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daz=In ths Bopes Tha Shaga of Subfective Contoire ond & Moda! for Vhuoir

Goeneration,

Alstrack The propertiss of lsotrany, sineathazes, minimom cirvatere wod Iecality sugaest
tive shispe of filled-ln contowss beewesn two Loundary edees. The contours are composed of
the =res of two clreles Banigeat o the glven edpag, maiting sansthly, and ininimizing the
total curvature, It it shown that shapes mesting ol the above Pequirensent ean be penerated

by o natwork which performs simple, Tecal computations, Tt s sugfresied that the Mlling-in

process plays an impartant ralz iy the exfly procesing of visez) information,

Tids prpur I3 to appear alse in Dialogical Cybernesies.

tntroduction

Sub jective contours are perceived when the visuz| gysican fills in the gap between
distinet edges [Rrigner and Grllaghor 1074, Caven 1992, Coros 2 1 hendor WA, Crogory
199, Grogory and Harvis 1974 Kanizsa 1598, Schumann 1904 Giler exdmiples of filling-in

procestes are the percelved tes jectory in cptimal Bet2 motion and tha coatinuztion of the

visiis] field aorors retinal seocomatzg, The stwdy of these fillfng-in processss has

-

rancentratal to date on the fispoiny condiinnr. Fop Inezmnge, tader what onditions will a
cemplels tra jeciory ba parceived harwaer ueserslvely prescomad stimuli, or what conditions

with enhance the weneration of sub jective contonrs hetvsan distipe: st Another



fnporiant but hitherto neglected prolem possd by the filling-in phesomena cancerns the
shgiez of the Fillad-in contewrs sl drajectorios. Sines Sl jeetive cosluurs are synthesized by
Pre vizsual syszem the examination of shelr shape Rilght pr-vide dues about the nature of
the mechanism that generzies them, Ia this peper Ishall Tizst examine the shape of
il ective contours and then sugeer o netwer: capabile of genarating these shajws, Howidl
B shown that a natwork with the focal progersy of twying to keep the contours "eg stizizht
at posslile” ennt producs curves pos a., the global property of minimiting tota] curvatmre.
Srction L: The shape of subjactive contours,

CF the infimitzly many loc prasing fareugh twa givea edges, which is the ore chossn
By the visual system? Let me start the quast for an answer by smting thyee ebsarvations and
it hypothizsis which will serva as poidaiines fo; inivoing dewn the range of possible
shiapes o a unlgus one. The resulting curves will then be oo wpired with actually perceived
filladein contours. The four guideling are
1. Isetropy: As far as the filled-in connows are concerned the wistial lield saems
Approrinniely hoemogeneous and fsetropic The fillad-in contbers prociuced by a given
flgure do net changs in shaps when ths Vigure is ranslated of rotated.
T Bmacthness excapt for b e snoeial cases of filisd-in encpers, the gensratad clirves ara

zmooth, that is, differentiabile at least ance.

b Miniumn corvature: This guicdelioe is rspired by the reseaabilance of the Titleg- In
eoalouTs o @ thin doubly cntilevers) boam on, alternztivaly to the copve kniowi in
oy ..|-li-l::.-|.'.-.: [ %R T [ . =

Saptedle et BRory o8 B ocendt sprin s Both oirves ara, in soes e i Toet e mivic aarm



curvature [Ahlberg, MNilson and Walh 1987, Schalnitoff 17051 "Tha shape of a wibjociva
contour passing throtgh two given edges whese oelentation diffcrence s inuch less than nf®
closely vescinivles the cubic spline pasing througii this boundary edges. At this paing ¥ only
wish 1o sfate this ressmbiance nformally the minimum curvature peapenty will recaive &
Forinal treatmmant in tha wequel,
4+ The localicy hyputhesis Thz operdan by which a bovndzaey adee iz extended ro
generate a subsjective contour 13 sstumed fa be focl in meauga, That s, i1 depends enly on
the end part of the givn edge to be extended and noron the shape of the entire zdpa.
This hypathesis is msed in part on expertinenial ebssrvations, snd partly on a theoretical
consideration that is addressed in the concluding discession,
The experimental observation b5 diagrammed in figure L Figure Ja depints a

sub jectiva contour b berwoen twa boundary sdges Aand B, Tn b am edus K is added en b,
and in lca vew edge which we shall call AE cocnpies the entive portion of b from Ao
The shape of the filled-in contours remalng the same inall the thice vaviations., 10 s
assumed nere that 2 contgur between sdges Bl and E2 5 created by ganerating a set of
possible extensions of FL znother set cxtending 22, and then chor thng vne of the reeling
eurves connecting ¥Iand 02 Tha Pact that the sontonss produczd Ly B {Tlgare 1h) pad by

A-E (figure Ic) ave identical is readily axplained if we adept the Ieality assumption, slice
according to this hypeibesis the extension in both cazes r_:-_-L_-.._-n._-'!z cn E alona

The four guldelines ave sodficient o resolve the shapes of the Fiiled-in contuirs,

Lei the set of possible extansions ot A be L L2 Lk One of them, say L

together with o owive coclig from B poodues the eaotour b, I we puw raplace A In figure



Figme 1

LR, Is 2 A - AT T { :
Aceing oo edges Loor A-E doos net cheage the Shape of the filled-in

contour h.



ba by the extended edge A-E (Tigure e} the contour does not change in shape. Since in the
scomicl cese the contote is produced by B {the letality sssempilond we deduce that E-LT, the
positon of L1 From B oomards, b olo one of the " gpertals ol possihie exteasions of F.
Fram the laotr ooy property, -1 i alie congroent to soma L, Isi=h. e set of corves L.
el h Hhins possesses the Following properiy. If you tahe any cupve Li and cut it 8t some
palint I, then the shape of P-Li, the continiation of L from P ooawands, 5 congrent to one
of the curves L. L Lk Gne canoeet U0 respmirenient by teking 2l the Li'%s to be gies of
soine cireles, Gincieding the lrit caze of a straishi Becd stnee any part of 2 crcle is
comgoitent e 2ny ather part of equal length, Uieder cerinin conditions, the circles soletion is
thaw el sei of enrves obeying the abuova requitement, however 1 shall not diverge here to
pxamine these conditions,

Since the prodoced curves mast all be fongent to the edge A mect the smoothness
requirement, the prediction 1 that the filied-ln contonr i compesgd of the ares of twao
circles, one tengent o one edge, the other t2ngenl W the gerond edge, An addidonal
restrictlon s lnposad by the sioathness puideline, which requires thet the twa arcs share 4
conimon tngent at thelr meating point. Theie iz s, howzver, en inlinite number of arce
prades satlalyiog #1 the above conditions, Following the minisum cervatere hypoihasls et
us pick, oit of all the adinissiblz pairs, the pais which minimio2s the wtal curvature. The
tetal curvature of a curve ir defined hove as the intopral S afd)® ever the curve, where o
ks the slope of the curve. The valoe of defdl &t a givea peint P is Loown as the lecl
curvaivrs at that point In the seqeel, huwever, the werd "ewrvazure” will refer to total

euewrtire pnless ofierwise sraied,



Since the shape anzlysis is carriod out her whils trying 2150 10 account for its
genaraliey mechanism, an inportant problem that naturatly arises at this point @5 whether a
mezstire of the rotal curvaturs can ge canputad in a loolly connected network, Tho answer,
i !

which is putitlve 2nd sarprisiegly casy is diseuseod in the suhtagquant section whers a

network model is presented. Bafore tirning to the medel let us compare faw axamples of

contois generated by the outlined methed fo thass ge

perated by the visval syaiem.

Figure 2 15 an example of Flgures that genersatz sub jesitve conlonrs, The coniours
are enbanced by suppocting teianzles that bave a fitle alfect on the peresived shape, (OF
the supparting edges are loo fong or teo short the sab joctiva contour does not touclh them,
and it also diminishes i sivength) The shape of the contour can Be tracad by placing »
transpaient paper on the fighre and marking the points the contour seems 1o pass thoosgh,
Figure T compares the resulttng contont For Tigove Ta sveragod over 10 sl jecrs with Che
eurve generated by the above two-ares mcthad from the tra beundary edges (dashed T,
The two-arck carve is depicted in figeve Mo ogner with the two generitling aees are | whooa
ceriter i5 at o and arc 2 whose center 5 20 02,

Figure 5 was copied from the display eait of a U000 damputer system using a

r el

(¥ 9
[
[
.
[
=
B

Tektronix 4550 !1*;1::-:-_'-9]-' unit. 1t had been -;.l*:s:;‘.-l:'.l.rf i the following way: Th
pairs can b desoribod 25 a ona-paiameter family where the parametor is 8, the angle
betweenn one of the edges and the e frem this odge to the mesting point of ihe cicckes,
The miim.n oarvatere s wowas found By cesputiag the corvatere Tor 1 dograe
Increiaei-is of 3.

Figure 4 compires soma oiher actually perclawed sub jective contours with tho ones
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Ficure 8

fof osubjectlve cleels &nd 2 sibjizsciive squate are perosivahle,



gensrated by the muthed under the tne Gronnstants, The rontenr gackad 25 b in Tzuge
4 is producsd by the Tlzore dn 200 Tn Jigers B both s seb jeerive arcle and aosqeare ore
peresivabls, The ciccle s inoacoondande with e inethod, the sguare i adidratsed in (he

subrsequent section.

Section #: A network modsl foe zoasrellig evblective coplours,

T'his section outfines a aetvink model capable of generaling (We-ares, smoth,
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minEnuTeUrvalire contours between Do given boundary sdpes, A w2 anzlysis in

PR

the precading section wes based in past on the lec lity assumption, 2 main goal of the oodyl

is 20 verify that she proposed curves of sinlmum il corveture can be generaied DY a het

p.:r?‘r.r:'r-i:.g cinly laeal eramn peealions, Uhie neb i sonawis

=t serial in natird m Faciliats the
stiudy of fts proportics, Howaver loss secial sovworks pofonning the saime compuiniion ale

piok incoiceivaalo

The metwork is constincted i thres Tayerse The Tirst Be generaie the oirglos angont

po the Doundary adges, and ihe thind picks the inbonim carvaiure cnatour.
The First laper: The buitding -biocks of the ret are erfenforfon slestents, The setis

E;r.‘r] af ROENTs, aeed ot each _:.'l'lil:t B othore 2re 2 poeinher of orientation eloments eoimin [ into
P from nelghboring poliss, and the s seanber of snestation clements leeving
nearby points (The aumber of the elmachts st smeh paint depends on tie decired angitlar

resclution) Each osiput elesint st P b conaccted Lo all the iapat elements within a rangs

of soma r degiees Trom g Lo 2l Lhe donmning skmenis whnme ovtentations are Bretwenny -rf2

saovd P of the puiput OriE At 40 L fiak Uhe bzsic opEr2liog i the nepwnrk s .-iiu':-l;'!__'
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Figuraz & oand 7
Gzs An oubpul slspent 15 conpacted to the Input elemants within an
priantation range of © degrees.
Gir: The ercitetion depends en the angle hetwaon &he inpai &nd the output
elemnonts,
To: Tha input eleseats Tl and 12 canaot bo sotive siaultanacusly.
7o i3 mrd 14 1is oa tho some orlsaistion end cen be sctive sizuliansously,

Tazy conshiiwka 2o srfenialist v,



a local preference for straight lines fach element exeiles maocly fte colifnear nelghbor, 0F §
Is an orieatatlon eloment entering B frean & nearby podnn the exeltztion of the elements
radiating from P will decrease with the angle o between the fnput and the cutput elameits
{figure Bb). The decreasing funciion of @ §s iaken to be (1 - ka®) For some constant &, that
Is, the excitaion E{Qi) is [l - ka®e ). We shail later soo that the exact farm of the functlon
is not crucial st all. Ata glven point P whore many arlentation elemants Fan both noard
put af P, ihe exclirtion of a givea cutpot elemont O s the masimam of all the inpurs
connecting to i namely: ECOf) « Max Bl - kaets ), whors L ranges over all the elemeins
connected o O A boundary edge A serves 73 ar inpat to the network by axchioag Trem
nm--adr e net one of the orienintion eloments la the fleet Byer, The excitation scheime can
then be viewsd a5 a real Tunction E(PQ) which gives the exsitztion at a point ¥ of sowa
atleniaton element O,

The second tayerr At the seeand Bayer eoch podnt P oocepis input From o tigre
orlentatlon by taling the maximim of the oputs to P e the Dot layer, 15 i and 12 (Fig 7a)
are two orientztion slements eatecing T (in the smond lyper) it §s lmpeossilile that both will Le
acitivye, However 13 and T4 {EIE‘;L:E Th) enn b active shnultaneotsiy as thoy lie on the sune
orientation. We shafl cafl such & patr of elonenis at a point, differing by 160 degrees, an
oriciteiion-fair. T no L3 input ta the netwark, the egcited alemnants By the seeand
layer will form the shape of oreles fanaont fo A 1 shell briefly sketch the proof of this

elaim.

I

{a}l. Lt O bae oo eeplentption chanect o1 same Ii..ull.t Modn the Divst |.-.f,-| r,f FPLEL .:I:U'.:;.:I e

excitation of some other clemant O zt - point P9 Let L deacte some sthitrary peth (2



sequence af connectsd elements) from O to O, and let L denoie the prodoce 790 - o ) of
el the ahgles af butween succzasive elements zlong L. Vhes BUO2 = F{ORIL,

Proofr Let 4 B2 LB be the dntern Habe clemeats batween O and O2 alony L. E(BD
2 B0 - ka®s ) becange FIRY is the mazim am of ri=ny dnms one of which is E{O0L -
La®i ). For the sama rezson B(R2 = B0 - ka2 ) JBIOW = BBART - ke?nea)
Tleriee,

(6 E(O2) & B0 e (- kas oo e (1= ka® neg), that is,

(2 RO 2 Bl

(b} Lat Lo b g docus of exciied eloments in the second layer radizting from A and passing
throtgh OF {figure 8 (It can be easily verifiad that From ainy excited elaimant 2 unique loous
of excited elements can bBe traced back to A) Consider two situations. An A-on situation
where A is the inputb o the oo aid an A-olf situation where A s Ttoroed of 7 and the new
input o the net s obtained by excitieg Gl by the szme EO§) it had in the A-en sitvation.
Then, for every element O in the first Tper, EIOY i the A-on situation 2 E{O} in the A-off
siuztion. Alie, for the eloments on Ly E @5 the samne in the twe situations, The preol of this
elafen Follows from (2) 2nd will not be Seiafied here,

() The loci of excited cells radiating From ©1 in the second lzyer is the same in the A-on
znd the A-off stuatiohs. To verify this clhim consider two inputs to 2 point P along L: an
It 1 P‘IZJI.h.'-' the curve L, and an input [' from utside the cueve I:I'1EU' B TE sing an tihe
curve meniis that FO) = B dn the A-on situztion, From &) and (b) it follows that B0 »
FATY I thea AeofT sitoalion as well Thiz im jlizs that the ourve L betwesn P oand O1

Femainer the same= in the A-ofT sfteation, far o g 5"'.5'._*.1}-:.' prabind P z‘.r:-ng 1.



Figyee §

The shiape of the corve from O onwards is the sme in the A-0m 2nd the A-afs situations
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The letsl curvalurs 1s 1.514 = 1§39

Tahla]

Approsimating the tate corvature by the product 8w Tl - o J8, 25 2 Funetion of the

chard-tength dl {in milHae-ters)



,:,_'1_} Th= prcitntion pattern of the nat oos not depend on the actual maganinde of the
exeitation A, This Is true becavse the corves are determinad eily by comparing expressions
of the ferm ATt for different tra jectovles Li

(=} The network’s structitre s B ceness and isotropic, thereloce IF A is shifted or
reteied the excitation pattern of the eative net wil shift and roste with it

e concluslons from {ah to {2} aee a3 Polisos, IF & s tariod off and E(ON) on, the
shapz of L from O cowards is unaltarad, The sima holds whea OF 15 exeited by an
amaunt equal to A listead of E{QIL Together with the issiropy property this epeails that
the shape of L from Ol onwards is congrment to the shape of L from A onwards, Since this
i5 triie For an arbitrzry Ol zlong L, Tomest e 2e sic of & cirgde (ecoding the Timit case of
A strzighe line),

The discussion so Tar concentrated around single input situztions, ie A was the only
input. When there are two input edges Aand B, the only complete trajectoriss conneciing A
rnd T oon the second layer will be compoied of teo are-tircles mesting smasthly, The reson
is that only &t such meeting points the element belonging (o the A-<nrve, 2nd the element
belonging to the B-ourve, ennstitusz an orientation pair and can be bath copied o the
second layer.

The third layer: at the third Isyer the trajectery whicl: minimizes tha tofal curvatisre
is plched vp. Tt hed bos cledmad tn the previous section Uit the corvalure Clnipriiation
G indezd be carvled out by the progosed netwesk. T fet, the exitation E(O) itelfl is
triversely propostionzl o the total cievature of the s jroery from A to O, nd can s2rve as

[ p—— - R o B
an accuirats mensiee 3 Fhe toral curvaiure,



Pioof. Let L be a phi-deprecs are of some circle of radius B, Devide thie arc into n
EE)

eauel chords of Jangth d sechs, and let o deneta the engle beiween elemonis jond jol
Then the 1000 of the produc 0] - e 50l wheon dl -+ Dis ,!-".v.r:, = 027C Y wlhizre ¢ is the twt=)
curvature of the are. Whila this clabm hedds troe Tor ather curves as well it 1s easily
vearifizhie for & circle wheso aff the o) are egual to phifn. The logarithm of tha atove
product is
(3} moleg (1 - a?pdl)
Expanding io & Taylor sories one gets
{4} -ne®fd] + error
The fleat tevm 18 equal fo -pht fnedf which ecinverpes to -phifs, compared to the teial
culvalure of tha are which is phifR. The ervor tarm for lzrge nis bounded by 2phi ok,
whlch vanishes in the limit

Tt iz instructive to obzerve how well the ct.ir';.a:ﬂre-'.m,r-:-":u-:t .:Lr;:rﬂ:n;;':"m-: By E;'I_::. -r. For
the eonionr in figisre 3 the teal carvature is LB o0 . The minus Ingarithm of the
et vatyre prodoc L - a®f ) is given o able | for different values of &L Tt had been
sngntioned that the excitaion function dees nst have o be exactly {1 - ka®). Compere for
Instance nid - ket aloig two curves from A to B Expanding once again the logarithm of
this product ta a Taylot seriss, the [irst ter §s identical For all che curves in quesiion, the
grcond term gives the corvamre mepsure, #0d the erroz teros is moch smaller then the
second term i of and o are small. Mote alio, that the exact form of ihe Tunctlon was
fromatarial in the circlegeneration phase. A Maal remark conceraing the tolerance of the

carnguralon b Inaecieaates Iy that i dnstrad of the misisum citeys e oontour anare-palr



with somewhat higher corvatere i3 chesen, the resulting contoer wili be dote spatiziiy o the
mintiatim curvalure oge.

The mintmn corvalese os Jrstery can ot Lo jdentifiod, Let the thivd 'I:}'.'.': cefl sl
P osummate e products E{OTRE(OR) where O, ©F, ave an orfziiation pair 2t P i the
sceand layes The only thicd layer colls with non-zero activicy will be at the potnt: where the
two ares, one from A and the athsr Teom B, meet continueasty, Fintheimors, the thivd layer
zetivity a2t ¥ will mezsure Exp. -c of the ¢afirs curve oonnecting & and D and passing

thratrh Fo VP hat remains to be done is te erase all the contosars but the ono passing

i

Phraagh the most excited third layer cell,. Perhaps the most sieaigidforward way of
acoarnplishing this task s by copying the desived conteur alune ooio a fourth layer by
starting &t the most excited cell apd tracing the twe arcs b the way back to A and ta B. 1
shall not voncern mysell heve with such positlds copying mechandsm as it bears na direct
relevance to the problem at hand.

One modilication might, hawever, b2 required o aceovnt For the generations of
sub jective gorners, If, for example, the third fzyer colis accept not only orientation-pairs

[ "o

separated oy 150 but alzo pairs separated by 00, then when the radiug of the minimum
curvaturs curve becomes too small, it will be replaced by a coonitive cernar, Since this

break-down phenomenon de ,'Jertdﬂ on the radius of cur -ature, it shouid be expected that in
a Figure Wee (8] wheie Lotk 2 cireolar and 2 sguare sulisctive contaurs ere perceivabile, the

snuare will predemingte with inceeasing viswing distance {and decreasing radius), as is

trvd e the o,



Discussion,
It the Filling=n poocess a specizl-purpose, rerely acdvaied machanizm, or dozs it play

a coramen role in the visazl precess? Tt secms Hhely @oome that it docs In Tact teke i active
part in the carly processing of vizual information. Whan one actuelly Wrles o procsis an
image, one i3 confronfed with the problem tha the resuliing conlours are fragmentad,
separated by many gaps This difficaly can be stoiboted only ln part to tha imperfectiess
of the proczzsing techainues, RS an dacviialile probiem as loag as the data 2nd the
compulation are ot noisefree. One of the main problsas i euly visoal processing is thos
glaiag the fregmented eattenrs by corvetly Tilling in the gape between them [Marr 1975}
The [illing-in eparation s thue expected t b brgely independent of high-leval o joct and
figure recocgnition. Higher lavel modules seem to Gateract with the subjective contour
generation mainly, though perhaps not solely, via the irfzgeing conditfons, Le. the decision
which edpe should be extended can be affected by such considerations 2t cbacoration and
Figure complaceness. Bt is alo plaosible that & ma jor charmcenstic of the filled-in contours
will be o low curvature, AL the stage wlhere the Filling-in takes place very Tmle is yel krown
sbent the contoor's shape. It is oy kiown for sssumel) that the tentusr of a __15'1.;-_.’_{.-_ ol ject
should extend across the gap. Tt had besn Indlcated in the past that the partitlon of an
image to wh-parts is largely based on goints of high curvature [Araeave 1854, Rosenfeld
19eR) Convarsly, Toneob jectness’, whan nothing B known about the ob ject, 13 indizated by

the lack of such points.

Acknroladgemenits: 1 thask De. DL Hape and Dr. T Foggio for fisir eoonents.
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