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Abelract, When s s sl A of poablive integers, reprosented aa binary numbera, “regulor” in
the serse 1hat 14 b & sel of sequences 1hat can be recognized by o Anite-slate mschine? Let
xgin} be the number of membera of A less than the integer ®. 1t is shiown that the ssympiotic
belavior of wyin) B esiblect Lo severs resdraints il A is regulor. The=e soratraints are violoted
by weaby importand netursl nomerical eede whese distribation funetions eon he ealeulated, at
lensl peymplodically, These include the set o prime numbers for which xpnd oo mflog m for
latge m, the sof of integers A () of the form w* for which =4 6(r] = ¥, sml many ot hers, The
technigue cannet, bowewer, vield & decigion proeedure for regolurity sinee for every infinite
regular ot A there is o monregular set A7 Tor which | g gind — w0 in) | £ 1, 5o that the pevip-
tofic behayviors of the tao disteibution functions nre essentially idesticol

1. Trdredurciion

Let A be somne get of positive integers written in binary notation, It is natural to
a=k whet kind of somputing machine could vecagaize [1] the ==t in the sense of de-
ciding whether a given hinary sequence represents a number belonging to A. The
techninque described in thi= note enables one to show that eerfain sets cannot be
reengnized by finite state automata (e, these set= are nod Yregular® [25, The
pssentind iden is thiz: Let w405 ) be the number of members of A less than the indeger
. I1 iz shown that the asymptotic behavior of =,0n} = subjert to severs restraings
if A is regular. These constraints are violated by many important natural numericsl
gets whose distribution funetions can be ealeolated, ot lepst pevmptotically. These
include the set P of prime numbers, for which mpi{n} = 5 /log n for large n, the sat of
integers A{ k1 of the form n*, for which m,au(n) == «'™, and many others. The tech-
nique cannot, however, vield & decision procedure for regularity, since for every
infinite regular =et A there 1= o nooregular sel A "for which | wa{n) = war (m)] < 1,
so that the nsymptotic behaviors of the two distribution functions are essentially
idemntical.

We consider here only the binary repressntation, se a= to aveid pompous state-
ments, but the same results can be obtained for any radix by changing all 2% to s
in the sequel. We warn resders not to confuse the statement that the primes writien
in binary form are not a regular st with the trivial statement that the set of strings

of prime length s nol regular.

2. Nolation

{1} Coneider the st of strings of 0's and 1% of which the first symbol s a1, e,
N = 100 v 1}*, using Kleenes notation [2].

(21 Buch strings are regarded ambiguously as integers to the base 2 or az strings
of s and 1's. Numbers are presented to the machine high digits first. {This con-
vention is innoewous since the set of reversed strings of & regular et 1= regular.

* Added im proal ; The authars kave learned that Alan Cobham obinbned sibatantially the
same resulta &t aboud the game time.
1 Both of Thepartment of Electrien] Enginesring and Project MAT
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{3} For any integer x, L{z) is the number of digits inz, 1.0, 2" < z < 2V,

(4) Definez -y = 2"z 4 y; that ia, **- " is eonentenntion.

(5) A always denotes & set of positive integers and x,(n) the cardinality of
ANfz|1 <z < nj.

(6) If A is regular, let M, denote the redeced (e, minimal} automaton which
recognizes 4 . In the discussion of any particolar auwtomaton M, Q i= uaed for its set of
states, ga for its initial state, @, for its set of “final states" (whose oceurrence signifies
peceptanee of w etring), and &g, x) for the statedransition function, Le., the
gequenee © drives the putomaton from state § to the state &g, 2).

(7} A desd slle i a state g such that (g, x) © Qp iz satizsfied by no 2. {If the
automaton is reduced this is equivalent to saying #lg, £) = g for all #, sinee them i=
only dead state in a minimal maehine. )

18] 'Fr’_e are interested in subsets of N = 1{0 ¥ 1)" rather than in subsets of
(0w 1) We consider as trivial the part of the avtomaton which merely verifies
that the input sequence beging with a 1. We shall depart from the sssumption of
minimality by allowing a special dead state ino which the machine is deiven by an
initial zero. In the ssquel, “dead state” means dead state other than this special one,

181 For eonvenienee the following convention is adopted : For any set 4, and any
real numbser 1, w0} = w,.0[x]), where [1] i= the integral part of 2. Where v4(n) is 6
matural™ function, such as wv/log », =/log © will be used as an approximation of
[=]/log [=] for very large values of x,

&, Theorems

First, the consequences of W having dead states will be shown.
FProposimion 1. Lel M = M, and suppose;
()} 8{gu-a) 15 a dead slafe,

(b) }..,:‘.‘;'.‘.],, and

a T4 fﬂ.:l
(] .{H-—E mﬁ_} = A
Then # = 1.

Proor. Putn. = 2% Then kit = 2%(a + 1), By assumption (a), there is no
f such that «-8 ¢ A. In other words, no matter what m iz chosen, there g non = A

such that
e = T S < Mo 27 = ey,

where m = Li{g).

Then 7 fim )/ hoie) = 1, because there are oo members of A between n, and
Mt . But {7, (fn) /7 hena )} 8 a0 infinite subsequence of the sequence, supposed
by assumption () to be convergent, [=.{n)/ /. {re]. Tt follows (hat the limie, #
of this sequence (if the limit exists) is 1.

The underlying fact, then, s that dead states produce large gape in the seguence of
numbers recognized by & machine, Below, it 15 shown that if there i= no dead atates,
the gaps cannol grow in Lhe same manner.

We immediately deduce the weakened, but easier Loy

Prorosrmion 2, IF (rgind/ralin}) — 88} for all real % and 7 8k} = 1 only
' h = 1, then A cannol be @ regular sel whose reduced awlomalon has a dead slale.
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In some interesting cases (=ee below ), o (n) ‘e n) fails to converge. We can still
gt imies use o sharper but less eleganl criterion:

Proprosimion 3. Let a. be the vth menber of A dn order of magnitude. Then if

lim 20— % _ g,
rom i,
A rannol be a regulor st whose reduced aufomaton has o dead siade.

Proor, Buappose that 4 is a regular st whose redoeed potomaton has a dead
state, ond let a, b, and n. be defined as in the proof of Proposition 1. Denote by ke
the mamber of members of A smaller than te, | e, Fa i 1he largest integer such that
i, = e Binee no member of A can lie between ue and e , we have;

[ 2 hpfl .

Thu=
Bt T G o Ml = A 1]

., W

It follows that (iteyy — e }/a, eniindt converge to 0 as r— o,

Finally, we lonk a1 the otler side of the coin; what happens if W has no dead
prate?

PuorosiTion 4. If A ds regular and M, has no dead slade, ther w,(n)/n > 07
where N ds the nusmber of statea of A, . Thus the denatly of A cannel conperge fo zero,

Proor.  For each integer { we shall define a 1.1 into magp g-

E: 12?“[ Er”“_:l — [2!“" EA'I-I-.'F} r‘l -l"l.

where [a, b} denotes the interval a = 1 < b

For any et [27, 2¥), let & be the smallest integer for which a8 € A, Such a g
muest exist beeause 8 gy , &) i5 not dead. Moreover, 8 < 2" berause the shortest path
from &gy, a) to s member of @ cannot be longer than & =1, It follows that
a-f < 2 so that e-f € [2°, 2" N A, Thus if we define gio) =
e-moin |8 | w-§ € A, g has the required range. To see that it i= 1-1, we simply note
that « is recoverable ms the first N7 digitz of pla),

Tt follows that [2¥7, 2"} N A contains at least as many memhbers as 2%, 2V,
Therefore, . (2% = 2% — 2% = 2 Wow consider an arbitrary number .

For some ¢, 1 € (2%, 2"}, and since w,{2) increases monotonically,

f.d'::ﬂ] '1[2?{!] E?-'I:I-:I!l

L
n = ORI ngm—u =2

Combining this result with the consequences of Propozitions 2 and 3 leads
to the following Criterion,

Cuirenion, To proee tho! a sef, A, 1= nal vepular, il i2 syficient {o verify Condy-
tion 1 and Condition 2 or 2,

{:-'umﬁ.ﬁm 1. r_.{ﬂ..:ll."n — 0 s m— =,

Condition 2. waln)/wa(an) — #(8) ae e — = and #{8) = 1 for all & = 1.

Condition 2. (Gpss = 8a)/8, = 0850 — =,
IF A is regular, by Proposition 1 3t has a dead state but by Proposition 2 or 3 it
hias none.
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4. Applicalions

First, some examples are discussed that ean be settled using the Criterion of
Eection 3.

Ezample 1. A = |m" |k a fixed integer]. Clearly w,{n) = n'* 8o that:

(1) waln)im— """ = Opsn— =,

{2) waln)fmaldn) — 07" o 1 forall & = 1,

Therefore A is not regular,’

Expmple 2. Let P be the set of prime numbers, If iz well known that wein) e
w/log n. Thus mein)fn e 1/ Jog n — 0 as n — =, satisfying Condition 1. On the
other hond,

melnd  mloghn  (log b + logn) 1
Tl i) ™ n logn Aloge _’i# ! (or 3 # 1),
Agnin, Conditions 1 and 2 are satisfied; thevefore, P 32 not regular,

Ergmple 3. Lot B be the set of all prime powers, e, B = [p” | p prime, m an

integer) . Write # aa:

BeRBURBU...URU... where®, = |p°|pprime].

Then for cach & we have, expetly, g (n] = wrin'*).
To compute wa(an), frst note that if 5 € B, 5y < n; then for exactly one & and
o, My = p"' {ﬂ,m'l.h&‘t.:

ko< loge, = logan, e, mc B U o U B .
It follows that

wpin] = wgin) + - + "'!u.“.]{'ﬂ]' = mpin} + ﬂ'r{ﬂ-i]' + e 'rh“"l-r-
Thua :
N n 2111 ) "’D.E'l ﬂ]ﬂ"'l"'l"
'I'u':l'l-] m +I'|:IE.'I'| + e +T.
Binoe

ﬂl'l-. 4o [lng: ﬂ]n:l.ll'lﬂllll-'l < quwzﬂ]”“‘:
and
(log: n)'n*
boge.

=+ 0 mE Mo wm

wi have
wpln) = nflogya ~ wpinl.

Thus the set B has the same asymptotic density as P and is not regular. A similar
argument shows that the set {n™ |, m integers, = > 2| is not regular.

Example 4. 'We now illustrate the use of the Criterion in cases where the ratio
wyln)fmain) fails to converge. Let © be the set of binary palindronws, i.e., se-
quences invariant under reversal. To show that © is not regular, first verifly that
Condition 1 is satisfied, This is easy; sinee the first half of the binary digits of an
n-digit palindrommic number is determined by the last half, neglecting the small pdd-

tThia application ineledes the result proved by Ritchie [3) by ad hos srguments on the s=t
of perfect aguares in binnry.
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even effects, then we(n)/m = (v'n)/n — 0. Then, by Proposition 1, if © i regular
it muat be recognized by an auiomaton with & dend state. But this is impossible
aince every sequence ean be completed to produce & palindrome of twice its length.
Q.E.D. One eould, although it would be foolish to do w0 in this case, come to the
anme conclusion by using Condition 2. To do so, estimate the difference Onsy — By
between the nth palindrome and the next, If a, is |:|I' even length, 2k, it can be written
ao = 52" + Bo , where b, is the sequence of digits of b, u.rl.tl::n in reverse order. If
a, is of odd length, 2k-+1, it has the form a, = b,2"*" 4 52" 4+ 5, , where is 0 or 1.
It ie easy to see that bew i8 either b, or b+ 1, so that in each rase a,,, — @, cannot
be lnrger than the order of va. . It follows that (@ee — 0,0 /8, — D as m =+ o,

It is interesting to compare this with the (regular) set of sequences of doublots,
1.2, sequences like (MM IODTEIL0NLL. This set has roughly the same sort of global
distribution as the palindromes; but the fine siructure of its distribution of gape
causes it {rightly } to elude the Criterion.

. The following examplea show how the Criterion can fail to yvield useful informa-
o,

Erample 5, Let A(a) be the set of all powers of some fixed integer a, ie.,
Ain} = {a'|a fixed]. Then log. (n) = 1 € wain) < logg, (r) so that x(n) =
Ings (n). Condition 1 is satisfied,

However, u{njﬁr,{lm} — log, n/loge dn ~+ 1 as m — =, 80 Condition 2 fails,
andd s does Condition 25 (8a41 — 6) /0, = a — 1. The Cr:umn RIVes 1o informa.-
thon in this case. In fact A2} is regular (for a binary machine), while A¢%) is not
{ and viee versa for o ternary machine},

Frample 6. Periodic sequences such as 100, 100100, 101101101, ---} have
win) =k log noao thet

win)

wom) b

Condition 1 Fails, { All such sets are repular.)

b Irapossitility of a Coneerse

Let A be any infinite regular set with an infinite mﬁ'lplement and let ¢z} be g
:mnmmpumhle function with valyes 0 aurl 1. Let A’ be the subset of A defined by
reA"ifrc Aand (x4 1) § A, A" iz infinite. Let gpie) be an enumeration of
A’ without repetitions, and define A7 by the condithons:

(1) If2 £ (A — A"), 2 € A",

(2) Iz = gin) € A", then put xin A" if a(r) = 0; otherwise put = #+ lin A"
It iz clear that A" is not computahle, and a fortiori not regular; etherwise i)
could be computed by ohserving & machine that recognizes A7 zinee ¢in] = 0
if and only if p{n} € A", But #,(n} and =,-(n) differ by, at the most, 1. Thus,
while tests hasad on asymptotic density ean give evidence againat regularity, they
cannoi give evidenee for regulanty.

6, Upper Bound of Crowctk Rale of Regular Seis

For the sake of completeness, the llowing more superficial result is ineluded.
ProrosiTion 5. I A & regular and oafincle, thee @8 sone K > 0 sueh thad

rn} = K logn.
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Prowr,  Buppose A 1= regolar and that M, has N states. Let N be any integer,
Then there iz eome 2 © A with N < Liz) < N, + N. To =ee this, note first tht
if (g, &) were dend Tor every v with Liy) = Ny, then A would be finite. S0 we
can choose g i with Liy) = Ny and for which y-3y » A for some g, . But if 1 is
chosen to produce the shortest path Trom 8o, o) to $ga, yol, then Liy) < N.
Thus + = -1y 15 in the stabed range,

Tt follows that there is at least one member of 4 in each of the intervals (1, 2%,
fE, Ay Lt 2 Therefore, w02 = 1, and hence, wain)
ilog nl/N = K log n.

Erawmple 7. I follows from Proposition 5 that sets such as 4 = 52"| . whieh
inerense CTaster than exponentially,” cannot be regular,

7. Dierussion

Many guestions remain, To what extent will the same kind of methods work on,
gy, pushdown muchines? The criferia will have to change in detail (for example,
the palindromes would be recognizable now ), but we are inclined to suppose that
the pushdown machines will plse fail to recognize the arthmetically interesting
expmples, wnd that the gap and density srguments ean be refined to show this.
We nre curious w8 to whether one enn show that [ | ® & prime] is not regular by
mugch more elementary means, I5 nof, this might suggest some nontrivial relation
between amiomaln theory and number-stheoretioal areas, sueh ns the theory
of ratinnal approximations.

Beoepiver Deceanne, 100G
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