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Abgtract: The concept of "free" ag in free group
and free semi=-group 1a extended to arbitvary fivet
order theories. Every consistent theovy hes £ree
models. Some problems of obtaining a categoriecal
thoory of modaels sre diocussed.



Part T Definition of Fros Modals

Model theory is usually based wpon & system of firpt ovder logie
using predicates, wariables, and quantifiers. erydl considars the catepory
of modela for such a theory. This requires that homemorphisms be defined
botwean models. Tt turns out to be overly restrictive to define a homonoyphiam
as a map that preserves all prodicate relatlioms (for example if inequality
ig preserved, then all homemorphisme arve monomorphic,) thevefore, he dedfines
it a5 a map that preserves cnly cexiain pradicates in & specified list.

Thus the category is established with roegspect to & theory and a list of
voelations within that thooty.

We get aroumnd this umplessant feature by using a differont sork of
calculus, namely the fres variable equation caleulus with equality. This
gystenm is as powerful zs the usual predicate caleulus and can be used to
forrmlate; for example, the theory of arithematic as in Gnudateiuz.
Definitiona: (for the free variable equation calculus)

Teyma are built by composition from yariables, constants, and functioms.
Each function has & dofinite number of arguments vhich is 1.

If ¢, and 1:2 are terms, then t.=t_ and Elﬁta are literals.
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A formula is a Boolean combingtion of litorals.

A theory is a set of formulas. They may be zegarded os axioms. We do aot
require that the theory be finite or countable,

A mpdel for a theory ie 8 nom~empty set of elementa together with #n



interpratation for the constants and functioms in the theory such thats
a. the constants are identified with members of the cet

b, the functicns ars identlfied with actual functions of n-tuples
of the sot into itself

c. the axioms are osatisfied
d. the axioms of equality including the replacement cchema are satlafiled
Lat T be any theory, and let 5 Dbe any oet such that the capdinalicy
of 8 is at least that of the cet of constante in T. Then we shall define the
Herbrand universe of T with gecevators in 8. The notatien for this iz H(T,8).
We define H, to e the set 8 with certain elements of 5§ identified as the
conatants named in T. Then Hﬁﬁi is defined as B uaion E‘f{tl - tk}g
where £ is a function in T with k srguments, and t; through t, are terms
in H_. B(T.8) is them defined as the union of the B .
Let H(T,3) be a particular Hecbzrand universe for T. Then x is a3
ppormal model for T if x is an equivalence relation onm the terms In H(T,S)
guch that the axfoms of equality and the thecry T are satisfied. We shall
rafer to this equivalence relation as = For any tl and tz, aither
£y =k, oF AT
A homomorphiam between models 1s a map from the wderlying set of one
ta the underlying set of the other thot waps constants onto themselvea and
presorves functional composition (& f{l:1 e tk}n f{:#tl - $ gh}}.
Striectly speaking, there are two functions "f" involved here. but both are

repreganted by the same funetion sywmbol in T. An isomorphism is a homomorphism

that 1is one to ona and oato.



Every model is iscmorphic to a normal model. This can bBe secn by
taking Che underlying eet of any model as a generating set. Then there
ia a novmal moedel which hgﬂ H, as distinct elemente with the composite toerms
each baing equivalent to some genevator in Hﬂ.
models in the rest of thie paper and c2ll them modalsa.

Wa shall consider only noxmal

Tha set of all models defined as equivaleunce velations on H(T,53) will
be called M(T,8). If T is consistent, then M(T,8) is non-empty.

If = and v arve ia M{T.8); then we gay x ¥ if aod only 1f vwhensver
tlﬁitz’ then ‘1’3“2' Ifx weondy x, then y=:. Algso, if x v and
¥ £, thenmx =. Thus iz & partial ordering. Let R be any totally
ordered gubsat of M(T,5). Define ®g by tlsﬁ“nt2 Lf and only if tls'fxta for at
lesst one x in R. That %5 is a model follows from tha coapactnees theorven, for

if x, 1le inconsistent, then this must come from finitely wany literaels. Bot

0
each of these literals Is in some x in R, and gince they ave finite in oumbex,
and R iz totally ordered, they are all in the largest of these. Thus any
f;nita get of literzls in xn i conBdigtent, and tharafors Iy 18 consintent.
%y 1s an upper bound for the elements of R.

By Zorn's lewsa, M(T.S) has maxiwal elements, ard these we call the

free godeln of M(T,8).

Theorem: Every consistent theory has free models.

Fart II Examples of Freo Models

The notion of free defimed in part T coineides with the uwsual special



cages. A free semigroup is the set of etrings on its generators. The
theory of gzemigroups 1s almply x«({y-z)}={x:y)}-z. The Herbrand uwniverse on
any set of generators is all possible compositinns using "+", But the
theory forces them inte equivalence classes o as to be assoclative.

Free groups almost colmcide with the ugual definition. The free group
on one genarator is the tvivial group because the genscatoer gece idencified
with the identity specified im the theory. The free group on twe generators
has one generator in the uwsual sense, and fturns out to be the integers.

Free abelian groups tuin out to be n-tuples of integers (or maps from 5
into the integers for infinite 3).

Froe fields require at least two gemeratore. The smallest one is the
rationals (Q). The field on three generators is ugually known gs Q(X) and
containe ratiomal functions of one fndeterminite.

The theory of intepers was proven incomplete by Godel, and therefore
has non-standard models. Hevertheless, its only free model on one generator
is the standard one because every member of the Herbrand universe is probably
equal to some member of the sequence 0, o', 0°'...The non-standard models
need additional gensrators.

A complete theory has only fsomorphic models, and this one is free.
Many theories, such as the theory of greoups, are not complete; but have the
interesting propevty that for any 8 of pufficiently high cardinality, M(T.5)
has exactly one free m0del. Thepe theories might be sald to be completely

structured. I would like s better neme for this.



Part III Categorical Model Theory

The hope of obtaining & categorical model theory seem rather dim at
pragent. The models of a theory do fomm a category. The notions of complete-=
negs and consistency are categorical ones. In fact, all complete theories
have lsomorphic categories. There is 4 canonical functien from the category
of any theory to the category of any subtheory. (The null theory has as
its cotegory all non-empty sects and all mapn betwoen sets.)

I can find no categoricgl definition coinciding with the non~categorical

doefinition of free. Projective seemed like a rezsonable hope. It may even
work for certain theories such as group theory, But it fails in the case

of flelds where all homomorphisms are monosorphisme. Thus 1f
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where f is epimorphic, then f is an isomorphiem and h certainly exists.
Thus every field (P) i3 projective.

This raises the general questiom ag to just how much of & theory can
be recovered from its cetegory of models. I have no idea as to the answer.

This investigation is being conbinued,

IPEtar Freyd, Abelian Categories, Marper and Row, 1964, pp.91-93.
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