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5. Recursive Functions and Couputer Programs

5.1 Recursive Functicns of Numerical Arguments

Conditional expressions and recursive function definitions
as devices to asgist in describing procedures are applicable to
other kinds of programming than symbolic manipulations. For
example,; the Newton algorithm for computing the square root of
a number  a starting with an initial approximation x may be
described by

Sqrt [a5x] _[1_35__53]_,6__,1 ;l—sqrtja % [x-o-— 1]

Another example is the Euclidean algorithm for the greatest
common division of two integers m and n.

ged [mzn]=[mcn—ged[nim] ;rem [m/n_] =0-10; l—agcd [n;rem[m/n]]
where by rem[m/n| we meen the remainder left on dividing m by n.
This function in turn may be defined by

- rew[m/n]=[m<w—ngl—ren] [m-n] /1] ]

The universality of system of functions of the preceding
sections is dependent mcre on the use of conditional expressions
and recursion than on the base functions and predicates used.
We can, for example, base the recursive functions of non-negative

- integers on the successor funetion (thé successor of n” 1s denoted

by n”) and the predicate equality. We define
dim m]=dim[m;0]) -
where
dim[m;n)=[m=0—0;n’ am—n;1->dim/m;zn’ ]

We further define
n+ne [an0—m; 1—n” +dinfn]]
and
w#n= [n=0-30, Iom+medim[n] ]

5.2 PRlow Charts and Recursion

Since both the usual form of computer program and recursive
function definitions are universal computationally it is interest-
ing to display the relation between them. The translation of
recursive symbolic functions into computer programs will be the
subject of most of the remainder of this paper. In this section
we show how to g¢ the other way, at least in principle.

The state of the machine at ary time during a computation
is given by the values of a number of variables. Let these
variables be combined into a vector E, Consider a block of

- program with one entrance and one exit. It defines and is




essentially defined by a certain function £ which takes one
,~ machine configuration into another, i.e. f has the form g—r(g) |
N Let us call f the associated function of the program block. )
New let a number of such blocks be combined into a program by
decision elements w which after each block is completed decide
which block will be entarpd next. However, let the whole pro-
gram still have one e entrance and one exit. We shall give as an
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B  example a flow chart.

lat us describe the function
rfE] which gives the trans-
formation of the vector E
between entrance and exit
of the whole block. We |
shall define it in conjunc-
tion with functions s[E ]
and t[s] which give the
transformations § undergoes
between the points S and T

' renpoctivoly and the exit.
‘We have

r[;] [wnf;]--;\skff 1E§Jl 1-s [faf'é] 1]
sl [rafglorfs it Bl ]
st s ek SRS

T Given a flow chart with a single entrance and a single exit
1t 1s .easy to write down the recursive function which gives the
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fransformation of the stase vector from entrance to exit in terus
of the covresponding funeticns for the computation blocks and the

— prediecates of the branch points. In general, we proceed as follows:

)

In the diagram let f be an n-way
't __\L(c‘ branch po;nt, let rl,...rn be the
BN following computations heading to
| ) branch points B,, B, ... Bn’ Let
¥ be the function transforming &

\ between  and the exit of the chart

—_— and let ©,, «..,p, be the cor-
L f3] responding functions for By, «.-s By

IR . We then write
21 @2 @n F[§J'[pl[g]ﬂﬁ[f[§31n---.Pn E;,J
e TN T CalfalE]]]
B B

There are, however, problems
connected with the descriptions of
the functions I describing the computation blocks. |
These are

1. Eaech block usually affects only a few of the components of
the vector & and 1= beat described in termus which involve only the
components affected and those on which they depend. Such a description
18 not affected by adding other compcnents to the total vector ;
for other parts of the program.

‘the so-called arithmetic or replacement statement of
Fortran, It or IAL which has the form |
| A=£{B, 2Ceeel
is of this kind. Even input and output statements can be included’

in this scheme provided the states of external media are included

in the vector;
2. 4 subblock in a flcw chart may alsc be recuraivoly defined.

Usually the vector for the subblock will be conveniently described
as having a different set of components from the program as a whole.
There will be both variables (i.e. components) internal to the

" subblock and variables not inmvolved in the subcalculation. To

adequately describe this, requires a notation for extenaions and
reductions of vector functions. ‘

3. Even with a notation for extensions and reductions, sub-
routines require additional treatment. A subroutine occurring at
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