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The Preofsheever in & heauristically criented ccmputer pro-
gram for checlklng rathematicel proofs, wi.th tha chesking of text-
peoi proofs a3 ACE ultluzte gesl. It corsirasts, from eazh proof
step given bo 4%, a corresponding sequence of formal etepe, if
peesible. It recerds the ~urrent ctate of the proof in the form
nf what ih g surfisient to prove. There are Lwo soglcal rules of
spfarence: wodar powers end Irasriion fif 1t 4e sufficient te
prove B, and A i a2 sheorem, than 4t *s suffisient to prove A
tapiise B)s The permissible fovmal steps inalude these rules of
irferen~e as well as provision for harndilng definiticns, lemmas,
azloviations, and reversion to previcus states. As of now, most
o® the formalisps are pregrarwed and perblally depugged, but the
heuristis aspects have yel tc be programmed.,
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PURPOSE AND PHILOSCEHY

‘A proofchecler 18 a computer pregram vhich chealks mathematical
proofs to sec 1f they are corrent, A mathematleal proef 18 &2 saym-
bolis ewpresalon, ant ao can be uscd &3 input cats for a somputer
program swritten in 2 sywbol-maniprlating Longuage. Hﬂg if a
propoded proof hasg been safflelently formalized, 1t can be checked
by & atmple aet of rueles; but 1f the proof 1s of the sort that
appzard 1n most mathemstics taxtbooks, the checklng procedure must
be &xiremely elaborate and even then cannol be guaranteed to work
all the time. Chezking textboolt procefs 1s the ultimate goal of
the Proofchecker project even though £t probvably will not be
roacliad. This goal wlll cot the direction of thspe efforte; how
far they go renains to b2 Zeen. Some programi have already been
chepltia ouky many renaln to be writton. 8 of this wrliting, two
elamentary formal wrecofs have been choclied.

i number of the ildeas presgcnted in this paper arose from
suzgeastlona made by John MoCarthy: however, the vieuws expressed
hore are not necsezarily in agreement with MzCarthy's.

There are two diffisulties that erdse in devizaing a procedure
for checking textbook praofa. Firet, the pfncfs are written in
Enizlish: second, they ars ambigious, Informal, and full of gapa.

I am not at present planning to deal with the firet problem; though
1t is interesting, it i1a irrslevant to the maln purposs of the
Froofcheck®T projest. herefore, I wlll assume fThat the proofa
which I would 1ike the Froofchecksr to examine willl be presented

in a formzlized and stvlized lanzuage, but onz which makes mo
attempte to slerify the logical defects of the Engliseh orlginal
from which they ars taken. The Proofeheziker will have to correct
thase defecta and ackeclt the resusting formal proof at the same time.

Epszntlally, the Praofchacker woriks by taldng each step that
1t 12 glven and generating rram it & sesquanae of formzsl ateps.
Thus the proof gilven to it reslly serves as a get of hints on how
to conetruct a formal pracf of the theorem at hand. The Froof-
sheaker must be somethinz of a procf Inventer, for 1t must among
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other things be able Lo handle stops labelled as “obvious®™. As
the sapablliitizs of the Proefcheckar increase, 1t willl got better
and better at proving navw theorems. In fackt, we way view the Jjob
of the Proofchaeltsr to be to lnvent proofs, given a set of hinkas
in the tuo exbtreme cases, the hintz are efther rorexistent or are
all the stepe of a fermalizel nroof.

Ve may congider the problem from the viewpolnt of checking
methods for gemeratlng procfs, Ll.e., seeing I a proposed method
of wroo? penercstion goneraler & piroot of a deslred theorem. The
two wiewpointe are eguivilent; for a techrnlque which will utilize
hinte g =simply a proof peneraotoer with an Imput. Further, the
Proofcheckor nmusk be able to max: uge of Iinformation on that the
membsra of a ceria‘n 2laszs of ermbolic expnrasgaion2 are legitimate
proofe. Such a plece of infeorratlon 1s a metatheorem. In order
for any proof-checking apstem to utlllige metatheorems, they muatb
be bullt inte 1itks ebtracsture. In the Proofchecker, metatheoreme
may be added without shangirg vhe overall pattern of operation;
aarentiallly, thsy are added te the list of permissible proeof stepa,
so thay they asct iiks additicial rules of inferensze (which, indzed,
they are)l.

The Heurletle Appiroaca ang lielated Work

The Prool~hoeirer willl meke extensive va2e of heuristic wethods
ard bechniques. Thies is naressary because a strelghtforward search
through the space of somctlions betwazn succsealve hints would in-
volve an impessibvly larz. zmount of cosputatlon. One scheme whieh
T hops will be uwseful hoce will be th2 "Genepral Froblem Salving
Systen® of Newell and f.ucrn. Thie system has alrzsdy been uzed in
rolving problems in trfgenoustry, elementary algebra, and loglc.
The chdefl feature of ‘he system 1s its separstion of problem content
from problem-zolving :echnique. It makes uase of two princlpal
heuristlca: meane-erds @nelysia, whlch involves knowlng what
metheods of attzek a1 esppropriate to partisular situatlons, and
plenning, which inveoures considerztlon of an abstrazetlen of tha



b

preblem et hand. Closely ralisted to the pianning heuristle is the
heurietic of models & wred by Qelernter. Thils hearistie, for the
case of plane goemestry . .nvolvee dravwing figures and checllng them
fo see what relatlonships hold batwesn varlious line sepgmenta,
anglee, etec.

There 12 a resenmulan-e between the reolz of hinte in the
Proofchecker and Che role of advice In MNelarihy's Advlece Taler
achemé. In each cere, @2 want a maching to make ves of pleres of
infortation given to 16 Trom an exlernal soarce in order to sclve
a problew, In the caze of. the Froofehecker, the strucbture of the
“advice” maken it much easier to dotarmine how to use it.

Froblem Zomains

The Proofchacier will not be Sled to any particsalar area of
mabhematlies, although T zxpest to worlk m&iﬁly ofn Abatract alpebrzs
at firet. The Froafclesker, like the pmathemabiclan, iz intended
to be a general-purpcse device. For & given problem dopzdn, it
will have relevant thecrsme, heuvristics, and model-maiing mecha-
ndes 2tored in its ﬁcmoryﬁ Actually, it would be wseful i the
Peoofzhecker could be aware of &1i the theorems 1f had ever
proved, though 1t might have less ready accesg to thoze from
M fferent domeine. The Aifficuliy hers Is that theora slmply
isn't anough reow in the computer, a3 thinge stend row, for the
additional theorems,

One possible arcae of arplicaetlon, thoagh adrmitt2dly somswhat
futurdstic, 1Is to Ehe cheslhount of large eyctems. The presant way
thzl one checks such 2 syoatam to rea 1f it worlke 18 to present it
with a wide varlefly <f inpubts represernting both typical and extrone
cates, and see 1f the proper outpat resulks. Howawver, 1t often
happens that thie msthod simply deozsn't worlk; the systeam fallas
under somez unanticipated combination of clrcumstances which naver
oueurred ln the test 2zfes. One wvay to check out sush =2 system,
however, 1a to prove that it worlke. Such a procf, of course, would
be impoeeible for a humon to construct for & system of even milid



conplaxity: but a maohine vight be gble to scomatrust sush a piroafl,
uping as hints Lhe desceriptlon of the funcilons anmd Intended mode
of operations of various components and subcomponents of the
system. And in a precof attempt, one might come up with a
codntererample and poaslbllf even suppest 8 rerpsdy,
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ARIANTZATICN OF THE PROOPTHECKER

The FProofchesckar 12 organlzad 'nko tue constellations of
programg: Method and Verdfy., In & 4iticn teo the deta internal
te theese prograns, there 1g s list ol theorsma, a 1ist ﬁf defi-
nitiona, and & list of loagltinste prodt stepa. Th2 theorem list
gnd definition list may be zusmented with time. Verify will
arcept a proposad forwal praof 2tep and determins IF it iz eccrrest,
if the stap iz correst, Verlfy will &3 thz neceszary updating ol
the state of the unlverse, Hethod wlll determine what the next
step should be; it will malk=z use of the hinte glven as input in
Mrdirg thls step. The eteps uhish Vardly will accept muat be iIn
ptandardized form; thua, all of the heuristica are in the province

£ lethod. though Verify will handle updating in such & way as to
make the uee of heurintice esay.

1ic zurrcnt state of the praof is recordsed in the form of
what 1t is suffleient to prove. We will call this expresslon ths
sufficlency, 1.e.;, at euch gtape It 1z sufficient to prove the
suffielerney. Thern 1nlkizlly, the selfficiency 1le the theorsm wa
wish to prove; anc wien (he suffielency hes been redused Go T
{truth), we know ve have proved the btheorem, We mav record the
sufficiercy at various atagssz of the procl and refor bask to 1%
tater, ac thabk if we condoest an unsuccuwgziul gabproblem exploration,
we 2an rebturn to en ezrller subproblen without having to repeat the
inltial asteps of tha procf.

Thiszs partiecular fors of recordling the gurrent situstion is con-
venient because of the wild: varisty of loglzzl structarss which mey
eppear 1ln a theorem or in its proof. %o uss a llet of hypothasen
end econeclusions weuld be awlward, for instance, in handling an if-
end-only-1f thaorem, unleas ik were to be broken down into two
geparate theoreme. Yet such thzorems ere often proved by a sequerce
ef bleondltlonsls, and thia natursl zeguence gan be retalned in the
Euffinlenfy formuwistion of the preoof. Purthermerz, this formulstion
Eakzs hackwafﬂs proofa gelte easy Lo hindle, and they are perhaps?
the moat neturczl kind. At the same timz, 1t ia ppesible by uwsing
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certaln logleal tautologies to make forvard proci’s; and the
machinery for handling such proofe can b2 bailb inko Method in
such a way that the uzer nesd not be avare of the few complications
thet this entsile.

The Thﬂnrgm List

The Proofchecker 19 endowsd wilth an initizl set of theoroms
whiecih are placed on a theorsn lizt, and each newly proved theorem
ig gdded to thls list. Lemmaz proved during the course of proving
a thecram are aleo added to this lisk. Whsnaver a theorem 18
meferred to in a proof, it 1s brought te the head of the theoreom
list, 2o that freguently used thaorems sre easlly acecossible,

Eacl: theoren consists of & nawe, a liat of varlables, and &
form. khenever the theorem is usded in & proef, 1t is referred to
by nama; the varisbleg designate those elements 1n tha forn which
may be substitubted for. We may think of the varlablez as
designating universal quentifiera which impliclitly precede the
form 8o 23 to eonvert 1t to g theorsm in the ordlnsry sense. The
Form is the actunl statensnt of the theorem: no inheront vestri-tions
are placzd upon 1tes formt, thoush for any problem domein, the
format wlll be apecified.

Tha Defi:itinn List

The Proofchesclker aled ha® available to it & list of definitions.
i preof may be interrupted at any polnt to malke a new definition.
A defindition i =2lmply an abbreviation, with provision for sub-
ptltubing for certain varleblea within 1t. Eazh definition conslete
of two names, & llst of varicbles, ard a form. The referghce name
i1a veed when we refer to the definivtion in &2 prool step, and the
internal nama ia the one actunlly recorded 1n the suffledency and
in any theorems or the theoram list in which the definition is
usad: The form ard varlables operzte in the zame way &s the form
and wvarisbles In & theorem. Definltlons, 1ike theorsme, are
errangad ao that recently usad definltlions appear at the head
the 1ist.




The Need For Two Kames }

We need Ewo namas in & defipition barause otherulas we may
aonidentally asgizn ko & definitlon 5 reference neme which aliready
_hﬂh a meandng; &nd then 5y making vas of the definition, we nay
maka & false atep vhich will pase 't estell An s@empls wlll

11luatrate the danger. 3uppsfs now that we have only one nanpes
agrociated with a definisien. Let ue define AYVD with warizbles

X end Y as {NOT, {OR, X,Vil. Thua A¥D ip the nams, (X, Y) i¢ the
dek of variebles, and (90T, {03, £, T)) i1c the fora., Now buppose
thit wve heve as theorsm (NOT, (OR, T, T)). Then the thaorem 1is
the original gulffielency. DBy waing the definition, we may thsn
get ag sufficiensy (AND, T. T); and by other means we may reduce
this to T. Thus we wouldi khave zomehow prevantéd frow entering ths
AHD into the sulfficiensy in the above example, we would not have
oeen sble to carry oul the proof. If an internal name, cay GO00%G.
Aad pean entered In plase of AND, we would have had as aufficlency
{GOoos, 2, 7), which wou.d be unprovable since GOC005 has no ¥momm
oreneities.

in gensral, we uze the referanse nane when we refer to g defl-
nition in a procot, but the internal namz ig the ons actuzlly reccodsd

in the sufficlency. The Verify progran handles the substitetion of
~the interpal name For the peference name avtomatically. Ths in-
terpal mam: Lz g newly gergraeted aymool which can be gazarantesd not
o have bezen used for amthing b:i:fere: the progrzm which orsates
cuch gymbeola in LIOSF 18 called Ganaym, The symbols it gehsratse ars
of the form Grre, wiere tha x's are dacimal diglta.

It 1s poseible to redefine a ferm gryen though it has previously
been defined. When we do this, howaver, we loot the ability to
refer to the previcus dofinition. Thies lg baeczusde wisn we search
the defirition lizt for the refersncae nams, we w1ll slwayse com:s to
tne later definiticn Plret: and we e2n aereszs g definition in a
proof atep only throuph ite reference name. This is as one would
Likz 1t to bey for 1t permite ua o make femporary definitions
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of terme without precludine the laber ure of thoas terme for othor
purpesae, The Interpal names of the sutcessaive deflnitions wiil
remain vnigque, 2o there is neo danger of ronfuasieon,

Preservetlon of Subpiobloms

e

often, *n a heurietle proof, we will make steps which, while
correat, dontt help ko prove the Lheorem., 3ince such stepa may
actusally lead ua to a sltuation uvhere the sufflolency 1a a fel-
gity {ard hence unprovatls), we nuct have & way to go back to
previcus sufficiersies. AL The sawe tlwe, we doatt want to keep
all previous puffliziaencies, becange Lt may tale wp too mach rocm.
Tharefore, there gre tuc ways In which we nay pave pzst
sufficlencies.

Aevertirg

¥When we nmeWe a step, we may reauest that the Zaat suffleclency
be preserved. Ve may gsln ec~neas to §E by reverting one or more
times, cdepending on how far along we have woved subszaguently.
Trere 1t a parameter., pet by Method, which tella Verlfy whather
cr noct to preserve the wort yecent eulliolznay

Trke List of Freserved Jubprotlems

The reverting procedurs i noi ajaguabte when we wish bo back
up sevaral atepa, meve off in aﬁuther dire-tion, and then, after
thke rew exploretion proves feasib raturn to whire we started.
It 1 inadeguate benawic the ELnftiﬂg polint lies on a different
bran~h of the sexploration tree. dn order to herndle thla, there
ie previeion for naming the aurrent sufficiency at any time and
stordng it on s 1lst of pubprcblems to be preserved. At any peolnt,
we mey reattsex it if we wish. We may also remove any sufficlency
from the list of prescrved gubpreblenms. The ltews on the list of
preserved subproblems are then accessed by thelr rames. When the
theorem at hand has “een proved, the list of preserved subproblems
ir an.-mer:ic'alJ.:n: clezrad,
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Froof Stepe aud Thelr Frogrars

Each typ2 of proof clen iz raprarentzd Ly & program which
taker Che paramzcers of the sbep oz Jnpul, updated vhataver neods
to be undated, and gives ap auvtp
or not tha proeot stop 42 cosrect.  Metatlhoavems may be lncorpevatad
Inte the aystam Lf bthey are 2e¢f up 38 proo? egteps; crdinsrlly,
bhey wlil talea the auffc

[r—— . -2 r, - . oy
pragglion of Lt for & pact

0 T or ', dep2aiine on whiather

2rnay &t ag Innubt, test it or a subex-
Calia propiyty, ard then trenaform fv

in scme way. For Sndtance, 2 legicsal slrgirificarion program would
53

gorreepnnd to a2 metathzorem; sucsh a proxram woand reduse the
sulflicleney to a oloslar but logicrglly eguivalent form. The
gctund matathaoron woeid be thet the reevl: eof slmplification is
in avery case logically oouivelsnb to “he origlnal foro.

~he Verify Progeam

The Verdfy sogramn. LB we have pointid cut, checls each
ausicasive glep of bhe preof, ond perforus verious kinds of up-
ﬁntiﬁg, Befove cixenlning eny eteps, 1t esuigns internal namas to
£21 the wvardzbles go 23 bto oveolid confiletr with previcasly ezslpgnad
moanipgo, f
Fiz s

tapr, when variables are referyvced to by thelr
. Verdfy repleces bhere nipzz wich 'l internal mames in the
Bleps of the prooy. Tane msthod nead ne: even be avare of the
exiztenne of these intznal names,. Variiy slso szieg the sufiiciency
injedially to be the thivrem we wish bo prive; whon the theorsm has
been proved, Verdfy placee it &b the head of the theoram list.
Vaplfy repaatadiy calls on Mathol to prode e a proof ebep. Esch
prood arep fe lnllicated by the ng=z of a program and & set of arpu-
mentz for thetr prograr. Verdfy checke thei the program name iz on
tha 1iat of legiiimate prool eteps, arnd, 11 so, cperatea Ehe pro-
gram. The paoult indd zotes whether or not bhe stap wae correct;
the proof etep progrem handles the uphicting that nesds to be deone.
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' The Method Fropram

Method 4s called upon repeatedly by Verliy te furnish proof
gtepa. While Verify will probably remain unchanzed ag the Preoof-
checkar is modified, Mzthod will be bipghly epubject tc changa.
Mathod uses hevristle mathods, In gensral, to determine what the
next proof step ghould bz, AL present, Fethod sinply Teeds the .
tnput dlrectly fo Y&rlfj? but this la oniy in order bto cheeck out
FapiTy.  AE word prograssoes. Mathod will bacome mores and more
glaborata,

Ona2 possible way of elsbvoratling NM2thod Is Lo do o hilerar-
sodlealliy.  Rather than rewsite Hothod te acpoount for new improve-
mants, & new Mathod would be written which usss the olé ona a3 a
aubpregram. Thls techndique 13 well sdapbed %o heuristls prograns.

Rale of Comeon Subsxpressions

'n gassassives sulffiad

. rsies, there wlll often be large sub-
expre2glong uhich are carried along intact aml sre Eherefore
Ldentical. Tne Froofcheswer has baen organized so as to Lave bath
gufficienciea refler to thr sam2 ropy o»f such a subexpresalon. In
genaral, fopying 1s svolded az ouch as pozsible, seving storage
end time,

Tiuie might appser to b2 marely a prastinal progremelng device,
tut 1t hza an intereeting counberpart In feixibook mathemetlcs.
Ez2:ntially, ccommen pubsrpreselons a2t Lile jronouns; they are
peaful in the same way that it 1s useful in a book tﬂ write an
eguaztlon, numbsr 1t, and later ob refer te Lt by number. IF we
¢ld not use the nembering technlgae or ite oquivalent, we would
kave bo write the equeticn oub In full whensver we wanted to refer
to it.



LOGICAL TOUEDATLIONE OF TPE PRCOPCHECKER

Formel Description

Wz will start with & slaea of pates {T,,0;) for 1 = 1,2, . .

which we sghall eall inliisl (hesreme. EBEach T, 1s a symboils el

pressipn;eathﬂi jg a zelt of ztomia EEme]Ettilﬁilé, caw ,ﬁiinju
Vo refer to T, ar the forn of tias thsorem and to 'he:iij a8 tre

virickles of the theoran. Of gg,0g: »v- y iy 272 Bymbollis ex.

prepsione, then the result of subrtibtating u,, fﬁr*1}1,;2 fop of

RE?
K F r‘-r'. 0o “heoram E] . b T & s i
cos gy My furiiknr in T, ig a thzoiew drnatesnce. Neve that the 7,
gre theorem inetances bty the fdentity szubstitution.

A propertylese symbel 18 an s*omic syambol whiczhk ls used solely
ar a variable in & theover, and for no othar purpoze, For instance,
AND sand FNAME woilid not be propuriyless symbols. In LISF, the
function GENSYM in used tc ersgte these symbols.

Lew 54 bs a Eyﬂ§¢11¢ axpresfion, a2nd zappate that there exiats
a emequenpe of sentences &,, Fyo ..., 8, fuch that &, , < 5, i =1,

2 ... , m)and 3, iz the symhbol br¥,  (Th2 meaning of "=" will be
explainad shortly; T reprecents Erath, ) Let El*E$; ser ﬁm be a

sut of propertylesse syorols, eand dencte thios set byﬁﬁ. Than the
peir {ng?} it a zhecrem. Furthermore, the Initlal Yheorems are

theorams. Tha claze of theorsoe 1 thas formed re:urslvelﬁ;
Bhar-ing with the2 !nifial tneorems. .

We dencte "2 iz & bhezoren instance® by = 8, and "it is
guffieicnt to prove 8" by -4 8. The logi:al aystem 1 based on two
raies of inferencse:

1. if =T and =&, then o4 728, {Inseriicn rale)
2, If 525 and 8%, then 43, (Modus ponens)



Intaitively, 2 = 5l mzane -2 D ﬁF=h Formally we say
§.o+= BF 2f and oniy I

ek e, B dp of the Toyrm TDOS and T, or

- -E', I|IL # ar
_3._ oroim nb gined If'rom 8§ by suberituling Tor Fome gulbay-
praaﬂiﬂﬂ off & the eguivnlient of that suberprassicn, provided Cthat
the eubarpresaion ia woet past of a2 guobed subexpression.

Eqguvelant saberprecselions ore of two Uyrpes:

i L R e A = ——y e
1. A defined Cemm lg zqulvalent to tnat which 1t ceflines.
2. An erprengfon which represonts The resait ol a calculation

Es

e anguivelent o ke result iAtFeif. The salezlation ie porformsd

t
by eveluceting the exprasulon snd thon replzoling 1T by bBhe quoted

[sppar, (quosg, [, B)), IQueg, ), (uo7s, (CCHs, P, @))}

icurrE, feeya, (P

anation whicshk saretitutes ite flrat argumans
o pegoond awgament in itas third argument,

he defivitior af = is ohenzed when metatheorsme are a2dded to
che svebeh. Taeralors, ~he sbove deasripilon ecorrezponds to the

L4

gwiben an At now sternds, but i nob p3roaront.

EoLe of Znitlz) THeCPenE

“he inttial theorems d:ffer frem cxlcoma as ws Ehink of them
‘1 thet Tor mest oreblerm donaine there is no effort to maka them
ron-roduadant. By weing & evsiem withk & larzge initial endowment

F
iv. It 4s true that all
Aer predicate caloulus
cian doez not ordinariiy

-

insepesting rezult: are repohed more culck
r ke gonbyocted Trom Los

with “dearitv: bus the vorking matheasaild
maie ane of Suis fzet, sven thouph he g esware of it. This is as
trae Tor f(opo.oglsts and algebrelcodsts as it iy for hydrodynamlolets
and nameriagl enalysta, sver though the former may oczazleonalily glive

uf paczhe pablca ma

=
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Dangern of tho Ch1r1 erior Rale

s e —

"he

In permltting the au;cuzﬂtiun itale, we have leb the woll in

the Apopr. ¥He would Itk the Proafshasker, when gilven a proof, Lo
Ee.guarah?c&d to give ui & voerdl:t. Howover, when we Introduce

~he calaviabkion vile, wo LHa no lonver guasraniee this, except at
great coot. For when w2 selert acue apterpreanion of the suffl-lenty
ant proceed Lo saseulate Its wvelus, Uhe saloulation way not ter-
niraﬂgr furthermorae, 4F CF dn Foreral Tpgereibls S0 protest the

zut expredalor to =g whetpar or ol the sal-ulaticon will ran wild

i sape nerse and dsebroar bhe Froofrliascier progran or medify 1ty
sontents . (A fantasblezlly olevar learclog prograu, for inglance,

moght Learn bto chaat oy aving
shecker ne ar bo Fforee 1Y Lo ageap
mey be golved bF running &11

ogrrs, bt this requlres & prlsete
forr ke Droofenooier; furtisrmore,

sanganing becawse wmEchine-loanmange

Teral-ltanguspe proprass sould heve

Thds Alffiaalt

secdled by

-
'||_r __E

AR AU LTAON

the paremstera of the Froof-

5 false stepal) <thass problems
2leps or &n interpretive
ard quite ela® ap
Lt would be pncogrably time-
p?DﬁrEmF ag well £9 higher-

o ke Interpreied
plagrih all cnpleulaticons wndor

=]

v g kel

avate interpret

the contoel 2 a program calied Evrorceb. Errevrset causea mosl
desesied orrors nd :an-'crm1Quti:1 coirulnbLions to perwern to cone
trol to the Peoofchecker . It wili nel caten all sach 2rrors, =o
this leglzel 1ﬁm;hulm doas pepain.,  Howevsy, defecsive proo®a which

Ao gpet by Errarsat ¢l

razther Laen ko give & {alaz

21 oridlinsrlly cabea E'.'[]'E|_

Troafohiecizr ta gtop

answarr.



THE POSZYEIE STLFS IN THY FRUMPCLECLER

Waen Verlfy receives a proe? step from Mathed, it shersisa bo

se2 AF the atep Iz ol ooz ol the relopnlEses Yyras, aad has bEhe
approoviate nupher of pavancler wivk 2%, 3T rot, vhe step le

erronzoua.  Af there syltaris ave mel, the name o the tlep e
tawen as tha rare of & “unstien, and the paraveterz of Yhe qép a3
arzumanta of thek FPuretion. For ezch bype of sten, vhe Jorpe-
epordlng funetion cherkg tha ntep e pas 1P 16 e acrrazt and, i1
tha negessgry wointing tri Functlon 19 called by Verliiy.
Tre types of procf stecy have teen s

2
fulnass a3 primitives op Pulidlng-Ticeks in colatrucling vhe Typecs

of slaper we are reasiy fnSepoated In. They are mol all ussfal by
Ehemmalves. PBowewver, when woel in groupr and combtined with rervain

gparifle fheorems ., they banow2 Julte pexderfai.

RrdE even ke oae paramanars the newme of & theorem
and a lign oF gudattrectonn,  The sorvecoonding fur-Lion
finds the thocren o Yhne theoren X0, performa the 1
fndicated saubslitutliont, and *hen gppilivy the "wrevrtlon
rale ¢ the resalting thaevens irgvanie and Tke currens
eufficien.y £ the nimad theorem L8 not on the thesoren
I1gk, or P the wapiagbles n thw pubsodt llion 21yt 4o
not corrersel o Ehe variabies of the theorem, the step
L8 relanteld,

2. Fodus

e gvap hes g2 parvamater the mane of 2 Lneoran,
The gorvesponding fanciicn fipds dhe thesres on She
theorem Li71, determines ke pioper sabatitations for
the wsriables of fla Lhecrem, a=nd when 2pplles the rule
of raver.g =oiue ponens o the resulting theorem ard the
sarpon!, sufficiency. The shtap widl bo pelosted L7 Lro
apmsd Slpnram Ca st mn o tlhe fresron izt or Af rthe theomer



IEFLLEY, antecedent, consentent), or
=¥ s et a suberitabion dnstanse of tre
acngeguent. wiitl raipect re ka3 wariables of the shesrenm
Calaaiate

Thes shep Rt Bs Svgarent m ooist ov A'g aned Dia whtak
indiaa;e the aubexpression of the sufriclensy whose value
3% to be caloviated. IF the 1lsb has no elzunente, the
gubaxpreseion s the aatire axpresslica. The rtep raoizces
the aabexoreszion £ by Lhsy [QUOTE: evwarisr ], he siep
wiil be relected LT the 11s=L repches an atcnis gyvnbol or
& quoatet exprerslion pelore 1D 2o exhzuated,

“his step h=s an argunants & nome, 4 lisi of variab lsza,
end a Foerm. In thia azep ¢
recursively w0 chedr the proold of 2 lesma, «hi1iz fempo-
rarly neglesting Lhe wmaln thzorsm, I the jemma i3
preven, 3t dr &added bte the thsorsw idabt; Ln eny case, con-
trol ir rebirned to the proct
gitker Lke Lemre A3 proven or the Froofoheader iz told o
give up on it

Thea z2uep kan as arguaments a name, a
arnd a foerm. The sorrespending funss £

P oLhe main cheorem whar

|.-h

of variagbies,

f=bi

oh EEEiEhﬂ ar
forance nare.

It then plaaes the 1lst which contaling both nares, the

ks | "I' o
MmN

interpa; name to be Lhe eauwivslon: of (ke

varlabiez, £nl the fora at tre beginning of the deflricion
iilst,
Usedef

Thiz supp has aF péremeters & nams and & Ilet of A-x

ani D'y, Tha flg and Tvs are wedl %0 Indieste a subex-
presalon of the sulficlencw: the nams 1o the peferen-e
name af g deiinition. 7The sorrecpenaing Taneticrn peis

she Jefinicion Trom the delirdcicen 1isv a=d checxs S“he

i 2 -

gabenpreszion Lo Feg 15 10 38 g sabssilaklon fnetharnce of



the farm of the dsfiniftien. I¥ so, it replaces the sub-
ezpraszion bty o Liat whose ITLlral oclemant i the Inlerna-
name of the denpitlen, The remsining elenents have the
propercy that L0 they are matched zequentially with the
varlablies of the definlinlor and suabatituted For thene
variabies i1 the form, the rzault s the original
subsxprecaion.
Unlefine

Trie shep hes as paremster a 1ldat of A¥e and [Dis
whdoh Andicate 2
Piret elemess of thils sulerprsswion L2 Laven ad Lhe in-
terral name ol g Jdefinitlicon, ami the delinltion lict i=
gegraned for that nare, A avkatization liet is formed
by matohing the suncegaive elements of che subexpreszion
with the weriabler of the da2linitlon, and bihen the
indicated sutstitaticns are perlormed on tha form of the
definition. Finalilv, the susexpresalon ic replaced by

sutexprastion of the eafilclenzy. Th

the reoult of this =ukailitusion. The atep L& relecsted
AFf the namsd d=finitica 42 not orn the defnition 1lst,
or if the nawber of elepents feorlowinz the internal neoe
of the definliton in the stboypretgion l1a-not egual to
the nomber of varlatbtles cf the sdbexpreszzion.
Neneprob

Th's aren has ar Jsram2.sv a reference nama. It
cAuEEs & paiT plares fi=rt clegert Le the naae and whose
neacnd elswent 1z the sareens sufficiency bo Le plased on

the list of preszzsrved sutprobtlens. The surrent saiflcieoncy

wlll be able Lo be rexbtorad AT navesgapy at & later tims.
heabtiack

Thiz astep ha: af paramater bhe rame of g s ikproblem
on the liar of prasorved pulpretlems. 1n causea the
current aufriciersy o te seb Be Lhe suflelency pelired



P Giem

with the givan nane on bthe Jlsh of presesryved tubproblenst .
The e¢fep i: rejecied AT the nawe doze noel corprespond tc a

12.

nemz on the 1iet of presinvad sehoroblenm=.
Killprcoh o

Thie zh=2p har 28 perazpeler the nzme of a proolsm on
the list of proferved suigrotlemz, It caAcess that 3ub-
problem to Le c©
Egnathiqi

Tnis sien has ne warvsrckara, and hes no offent

eleted Frow the 1ilsh,

vhaktzosver.
Revert

Th*s nlep har no pararcters. It cawres as to take
the aecord nost recent eufficlency as the olrrent
gafficicney,. I %he cuarrent nafficlency 12 the theorenm
we wish to prove, the step 1k cejeoted. Tnless Lh2 curreny
guffficriercy in azved by a nemanrss, a

Thie step has npo paremztcra.  Af the ecarrent safficlency

§n Tl

iz "7, we pilace the thaorem ih bthe heed of the theoren
liet, =nd Yerdily will reluarn with an answer of 70 If the

sufrictiercy ir not T, the sven 35 relected.

revert will cause it
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CURRENT S8TATUS rED FUTURE TLANS

... A of this writing, iho V&?:fy propees is in the preocess of
debuzging, and the Method progream 12 in 1te moet Fuiiméntary form
Mathrd merely tekes a 2iat of ﬁtapﬁ paeln Lhem of f ona by one,
and passes them to Verdfy, while printing oab wurefal informatian,
The program Eaﬂ Fean codad entirely 2Zn IISP, which 3zems Eo be
well suited bo fhe appiisabtion. I pavdicalar, 108 bandling of
rotmon @ubarpressfant without mnecefgary duplicatrion w11l sechably
spre the stopage divfioalbles sopsiderally when che problems ge!
more complicated sad Bre thsorsw and deflinltion lists gos longer.

I have alresdy writven a&ll “ha fumctions whicll cheok the 4iMorent
gtepe, thouph zome of thew ara In neaed of revielon,

After Farify ard Jte sarvellite funriilons have ceen chacked
out, 1 pian %o wery on imareving Fethed, at the zamz Slwe applying
1t to abetrast slgebra. My Misost clep will ke to 1srorporate
comoire deveral Individaal stepe slong witk
epesifis theorenz.  Mexrt 3 2holl Puild !'n nechinery wihieh alion:

l.-r

macro=stepe whick «f

the atens Lo be scmesMel amtigpisly gliven--for “nz-ance, tha gube

gtitatlora might ke onitled (ag 12 ofier done 4k the ajtation of 3

theorer in a textbook pranf). Afler fthek, T shell irvestigate

varicug learning weckorism: which might be ircorporated. " However,

St le Ifficull to antdzipste a*t thie polnt Just what coursz the

EFGJ“E- will foiiow; the plan: at each stage will ke Influencad
Erong.y by the rerulte of the preceiing stage.



