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in a previous memo (Computer Exnerlmeﬁts in Finlte
Algebra, MAL-M-%48) we desgribed @ computer syziem for the
handling of finlte groups, semigroups, subseis, flnlte mops,
and constants., This system has been extended to read and
write disk files; a mechanical procedure has bean devaloned
for extending the system; and a oprogram (the Inferential
Compller) has been written which accepts a  source languaze
conslsting of mathematical statemants In 3 standard format
and complles code which verifles these statements over a
flie oF flims af speclial cases (lncludling ﬁusijhle
counterexamplies].

Three Timltatlons of tﬁf cystem ware mentloned in the
praylous mewme, JF thass, (1) enﬁ.f%} fimve besn effscrivaly
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rxists and will be cvearcome only In ALGERA

briefly described in section L,
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1, The Alghra 1V Evstpem

ALGERA t1 iIs & medium-scale compuier syvstem  which
operates on the tlme-shared I0M 7094, [ 18 written Tm DAD
and FaAP.

Uskne ALGBRA 11, a student mavy manipulate the objects
ztudied In modern algebra: finlte grouns, senigroups, muﬂﬁ
betwean them (fnciuding homomorphism:s and lsomorphisms),
subsets of proups  andgd 5emigrnua§, and sats of map:z
{lncluding sets of sermutetlonsi. He may test whather a
semigrounr 15 a group; whethier a groun s abeTTan;.whuther 2
5emigr¢uﬁ kas an Tdentizy: whether & map 1s a homamorph!sm,
or opre-to=-ore, or enta: or whether twy ssmiprouns are
lsomorphle. He mavizks the direct procdust of twe groups or
the factor groun of a proup by &8 normal syhproup. He may
penerate al?! subgroupes of a group, or 311 pormal. subgroups,
ar al'i mazxlnal subproups. He mey ]ntreduc& AnY ErDup  or
semigrous into the system by tvpinz itse Jayley table, or
call zpecifically for symmetrlic, cycocile, &lternating, or
dlhedral proups.

A mathematiclarn wishlng

L]

9 tost some oohjbctura
involving flmite groups and semigroups may  tyns his
canjacture in & standard form which resembiss  the
Englicsh=lanzuaze staztement of ths ganjacioere. He may  then
comeile a raugbine whigh wiil fesf PRIt mAanliecturs Aypr b
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flae nf fhe ALGRARA 11 Scurece Lensypce from the Sonaole

Each routine i5 calied oy a ﬁal11n1-phrase, which i3
an Enpglish sentence terminated by & perice. The name of sach
roctine currently In the =ySstem, tte calling phrese, and =
description of fts functlon s given In Appendix Al
The routines are resuested, oae 2y one, from i{e

console, Upon entry to ALCEHA, the program tvpes

The user shuuiq tvee the callling phrase of some routine,
with naramﬂer:s which he specifies, according to the rules
gliven beiow. For exampie (using the first calling phrase
Tisted below) he might type [HPUT CAYLEY TABLE G1, CRDER k.
(The perlod Is essentlal,)

|f &2 calling phrase (5 mistyped, ALGBRA wlll orint

followed by another asterlisk as abova. HNormally, ALGERA
exacutes the callied reutine and returns to type another

asterisk.

Parameters

A parameter conslsts of

a strine of &lphanumeric
symbois from one to six charasters Jomp., b paremerer ig" the

name of efther 3 conatamt, o teble, 2 Fiie, ar & *outine, &

cansiant m3Y nave e L o R b T 25 & tahe, UL

n
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paraneter 15 a8 constant, a tabia (of variouvs types! a (iia,
oFr B routine.

In the descriptions of the phrases glven in Aspendlx
A, parameters are represanted by special  symbois. Corstant
parameters are represanted by tme synbols $C1 theoush st?.
Thus If the fourth carameter is a c:onstant, $C4  appears,
(KWote: this 1s thz fourth param:ter, noct the fourth can5t5n¥
parameter.) Beolean constants are resresented by the symbois
$BC1 through $BCY. Such constants have the valuas o' (false)
or 1 (true). .

Parameters referring to tibles are renresénted By  the
symbols §T1 through $77, If any type of tabie Is
permissible, Otherwise, they are represented by symhols
which signify the tvoe of table, Thare are five tvpes qF.
ehjects whiech may be reprazented by tablaes:

(1) Finlte Maps (%M1 through 4M7). A finlte map Is a
map whose domain 18 finlte, A finite map whose domaln has
cardinality n is specified by an n-position array, gziving
tha image of each alement of the domaln.

{2) Sets of Maps ($5M1 through $5M7). A (finfte) set
of finite maps 15 represented by a rectangular arrav. EFach
row of the array is a F}nire mMap.

{3) Subsers ($51 rthrough $57). A subset of a finite
zet of order n I8 given wltkin the computer by a tfable
containing OON=Zerss bwsually wonosl 0in =ach oosition

corrazponding to an element of £2e subsetl.
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(4) Sets cf Subzets (3551 through  $557). A (finite}
set of subsets 1s renresented by a rectangular array, each
row of which Is a8 subset as described above.

(5) Cavley Jables (5CT1 through SCT7). A Cayley table
of order n ls an n X n arrav, riving the multiplilication
table of a group orF a semigroup of order n., The elements of
the semigroup are taken to be the intepers from 1 to n fnr
internal caleculatlons, and the integers Fram'fa to n=1 for
communication with the gonsole, Since a semigroup !s closed
under multiplication, the product of the Integers .! and
will agaln be an integer from 1 fto n. This Integer. is
contalned in the {1, jl=th pesitien in the table. A conscant
may be regarded as én element of a Cavley table; Imn this
case, its value Is increased by 1 for internal use.

A file name Is specified by one of the symbols $F1
through $F7; a routine name |z 5neclffe& by one of the
symbols $RHLl through 58KT7,

The asterisk {(«) after a parameter symbol, such as
$C1w, signifles rhat this constant or tabie ls Ipnserted into
the svstem by the given routine. if the asterisk Ts not
present, the constant or table is5 assuymsd Lo be in the
system at the start of the routine (otherwise the routine is
not executed), and Is used by it.

Humerfcal param=ters, which consist of from cne to six
dipglets from & through %, are Trested feparpiale, A paserical
parameter may b wied Ahywhers thel & cdnttand perema2isr IS

called for. Humarical rEFrameYerRs nre [Pzerted  j=mfo  Ehs
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2y The Inferentlel Compiler

By an inferent!al coapller we miin & progeram which
accepts source statements expressed nn  inverenc?:, . e,
mathematical statements, and procucas as auviput - o
relocatable program whiileh, whenr  onecuted; proves o
disproves, or verifies, the given =intemanis. The ?urrént
inferential cnmﬁiiﬂr verffies ctatementn; 1t does rnol prove
them, That Is, it checks thelr wvalldity over & flla of
speclal cases. This flle Is specif{led In the statemenis
themselves; one may write FOR &LL GI IN Fl, for exampio,
where F1 is a file name.

The zource statements o the Inferential compiler are
wrlitten In & language which axtends the usual LIZP formalism
for mathematical statements, The process by which a
statement such as

1F the groups Gl znd G are Bb&jlth. then

the diract sradu=t of Gl and £2 s also
aballan

is transformed In*o an S=-exznression such as

(IMPLIES (ABD <ABELIAR Gl) CARE
FARELIAN TDIRECTFAQDOUCT G1 &1I)
is gulite wall krnown; In fact, one of the majlor oblectives of
the z=expresslon TormEl am wad to ;_:r.,;_--._-!d.., w peonelep srgndard
form for lazical statemenis, aid in parricutls” mathomacicosl

theorems. We shali, however, state tinis fransformation
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formally, In order to provice a franmework for our exlension
af 1t.
A well=-formed S-sxpression of rthe fivst king may e

defined relative to & firnlte zel of Func*iop sracifizsatians.

Ench speciflication incl'udes the name of the functien, the
number of arguments, the type of sach argument, and the {ype
of the value of the function. Thus AND, Iin the &ahove
examplie, takes two arguments which ere of type Boalean, and
its value Is of type Boolean; ABELIAN takes one argument, of
type "group," and lts value ls of tyne EBoolean., In formal
. terms, if we are glven:

{a) a2 set X of pbiwctis,

(b)) a zet T of fyps=,

{e) a functien t: X-» 7, z2gsigning & tvpe t0o e&ch
obiect,

(d) a set F of function speciflications ¥, where each f
Is of tha form {(n 1 wt}, wifﬁ n the name of the foncilon, vt
the tvpe of Jts wvalue {a member of T}, and 1 a list {t1 2
ses tn) of members of T, whose length Iz *he npunbar of
argumsnts af f. and such that ti is the cvpe of the I-th
argument, .

then a well=formad S-expresslien of the first kind is
sither an ebject %, In wihleh cz2se lrs tvpe i3 tix), or an
exprestlon of the form (n 31.32 ese 20}, in which n i3 tihke
agne of a fuaction 7 In F oand  esch al T a4 weli~forpod
S=enpression 27 the fFirgt Glod whose  tyvps o 5 €Y, &

gmeges in Ehe specificetion Foar Froort 0 PHIg pose ©08 Ty



of (he defined erpression Is wift),

The extenzion which we maxe in our fnput format sz Lo
add to the functlon spec!ficatlon a frpme, which is  an
English sentence {(for a function whose velue Is Boalean) or
roun phrase {(for & functiion whose vaiue [5 not Seclean) with
hlanke to he fiiled in. For example, Instead of saying
[AREL AN G) we now s&Y ﬁﬁ 15 ABZLIAM). Hera G is e&n aobject
that was substliuted Into the orlginal frama, whizh was (LI,
group) 15 ABELIAH}. The "I here signlfles the flrst
parameter {there Is only one) znd the Ygroup" slgnifies the
type of ihis raramater, Anocther eaprusslon can  be
substltuted instead of an ebjoct. 7o }lustrata this,
suppose we rake the Fun#tiana of the axample above, which
wera

( IMPLIES X Y)

(AKD 2 Y

{AEELIAN G)
{GIiRECTPRODUCY Gl G2)

and replace tham by frames, thus:

{IF (1, Bocl), THEN (2, Booll]

({1, Booi) AND (2, Ecall)

{(1, proup) 15 ABELIAN)

{THE DIREST PRODUSRT OF {1, sroup) AHD (2, groupl)

Then Instead of the source sistement

[IMPLIES (AND (ABELIAN G113 (ABELIAH Z1))
CARELIAN (QDIRETTPRECOUCT 1 G211}

W have Lhe source staisgnen



(IF ({G1 I5 ABELIAN) AND (52 i3 ATELEAND )

THEN ([THE DIRECT PHCULUCT OF G1 AND 527 14
ABELITANHY)
Slearly the second formalism includes the Tl-st as & speciol
casza; we can just as easfly structure nour frazmes 1o look
11ke :tnnd;rd LISP functions,

In formal terms, If we ars glven:

{a) a set X of ghiagts,

(b) a set T of fyp=s.

{e) a function t: X =T, as;ign!ng a Lype Lo eazh
objezt;

{d) a set F of functlion specifications f, where each f
is of the form (fr vt), where vt (s the iype of the value of
the function (2 member of T}, and fr, the frams. Is a iist
(wl w2 ... wkl), where sach wl Is slthar 2 word, or & of tre
form (2 t), where z is an Integer and ¢t Is & member of T:

then a well-formed S-gsoression of the seoend king s
either an object xu, In which zase fts type is tix), ar rhe
result of substituting 2 well=formed S=-expreselon of tha
second kind, of type t, Tor ezch wi of tha form £z t) In tha
frame of a function Epnclfinﬁtlcﬂ f; and in this =oase the
type of the defined expression Is v(f), |

The input to the inferential compiler, then, consists
o f hn!{4fcrmed S~expressicing of the second kind, relative =zo
the function spselilicarlions glven In Appeandin 2. Lt tle

oA g gs [ R FTY H 1 . g - fge b e T . o= - i 8 s
prssent fime, Thnag comeiloir fatan ong esnorcsnia 3 T 2 T



needed data==i. e., what the new functicn Is to be zalled,
what calling phrase 5 to be uvsed for 1t, ate, 1t then
compiles the routine and inserts the resuviting function into
the system,

Each function specifization, a5 given In Aspendiz &,
conslsts of a routine name {whose fumction Is described in
Appendiz A), a frame, and a valde type, The frame is eithar
an English sentence or an Engllish noun phrase. It is a
sentence [f and only If the wvalue type Iis Booclean. The

parameters of the frame, of the form (z t) deseribed above,

are expressed by the same speclal symbols as ar

[
=
[
L)
(&N
o1

Appendix A,



FACE 17

3. Directions for MWrltleg Fruncuions

Any routine written In MAD, FAP, or eny other lonzuape
whizh produces 2 standard B35 deck, may cormunleate with the
ALGHERA system, provided that it wses the primitlives of t{he
ALGBRA svstem and obevs the ground rulss a;sﬁulatéd mi&h
these primitlives.

Each routine in the system is called Ly the =console
calllng phrase Incarpreter, & program named PHRA, using =2

standard MAD calllng secuencet

TSR RTH, &

TXH FARAM]
TXH PARAMZ
TXH PARAMM

HORMAL RETURN
The words PARAM1, PARAMZ, ..., PARAMWN Bre the BCD pamee  of
the cane&p&nding parameters., In order to regrieve the
gctual parameters, system rouviines must be called, These
routlnes differ depending on whethar the paraMﬁfﬁrm Is
supnlled to the routine from the outside, or suppiled te tha

outside by the rautine.
For constznt paremeters, the routines uged zre  COSR
{Comstant Search} and 08! {(Coneignt ESearch  and  Inseri)d.
nese ere callad [from MAD prograrel by EXNECUTE CGER(C, KL}

gy EEICUTE 03140, Hdy, leero O Fs il

Ay
o

caopsEant and K2 fs & ool ! which soptolpe =he Toossien o



constant. Te use & constant, wuse the funevipe XLONT
("contents of"), applied to KC; (. e., HNeXZONT,(2C!. To
return a vaelue to @& conctant, ol the rouitine REPL
{replacel, which rcﬁ}ates the zp'l pointetd to by thae First
perameter with the second parameter. Thus to place H In  the
constant polinted to by KT, CZAECUTE BEFL,{KC, N}. Do not  uss
the statements NekC, KOs, o the ilhke. |
For table parameters, tho routlnes used ara CTSR
(Ceytey Table Search), CTS! ({(Layiey Tshle S=3-2h and
Insert), CTSRNM, CTSIKM, &nd XM5Y. (ln splte of thelr names,
these functlons work foer any table.} !n ordar to inrsure
compatlbility wfth a table callgesing cohome row under
development, each table has assoclated with 1t a cell caliad
a mayahle, which points to thae table and records:  $he face
that the table may bz moved arcund In core by the collaps!ng
scheme at some later Lime. Collaws'rme can novar ocour  on
pure searching, only on searching ard Insertlng, and thus
provisicn for eollapeing iz not necded when only sszrehing
is to be done; In addition, the Jast inssctlon, and alj
searches followlng thls inserilon, do not need movables,
Hence there ara two alternate roulines, CTSEMM amd CTS10M
(CT8R = lio Hovebhle and CTS! = Np Hovable) which save a
fittle time, The calling seausrces For CTSR and CTERNM  are

EXECUTE CTSR.ICT, HCT, LM} ond EXESUTE  CTERAMMOILCT. KOTY,

il P L . = S L 2 - - 1 . HE .

where CF 1s the P nome of the teete,. K47 i3 a2 eell whalsh
- P T - A 3. [T . - 5 T q

Lintalps tThe "ooationy b A Tt PEL e, ZeeL 4 1z o Tall



remaved at tha end of the routlas wlgh FOMY {Truse koog-big s
whlich has one paremeter; §. e., ELDCUTE Fhedv, LMy .

*. F

[ IS

“T

In the case of FTSR and CTSREM, the cdimensians o
corresconcding table mey be found by using the funscions DAL
and DIM2; 1. e,, NI®DIM1,(KCT) and BU=Disl, (K0T, A3 orrass
are kept as doubie arravz; & single array s Nspt as & 1 = &
deuble array. Thus in this ceae N is zthe oniy  rolevac:
dimension.

The galling sequences for CTSI and CTSINM are EXLCUTE
CTSI1.(CT, KCT, DIM1, DIiM2Z, LM) and EXECUTE CTSInM. (LT, LCT,
0iMl, DIM2), where CT it the GCD name of the tazble, KCT is s
cell which contains the location of the table, DML end DIN2
are the dimenslons ef the (new) tablz, and LM js 3 cell
cantalning the mevable. IT¥ & movenle §s used, 1t must be
removed at the eﬁd of the routlne using ERMV. For @& nmew
single array, DIMI will bu egus! to 1. Tu refersnce  an
element of o table, uce the Tunceion ITEM; the eleament of
.the table pointed to by KET, in the (1, Ji=th posilion, i3
PTEM. (KCT, 1, 4). Te plaze an element In p» tablae, Firct
locate the [ndza of the leem by vsiez VITEM {Index of {tram);
FITEM ORET, 1, ) 13 the Index, In & COMMON arrvay ealled
MEMORY, of ITEM.(RCT, i, Wi, Thus one may write Wle
PUTEML(KET, !, J), feliswed by MEMORY(HII=U2, to olars N2 in

the 71, Ji=th elamert of thlz tabie., Tables oare storad

, , . . . .
Lacihard L Fodm F o, A R e Tol SRR TNy oy y o I
----- I L - - " = o - & ) i -
- SgT ] BN N =

H L]
Lreled iy Twil : - i i z P



tne table, ﬁr te the {i«l, list 17 J is equal to the sed.oo.
dimension of the tabie,

There Is alzso & orovisian fop reserving Lilooks of
"seratch memory," This Is givﬂn"hr & rouilne FME1  (Soreteh
Memory Search and fnsert), whose cailing sequance is EXECUTE
AMSTLORCT, DIMI, DIM2, LH). A1) parametars have the cine
slgnificance as In CTS5i. (There lg a2lso an HMEITNM, or XMS| =
hNo Movable.) CGne area of expardabie scrptech  memory may  he
reserved, as, for example, to accumulate a set of eubzpts,
In the  expandable scrstch memory feature, the firs:
dimension of the serateh memory table may be Increassd by W
using the routine XPNM {Ezﬁanﬁ agrateh  Memorwli: 1. e,

EXECUTE XFXM, (KCT, M),



b, txienslions toe the Current Syutem

A set of routires o manipuigtre Tlinite rirgs angd
fieids will sgon bhe written Ffor SLOEEE, Inoeluding 2 rouviing
to ralculece the Galols group of a8 gzlver polynomial.

it Is planned to greatly expand  the nunber of  data
tvpes in the svstem. Saome of fhe rew date tyvpes will invalve
lists, Eoth S5LIP and che AED Free storzge rautloes will  be
used te maﬂfuuiatﬁ these 1lsin,

A large=scale mathemstlicsl cvsiem, Iincluzing theorsm

proving, 15 under study for elther the FIP=6 or the S5 635,

W o N F e ® & ® 4 W G



APPENDILY A

Hames, Calling Porases, and Descriptions of Functions

LPET IHFUT CAYLEY TAGBLE §CTl+, ORDER sC2.

The Cayley table $CTi« Iz Inout to 4LCEBRA fram the
zonsale, IPCT and the next six rovtines (IPST, [PSC,  §Pea,

IBMD, 1PSM, [PCO) Elve thelr own Ffurther Instructlions,
IPST  INPUT SUBSET §S1e,

The subset %$31v Is input to ALGERL from the console,
The user ls @sked how large the demein of the subtet is: the

answer must be a two-diglt Integer.
| FSC INFUT SUBSET ¢5iv of $£CT2.

The subset $51* of the Caviey taubie $CT2 Is Input to

ALGBRA from the console.
[FMA  !'HPUT HAP $Mis.

The map SMle Is input to ALGERA from the console, The
user is scked how large the domain of the map [3: the answer

must be & two~digit Integer,
i FMD [ HPUT MAP $rle WITH DOMAIN 1272,

The mep $Miv with the Dxviey rebie 3277 &5 domsln s

- .
gkt to ALGRRL Trom the opoasele,
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IPEM INPUT SET $SMi» of $CI MAPS.

The set of maps 35Ml+, zontzinlng 5C2 maps, Is input to
ALGERA from the console., The user is ztked how large tha
domsln of the maps Is; the answar must bes a two-digls

fhtuger.
1PCO  INPUT CONSTANT 5Clw,

The constant $Cl* is fnput to ALGBRA from the console.
DUET PRINT CAYLEY TAEBLE 3$CT1l.

The Cayley tatle $CT1 1= displayed on the console.
DYsSTY PRINT SUBSET £51.

The subset £51 Is dizplayed on the consela, together

with a count of [ts elements.
DUMA  PRINT MAP §M1,

The map 3M1 s displayved on tha zonsole,
DUSM  PRINT sEf OF MAPS $5M1,

The set of maps $5MI is displayed {Bs & rectangular

array} on the console,
BUCD FRINT CONSTANT 201,

The cormztant 301 (thiz mov alsc be 0 Boolear
$EELY 18 Alantavad o the —apenba. TFreRn A Towtipe sl

retura & constans fa, 2, 5 nanber o AubEroimg | e | ey 1



user should know In order to sroseed,

ERTA ERASE TABLE £T1.

The tahle $T1, of whatever type (Ceviey table, subset,
map, set of subsets, set of maps) is erased. This gprovides
more space in the computer for other tab%lecs, (HNote: ERTA
and the next routine, ERZO, erase guantities In core - by
setting the corresponding names to zero. The space does not
actually become available untl!] the tasbles are cellapsasd by

means of COLAPS.)
ERCO  ERASE CONSTANT sC1,

The constant (or Eoolean constant) 5C1 Is erased,
RBNTA TABLE 72« 13 £T1.

The table Tl, of whatever tvpe, (5 renzmed; that s,

ft now has two names, %71 and 5T1e.
RNCO CONSTANT $C2+ !5 5C1.

The constant $CI, of whataver tvype, 15 repamed: that

i, it now has twy names, 301 and 3C2=+,
COLA COLLAPSE TARLES.

. The internal takles of ALGERA are colliapezed. larg
ent-ies in the tabtes, correecandineg (0 deleted ooasisnts or

txbies, are aliiminatad,.



PAGE 21

gQuiT quiIT,
This rodtine brings the user to CTS5 command fewvei. |e
may save his core Image ond restart 3t o later time. !f any

new functions have been entered, the disk files containing

the function tables are updated.
ALCT ALTERNATING GROUP $CT2« ON $C1 LETTERS.

The alternating group on $C1 letters Is generated In

core and glven the name $CT2s,

S5YCT SYMMETRIC GROUP S$CT2+ ON $C1 LETTERS.
This routine

The symmetric group on $C1 letters is generated In core

and given the name $CTIw,
CYCT CYCLIC GROUP $CT2=, ORDER $C1,

The cyclie group of order 3$C€1 Is generated in core and

glven the name $CT2=,
DHCT DIHEDRAL GROUP SCT2+ QN 5C1 VERTICES,

The dihedral group on $C1 vertices (l.e., the group of
rotations and reflections of a regular polygon with 35C1

vertlices) ls generated In core and given the name $CT2+.
LACT LEFT ZERO SEMICGROUP $CT2e«, ORDER 3Z1.

The left zero semiprous of order 581 {l.o., the ser of

L1

IC1l elements, with multiplication defined by ry = g1 lg
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generated in core and given the neme SCT1w,
HALT RIGHT ZEROD SCMIGROUP $CT2=, ORDER 5C1.

The right zero semigroup of order $C1L (f.2., the ser of
£C1 elements, with multiplication defined by xy = w} =

generated in core and given the name 1CT2+,
HACT HULL SEMIGROUP $CT2e, ORDER $C1.

The null sem{igroup of order $C1 (l.e.., the set of 3C1
elements, with multiplicetlon defined by =y = 2z, where z is
the null element, in this case 0) 15 generated In core and

given the name CTiw,
CIDPE DIRECT PRODUCT s3CT3+= OF 3CT1 AND £CT2.

The direct product of the semlgreups represented by the
Cayley tables $CT1 and $§CT2 Is gensgrated In core and glven

the name FCT5e.
PASS GENERATE SET $55Z% OF ALL SU3SEMIGROUPS OF §CT1.

The set of 511 subsemlgroups of $CT1 (all subgroups of
5071, IF %CT1 ls & groun) s zererated In core as a  sat  of

subsets, and glven the nama $552+.
BALIL  GEMERATE SET $552+ OF ALL LEFT IDEALS OF 3CT1.

The set of &1 left ldeosie of the senigroup 18T s

generated In core 85 & sst of subgzes #nd gluan  the Homs



oAkl GEWERATE SET §522= UF ALL RICHT fLesLE OF SITI.

The set of all rlght ldaais of the semigrowup 5071 s
generated in core as & set of subsets nd plven the nane

$582w,
DATL  GEMERATE SET $£551« OF ALL TWl=-3i000 JDEALS QF 2C7TL.

The set of all two-sided ideals of the semigroup Icfi
!s genarated In core ns a ser of subsets and given the pame

i

$552=,
DARS  GEHERATE SET $35Z+« OF ALL NORMAL SUBGROUFS OF $CTIL.

The set of 211 normzl subgroups af the groups 35CT1 is
generated Tn core as & se: of subsers and pgiven the neme
$552w,

GENERATE SET 3552+ 2F ALL HAXIMAL SUBSEMIGRCUPS
OF $CT1.

The set of a'l maximazl subsemlgroups ¢f $CTL (all
maximal subgroups of $CT1, 1f $C71 is s groupl is zenerated
In core as a set of subseis, and gliven the rnams $552«,

DREL GENERATE S5ET 25352+ OF ALL MANTMAL LEF? fDEALS
aF 3CT1.

The set of 211 maximal left Ideals of the semizroup
3CT1 is gzenarated In core as a4 sat of subsets zrd plvan the

- - - Ve #3 y
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I GERERATE ST &552« OF ALL MAZIMAEL BoCoHT IGERLS
OF 3CT1.

The set of all maximal right Tdealsy of e seminroup
3LT1 is generated In core as a s=¢ of subtasts zod piven the
pame 5552«

QT CEMERATE SET (2553« OF ALL MAXIMAL TWO-SIDID ILEALS
GF $5CT1.
The set of all mazimal two-sided ideals of the

semlgroup $CT1 Iz generated In core as & set of subsets and

glven the name $552«,

GEMERATE SET $852« OF ALL MARIMAL NORMAL SUDGROUPS
aF $CT1.

The set of all maximal normzl sulgzroups of the szroup
SCT1 (s generated In core 23 2 set of subsets and glven the

name $552.
EGSS GENERATE SUBSEMIGROUP $53« FROM ELEMENT 502 OF 3071,

The subsem!group of the semigroup $CT71 (or the subzroun
of the group SCT1i) geoenerated by the element 502 s

&:nstructed in gore and glwen the mame $53+,
EGL GEMERATE LEFET IDEAL_$$3t FROM ELCMENT &C2 of $CTI,

The jeft ldeal of the semigroup $CT1 genarated by the

glomant 3023 T5 sonctrucoen §in oera and givap the pepme 5%,

18 e LT R L e Ep s PO .
Eran b GEMERATE RIGHT Y0ELL &%+ FROM ELBWERT 202 OF
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The right ideal of the semiproup $C71 zencracon hy i

clemant 5C2 is constructed In core and piven the azme 5%,

EGT GENERATE TWO=51DED !DEAL $£53%3+ FHOM FLEMENT 4C2
OF CT1.

The two=sided ideal of the semlgroup $CT1 gensrated by
the etement 3C2 is constructed In core and given the name

§53w,
BEIE 15 $CT1 ABELIAN, AMSWER §5CZ+,

I the semigroup (or group) $CT1 Is abellan, then  BLEe

iz set to 1 (truel); otherwlise, it 1t zwt to 0 (falsed.
GRIE 15 $CT1 A GROUP, ANSWER 5802,

If the semigroup 3CT1 (s a grouo, then $BL2= [s zer to

1; otherwise, to 0,
SGIE i5 $CT1 A SEMIGHCUP, ANSWER $BC2e,

If the Cayley table $CT1 Is z2zsoslotive, then $BCZs Is

set to 1; otherwise, to 0,
GETT IS5 3CT1 A GROUP, ANSWER SBT2«, !HVERSE TABLE &M3=,

If the sem!group 4CT1 s & group, then §BL2+ 13 set Lo
1, and a map Is generated, giving for each alemsnt i3
inverse, and glven the name $M3=. |f 3CT1 Iz pot & crroup,

G d* s aot ta O,



ST ANE SCTY ANT sITI 1SOMOAFL T, ANSWER “UT s,
| SOMORPH IS Srthw,
If the samigroups 3371 ang $07% are lsomorphig,  then
$4683» s set to 1, and an fsomorphiam  $Hke I3 constructied
from SCT1 to SCT2. If the g&van Sainf R roups a}L ek

Isnmarphl;, SEC3v s ser [(o 0.
UZST  URION $53e OF SUSSETS $51 and 33i.

The unlen of the subsets $51 and 352 1s conscructed os
& subset §53+, A1l subsets are presumed (o be of the some

set.
- 1257 INTERSECTION §$53= OF EUHEETé $51 and £5%Z.

The Intersection of the schsets 3§51 and 4§52 s
constructed as a subset $53+., AV} subsets zre presumed o

bhe of the same set,
CPLT COMPLEMENT $£32= 0OrF SUHSET 351,

The complement of the subzet %351 is constructed and
glven the name $52=.
HIETE |5 MAF §HM3 FROM $CT1 TO SCTZI & HOMDESRPHISH,
AMISWER $BCLe=,
tf the map M3 from the semlproup $8T1 to the semigroup

sCT2 is a homomorphlsm, $BCLe [s5 =set to 1; otherwlise, it is

saf0 o i,



Al
MMTE I5 MAP 583 FROM 0TI TO $CT: A ROTOMOGHET LM,
ANSWER sECL+=,
If the map 53 Trom the semigroup $5T7T1 to the semicroup
3CT2 Is a monomorphism, $EC4Y 13 set to 1l; otharwisae, it s
set Lo 0.

FMTE 1S MAP §M3 FROM 5CT1 TO $CT2 AW EFIMORPHISH,
ANSWER §BChL=, .

If the map $M3 from the semigroup $0TL to the sam[gr:fp
$CT2 is an epimorphism, SBCh+ |5 set to 1; otherwlsa, it ls

set to 0.

|MIE IS MAP $M3 FROM SCT1 TO $CT2 AN 1SOMORPHISM,
ANSWER S$BCL=,
if the map $M3 from the semigroup $2T1 to the semlgroup
$CT2 Is an lsomorphlism, $BCY%+¢ Is set to 1; otherwise, it Is

5ot to 0.

LTST  CAYLEY TABLE $CT3« OF SUBSET $S? OF SEMIGROUP $CT1.

The subset £52 of the 5amigrEUﬂ LCT1 Is5 expanded irto a
full Cayley table 3CT73=2, - The subset Is assumed tn be
clu;ﬂd. {Note In revisw: Subsets are expressed by a tahle
which has length egual to the order of the original
semigroup. This may be greater than the size of the Cavliey
table of the subset; besldes, the Cayley table format may be
naeded specifically, e.xz., as input to cther routines. (i} ]
the other Rand, cormnverting to Daviev takle Formetr means that

the structura of che subezy wliehin tho arigingl semigraup is



disreparded by any referernce e the new Caryley zable.)
FGCT CAYLEY TABLE SCTh» OF FACTUR GHOUP 20T1/%52.

The subset $52 ls assumed to be a normal  subgrocp of
the group $CT1. The Facter group Is constructed as 2 Cayley
table $CThe,

ETER CAYLEY VABLE SCT3«= IS IMAGE OF sCT1 UNGER
PERMUTATION 3MZ.
The elements (from § 1o n=1) of the Cayiev table LTI

are renamed by the map M2, preducing a new Cayley tzbie

$CT3; $MZ is then an lsomorghism From $CT1 onto 30TS.
DUEH DUMP MEMORY.

A diagnostlie dump of a1l eeonstants =znd tables s
provided. HNote: For Cayley tables, ths numbers glven in 2
memary dump will be one zreater than the numbers typsd in or
printed out, This Is because ALGBRA handles elemsnts of a
Cayley table In 3 manner comoatible with FORTRAK {MADTRAN)
conventions, The same will bhe true for maps.

EGNS GENEPATE MODRMAL SUBGAQUP $53+ FADM ELEMENT $0U
OF =CTL,
The normal subgroup of the grovp $CT1 mensrated by the

element $C2 Iz constructed in core and glven tha namp $53+,

2G5S GEMERATE SUESEMIGROUF 55%« FUOM ZUBSST $35% OF $0T1,



The subsemigroug o whne semiprouwn 0T (fone saberoun of
= u t e R o af 27, o
the group 3CT1l) generated by  the subser 3§52 mLTL H

constructed in core apna civen (he name $5%+,
5611 GENERATE LEFT DEAL £53+ FROM SUBSET 382 OF 071,

The left fdeal of the ntﬁigrnUp $CT1 generated Ly the
subset $532 of $CT1 ls constructed In core and glven the name

§53+,
SGRI  GENERATE RIGHT IDEAL $53¢ FROM SUBSEY $52 OF $07T1.

The right ldeal of the semizroup 32T generated by the
subset $52 of SCT1 is constructed Tn core and glvan the name
353=,

SGTI GENERATE TWO-SIDED IDEAL 353« FROM SUBSET &32
OF %CT1. .

The two=slded ideal of the semigroup $CT1 zenerated by
the subset $352 of $CT1 !s constructed In core and glivern the
name $53w,
aOHS GERERATE NORMAL SUBGRDUP $53~ FIIOM SUBSET 252

OF %CT1,
The normal subkgroup of the group 3071 generated by the

subsat 5§52 of 3$C71 Iz constrocted bn core and plven the name

§53+,

LT+,

13 ]

SIAZ ADD ZCR® TO SEMIGAGUR 071 Glvep



A rero element |8 addes to tae sewig oon 0TI, pluibag o

new sembprocp SCTE=,
CTA ARD UNIT TO SEMIGROUVP $0T1 GaVING 5072+,

A unlt element is added o the semipeaupe S0TY, ziving &

new semigroup FCTIe,
L CHA COMSTHUCT LEFT CORET MAF 3M3I+« OpF LUEERET %27 OF &0TL.

The natural map of the group $CT1 Inte the set of its
left cosets modulo the subgroup 5% is constructed and given

the name $M3e,
BCMA  CCHSTRUCT RIGHT COSET MAP 5M3e OF SUBSET $52 OF 5071,

The natura! map of the group 4071 Inte the set of its
right cosets modulo the subgroup 3532 Is constructed and

given the name §Mir,
PHRA  CLEAR MEMORY,

All constants and tables are ctearﬁd.
LETE DOJES $CT1 HAVE 4 IERD, ANSWIR §BCZw.

¥ the semigroup $C71 contains a8 zeroc (2n element =2
£uskh that ze = o & 7 for all 33 them §H0C2Ze  i5 ser to  Ip

ptherw!se, 12 Is g2t to 6.

P Ir Pt ©oa rmy gt ma e TRl e lrs kT s ey AR Aows o
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The constant $CI+ |5 set tc tie nember  of | dormnsEnnts
.alements a with #e = &) in the semigroup 0TI,

FA AL SEMEGROUP $CTY, UNIT 02, 15 SLunt TO HevE
$Che ELEMENTS OF OXRDER $03.

The group $CTI with the unit element  $C2 is searched
for all eiemonts of order 203, and {(he conctant iChe i3 mel
to the number of thesa elemenis. (The word zsemiproup: In
the callling phrase 1s used for purceses of future expansicon
uof the capablilitlies of this routina.)

SUGT IS SEMIGRODUP $CTL WiTH UNIT £C3 A GROUP,
ANSWER $BCZ+,

if the semigroup 3CT1 |s 8 group, the constant 3BC2+ Is
set to 1; otherwise, It s set to 0. The speciflcaticn of
the unlt elemant 403 seaves “he s=avch for 2 unit elemant
that must otherwise be madse.
sUG 1 15 SEMIGROUP SCT1 wWiTH UKI!T 303 A GHOUP,

- ANSWER SBCEx,

[¥ the samlgroup $CT1 ls a prouvp, the constan: SEC2w is
set to 1:; and a map EMiwx js  econvtructed, giving for eszh
elemtn of SCT1 1ts Inverce, Othervwlse, SBCI» i set to 0.
The speciflication aof the unlt element $C3 ssves the seareh

for a unit element that rwst otherwl:a be made,
BT LE SCTY A GROSUP, AWHGEYR 805w, URIT L2530,

v semiprouniCT! ls & grovn, thae constant 2507 1=z

" ] . I ] e e b . . . .
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a7 rhe group, UCiterwise, 3007 0 s5et to 6.

GRUT IS SCT1 A SROUF, ANEWEEL 2800+, LDELT FC e
IHAVERSE TafLE %Muw,
I f the semigroup 3071 (4 & group, the constant SBOZ= s
set to 1, the constant $L3» |2 set to the unit element of
the group, and 3 map JMU* 18 constructed, giving for each

element of 3CT1 Its Inverse. Otherwlse, 002« g et to 0.
UNTE  DOES $CT1 HAVE & UNET, AMSWER $0C2w,

If the semlgrocup $CTL contezlins 58 unit {an element e
such that es = se = 5 for s11 s) then the constant $BCIe s

set to 1. OGtherwlse, It Is sat to 0.
UNTU DOES $CT1 HAYE A UNIT, ANSWER $BCZe, UNIT §03s.

If the semigreup SCT1 contales a uwalt, then the
constant $BC2» Is set to 1, and the constant 503+ {5 set to

the value of the unit., Otherwise, %582« 15 set tao 0.
DUSS FRINT SET OF SUEZETS $551,

The sat of subsets 5351 Is displaved on the console.
Each subset is displaved, together with a czount aof its

elaments,
ADSM  ADD $M3 AS MAP WUMBER €00 N SET ©5Mi,

The map $M3 s added vo the set of maps §3MI,  If 402
% preater than the number of mans ba #4583, thoa §85M1 0 g

TEzandsd,



RAS N MAP St3% |5 KUMOCR 302 TH 307 45M1.

e

The map whieh s nap number 502 1o the set of mass $LML

s extracted and given the aame M=,
ousy SYSTEM DUMP,

A dump Is given of 211 taeblies wilthin the 4ystenr in a
form which dees not depend on thelr being meaningful, This

rout ine may thus be used to debug the ALGERA system.
DLET OUTFUT LISP CAYLEY TABLE $CT1.

The Cavliev table $CT1 Is output on the consol=s in a
standard format compatible with LISP—The 28w 286 =yirhels

AA through ZZ are used in alphaberieal order.
QLCG OUTPUT L!SP CAYLEY TABLE $CT1, SYMBOL TABLE $M2,

The Cayley table $CT1 Is output on the eonzele in a
standard format compatible with LISP, Svmole are used from

the symbol tablie $M2, In the aorder glven there.
| LT INPUT LISP CAYLEY TABLE $CT1e, ORDER $CI.

The Caviay table 5CT1+ iz Input from the corscis In a
standarg format comgatible with LIGP, The 26 ® 26 svmbols
AA through IZ are used in 2iphabetical arder,

118G IKPUT LI5P CAYLEY TABLE $CT1+, ORODEIR 5U%,

SYMDOL TALLE 3M3-,



ot 34

The Cayley table 3371v 12 Input from the cansule in o
standard Toarmat compalible with LIS?, The symhnis uned in
the table as It Is Inaput sre storad  in vhe swabe!l  table

FHi5=,
DOCT DISK QUTPUT CAYLEY TABLEI 3071,

The Cayley table $8T1 is outrut to dlek 25 a flle wich
primary name $CT1 and secondary pame 'MATH', In & srandard
format compatible with LISP., The 26 2 26 symbols AA through

2Z are used, in alphabatical ordar,
DOCG  DISK OUTPUT CAYLEY TABLE 3CT1, SYMACL TAELE sM2.

The Caylav table SCT1 [s esutput to disk zs 2 Flie with
primary name 3CT1 and sezendary meme "MATH', In 3 standard
format compatibie with LISP, Symbols are wused from tho

symbol table $M2, In the order glven thers.
DICT DISKE [HPUT CAYLEY TABLE $CT1+, ORDER %22,

The Cayley table $CTL+ Is laput from a disk Ffile with
primary name ECTI*.and secondary name "MATH', in a  standard
tormet compatible wlth'LPEFi The I5 x 26 symbals AA through
ZL are used, In alphabeticsl ordar, |

Did - DISK INPUY CAYLEY TABLE $C¥V1e, CRDER $C2,
SYMBOL TABLE $M3=,

The favier tzhle $CTie is inout fros 3 dist flie  wiih



= k]

A5 1L 5 ipedt are siar- o The sl TtTabkle 5803«
CT&M CAYLEY TABLE 3C Vi« QE ZEMIGHIP OF MABS S0,

The set of f{inite mags  J5ML 0 ds aszumed e breooa
semigroup under compasltion. The Cavley *tabte af - tiris
semigroup 13 constructed and given the name SCTEw. The
finlte maps may be ﬁﬂrmutatlnns, in.whizh case the semigroup

is & group.
ESCT  CAYLEY TARLE $CT3=» OF FACTOR SEMIGROUF 3CT1/%52,

The subset $52 of the semigroup $CTL is acsumed to be a
two=sidad fdeal. The corresponding factor semigroup IS
constructed and glven the name $CT3e,
| PGYH FHPUT STATE GRAPH 2S5Mls WITH £C2 ZTATES AKD

$CF INFUTE,

A sequantial machine $5M1 {(thought of &5 the set of
finite maps of the se: of states Into (tself induced by the
Imputs, with outputs Ignored) s input from the console.
The number of states Is iC?, arnd the number of inputs s

$C3.
RSSG STRUCTURE GROUF 3352+ GF EIMPLE SEMIGROUP ACT1,.

The Ress structure group of the simple semigroup 30T
Is constructed as a8 subset 552+ of 8CT1., This subgroup is

of the form efa, whers 5 13 the semigroup and ¢ 15 an;s

Tdamaotant of 5,



aaktd GEWERATE SKEMIGEOUD UF MAFE S04« SR4M SET OF Ma7C
$EM1,
The set of Finite maps L5341 pensrates & damiproup of
finfTte maps under compasitlicn, This semlz ocup s

constructed and given the npame 5501,
ONTIA GPEM TO WRITE FILE &F1,

A muitiple table storage file 1o cpened to wrlte, The

fille has primary name $F1 and secondary name "MATHY,
WRTA  WRITE TAELE $T2 ONTO FILE $¢1.

The table 372, of uwhastever tyoe, is written |n standard
format, together” wlth Tts namwe, contoe the dlisk File 35F1,

whiech must have pravicusly been npemed.
CUTA CLOSE WRITE FILE $F1L.

The muitiple table storage fFile with primary name 4F1

and secondary name 'MATH', whlch has besn written on, is

closed.
QaTA OPEN TO READ FILE AF1,

Tha disk file with primary name $F1 and secondary rame

"MATH' is opened to read.

ROTA READ FilLE $F1, END-OF~FILE FLAG i8CLs,



“"EST

musi nave beern apercd to rfaadl, The tabhle pame s contoired

in the file ftself, along with the dimensions,
LCHTA  CLOSE READ FILE $F1,

The multiple tabie staorage flle with primary name %51

and secondary name "MATH!, which has been read, is clozed,
NIWFN HEW FUNCTIOM,

A new function Is added to the ALGBRA system, The
function is assumed to exlist @s a 555 file on disk, with =a
glven entry point name. More than one entry polnt of  the
same rodtine may be entaered as a function fn_ several calls

T L L L R G LT

to HNWFHN.
pUCE PRINT THE CALLIKG FHRASE FOR THE ENTRY sSHEI.

The name $RN1 is assumed to he @ routine name (i.e.,
one of the underlinsd names described In this section, or
the name of a new routine added wlth HMEENE. The calling

phrase i[5 displayved on the consoia.
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FURCTION
HAKME

ALCT
SYCT
OHCT
CYCT
LACT
HACT
HACT
cTop
EALS
CALE
Darl
DATH
DANS
CMS5
oML
CMR T
DTl
DS
EGSS
EGLI
EGRI
EGTI
EGHS
UrsT
1257
CRET
FGCT
CBsS
SCELY
soR
EGTH
oot
CTAT
CTAU

LEMA

Primitive Furctions and

-
I.'-\.
AT

ApPCRDI R O

rheir Franss

For the InTerentisl Conpller Spures Lancuape
VALUE
TYPE FrAME
foolesn {$BC1 20 4BC2:
Amataszn (EBC1 AND ABRZ2)
booiaan C(NOT sBC1)
Roolean (IF $GC1, THEN %£8032)
Boulean {FOR ALL 5T1 IN $F2, %6C3)
Boolean {THERE EXISTS 5T1 IM §FZ SUCH THAT S5BC3)
Broup {THE ALTERKAT (NG CRIUP OWN $C1 LECTTERS)
Group (THE SYMMETRIC GROUP ON $C1 LETTERS)
Crous {THE LiHEDRAL GROUFP O £C1 VERTICES)
Graup {THE CYCLIC GROUP OF DRDER %L1}
Semigroup (THE LEFT F2ii0 RCMICHOUP OF SRDER %5012
Semigroup (VHE RIGHT 28R SEMIGRQLUP OF ORDER 301)
Semigroup (THE NULL SEMIGROUP OF ORDER 5C1)
Semiaroup  (THE DIRECT PRODUCT OF SCT1 AND iElE}
Sei of 3s. (THE SET OF ALL SURSGCMIGROLPS OF T1)
Set of Ss. (THAC SET 0¢ ALL LEFT ILTALS OF szll
Sot of 5=, (THE SET OF ALL RIGUT IDEALS OF 3CT1)
Set of S5s. (THE ZET GF ALL TWO-SIDED 1JEALE OF SCT1)
Set of Ss. (THE SET OF ALL MORMAL SUBRCROUPS OF 3CT1)
S5et of Ss. {THE SET OF ALt MAXIMAL SULSEMIGROUPS OF 40T 1)
Sat of Ss, (THE SET OF ALL MAXIMAL LEFT IMEALS OF 577 ]_‘-
Set of 55. (THE SET OF ALL MAXIMAL RIGIT IDEALE OF 3CT1
Set of S5s. (THE SEY OF ALL WmAXIMAL TWO-31DED IDEALS OF $ET11
Set of S5s. (THE SET OF ALL SAXIMAL HORMMLL SUBGROUPS OF 5CTLY
Subset (THE SUBSEMIGROUP GEMNERATEDR 7Y §CI . MCMBOF, 0720
Subset (THE LEFT IDEAL GENFRATED BY $C1 MEMBOUF. 5072
Subset (THE RIGHT IDCAL GEWERATER BY $C1 MEMO3QF. 3¢
aubseat (THE TWO=%1DED INDCAL GENERATED BY 301 JMEMBOF,
Subsaet (THE ®DOAMAL SUBGROGUF GENERATED BY 4£C1 MEMEOF.
Subsat {THE UNION OF $31 A4D £571)
Subsat (THE IHTERSEZCTION CF S51 AND 332}
fubset {THE COMPLEMENT OF 3511
Croup CTrE FACTOR GOUP SCTL/ECTH)
Subset {THE SUBSEMIGROUP CEHERATED BY $51 .CTHDIN, 30T2)
Subsat {THE LEFT IDEAL GENFRATED BY 551 CTHDIN, s(T2)
cubset {THE RIGH, oDEAL TIWERATEDR BEY 553 i" 'J ECT 2
LT CTHD THG=ZUE0 I0EAl CZAERATED BY 533 ';“_ dul i
Subset (THE wOuMAL SUBSIOUE GENERATED BY $51 CTHDIN
SEm nrou s Lt Jlmd it oerr o0
a4 mtﬁr:Lp LR TR i)
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HCHA
FLiT
R
SUTE
GHTE
SGTE
sG1

HMTE
MMTE
EMTE
IMTE
ZETE
UHTE

=

=n CTHE REPGHT CONET AP UE O $CTI DUD 552G
Sami ot PThHY FACTON SelMtGROUP SCT1/30T74)
Group STHE RELS STLUCTUHE GROUM OF 5CT1)
donlean TSCTY 15 ANNEE D AR
Boolesn VSCT1 1% & LHguPY
Bogleen {$C71 15 & SEMIGHOUP)
Louiean [toT1 EMT 30T2 ARE {SOMORPHIC)
Pasiean VEMY OIS A YOMOMORPHISM FRGM SCY1 TO $CTZ2)
Nooiean (sM3 {5 4 MONOMORBHIZM EROM SCT1 TO SCTEZS
Boclean {$M3 !5 AN CPIMURPHISM FROM SCT1- TQ 5CT2)
Boolean (EME 1S AN 1SOMORFHISM FROM 3CT1 TO 35720
doclean 130Tl HAS A ZERED)
fonienn 4071 MAS o UNGT2
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