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We indicate hoaw to extend the Riseh glgorichm to handle £ class of
special funetions defined im terms of Inmregreis. Most of the
intzpgration machinery Zor this class of functicns is similar o che
mechinery in the aigorithm wahich handles losarizhms. & progre=
ezbodyinz much of the extended intazration algerithm has been
written, IC was used to check a table of integrals amd it succeeded
in findioo soms misprimts Iin it
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Tne Iocegrasion oL & Ciass of Speciol Fonmcoloos wiil ©he Lison Alpovice

The purpose of this mecorendus is 0 Soinc out the gimilarity Zor Che
purpeses of integratica of the logerichm Jumetion end a2 slass af specinl
functions defined in terms of ilncegrais. Note casd

A (%)

leg(h(x)) = |

a

rt |-+

that is, the logarithm can be defimed 25 an intezral. Wote alzo that we do
oot restrict ocurselwves to g Single Suncetion logix), bub considey the family
ef Lunctilons log(bB({x)}). Here we shall consider the class of special fune-
ticns F defined by

b ()

Fih(x)) = | gltide,

a

where & is a constant, ‘and g({t) can be obtained by rational operations upca the
varigble ¢t and by exponential and 1|:rgs.£ith:|1ic tarms invelving t. The function
g may also contaln special function terms not invelving F, but it must oot

22 integreble in terms of cthe allowed functiona. This class of specilal

functions ineludes

n - wb{x) :2
§ = . i 2 . o 1 - u
the errar functiom erifhi{x)) = T d , & at,
LX) oF
the exponentizl incezrel Zohhima) o= — dt,



We cloim haot mwdh ol Sag machinery Jor fntogtefing couprasslons Lavolving
such specicl functions is coatained in che lovnoavitnm page of tha Ziseh
algorizim [l]. 4An axcension &0 tho hiseh zigoricim is oo be preferrod to
traditional incegration methods {c.z., intcgeacion by poria, subsztitucion

e variables) because it iz 2 decision procodurc. This meoans —haz the
procedure should be able to goizin the inctogral 18 i is exprescibla din
clesed form or to show Chol the integozl comnoo Da so expressed. Tradicioonsl
methods cannot make guech ¢ decision zad zre perticularly wesk If the
fntegrond invelves division in & montsivizl way. On the othes ha-.'ud. the
Jisch algoritom ye Ehal} enpley is wask in thet it does not handle alge?raic
expressions {e.g., vx}. However, such & restricrion has been removed by
Zigeh in exteaslons to the algorithm dascribed in [3,4].

Car deseription of the 5Cels mecessacty oo exitend the Risch algovithm
will concantrace on tha partipular esse of the error funerion. We have
extendad the eurrent state of our Implementation of the Risch algorithm co
henile. the ervor functlom. At the present time cur implementation of tha
.3‘..5:'.1 aLzorithm concalns 2 asarly compiase implementacion of the logaritho
crze ond & pertial implemantetion of the axponentizl case. Detalis about the
vosskh coken fn our Implemerication srve o be feuad in [2].

The Zirst thing one aobises in attampting an excension is thet t'r.e_
introducticn of spacial functions ﬁil: causa a wodification to be mada o

tai: niouville fhesoem which 45 basic £o the Risch algorithz. The Liouville

suttrem savs, roughly spesking, chat the incegrel of an exgressioz E is the

Sum o &0 emprassicn whica is racisgmal in the logerisimic end exnonentisl
sirns gireddy io B snd comscont mulziplas of oew logerliifmic terms. ZTha
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end logs exsopt for conslfasnt oaloipics of Loss oceoursinz Lo 4 sum.
The generalized versicn of che Licuvilic cheovem scys that comstoant
multiples of special functione can be included inm the integral as waoll ao

constont mulilples of lops. In any particular sitcacion one would e 1ok

=

ing for integrals involving a given 2ot of cpacizl fumcsioms conlyy eay,
grror fucetions and expeonenticl Imtejrolsz.  In Suel & casc the generolized
versien of the Licuvilile ctheorem pevsicularizeos co zive the fom of the

intagral as
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1o + 4 4. aril + 3y & B.{t
e, E(‘-'i} Lﬂj arf{u,) 1 {
i=1 j=l k=1

woeTe W, ow,, u,, and tk ve ractionel expressions in Che exponential, log-
N

o
erithmic snd special function cteres alrzady in the incegrand, snd the

2.5 &, and &, are constents.

4 k
Tt i3 important to note how constent multiples of spacial functicas

ise in che integral., . The situwaticn in the leg case is guite simple --
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The other new log cterms (i.e., not involwving che main vaviable) acize
through tha rTecursive use of the integricios srocess in the polynomial
part. BSuch terms must also be obtained fromw zotional terms at some polat

fn the recsursion.

The form of the integrand lezéing to. the error fuactien term is

2 Fy _u2_ . S e
ce u' Jee o u "”"_E_E“':“}J*

Laped o0 tiis form 1t iz clear that the maln varizble af the point in the
lutogrecion process wihen the errer fosction 27082 was an aexponential. Furcher=

mard, Che Ceérm avose wheén integrating the polynomial port of the exprassionm

ap sabtional feros of the fomm

i

F4

&)

{Tae latiar terms sre trescted like polynomial terms in the 2igevithm, whan
27 is Ene malin wvariabis).

wa SRELL pow fadicpte Tow Uhe 2izouitEs pra he axitesded to hBasndle chae
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whara P, Ri' and Si ava polynonizls o e=iluiu}l.
For vational terms a reduction Zn S dizrec ©f Che mumorasor cso Do

msde. Thus for L > L,

' I Ef dx = ?-1 v e,
5 5. YgTr

wiere & &nd B arve polyacsials in erf{u(x)) obtsinad by & simple computazion
bpsed on the god of § and 8°. For i=l, the denominator is completely

=sctored znd we proceed a5 in [2)] to Zind logerithmie terms,

E]
e

For azuample, consider the integr

e

._2 - r.-'I.'i
E"--'\-l'Il 'l"'—T-tglr.-n - L ) -

erD {x)

Tag latter term naed not be factored since the dencainator is linecr

In 2riqu). Ihis tamm vields

45

— e =
= beg erfix).
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Now 12t us cbnsid;r the polynemiil sort.  Supoose cha ¢xsiassicn o be

izcenrated is

A (x) erfi(u) + A (x) exf

where fhe Ai do aot involve erd(u)., Thea the incesral, 1f it exiccs, must be

el the form

B .. ety + B BT f (0} st By s
whare ghae 34 de not inwelve eriju), aad only .':l-al wey contain new logerithmic
ar ervan=fuscstion teims.
Wa son obitsin wvalues for the Bi (or declde the nonincegrability of the
spression in logavithmic, expeaential, or error-ifunction terms) by 4 process
simileyr to the one described Im [2]. A exeople whailech uses this method iz

‘eiven helow. Conglies

&

i erfz{xj g

thzegraii B, erf (x) + 3, exf(x) + 3, eifs) + B

. 2 .
incassEoc: 52 S M) = Al SrIiEy - iﬂ ! jq =L, A = d, &4, =0
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By matehing cocdflcionts, staviing wich L., , woe obtain 3," m O,

3 3
3

13 2 conscant, say ha.

By ifntegrating (owivially oa the lelfz-zide, 5y & recursiva call

intagTation procedure om the righs), we obiziam

eri(x) =+ 32 = ¥ = consizZnt.

S

3
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Imtagsatios yields
- 2
- . e, = - -
Fh, eXim) ¢ 3, =T e + gémstans
- . 2 -
S0 o, - uy 3, =S=Toa + .
2 L S a -
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Tmtesrating
hl exfix) + ED = | 2 erf(xf2) + zons:ian
b

(3ee below for a discussion of such an inteszacion step).

i

sa bl =0, Ey = -2 exi(x JI) -i-'.—.-{|

Subscltuting thase resulcs into the general form of the integrzl, wa

-2 2 -xz I
x and (x) +T"’_;E eri{x) - .u‘; erile J2) + I:-m.:I

It Zhws appéavs that woen the mein wveriadle is erf{e(x)) the algosithm

cuite similer to the log cese &g we nave claimad. The elgorithm muet slso

F
[T

o
fis

moiified in che exponential casa. Wa nave o parmit constent multiples
ol grrov-function tarms to be Ineluded im the solution., Thais follows Srom

TR T

cur pravious disceasion. Thiet 18, LI he main varisble is a ;. then
= F = -
dx = 2z =z ariiz (=Y,

i . - e 2 Faa
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We zre glven &, u, and k. Qur cbject s 2o Jind § and ¢, wiea thasa
exist, where -92 = ku. 3 Ls vestriccad to belng =ational in the logarithmis,
exponencisl, and grror-Zunciion terms wihich A conteins. Mereovar, since we
do not sllow algebraic axpressions esxcest for s=lgebrzslc conscants, we shall
Testolct p accordingly. Nete that -ku can be expressed 2= & roiicnal expras-
Siva in the variable of integration and any additionel defined wvarizblas
reprasenting logs, exponencials gnd error-Ifunctions. We waat o koew i -lu
is a periset squara. This can be decided by fan%n:ing. If -k is a pariect
square, lat p be a square reob-of it. OCtherwise fgnora the ervor functios
zoxrms end ;:-rm:.-&ed &5 usual.

Reavranging the eguacion zbove, we obtzin

L1

L

B 4+ kBu' =4 -

%]
L
wi

we can now use the =achingsy of the Rissh algerithm to solve for 3 =nd o,

-

-2 thay axist. A solutisn oo B and ¢ must be unicue for iF if wava mot it

woued Lmply thet an error-rfunmction term Ls sugebralezslly éepandent on &n
fxpomenzisl gad tarme of lower eomsiinity. e zhell sssuma that exeass Zaow
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AB an exouple,

differcatiating

1 =2y .
i =
= .

Ity dancminatar is x.

L mest be rasionzl in =.

B = hr

6L mest. . B0 B = ——
=

Subdstizucing

=z . 2

—= - &2 - Lbx = - e
2 -
o S

e mol, 4w -2_:.-"'2

ak

“ae Integral therefove is
- a
— -2 S oesflx /2.

.- o .
M T - —
nd Ehdaa S AL5CUEZE S ]

- - F A .
vhered Ix geperellzing

. L)

Thne numarator is

¢, 80 c == /2 /2, -<4ox =0, B0ob =0.

our

=
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usaful gpoeicl fuassicns In most flolis 9 ansiieccion is welatively 2uobiu
ENd 10T vary largea.

Tor eceh special fumetion oae must poslorm an znzlyeis of the ways in
waich conscant multiples of an instonce of Lt con entar inco the imcepral.
This imvaolves scme pacttern recogaition, &sf it seoms Gifflcult o Chiain o
gimple algosithm to perfora che tosik in goncral. Nowever, foo sosh sfecizl
function definable by an integral chat we have ¢énsounsarzed, the znalysis iz
guite simpla [sea 5].

Ve must also know in what weys the special function interaets with
previovs fusctions. The algorithm zssumes the cligebreic independsnce of all
ila terms. Hence, we must noi Let elgebraizelly éenendailt azxpressions

-
-

ap2ar in tne integrand. An example of suszh & demendence ia given balow.

. =l g
ERASIES

dt =3, { logalxi)

1. i
=4
.:I by e s

r

There may zlso be slgebraic relationships between different imstances of
ae some fSunetlon (€.8., log{eb) = log a + iog b + 2kni)., In these cases
we woesently have to rely oo previcus enalyses of the simplification rules

.,

cizocioted with che speclal fuactions under consideration. Diviaing the
simzlilicction rules applicable to any given speciel fuactilon relative
Looa piven set of Zunctions saess vasy Qifiicult A present.

Iz saculd alzo ba clasr thet the Zact t3et Bn expression iz not integrzbhile

o -

Iz tevns of exdsfing Zunsilong dogs mof megescowlilv mpke L1ig inmtegre. &

1

suittaie candidene Zov a szecial fumonions Tou smsmple, nobz thac



zeause of this relationsaip ha iagerwsl do Sic Lofs is o bod condidcke
Zor & apeglizl functicnm. little gonsidercuion will reveal several restr

tions on wnat oné might call "primicive" Imtegrals. Restricciap spocial

functions to those defined by sueh primizive lncegrals will acke che axcars

gion & good deal ecasier.

iy

excended o handle the evrer Iuncolon o check & fine cabae of incezcails af

the ervor function compiled by W. . Maurer ia 1953 [&]. (4 more recent

g?]:. The program unfortunately

table, emphssizing definite incagwals is

s

eanot chack the corvectness of the entire sat of incegrelis because Some

entrigs dnwvolve glgebreic expresalions suchh &3 .,."":;: gud athere favolive dafinita

integrals. The progran has so far uacovered a mispriac in

2 & _ 2

¢ i % - - =2
|:-:.3_—£2=,; -(%—-f)a:fzx+ﬁ-ax ari ® =+ %_—ia“,

viaara che underlined expression was 2 Jn.
~ potentiselly conivdvarsial dissgresnment batwesn the program snd the

ttolz pocourzaed inm

i~ ¥
J 33 gzi{ax + b) pr dy = ii-arfian <+ b} et {2 = 2px + pzazj

wok

- sl -
5 = JPERT) £ . . - “n
—— = &mTh gl - 2o == Lo LDn ok ZE :{q'ﬂg
E: - - = o= .
- — 2 STILER +

In crder o occbug sha prozran, we uced our warsion of the Risch algoricon

i
[

I~
T
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to emtar the zrene wich & eevtificciion a:_c;:ha: e the proposed a&la;in;;?
or with another solutioen of their choozing.

Maurez recenily inforamed ws hiad he spenc at Lecst Sorcy hours choslhilng
by howod the aluticn to tSha Sbove wrobzex balors he zave up on LI. Tao ZIZ=3

&% HIT spent 2ight minuvites on the problem. We believa €haf the mochine'sz tice

can -ba raducad to a faw secomds by making chimges to the gimplifier used in
EhLe program. ﬂy:ren:ly the simplifier Torepresanis eipressions quite frecusntly
due to a iear that new legarichmic our errovr funceica terms were ossained

in the lower levels of the recursitm. Thase algebrzic mznipulsticns in the
wEaZrEn are =ostly pevicrmed using & é&:;nnkl function represencation, but

this rapresenteiion does not ellow ocne to intreduce new variables. Wnen &

new worlable zppesrs, the old expressions must De rerepresented ©o =ccount

for Lts cniscesce. TFovcunately the sismplifisr's fesvs are usually ground-

less, snd zppropriate mecifications te it should yield considerable savings
in ax ELEiDﬂ.timH. . ’

Rizeh his pointad out to us tha:z Ostrowski [B] gives an zlporithm which
2&, Lo the cose where no zlgebrale expressions appear, an extension of the
Lisch asgesithm fo the log case. UOstoowski cdaals with imtagrals of raticas:
cumsressions invelving a functiom éefinad in terms of en integral. However,
2o considers only a single funecion (e.g., Log(x} or erS(x + 1) ) =zther
Tadan & i;:ily =} functis:sf Hence Le dasls with, the cese whan a log oo
tpzcial functiss is the main varizble of imtarrecion, but doee oot hendle
CLEGE WaBYd COaSTent mulitizlas o7 spacicl fumecii o) zan Appesr in Bhe LncegTil.
A2 W2 howe 3ean, The problens Shob remeln vnsolvad 1o sush CcGE@E ETE BEEdA-

tizlly simpllificatisa problans.
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