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ABSTRACT

This paper deals with the "Calculus of Xnowledge", an extensicn
of the propositional calculus in which one may reason about what other
.people know. Semantic and Syntactic systems are developed, certain
thecrems are proven, and a formal solution jn the system of a well-
known reasoning problem 1s presented.

L "..3_-!',?



Memo 29 -- 2

I. INTRODUCTION

Tnis paper deals with a calculus which enables onc to formalize
reasonings about what people know, as proposed by Dr. John lMcCarthy
in his IR Memo, "A Calculus of the Knowledge of Propositions”. o
treat the Calculus of Knowledge as an extension of the propositdicnal
calculus which permits propositions of a certain form to be inter-
preted, "person S knows that proposition A is truc®. Following
McCarthy, the precise formulation of this new system 1s restricted
by requiring that the system have the following basic propeeties
(motivated by our intuitive notion of the nature of such reasoning,
modified by an attempt to keep this first version of a new logic
reasonably simple): :

1. What anyone knows is true;

2. For any proposition one knows whether one knows it;

3. One knows any logical consequences of the other things one
knows. By "loglcal consequences" we mean all propositions deducible
in the Calculus of Knowledge, since this Calculus is an attempt to
formalize just such reasoning. In other words, the set of proposi-
tions which any peeson knows is logically closed in the system.
Therefore any person knows all tautologies in the system (which must
include all propositional-calculus tautologies).

McCarthy proposed a model and an axiom schema for thils calculus,
and he suggested certain problems and properties of his system wnich
should be studied. However, the present author has shown the model
to be inconsistent and would prefer to work with a somewhat different
form of syntactic system. Therefore this paper deals with the fol-
lowing new work (based on McCarthy's basic formulations and notation):

1. The construction of a more direct (and, hopefully, correct)
model will be described.

2. Viewing the Calculus of Knowledge as an extention of the
Propositional Calculus, we have carried over concepts of implication
and rules ol deduction from a system of mathematical logic studied
under Dr. Hartley Rogers, Jr. Some important theorems of the result-
ing s, stem will be proven.

3. As an example of the use of the decision procedure, a formal
solution to "the three wise men problem" will be presented.
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II. UDORIULAS:

The basic symbols to be used in formulas of the Calculus of
Knowledze are the coneectives

*)NJA) V}é.'@
and khe variables

P, 4, r, ... (standing for propositions)
S, s, S",...(standing for persons).

-~

Formulas are defined, in the calculus, as follows:

If = 1s a propositional variable, then or 1s a formula

If or 1s a formula, then ~< 1s a formula L

If or, B are formulas, then'[«AP] is q formula

If o , B are formulas, then [«<VB] is a formula

If o , B are formulas, then [>=B] 1s a formula

If o , B are formulas, then [~«&B] i1s a formula

If o 1s a formula and S is a people-variable, then [S*ec] is a formula.

(Motivation: "[S * o]¥ Is to be interpreted as the propositional ex-
pressions, "Person S knows that formula << is true". The remainder
is the usualstructure of the Propositional Calculus.)

III. SEMANTICS:

A. DMotlvation for structure of models

- In the Propositiomal Calculus, a model consists of any map-
ping 7 of all propositional variables into the set {0,1} . Once such
an assignment is made, the truth-values of all formulas are uniquely
cetermined by a straight-forward truth-table analysis. Our problem
here is more difficult since we interpret [S*-~] as, "person S knows
that formula o< is true". Thus even after propositional variables
have been assigned values certain additional arbitrary decisions
must be made to allow different people to “"know" different "facts"
(or, equivalently, the same person to know different facts in dif-
ferent models). However, the values of many formulas of the form
[S* <] are uniquely determined if they are to be consistent with the
three basic properties of the calculus (as listed informally in the
Introduction). The third property, in particular, indicates that
what one knows may be determined by other things he knows, and there-
fore the assignment to [S* <] depends on all assignments previously
made to formulas of the form [S*3].

B. Construction of satisfying models

We shall now describe how to construct a satisfying model
for an arbitrary formula F. We shall then point out how that model
could pe extended to simultaneously satisfy additional formulas, and
thus to be a full model for the calculus. First some definitions:

Def: A base element = df any formula which 1s eilther a propositional
variable or a formula of the form [S*A].

e
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Lor: A model = df an assignment m which maps base elcments into thez
S20 " J,x- « This assignment must be made 1n a particular manncr to
N RS

Do described below.

lw}
[
L]

7, = af that mapping of all formulas into fO,l} which 1s
determined in a natural way by the assignment 7
i.e., for or any base clecument, 7%(6*) = 7(or);
for o8 any formulas, 7}([°rAB]) ='{l ir 7}(C() = 7.(8) = 1,
: O obherwise
and similarly for the other Boolian connectives.

Def: A formula A 1s a tautology = df in all possible models (i.e. for
all permissible assignments m to the base elements which are subfor-
mulas of A), T%(A) = 1.
Def: B 1is said to be a consequence of A = df in all possible models,
it 7=~ (A) =1, then 7~ (B) = 2. (We also say A implies B, or B is

T ==
‘deducible from A). (It follows immediately that™ A implies B if and
only it [A=3] is a tautology.)

Def: B 1s sald to be a consequence of a set of formulas A= df in all
possible models, if 77 (A;) = 1 for every Ay €@, then 7 (B) = 1.

Def: A set of formulas « is logically closed = df for any formula
A, if & implies A, then Ae Q"

Let K be a formula which, at any stage during the construction
of our model, has the following property: For any formula A, S
"knows" A (i.e., the assignment w([S*A]) = 1 1s to be made), if and
only if A is a consequence of K. Then, by adding conjuncts to X, we
can increase Che scope of S's knowledge while satisfying the property
that the set of propositions which S knows 1s logically closed (since
it is Jjust the set of consequences of K).

Ncte 1: VWe must lnsure that K remains consistent in order to obtain
an interesting model.

Note 2: Since any formula has only a finite number of subformulas,
thus only a finite number of base elements and a finite number of
models, we can effectively test whether a formula is a tautology by
simply enumerating the possible models. A systematic proceddre for
doing this will be described below.

Let £ be the set of formulas {Bi} which are true but which S
must not know (i.e. for which 7'(Bi) = 1, but the assignment
m([5*B,]) = 0 has been made). T

Note 3: We cannot permit the formula [K=B,] to be a tautology, for
any B; € L , for if it were the model woul& be inconsistent since
[S*Bi% would have to be mapped into both O and 1.

First we assign to each formula a level. Formulas not involving
any S*¥!'s are ~zsigned level O. A combination of formulas by proposi-
tlonal connectives 1s assigned a level egual to the highest of the
icvels of iUs components, and a formula S*¥A is assigned a level one
greatcr than that assigned to A. Now with K initially the null form-
uila and £ the empty set, we comstruct an assignment m™ to base
elerments of our formula I as follows: irst make assiznments Co all
bace elemoiLs of the lowr @3 level, then to those of the next higher
level, ¢ievy acoording vw vuo following restrictions:
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\ . . - 4 Y A ~ A Y
~j Adsisn all propositional variables (base elements cf leovel zero,
U or L arbitrarily. ’

2) issipgn formulas of the form 5% (higher level base elements)
as follows:

a) If A is [S*B] or ~[S*B] for any formula B, set T([s*.]) = 4
and replace X by [KAA].
) If {*:ﬁgz Is a taudolonyy sew w([s*a]) = 1.
d} It [[KAA]=>B;] 1s a tautology for any B, €X° , set
7([S*:]) = 0 and replice .~ by <~ UA. +

d £ 7(A) =0, set véfs
e Otherwise, assign w([s%i1) arbitrarlily to O or 1. Kcwever
if w([S*A]) = 1, replace K by [KAA and if w([S*A]) = @, replace o
LUA.

EY N A ....‘O

‘u.J; -
b4
oy

Now to extend this model to cover additional formulas, simply
order the base elements of the next formula according to level. Then,
keeping the K and »Z° which resulted from the assignments tr..s far,
asslgn all new propositional variables arbitrarily and proceed to
assign other base elements as in 2) above.

C. Semantic Decisibn Procedure

We can test whether a formula 1s a tautology in the calculus
by means of a truth-table format, by following rules a) thru e) above
and addigg one line for each possible model. The details of the pro-
cedure are presented by means of an example (Table 1), explained
below, in which it 1s established that

[[[s*[pval]l A [S*~p]] = [S*q]]
is a tautology. The table is set up with one column for each base
element (I, III, V) and Boolian connective (II, IV) at the top level
of the formula being tested, and additional cotumns for propositional
variables (VI, VII), other relevant sub-expressions (VIII, IX), and
the formula K and set 2 for each model. Columns VI thru IX, lines
1 thru 4, are immediately generated by making all possible assign-
ments to propositional variables. Then column V was chosen to be
filled in (I, III, or V could be filled in in any orderg. The
assignment "O" in lines 1 and 2 is determined by rule d). Lines 3
and 4 are to be assigned arbitrarily, by ritle e). Thus they were
assigned "0" and "q" placed under .2, and also copies of lines 3 and
% thus far, with a "i" in column V and "g" added to K, were added to
the table (lines 5 and 6), so hhat all possible models are repre-
sented. (We shall speak of this as the "splitting" of models.)

Now column III is assigned values. Lines 1,3, and 5 each split,
generating lines 7, 8, 9. All previous assignments, including K .and
&, are always carried along in the split and added to if necessary.
In column I: Lines 1 and 7 are determined by d). Line 2 splits

generating 10). Lines 3 and 4 split, after we establish that
lpval=rq] and [[pVq] = ~p] are not tautologies so that ¢) does not
“"plye. Lines 5, 6, and 9 do not split, since [q=[pval] and

. iA~pl=,[pVq] are tautologies (which can be established in similar,
smailer truth-uables), so the assignment 1is determined by b). In

ine 8, since [[ ~pA[pvqll=q] 1s a tautology, the assignment is
etermined by c).

Now the remalning columns izy be filled in in the usual way. and,
since~eolumn IV turns out to have all "1"s, the tautology is establishad.



IV. PROPURTINS OF THi FORMAL SYSTiM

Ao Req;@;gd propertiecs

The “models described above all satlsfy the conditions ro-
quired in the introduction to this paper, for the following reasons:
+) "what anyonc knows is truc." By rule d), [S*:i] cannout be
d into 1 unless A 1s mapped into 1.

: 2) 1H'For any proposition one knows whether one knows 1t."

Rule a) precisely covers this case.

3 "One knows any logical consequences of the other things am
knows." This is satisfied since the set of things S knows 1s logical-
ly closed (being the closure of a single formula K), in any ore

model. Formally, this condition is equivalent to establishing that
the formula

[[{(s*a] A [S*B]] A [[aAB]=C]] = [s*C]]

is a tautology. This could be done as in the example above in III C:
or one could use precisely the statement which was proven a tautolcgy
in the example 1f one established that

[[s*a] A [s*B]] < [8 * [AAB]]

is a tautology, and that "Substitutivity of Equivalence" is a legi-
timate derived rule of the system (both of which are probably very
easy tasks).

B. Further Theorems

Thm 1: The rules of deduction in this system are sound and (seman-
Tically) complete.

Proof: Immediate from the usual definitions of soundness and
completeness, since we have defined implication in terms of the
satisfying modeils. '

Thm 2: If Q implies B, then there is a finite subset 9°€ X such
that & implies B. N
. PROGGF: Assume & 1is infinite, Ay, Aq, ... €. Define /j;
= {AO, AZ, <.« , Ap§ . Suppose the théorem is false. Then for every
inite O c &, it 1s not true that 4 implies B:
i.e., there exists a model 7 such that

77(&) =1 and 7 (B) = O
i.e., there exists a model 7 such that

7:-(£L,~B) =1, for any finite %5
i.e., for every n, there exists a 7 such that

T X5 :NB) = 1.
We shall now show that this implies that there exists a particular
model A such that for every n, 75 ( 4y, ~B) = i; therefore
75( &, ~B) = 1, which contradicts the assumption that & implies B.
Let Cp,Cu,Cp,... be any enumeration of all base elements appear-
in {~B,Ag,A+,Ap,... }, listing first all base clements in ~b,
1 all those 1n Ap, ete., subject to the restriction that if C; 1is
bexpression of Cy, then 1< J. TThis requires propositional vari-
s to appear before other base elements which contain tnem.)
Let ?n = 0 if, for every n (no matter how lsrgze), there exists

M (nY
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a model A(f) such that 7'(n)(—vB,,f =1 and A (CO) = Q.
Let X, = 1 otherwiseh ,
Note i: If 75 (~3, ) = 1, then 75 (~B, 9p) =1 for all m=n.)

n)



Now asgunie Ags Nis eeey, Ny have already been delincd.

.L,
o 4 AT A
/AO if, for every n, there exists a model A‘*/, construcied
’ according to the rules a) through e), such that the

é following conditions all hold:
/ ) 7%(n)(”B;’é;) =1
Ay T B) anl(c.) = Ay for 0221
n
n A (e, <o

]
i

1 otherwise

(Note 2: By hypothesis, there always exists at least one m.del such
that ) holds. By the construction thus far, at least that model
also satisfies B) Because of Note 1, for every n there exists at
least one model A(D) satisfying <) and Bg for which either ¥) is
also satisfied, or for every n, k(hI(Ci+1 = 1. This choice deter-
mines A1+1’)

_ Define A by A(Cy) = A, for all 1.
Then 75 (~B, ) = Y ror A1 n.

Then 7'>\(~B, A ) = 1, contradiction.
. L ] qed

V. THE WISE MEN PROBLEM

As an example of the use of our decision procedure, a formal
solution will now be presented to a classical problem in reasoning.

Problem: Three wise men are told by their king that he has
marked thelr foreheads with paint (white or black but not both),
and that at least one of them has a white spct. The mean are placed
So that each can see the color painted on the foreheads of each of
the others, but not the color of his own. The king asks the first
and then the second wise man whether he knows the color of hisowrn
spot, and recelved negative answers. The third wise man sees white
spots on the foreheads of the other two. Prove that he (the third
wise man) now has enough information to know that his own spot must
be white.

§glution: Call the wise men W., w2, w3. Let ?ﬁ denote the
proposition that wi has a white spo%.

We have not thus far discussed formulas involving more than one
person-variable, but the extentlon is straightforward. In testing
for tautologies, we must keep track of separate book-keeping func-
ticns K and xfwégr each person.

The problem will be solved if we can show that a certain formal
statement 1s a tautology; namely, a statement to be interpreted,



Ir YS knows certain facts des ioed In the hypothesis of the Wise
Mon 2robliem, then W3 knows that his cwn spot is white"

Note that 4f 53 knows that Spkknows A, then S; must also know
‘A (since [S»*a] impiies AL Therefore i1t will be sufficient to hyjpo-
thesize that w knows just that Wpo has a white spot, plus that uﬂLCh
Wo knows; namely, that Wp doesn't rcalize that he has a white spot,
but he knows »nvther Wy has a white spot, that W4 has a white spot,
that W; doesn't know that he (Wq) has a white spot that W1 knows
whethner Wpo and N3 have white spots, and that Wy knows therc is at

least one whifa Spot.
Formally, we consider the following statement:

[Wg#{o oA ~ (W%, JAL[W, *p5 IV LWL * ~po 1A
(% (o1 B~ (W *p; JALLW, #p, VW, * ~p 1 TALLW, *p VLW * ~py1]A
[wy*lp,VooVp3l1 ) 1 }1 = [ug*psl.

(Brackets have been omitted where it is unambiguous to do so). To
test whether thas is a tautology by our decision procedure, we need
not consider all models, but rather only all those which map the

eft side into 1, unerefore only those which map each conjunct in
the {3 into 1, therefore only those which also map each conjunct in
the () into 1 (since for all other models the implication 1s auto-
matically satisfiled). The work is carried out in Table 2.

By the above remarks and columns b and j, we need only consider
models which map D, and p, Into 1. All other columns except a,h, and
i, are also qulckly determined by similar considerations. Since the
expression in Table II b 1s a tautology, 11 must be zero and row 1
is eliminated from consideration. Since thé only model which maps
f} ﬂnuo 1 also maps P3 into 1, [{I > p?] is a tautology, so that

must be mapped”into 1 in the only model in which the hypo-
thuseg are catisfied. Therefore we have shown that the third wise man

knows h¢s spot 1s white.
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izion procedure, involvirg the ccnstruction
R ] 5, 1s extremely long and awkward. Yoernaps sone
for decrecasing the work reguired can be found., At
pecial cases, ¢.g. the wise men problem, ruch 1e3S

nstruction is rcally necessary.
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The precise formulation and solution to the wise men problem
secemed unnccessarily diffilcult largely besause it was "unnatural",
i.e. not the way people usually attack the problem. I belleve this
was necessary because we are working with the bare skeleton of a
formal system. If some derived rules of inference are added, such
as reducto ad absurdum, the cut rule, subordinate proof derivations,
etc., proofs will be possible in fewer, more "natural, steps.

This calculus is a first attempt to formalize an entire branch
of common language usage -- namely reasoning about reasoning. It
may be of interest to try to axiomatize the formalism 1nto a Hilbert
system, and investigate completeness of the resulting system, and
how well 1t matches the intended model under standard interpretation.
However, 1t is probably worthwhile to first generalize the system by
adding quantifiers (to permit statements like, "There is an x such
that for a2ll S, S knows p(x).")

~ Relationships betweentthis system and various model logics shou
should also be studied.

Eventually a system such as the one described above may be use-
ful in enabling a computer to carry out the solution of reasoning
problems, such as for example in the "advise taker" project.



0T -- 62 Oouly

\No)

EQY

—

T T "@advi
m e e [T T SR e e
| [PAd) 4 T | O ;T T o |7 0 |0 T It
[bAd)] T | T |t|0f O T 0|0 T I¢
?2:* T |0 |O]|T o | 0|0 T Ic “
[d~VD] | T|7T |T]|0 T |7 TIT T I115
b= [bAd]vd~ b d~ T|1T 1|0 o |7 T !0 0 II1¢
d~ oO|1T |00 oI i T 10 0 ITIIY
by 1 10 |T|T T |7 010 T hY
d~ T|1T {T]0 T |7 0 {0 T
[bPAd] ‘D T|l0 |T]T o1 00 0
d-é&DbAd ‘Dé& bad | [bAd])‘d~ ‘D 111 ITlO o1l o |0 0
[bAd] T|0 |O|T o7 0|0 0
d~ O 7T |O0]O 0|71 010 0
_mcoﬂwuepgxw 1$9% «No b bAd; d~ |'D | d} [DxS]) & [[d~ xSIVII[PAI)xE] )] __ \5%\_
i =D
SR B I A R e LR R

)



7T -- 62 Ouwol
QII 94V L

goTd8oT0gqNnE] 2J%® HHQAM HMQ>NQ>HQH<sz<MQ>¢ pue
[[*dn®dnTa] &%)
asneoaq 4

— e e b \

<gz<mazoa 0 T T O O T T O O T T 0T
d avtd~| 77 T T T 0 1T O 1T T o 1 T 0T

| Tr || B T |Pae [ ((1FanPanTd e T v B T A e TV A P e TV ;mmaau< &<Ti
\_

e II T4V L
MA n 9 ) I b T wnyco

ca | Ta | (3| &a ma<ma 11 T .Y .0 T

!
! , b el
°d | Ta ta~ maémm 00 T T T T O M T

€221 %x! Tt | % Ty ng* EA; [ :A:m%m?a&* E<:maz* RINCEAIY)

d o u w H A £ H Yy 3 J ) P 0 q ® mcﬁsﬂoo
L e e et <o oo e e et e e 1522 e 1 e e et e e e e e
SUTT .. .V oo o T .._“:.i..i\..-|.il.©liH;.f-.H-I..‘ﬁ;[.,IH..--I o6 T T 0 T T mm :
3xou T 0 T T 0 T T O 0 T T o - 0 T 7T O # T

<:§z* Z:NQ* :::S* ]~ v Sv* u<:maz* 1AL E i) IV O] ~ <£ L




This empty page was substituted for a
blank page in the original document.



CS-TR Scanning Project |
Document Control Form Date : Il 30 |

Report # Am\ -39

Each of the following should be identified by a checkmark:
Originating Department:

ﬂArtiﬁcial Intellegence Laboratory (Al)
(] Laboratory for Computer Science (LCS)

Document Type:

[0 Technical Report (TR) ﬁ( Technical Memo (TM)

O Other:
Document Information  Number of pages: _I-( (6~ ;mac¥s)
- Notto include DOD forms, printer intstrlictions, etc... original pages only.
Originals are: Intended to be printed as :
O Single-sided or O Single-sided or
" Double-sided (X Double-sided
Print type:

[0 Typewriter [] offsetPress  [] Laser Print )
[] inketPrinter [ Unknown IX( otrer CO(QY of MiMSoGRREH

Check each if included with document:

[0 DOD Form O Funding Agent Form O cover Page

0 spine O Printers Notes O Photo negatives
O other:

Page Data:

Blank Pagesiy page numbes:

Photographs/Tonal Material ey page numbes.

Other (nots descriptionipage number).
Description : Page Number: 5

mAcE AP (1 -12) wos'sd TiTLe ek b,
_ w0 GG, (&) sy BranK
(\]3" ([ ) Schh‘GcNTRDLJ J\"\’M_T’S (3 D)

Scanning Agent Signoff:
Date Received: /(1 30/95  Date Scanned: [/ /39S Date Returned: _/d. (14,95

canning Agent :Slgnature. ‘ i R 04 Fomm e




Scanning Agent Identification Target

Scanning of this document was supported in part by
the Corporation for National Research Initiatives,
using funds from the Advanced Research Projects
Agency of the United states Government under
Grant: MDA972-92-J1029.

The scanning agent for this project was the
Document Services department of the M.I.T
Libraries. Technical support for this project was
also provided by the M.L.T. Laboratory for
Computer Sciences.

darptrgt.wpw Rev. 9/94



