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A u:eg_g% Alsebraic Property of
Bobingon'n Unification Algorithm

Thic memp presupposcs soma acquaintonce with "A Machine Oriented Logic
Based on the Rosolution Primeiple", J.A. Robinson, JAGH Jan.'65. The reader
ulfselliar with this paper chould be able to get a general idea of the theorem
if he koows that (7, i» a post operator indicating a minimal set of substitutions
(most genmerasl substituiion ) nmecessary to €xaneform all elements of tho set of
formulae, A, into the same elemt. {to “mif;r“ A), 8o that when {JF".!‘ axiata

A ﬂ‘ﬁ is a pot with one element (a "unit").

Example:
A= J5=), v, £a(0))s £(8(2)) ]
0y = 8 /x L)y, Vs 3
ATy = §EG) }

Another most general unifier of A ia i glz)fe, EE&(z))/y, z/u g .



:;huﬂ-rcn:
T'IBG'A existe Lff ﬂ;% exists, Both Wﬂﬁ; and T H;G;]

unify the set A snd at the same time unify the sct B.

Proofs

p i3 a post general simyltancous unifier of A and B if Ap 18 a unity; BF
ip a unit, and Lf .ﬁﬂ and B® are unite then there is a substitution p such that
B=pF un

By the Unification Theorem 1f B eimultoneocusly unifiesc A ond B it cen
be written as ﬁ",a?'- for come A because it unifies A. Since B also unifies B,

BES =8 O,A will be a unit, so thot A must unify BO",. is 8 wost
A 4 BT,

general unifier of B, so there is some such that eny unifier of Bﬁ'ﬂ mey be

written (.

BT, p. Therefore © may be written as Faﬁnﬁﬁ weand 0,0, T, is

a wost general simultanecus unifier of A and B. Tt follows then that there exists

a simultoneous unifier of A end B 1ff Eﬂqnqs exists 1ff ﬁ'ﬁ and EE'B EA. exist.
By symmetrical reasoning 'h'n G.AEF is also & most general simultaneous unifier
B

of A and B, end since 'EI'HT. exists implies {Tl exists, ":I‘l;q- existos iff

B
ﬂ' B 'T.E exista. _ '



leg

A = ix. E(a:¥)s ﬂm‘ﬂ'ﬁ
B= {y. 8w}
Th= famiz, afu}
Ty = §8/r§
By = fx £(a,8(9)), £(u.s(w))§
BO, = {¥, 8(a)}
Tpq ™ {£(a.e(a)) /%, afu }

Ogq = {8@r}
E'; ﬂ-ln" - Icrn G‘ﬁﬂ'n = isla)fy, £(a,g(0)) fu, a!uf

A= [Exy). £(ai)}

B = {:, b 3
T, = (o Pty
Uy = ¥}

"'qg = iff?:?:h f{l-b}i-
BT, = i-l, h'i

Reither q*q'n noar _.G.EG.& exiats.



Application

This theorem ghows thet certain proofs in Robinson's resclutien syatem
are oquivaelent. Thug improvements cin bo mode to sesrch procedures which test
equivalent proofa.

Let A = %‘!‘1* 52} and B = 131. nﬂ ouch that T,
and let f.ﬁ-ﬂ P {a..nz Bl‘f’ s and §~BE'{_, be clausges (eets of literals)

and ﬂ'l exist,

with no variables common between the sets so that Ejﬁ' El'a - {'“‘1‘; and
{32} ﬂ-i - EBEE « {(This is the result of a preliminary step in rosolutiom.)

Then the proof (where v indicotes resolution)

f“ﬁ; S”‘z' ’1}

1-...,__#,-"'

pla, 3T,
exlsats, :l.;a. {]‘B '-Tﬁ exlets, Lf and only if the proof
Eﬂ.ﬁzn ‘511 %nﬁi'i
E"1 E g

exists, since this proof exists only if WA G'n exiatao.

By an extension of this reasoning it cam be seen thot sny such rearrangement of

a proof tree gorresponding to a vesrrangement of the order of unificatiom leads
- |
L2720 (asymptotically 4™

to an equivalent proof. In particular there are
m! (m= 1)



ways of developing a proof without factoring involving m=2 2-1literal, terainael

clauses, and 2 1-literal, tarminal clauses. e.g. for m=4

structureas
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there are 5 oquivalent
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