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The experiments described here concern an  initial
desirgn for a computer system specifically for the handilng
of finite proups, rings, fields, semigroups, and vector
spaces, The usefulness of such a system was discussed in
(1), The system has heen coded in MAD, with certain
subroutines in FAP, for the IBM 7094, and Is designed to
operate in a time-sharing envilironment.

The inftial design described below has certain
Iinherent l1imitations. Some of these have to do with the
design of the FORTRAN Monitor System (FHS), in which this
cystem is embhedded. The limltations are as follows:

{1) The system consists of & main routine, PHRASE,
which accepts commands from the user's console, and a
collection of 80 subroutines, each one of which 1is coded
separately (except for a few which are prouped Into modules,
such as DASS, In which they exist as entry points) which
carry out the B0 allowahle functions. In order to insert a
new function, the system programmer must: (a) write the
function and compile it; (b) chanre the main routine,
PHRASE, so that 1t contains a reference to the npew routine
in its transfer vector:; (c) change cne of the lcad flles
used by the leceder (ZTESTE? - June 1365} to  include 2
reference to the new routina; (d) relosd the eatlre set of

routines and procesd



A obotter deslipn would Fnwolve waapins the subraatioes
on disk In relocatable format anmdl losding each one as it
needed, In order to do this, we nerd & load routine which
can be called by PURASE, 2nd which remains In core with
PURASE. which can load & riven routine at ochiect time, make
its transfer vector references, and allocate storame for 1t

(2} The underlying mechanism of the syetem dors not
incorporate a true llst processor, All tables are lopically
conslidered as a set of single and double arrays which are
kept one after the other In & Jlarpe array (NENORY). The name
of =zach array, 1ts Index in MEMORY, and & two-way 1list
giving alternate names for the same array are kept in the
high end of HEMORY. A double array. one of whose dimensions
Is not known In advance., can be penerated just above the end
of the currently used space in MERMORY. More than one such
array, howsver, cznncte be penegrated.

Consideration wil1l bhe given hoth to SLIP and te the
AED free storage routines as a 1ist processing medium for a
subsequent design. With the arrival of the new file
Input=output EYSLem, these may he referenced wlthout
physlcally copving them into the same flles In which the
rodtines for the alpebra svstem are contalned.

{(3) The system doss not contaln any peneral mechanlsms
for defining mathematical functions. Each one must be
defined separately, and the definer must at all times
conslder how the alpebra system s desipgned.

A useful component of a future desipgn for an alpebra
system would be an Inferential compiler. This Is a routine
which accepts, &5 source statements, mathematlcal statements
{such as deflniticns, theorems, lemmas. facts) znd whlch
produces routines as output which verify or disprove 3 given
thecrem for a glven partlicular case, by simple cemputation,
or In reneral, by the methods of inferential analysis,

Use of the ALIGRA Systenm

Each routine ie caltled by &8 calling slhrase, which iz
an Enplish sentence torminated by g peariod. Parameters in 2

calling phrate {(whizh may be raplaced by the namos of Javyiay



tabies. subhseis nepe, OF  Conzlants 45 BRNrGHrlaLsl org
rosrananiod by the svmbols 51 throush 25 The routines -0
requested,; one by cne, from the consocie Upon  entry Lo
ALGRRA. the proprom types

The user should type the ecz21ling phrase of some
roeutine. with parameters which he =pecifies. Far exacpie
(using the first cailling ohrase listed below) he mirht fLype
IRPUT CAYLEY TABLE Cl, ORDER §. (The perlod s essentiazl.)
The program willl ask Ffurther guestions zhout the structurs
of Gl. and will exit to the zalling phrase routine with 2
copy of the Cavley table Gl In memory.

If & calling phrase 1s mistyped, ALGERA will print

T

followed hy another asterisk as above. Hormally, ALGEHA
executes the called routine and returns to type ancther
asterishk.

A parameter msy consist of 8 stving of alphanumaric
symhols from one te slx characters long-. The routines and
thelr calling phrases are listed below.



JPCT VHPUT CAYLEY TABLE 1, ORDER 52.

Thls routine 2allows a Cayley table to be lnput to
ALGBRA from the console. IPCT and the next six routfnes
CYPST, 1PSC, IPMA, TPMD, IPSH, IPCO)Y mlve thelr own further
directions.

LEST IHPUT SUBSET $1.

This allows a subset to be Input from the conscle. A
subset of a Cayley table is glven within the computer by a
table contalnlng non-zeros (usually cnes) in each position
corresponding to an element of the subset, A subset Is typed
in, under Instructions from the console, by enumerating Its
elements.

IPSC  INPUT SUBSET $1 OF 32,

This routine is the same as above, except that the
specification of the containing set (by the second
parameter) removes the necesslty for the routine to ask for
Its cardinality (In order to allocate storape).

LPMA  IHPUT MAP $1,

This allows a map to be Input by the user. A map Is

specified by enumerating the imape of each element.
LEMD INPUT MAP $1 WITH DOMAIN 52,

This routine Is the same as above, except that the
specification of the domain of the map removes the necessity
for the routinz to ask for Its cardinality (in order to
allocate storape).

1PSM  IHPUT SET $1 OF §2 MAPS,

The second parameter of this routine specifies a
number of maps in &8 set of maps to be Inpukt. A set of maps
may be, e. g., a set of permutations; It is represented
within the computer by a rectanpular arrav.

LECO THPUT CONSTANT &1,
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This atlows a constant to be Input asd plven a8 8-

This name nay then be used by other routlnes.
RUCT  PRIGT CAYLEY TARLE 21,

The tLayley tanle glven by the arpument | s displayved on
the console.

QUST FEINT SUGSET s51.

The subset piven by the arjumsnt Is disolaved on  the
console, topether with a count of Its elements. '

DUNMA  PRINT MAP $1.
The map miven by the arsument 1Is displayed on the
console,

Dusl  PRINT 3ET OF NMAPS $1.

The set of maps given by the argument 15 displayed (as
a rectangular array) on the console.

RUCH  PRINT CONSTANT $1.

The constant whose name Is plven by the parameter is
displaved on the console. OGften & routine will return a
constant (e. g.. 2 number of subgroups) which the user
should know In order te proceed.

ERTA  ERASE TAGLE $£1.

The table, of whatever type {Caviey table, subset,
map, set of maps) whose name is zlven by the parameter s
erased, This provides more space in the computer for other
tables, (lote: EARTA and the next routine, E300, erase
gquantities In core by setting the corresponding names to
Zero. The space does not actually become oawvailable until
the tablies are collapsed by means of COLAPS )

ERCO.  ERASE CONSTANT 51

The conztant whose name Is miven by the parorpter  fs

eraszed.



AnTA TBLE $3 g5 52

The vable. of whatever type (Cayley table. suhset,
map, set of maps) whose name Is glven by the First paramneter
is renamad. That is. It now has two names. piven by the two
parameters. The old name [s not deleted.

RECO  CONSTANT $2 15 sl

The constant whose name is elver in the flrst
parameter Is given another name by the second parameter

GOLAPS  COLLAPSE TARLES.

The Internal tables of ALGERA are collapsed. 7Iero

entries in the tables. correspondinr te deleted constants,
maps, or other chjects, are eliminated.

GETOUT QuiT.

This allows the user to quit witheut pushing the break
buttomn,

ALCT  ALTERNATIHG GROUP $2 ON $1 LETTERS.

This routine generates the Cayley tahle of the
alternating group on the glven number of letters. The nane
speclified in the second parameter 1s given to thls proup.

2XLT  SYHMETRIC GROUP $2 O $1 LETTERS,

This routine generates the Cayvley table of the
symmetric group on the given number of letters, The npame
specified In the s=cond parameter is given to this group.

CYCI  CYCLIC GROUP $2. ORDER £1.

This routline generates the Cayley tahie of the ecyeclle
group of the given arder., The name specified in the second

parameter s glven to this group.
,".I-I:].LT DIHEDRAL GRGUP 22 ON 31 VERT!CES.

This reutine penzrazes  the Cayley tahle of rhe

£

dihadral greup on the siven numbsr of vertices [(the ordar of

s prous 15 twirg the numher of @ voartices), The  nmanas
I



FOGE 7
snecified in the second peramaeter 1s pliven tu this groun
LACT LFT ZERD SEMICROUP $2. ORDER 51

A left zero semiproup Is an arbitrary finlte set undes
multiplication glven by xy = x. This routlne pgenerates the
Cayley table of the left zero semlproup of the glven order.
The name speclifled In the second parameter Is glven to  this
semlproup,

RACT  RIGHT ZERD SEMIGRGUP $2. ORDER $1.

A ripght zero semigroup 15 an arbitrary finlte set
under multliplication given by 2y = y. This routine pensrates
the Cayley table of the right zero semigroup of the gliven
order. The name specified in the second parameter i3 piven
to this semigroup.

HACT HULL SEMIGROUP 32, ORDER %1,

A null semiproup is 2n arbltrary finlte set under
multiplication glven by xy = z, for some null element z.
Thls routine generates the Caviey table of the poll
semiproup of the glven arder. The name specified In  the
second parameter Is given to this semigroup,

CIDE DIRECT PRODUCT 53 OF 31 AND 32,

The Cayley tables given in the flrst and second
parameters are assumed to represent semlproups 51 and 52,
The Cayley tahle of the dIirect product 51 = 22 is
constructed and given the mnama spécIfiEd in the third
paramefer.

[ASS GEMERATE SET $2 OF ALL SUBSEMIGROUPS OF §1.

This routine determines all subsemisroups of the
semfproup whose Cavliey table {5 given by the Fflrst
parameter. Each subsemigroup 15 produced as a subs2t (not as
a separate Caviey tehle, 2liboushk iU may be browupght e this
form by the rautine CTST gszcrited bhazlbow) Tha subsets &are
rroupad Into a set of maps {(i. ¢ subseis treated as  maps) -

lrdiwidual schsets can e rFretvrigved by the rogtlme MALY



FacE o

(daceribad beiow) and then printed as subsetis: or the enifor
set of subsets can be printed by the routine DUSS (described
below). Hoter DASS and the following four routines, DALJ,
DARI; DATI, and DANS, determine subsets of a semirroup which
satisfy certaln properties. Except for the specifie
property involved, the charazcteristies of these routines are
the same,

DALL  GENERATE SET $2 OF ALL LEFT IDCALS OF $1.

This routine determines all lefr Ildeals of the
semlgroup whose Cayley table 1Is rlven In the first
parameter. The second parameter names the resulting set of
left ldealis.

LARL GENERATE SET $2 OF ALL RIGHT IDEALS OF %1.

This routine determines all right Ildeals of the
semigroup whose Cayley table is glven in the first
parameter. The second parameter names the resulting set of
right ideals,

DATL  GENERATE SET $2 OF ALL TWO-SIDED IDEALS OF $1.

This routine determines 311 two=sided’ ideals of the
semlproup whose Cayley table 1Is given In the flrst
parameter. The second parameter names the resclting set of

two-sided ldeals.
DANS  GEMNERATE SET $2 OF ALL NORMAL SUBGROUPS OF 31,

This routine determines all normal subgroups of the
group whose Cayiey table is pgiven In the first parameter.
The second parameter namas the resulting set of normal
subgroups.

[¥lah] GENERATE SET $2 OF ALL MAXIMAL SUCSEMIGROUPS OF 31.

This routine ts the seme as DASE excpet that only the
maxinegl subsemigroups are evaluated. {Isn this routine and

the naxkt  four  rFovitines, A I pMet . DT gna  OMEL;

"maximal" [s sheort Tor "maximal preoper'; Tn other words, a
i

semigroup 15 never taken o he a maxima! subzef == ol any



ming == of irseif. )
MLl GFUERATE SET 32 OF ALL MAXIMAL LEFT IDEALS OF 51.

This routine is the szme as DAL! ezeept that only  the
maxlmal 1oft ldeals are evaluated.

DLEL  GEMERATE SET $2 OF ALL MAXIMAL RIGHT IDEALS OF $1.

This routine is the same as DARI excopt that only  the
maximal right ideals are evaluazed,

DUTL GENERATE SET §2 OF ALL MAXIIAL TW0-SIDED IDEALS OF 41.

This routine Is the same as DATI except that ounly the
maximal two=sided ldeals are evaluated.

Dus GENERATE SET #2 OF ALL MAXIMAL HORMAL SUDARCUPS OF §1.

Thlis routine is the same as DAMNS e:c&ﬁt that only the
maximal normal subgproups are evaluated.

EGoa GENERATE SUBSEMIGROUP $§3 FROM ELENENT 52 OF $1.

This routine sets up the subsemisgroup generated In &
semigroup by one element as a subset of that semligroup.

EGLL  GENMERATE LEFT IDEAL $3 FROM ELEHENT $2 OF 51,

This routine sets up the left IJdeal penerated by a
given element of a given semlgroup as a subset of that
semigroup-

EGRI  GEHERATE RIGHT IDFAL $3 FROM ELEMENT $2 OF s1,

This routine sets up the right fdeal generated by a
given element of a glven semlgroup as & subhset of that
semigroup.

EGTL  GEMERATE TWO-SIDED IDEAL 33 FROM ELEMENT $2 OF $1,

This routine zegs up the two=sidad idesl pansrated by
a piven element of & glven szniproup 35 2 swhse:r of that
CBenlprour

AETE 15 51 ABELIAM, LNGWER &7






L test is made to see whother the gpravn lor seml ol
specified by the first pavameter Is Sbelian, The secand
parametzr Is set to the lopleal wailve of the enswer {l1-ves,
d=nol.

GRTIE 15 $1 A GROUP, ANSHER §2.

A test Is made to see whether the semiproup speclfled
by the flirst parameter is In fact a psroun The spcond
parameter Is set to the lorlcal wvalue of the answer,

SGIE 15 $1 A SEMIGHROUP, ANSWER 32.

A test is made to see whether the Cayley tahle
specified by the first parameter iz In fact assoeclotive. The
second parameter is set to the lorgical wvalue of the answer.

GRTT 15 31 A GROUP, ARSWER §2, INVERSE TARLE %3,

This routine ls the same as GRTE, except that §f the
answer Is yes ({, e., the semigroup is a group), a map Is
generated, glving for each element 1ts Inverse.

SGIT ARE $1 AND 352 I1SOMORPHIC, ANSWER $3, I1SOMORPHISM $&.

The Cayley tables pgliven by the first and second
parameters are chacked for [somorphism, An  Isomorphism may
involve renaming of the elements of one of the semlrroups.
The third parameter Is set to the lopical walue of the
answer. The fourth parameter Is set to the map, from one
group to the other, which constitutes the I(somorphism (if
found).

VisT UHITON 33 OF SUBSETS 31 AND 52.

The unlon of the two subsets plven by the fFlirst two
parameters is set up as a subset. Ho reference to the Cayley
table of the semigroup of which they are subsets s reguired
(for this routine and the next two, 1257 and C257).

1251  INTERSECTION 3 OF SURSETS §1 ALD £2.

The Intersection of the two suhsets given hy the first
two parameters (s set up a5 & subsar.



CEET  COMPLEMENY §7 OF SUDSET $1.

The complement of the subset mentloned In  the first
paramster s set up &5 a subset.

WITE IS MAP §3 FROM $1 TOD 52 & HOPGHORBIISN, ANSUER 4,

Thls routine checks whether the map piven hy the third
- parametar, with domain and ranpe plven respectively by the
first W paramaters, I8 a homomorphlism. The fourth
parameter s set to the lopical value of the result,

MMTE IS MAP 53 FROM 51 TO 52 A HOHOMORPHISH. ANSUER $h.

This routine checks whether the map glven by the third
parameter, with domain and ranpe piven respectively hy the
first two parameters. Is a monomorphism (. e.. an
isomorphism Intol, The fourth parameter 15 set to the
lopical value of the result.

EMIE 1S MAP $3 FROM $1 TO $2 AN EPIMORPHISH, ANSWER §4,

This routine checks whether the map ziven by the third
parameter, wlith domain and rangze gliven respectively by the
flrst two paraneters, Is an eplmorphism (I. e,, a
homomorphism cnto)., The fourth parameter is set to the
logical value of the result.

IMIE IS MAP $3 FROM $1 TO $2 AN 1SOMORPIISH, ANSWER $&4.

This routine checks whether the masp given by the third
parameter, with domain and range glven respectively by the
rTirst Two paramaters, Is 2n  isomorphism. The fourth
paramoter !s get to the Toplzal value of Lthe result,

CIst CAYLEY TABLE %3 OF SUBSET $2 OF SEMIGROUP $1.

The subset glven in the second parsmeter is expanded
into a full Cavley table. (Hote In review: Subsets are
cenerally ernpressed by 2 tabkle which has lznpth egual to the
order of the orligina!l ssanigroun. Tiis may be  preater  than
the size of the Caylev tzblie of the subssr; hesides, the
tahle Tormzt may Le reedad specificallv. ¢ E . A%

Laviay

bnput to ather roul |l nes i thae oLker Frandg, Anla  that



couvorling to Cayley fable format mezns that the stru-iooe
of the suhset within the original sewiproup s disreparded
hy any reference to the new Cayley table.)

EGLT CAYLEY TAEBLE %3 OF FACTOR OROUPF £1/%1,

The second parameter 15 assumed to refer to a2  subset
of the Cayley table glwven by the first parameter; and  this
subset should in fact be a normal subproup. The Cayley table
of the factor group 1s set up and nmamed accordineg to  the
third parameter,

CIXE CAYLEY TALDLE £3 15 IMAGE OF %1 UNDER PERCUTATION $2.

This routine is used principally to provide debupring
input for the Isomorphism test routines. The elements af the
Cayley tahle glwven |In the first parameter a&are renamed,
according to the map given In the second paramneter. A new
Cayley tahle is produced, with the third parameter as [Ls
MATmE o

QUCK  DUMP MEMORY.

A& diapnostic dump of all constants and tables |Is
provided. flote: For Cayley tahles, the numbers gliven In a
memory dump will he one greater tham the numbers typed In or
printed out, This is because ALGGRA handles elements of a
Cayley tahle in a manner compatible with FORTRAN (HADTRAN)
conventions. The same will be true for maps.

ECGHS  GENERATE HORMAL SUBGROUP 33 FROM ELEDENT 32 OF 1.

This routine sets up the normal subrroup rensrated hy
a piven element of a given group as a subset of that proup.

5055  GENERATE SUBSENIGROUP §3 FRON SUBSET $2 OF $1,

This routine sets up the suhsemiproup generated by a
slven subset of 2 piven semisroup as a suhset of that
cemiproup The second znd third parameters nay be the same;

i. 2.. the new subser may replace the old In the conpater

4Ll GEHERATE LEFT 1DEAL $3 FROM SUHSET &2 OF &l



This routine sets wup the lert

rlver subset of a

sembproup

2B

This routine sets up the ripht

GEHNERATE RIGHT J1DEAL

given subset of a

senlproup.

aCT1

This routine sets up the two=-sided
@ piven suhset of a glven semirroup

SeriFroup.

=

GEMEHRATE

GENERATE TWO=310ED

HOWMAL SUBGROUP $3 FROI

fdeal  pencrated Dy o
piven semlproun as a suhset of that
£3 FROM SURSET %2 OF §1

ideal Fencrated hy &
piven senirroup a5 a sSuhset of  Lhat

IDEAL 53 FLROEM SULSET 32 OF 31.

fdeal

bry
that

Feneratesd

as a subset of

SULSET %£2 OF $1.

This routine sets up the normal subproup generated by

a glven subset of a given semlproup as a suhset of that

semlgroup-

CTAL ADD ZERG TO SEMIGROUP 51 GIWING 32.

This routine performs the operation of addinep a zero
elament to a piven semigroup.
CIAaU ARD UMIT TO SEMIGROUP 51 GIVING £2.

This routine performs the operation of adding 2 wunlt
element to a given samiproup. '
LCELA CONSTRUCT LEFT COSET MAP 33 OF SUBSET 32 OF &1,

The natural map, sending eack element of the group

flven by the flrst parameter Into the 1eft cosst (modulo the

subgroup given by the second parameter) to which It belongs.

is constructed and given 2 nawme by the third parameter,

RELA

CONST

The natural

plven hy the first parameter [nto thr

the subproup plvesn by the

belonps.

is consyruacted

RUCT RIGHT COSET MAP $3 OF SUDSET $2 OF 51.

mar. sending each  elemeont of  the sroup
rirht coset  (modulo

sgeend  parameteri  to wihich 0t

arnd «iven a wm@ame hy the third
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paransvefl
PURASE  CLEAR mEmORy

PIURASE is an entry point in the routine whieh znalyzes
the calling phrases  The effect of typing the zhove phrase
is to "start over." Thus it |s ‘ot n$ecessary  te  reload
ALGREA

LLTIL NUEE 21 HAVE A ZLRG, ALSUER 32,

The semigroup piven by the fFirst paravcter is checked.
If it contalns a zero (an elewent z such that zs = sz = 7
far all s) then the second parameter is set to 1; otherwise,
i .

LU HOW BANY IDLMPOUTENTS Fl STHICROUP $1, ANSOER $2.

The number of idempotents (slements o with ee = p2)  In
the semiproup piven hy the first parameter Is placed in  the
second parameter. The ldempotent count will always be at
least 1, and for a group 1t will always he exactly 1.

FooU SEMIGROUP $1. UNIT 5 FOULD TO HAVE
el A 1o it SR A L :

"

The semigroup (actually. in ALGRRA 1.4, this must
actually be a groupl) with unit element specified Is searched
for all elements of the piven order, and the numher of these
elemants is placed in the fourth parameter. (Hote: An
element of a semigroup has, in general., two orders. Hamaly.
if L is the first power of the glven element which is equal
to & preceding power [, then the flrst order is j=1, and the
second order is [. for groups, the second order is always 1,
and the flrst order is the order. A future routine will be
written which will count elements by a specliflication of
flrst and/or second orders.)

SUGT 5 SERIGROUR 3T WITH URET 23 A qiaupr, ANZUER EE

The semigroup with unilt spagified hy flo Tirsr aad
third paramecers Is chesked o spe wielher 1 in & Eruun
Tae second saramscer s set oo the frr-ieet valur of the

cedt o 1F dt is alresdy Enown ThET & AdcriFrour hat o oa umi
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this voutine is faster than the proup tasl C47F

W 1s SEHIGROUP ¢ T

_."n-

il _' HedT 5% & CROUP,
S Fante sl

This routine s the sams as 3ULT, ezrent thet i rhe
cpmiproup with wunalt s a proup. the inversp fabkle iz 1efi in

Lthe subset specifled by the fourlth parcmeier
G TU 15 51 A GHROUP, ANSUER %2, WHT 53

This routine ls the sane as GRTE, rxcept that the wunlt
is returned to the third parameter (if & unit exists,
whether the semigiroun & a group or not).

GRUT IS 51 A GROUP, AMNSWENR %2, UMIT 533%. INVERSE TABRLE 304

This routline s the same as GRETT, excoept that bork the
unit and the Inverse tabie are returned. The unlt s
returned if a unit exists. whether the semiproup is & proup
or not.

UUTE  DOES $1 HAVE A UNIT., ANSWER £2.

The samiproup given by the first parameter is checked,
I1f 1t contains @ unit (an elenent & such that es = s¢ = &
for all s) then the second parameter is set to 1; otherwise,
0.

UTY  DOES $1 HAVE A UNIT. ANSUER $2, UNIT §3.

This routine is the same as UNTE, erxcept that §f the
semigroup has a8 unlft, it is returped to the Jocatlon gliven
hy the third paramater.

DUSS  PRINT SET OF SUBSETS $1.

The set of subsets given by the first parameter [(such
as a8 set of schsemigroups returned Ly DASE) iz displayed on
the pconsole in the same format as that used by the routine

BUETY whieh displiays & sinpls sguhset
AMNSH  ADD $3 AS DIAP GIUNDER 52 010 SLY 5l

nilE routing A% Liees & OmMSo Lo e @diaeed e 3 et ol

T s The 583§ ol PGPS dlay LhoreEny axhaact, O 1L e TR E
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the same  size, depending on  the wvelue of the second
prarameter and the slze of the srt of maps

Lext! AP $3 15 HUMEER $2 10 SET 51,

This routine allows a map to be extracied from A sel
of maps. It may also he used to extract a sutset from a set
of suhsets.

DUSIE  SYSTEN punPp,

A dump Is given of all tables within the system |n a
form whlich does not depend on their belny meaninpful. Thus a
dump may be taken under conditions that would cause the
other dump routine (DUMP MEMORY) to "hlow up.™

* & & & W & oy T oW ow
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1. W, D. HMNawrer, Lomputer [rperioenls In Elnlie
Alegbra, Grown University, January 1905



