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1.0 Introduction
) . In ref. 1 Davis and Putnam present e computational
proor procedure for- quantificavion theory which they suggest

might be applied to obtain proofa in mathematical domainsq

In ref.2 they give a finite axiom syscem for elementary
”number theory with the aim of applyling thn computational
_proof procedure to it. In ref. 3 Wang points out that aa 1b\

‘stands this procedure would be far too ;neffioienh to prove -
non trivial theorems and diseusses how.it might be made morel

. efficient. In this note we will 1nd1cata that even the type'
of modifieation ‘that Wang considered. would not be aufficient to
enable the aystem to prove non trivial LheoremSOVT

vv1 1 Tho COmputational Proof Procedure _""

Since a complehe preauntation is given 1n ref 1 only

a'a sketch will: be given here. A w.f.f, R ia proved by showing
o that NB is 1nconaistent° NR is first put .'mto prencvr normal
'fiform with the quantifier free part in oonjunotive normal rormnA~

Then exiatential quantifiera are replaoed by runctional aymbols,

| Then by aubatituting ‘various -constants for the variablq; 4n f;»
'f*the canonical form of MR a saquance of lin.a 13 genarated,- ‘For
E 'example, the lines generated from (x1) (x ) R(x ,fol)'x3) would be )

_ .‘ . R(a,fa,a) - It o R SR
-'1R(a,fa,fa) : o R
" ,a(fa,fra,a) |
- -R(fa,ffa,fa) etc. .

.,'Then a scheme is given which determines f:~tn~e a givpn finite

set of lines 13 1nconsiatant or not. Lines are genarated until

‘ a set is’ found which 1s 1nconsiatent 1n which case the thoorem
‘ 18 proved T . :

1 2 The Axiom System for Numbor ’!heoryo -
The non . logical conatants are as fol1owﬁ.




Individu;l symbel&' o

‘Binary predicate aymbaus :
Singularly function’ aymbols

Binary fmtien synbaala;

Lower case Roman’ lattm m'f
Group A
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Moreover Uhere are four varlables to be substituted for ao

that using only those of type \1(0) there are 30h posaihle

'choicesg those of type(i(\i(c)) there are (180)4 posaible

choices; sto. We will later show that to prove ,

(y) (1+y-¢y+1) we require the set Pe((c'f\ (Nx(ilxN) )/\756) which “
. 18 of type L

- U(U(B(B(C B(c,B(C,C))),UCC)). At this level thére are of
the order of 1010 choices which 15 of the same order as the

number of uove choices in chgcknra.l'

Now it has been suggested that by uaing some heuristic to
generate only those terms which satiary sone criterion of userulneas
such as using the functions appbaring 1n tha atabement of the
cheorem or using Wang's mathod of sequnntial tables that the

cholces could be reduoed to a managadbla m:mber° However for

any aimple mindud scheme it 15 not. ditfioult to show that the

" kind of exponential growth 111ustrated dbove is encountered.‘.ln

the next section we will 1nd1cate a sbronger resu1t¢ In
particular, we will conaider thp number of terma of the Davis
Putnam system that ooour when an 1nformal proor is’ rormalized in
a minimal way in the syatem.v Such a rormalization of an informal
proof is certainly more effieient than the ahove eyatem or

'senerating terms even with. a very olever heuristic selection

acheme. :
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f?,a_ simple proof 151‘51
lea the proor of

Le#: us zust examinc the appearane

, the finita axiom schemeu Consid«er -far
| x{ N ¥ R(x). s .
M.. © Show that there ex‘! sts 8 sat AS " ueh that
x £S5 1ff R(x) i |

@8 1f R(x) 18 x+l=l+ xchan S-P :’_

Steg 2. Shcw that 1{3 *hat s.a am

Step 3. Show that x99 x+1zs. that
that R(x) implies R{x+l). e
St:eg 5, Then by the 1nﬂuci;ion ax:laka”’
“that is, 1f x N then x5 S; that 18, 1
'Note that the 1nduction step is essen
“can be obtained by direct suhstzeutimﬁf 1 _
: aew: can be obtainsd L2
substitution 1nto the ax:loms. S ' o
Example. Some of the simple. :aroperex"
be obtained by direct subsmtm:mn m he axioms. .

m&;m the eheoraa

om‘ or more axzam,

that s, a counterexamplw to i:i":"

of the predicates m

Proof of x=y ¥ zayéxmz.
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| low as will sver be zncountered in a préof 1;&v61vin€l
one induction step. ' |

However most. theorems are notf: thia smpleo In particular
the steps R(x)=)R (x-s-l) often cannot be ebtained by substitution
in the axioms. Por example, the step H(x)ﬁ R(x+1) of mam; '
theorems will require the result -x-elw}.--o,-x, in general we wil: "
have a chain of theorens: : 5 |

R(x)

R(1) R{x) =y R{xi1) s:/_axx)
@ (1) Q' (x)"ﬁ'fml)nﬁ (x)

’,. N ,‘":_t

“m a“(x) = Q"(m) 2
where Q (x)#Qn(x-s-l) can be pmvad by anbazitution in the axmms;
For difficult theorem tahis may mt lead to a Qu{x)

whose baae steps can be proved by subsﬁtntion in the ax:loms

In thia case it may be neeenm to part: tion the tbeox'em into

' arta. “For example, to prove ﬁnt g{xf_ﬁ:(x) it may be
necesnary to px-ove g(x)-rl (x}ufefx)n.-! {x)-h(x)
Example Consider the momai proar or

12422 43 +°M+r -r( {

o prove R(r)®R(r+l) we pmve m cmn‘of equalitiea

.12-0.224'0.‘4-:' +(r+1)2 = rlred)(; "'f,i 3

¢ o e seion)




> gtructure is -

 Xn the preseuce of partitioning %he

of the formi--
(=} R
ALY @ (x), @2 (k) 00 Tpg

QU ] €1§,Q21) P oazq(x), coe"",_ fc 5 o 2P2(X),

°
.®

]

o Q "Ph(x)-
~ We can consider the theorems Q ch) as thsorema which
logically preceed R{x). Another of the sources of 1neff1cienoy» '

 of this gystem is that a complete proof of an the theorems

, uhich %jogicelly preceed R(x) wmuss be 1acluded in a proof of

: R(x) To sez how ineffieient this 18 contider a sequence of
theorems T;,T,,... in whieh T, is the only ..odcal
prédecessor” of ¥ Fnel® ir Rﬁ:& Dl takﬂh K.lines, then Th

would require K 1ines ina 10310 ‘theory tspe system 1f T were
a previouslv proved theorem, buz in the Dlvis Putnam system

would require nK lines. %he nnmb@r of 11n¢a required for the
proofs of the firat n theorems would bben nK for a logic theoryr;f,
type system and n§ ntl)K for a Davis Putnam nystem, '

oBa. What is meant by a 1osic theory typa aystem iz the Davis
Putnam system modified so that u&en a 8haoren is prcved it 1s

asdded to the 138t of axioms Of course ﬁhea;the amount of timef_”j
apent scanning the axioms becomes a serioun problem as in ﬂhe |
original studies of the logle: theorw machineﬁ

Next consider the case in which we ﬂiah to prove il when f

has two "1mmadiate lﬂgieal pradeceasors which 1n turn eaeh have e
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two "immediate logical predecesaors an& ao on.. Immédiate 7
. logical predecessors are those ariaing xn the first partit:ion; ~-_'}"-
- level,l.e. Q“(x),.“,Q Pl[x) these em be considered to

be the main lemmas used in the proor ot ﬁxe theorem. The

/ \ Tl\ ‘ra}.,_ Tae : i

121 T2 iz mfan-_ae; “aei "222

ete 0

1t there are n such 1eve1: md 1!‘

lines in f;he Davia Putnam syateu In
system 1f "-’1 and T, were pmim _proved theor ,
1ines would be required. If me ﬁr& 10513;1 procesum at
each level the mmber of tem in the or ‘1' would mcrwe
with n3 where n is the mmber at 1m i
" So far we have mtriosed,.v

BO m: =
to cases in whs.ch
lbuv comider the prcof

there is induction on onl:y one ,v,

of R(xl oo;u,xn) of n varnblen.




R(x)upz)
ﬂ('\‘j'?\ RICME,%) = R(CL+:,L1,23 =R (CLM z)

/
R(‘)‘)i\) Rt(l)bﬁ) R (&13) R (a,ki) —
/ \ \\3\ ’ ‘Rﬂ(a)bi} ﬂ‘d(ﬁ
AL RO RUObYR (5B, r{at RaL,0

where

R (0,2 = 7'(a,b, PESS (@,b:;;%)
If we have B(xl,.w,xl 3 and aseume that each step in the i:ree
takes K terms in the Davis Putnam mm, zaen R(xl,m,x )
w111 require {2™-1)K terms exezudmg the preofa of the. lnt
line of 2" statements. O ‘ | ‘
Now sonsider the n va.riable cue when at ‘each level there
are 2 logical predecessors of the sme type mt 1s with the :
same number of variables. ‘

We obtain & tree of the form:--

R(

, V5% )

where the inbegers at tb.e vertices :I.ndie&te the number of a\zb-
theorems in the partition at that level* ’L.ea the nuaber of
independent copies of the stmctm:e belmt it appearing. in. ...
" the complete structure. - | o | .
For mample if a8 in the aboée tree ehere .are two sub-
theorems at sach level, inatpad of (Q ~1)K terms, 2/3!((2

terms would be regulred.




Example. Cfonsider the t!-mo?em., pm a prime and plab thx:ﬁ
pla or plY:z-e

The canonical representation is

(axiom Sy 533” 1t 4 (31 :X;g‘e3‘23,:!x'pu?':gﬁ‘gaxlai . ;}t"iaxlg}

=14fg +£g° £ty ru+~f6~xl £ at—-
~ f7 Xy 0 1‘¢ Ny (xloala-xg Vf,‘-xlcsiexat)x .'j P
~ where fa’fu(11"‘2"4"7”‘8"‘9”‘10*3_.1
| £t (
fe tel
fg=rgl
This requires induction ‘ onth& £
Xy 0r%11°%) 20 Assuma.xg t.he tx-ee aif_;}f{
paragraph and letting K-IOO (a aonaerv’
of terms required would be or f:he Qnde
tree atruceure for this theorw 1# pzwa more conpncated
than we have assumed 8o tha‘b i:kia Mti_ "'!se‘“!.a too low.
Nevertheless, 105 terms is tcc 3.0@ ipractical as g
counterexample in contemporary f; chine grams of the Davis
Pu nam systems. Further amlyais ot‘ s &gific‘ theorems w’il} ‘ S
be carried out in another paper. | , e e hiEe
The tree structures which would _,,enebuntzered”in practs.e '
" would be much more complex than ehoae swdiad above. Hencé 1%;'
seems clear that as the theorem bacome m mderat:ely ditrﬁ

the minimal Davis Putnam counm;ﬂ__;_ﬁ;r_'jf ple ftne m;aaion of tba

theorem becomes too lone to he of nraﬁfica‘l nee.
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4.0 Conclusions

Rence we see thet even a forwalization of an informal
proof becomes excesslvely long. As wentionned above we cannph
expect the generating prbcédure even,with a clever heuristic
selection eriterion to do better than this. The essential =
weakness of the system is that in proving any particular theorem
it must also prove every theorem uhiehllpgicaliy preceded.;to
This is in contrasﬁ‘to informal wathematics or syétems like the
logic theory machine in which previous theorems may be referred
to. This suggests that this ayéteu mith be modified to add to
the list of axxomn those theorems tha& have already been proved
and to u3e an appropriate Metathoorem.  Then in rormglizing a field

such as number theory it would ﬁﬁ?ely‘be.nbcessary to prove theorems

in thelright order to avoid exceasively 1ong_proofe;';aut'even
then there is a difficulty in proving theoféms‘whoséiinrormal
proofs are not known. The only ﬁa&lgo make this prbbiem
correspondingly feasible would be to'set an_ihfofmal plan'but
%his'ia of course equivalent to proving the theorem informally.
When the Davis and Putnam system was first studied 1t vas
suggested that it might be able to'gpt a proof for aierioult
theorems such as Fermat's last bheorem. Rowever& what we have
been eaying above is that to prove any but the most trivial
theorems we. require some heuristic planning acneme, But this is
equivalcnt to obtaianing an 1nrorma1 proor by a system of the type
of the logic theory machine and thus if we eannot prove & theorem
informally by a heuristic problem aolving program it is extremely
doubtful if we can obtain & proof in a feasible length of time by

Palling back on a formal pseudo decision procedure,




'Davis, M, ard H. Putnam, "A
for Quantiricntton 'meory,

'Davis, M. and H. Putnas,
Elementary Number 'maory

Wang, Hao, ”Provmg 'ﬂzeomn
A, Cono, vOIo 3, mc 'h.o )




CS-TR Scanning Project _
Document Control Form Date : /|1 30 15

Report # f\m\ - Yo

Each of the following should be identified by a checkmark:
Originating Department:

“K{_Adtificial Intellegence Laboratory (Al
[ Laboratory for Computer Science (LCS)

Document Type:
[J Technical Report (TR) ﬂ( Technical Memo (TM)
O other: ‘

Document Information  Number of pages: 16(20- imw)

Not to include DOD forms, print: intstructions, etc... original pages only.

Originals are: intended to be printed as :
"W Single-sided or T Single-sided or
O Double-sided O Double-sided
Print type:

[0 Typewriter [] oOffsetPress  [] Laser Print
[] InketPrinter [] Unknown Komer: My MECCEAT H

Check each if included with document:

(J DpoD Form O Funding Agent Form O cover Page

O spine O Printers Notes [0 Photo negatives
O oOther:

Page Data:

Blank Pages vy rage numben:

Photographs/Tonal Material ey page numsen:

Other (nos description/page numben).
Description : Page Number:

® TmAcE MAC (1 -le) TiITLK o B
(19 - 98) TehpeoTTRLARGT'S (3)
® ysey PooR copy

Scanning Agent Signoff:
Date Received: J(/ 32/95 Date Scanned: [ s Date Returned: _/d /4 /15

Scanning Agent Signature: ‘ %| “ Row /04 DSLCS Form d




Scanning Agent Identification Target

Scanning of this document was supported in part by
the Corporation for National Research Initiatives,
using funds from the Advanced Research Projects
Agency of the United states Government under
Grant: MDA972-92-J1029.

The scanning agent for this project was the
Document Services department of the M.L.T
Libraries. Technical support for this project was
also provided by the M.L.T. Laboratory for
Computer Sciences.

darptrgt. wpw Rev. 9/94



