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FORM AND CONTENT IN OOMFUTER SCIENCE
Marvin Mirnsky

The trouble with computer sclence today is an obsessive conecern with
form instead of content.

No, that 1s the wrong way to begin, By any previouws standsrd the
vitality of computer sclence 1= enormous; what other intellectual area
ever advanced 20 far In twenty years? Besides, the theory of computation
perhaps encloses, In some way, the selence of form, so that the concern
iz not so badly misplaced, Still, I will argue that an excessive pre-
oocupation with formalism impeding our development,

Before enterding the discussion proper, I want to record the satlisfaction
my colleagues, students, and I derdve from this Turlng award, The eluster
of questions, once phileosophical but now scientifiec, swrrounding the
understanding of intelligence were of paramount concerm to Alan Turirg,
and he along with a few other thinkers —- notably Warren 2. MeCulloch
and hls young associate, Walter Pitts —— made many of the early analyses
that led both to the computer itself and to the new technoleogy of
Artificial Imtelligence. In recopnizing this area, thie award should
focus attention on other work of my own sclentific family --fiﬁg{hﬂlllﬁ cmonol!,
Cliver Selfrdidge, John MeCarthy, Allen Newell, Herbert Simon arnd Seymour
Papert, my clesest associates in g decade of work. Pspert's views pervade
thie essay.

This essay has three parts, suggestlng form-content displacements in

Theory of Computation, in Programming Languages and in Education,




I. Theory of Computation,

To btulld a theory, one needs to kmow a lot about the basic phenomena
of the subject matter, We simply do not lmow encugh abouft these, In the
Theory of Camputation, to teach the subject wvery abstractly. Instead, we
ouglit to teach more about the particular examples we row understand
thorourhly , and hope that from this we will be able To guess and prove
more general prineiples, I am not saying this just to be conservative
about things probably true that haven't been proved yvet, I think that
mary of our bellefs that seem commonsense are false, We have bad
misconceptions about the possible exchanges between time and memory,
tradecffzs betwesen time and program complexlty, software and hardware,
digltal and analog circuits, serisl and parzllel computations,
asscciative and addressed memory , and S0 on.

It 1= Irstructlve fo conslder the analogy wlth Fhysles, 1n which
ore can orgardze mich of the baslec knowledge as & collection of rather
compact conservation laws. This, of course, is just one kind of
descriptlion; one could use differentlal eguations, mindimuam principles,
equilibrivm laws, etc. Conservatlon of energy, for example, can be
interpreted as defining exchanges between various forms of potential
and kinetic energies, such as between helpht and veloelty squared, or
betwsen temperature &nd pressure-volume, One can base a development of
quantum theory on trade-off between certalnties of positlon and momentum,
or between time and energy. There 1s nothlng extracrdinary about this;

any egquation with reasonably smooth solutions can be regerded as
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B.* Thite ave miny ways e
definirg s kind of traderoff amorg its varlable quantitles,, fermolgle Thorg
risky to become too attached to a particular form op law and come to
believe that it i= the real basic principle, See Feyrman's 1]
dissertation on this,

Nonetheless, the recognition of exchanges ls often the conception of
a selence, if guantifying them 1s its blrth, What do we have, in
Computation, of this character? In the theory of recurslve functlons,
we have the cbservatlion by Elamnnl:;"tlh&t any Turing machine with @
states and R symbols 1= eguivalent to cne with 2 states and nkR aymbols,
ard to ore with 2 symbols and n'Qi states, where n and n! are small
rmumbers, Thus the state-gsymbol product QR has an almost Irvarlant
quality in classifying machines, Unfortunately, one camot identlfy
the product with s useful measure of machine corplexlty because thisz,
in twm, has a trade-off with complexity of the encoding process for
the machines —— and that trade-off seems too inscrutable for useful
application.

Let us corsider a more elementary, but still puzzling, trade-of;
that between addition and multiplication. How mary maltipliecatieons
does it take to eveluate the 3 x 3 determinant? If we write ocut the
expanzion as elx triple-products, we need twelve miltiplications, If
we collect factors, using the distributive law, this reduces to nine.
What iz the minimum nurber, arnd how does one prove 1t, In this and in
the n x n case? The important point is not that we need the answer,
It iz that we do not lmow how to tell or prove that proposed answers

ere correct! For a particular formula, ore esuld perhaps use some Sort
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of exhaustive search, but that wouldn!t establish a general rule, Une of
our prime research goals should be to develop methods to prove that
particular procedures are caputationally minimal, in vardous senses,

A startling discovery was made sbout multiplicatlon itselfl iIn the
thesis of Cook [3] , which uses & result of Toom: it is discussed in
knuth [4] . Consider the ordinary algorlthm for multiplying decimal
€ one-Aiglt products,

It is usually supposed that this is minimal, But suppose we write the

rumbers: for two n=diglt members this employs n

mumbers in two halves, so that the product is

—

H=1(8L4+5) (804D

e

where € stands for multiplying by ltlmfE (Ve assume that the left=—
ghift operation is consldsred to have negliplble cost,) Then one can

verify that
N=98gn +BD+ B(A+BC+D) -~ B8(AC + ED).

This irmwolves only three half-length multiplicatlons, Instead of the
four that ore might suppose were needed. For large n, the reduction can
cbvicusly be pe=applied over and over to the smaller rmmbers, The price
1z a prowing mumber of additione, By compounding thls and other ldeas,
Cock showed that for any e and large encgh n, multiplicaticn requires

Le products, Instead of the expected nz. Recently, Strassen

less than n
has used a result of 5. Winograd to show that to multiply twomxm
matrices, the mmber of products could be reduced to a power between
I|:|E and mg, when it was always believed that the momber must be cuble ——r

because there are mE terms in the result and each would seem to need a



separate immer produst with m multiplications, In both cAses ordinary
intuition has been wrong for a long timey so wrong that apperently no
one looked for better methods, We still do not hawve a seb of proof
methods adequate for establishing exactly what is the mimimm trade-off
exchange, in the rnu.,*r'u.,,cuﬁe.J hetween mul'i'-l-r-.-fjm? and q_ch,—,j.

The multiply-add exchange may not seem vitally important in 1tself,
tut if we camct thoroughly wnderstand something so slmple, we can
expect serlous trouble with anything more complicated,

Conslder ancther trade=off; that between memory-slze and
coanputation=-time, In owr book, P&ﬁptxﬁm‘:t: Fapert and I have posed a
glmple gueastion: glven an arbitrary mll&ctinn of n=blt words, how many
references to memory are redquired to tell which of those words iz
nearest (in nurber of bits that agree) to an arbitrary glven word? Since
there are many ways to encode the "library" collectlon, some using more
memory than others, the question stated more precieely 1s: how must
the memory size grow to schieve a given reduction in the rumber of
memory-references? This much is trivial: if memory 1= large enough,
only one reference is required, for we can use the queetlon ltself as
address, and store the gnswer in the register so addressed. But I the
memory 1s just large enough to store the information in the lbrary,

ther one has to search all of it — gnd we do pot lnow any intermediate

results of any value., It is surely a fundamental theoretlcal problem of

information retrieval, vet no one zeems to have any ides sbhout how to
set a good lower bound on this basic trade-off,
Ancther is the gerial-parallel exchange. Suppose that we had n

computers instead of just one, How much can we speed-up what kinds of



caleulations? Por some, we can surely galn a factor of n, But these are
rare, Por ofthers, we can gain log n, but it is hard to find any or to
prove what are thelr propertles, #&nd for most, I think, we can galn
hardly anything; thiz iz the case In which there are many highly-
branched corditionals, so that look-ghead on possible branches will
wsually be wasted, We lmow almost nething abeut this; most people think,
with surely ineorrect optimism, that parellelism is usually profitable,

Theze are just a few of the poorly wderstood questicons about
computational trade-offs, There 1= no space to discuss others, such
as the digltal-analog guesticn. {(Some problems sbout loecal ve. global
computations are cutlined in Perceptrons.] And we know very little
about trades between numerdcal and symbolic caleulations.

There 1=, In today's computer science curricula, wery little
attention to what is nown about such quest;nn*;.; glmost gll their time
is devoted tgi'ﬁ;slaiﬁcatimﬁ of syntactic langusge types, defeatlst
wneolvabllity theordies, folklore asbout systems programming, and
generally trivial fragments of "optimization of loglec design" -— the
latter often in situations where the art of hewrietic programming has
far outreached the special-case "theorles" so grimly taught and tested
——, &8nd invocations about programming style glmost sure to be outmoded
before the student gradustes. Even the most seemingly sbstract courses
on recursive function theory and formal logic seem to ignore the few
known weeful results on proving facts about compilers or eguivalence of
programs. Moet courses treat the results of work in Artificial Intelligence,
some now Cifteen years old, as a perdpheral collection of speeclal

gpplications, whereas they in fact represent one of the largest bodles of
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empirical and theoretical exploration of real computational questions,
Until all this precccupation with form 18 replaced by attentlon teo the
substantial issues in computation, & young student might be well
advised to avoid much of the Computer Science currlcula, leam to
program, acquire as much mathematics and other science as he can, and
study the current literatures in Artificlal Intellipgence, Complexity
ard Optimization theories.



2, FPrograming Languages

Evernn In the fleld of programming langusges and compdlers, there is too
much corncern with form, I say "even"” because one might feel that this is
one ares in which form cught to be the chief concern, But let us consider
two entangled assertions: (1) langusges are getting to have too much
syntax and (2) languages are belng described with too much syntex.

Compilers are not concerned encugh with the meanings of expressions,
assertions and descriptions. The use of context-free grammars for
degoribing fragments of languages led to important advances in uniformity,
both in gspecification and in implementation, But although this works well
in simple cases, attempts to use it may be retarding development in more
complicated areas. There are sericus problems in using grammars to
describe pelf-modifying or self-extending languages that irwolwve
executing, as well as specifying, processes. One cannot describe
syntactically — that is, stabically — fthe valid expressions of a
langusge that 1s changing. Syntax externslon mechandsms must be described,
to be sure, but 1f these are given In terms of a modern pattern-matching
language 1ike SNOBOL, CONVERT [ 6] or MaTCHIESS [ 7]
there need be no distinction between the parsing program and the language
deseription iteelf. Computer lanpguages of the fubure will be more
concermed with goals and less with procedures specified by the programmer.
The following arguments are a 1little on the extreme slde but, in view of
today's preoccupation with form, this overstepping will do no harm. (Scome
of the ideas are due to C, Hewltt and T. Wincgrad,)



2,1 Synktax iz offten winecezsary

Cre can survive with much less syntax than 1s generally reallzed,
Much of programming syntax 1s concerned with suppression of parentheses
or with erghasis of scope markers. There are alternatives that have
been much under-used,

Fleaze do not think that I am sagainst the use, at the humsn
Interface, of such devlices as Inflxes and operator precedence. They
have their place, But thelr Importance to computer sclience az a whole
has been so exagperated that 1t 1s beginning te corrupt the youth,

Consider the familiar algorithm for the square root, as it might be
written in a modern algebraic language, ignoring such matfers as
declaratlions of data types. One asks for the square root of A, given an

inmitisl estimste X and an error limit E.
DEFINE SQRT(AX,E):
if ABS{A - X * X} < E then X else SQRT(A , (X + A/X)/2 , E).

In an imaginary but recognizable version of LISF; see Levin ]:E'] ar
wei FHen
Welszman [‘?] s this same procedure micht be.."'.aE follows:

{DEFINE (SQRT A X E)
(IF (IES3S (ABS (- A (¥ X X))) E) THEN X

EISE (SQRT A [/ (+ X (/& X)) 20 E}D)
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Here, the functlon-names come immedistely inside thelr parentheses, The
clmelness, for humars, of writing all the parentheses 1s evldent; the
advantages of not having to learn &ll the comeentions, such as that
(X+ A/ 1s (+X (/AKX and nok (/X (+ X A)) iz often overlocked,
Of course, this is pood for the compller which has only to parse the
parenthesis structure.

It remaine to be seen whether a eyntax with explicit delimiters is
reactionary, or whether 1t 1s the wave of the future, It has important

advantages for editing, Interpreting, and for creation of programs by

other programs. The complete syntax of LISP can be learned in an hour

or so; the interpreter is compact and not exceedingly complicated, and
students often can answer gquestlons about the system by reading the
Interpreter program 1tself. OF course, this will not arower _ﬁ
questions about a real, practical implementation, but neither would amy
feasible set of syntax rules, Purthermore, desplte the langusge's
clureiness , marny frontler workers consider it to have outstanding
expressive power, Hearly all work on procedurss that solve problems

by bullding and modifylng hypotheses have been written in this ar
related languages, Unfortunately, langusge designers are penerally
unfamiliar with this area, and tend To dsmiss 1t 85 & speclalized body
af "swibol-manipulation techrdques",

Much can be done to clarify the structure of expressions in guch a
"syrtax-weak" languape by weing indentation and other layout devices
that are outslde the languags propsr., For example, one can use a
"postponement™ symbol that belongs to an input preprocessor to rewrlte
the above as
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DEFINE (SGFT A X E) ===
IF w=> THEN X ELSE ==: ,
IFS3 ==: E o ABS (—A ( ¥X X)),

SQRT A==>E o, /=22 4 +X(/AX)

memﬂeéc'r means ")(" and the Qrisw means "Insert here the rext
expresslon, delimited by adel, that is available after replacing
recursively), its own arvows. The indentations are optional, This
gets a good part of the effect of the usual scope indicators and
porvertions by two simple devices, both handled trivially by reading
programe, and 1t is easy to edit because subexpressions are ususlly
complete on each line.

To appreclate the nower and limitations of the postponement
operator the reader should take his favorite languape and his favorite
algerithms and see what happens, He will find many choices of what to
postpone, and to exercize judgement sbout what to say first, which
arguments to enmphasize, and so forth. Of course, == 13 not the
answer to all problems; one needs a postponement device also for
list-ragments, and that requires 1te own delimiter. In any case,
these are but steps toward more graphical program-description systems,
for we will not forever stay confined to wmeve strings of symbols,

Another expositery deviee, suggested by Darma Scott, is to have
alternative brackets for indicating right-to-left functlonal composition,

go that one can wrilte

weei gl
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instead of fM{glh{x}}) when one wante to Indlcate more naturally what
happer=s to & quantity in the course of a computation, This allows
different "accents", like f{ < hi{x) » g } which can be read:
"compute £ of what you get by first computing hix) and then applylng
& to it",

The point is better made, perhaps, by analegy than by example, In
their fenetie concern with syntax, language desigrners have become too
sentencs-orlented. With such devices as ==», one can construct objects
that are more like paragraphs, without falling all the way back to
low-=di agrams .

Teday's high-level programming langusges offer little expressive
power in the sense of flexdbility of style, One camnmot control the
sequence of presentation of ideas wvery much without changing the

algorithm itself.
2.2 Efficiency and understanding Programe

What iz a eompller for? The usual answers resemble "o translate
from one languape to ancther"” or "to take a deseription of an alpgordthm
and assemble it inte a program, filling in many small detalls." For
the future, a more anblflous view is required. Most compllers will be
systems that "produce an algorithm, glven a description of its effect,”
This is already the case for modern lnpub-cutput systems; they do all
the creative work, while the user merely suppliss examples of the
gesired farmats: here the compllers are more expert than the users,
Fattern-matching languages are also good examples, Bub except for a few
such special cases, the compiler designers have made 1ittle progress in



gettling geod programe written. Recognition of common subexpressions,
optimization of irmer loops, &llocatlon of multiple registers, eto.,
lzad but to small linear Improvements In efficiency —— and compllers
do little enough about even these. Automatlic storage asslgnments can
e worth more., But the real payoff is in anzalysis of the comutatlonal

conbent of the algorithm iteelfl, rather than the way the progranmer
wrote 1t dowm. Conslder, for example:

DEFINE FIB(N): if N=1 then 1, if N=2 then 1,
elsge FIB(N-1; + FIB(K-2).

This recursive definition of the Fibonacel mmbers 1, 1, 2, 3, 5, 8, 13, .,.
can be glwven to any respectable algordithmic language and willl result in
the branching free of evaluation steps shown in Fig, 1,

F(6)
F(5) F(4)
/\ /\
Fi4) F(3) Fi3) Fi{2)
NN N
Fi{3) F{2) F(2) F(l) F(Z) F(l)

F(2) F(1) Flg, 1
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Orne sees that the amount of work the machine will do grows
exponentially with N.  (More precisely, it passes through the order
of FIB{N} evaluations of the definition!) There are better ways to
compute this function., Thus we can define two temporary reglsters

arnd evaluate FIB(N 1 1) in
IEFINE FIB(N A B): if HN=1 then A else FIB(HN=1 A+E A)

which is singly-recursive and avoids the branching tree, of even use

LOCFE

Ary programmer will soon think of these, once he sees what heppens in
the branching evaluation. This 1= a caze in which a "ecourse=of=valuez"
recurslon can be trarsfommed into a elmple iteration. Today's compllers
don't recogridze even simple cases of such transformations, althoush the
reduction in exporentlal order cutwelghs any possible gains in local
"optimlzation" of code. It 18 no use protesting elther that such gains
are rare or that such matters are the programmer's responsibility. I
it 1= important to save compliling time, then such abilities could be
exclzed. For programs written 1n the patterm=-matchirg languasesz, for
example, such simplifications are indeed often made. One usually wins
by complling an efficlent tree-parser for a BWNF system instead of
executing brute forece analysis-by-syntheszis.

To be sure, a systematic theory of such trarsformations is

diffieult. A system will hawve Lo be pretty smart to detect
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which transformations are relevant and when 1t pays to use them. Since
the programmer already knows his intent, the problem would often be
eazier if the proposed algorithm is accompanied (or even replaced) by
a sultable goal-declaration expression,

To mowve in this direction, we need a body of knowledge about
analysing and syntheslzing programs. On the theoretical side there
is now & lot of activity studying the equivalence of algorithms and
schemata, and on proving that procedures have stated propertles, On
the practieal side the works of WA, Martin [#] = and J, Mozes T4f]
11lustrate how to meke systems that kmow enocugh about symbollc
transformations of partieular mathematical techrigues teo signdficantly
supplement the applied mathematleal abllities of thelr users.

Thers 1s no practical conseguence to the faet that the program-

Lnang dnge

reduction problem is recursively wnsolvable, in gereral, Al:u".e would
expect programs eventually to go far beyond human abllity In this
activity, and make use of a largs body of program-transformaticons in
formally purified forms. They will not be easy to apply directly,
Irstead, one can expect the development to follow the lines we have
seen in Symbolic Inteyatim;': Hmsﬂlg;le [1a] and Moses [34,
First a set of simple formal transformations that ecrrespond to the
elementary entries of a Table of Integrals were develcped., On top
of these Slagle bullt a set of heurdstic techndques for the
alpebraic and analytic transformation of a practlical problem into
those already understood elements; this involved a set of character-

ization and matching procedures that might be sald to use "pattern
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recogrition’, In the system of Moses both the matching procedures
and the transformations were so refined that, in most practlcal problems,
the heuristic search strategy that played a large part in the performance
of Slagle's program became a minor augmentatlon of the sure lrewledge and
its skdl1lful application comprised in Moses' system, A Heurdstle Compller

scﬁ_r.{-gm Wi bl everitually need much more general knowledge and common

sense than did the symbolic integration systems, for 1ts goal is more

like making a whole Mathematiclan than a specialized Integrator.

2,3 Dezcoribing Programming Systems

No matter how a language is descrdbed, a computer must use a
procedure to intsrpret it, One should remerber that 1n deserdblng a

languame the main posl is to explain how to write programs in 1t and

what such progrems mean, The maln geal isn't to describe the syntax.

Within the statie framework of syntax rules, normal forms, Post
productions and other such schemes, ore obtains the equivalents of
logleal systems with axioms, rules of inference and thecrems, To
deaign an unambigucus syntax corresponds then to designing a mathematical
system in which sach theorem has exactly one proof! But in the comput-
ational framework, this is quite beslde the point, One needs an extra
irgredient =-- control -~— that les oubside the usual framework of a
logical system; an additicnal set of rules that specify when a rule of
inference is to be used, 3o, for many purposes, amblgulty ls a pseudo—
problem, If we view a program a2 & process, we can remember that our
most powerful process-=describing tools are programs themselwves, and EJ.,_'EL
are lnherently wnambiguous,
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There 15 no paradex in defining a programming langusge by & program.
The procedursl defindtion must be understood, of course, e can achieve
this understanding by definitlons wrltten in ancther langusge, one that
mey be different, more familiar, or simpler than the one being defined.
But it is often practical, convendent, ard proper To use The seme
language! For to understand the definition, cne needs to know only the
working of that particular program, and not all implications of all
possivle applications of the language. It 1s this particularizatlon
that makes bootstrappirg possibls, a point that often puzzles begln-
ners as well as apparent authorities,

Using BNF to describe the formatlon of expressions may be retarding
development of new languages that smoothly incorporate quotation, self-
modifieation and symbolic mandpitlation into & traditional algordthmic
framework. This, in turn, retards progress toward pmblﬁsTl-sc:-lvinngcal—
criented programming systems, Paradoxically, though modern programming
1deas were developed because procesges were hard to deplet with classical
mathematical notations, designers are tumning back to an earlier form ~—the
equation ——— in just the kind of situation that peeds program, In the
next sectlen, on Education, we will see a simllar sltuation in teaching,

with perhaps more sSerious COnNSeqUuEnCces.
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3. LEARNING, TEACHING, AND THE "MNEW MATHEMATICS."

Education is another area 1n which the computer sclientist has
confused form and content, but thiz time the confusion conecerns hiz pro-
fessional role. He pqmeives his principal function to provide programs
and machines for use in ¢ld and new educational schemes. Well and good,
but I believe he has a more complex responsibility — to work out and
comminlcate models of the process of education itse=lf.

In the discussion below, I will sketch briefly the wiewpolnt {(de-
veloped with 3eymour Papert) from which this belief stems. The follow-
ing statements are typical of our view:

1. To help people learn iz to help them build, in thelr heads,

various kinds of computationsl models.

2, This can best be done by a teacher who has, In his head, a
reasonaple model of what is in the pupil's head.

3. Por the same reason the student, when debugeing his own models
and procedures, showid have a model of what he iz doing,
and must know good debugging techniques, such as how to form-
ulate simple but critical test cases.

4. It will help the student to know scmething about computation-
gl models and programming. The idea of debugeing® itself,
for example, is a very powerful concept — 1n contrast to the
helplessness promoted by our cultural heritage sbout gifts,
talents, and gptitudes. The latter encourage "I'm not good
at this" instead of "now can I make myself better at 1t."

urdng was quite pood at debugglng hardware. He would leave the power
o, 80 as not to lose the "feel of the thing. Everyone does that today,
but 1t iz not the same thing now that the clrcuits all work on three or
Five volts.
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These have the sound of conmon sense, yet they are not among the basic
principles of arny of the popular educational schemes such as “operant re-
inforcemert", "dlscovery methods", audlo-vizual synergism, ete. This is
not because educators have ignored the possibility of mental models, but
because they simply had no effective way, before the beginnding of work on
glmulation o thought processes, To deserdbe, canstruct, and test such ideas.

We camnot digress here to answer skeptlcs who feel it too simple-
minded (if mot implous, or obseens) to campare minds with programs. We
can refer many such critics to the paper of Turing 531. For those who
feal that the answer cannot lie in any machine, digital or otherwise, I
have arpued frﬁﬂ. that machines, when they become intellipent, very likely
will feel the same way, sc that can not be a strong argument. [The re-
lenteless grewth of the power of problem-solving programs has already
gone Tar beyornd any other serdcus sclentific competition. For some over-
views of this area, see Felgenbaum and Feldman [16] and Minsky [16]
but one can keep really up-to—date in this fast-moving flsld only by read-
ing the contemporary doctoral theses and conference papers on artificial
intelligence. ]

There 1z a fundamental pragmatic podnt In favor of our propositlions.
The child needs models: to wnderstand the cliy he mey use the orgardsm
model; it must eat, breathe, excrete, defend itselfl, stc. ot & very good
mydel, but useful enough. The metsbolism of & real organism he can under-
stand, 1n turm, by comparison with an engine. But to model his own self
he cannot use the englire or the organism or the clty or the telephone
awitchboard; nothing will serve at all but the computer with its programs
ard their bugs. Eventuslly, programming itself will become more important
even than mathematics in early education. Mevertheless I have chosen
mathematics as the subject of the remainder of this essay, partly because
we understand it better but mainly because t.lhe prejudlee against programming
as an academic subject would prevent too many readers from llstening.

Any other subject could also do, I suppose, but mathematical issues and



concepts . are the sharpest and least confused by highly charged emotional
protlems .

3.1 MATHEMATICAL PORTRAIT OF A 3MALL CHILD

Imagine o small ehdld of between five and six years, sbout to enter
the first grade. If we extrapolate todsy's trend, his mathematlcal educa-
tion will be conducted by poorly oriented teachers and, partly, by poorly
programmed machdnes; neither will be able to respond to much beyond "correct”
and "wrong" answers, let alone to make reasonable interpretations of what
the cnld does or says, because nelther will contaln good models of the
ehildren, or good theordes of children's intellectual development. The
child will begin with simple arithemtic, set theory, and a little geometry;
ten years later he will know a little gbout the formal theory of the real
mubers, & little about linesr equations, a little more about geometry,
and almost nothing about eontinuous and limiting processes. He will be
an adolescent with 1ittle taste for analytiecal thinking, unable to apply
the ten years' experdience to understanding his new world.

Let uzs look more closely at our child, in a composite pleture drawm
from the work of Flaget and cther cbservers of the child's mental construction.

Our child will be able to say "one" "two "three" ... at least up
to thirty and probably up to a thousand. He will lowow the names of some
larger nuribers but will not be able to see, for example, why ten thousand
1z & hundred hundred. He will have serious @ifficulty in counting back-
wards unless he has recently become very interested in this. (Being good
at 1t would make simple subtracticn easier, and might be worth some practics.)
He doesn't have much feeling for odd and even.

He can count four to six cbjects with perfect reliability, but he
will not gt the same count every time with fifteen scattered cbjects.
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He will be anncyed with this, because he 15 gqguite sure he should pet the
same namper each time. The observer willl therefore think the child has

& pood idea of the number concept but that he is not foo skillful at apply=
ing 1t.

FEowsver, important aspects of his concept of number will not be at
all secure by adult standards. For example, when the cbjects are re-
arranged before hds eyes, his lmpression of thelr guantity will be affected
by the geomeiric arrangement. Thus he will zay that there gre fewer
x'e than y's in:

and when we move the x's to

k] X A xz x X =

¥ ¥ ¥ ¥ ¥ ¥ ¥

he will say there are more x's than y's. To be sure, he is answerding
{in his owm mind) a different question sbout size, guite correctly, but
this is exactly the paint: the immitability of the number, in such situa-
tlons, has little grip on him, He cannot use it effectlively for reason-
ing although he shows, on guestiondng, that he hm:-fa that the number of
things camnct change slmply because they are rearranged. Simllarly, when
water is poured from one glass o another, (Flg. 2)
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Pig. 2

he will say that there is more water in the tall Jar than in the squat
one, He will have poor estimates about pla_ns area, a0 that we will
not be able to find a context in which he treats

. (i
Au La g5 four times the size of % 1 2 b

When he iz analult, by the way, and is given two vessels, one
twlce as large as tne other, in all ddmensicons

he will think the one holds about four times as mich as the other:
probably he will never acguire better estimstes of volume.
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As for the numbers themselves, we know little of what is in his
mind. Acoording to Galton E_‘ﬂ'_] s thirty chdldren in a hundred will
associate amall munbers with definife visual locations in the space
in fromt of their body=1lmapgs, arranged in some ldiocsyneratic manmer such
a5 shown in Flg. 3.

Flg. 3

?,'.m“
. 2 3 4—5 g
67

1

They will prebably still retain these as adults, and may use them
in zome cbzeure semiconselous way to remenber telephorne numbers; they will
probably grow different spatio-visual representations for histordcal dates,
ate, The tegehers will never have heard of such a thing and, if a
child speaks of it, even the teacher with her own rurber form is unlikely
to respond with recognition. (My experdence is that it takes a serdes
of carefully posed questions before ocne of th{e adults will respond,

", yes; 3 1s ower there, a little farther bé.ﬂlf'J When our chlld
learms colum sums, he may keep track of carries by s=tting hi= Congue
to certain teeth, or use some other chacure device for tempirary mETOTY,
and no oe will ever oow. Perthiaps zome ways are better than others,

Hiz geometric world is different from ours. He does not see
elearly that trisngles are rigid, and thus different from other polyegons.
He does not kmow that g 100-line approximation to & eirels iz indis-
tinpushable from & cirele unless it is quite large. He does not draw
g cube in perspective. He has only recently realized that squares
become dlamonds when put on thelr pointe. The peresptual distinetlon
perslstes in adults.

:
{
i
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Thus in Mg, 4

we see, as noted by Attneave [18] , that the impression of square
vae. dlamond 1s affected by other allgmnments in the scene, evidently by
determining our choiece of which axis of symmetry is to be used in the
gubjective dezeription.

Our child understands the topological idea of enclosure quite well.
Wiyt Thiz iz a very complicated cotcept in classical mathemstics but in
terms of computational processes 1t 1z perhaps not so Afficult. But
cur child 1z almost sure to be muddled about the situation in Flg. 5;
see FPapert [14]

"Woen the bus beglns its trip around the lake, a boy 1= =eatad on the side
gwgy from the water. Will e be on the lake side at some time in
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the trip?" Difficulty with this 1s 1lable to persist through the child's
elghth year, and perhaps relates to his difficulties with other abstract
double reversals such as in subtracting negative nupbers, or with appre-
hending other consequences of continuity —— "at what point in the trip

is there any sudden change?" == or with cther bridepes between local and
global.

e portrait 1s drawn In more detall in the litersture on develop-
mental psychology. But no one has yet bullt enough of & computatlonal
model of & child to see how these abilities and limitations link together
in & structure compatible with (and perhaps conseguentlal to) other things
e can do 8o effectively. cuch work is begirming howswer, and I expect
the next decads to see substantial progress on such models.

I we knew more about these matfers, we might be able to help the
child. At present we don't even have pood dlagnostics: his apparent
gbllity to leamn to glve correct answers to formel guestlons may show
only that he has developsd some lsolafed Library routines. I these
canot be called by his central problem-solving programs, because they
uze Incompatable data structures or whatever, we may get a high-rated
test-passer who will never think very well.

Belfore compubation, the commurdty of ldeas about the nature of
thought was too feeble to support an effective theory of learning and
develooment. Helither the firndlte-zatate models of Behavicorists, the
hydraulic and economic analogles of the Freudlans, nor the rabblf=-1n=the-
hate insipghts of the Gestaltlsts suppllied encugh ingredients to understand
so intricate g supject. IT needs a substrate of already debugpged
theories and solutions of related but simpler problems. Now we have g
Tlood of such ideas, well-=defined and implemented, for thinking about
thinking; only a fraction are represented in traditional psychology:



symhol table closed subroutines

pure procedure push=down 1ist

time=zharing interrupt

calling sequence comminication cell
functional srpument comman storage

memory probection decizion tree

dispatch table hardware-scoftware trade—off
SO MeSBaEs serial-parallel trade-off
function-call trace time-memcry trade—off
breskpoint conditional breakpodrd
languages {and the enormous set of 1deas there)
compller interpreter

indirect address gartame collection

MECTD list-structure

property list block=structure

data=type look=ahead

hash-coding lock-betiind

il ero=-proEraT diagnostic program

format matching executive prostan

These gare just a few ideas from general systems programming and
debugping; we have sald nothing about the many more specifically relevant
concapts in Artificial Intelligence or other advancsd aresas. All these
serve Ttoday as tocls of a curdcus and Indricste craft, programming.

But Just as Astronomy succeeded Astrology, following Kepler's repularities,
the discovery of principles in empirical exploratlons of Intellectual
process in machines should lead to g science.  (In Education we face
still the same competition! The Boston Globe has an Astrology page in
its "comic" section., Help fight intellect pollution!)

To return to ouwr child, how can our computational ldeas help him
with his mumber concept. As & baby he learmed to recognies certain speclal
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ralr-configurations like two hands or twe shoes. Much later he learmed
about some threes — perhaps the long gap is because the environment
doesn't have many fixed triplets: if he happens o find three pennies
fe will likely lose or gain one soon. Eventually he will find =ome
procedure that manages five or six things, and he will be less at the
mercy of finding and losing., But for more than 8lx or seven things, he
Will remain at the mercy of forgetting; even 1f his verval count is flaw-
less, his epumeration procedure will have defects. He will =skip some
items and count others twlece. We can help by proposing better procedures;
putting things into a box is nearly foolproof, and so 1= crossing them
off. But for fixed objects he will reed some mental grouping procedure.

First one should try to loow what the shild is deing; eye-motion
study might help, asking him might be enough. He may be selecting the
next item with scte unreliable, nearly random method, with no pood wey
to keep track of what has been counted. We mlght suggest:

gliding a8 cursep

Inventing easily remembered proups

draw ac mesh

In each case the construction can be elther resl o imaginary.
InuajngthemshnﬂthudcﬂehaatﬂmmnﬂEPmttawmt twice ob-
Jects that cross the mesh lines. The teacher sheuld show that it
is good to plan ahead, as in Fig. 6, distorting the mesh to aveld the
ambiguities!
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Mathematically, the important concept is that “every proper counting
procedure yields the same munber." The child will understand that any
algordthm 1s proper which

(1) _counts all the cbjects

(2) eounts none of them twice

Perhiape this procedural condition seems too simple; even an adult
coulld wmderstand 1t.  In any case, 1t is not the concept of mumber adopted
in what 15 today generally called the "New Math," and taught in our primary
schoole. ‘The followling polemlc discusses this.

THE "MEW MATHEMATICE"

By the "New Math" I mean certain primary school attempts to imitate
the formalistic methods of professional mathematielans. Precipitously
adopted by many schools, In the wake of bread new concermgwith early
education, I think the approach is generally bad because of form-content
displacements of several kinds. These cause problems for the teacher
as well as for the child.

Because of the formalistic approach the teacher will not be able
to help the child very much with problems of formalation. For she wlll
feel 1nsecure herself as she drills him on such matters as the difference
between the empty set and nothing, or the distinetion between the "rumerzl”
I+5 and the rumersl 8 which iz the "eommon hame" of the number elight,
noping that he will not ask what is the common name of the fraction 8/1
which is prooebly different from the rational B/ and different from
the quotient 8/1 and different from the "indicated division" B/1 and
different from the ordered pair (8,1}, She will be reticent about
dlacuseing parallel lines. For parallel lines do not usually meet, she
knows, but they might (she has heard) if produced far enough, for did
not something like that happen once in an experiment by some Russian
Mathematiclans? But enough of the prcblems of the teacher: t us
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consider now the cbjections from the child's standpoint.

CEVELOPMENTAL CBJECTIONS: It is wvery bad to insist that the child
keep his lmwiowledge in a simple crdered hierarchy. In order to re=
trieve wihat he needs, he must have g multiply comected network, so that
he can try several weys Lo do each thing. He may not manage to match
the first method to the needs of the problem. Enphasis on the "Tormal
proof" 1s destructive at this stage, because the mowledge needed for
findting proofs, and for wnderstanding them, 1s far more complex (and
less useful) than the lkmewledge mentioned in proofs.  The network
of knowledpe one needs for understanding peometry is a web
of examples and phEﬂEﬂEﬂE}aﬂa chzervatliorns about the similarditiez and
differences between them. One deoes not find evidence, 1n children,
that such webe a:'E‘Urdered like the axioms and theoreme of a loglstic
gystem, or that the child could use such & lattice 1f he had one.

After one understands a phenomenon, 1t may be of great value to make

a formal system for 1t, to mske it easlesr to understand more advanced
things. Bub even then, such & formal system is just one of many
possible models; the Hew Math writers seem fto confuse their axiom-theorem
model with the mumber system itself. In the case of the axdoms for
arithemetic, I will now argue, the formalism 1= often likely to do more
harm than good for the wnderstanding of more advanced things.

Historically, the "set" approach used in New Math comes from
& formalist attempt fto derdve the intuwltive propertiez o the contlnuum
from a nearly=Cindte set-thecry. They partly succeeded in this stunt
(er "hack", as some programmers would put it) but in a marner so complex
that one carnot talk serdously about the peal numbers untll well inko
High School, 1f one follows this model . The ideass of Topology are
deferred until much later. But children, in their sixth year, already
have well=developed geometrie and toplogleal ideas; only they have 1little
gbility to menlpulate abstract symbols and definitions. We should budld
out from the child's strong poins, instead of undermining him by attempting
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to replace what e has by structures he cammot yet handle. But it 1s
Just like mathematiclans = certainly the world's worst expositors ==

to think: "you can teach a child anything, if you just get the definitions
precise encugh" cr “if we get all the definitions ripht the first time,

we won't have any trouble Bter." We are not propramming an empty
machirge in FORTHAN: we are meddling with a poorly understood large

gystem that, characteristically, uwses multiply-defined symbols in its
normal heurdstic behavior.

INTUITIVE CBJECTIONS: New Math emphaslzes the ldea that a nunber
can be identified with an equivalence-class of all sete that can be put
Into one-to-one correspondence with one another. Then the rational
nunbers are defined as equivalence classes of palrs of integers, and a
maze of formalism (whose purpose is obscure) 1s introduced to prevent
the child from identifying the rationals with the quotients or fractions.
Functions arecften treated as sets, although some texts present "function
machines" with a superficially algorithmic flavor. The definition
of a "variable" is ancther flendish maze of complication lrnvelving
names , values, expressions, clauges, sentences, numerals, "indieated
operations", and so forth. {In fact, there are so many different kinds
of variables in real problem=solving that real=-I11fe mathematiclans do
not usually glwve them formal distinetions, but use the entire problem
context to explain them.) In the coursse of pursulng this formaliztic
chsassion, the curriculum never presents any ocherent ploture of real
mathematicsl phenomena of processes, diserete or continuous; of the
alpebra whose notational syntax concerns 1t so; or of geometry.

The "theorems" that are "proved"” from time to time, like "a number x

has only one additive inverse, -x", are so mundane and cbvious that neither
teacher nor student can make out the purpose of the proof.  For example,
the student 1z made to distinguish clearly between the inverse of

addition and the cpposlte sense of distance; a discrimination that seems
encirely against the fuslon of these notiocns that would seem desirable,
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The "official" procf would add y to both sides of x + (=y) = 0, apply

the asscclative law, then the commutative law, then the y + (=y) =0

lew, @nd finally the axioms of equality, to show that y must eqgual x.

The child's mind can more easily understand deeper ideasi "In x+{=y)} = 0,
if y were less than x there would be some left over; while if x were

less than y there would bea minus number left — 3o they must be exactly
equal.” The child 1s not permitted to use this kind of erder—plus-
contimdty thinking, presumably because it uses "more advanced lnmowlsdge,"
hence isn't part of a "real proof".  But in the network of ideas the
child needs, this link has equal loglcal status and surely gragter
Peuristic value.

COMPUTATICNAL OBJECTIONS: The idea of a procedure, and the
krow-how that comes from leaming how to test, modify and adapt procedures,
can transfer to many — we believe, all =—— the child's other activities.
Traditional academic subjects such as alpebra and arithmetic have rels—
tively small developmental E:Lgnifi-:apee, especially when they are weak
in Intuitive geometry. (The guestien of which kinds of leaming can
"transfer" to other activities 1s a fundamental one in educational theory:
I emphnasize geain our conjecture that the ideas of procedures and de-
buggding will twn out to be undgue 1n their trarsfer-ability.) In
Alpebra, as we have noted, the concept of "vardable" iz complicated;
but in Computation the child can easily see "x + ¥ + 2" as describing
a procedurs (any procedure for adding!) with "x", "y", and "z" as
polnting o its "data". Funetions are easy to grasp as procedures;
hard 1f Imagined &5 ordered palre. If you want a graph, deseribe a
machine that draws the graph; i1f you hawve a graph, describe a machine
that can read it to find the values of the function. Both are easy
ard wseful concepis.

Let us not fall into a cultural trap: the set theory "foundation"
for mathematics is popular today among mathematicisns because 1t is
the me they tackled and mastered (in collepe). These schemes simply are not



acquainted, generally, with computation or with the Post-Turing-McCulloch-
Fitts=-McCarthy-Newell-Simon—... family of theordes that wlll be so much
more important when the children grow up. The set theory 1s not as

the loglelans and publiszshers would have 1t, the only and true foundation
of mathematics; it 1s a viewpodnt that 1s pretty good for Investigating
the transfinite, but undistinguished for comprehending the real numbers,
and quite substandard for learmning about arithmetic, alpebra, and
Eometry.

To summarize my cbjeetions, the New Math emphasizes the use of
formalism and symbolie mandpulation instead of the heurdstle and intultiwve
content of the subjeet matter. The child iz expected to learn how to
golve problems but we do not feach him what we lmow, elther about the
subject or about problem solving.®

An example of how the precccupation with form (in this case, the
“axlone for arithmetic) can warp one's view of the content, let us examline
the weird compulsion to insist that additlon 1s ultimately an coperaticn
m":ﬂ’.:a quantities. In New Math, atbtc must "really” be ome of (at(bte))
or ((a+o)+c), and atb+o+rd can be meaningful only after several applica-
tlons of the assoclative law. Now this is silly in many contexts.

The chlld has already a good intudtive idea of what it means to put several
eete together; 1t 1s Just as easy to mix five colors of beads as two.

Thue additicn is already an n—ary operation. But listen to the book
trying to prove that this is not so:

Adddtion is...alweys performed on two manbers.

Thizs may not seem ressonable at first sight, 2ince

you have often added long strings of fipwres. Try

an experiment on yourself., Try to add the numbers

T, 8, 3 simultareously. HNo matter how you attempt

it, you are forced to choose two of the mumbers, add
them, and then add the third to thelr sum."

{From a ninth-grade 3M3G text.)

¥Tn g shrewd but hilarious discusslon of Mew Math textbooks, Feynman [3-':"]
explores the conseguences of distinguishing between the thing and itself.
"Color the pleturecf the ball red," a bock says,instead of "eolor the ball
red.” "Ehall we color the entire sgquare area in which the ball image appears
or just the part inside the cirele of the ball," asks Feymman. (To "color the
balls red"” would presumably have to be "eolor the insides of the cireles of all
the merbers of the set of balls" or something like that.)
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Is the height of a tower the result of adding its stages by pailrs
in a ceirlsai\q n:rg:-l‘er-; Iz the lenpgth or ares of an object produced
that wa,;:rﬂlﬁm ﬁhy did they introduce their sets and their one-one=correspondences
then to miss the point? Evidently, they have talked themselves into believ—
ing that the mdoms they selected for dlgebra have sore special kind of
truth !

et us consider a few important and pretty ldeas that are not
diseussed much in grade school:  first consider the sum

72+ 14 +1/8+ ..,
Interpreted as area, one gets Taseinating regreuping ldeas; as in Fig. 7

Fig. 7

il

Onee the child knows how to do divislon, he ecan compute and appreciate
scme gquantitative aspects of the limlting process

5

25

125

0625

03125

06875+ and he can learn sbout folding and cubting and epidemics
and populations. He eould learn about

X =Dx+qx, where p+g =1, and hernee appreciate dilution;
he can learn that

S, WS, 56, /T /8 L, =1
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and be to understard the meny colorful and commonsense pecmetrieal
and toplogical corsequences of such matters.

But in the New Math, the syntactle distinetlons between rationals,
quotients, and fractione are carried so far that to see which of 3/8
and 4/9 is larger, ane is not permitted to compute and compare (375
with 4444, One must cross-multiply. HNow eross-multiplication is
very cute, but it has twe bugs: (1) fie cne  ean remember which
way the resulting conditlonal should branch and (2) it doesn't tell how
far apart the mumbers are. The abstract concept of order is wvery elegant
{ancther set of axloms for the chvious) but the children already under-
stand order pretty well and want to know the amoonhs,

Ancther obsession 1s the concerm for nunber base. It is good for
the children to understand clearly that 223 is "twe hundred" plus "bwenty"
plua "three", and I think that this should be made as simple as possible
rather than complicated.® I do not think that the idea is =0 rich that
one should drill young children to do arithmetic in seweral bases!
For there 1z very little transfer of thiz feeble concept to other things,
and it risks a erippling Insult to the fragile arithmetic of pupils,
already troubled with & + 7 = 13; now find that 6 + T = 15. Besides,
for all the sttenticn to rumber base, I do not see 1n ny children's
bocks any concern with even & few nontrivial implieatlons — concepts
that might Jjustify the attentlion, such as:

i3 there only one way to write a decimal integer?
¥ does casting—out nines work? (It isn't even mentioned.)
What happens if we use arbltrary non-powers, such as
a+ 3T + 24 +11d + ...
instead of the usual
a+ 10o + 100z + 1000d + ... 7

: 3
Cf. Tom Lehrer's seng, "New Math." [R(]



IT they don't discuss such matters, they must have snother purpose.
My conjecture is that the whole fuss 13 to make the kids better understand
the procedures for multiplying and dividing. In fact the latter algorithm
has been expanded into the form

e (1739
l%ﬁiﬂ-:} 3000
12
_%% T00
B0 80
—23% i

Ihis 15 too curbersome; the child will never use it fo explore mumerdc
chencmena. ;m,aifhmih it 1= of some Interest to understand how 1t works,
writing out the whole display suggests that the educator belieswes that the
endld ought to understand the herrible thing every time! This is wrong.
The Important idea, 1f any, 1= the repeated subtraction; the rest iz just
& clever but not vital programming hack.

If we can teach, perhaps by rote, a practical division algorithm,
fine. But in any case let us glve them 11ttle caleulators; if that is
foo expenslve, why not sllide rules. Flease, without an impossible
explanaticn. The important thing is to get on To the real rurbers!

The New Math's concern with the intepers is so fanatical that 1t reminds
me, 1f I may mention ancther psewdo=science, of Numerology. (How about
that, Boston Globel)

The Cauchy-Dedekind-Russell-Whitehead set-theory formalism was a large
accomplishmernt = the first of a series of demonstrations that many
mathematical ldeas ecan be derdved from a few primitives, albeit by a long
and tortuous route. But the child's preblem is to acquire the ideas at
all; he needs to learn sbout reality. In terms of the concepts available
to him, the entire formalism of set-theory eannot hold a candle to one

older, simpler, and posslble greater ldea: the non-terminating decimal
representation of the Intultive real mumber line.
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There ig a real conflict between the
logician's geal and the educater's.
The logieian wants to minimize the
variety of {deas, and doeen't mind

a Leng, thin putfi. The educator
(rightly) wants $o make the pathe
ghort and doesn't mind == in fact,
preferg == commectione to many other
tdeas.  And Re eqreg almpet not at
all about the directions of the Llinke,

Az for better understanding of the integers, countless exsrcises
in making 1ittle children draw disgrams of cne—one—correspondences
wWill not help, I think. It will kelp, no doubt, In thelr lsarming
valuable algorithms, not for mumber but for the important toplogical
and procedural problems in drawing paths without erossing, and so forth.
It is just that sort of problem, now treated entirely aceldemtally,
that we should atternd to.

The computer sclentlst thus has & responsibllity to Education.
Hot, as he thinks, because he will have to program the teaching
machines. Certalnly not, becauss he 1s a skdlled user of "finite
mathematios." His knows how to debug programs, he must tell the
educators how To te2ll the children to debug theirs. He knows how
procedures depend on their data-structures; he can tell educators how
to prepare children for new ideas. He lnows why 1t is bad to use
elever afficient double-purpose tricks that haunt one later in debugp-
Ing and enlargling programs, (Thus: one can capture the kids' in-
ferest by asecclatling emall numbers with arbltrary colors. Bub what
willl this trick do for thelr later attempts to apply mumber l1deas
to area, or to volume, or to value?) The computer sclentist 1s the
ons who must study such matters, because he 1s the proprietor of the
coneept of procedure, the secret educators have so long been zeeking.
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