a9
gs) 0. .0 Xpg eevececests 2 « SPNEURRRE ¢ —
oy o ) ) ) ) 22
o d ~ (¥ ~ 2 “ 54 (o2
= n47 n‘\‘e n45 ) r.z_,.‘ n23 nzq R no ) — nl + Xo =~ nzo
si 0 f(qps) X 2%, Also g
Sinceé qnz = Yo Boy .2 oy - 423/ X & §0 Do = ny - X < =
o 23 28 22 22
a-x2%, Thus n, ¢ x 37 =X . X 2 and n, > - X 2 or
22 1 22 45 45
i Aplix 3. But X 3°“¢ 2% -1 s8¢ |Rol ¢ 2* - 1. There-
’ “
fore 2 _pe. - 2 and since the creraticn of subst 2 1s
C n47 = n46 - ﬂ4b anG 8i1ncoe 1@ oner? I C Sul \.r‘ <
" 2 - ~
& s AT | c~n T & ] i ' ) ae~O0Td—
€Y or i AC rding ms ngg = O or 1, 3t {s '+ or g accord
inz 28 0.2 0 "or n, ¢ 0,
Substep <. CLonmpute
- - 5 D 5 " . g o
< S { i ¢ S IRIREY . o - Lo bt AL n
e A £t & ‘'8 2% .2‘ LTS “d O i 2
2’\
- cr' 0 0 0 Koy weeseocr 0 s O — X 2
3 'z '; \5- S & :'Z' J 3 3 ¢ Y '\:1
= Lol SO o BT e DS R o s N T ve.e nY = XKoo N+ X o ¢
47 V46 45 G4 24 23 22 2 c=-"5 2" =" 3

. < -~
Since qon is 1 °rC accordins ac the operation is 7 OF i o
ko

AY -
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nsznz-f(qzz)xzzl. Also nz-.-na:xazl aocording as
np, < 0 or ny> O. Thus

1 ‘ - - 1
‘nst:lxzz-lnall.andlince x 2° tn2|§122 and
,nzg—xﬂ(xzza-xazlzxzzl.vohue |n31<\1221.
But x2°1¢ 2% -1 and eo gn3|<z“-1. Therefore
nS, - nS n3_ - n®,, and since the opcration of substep 3 is
47 = P36 = "45 = Paq P e
© or &9 according as n& =0orl it is (> or&- according

as ns)o or na(‘o.

For a gemeral k, 1< k< 23, assumc that

24k , 47k _

k k k
< 2 1s Then n47:n46:...:n47_k.

i el x2
Since the next operation is = or (3 according as nﬁ.,_k -0Oor1l,
1t 18 © or (P according as n 2 0 or n < 0.

Substep kt Compute

ok, ..o, oo ..., o0k, e o ~ By
ordPo  .... 0 Xp3 ..o Xg O i B PO
- nﬁ.*,l.... nz;ik n:g}_k nglk nggl_;;.;.. n‘é‘lﬂk,l -
oy 3 2,

Since qpqy = 1 or 0O according as the operation is e or .,
2 % ¥

L‘,I:nk-f(qM)xzas'k. Alconkd:nk-xzzska.coord-

ing as nk<0 or n.k>,o. Thus lnk’ll-.-lxzzs'k—lnkl‘.

AN -

4147
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and slmee % 29K . I oy | é x 223K ena
- o _ o
(R —x.’ZBSRS x224"k —xE““k - xz”zk, we have
S o3y 7 47~

1o, {x2 ek L ot (ked)_ 1. By this incquality,

el N

1 r A
n}f*'-‘ = nlf“l ol IR nk : . Since thc next cperation is ?)
17 G 16-k
cr OO nccordiog kel e — & di
r ) according as n,e, = 0 or 1, it is <2 or \1J according

~ 0 7 0
as nk‘_l )/ 9 er nk & Us

The alzorithm procceds in this way until finally it will

5 h | 7 o/ ok _ 28 o oed _ ne3
bc the casec that gn23! .4 x 2 2 Ly Lip = Djg = =+ = nou

and the operation of substep 23 is (3 or (¥ according ns

~/
Non > O OF nog { 0.
Substep 23: Cormputo
23 2% B3 2 23 y
n47 P R nz/q‘ n23 nzg ------ no L e ] n23
arrrPo  ........ 0 Xy eevnnreens x, (..;120
24 24 24 2% o4 . -
- Bim woevees no4 NSg Nop wevees ng” = “24 « nzs-rxz = Noue

Since - 1 or 0 accordingc as thc opcration is or Oy
b | .

\ 0 + ~0
nny = gz - fla;) T 2. Als0 mngy = Moy - X 2 according as
noz< 0 cr npz?2 0. Thus |nop,) = | X 2° - in23|| and
since x 2°0 - |n23\\< x and |n23\—x2°$xz “x 2 ek
we have | Do, x 4 223 _ 1. By this last inequality
[ 4 ~

24 24 24 24

n47 e n46 - T . n24 = nzé.
- 10 &
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Recapitulating our results through step 2°, we have

| ngy1< x and

V) e 1 =a - 1f(g) x 2%
Foemng=m) - £qn) x 2°°
7 21
Ny n3=n, - fgy,) x2

h ) . y o 24k
Moo =m ) -1fqy Jx2

3 0
¥oy € npy= g - f(ql) -

Adding the images n, o+ ... + Nog + Do, =

pe -

o R 23 _ <« Y i
D, + . ,nzsva-f(qo)xz % f(qk*l)xa, or

k=22
3 K
nyy = a - x(flqq) 2°Y « 37 £(q, ) 2°) and vy
211 v S k‘l
k=22
d
Leona V and the fact that @ =1 n,, =a-x T qkzk
E k=23

; 2 _ 24 _
We know that oyl g %,  1f ngy = ng; = 0 then

0 S n24< x. For assume n24 = x. Then, sin_ce the number

added to or subtracted from n in substeop 23 is x, the

23

operation must be e , for if it were ’-9 » Do would equal

zero and zero calls for subtraction. Now since the operation

is t:‘_: » we must have n_, -2 x - x 21, In substep 22 the

23

- 20 -

20/4]
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oneration must again bc-E? , for if it were 3 , we would have,

in vick of the fact that x21 is added to or subtractcd from

non in substep 22, nys - 0 which would call for subtraction.

Agnin since thc operation is €~ |, we rust have s = 2(x2l) - x2°.

Procceding in this way, we find that the operation of substep 1

is ij?. But we nlrendy %mow that this operntion is 4 and hence

-
we have n contradiction. Thercfore O § Doy < X- I'ow if ngg =0
then no action is taken in step 3 and aC contnins Ngx < Nouy
and QR contnins Q - Gpz =++ Qg &> @ = dpg +++ dg since qpz = O.
N
But n,, =A-X % q 2X-a-gqx or a=qgx+n,, where
24 }E-z-s k 2‘8

I
O-\\nz.-\x.

1
£

Cn thc other hand if ngi = nig -1 then -x $ P2g < 0.

Wc do know that a - gx » nziwhcre q 1is the image of the content

of QR after step 2°. In step 30, in this case, q5 =1 is re-

/

rlaced by gqon = O and QR rcpresents q - q - 1 at the comple-

tion of the entire operation. also (R is added to AC and at the

cend of the operation AC represcents n,, + x. But a - gx + Do, =
~E

(g - 1) x + (ny, + x) where 0 n,, »x{x

Thus we have proved that if O0< xS 223 -1 and
o
0<Ladx 2“3 thcen the division alporithn gives the correct

B

A//v7
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reosult, that the contcnts of QR, AC and XR corrcspond reapeé-
tively to the quozicnt, the least nbn—ncgativc remainder and
the divisor.

Suppose a > x 323> x 223

i

-1 = x(228 -1) + (x -1),
Then the quoticnt must be greater than 223 -1, that is to
say, QR is nct capable of holding the quoticnt. If a 2 b 223
the computer will not give the corrcct answer, nor will it give
en answer correct modulo 294 - 1,

It remains to extcnd this result to other cases. In what
follows the algorithm will ﬁe used as it stands on pnge 14. The

device made possible by Lemmﬁs IT and III will not be employed.

Case I;: assume that

‘0> x> 1 - 2%

4

0< a<ix| 2%
LR

~

&
x - 1I22 oo xo(——-s X = —0122 e xo

LA - On46 ceecBg —— A :‘Oa46 R
"0< ix1g 2288 -1
' OC & 4z 2=
men!x’ ox., 4 | - Ox. ¢
v o = x22 <o Xg ) ixl = x22 <o X

i‘A = Oa4e cer By Az Oa46 <.oag

We know from casc I that the computer will properly divide
a by Ixi. C~ll this division V . (=211 the division of a

by x division ¥ . We shall comparc division W with division V.

- 22 -

23/4.1
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In each division 84n = O 80 no action is taken in step 1

of the algorithm. In substep 1 of step 3 in division V ,

840 = xés = 0 so XR is subtracted into AC and 1 inserted in
Q- In the corresponding step of division W , however,

n = 0 $lmzx and XR is added into AC and 9 left as zero.

%4 23
But in W the content of XR is the complement of ;he content of
"XRin V , and since addition of XR and subtraction of its
complement are the same thing, the content of AC at the end of
substep 1 is the same in W as in V . Similarly in each sub-
sequent substep the contents of AC in V and W are the same
and opposite digits are inserted in QR.

In step 4 action (a) is taken in both Vv and-Ww or action
(c) is taken in both divisions. If it is (c), no action is
taken and the remainder in AC is the same 1n_v as in W and
the contents of QR in V and W are complements. If the
action is (a), X' 1s added to AC in ench division and in V

qp 1s changed from 1 to O and in W q5 is changed from O to 1.

Thus in either case (é) or (c) the content of AC is the same in
v and W , let its image be r. The contents of QR in V
and W are complements. If q 1is the image of the content

of R in V and q’ is the image of the content of QR in W

then 0 ¢ q¢2®2-1 and 1-2%¢ q" <0 and q = -q.
Fron case I, a-qixl+r-(-q)(-1x1) +r-q x+r.

= % =

23(27
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The algorithm is thus valid in this case as well as case I.

Case III: Let
[ 042 (2™ - 1

l0>a>x (1 - 223)
&

LA

Oxpp vov Xpe— X = OXpp ... X

7

lagg - ane— a = -0&&6 T

The division of a by x will be referred to as division V .

In step 1, since a,, =1, XR is subtracted from AC. The re-

7

- 2 X o ' " / / £ o
sulting digital number is Z - 1'46"”0('—) 0146"'20 = 2=

a - x{ 0. Let division W be the division of 1z| by =x.

Now
[ 0¢x¢2® -1

) 0<1z1 ¢ x_223 (Since i1z1 zla=xi{ < jal + xi < x(223—1)+x =
W

5. " 23
X_Oxaz...onx_Oxzz... x, e )

/ / 4 /
L 2 = 0246"'20 —> 1z} = 0246...20.

In step 1 of division W nothing is done. We will compare
steps 3 of divisions V and W . 1In substep l of ¥ XR is

subtracted into AC and 1 inserted in 4. In substep 1 of V ,
since 2z, -1 # 0 = X5y XE is added into AC and O inserted
in i Since the contents of AC just before substep 1 in V
and W arc corplementary, and the operations are opposite, the

resulting digital numbers are complementary. Thus in substep 2

- DA =

24/4)
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the operations are again oppositc and opposite integers inserted
in QR. The process obviously continues in this manner, and at
the end of step 3 the contents of AC in the divisions V  and
W  are complementary and so arec the contents of QR.

Let d, -4, q, -q bYc the images at the end of step 3 of
‘the contents ol AC in division W , ACin V , QR in W ,

and QR in V respectively. In the course of the proof of cnse I

we showed that (z( qx + d even before step 4 is taken.
Therefore z = -1z1 = -qx - d. Suppose now that in step 4 of
division V course (b) is taken. Then AC becomes the image of
-d +x and QR remn;ns the image of -q. 'But since z -a - x,
a-z+x=(-qx-4a) + x = (-q)x) » (-4 + x). Of course

0 x =4 < x. Assume on the other hand that course (d) is taken.

/N

Then AC remains the image of -d (which in this alternative must

be positive) and QR dbeccones -q + 1 since q is changed from

Otoland -q< 0. Herc a=z+x=(-gx-4d) + x =
x(-q + 1) + (-d). Thus in either coursc, at the end of the
operation XR contains the divisor, QR the quotient and AC the

least non-negative remainder.

Case IV: Let

’

o> Y] ~2®

10>a >|x| (1 - 2%)

Xz 11Xy eor Xg 3 X = —Oxéz...xé

A 1a46...ao(-—; a = -Oa46 ... 2ag

v

g 25737
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(0<\xz<z 1
0> a )[x\ (1 -2%%)

xé'e—aix. < Oxéz s xé
!A ..au(__.,ar-Oa;s...aé

We will compare divisicn V , an instance of case IV, with
divislon W , an instance »f case III. In step 1 the same
action is taken in each division and the contents of AC in cach
are the same at the end of this step. In substep 1 of step 3 in

/ A
division W , agn = 1 ; 0 - Xpg 80 XR is added into AC and

O inscrted in - In the corresponding step of division V ,

8yn = 1l - Xz 80 XR'is subtracted into §C and 1 inserted in

aQ- Since machine addition and machine subtraction of the

complenent are the same thing, the contents of AC a2t the end

of substep 1 arc the same in each division. The process con-
tinues in this way, and at the end of step 3 the contente of AC
in V and W are the same and the contents of QR are comple-
mentary.

Let r be the image of the contents of AC in each division,
let q and -q bYe the images of the contents of QR in V and
W respectively. If in step 4 course (b) is taken in W it is
taken in Vv . Should thies b¢ the case, QR remains the same and

in cach division AC becomes the ima:e of r + x| which is

positive and less than I1x:. But from case III

- 26 =

ab[7
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a-ix|(~q) «(r«-1xi)=C(-1xi1)q) ; (reix1) =xq+ (r« x)
If course (d) is taken in W it is taken in V also. Here AC
recmains the image of r which must in this case be positive

and less than | xi. In W , QR becomes the image of -q + 1

and, in 7V , QR becomes the image of g - 1. By case III
a-ixt(-q+1)+r=(-1x1)(g~-1)+r=-x(q-1)+r. Hence
in each case XR is thc image of the divisor, QR the image of the .
quotient, and AC the image of thc least non-negative remainder

at the end of thc operation.

V. Cases involving zero: If O is divided by a positive numbder,

the quotient turns out to be O and the remainder 0. 1If O is
divided by a'negative number the remainder is O and the quotient

is all 1's, a rcsult which is not completely nonsensical. If a

" positive number < 2°3 _ 1 is divided by O the quotient is

all 1's and the remainder is the dividend. If a negative

& is divided by O the quotient 1s O and the

number > 1 - 2
-
romainder is the dividend (negative). If O is divided dy O
the remainder is O and the quotient all 1's. These results

arc easlly verified.

23

We have proved that if 1 - 223 x{<e - 1, dbut x 3 0,

N
and if x| (1 - 223) <a <Ixi4 223. but & £ 0 1f x< 0,
then the algorithm gives the correct result.

If QR becomes filled with 1's ﬁhrough a division involving
zgero, and QR is then added or subtracted into AC, the content

of AC is not altered. '
P. Billingsley - ¥
April 26, 1949 37/ P]
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