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CELLULAR AUTOMATA

INTRODUCT IOH

Complex behavior by machines can he achkieved by eithker hkaving
a large number of verv simple machines ar hy bavinr a complex
machine with which to start. Our primary Interest Tn this paper
is with the former. PRy conslderine the glakal behavior of a
large numher of the simplest of mackines, the following results
are shown:

1. An array of identical square cells eachk of wkich has
only four states and communicates with Tts four nearest
neirhkbars (formine a neigkhorhoad of five cells) egan al
perform any computation which s computable and R} construct
{almost) any configuration ==-in particular, it can he =zelf-
reproducing, Cells capable of the first behavior are called
universal computers; the second behavior characterizes the
universal constructor.

2. A three state, five neighbhor cell is capabhle af
universal computation when configured in a finite initial
area,

3, Twe states and five nelghbors are sufficient for
universal computation, but require an IInfinite inftial

configuration,



Being parallel machines, these cellular automata can serve as
a good theoretical hasis for parallel ceomputation and should he
useful mathematically In many of the same areas as the Turing

Machine, Practical phvsical applications are presented In a

later section.



CELLULAR AUTOMATA

Consider an infinite arrav (in two dimensions) of identical
simple finite state machines, which we shall call cells. Fach
cell communicates with other cells in its neirhborhood, The
finite state machines, or cells, are described by specifving a
set of transition rules, These rules specify which state a cell
will enter (during the next time step) as a function of the
cell's neighhors., Except as otherwise specified, we will
consider only two dimensional sguare cells with the four nearest
nelghbors comprising the five-nelighbhor neighborbood,

A configuration is a specification of the states of the cells
in the array at any given time. When started 1In particular
inftial configurations, the cells can be made to perform
interesting processes,

In summary, we are considering the possihle hehaviars
exhibited by wvast numbers (usually infinite) of identical, wverw
simple machines each interacting with Its nearest nelphbors,

A particular gellular space is characterized by the transition
rules, We will use the form

(CNESWR)
to write the rules, The letters stand for Current state, state
of the Morth neighbor, East, South, West, and the Result state R,

A set of rules in this farm defines a cellular space,



several conventions must he ohserved., First, only transition
rules will be listed In the set. |If a nelghborbood confieguration
does not appear (implicitly or explicitly -- see below) in the
set, then it 15 understood that the cell does not change state in
the next time period. Second, there are varying degrees of
symmetry. For example, [f there is no preferred direction, then
the appearance of any of the following rules In the set Implies
the implicit presence of the others,

(cabbbd) (chabbd) (chbabd) (cbbbad)

Also if there 1s no preferred rotation (elockwise or
counter-clockwise), then the following are eguivalent and only
one needs to appear in the rule set,

(cabdde) (chadde)

A1l the sets of transition rules In this memo have the above
two properties == no preferred direction nor rotation,

One other requirement Is always ochserved =- the existence of a

guiescent state. A quiescent state Is a state that remains In

the quiescent state when all its neighbhors are quiescent, Thus
another characterlzatlion of cellular configurations is the number

of non=quiescent states required for the initial configuration,



PREVIOUS WORK

J. Von Neumann ploneered In the area. His reference (1) is te
be taken as the foundation, but the book by Codd (2) is the chief
reference for this work. Von Neumann's primary Interest was In
finding a set of rules and Initial confipguration that would he
capable of self-reproduction, In particular, and universal
construction in general. The conflpuration was alsa required to
be a wuniversal computer, The conflguration functioned by
“"erowing"” anmn arm which could "construct" a new passive
configuration, An activation signal sent along the arm started
the new construction operating. His solution was the twenty=nine
state, five neighbor cells (four nearest nelirghbors plus Ttselfl.
The set of rules were not isotropic, E. F. Codd (2) reduced the
required number of states to only elight. His transition rules
specified an isotroplc space, T.e. no preferred directlon, but

the rules did possess a preferred rotation., Both Von Neumann and

Codd worked with the following requiremnents.

1, The cellular machines are In(%ially configured in a
finite region of space =- Il,e. only a finlte numher of
non=guiescent states existed in the initial confiruration,

?, Construction was performed In amn initially oquiescent
region of space.

Codd §2) has also shown that twe states are sufficient for



universality if the neighbaorbood is allowed to be increased, I n
particular, he has shown that a two state cell with eirhty=-five
neighbors can simulate his eight state cell.

Considering only self-reproducing patterns, Edward Fredkin has
described the following Iinteresting cellular space. If the
states are "0" and "1" and if the result state [s obtalned by
taking the sum of the neighbors, module 2, then any inlftial
configuration will reproduce coples of itself symmetrically about
the 1Initial econfiguration. Terry Winograd generalized this
result showing that any neighborhood, not necessarily just the
four nearest neirhbors, and any numbher of dimensions still give
the same results. Further, If there are p states 0, 1, ... , p-1
where p 1s a prime numbher, then the sum of the neipghbors module p

is a rule that will assure self-replication of the pattern in a

finite number of time steps.



DETAILS OF THE CELLULAR AUTOMATA
l.. The Two State Universal Cellular Space

One of several methods of achieving universality with two
states is to show that two states In the proper configuration can
simulate any n=state cell == In particular the twenty=nine state
Von Heumann or elght state Codd cells. This Iz done by showing
that c¢ells 1in the proper configuration can represent wires and
that signals can travel along the wires. Other regions are
conflgured to act as Junctions, crossovers, logic elements,
curves, etc, Further elahoration will be given after It has been
shown that these elements can be constructed,

If the two states are represented by "0" and "1", the three

transition rules can he written.

(111000} (011101) (011111}

Rules for the Two State Universal Computation Cellular Space

The first rule requires corners to disappear, The ather two
assure that gaps (zeros) surrounded by three or four ones will he
fFilled Tn. In the following 11lustration of a signal proparFating

along the wire, the "0" or guiescent state s also denoted hy the

Blanlk.



11111111111110111111111111111
11111111111101111111111111111
111111111111111111117111111111

Wire and Sirnal (Propagates to the Rirht)

Note that the signal travels on one side of the wire. The wire
will he symbholized by a straight 1ine with an arrow used to
indicate the side of the wire on which the sirnal 1Is traveling.
It should be clearly understood that the hlank area above and
below the above diagram represents cells in the zero state and
not the absence of cells, Appendix | contains computer
simulatlons of the above wire and alsc the other elements shown
below., The reader should probably check this Appendixz now to see
exactly how this signal propagates.

The dead-end s used to eliminate signals traveling down

truncated wires,

1 —
111111101111111
111111111111111 or

1 Eﬂml':lnl

The DEad—Fnd_

The Junetion or fan-out 1s used to create new signals. A
signal entering the fan-out frem the input side leaves from the

other three arms, This element will also ke used with the abkove
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dead=-end to produce the curve.

111
111

111111111111111113111111111111
111111111111111 11111111111 or
11 11111111111
11 111

1111 111
111
111

111
111 T
111111111111111111
—_— | =

Jurnction (and Diade}

This fan-out is not bilateral == a signal entering any of the
side outputs dies. Thus hy using two dead-ends the diode {or
one=way gate) is obhtained.

A whole family of curves must be created since the sipgnal |is
on one side of the wire. We need inside to inside, Inside to

outside, outside to outside and outside to Inside curves.

Although simpler curves exist, two of these curves are ohtained
directly from the fan-out with dead-ends on twe output wires.

The inside to Inside curve must he created from scratech,
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111
111
111
1111 \
111 ar
111 i
1111 1
1111111
11111111111111111111
1 1111111111111
1111111111111
1

The Inside to Inside Curve

The outside to outside curve can be made from the ahaove CUFVES A%

follows,

V= '

_%he Outside to Dutsfﬂe Curvﬁ

Recall that the arrows indicate which side of the wire carries
the signal,

A universal legic element will he used with a clock (deserihed
later) to bulld the remaining needed elements, The following

configuration will compute the lople function "R and NOT A",
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111
111 TRUTH TABLF
AW 1111
1] 111 i
— 111 _ 0 1
1111111111111 ARR —=
111111111111111111111111111113111 0
1111111111 1111111111111111111 B 0
%% %111111111111111111 1
1111

Lagic Elemant

If the B input 15 from a claock (l.e., a periadic emitter of
signals) then this logliec element becomes a "NOT"™ function. Thus

we need a clock.

1
1111111111111111
1 0111111111111111 rLOCK —
111111111011111111111111
111111101
1

The Clock

This clock has a period of sixteen time units, Almost any
even period s obtainable by different configurations.

The operation of the loglc element requires that the signals
be synchronized, The clock defines an interaction time and all
wires are constructed to maintain the synchronization of

signals, The construction of the crossover 1s achieved by the



13

following logical configuration, However [t 15 reqguired that
only one signal arrive at once, By moving the location of the
crossover slightly, non-simultaneocus arrivals canm he assured.

The HOR function can be constructed from the loric element and

the NOT function.

Ei"

# NOR = NCR, f———
¥ T

| —

The Crossover

A much more efficient crossover is illustrated in Appendix 11,
The extension te three dimensions and seven nelrhbors Is
trivial, The same three rules apply assuming the other two
neighbors are In the "0" state (previously there were only five
neighbors, ) The above machine can exist In a plane, If deslired,
but turns out of the plane can be inserted at any point of origin

of signals In the wire,
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11111
- - 11111f { = - - -

Part of the Inside to Inside Curve
The enclosed part of this curve can be rotated ninety degrees
about the dashed line,

These elements are sufficlent for universality, The wire and
crossover allow moving of signals from point to point. The losic
function with the NOT function added to Its "B" input gives the
universal MAND function, (See Minsky (3) for a discussion of the
universality of this logic function.) Thus we can "wire up" anvy
function, {(Delays, which might be reqguired, can ke accomplished
with a few extra curves,) Specifically, the twenty=nine state
Yon MNeumann cells or the eirsht state Codd cells ecould he
simulated achleving hath computation and construction
universality except for the fact that an infinite number of
simulated cells must exist,

As an alternate approach to achieving computation
universality, the Turing Machine can be simulated., We wire up an
infinlite Turing Machine tape with the finite state machine part
bui 1t Into each tape cell, An activation signal causes only one
of these simulated tape cells to be operative at once, with both

state and activation signal passed to the Teft or right., (This
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approach will ke used later in showing the universallty of a one

dimensional cellular automaton,)
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DETAILSE OF THE CELLULAR AUTOMATA
I, The Three State Universal Finite Cellular 5Space

The undesirable requirenent of an initial configuration
invelving an infinite number of cells in the above two state
cellular space exists. This requirement can be elivinated by
adding another state. (vodd (2) conjectures that an unbounded
but boundable propagation is a necessary condition for
computation universality and uses this conjecture in a proof that
there does not exist a two state five neighbor universal cellular
space with finite initial configuration. )

Since a computation may require an arbitrary amount of space
some  method must exist for increasing the information storage by
arbitrarily large amounts. The method is to use an arbitrarily
extensible special wvire with the property that a signal sent ocut
this wire will lenzgthen the wire by a constant amount with a
reflection or echo signal returned back down the wire. Four of
these special wires will allow simulation of Hinsky's universal
twoe register machine (3). A brief description of the operation
of this machine is necessary.

The two register machine operates on two infinite capacity
registers. This is a program machine with the operations a)
subbbract 1 frowa a register and if the result is zerw, branch to a

specified operation, and b) add 1 to a register. Since addition
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and subtraction are uperations that require only a finite state
machine (as opposed to multiplication), only the ability to add
and subtract 1 from the registers and tu test for zere in  the
registers s needed. Two of the special extensiole wires are
used for each register., The difference in length represents the
number contained In the register. To add 1, a signal is sent
down one of these wires extending 1t. The echo Is lgnored or
destroyed by meeting another signal sent down the wire before the
echo returns., (Two meeting signals will be anihilated.) The
ZErG test is  achieved by comparing two eche signals for
ginultanecsus return and subtraction is done by lengthening the
shorter wire. To prevent "almost simultanecus" returns, the
extending of wires can be done several times so that the length
changes only by increments of sufficient amount,

Let's luok at the needed components. appendix 111 eocntains
the computer simulations of these elements and a listing of the
transition rules, The states are "2", "1, and the guiescent
state "0" (also represented by blank space).

The wire is conposed of 2's with the signal represented by a

one=Zero train. 5

222272202 2222222222222221212
L2ATITATXT 122222 XT22LLLLL
ERIIFVIIFIIRIIFRPIPITIENELLL

Wire {Propagation to the Right)
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The following Junction construetion

221

221

221
2222222132
222222222
22222212122

222

221

221

The Junction

has the properties 1) a single signal entering an arm exits From
the other three arms, £) two signals entering simultanecusly at
right angles w111 exit the other two arms, and 3) three signals
entering simultanecusly are anihilated, In each case the
junction 1is restored to its previous condition before arrival of
a signal or signals.,

The dead end is simply a chopped off wire, However, if an
extra "2" is placed at the end of the dead end wire as shown

22222222222
2222222222212
22222222222

apecial Wire

then the signal will reflect with the special wire being
lengthened by two cell edge lengths.

We now illustrate that the above components fori a uniwversal



18

set of elements. The curve is obtained from a junction with two
dead ends. Another elengnt needed is the diocde (one=way gatel,.
Representing wires by lines, dead=ends by small circles and

curves as right angles we have

(=]

i

D

Et;|m En:r‘l

The Diode (The Signal will FPass only from Left to Right)

The clock is simply a signal circling in a8 loop with an exit,

The Clock
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The diode and eloek are used to nake a WOT funetion

WA
N —
A
0
— —
|

The HOT Function
The OR function is just a junction with diodes.
tia
E#I AvB
o
%#
T B

The 0OR Function

The HOR function is obtained from the NOT and the OR. The HNOR
can be used as in the twoe state case to form a crossover.

The reception of echo signals, the program logic, and
comparison of return times are now achieved by straight forward

constructions. Thus the finitely initial configured universal
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three state cellular automaton can he bBullt.
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DETAITLS OF THE CELLULAR AUTOMATA
111, The Four State Universal Computer Constructor

The four state universal computer, universal constructor 1s
considerably more complex thanm the previocus two autemata, Mot
anly must this automaton be capable of computing any (computahle)
computation, but it must be capable of constructing Into
quiescent, empty space an automaton also capable of computing any
computable function. In particular, it should he capahle of
reproducing itself., (For a discussion of bhow such offspring can
evolve and Improve, see wvon Neumann(1l), )

This automaton will have the same type loric elements as the
previous machines, but in addition, it must have an arm that can
reach out into the construction space to build the new machine,
The growth and operation of this arm s qulte complicated, After
the new machine is constructed, it must be activated, {The
approach of constructing amn active machine directly would be
tremendously more complicated, ) The explanation of how an
unbending arm can construct a new machine of larrer size than the
constructing machine Is then explalined,

Simulations of the components and a listing of the transition
rules is given in Appendix 1V, The states are represented by "0V
(and blank), "™1", "2", and "x",

The place to begin is with the wire and sirnal, and the
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dead=-end.
-
30300 30300 3 00 30 30 30300 0 00000 30 3000 M0 MK
® 12

KA N NN N

The Wire and Signal and the Dead=FEnd

The wire and all other components are constructed from state
""", In fact, any conflpuration constructed entirely from this
state will be passive. The juncticn

XX

X x
KEX XEX
X
LEX EKEX
X X
E X

The Junctlion

has the same properties as did the three state automaton, [.e., a)
a single entering signal fans out, b} two inputs at a right angle

give two outputs on the other two wires, and c) three irput

signals are anihilated. In each case the junction Is restored to
its ariginal position, In the case of the fanout, the useful
phenomenon of an extra delay of one time unit occurs.

The curve is obtained from the junction with dead-ends, The
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diode iz obtained as previously,

1

oy Bl

The Diode

Similarly the clock, NOT Ffunction and MOR functior can he
constructed. However the previcus crossover |s unacceptahle
because it invelved the use of the NOR function which is bullt
with a clock. The reason for this unacceptability is that we
enly want te construct a passive conflrpuration and to use a
single activation signal to introduce a sipnal inte all wires and
clocks to "start" the machine, With a passive crossover, there
is no problem. It seems likely, however, that only the active
crossover clocks assoclated with the distribution of the
activation signal could be initfalized during eonstruction.

Hevertheless the following passive crossover eliminates the



2k

prohlem, DPH B'
. ,
A A
— b —
I"'Tt i
Me
The Passive Crossover
The lorpic operations of this automaton are completed,. The
aperation of the arm s now illustrated.
1 _ . - _ . L
Farent E“{".[.H
Machine ./ dnder
Comstructing Constraction
oL e ———
] \h-l'..'nﬂni,;.',,j;.rue,"'q.éu‘.

r65ian

Construction
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The horizontal arm can move vertically within a fixed range,

but can extend an arbitrary distance Into a prelininary
construction region. The constructlion of autemata which do not
fit within this space (e.pg. self-reproducing) is achieved by
constructing a preliminary automaton of arbkitrary length which
grows a vertical arm Into the surrounding space to construct the

desTred automaton.

The arm consists of a row of cells in state "x"

EEEE PR E RS R

The Arm

The arm Is attached to a row of cells In state "x",

X

®
body x ~—arm
®
AXEXKEXKAXXAX NN XK AN KA KR LK

Attachment of Arm to Body

The operation of construction proceeds as follows, 1)Two speclal
signals (called single wings) sent from each end of the hody
collide at a leocation determined hy the timing of signal
origination, 2) The collision produces an arm hud, 3 Further

pairs of single wings colliding at this location cause the arm
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bud to grow longer. &) Once the arm has reached a 1length of
three x's further growth is accompanied by an echo siegnal from
the end of the arm. When the echo returns to the body, it is
harmlessly anihilated wunless, 5) If the echo siegnal is properly
timed with another pair of colliding single wings, a new signal
fcalled the erasing double wing) propagates out the wire,
destroving the wire as it goes, 1i.e. leaving quiescent cells
behind Tt. &) When the erasing wing reaches the end of the arm,
a single "x" is deposited into the cell just heyond the end of
where the arm was, This depositing succeeds even 1f there are
other x's surrounding the new "x" on one or two sides, 7) A new
arm Is grown to deposit other x's and the process is [terated
until the construction is completed. Then an activation process
takes place.

The above operation description requires some new components.
First the single wing is illustrated.

1

HEXMMENE N KM LN N

Single Wing Sirnal

Two meeting single wings leave the following arm hud,
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X
S

AEXE AL LA AL KR K

Arm RBurd

Another collision fills in the gap in the arm bud forming an  arm
of length three, Another collislion gives the following
configuration,

x

X

X

AN AN NN LK

Arm with Gap

Again the gap 15 filled by another collision, Subspquent
collisions give the following double wing signal propagating out
the arm

x

X
1
1x1

X
EXNNAEEE KKK LK K

Double Wing STenal

This double wing adds an "x" te the end of the wire and sends the

following echo signal back down the wire,
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-‘—
HKEmMuHuxK]l xuxxxx

Echo Signal

This echo leaves a gap between the arm and the body which is
filled in as before, However if the echo colncides with another

collision of single wings, the erasing wing is produced,

3
"
1 ?
11
LESE RSP T FERE TS

The Erasing Wing Signal

The different cases of the erasing wing reaching the end of
the wire are illustrated in the simulations, By constructing the
new automaten column by column and top to bottom Iin a kind of

"raster scan" the arm will need to consider only local

conflgurations In which there are no x's already there or one "x"

on the previous column or beside it in the current column ar

's already there In these two poslitions. In

there may be two x
particular, the arm will not have to fill an "x" between two
existing x's.

The generation of the single wing from the original logic

signal s achleved by the follewing element.
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x
KHXEKEAXX 1
21 KExE ] aa ey
REEKEKEXR N —_—
—= x

Single Wings Being Generated

Activation 1s achieved by the capture mechanism,
XX
HHX
HEAREAEKA N AL LA MAAN

KEKEEN KL EE KA NN
MK
A

Capture Mechanism

An erasing wing entering the above mechanism will generate a 12V
siegnal and seal the end forming a dead-end. This activation
cignal travels by fan-outs and crossovers to every place where it
is desired to have a wire or clock Initialized with a signal.
The follawing simple conflipguration allows the introduction of

initial signals, Hate that the wire maintalns a two=way
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propagation capability,

JﬁctTvatTﬂn siegnal

* ¥

Introduction of Right Moving Signal

If some initial signals are desired to he within junetions aor
elements, they could have heen introduced earlier Inte the input
wires.

By suitable delay lines built Inte the activation wires, any
finite amount of information can he communicated te the new
machine at the expense of building a more complex machine, Other
methods of communication Jinvolve simultanesus counters, one in

each machine, being interrupted hy a second activation-type

signal (requiring a second capture mechanism) with the current

count representing the information, |f two=way communication s
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desired, the following technique may he used.

cans beackian
Fﬂﬁ]nm

—_— = Er o e e o o e

I-__ ?raamnst.‘f-.j wire segment

starting Configuration

The constructed automaton, Instead of being activated through
a capture nmechanism, Is simply linked to the pre-existing wire

segment.

]

— TO [cnlfvun+=4
Eﬂtféﬂ

F‘-ﬂ"ﬂiﬂﬂeﬂf
L.l.-'.;rﬂ.

Final Configuration
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To  function as a universal computer, the machine needs an
Iinfinitely extensible memory, or information storage capacity.
This memory is achieved by having a separate construction arm
that constructs a new memory hox with I[ts own loric, (finite)
memory, and construction arm to extend itself when its memory
capaclty has been exceeded. The memory hox 15 connected hy a
two=way arm (as illustrated above) to the parent automaton and to
the next memory box in the series. The series of memory boxes

can be thought of as a memory tape,
e 1

“ —

Memory Boxes

Consideration of self-reproducing automata yvields the
following new praoblem, When constructing offspring, there are
two configurations In which this offspring could he desired. Ther
first Is that the offspring should be constructed In some

original configuration of the parent. This is achieved easily

and straight-forwardly, The second, however, would have the
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memory reached zero, a third activation type signal sent to the
offspring would stop Its counting and cause both offspring and
parent to start moving the reserve memory (now fdentieal) back
into the main memory. Of course, suitable delays would be neaded
to assure proper synchronization hetween the final

conflgurations,
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offspring in some eonfiguration after the parent has done some
computation. In this case, the parent will have grown an
arbitrary number of menory boxes,

To have the offspring have the same number of mencry boxes as
its parent, it should be constructed in such a manner that when
activated, it immediately would begin to grow its own memory
boxes or tape. This process would continue wuntil 1t reached the
same length as the parent's tape. It would Know when to stop by
a second activation type signal from the parent. {Hote that
permanent connection by a wire between parent and offspring has
not been allowed, )

It must be noted that the memory boxes cannot be a unary
storage as were the extensible tapes of the three state machine,
Such a tape can store no more information than its own  length,
but here the parent's tape must contain information about Tts own
length in order to know when to send the second activation signal

te stop the of fspring's tape's growth at the same length.

If information is desired to be in the offspring's tape, this

can e achieved by having all memnory boxes built with a duplicate
reserve capacity. The offspring, after having stopped growing
its memory, could begin counting in itls FEsarve EHIOEY .

Simul taneously, the parent would begln counting 1n TEs reserve

menory and counting down in 1ts main memory. When the main



DETAILS OF THE CELLULAR AUTOMATA
I¥. Universal One Dimensional Cellular Spaces

The two state wuniversal cellular autonaton previously
discussed can be constructed ina finlte widths. By considering
an infinite one dimensional tape made up of slices of the two
state machine configured in two dimensions, it is at once a
universal computer with two states and five neighbors if two of
the neighbors of a cell are its nearest neighbors and two others
are some distance away, namely the width of the slices. The
fifth neighbor 1s the cell itself,

an  attempt was made to find a wniversal one dimensicnal
cellular space with just the two nearest neighbors forming a
three nelghbor space. A seventeen state cell was found. This
space achieves universality by simulating the above five neizhbor
one dimensional cell. If the simulated cells of each of the
sllces are Jdistributed In a large region of the tape Iin a way to

e discussed with

i | 13
t ! !

Location of Sshulated Cells
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gquiescent space Dbetween them, then each cell could begin
simultanecusly to send out signals in beth directions. There
would be bwo types of signals depending on the initial state of a
cell. The first two signals to pass over a cell would perfurm a
partial computation of the resulting state, leaving it in one of
five states. A1l subsequent signals passing over it would leave
it unchanged unless the two signals arrived simultaneously. The
only case in which two signals can meet simultanecusly over a
simulated cell is when the signals originated from the cell's two
distant simulated neighbors, (Ho rigid proof has been found, or
even intensively sought, that a distribution that meets this
requirement exists, but It appears ohvious that with a small
encugh density of simulated eells, some such distribution would
likely exist.) This collision over the simulated cell would
comnplete the conputation of its transition and the process would
start over. It should be mentioned that all other collisions

have no effect=-=signals pass through each octher unaffected, etc.

Complete details will appear in a forthcoming thesis.
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LISCUSS |0
l. Starting and Halting of Cellular Automaton Computations

The starting and halting of Turing machine computations are
well defined operations. Similar operations must be described
for the wuniversal cellular automata described.

In the same sense that the input to a universal Turing machine
is initially configured on the tape, representing the computation
to be executed, the initial configuration of a cellular autonaton
contains the description of the computation.

Halting of a cellular automaton can be defined In several
Ways. Probably the simplest is to define a computation as having

ended when a specified cell first changes state.
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DISCUSSION
Il. The Equivalent Continucus Cellular Space
I f we consider what happens to the twe state cellular space as
the size of the cells and the cyecle time approcach zeruo, we abtain
a continuous "cellular" space. If the cycle time and size
approach zero in such a way that the guotient of size divided by
evcle time remains constant, a characteristic velnclty is defiped
as this econstant far the contlnuous space. Iet the state (0 or 1
for our two state autematon) eof the discrete cells earrespond to
the value of a function In the continueus space, Sratfal deriva-
tives can be defined., A particular set nof transition rules ran
now he written in d'fferential enuation form usine the derivatives,
The transition rule set for the universal two state cellular
automaton has the Interesting property that the corresponding
differential egquation can be written with the time derivative of
the  space function (state), Etx,y,tj, in terms nf S(x,v, t) and Anlvy
the two second derivatives nf six,v,t) with resnect to the x and v

directions,

Hnﬁradlzuse (4) has presented an argument for a diserete model
of physies. Paul Klein of Projeet MAC has also interested
himself in a cellular medel of the universe. HNot limiting
himself to two or three states, he has found conflgurations which

can propagate through a space in an arbltrary direction and at an



arbltrary specd.

24
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DISCUSSION
III. Practical Application
Perhaps the predominant application of cellular automata theory

will be in circuits with a self wiring capability. A large scale
integrated circuit forming a large array of cells could contain an
initial configuration with construction power. When activated, it
would proceed to wire up any desired circuit, (as indicated by
information built into the configurstion or sent into it after
activation) detecting and ignorimg bad cells. BSuch a circuit could
actually be a complete parallel or serial digital computer on one
slice. Various regions of the slice could have different transition
rules if, for example, one type cell proved more efficient for mEmo Ty
and another for logic functions. WVariations include having no
initial configuration wired in, but sending inputs in to build a constructing
méchani sm,

The main point is that by allowing bad areas to appear on the slice
without destroying the total slice, much cheaper and more complex cir-
cultry could be used. BShoup (4) has considered the design of integrated
circuits used as cellular arrays. HNot .opeerning himself with
universality in particular, he was more interested in efficient implementa-

tions of practical operations.
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Gimulation of the Componénts:

The Wire and Dead End

cycle U

1 1
1111311 1111111111
11111 11111111111

J1111111111111111
1 1
cycle 1

1 1

1111111 111111111
111111 1111111111

111111111311111111
1 1
cycle £

1 1

11111111 11111111
1111111 111111111

11111111111111111
1 1
eycle 3

1 1

111111111 1111111
11111111 11111111

111111111131111111
1 1
cycle I

1 1

1111111111 111111
111111111 1111111
11111111111111111
1 1

AFPERDLX I

cycle ]

1 1
11111111111 11111
1111111111 111111
11111111111111111
1 1

cycle i

1 1
111111111111 1111
11111111111 11111

11111111111111111
1 1
cycle 7

1 1

1111111111111 111
111111111111 1111

11111111111111111
1 i
cycle o

1 1
110i11111111111 11
1111111111111 111
11111111111111111
1 1
cycle 4

1 1

111111111111111 1
11111111111111 11
11111111111111111
1 1

The Twe State Machine

cycle 1u

L 1
11111111111111111
111111111111111 1
11111111111111111
1 1

cycle 11

1 1

11111111111111111

11111111111111111

i1111111111111111
i

Note particularly the disappearance of the signal in cycles 10 and 1l.



The Fanout Eleément

cyele 0
11111
111
111
¢ 111
111
111111 111111 1

11111 1111111111111111
1111111111 111111111
11 111111111
11 111 1

1111 111
111

11111

cycle 1
11111
111
111
i 111
111
1111111 11111 1
111111 111111111111111
1111111111 111111111
11 111111111
11 111 1
1111 111
111
11111

cycle 2
11111
111
111
% 111
111
11111111 1111 1
1111111 11111111111111
1111111111 111111111
11 111111111

11 111 1
1111 111
111
11111

cycle 3
11111
111
111
111
111
111111111 111 1
11111111 1111111111111
1111111111 111111111
11 111111111

11 111 1
1111 111
111
11111

cycle L
11111
111
111
111
111
1111111111111 1
111111111 111111111111
1111111111 111111111
11 111111111
11 111 1
1111 111
111
11111

cycle 5
11111
111
111
111
111
1111111111111 1
1111111111 11111111111
111111111 111111111
11 111111111

11 111 1
1111 111

111

11111

{Continuead)



cycle b
11111
111
111
111
111
1111111111111 1
111111111 1 1111111111

1111111111 f 111111111
1 111111111
11 111 1
1111 111
111
11111
cycle F)
11111
111
111
111
111
1111111111111 1

111111111111 111111111
1111111111 a111111111
11 111111111
1 111 1
1111 111
111
11111

cycle 8

11111

111

111

it
111111111111 “ 1
11111111111 1 11111111

1111111111 111111111
1 111111111
1l 111 1
1111 111
111
11111

cycle 9

11111

111

111

111

11 ¢
11111111111 1 ¥ 1

1111111111 111 1111111
111111111 _» 11111111
11 111111111

1 111 1
1111 111
111
11111
cycle 10
11111

111

111

11 <«

11
1111111111 11 * 1
111111111 11111 111111
1111111111 1 1111111

11 =+ 11111111
11 111 1
1111 111
111
11111
cycle 11
11111

111

11 <

11

111

11111111111 1 4 1
1111111111111111 11111

111111111 11 111111
11 1 1111111
11 - 11 1

1111 111

111

11111

cycle 12

11111

11 «-

11

111

111
1111111111111 LA |
11111111111111111 1111

1111111111 1111111
1 11 111111
11 11 1
1111 - 11
111
11111
cycle 13
11111
11
111
111
111
1111111111111 ¥ 1
1111111111111231111 111
111111111 1111 1111
11 111111111
1 111 1
1111 11
- 11
11111
cyele 14
11111
111
111
111
111
1111111111111 ¥ 1

1111111111111111111 11

1111111111 11111 111
11 111111111
11 111 1

1111 111

11

11111



The Ineside to Ineide Curve

cycle 0
11111
111
11
11 &
1111
111
111
1111 1
1111111 1
11111111111111111
1 1111111111
1111111111
1 1

cyclo 1

11111
111
111
11
111 <—
111
111
1111 1
1111111 1
11111111111111111
1 1111111111
1111111111
1 1
cycle 2
11111
111
111
111
11 1
11
111
1111 1
1111111 1
11111111111111111
1111111111
1111111111
1 1

eycle 3
11111
111
111
111
llli
1
11 ﬁif
1111 1
1111111 1
11111111111111111
1 1111111111
1111111111
1 1
cycle i
11111
111
111
111
1111
i1
111 ¥ 1
1111111 1
11111111111111111
1 1111111111
1111111111
1 1
cycle 5
11111
111
111
111
1111
111
111
11 1 1
1111111 1
A 11111111111111111
1 1111111111
1111111111
1 1

{Continued)



cycle b
11111
111
111
111
1111
111
111
111 1 .
111111
-~ 11111111111111111
1 1111111111
1111111111
1 1

cycle 7
11111
111
111
111
1111
111
11
11 1 1
1111111 1

—» 1111111111111111

1 1111111111
1111111111

1 1

cycle g
11111
111
111
111
1111
11
11
1111 1

1111111 1

1 111111111111111

1 1111111111

Y 1111111111

1 1

cycle g9
11111
111
111
111
1111
11
111
1111 1
1111111 1
I1 11111111111111
1 + 1111111111
1111111111
1 1

cycle 10
11111
111
111
111
1111
111
111
1111 1
1111111 1
11 1111111111111
1 A 1111111111

1111111111
1 1
cycle 11
11111
111
111
111
1111
111
111
1111 1
1111111 1
1111 111111111111
A 1111111111
1111111111
1 1

{Continued)



cyele 12
11111
111
111

111
1111
111
111

1111 1
1111111 1

111 1 11111111111
1 A 1111111111
1111111111
] 1

cycle 13
11111
111
111
111
1111
111
111
1111 1
1111111 1
11 111 1111111111
1 A 1111111111

1111111111
1 1
cycle 14
11111
111
111
111
1111
111
111
1111 1
111111 1
1111 111111111
1 1111111111
1111111111

1 1

cycle 15
11111
111
111
111

111
11

111

1111 1
1111111 ¥ 1

11111111 11111111
1 111111111
1111111111
1 1

cycle 1b
11111
111
111
111
1111
111
111
1111 1

1111111 ¥ 1

111111111 1111111

1 1 11111111

111111111

1 1

cycle 17
11111

111

111

111

1111

111

111
1111 1

i b g
1111111111 111111
1 11 1111111

1111111111
1 1

cycle 18
11111

111
111
111
1111
111
111
1111 1
1111111 & 1

L

1111111111
1 1



L=-7

The Logic Function { B and NHOT A)
Case I, A input only

rygle N

111112 eyeln =
11 11111
A == 11 111
1111 111
111 1111
1 111 11
1111110111111 1 1 = 11
1111111111111 1

17111111111111112111
1111111111 111111

111111111171171111111
1111111111 111111

1 11 111111
11 1 1 1 11 111111
1111 11 1 1
1111
cycleo 1
11111 cyele b
111 171111
11 111
—* 111 111
171 1111
1 111 111
1111111111111 1 1 11
ITI1111131110111111 111311711111111 1

1111111111 111111

1111111111111111111

1 11 111111 1111111111 111111
11 1 1 1 11 1117111
1111 11 1 1
1111
cyole 2
11111 cyole 5
111 11111
111 111
111 117
- 11 1111
1 111 111
1111111111111 1 1 111
11¥31111101118111111] 1111111111111 1
1111111111 111111 I111111111111111111
1 11 111111 1111111111 111111
11 1 1 1 11 111111
1111 11 1 1
1111

Hote that the signal did not get through,



The Logic Function
cage 11, A and B both input

cycle I . .

11111 e¥ele 21

11 111

A—r 11 111
1111 1111

B 111 11

1 y 111 ] W
111111 111111 1 117111111 1711

11111 1111111111111
1111111111 111111

11111111 1111111]11
1111111111 111111

1 11 111111 1 11 111111
11 1 1 11 1 1
1111 1111
cvele 1 cyvele L
11111 11111
111 111
11 1
=2 111 Hil
111 111
1 ¥ 111 1 11
1111111 11111 1 1111111111 110 1

111111 111111111111
1111111111 111111

111111117 111111111
1111111111 111111

1 11 111111 1 11 111111
11 1 1 11 1 1
1111 1111
cvele Z rvele 5
111l 11111
111 111
111 111
111 1111
> 11 111
1 ¥ 111 1 111
11111111 1111 ! 11111111111 1 1

1111111 11111111111
1111111111 111111

1 11 111111

11171111111131111121111
111111111 w 111111

1 11 111111
11 1 1 11 1 1
1111 1111

(Continued)



cyvale F

11111

111

111

1117

111
1 111
1111111111111 1
111112113113 2111111111
1111211111 111111

1 1 & 111111
11 1 1
1111
cyeln T
11111
111
111
1111
111
1 111
1117111111111 1
1111111111112 111111
111111111 111111
1 11 111111
1 1 1

1111

cvele X

11111

111

111

1111

111
1 111
1111111111111 1
1111111111111111111
1111111111 111111

1 11 111111
11 1 1
1111
cve ] e i
11111
111
111
1111
111
1 111
1111111121111 1
111111111111 71111111
1111111111 111111
1 11 111111
11 1 1
1111

Hote again that the signal did not reach the gsutput, although a

spuricus signal did enter the short leg, but was eventually

anihilated,
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The Loglc Function { B and NHOT A)
Case III, B input only

ele f 11111 crele 3
111 111
1111 111
111 1111
1 Voo 111
111111 111111 1 1 111
11111 1111111111111 111111111 111 1

1111111111 111111

11111111 1111111111

1 11 111111 1111111111 111111
11 1 1 1 11 111111
1111 11 1 1
1111
eyele 1
11111 cycle 4
111 11111
111 111
1111 111
111 1111
1 111 111
1111111 11111 1 1 111
111111 111111111111 1111111111117 1
1111111111 111111 111111111 111111111
1 11 111111 1111111111 111111
11 1 1 1 11 111111
1111 11 1 1
1111
cyelo 2
11111 cveln 5
111 11111
111 111
1111 111
111 1111
1 § 111 111
11111111 1111 1 1 111
1111111111111 1

1111111 11111111111
1111111111 111111

I1T11111111 11111111

1 11 111111 111111111 t 111111
11 1 1 1 11 111111
1111 11 1 1

1111

{(Continued)



I~-11

cyele f
11117
111
111
1111
111
1 111
1111111111111 1
111111111 1 11%%%1%
1 .
1]]1]111%' f 111111
11 1 1
1111

cyvele 7
11111
111
111
1111
111
1 111
1111111111111 1
1111111171111 111111
1111111111 111111
1 11 111111
1 1 1
1111

L4

11111

111

111

1111

111
1 11
11111111111 1 1
1111111111 111 1111

cvele

111111111 11111

1 11 111111
1 1 1
1111

cycle 17
11111
111
111
1111
11
11
1111111 11 o 1
111111 11111 111
1111111 1 1111
1 11 11111
11 1 1
1111

el pead el
e e el

cyrle 11
11111
111
111
1111
11
111

(Continued)



I-12

S 17
11111
111
111
1111
111
1 111
1111111111111 Y1
11111111111121111 1
1111111111 111 11

1 1 111111
11 1 1
1111

cvole 13

11111

111

111

1111

111
1 111
1111111111111 * 1
1111111111111111111
111111111 1111 1

1 11 111111
1 1 1
1111

ryele 14
11111
111
111
1111
111 4
1 111

1111111121117 1

1111111111111111111

1111111111 111111

1 11 111111
11 1 1
1111

This time a signal gets through to the output.



I-13

The Clock (Simulated Ome Clock Period)

cvcle 0
1 1
11111111
1 1111111
111111111 111111

1111111 1 1
A1

cycle I
1 1
1111111
1 1 111111
11711111111 11111
11111 11 R 1

11

1

La]

ryele 2
1 1

11111111
1 11 11111
11111111111 1111
11111 1 1 f 1

11111111
1 1111 111
1111111111111 11
111 1 111 1

L1

cvele g
1

11111
1 11111
111111111111311
11 111 11

$ 1

1
111
11
1
1

ryole fi
1 1
11111111
1 111111 1
11111711111%11111
11111 1
+ 1
ovele 7
1 1
11111111
1 11111111
= J11111111r117111
111111111 1
1
cyole i)
1 1
11111111
1 ¥ 11111111
I 111131111211111
111111111 1
1
cvele n
1 1
117111111
1 ¥ 11111111
11 1111111111111
111111111 1
1
cyele 10
1 1
11111111

1 ¥ 11111111
11 111111171111

111111111 1
1
cycle 11
1 1
11111111
1 W 11111111
1111 111111171117
111111111 1

cvcle 12
1 1
11111111
1 ¥ 11111111
111 1 11111117111
1111711111 1
1

cyele 17

1 1
11111111
1 d 11111111
11 111 111111111
111111111 1
1
cyele  1h
1 1
11111111
1 AEEEREERE
1 111111111112
111111111 1
7
cyele 10
1 1
11111111
] 11111111
11111111 1111111
11117111 M I
1
eyvelr ir
1 1
11111111
] 1111111
111111111 111111
1111111 1 4 1
Al
cvele 17
1 1
1111111
1 1 1171111

1111111111 11111
111111 11 A g

;.-!I



APPENDIX IT

Another Crossover for the Two State Cellular Awtomaton

The logic function B and WOT A is represented by the following

symbal,
A_d ) BeA
B__

The clocks are represented by boxes. The crossover is constructed
from these elements.

B I§¢++
A O
B . AeB
—C A cut
A
—

MaT

The clecks labeled A and B are out of phase with each other and have
twine the period of the other clock. This entire configuration has
been simulated for the cases A input, B input and neither imput.
This component is active even when there are no inputs. The clocks
are¢ running and there ls usually a signal in the internal wire.
This signal is destroyed by an input allowing one of the clocks
labeled A and B to get through to the sutput.



AFPENDIX III

SEimulaticn of the Components: The Three State Cellular Automa ton

The Wire and Dead-End

ryole 0

22232220%2222270
Fanyoqn 1022227
2A2222222722227
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cvele 1
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2223nRa220n00008n
2202032222200 0999
22222722222222202



Tha Pamout
cyvzle I
23n
222
227
~—3 727

22222222222
2 122222227
20222222222

222

222

222

222

cycle 1

22

)

)

a2n
22223222227
23 12222322
R R R R R

a0

222
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cveln
e
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[
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i
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e
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39099020920
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e
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2222 122222
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222
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e e e e e
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[ S
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222



Two Inputs Give Two Qutputs.

cycle 0
237
K

'T"l_'.'.‘

299
E?EEEEEE?EE
2 12302200272
aa2pA22027

227

2an
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cyele
z22
222
200
r 2
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Three Inputs Are Mutually Anihilated.

ryele 0
22 cvole k]
22 222
*?1? 202
il a0
29FRNANRBRD s
2 172290029 227721 17777
2272723272727 2222 anane
— EEET 22271 17722
b nan
1 a9
é?g ggg
cycle 1
a9 cvele I;
227 g;;
73 2
12 naz
Ra2np2002R9 zzzzﬁgﬂz*a?
27 12pa72720 Boane
2292225027 pooan anane
210 Ef?qﬁ?z??z
a9 227
209 299
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10
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737 :
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§§E?EQE§ES§ 22220022297
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The Special Wire or Tape

e e 0
222223022
pa22r 1200

222222222

cvele 1

222222222
2222722 127
22222222

cynle 2

22F272222
2222222 172
222222222

ovele 3

222272722
22222222 2
2220222

cyele [x

222222222
2xr2227271
AR2A22222

oyrle L

22222222212
22222222112
xa22222212

III - 5

cyole G

2222222222
22222221 2
2222222222

rwe e T

ARAXI22222
QxEnAL 217
2RIA22T222

avele F

22222222222

222221 22 72
2RAA222222

cyele 0

222222222272
22221 222221
22r22722222%

‘-_'E-';hﬂ‘

e el s 10

22232222222
F2XY 2222227
22222322222

Hote that the wire gets longer and
that an echo aignal is generated.



Meeting Bignals Cancel.

III - 6

cvele N
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IIT = 7

The Transition RBules For the Three State Cellular Auvtomaton

These Fules are Listed in the form " (CHESWR)" where C represents
the current state; N the state of the Horth neighbor, E the East
neighbor, 5 the South and W the West neighbor. The result state is
represented by K. Omly transition rules are listed, i.e., C is
different from K. Also the North, East,; South, and West neighbors
can be rotated or flipped, E.j-., K can be swapped with 5.

( 12222)
{ 22222)
(1 2)
{12 2)
(21 2)
( 12 22)
{ 222 1)
( 11122)
(21 12)
( 112 2)
{ 211 2)
(1 222 )
(11222 )
(11 2)
(11 2)
(122 )
(212221)
(2 1)
(211221)
(21112 )



AFPPENDIX IV

Slmulation of the Components: The Four State Cellular Automaton

The Wire and Dead-End
cuvele M

HENKEAXE Y
M 12

EAEAEXEREX

cyele 1
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The Fanout Junction
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Twe Input, Twe Output
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Three Simultaneocus Signals Cancel.
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The Single Wing Signal
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Colliding Single Wings Form an Arm Bud
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Filling the Gap Lengthening the Arm
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Lengthening of the Arm
{Motice the Echo Signal)
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Creation of the Erasing Wing by Coincidence of Single Wings and Echo Signal
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Creation of the Single Wings from the Logic Type Signals
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Three Cases of the Depositing of am "x" State
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The Capture of an Erasing Wing Signal to Form a New Logic Signal
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(Hote that the Capture Mechanism Becomes a Dead End.)
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Iv = 13

The Transition Rules for the Four State Cellular Automaton
These rules are listed in the form " (CHNESWR)". See Appendix III

for further explanation.
The states are represented by the symbols "x", "1, "2", and the

blank space.

E xlx 1) ( 1x1 2)
ludx 2} (2% )
(Zxlx ] { xxxxl)
( Lxxxl) (=x1 1)
(xl 2} (x1x 1)
(12 13 {llx 3
(12 2] (1=l )
(1l2xuuxi) Elilxlx}
(2111 =) {21 %)
(2lxxx ) (xlxlxi)
(2xxx ) (2x x 1)
(x11 1) { Lmasmn)
(122 2) (lx = x)
(211 %) ( 11x 1)
(dmxx ) ( =11 1)
(x1 x 1) (x21x11)
(1 ) { Lux )
(1lx ) { Ixlxx)
( 11 1) ( 111x2)
(x1  2) (x2 1 1)
{ 2 %) (1lluxx )
(2 ) (lxxx x)
( 121x1) (#x1 1 1)
{ 1 = x) (l2x =)
( 111 ) (lx2 =x)
( 121 ) (12 x x)
( xxi x) { 21xx2)
{ 2zx x) ( lZ=xxl)
(2 x =) { 2 2 1)
{ 2x x) (12 2 2}
( x2 ) (211 )



DISCUSSION
111, Practical Application

FPerhaps the predominant application of cellular automata theory
will be in circuits with a self wiring capability. A large scale
integrated circuit forming a large array of cells could contain an
initial configuration with construction power. When activated, it
would proceed to wire up any desired circuit, (as indicated by
information built into the configuration or sent inmte it after
activation) detecting and ignoring bad cells. BSuch a circuit could

actually be a complete parallel or serial digital computer on one
slice. Various regions of the slice could have different transition
rules 1f, for example; one type cell proved more -efficient for memory
and another for logic functions, WVariations inelude having no

initial configuration wired in, but sending inputs in to build & constructing
mechand sm.

The main point is that by allowing bad areas to appear on the slice
without destroying the total &lice, ouch cheaper and more ¢Umplﬁ¥ cir=
cuitty could be used, Shoup (4) has considered the design of inteprated
¢ircuits used as cellular arrays. Not | .gpncerning himself with

universality in particular, he was more interested in efficient impleémenta-
ticns of practical operations.



