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rriwltive retuuvsive fupcilons sre g subget of peperel recursive fures
tioue haviug the following properiics.
1. They ¢y be defined uslap ¢ particulay wecursiv: schemr given
below.
2. Thev srye always vots!l functions, that is cthey ave defiued oa thelz
entire ankural Jdomain,

3. Mozt earwoa avitnmetis functions are primitive recurgive,

4, Baportent parts of the avithmetization of metemsthematics cen be
enpreseed using primitive recursive functlons. Iu pawiicular;
suppcee ve define

theorem {x] w,;jproof[proofcheck {x;prncf?}

Brogfchock 15 a primitive recursive predicate which is tive Lf x i¢ o

cheoren end proof is its prooi. Xheorem is not primitive recursive.

it is not even generally recureive slthough it is recursively eoumerable,

Primitive resursive fumctions of the matural integers can be defined as

follows.

1. constause fuuctions e.g. M{x,ys2)4)

7. identity Zmections e.g N({x,y,Z.w)} z)
3 the suscassor function A{x)y x+i)
4. equelity M{x,y) x=y)

5 couposition v .g. AUk, ) E€%, g{y,x,x)))

vhere f and g are primitive recursive.




6, recursive definition by the following schema only.

f(y,xlcu.xn) = (if y = 0 then h(xlo..xn) else

g(y;xloocxn,f(y-l,xlao.xn)))

where g and h ere primitive recursive.
Primitive recursive functions of S~exprcssions are similarly defined.
1. coastant functions e.g. Alluzvl (A B C)I
2, ildemtity functions e.g. A[[usvix;yl x]
3. Alix;yl coms [x;y1)
6, AMizsyl equal [x;yl]
5. composition |
6. zecursive defimition by the following schema only.

f[y;xl...xn} = [{f atom [y] then h[y;xloonxn} else

glyix ooox ; f[car[y];xl..axn]; fledriyl; xla.oxnl]l

The imtroduction of wecursive function definitions into a deductive
system is a difficult problem. We want to be able to do so because recur-
sive definitions are a powerful way of describing algorithms.

However, the introduction of recursive definitions indiscriminately
will result in contradictions. The reason for this is that unlike proper
dofinitlons., recursive definitions are pot eliminable, They actually
iutroduce new premiges into the system. The specific premise introduced
by a recursive definition ie that there is a function that satisfies the
defining equation. If there is none, then the equation makes the system
inconsigtent.

Since we shall discuss recursion induction later, ;t might be well to




poink cul that g given equation nced not have a uuicue golutlon, Xuuecver,
ii It ic convergent, them there is a unique goluticn,

Fer cxample, consider the equations

Nt

g fact{x) = {if % = 0 thep 1 clge xefaci{x~1))

€Y faerldn) = faet 1{xi1)fmil
Mgeation 1 converpes and defines the factorial ofra natursl integer.
Equation 2 does not converge. It i3 satisfied by the entire family of
funcilons factl(x) = ko x! where k is any counstant,

Recursive definitlions cam be introdyced under ceriain vestricticas
that gusvantee their convergence. However, this requives that s certain
portion of the arithmetization of metamathematics be accomplished firsg,
This is difficult to do without using tecursivé definicions.

A convenilent way to avoid this circulavity ic to allow the introduce
tion of primitive recursive definitions as an axiom schema. This ic con-
sistent because the condition of total couvergence 18 alwaye met by primi-

tive verursive funciions.

The finsl topic of this paper is to obtain a general primitive récqrsion
schema for a variety of domains. These dcmaiﬁs will be built from primitive
domains using the (P and 3} operations described by MeCarthy iﬁ "A Bosis
for a Mathematical Theory of Computation®.

Consider a domain 8 defimed from primitife domaius A.,B8.C,... 8 is
defined by setting it equal to some form im S,A,B,C... which is composged
using only (, ); @ , X as syntactic constaniso We ghall give a mechanical

translation from the equation defining a domain into the primitive recurgive




sebomyg for that domain.
1. The lcft side of the equation 1s "8 =", We translate this ac
te. =N
.Lg_y ;.31 ] oxn) °
2, The form "(A & B)" is trauslated as
H . .y o v t [ ¥]
Wif P A,B(x} then L(‘:,ylonyn} elge B}
vhere §% 1s the translation of B.
3, The form (A % B)" is tranclated
"g(y,xlu”xﬂ, f(“A,s(x)’yl"“Yn)’ f(PA,B(x)pylogcyn))b
The canonical functions and predicates F s Mg /J ete, are defined on
pp. 49+50 of McCaxthy's paper.
This tremslation has been properly defined only for certain domains.
48 ea cxapple, we trenglate the definition of integers into primitive
recursion schema,
Integers
1=({0} + ({0} x 1)
f(x,yloa,uyu) = if x¢ io} then h(x,ylo..yn) else
g(y,xl oo oxn, f€“A’B(x) ;y1cu oyn) 2 f(ﬁA,B(x) ,ylo e uyn))

Kote that x¢ (O} means x=0
Ty B {x) means A{{x) 0)

p s (x) means A((x) x-1) when x £ 0.
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