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 ABSTRACT

.~ We propose a vision of the structure of knowledge and processes of learning
based upon the particularity of experience. Highly specific cognitive structures
are constructed through activities in limited domains of experience. For new
domains, new cognitive structures develop from and call upon the knowledge of
prior structures. Applying this vision of disparate cognitive structures to a

- detailed case study, we present an interpretation of addition-related matter from

 the corpus and trace the interplay of spceific experiences with the interactions of
- ascribed, disparate structures. The interpretive focus is on learning processes ‘
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ABSTRACT -

We propose a vision of the structure of knowtedge and Pprocesses of |earn|ng
based upon the parhcularnty of experlence nghly speclfrc ‘cognitive structures _

- are constructed through actwntues in limited domains of expenence For new

) 'domams, new cognutwe structures develop from and call upon the knowledge of -

prlor structures Appiymg thts vuslon of dlsparate cognltwe structures toa
detailed cfase study, we present an mterpretatmn of addutron-related matter, from

- the corpus and trace the"'interpley of specific experiences with the interecti‘ons of

,ascrlbed dlsparate structures The iinterpretive focus is on Iearnlng processes f |

| . through whlch a broadly apphcable skrll emerges from the mteractlon and

. ‘|ntegratlon ot knowledge based on specmc, partlcular experiences -
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~ "Pas de genese sans structures; pas de structures sans genese."

J. Piaget

Studying Natural Learning ‘

| We follow Pnaget’s abstruse paradox ("There can be no development wuthout

Vstructures nor any structres without development"), argumg by example that one‘
' jcan understand learnlng WIth structural conceptlons and that one can understand
.cognltwe structures in detall by tracmg thelr development Focussmg on changes o

E Ain the orgamzatlon of dlstlnct and separate cognltlve structures, we. explam some

' :. ~'5|gn|ftcant learnmg as enhancements of performance whlch emerge from small

changes in that orgamzatoon

We tried to trace the path of natural learnlng in a pro;ect | named‘

. "The Intimate Study" The attempt was suggested in part by Flavell’s (I953)} v

‘ ‘pomting to .a- research endeavor which has not yet been explolted an ecologlcal

study ot the young chlld’s mundane lnterchanges WIth his workaday world " and
_ was consonant wath Nelssers (I976) call for ecologlcal valldlty in psychologxcal'

- expenments The- sub;ects, my two chlldren Robby and Mmam, were mamly in my‘

care. Mmam turned six as the study began and entered flrst grade at its end.

Robby s elghth blrthday came durlng the study They were out of school fnends
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were gone for the summer. Rather than my being merely their shepherd for a h

'. whlle, we three agreed to engage in a research pro;ect at my laboratory The

children were |ess subjects of my experlment than colleagues The pro;ect was

not confmed to the Iaboratory but came home wnth us to the heart of my family

The six months of The lntimate Study (April through September, 1977) created an

extensive and detailed corpus. of observations There were 87 sessuons at the | _’

-,Logo laboratory and 24 at home; these were typically 30 to 60 mmutes |n Iength

All were recorded on audlo tape and many on Video tape AII the recorded

vmaterlal that relates to Miriams work in these sessions has been manually o

transcribed such is the baslc corpus. A hundred thirty vrgnettes extend the

: | corpus These documents ot naturalistic observation - think of them as short

stories of three to lour pages ---attempt to capture what the chiidren were domg

- 1 and learmng outside the laboratory The study mcluded pre and post testing -—

~many of the tests were derlved from the experlmentai traditlon of Piaget (Most

are not directly relevant to the specific topic of thls article) The lntimate Study 1 | o

has been further supplemented by recoilection and observations of Mirlam s years A}

before th_e project and her subsequent development.

| Our tocus on the particularity ot knowledge exhibits a primary. stance'"of this

research We hope to avoud abstractions and the process of "abstraction by

'describing the emergence of broadly applicable skills from the interactlon of hlghly

~ particular knowledge. This obJectlve was a basic _motive for constructmg so
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detailed a corpus. The corpus is reasonably complete with 'respect to calculation,

by whrch I mean the followmg The manual transcrlptlon of all Mmam s

"mechamcally recorded formal sessions has permltted subsequent easy access for .

;analysls and mterpretatlon Mechamcal reproductlon has remamed useful where |
spelelC questlons of a fme grain needed to be resolved Beyond the range of

mechamcal recordmg, three elements of our sltuatlon contrlbuted to the_

completeness of the materlal First, we lived on a relatlvely |solated suburban}m-”'

l» estate, spacnous enough for the children to play but remote from other contacts' |

= and entirely wrthm my purvuew I kept more or less regularly, an hourly Iog of

: short notes about Mmams activities. Fmally, Mmam took such prlde in her
| developmg knowledge of calculatlon that she was eager to dlscuss wnth me her '
latest speculatuons -- thus her covert calculatlons were also brought albett

lmperfectly, to my notlce

From thls corpus, | have extracted the followmg story of erlams learnmg to

e add and on lt erected an lnterpretatlon of how. that learnlng happened Flgure 1

o presents as a gunde for the reader a chronology of calculatlons ated and the mamt
insights Mmam experlenced on her path to mastery of addltlon Because the case
.materlal presented here deals wuth simple arlthmetlc, a reader mlght believe that

-".our theme is addltlon Such |s too llmlted a view. Our theme is learnlng but lf |
- may paraphrase Papert "You can’t learn about learmng, you can only iearn

about learnmg somethlng.'.' How to add is one of the_' someth’ings’i which we
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observed this child master in our attempts.to learn_ab'o.ut learning.

CkE Ak EEEEEE
~ insert Figure 1 about here

FEEEEEEEEEE

The'Organization of Disparate Struct’ures :

Our commltment is to explore how d:sparate, ie separate and dlstlnct ;

structures of knowledge lnteract and become mtegrated What are the |

phenomena that argue there is such dlsparateness of related cogmtwe structures ?
‘ VThIS example, whlch | offer to represent the general case, is based on materlal. |
from late in the study and shows three different solutions to the "same" problem -

l asked Mmam "how much is seventy-flve plus twenty-slx " She answered -

,v : 'Seventy. nmety, mnety-slx, nmety-seven, nlnety-elght mnety-nlne, one hundred

- one- -oh-one."” (countlng up the last flve numbers on her flngers) l contlnued‘

o lmmedlatelx, "How ‘much is seventy-_tlve cents and twenty-snx 7. She replied,

"That’sb'three quarters, four ahd a penny, a dollar one" Presented later with the'_v

same | problem in the vertlcal form of the hmdu arablc notatlon (a paper sum), she 7

‘ would have added rlght to left with carries. Three different structures could

operate on the same problem. The evudence about the dlsparateness of structures

is that Miriam did not, in fact, apply the result of the first calculation to the second A
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:formulatlon ‘of the problem‘ Moreover, for a long time shedld not relate paper
sums to mental calculation at all. We may mfer, further, that structures drffer in
“thelr analySls of what the slgnlflcant parts of the problem are and how those parts'
are manlpulated to reach a solutlon. One structure analyzes the problem ln terms
: of multiples of ten and ‘countlng numbers. Another deals with coin denomlnations”'_

.and known equrvalences The thlrd deals with the columns of dlgtts and their

lnteractlons Glnsberg (1977), in dwellmg on the gap between chlldrens formal
: and mformal knowledge of arlthmetlc, wrtnesses that the drsparateness of
i knowledge is more common than rare. Finally, observmg that how a problem is

presented affects whrch specrffc structure engages the problem conflrms the

‘ lesparateness of cognltlve structures |n general How can we thlnk of these B

dlsparate cognltuve structures ? l propose for conslderatlon problem solvmg"
structures l call mlcroworlds; they are called S0 because they reflect in llttle, |n

.the m|crocosm of the mind, the thlngs and processes of that greater unwerse we

all mhablt (Thls term was used by Mmsky & Papert 1974 to refer both to_. o

‘-enwronments beyond the person and to structures wuthln the mind. tn thls place, |

.restrlct my use of the term to the latter sense 2)

Flgure 2 exhibits a mlcroworld of countmg knowledge, whlch | have labelled ’
FIVCOUNT Perspectwe and "functlons name. the two classes of procedures ina.
microworld. Let us descrlbe perspectwes first. The PERSPECTIVE is comprlsed of

_' ELE-MENTS- .(represented by the_ small circles-in Figure 2)»_ which are active
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:'descrirptlons. Such elements deri_ve from antecedents_in»perspecti\res of

Awrnicroworlds already exisiting. 'REFlNEMENT is a'proctess' by which such elements _ |

' become progressitrely differentiated 'from antecedents in these pre-exi'sting "or -

‘ 'ancestral worlds and from others wuthln the same mlcroworld For example, at

ﬂrst one mlght see that coins are countable ob;ects of two sorts, copper and _A

- sllver (Mmam initially described these as "red" and "gold"), and later learn that the

silver coins are counted in special ways, e. g dimes and nickels are counted by tens

B and flves - and not vice versa as Miriam counted them at an mtermedlate polnt

: (The reftnement of elements could proceed plecemeal through the process ofrﬂ

N descr:ptlon emphas:s proposed by Wmston, 1975) The perspectlve parses ar ,

problem For mstance, if, somehow, the questlon is ralsed seventeen plus SlX is

- how much ?", the perspectwe of the Count world would be those procedures

which identify seve_nteen as a sugnlﬂcant part, six as a slgnlflc_ant part, and the

operation, relat'ionship, and output as significant parts of the problem.
SEkEEEEEERE o r
place FIGURE 2 about here

FEEFREREEEE

The FUNCTlONS of the mlcroworld are what can happen to those ldentlllable '

| parts of the problem posed The lunctlons are actlvated when the perspectlve
elements assugn values to parts of the problem One kmd of functlon is a well-

known result‘, e.g. 2+3=5 Procedures are tunctlons of a second kmd. ln
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" answer to the partlcular problem of Flgure 2 whlch | posed in the lmtlal test of

'Mmam s calculatlon skills, she said, "Well seventeen (then fmger countmg by the

‘value of the second addend) elghteen, mneteen, ‘twenty, twenty one, twenty -two,

'twenty-three Twenty -three is the answer." Thls counting knowledge was limited -

in scope, so although erlam might add 89 plus 7 by fmger countmg, she couldnt |

add 89 plus l4 Her occasronal use of hash marks -- vertlcal strokes drawn on a

o lplece of paper - mstead of lmgers to work out sums beyond ten testlfles to the-m

- flrm rootedness ot thus knowledge m one-to-one correspondence (ln argumg with
| her brother about a large sum, before the beglnnmg of The lntlmate Study, erlam _

represented an addend by drawmg hash marks on a paper napkln)

A crucral questuon about what’s known is "how does lt functlon "" We address -
'thls lssue by tremg the functlon questlon to a second technlcal sense of structure,v
1 control structure, whlch names the locatlon ot actuwty and lts passage from one

' pomt to another in an organlzatlon Figure 3 contrasts two kinds of controlv

R ' structures The 'executlve"control structure fits best the tradltlonal view of

knowledge, one whereun there lS a problem solver. who medlates between the
problems in the world and what is known in the mmd When a problem |mpmges;
},i’Oﬂ the person, thls problem solvmg homunculus mvokes specnflc, approprlate :
elements of knowledge to meet the problems demands The functlonal '

characterlstrc ot knowledge, $0 seen, is that it is dormant untll externally actlvated
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'*;**;sst***'
| ~ place -FlGURE 3 about here

FEEEEEE KK F &

“In lmmedlate contrast wuth the trad:tlonal view of knowledge, we choose to '

wew the mlcroworlds of mlnd as mherently actlve, as searchmg for problems to

‘ work on We replace the executlve control structure with one based on the o

competltlon in parallel of actxve mlcroworlds When a calculatlon problem arlses,

the competmg mucroworlds race for a solutlon We have seen how the mentlon of .

a money term (' cents) blased the solutlon in an earller example (75 cents plus

- 26). Wthh speclflc mncroworld provndes a partlcular solutlon would depend also v

" on the partlcular knowledge the dllferent mlcroworlds embody For example, R

Mmam s Count world could quuckly calculate 17 plus 6 but would be stalled by 15 "

” plus 15 (not enough ﬂngers, uslng hash marks is too cumbersome), the Money

‘ world would solve that specmc problem qunckly with its well known result that

-two packs of gum at 15 cents each could be purchased for 30 cents Obvuously.

any mterpretatlon, of be_havuor in this vein reqmres_- an enormouslyodetalled ‘

knowledge of what’s in theISUbject’s mind lest it b_e vulnerable to criticism as

. mere speculation.

Itis dilficult to imagine any experimental evidence capable of proving that the

control structure of mind is of such a competitive sort. We must currently view v
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the assumptlon as a tool of lnterpretatlon to be judged by how coherently it
- Covers a srgnlhcant corpus of observatlons Beyond this caveat however, let me
note that such a conceptlon of mental control structure is attractive for at least .
t two reasons First, in contrast wrth rule- llke formulatlons (the best developed of -
Whlch | take to be the productlon systems of Newell & Simon, 1972) which elther ‘

: serlallze the executlon cycle completely or, if they permlt parallellsm in actlvatlon,

. serialize executlon, mlcroworlds functnon’ in parallel through‘executlon (One of

_Newell’s followers mught conslder mlcroworlds as snmllar to Iocally defined
~ productlon systems) Parallehsm through executlon permuts the development of
structural dlversuty, a dlver5|ty ultlmately capable of orgamzatton on a more global
‘scale Secondly. the assumptlon is attractlve because it gwes some hope, albeit a_ |
‘dlstant one, of explamlng where "the problem solver comes trom lf we can deal
, wuth rmcroworlds and see ways where control structure grows out of the‘.
»mteractlons of such bodles, we may have some hope of ultlmately explalnmg the
' emergence of what looks Ilke an homunculus, the problem solver in the mlnd What_

' we seek is a very specmc and relatwely preclse theory of the emergence of a

'compllcated orgamzatlon of mmd "To the extent that it argues behavnor and'_' :

| : development emerge from the mteractlon of competlng mlcroworlds, such would be

.‘,:a spec:es of equullbratuon theory
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A New World of Experience ‘

If some knowledge comes from experlence, new experlences bear speclal '
’scrutmy for the role they have in engenderlng new knowledge One sngnlflcant -
new element ln The lntlmate Study was erlams engagement w1th the computer

) systems of Pro;ect Logo Our worklng sesslons malnly occurred at MIT s Artxfacual

N 'lntelllgence Laboratory W|th computer systems usnng the Logo language Thev o

_‘gcentral activity through Wthh chlldren have been |ntroduced to Logo |s "turtle o

geometry -That. chlldren s mathematlcal world is a geometry of actlon The chlld' _ '

o specnfles commands, eg "move forward some dlstance or "turn rlght through some'_'* - L

g -"angle for executlon by a computer-drwen agent the "turtle" The turtle exnsts in
two forms the flrst a mechanlcal robot, turns and moves on the floor, the d:splay |

turtle, a trlangular cursor on a computer vudeo dlsplay, responds slmllarly when

' commanded to move forward or rught The turtle i ls equnpped wcth a pen whlch‘ "i A ‘

o willy on command, draw a lme as the turtle moves from one place to another The "
commands of movement rotatlon, and pen control provnde a drawmg tool -- one
slgnlflcantly different from children’s other experlences because of the pervasave :

7 quamtlllcatlon requured by the use of the turtle commands

The specialness of 90 (as the number of degrees in a right angle on the
'Babyloman scale) was unrecogmzed by erlam early in The' lntnmate Study. Wh'Ch

began at her srxth blrthday For example, when directed in a game by her brother
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Robby (age 7 ye'ars, 10 months -~ 7;10) to turn "right 90", Miriam (at age six'
year'e,- 1 month - 6;1) turned her right foot about' 60 degrees,’brought'her left to |
|tand said “vo’n_e". She repeated the action and counted with each
l’two...threeﬁ.tour..."' etc. ~ Robby gave her mstructlon in what "nght 90" means:
A"look stralght ahead and hold your arm out at your side; jump right around so your

- feet pomt where your arm is pomtmg " The specmc knowledge of what rlght S0

needed to make llne—drawmgs in turtle geometry When used in solving partlcular |
| problems Ialer, thls specnflc result 90 plus 90 equals 180, is a slgn that eruams R
knowledge rooted in turtle gometry was lmpllcated because that result was well '
| known to her before she knew the result that 9 plus 9 equals 18 (For example, at
| SlX and a half erlam mentally calculated 96 plus g6, usmg 90 plus 90 = 180 , |

whlle days later she stlll calculated 9 plus 9 by deformlng it to 8 plus 8 plus 2)

'*****s**t**

place F |GURE 4 about here .

*_*********_*

The pervaslve quantlflcatlon of computer experlence is evudent in Mmam s |
early play with her favorlte computer game, SHOOT. Consnder the square
boundary of’ Flgure 4 to be the border of a computer vrdeo dlsplay The crrcle is a'

target The tnangular cursor is the dlsplay turtle The objectwe of the game is to

“means and that two executlons of right 90 are reqmred to turn around were
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rotate the turtle untsl |t polnts at the target, then to command it to shoot forward -

some dlstance so that it lands W|thm the target A pomt is scored when the turtle =

' lands in the target Should the turtle miss (for example, by gomg too far as ln-‘ L |

' Flgure 4) a trace would be left on the video dlsplay and after a short tlme, the

: turtle would return to its mltlal locatlon and orlentatlon ln the mcudent depucted in -

‘Flgure 4 (around 6; 1) Mmam first commanded rlght 100", She judged the turtle )

’ _had turned too far and compensated with a "left 20" The command "shoot 200"

'_ took the turtle beyond the target whence lt returned to its |n|t|al state Mmam s

! final command, "nght 80” compacted the two earller turnmg commands to a smgle"_: S

~one after her mental calculatlon wnth the decades, these decadal numbers endmg m L

.'zero The partlcular game she played led her mto a world of expenence where_

she performed mental calculatlons wuth decadal numbers at nearly every turn She' S

E dld not mdulge in mental calculatlon for |ts own sake; ft was a subordmate task .
rendered meamngful by bemg embedded in a task she enjoyed for a varuety of

other ‘reasons.

ALet’s ‘suppose that from the ehperience of computer dranng and playlng '
’A_wnth SHOOT Mmam was developmg a new mlcroworld Figure 5 exhlblts my
__ 'descrlptron of what it mught be like. Conslder a typlcal calculatlon problem for' |
Mmam in this Decadal world. of turtle geometry, "55 plus 22 is how much ?"
(Thns rmght arlse where she flrst turned 55 degrees then declded to turn K

furth_er, 22 degrees.) T_he perspective exhibited in Fagure 5 analyzes the
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problem as she formulated it into elements, then a set of functions execute | -

~will descrlbe how I lnter the calculation goes forward and subsequently Justlfy
'""'the inference. First, the flfty and twenty are grouped then stnpped of thelr
~zeroes. The modlfled symbols (i.e, * and 2’ for ‘50’ and* 0’) are passed v

' down to the Count world from which a result ‘7’, is returned The 7’ is

reconstltuted as a number of the nght order of magmtude, 70°. Similarly, the

Mﬂve and two are added by lnvocatlon of the Count world knowledge The two ‘
' 'kpartual results are catenated to produce the answer, an operand value, whlch

Mmam then used in the Logo command

**********:
~ place FlGURE 5 about here

TSI R TR

What evndence is there that the mvocatlon of - the Count world was‘

o mvolved in calculatlng such results ? Three klnds l'-'lrst Mmam s repertolre'
~of well known results dld not include these decadal numbers Second durmg

: v;calculatlons such as ‘50 plus 20’ l often wrtnessed erlam countlng on her"

" ‘fmgers Fmally, Mmam s guessmg pattern lndlcated she was manlpulatmg‘

- '_symbols wnthout fully understandlng thelr sngmflcance Some detall |sx
.necessary to clarlty thls observatlon To add the numbers ‘50’ and ’20’ on

. one s flngers reqmres deforming the terms to other representable analogs ie.

'5 and '2’, thus two zeroes are stnpped off Toreconstltute the Count
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»world results for useln Decadal. a smgle zero is catenated wnth ‘7’ to make"
70 Thrs Ieaves one zero unused strlpped ott and not Iater reafflxed such
) is the extra zero problem The problem surfaced as contusnon in several o
lnstances srmltar to the tollowmg example Addlng 97 plus 64 Mmam
separated the decades, added and guessed "that is 15 tens 500 """
'Whatever the actual representatlon in erlam s mlnd such guesses show thereA |

"~ was a second zero to whlch she was sensttlve, whose ‘non- representatlon in

the result she couldn’t account for; | take that as further evudence -

'calculatlons proceeded as descnbed

Gen'esis'and Structure

The evidence for the manner ll"lVWthh the Decadal perspectlve analyzes a
problem to elements is based on the lnterpretatlon ot an mcxdent where thls new"l
' structure came llnto belng, a moment of msught and on a knowledge ot the Decadal‘
world’s predecessors The moment of lnslght occurred (at 8 0 26 :-: ‘};ars{f

f months, days) whlle the children were playing with SHOOT. Robby demanded hls

'turn -- they were llghtmg over who would use the termmal - and erlam ended- "

up wlth the plano She played the plano wrth her elbows whlle they argued about _

) how much to turn the turtle, ‘the numbers 50 and 53 were mentloned trequently -
-ln this mldst ot thls chaotlc scene, erlam mqunred of Robby, "How much is fifty-

plus fltty -three 7" How could erlam not know such aresult ? Is it not llkely she
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knew fll‘ty cents plus flfty three made up a dollar three ? lt could very weII be.

The pomt is that Money world knowledge does not imply the exrstence of cognate |

MCount world knowledge Further, the 'ablllty to add on a small addend to a countlng‘ o

number name does not |mply that such a number name as flfty three could be
analyzed lnto parts Wthh could then be recombined after operatlons had been

perf_ormed_ on them. Robby answered Miriam’ s question, "A hundred and three." | .

' take the question as evidence that eriarn didnot know theanswerandmterpret

' |t as a request for a specmc result. Robby s answer brought with lt an msught -
that in the world of turtle geometry flftxes can be added together and a unit cut

off fr_om one canvbe_ subsequently re-affixed by a simple catenatlon_ of number

iy names 'Miriam confir'medher lnsight avmoment later by asking, "What is fifty-three :

- plus flfty three ” She answered the questlon lmmedlately herself "A hundred
' sbt.'f- To appremate her |ns|ght mto the legltlmacy ot catenatmg decadal and
| _umtary number names ina context of addltlon operatlons we must relate the

' mcudent to Mmam s antecedent mlcroworlds ot Money and Count

The Mone'y ’world#had‘lts roots inCount' but it involyedcounting 'with a |
| d|fterence denomlnatlons in coin values Penmes, nlckels, dlmes, quarters, halves,

. dollars -- these are the elemental thmgs of Mmam s Money world The

. '_ procedures were more comphcated and various than those of Count For example,

Mmam would calculate her allowance (a nlckel for each year of her age) by sklp-

. countmg (5, 10 15 20 etc.) under flnger—countmg control Le. each fmger ralsed'.,
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represented one year of her age The well known results of the Money world v. N

. were hlghly particular. Thus Mmam knew that 15 cents plus 15 cents ‘was 30, _ -

cents because each flve pack of her favonte gum cost 15 cents and she knew she R
: could buy two of them wnth her allowance Slmllarly, the elements of denommatlon' |
_each mvolved some few well known results, eg. 2 3 and 4 quarters were 50
. .cents, 75 cents, and a dollar Mmam also knew around age six some decade sums_'
:from countmg dlmes, but there is no mdlcatlon of extenswe systematlc knowledge
| ‘of dlme based calculatlons The Money world perspectlve superposed the 't
‘ rrregular denomlnatlons of coins. on the countable ob;ects of the Count world' |
tperspectwe Its knowledge comprlsed a speclallzatlon of the Count world
"perspectlve, extended in partlcular dlrectlons because of the accidents of the:
American comage and Mmams spendmg hablts Even though its genesus occurred
before the beglnnmg of The Intimate Study, we can descrlbe with confldence the :
'Money world as an experlence elaborated DESCENDENT of the ANCESTRAL Count :

' world The lmpllcatlon of thls descent of one mlcroworld from predecessors is that

the ancestral world perspectlves provnde the |n|t|al structures for the eIements of

vthe descendent’s perspectlve That lS, "what’s what ina mlcroworld beglns wnth '

its likeness to what was recognlzable in ancestral worlds and proceeds through A |

further dlfferentlatuons based on the lessons experlenced in a partlcular
envuronment We can imagine such dufferentlatlon go«ng forward plecemeal through

the process of description emphasns proposed by Winston (1975)
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_ T‘he perspecti've ot- the Decadal w‘orld Vemhodtes a specialization of the idea_ of
vdenor_nination first introduced w‘i_th-the Money world. It is a 'specialvi’zation m the
'sense that the"two“si_lgnif‘icant denominationsare tens“and ones. The application of
the .denomi'nation idea to the decadal numbers representing angles in Vturtle
'geometry changed the. element_s to which the idea was appli_edv f_rom concr‘ete'

" objects to symbolic objects, ie. to digits and names for large numbers of Uncert_ain

: significanc’e:”T—hewiinsight that the number names, used forcountmgaswell as turtle .

geometry, could be separated as decades and umts for addltuon, then recombmed
by catenatnon IS, by itself, ewdence that Decadal was closely retated to Count -
' -The frequently repeated advcce that she shoutd consrder Decadal sums as
- : analagous to the well known results of the Count world demands that we descrlbe
| Decadal as descended from Count as well as. the Money world Thls commonb
descent from two ancestors wcll be represented in Figure 6 (dlscussed in the

sectlon Coordmatmg and Task rooted Structures) by the channels of communlcatlon

through Wthh the Decadal world ‘may mvoke results of both ancestors That is,

THE CONTROL STRUCTURE OF MIND EMBODIES THE GENETIC PATH OF o

LEARNING

~ The Introductiton of Paoer Sums

The Intlmate Study began wnth erlam unable to add 10 plus 20 in the vertlcal_

torm When I posed the questaon, How much is ten plus twenty ” Mmam‘
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answered with confldence,' "Thlrty Her response to the flrst sum below (a) was

qunte dtfferent " don’t know twelve hundred "" '

) a‘t 6;0 . Cat ;9

el iz 22857
s218]  +121142] -+ 7345
bk 7e282

- ® (e)

(vertical lines were usoo trequentiy to omhaslzo' column alignment.)

(Despvte |nstruct|on that she should not "read" the mdlwdual dlglts but should add

wuthm the columns ‘and assemble a result from the columnar sums, Mmam s
.mclmauon perslsted as the sum (b) from the next session shows her result was

"five hundred nine"” [2+l+4+2 = 9] We contmued to use the vertical lines shown g

'above to emphaslze the column dwusnons) She recelved lnstructlon for solvmg »
problems such as (c) _above vby‘a procedure | call "order-tr__ee addmg -- one based
on the very simple idea that it doesn’t matter in what order one sums'column‘> |

dlglts so long as ~any column mteractlon |s accounted for subsequently (Lawler,

1977). There were many smgle dlglt sums Wthh Miriam did not own as well-

known results. She would ca_lculate sums such as ‘8 plus 3’ on her fmgers. The

typical problem Miriam confronted in order-free adding presented two muiti-digit
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addends m the vertlcal form. Her typlcal solution began wuth wntlng down from‘

left to right the well known results of column sums Next Mmam would return to

" the omitted cubproblems and calculate them with her fmgers When thls first pass

solutlon produced multi- dlglt sums in a column -- a formal lllegaluty -- Mmam had

to confront the mteractlon of columns, le carrymg I mstructed her to cross off

 the ten’s dlglt of such a sum and add itasal to the next left column, that is, to'

carry the Oné FO"OWlng SUCh 'nStrUChOn, M]nam qu|ck|y succeeded at SO'Vlngw T
-sums wuth two addends of up to ten dlglts Although she accepted and applled

_'these procedures with less than two hours ol mstructlon, Mmam realxzed no "

sugnlflcant gam, for the procedures were subject flrst to confusson and then to

| forgettmg.

Why were Mmams mztlal skllls W|th paper sums vulnerable ? Consnder the

. .three representatwe solutlons below:

S
13181 13181 |318)

ESEITTRR TR T

QLTEC R TPV IR TIET

@ @

The llrst‘(a) shows no integration of columnar sums; the second (b) shows a
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Zconfuslon over Whlch dlglt to put down" and whlch to carry" (wrth an lmpllmt
rule- like slogan behmd the actlon) The third (c) a conservatlon response, is an
mventuon of Mmams which will be descrlbed ‘more lully below ) you dont

already understand the meanmg of the rule, put down the N and carry the one

o why should you prefer that to a comparable rule, put down the l and carry the

. -N (as exempllfled in (b) above) erlam was confusable in the sense that she :
chose, W|th no- regularlty and no apparent reason, to apply both these rules
Although frequently mstructed in the former rule, she did not remember |t The T )

l rule like formulatlon made no dlrect contact with her underlylng mlcroworld :

B ,structures Wnthout support from "below the rule could not be remembered

| »Mmam ellmmated her confuslon by |nvent|ng a carrylng procedure that made sense
to her Reductlon to nines", her tdaosyncrattc carrymg procedure shown in (c)

' rabove, satlsfled the formal constramt that each column could have only a smgle |
; ,dlglt in the result by reducmg to a 9" any multl-dlglt column sum and "carrymg
the excess to the next Ieft column (Thus 38 plus 34 became 99 through 12 |
Wreducmg to a 9 wnth a 3 carrled i.e. added to the two threes of the ten’s place)MMM_MM_A_’
erlam s lnventlon of thls non-standard procedure (at 6;3;6) l take as welghty “
evrdence charactenzmg her understandmg of numbers and addltlon in the vertlcal

“form. (The latter we wull dlscuss shortly) About numbers we. may conclude she . |

saw the digits as representmg things which ought to be conserved as did the

}' numbers of the Count world ‘That columnar sums were achleved by fmger

countmg or by recall of well known results further substantlates the relatlon of
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paper’ sums to numbers of the Count world' Let us declare, then, that these
experlences led to the development of a cognltlve structure, the PAPER SUMS

"""world a dlrect descendent of the Count world

Miriam did not understand "carrying” as .being‘ at all related to place value.

The n'umbers within the vertical columns did not relate to those of any other

Wcolumn in a comprehen |ble way Desplte my initial crltlcrsm of "reductron to nmes -

- by askmg whether she was surprlsed or not that all her answers had so many
_"mnes in them -- Mmam was strongly commltted to thls method of carrymg For
Mmam, at thls trme, addltlon in the vertrcal form had nothmg to do wrth the Money '.
or Decadal sums she achleved through mental calculatlon "nght or wrong was a

;udgment appllcable to a calculatlon only in the terms of the mlcroworld whereln it

' was gomg forward. We conclude then that the Paper-sums world shows a

‘dwergmg llne of descent from Mmam s countmg knowledge, dwergmg wuth respect ‘

_ to those other mlcroworlds whlch lnvolved mental calculatlon

The flnal pomt the more general one, is that what "made sense" to erlam
completely dommated what she was told She could not remember a rule with
: 'arbltrary elements, an |ncomprehensrble specuflcatlon of what to put down and
rtwhat to carry Why rs it that a rule 'put down the N and carry the l" dldn’t'
make sense ? How can we recapture a sense of what that must have seemed

like ? To her a number represented a collectron of thlngs wrth a name, "12" was a
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name by which reference could be made to a collection of twelve things | Numbers | -

‘may have seemed to her as words do to us, thmgs whlch cannot be decomposed ”

“without destroymg thelr mgmflcatton lf you dlwde the word "goat" mto "go" andv

~ "at”, you have two other words not senslbly related to the vamshed goat

: Slmularly, from our common perspectwe, If you don’t see the ‘1’ as a ‘10’ when you o

-;decompose a ’12’ into a 'l’ and 2, you lose '9’ Unless you apprecuate the -

B

'structured representation, the decomposltlon of 12 can make no more sense than
cuttlng up a word What appears as lorgettmg in Mmam s case is an mterference_

of equrhbratlon processes, i.e. one where what makes sense in terms of ancestral - -

' cognltwe structures dommates over what is mculcated as an extrmstc rule (We.'_'}: -

don’t. clalm here to offer a theory of forgettmg Competltlon from sens:ble ldeas of -
‘ .long dependabullty isa very good reason, however, for forgettmg what you re told

~ but can’t comprehend.)

The Carryig BreakthrOUgh

The l'carrying problem" was not restricted to Paper-sums and was, in fact, first
resolved among the mlcroworlds of mental calculatlon Although she could add
. double dlglt numbers that |nvolved no decade boundary crossmg, 55 plus 22, 4'
Mmam s Decadal world functions failed wsth sums only slightly dlfferent such as 55’
plus 26 Sums of thvs latter sort initially produced results with lllegal numbers

names, ie. 55 + 26 = 70:11 ("seventy-eleven"). in playmg with SHOOT, prec:snon |
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~ was not required. Mmams typlcal "fix" for this problem was to drop one of the
"unlt’s digits from the problem and conclude that 55 + 26 = 76 was an adequate '
- solutlon Miriam could of course, cross decade boundarres by countlng, but fora

"long tlme this Count world knowledge was not used in conjunctlon wuth her Decadal

world knowledge Mmam s resolution of one carrymg problem became evndent to

"me |n her spontaneous presentatlon of a problem and its solutlon (at 6; 3 ;23). She

plcked up some of her brother s second grade homework and brought it to me o

Mmam Dad twenty elght plus forty elght ls seventy siX, nght ?
Bob: How d|d you flgure that out ? .
Mlnam Well, twenty and forty are like two and four That slk is hke s:xty
| We take the elght suxty elght (and then countlng on her flngers) |
slxty-mne, seventy, seventy one, seventy-two, seventy three, : |

seventy four, seventy-fwe, seventy-slx

B :Here was clear evrdence that Mmam had solved one carrying problem by relatlng

her Decadal and Count mlcroworlds When and how did that lntegratlon occur ? . -

The corpus of The Intimate Study is suffmently rlch in detall that l have been o

: able to trace to a moment of lnslght Mmam s mtegratlon of formerly dlsparate '

'mlcroworlds We were on vacatlon at the tlrne | felt Mmam had been working

o too hard at the laboratory and was determlned that she should have a rest from

our experlments | was curlous, however, about the representatlon developmentf

of her fmger countmg and ralsed the questlon one day at lunch (at 6; 3 16):
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. Bob: | ‘Miriam, ,do you r'emember when youused to count on your flngers '
all the tnme ? How would you do a sum llke seven plus two 7.
erlam Nme o
._ Bob _ l know you know the answer -- but can you tell me how you-used to |
tlgure it out before you knew ? | |
. Miriam: (Countmg up on tlngers) Seven,.elght mne

" Bob: Thmk back even further, to long ago, to Iast year '

- Mmam (Mmam counted to nine wnth both addends on her fmgers - Ieavmg -

the mtddle frnger of her rlght hand depressed) But l don’t do that
any more. Why don't you glve me a harder problem ?
- Bob: Thlrty seven plus twelve

eruam (Wlth a shocked look on her face) That’s forty-nme

Somethmg about thrs problem and result surpnsed Mmam l recorded thls sltuatlon |

' and her reactlon ina Vlgnette, | dld not apprecsate it as especrally slgnmcant at '

that time.

‘When the status of a moment of msnght is asslgned this. moment of msught can

be Judged as slgmflcant only in the context of an mterpretatnon Here is an

abstract ot the methodology The mterpretatlon beglns by nottcung m behaworﬁ-’,

evrdence of two different states of cognltlve structure. For example, Mmam was

~ able to sum 48 plus 28 where previously she had dropped one of the unlt’s dlgnts

in such a problem. The mterpretatlon proceeds in the detaaled analysls of the -
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corpus (| e. the examination of every item of overt behavror possrbly related to

' the state change) to determme in what sltuatlons and how rapidly the change of
' 'state became mamtest When a moment of insight is assugned to an mcudent suchv |

| ~as the finger countmg incident above, the method reexammes the corpus for

confllctlng or supportmg evrdence One hopes, wuth a final mterpretatlon, to flnd

only supportmg evrdence, as the followmg Durmg the remainder of our‘vacation,t

- erlam pestered me to do some addltlon experlments I reslsted to glve her a

rest and her pestermg mtensmed As we drove back from our vacatlon, she made
me promlse to do an experiment as soon as we reached home that day she

brought to me the problem of 28 plus 48 described above. Mmam clearly owned

e some new knowledge she wanted to employ It is the rlch corpus of The lntlmate V

,Study, con;omed wnth lts detalled analysrs, that permlts me to ascrlbe with

- How should we characterlze thls lnslght ? Precusely what was it that erlam |

: .saw ? Thmk of the performance of the Decadal world the problem "thlrty-seven - .
‘Aplus twelve would be solved thus, "thlrty plus ten is forty, seven plus two lS‘

v nme, forty nine." The Decadal world would have produced a perfect result

erram had recently become able to decompose numbers such as "twelve mto a

"ten and a two This marked a refmement of the Count world perspectwe l_f_

S we lmagme the calculatlon thrrty seven plus twelve proceedlng in the Countv

- world -~ W|th the modified perspectlve able to 'see the ten in the twelve - o
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Mmam would sayv thlrty seven (that’s the flrst number of the Count world
| perspectuve) plus ten is forty seven (then countrng up on her flngers the second |
h .addend reslduum) forty eight, forty nine", Such a Count world calculat:on ylelds a |
| perfect answer We are not surprlsed that the answer is the same as that of thev
. Decadal world, but I belleve the concurrence surprlsed erlam We can say that -
| Mmam expenenced an msrght (to whlch her: "shocked look" testlfles) based on the
i surpnsmg conﬂuence of results from apparently dlsparate mlcroworlds ‘Insnght’ is -
the appropruate common word lor the sltuatlon, and l wull contmue to use it where ,.f
no confusxon is Ilkely, but lts range of common usage extends so far as to prohlblt

) its techmcal use Thus I lntroduce @ new name, the elevatlon of control as the

techmcal name for the learnmg process exemplmed here. The ELE\IATION OF :

o 'CONTROL names the creatlon of a new control element whlch subordmates, in the,j"?" o

: sense of permrttmg thelr controlled mvocatlon, prevaously mdependent mlcroworlds, o

some experiences of insight are the experlenced correlates of control elevatlon.

The character of control elevatlon is revealed in the example The numbers'

thlrty seven and twelve were of such a magmtude as would have normally

Aengaged erlam s Decadal world Recall she had just been tlnger countlng (a Count

world functuon) and Decadal could calculate the sum as well If bath mlcroworlds"' o

~ were actively calculatmg results and slmultaneously achneved ldentlcal solutlons,
- the surprising confluence of results -- where none should have been expected -

‘could spark a significant cognitive event: the changing of a non-relation intora
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relation, whlch'is the quintessential alteratlon required tor the creation of new

~ structure. (in Lawler, 1979 | argue that the boundarles between mlcroworlds are -

' mdeflned by networks of "MUST- NOT CONFOUND" lmks Wthh functlon to suppress -

: confusnon between competlng, related mlcroworlds It |s the conversron of these

repressrve lmks, establlshed by experlence, to more explicit relational lmks, thatv A
generates the new control structure- at moments of mslght) The sense of
;;rp}lse hattendmg the-elevatlon of control is a dlrect consequence of a common’
tresult belng found where none - was expected The competltlon of mlcroworlds, '
- 'whlch usually Ieads to the domlnance of one and the surpresslon of others, also |
ﬂ "_lpresents the poss1bll|ty of cooperatlon replacmg competltlon So we see, ln the
outcome, where subsequently Decadal beglns a calculatlon and Count completes lt
: .Thls concluslon, howevermuch |t is based on a nch mterpretatlon, is an empmcal
observatlon Where we expected development in- response to lncrementally more

‘challenglng problems, we found thls form of mslght cognltlve reorgamzatlon from

the redundant solutron of slmple problems

| Coordinatinj{ and Task-rooted Structures

'b_.The elevation of control, a minimal change _which.could account _forthe '
lntegratic'm of mic’:'roworlds vwitnessed by erlam’s behavior. onld be the addition
of a control element permlttmg the serlal mvocatlon of the Decadal world and thenv‘

the Count world Let us declare at thls moment of msvght the formatlon of a new v.
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“-'mncroworld the SERIAL world. The perspectlve of the Senal world analyzes a

. -problem lnto a "part-for- Decadal" and a ressduum" (eg 28 plus 48 would be B

"vregrouped as a part for Decadal [28 plus 40] and a reslduum [8]) The functlons" o

v' Vof this world flrst mvoke Decadal upon return of the Decadal partnal result, they .
'lnvoke Count to complete the sum Structurally, the Serlal world is slmllar to its -
'l'predecessors, but functlonally and genetlcally it is quite dlfferent We may note_ ,
. that the Count world is rooted in one-to -one correspondence, the Money world is
y commltted to a comage rooted perspectuve, and the Decadal world handles_
problems of a magmtude encountered in the Babyloman scale of angles These
' Vthree are task-rooted structures (and the Paper sums world is another)
‘ Mtcroworlds whose perspectlve elements are descrlptlons of thlngs, speculatlons
about the relatlons of which may be vertfled or dlsconflrmed by straight- forward -
' experuments, are TASK ROOTED The knowledge whlch such worlds constltute is
.‘constructed through experlence by elemental descrlptlon refmement on a-‘ :
perspectwe descended from an ancestral world The well known results of such-,
task rooted worlds may be determmed by accldent as Mmams knowmg that 15,
cents plus 15 cents sums to 30 cents derlved from the price of gum and the(
amount of her allowance. Other results are less accudental That |s, Miriam knew
90 plus 90 equals 180 because thls sum (whose quantity and representatlon are._
cultural accldents) embodled a slgnlflcant actlon (turnmg around) in worlds of” "
experience. We can state the observation more generally. this way: . the_partlcular

knowledge of a microworld may be accidentally determined, but the microworlds
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themselves are not accndental they come to embody what s eplstemologlcally
profound in the experiences whlch inspire their construction. We return to thls

pomt m the penultlmate paragraph of the paper

The Serial world is not a task-rooted microworld and is different from them in

several ways Recall that task rooted mlcroworlds may have merely a smgle

| ancestor, eg the Money World’s sole ancestor is Count Coordlnatmg other' S

_mlcroworlds, mccroworlds such as Serial must have at least two ancestors
' v'AFurther. the elements of the Serlal world perspectwe are not descrlptaons of
thmgs in the world of common expenence but are descnptmns of the perspectwes
of the coordmated mucroworlds The Serlal world functlons by |nvok|ng the‘ 7
vt;subordmated mlcroworlds and not by recall of locally well known results or
.evxecutlon of local procedures Whereas the generatlon of the task-rooted worlds |
vaolves both msnghts about what are the srgmflcant elements of mlcroworlds and
| 'progresslve famlllarlzatlon with what can be done to them, the Senal world is so'-
'j'-slmple as to be complete at |ts mceptnon Fmally, the problem confronted at the
moment of mslght (37 plus 12) did NOT requure the |ns|ght to solve lt ln. this |

specmc sense, the cogmtwe development was - accudental' as opposed to_'

being experrence driven. ln a second sense, it was not accrdental at all for |t o

depended upon the slmultaneous engagement of robust ancestral knowledges We

will return to thls issue in our concludmg remarks. .
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Although the Serlal world is achleved as a mmnmal change of structure, lts

|ntegrat|on of subordmated mlcroworlds permltted a sngnlflcantly enhanced'

calculatlon performance, one so strlklng as to support the observatlon that a new, ”

functlonal level of calculatlon emerged from the new orgamzatlon Thls is

) especually evndent where knowledge is’ artfculated by proof Consfder thls example'

(at 6 5 24) erlam and Robby (her senior by two years and hlmself no slouch at

'calculatlon) were makmg a clay by mlxmg flour, salt and water They mfxed the

materlal kneaded it, and folded it over Robby kept count of hls foldmgs Wlth 95 .

' plles, the materlal was thlck He folded agam, "96" then cuttmg the pfle in half

: flopped the second on top of the flrst and sald "Now I’ve got 96 plus. 96" Mfrlam . B : -

mter;ected "That’s a hundred mnety two Robby was astounded couldnt belleve-' et

her result and called to hls mother to fmd it Miriam could possfbly be rlght |

erlam responded flrst "Robby, we know mnety plus nmety is a hundred and " _'

‘eighty. Slx makes a hundred elghty six. (Then counting on her fmgers) One =

eighty- seven, one elghty enght one elghty-mne, one mnety, one, nmety one, one, o

nmety-—two We can see the Decadal well known-result (90 plus 90) as a basus o

Vfor thls calculatlon and |ts relatlon to her countlng knowledge Both these polnts "

S support _the argument that Miriam’s new knowledge was speclfically ochntroIling | '

pre-eacisting microworlds | Robby was astounded -- and we too should try to
preserve a sense of astomshment in order to remain sensntlve to how small a

structural change permits the emergence of a new level of performance
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The advent of the Serial world marks the furthest reach of erlams mental

calculatlon skllls ~during The lntlmate Study Flgure 6 summarlzes the development

-of the mental calculatlon clusterv vof mucroworlds The genetlc structure, the
descent of a mrcroworld trom |ts ancestors, is preserved in the functlonmg control .
' structure of the mmd -Task—rooted and control mrcroworlds compete -among__
B themselves in a race for solutlon, a race open to. blas by the presentatlon of the

: ,problem, and they lnvoke the knowledge of ancestral mlcroworlds where

L ,approprrate (Such is concelvable even when an rnvoked ancestor is

'.Vslmultaneously a competltor) The structure |s of a mrxed form, baslcallyj a

competmve but hlerarch:cal at need Thls vision of mmd the system of cognxtlve

| »'structures, presents drsparate mlcroworlds of knowledge based on partlcular

E experlences The elevatuon of control acts to mtegrate the dlsparate mlcroworlds

. 'Most strlklng is the observatron that the moment of mslght resulted from solvung a

problem for whlch elther of two competmg mlcroworlds was adequate That is, the

L .Melevatron ol control was NOT necesslty drlven but rather derlved from the

surprlsmg confluence of results where no such agreement between dlsparate'

~ structures was expected.
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| ‘Paper Sums and Mental Arithmetic

The core of The Intlmate Study came to an end wuthout erlam s havmg learned

_to add in the narrow sense of using the standard algorlthm W|th the vertzcal formv.
~of the hindu- arablc notatlon, but she dld Iearn to do s0 subsequently ln the

- mtervenmg months, she returned to school (furst grade) and chose to do the school

work scheduled for her grade Typlcal calculatlon problems she confronted were:

o 2 +3=[7F if John had 7 cents and bought a mckel candy, how much would he |

have left 7 erlam was offered the chonce of domg more advanced work She

“chose the standard material (even though she complamed prlvately to me of s
boredom) so that she would not be separated from her frlends or be marked as
' -dlfferent from them A bad wmter that year Ieft us snow bound for a week or -

V'more We extended The lntlmate Study (around 6 ;9) for those show bound days

‘ wnth several expenments durlng which Miriam Iearned to add m the narrow sense o

. The objectlve of these Iate sessions was to lead Miriam to a vusron of carrylng“ -

~as maklng sense in terms of her appreclatlon of the representatlon ln the midst of

one sesslon, l posed the problem "how much is 14 plus 27 ?" by wrltlng in the ’

vertlcal form (a) Miriam calculated the answer mentally and wrote "41" on the )

| chalkboard N contlnued "l want you to look at the problem a dlfferent way v'

(wrltmg 10 + 4 and 20 + 7) (b) Can you see the 10 in the 14 ? Can you- see

that 10 plus 4 is 14 7" erlam responded Sure and writing "= 14" and "=27" |
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she concluded, "and the answer is 41; we d_id that already.” | tried a different
~ tactic: | | |

' 1'4'_---> 1048 = 14 B
+27 > ;2047’: = 27

———— —————————

41 30 + 11 41
. 38+ 18 + 1 A

@ @

. Bob: Now how much is. the ten plus twenty ?
N 'Mmam Thlrty |
| | Bob: ,b (wrltes '30 +in the answer line of (b))

Mmam Plus Oh (tappmg ‘4’ flrst then '7’) seven and four
o Bob:, ' How much i is that ? _
(1) Mmam Thlrty seven (then usmg her fmgers) thnrty elght thlrty-nme, |

| forty, forty one. (Pomts to the answer in (a)) ‘41°.

- Bob: - ‘How much is seven \ and four ? |

Miriam": (Pauee) :EleQen. B

‘Bobi Will you write down the 1177

N Mmem (She does so) Eleven. -
| , Bo_b: ls there a ten in the eleven ? -

o Mmam Yes Equals forty -one (wrstmg ‘417 in (c))
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Bob:» What you have .'to 'see, Miriarn, is that the eleven there -
is a ten plus a one. (wrltes 10+ 1° under '1 1’ in (b)) |
Mrrrarn Yeah ? |
Bob: ,And whenever yoo-get a ten in sornething tike an eleven_or
fourteen, you have to add it wnth the thlrtles (wrltes
| a second 30 + before the 10 + 1’ in (b).)
-‘Murrarn Why not the twenties "
(2) Bob So thlrty plus ten -~
:- Mmam (lnterruptmg) Is forty
| -B,°b‘ And then plus one --
e Mmam (mterruptmg) Is forty-one
_ Bob: _Does that }make sense now ?
_,'M‘iriam- 'Yeah " o
Bob: Does it really make sense, or are you Just humormg me ?

Mlnam I tell you it really makes sense.

In the dialogue cited '(transcribed ‘from videotape), Miriam’s .Seri}al'vvorld k.nowle'dge'
was active at (l) above on the dlstnbuted form of the problem (b) to arrlve at the
‘result she already knew to be correct After my pointing to the "ten in the :
eleven" at (2) above, Miriam could see that the results of vertical form calculatlons

could be the same as those of mental calculatlons Thls amounted to an mszght '

that the Paper sums world related to the Senal wortd in a significant way.
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After I set down the next problem (see (a) below), Mmam s Serlal world'

k"OW'Edge prOduced the result '93’ Congratutatmg her for a correct result o

erased her answer, drew in the columnar dlvnslon lines of (b) and asked her to‘

'calculate the result dltferentty She wrote an ‘8 in the ten’ s column, scratched lt |

' out and wrote in ‘93", | stopped thls attempt to bypass the probtem, wrote an ‘8’ 3

Aand a '13’ in the answer Ime of (b) and asked

So3r 1317]

8 w508
93 | 80| 13} -
SUBUEE

(a). (b)

Bob: ' Can you tell me why thls (the '8’ and ‘13’ makes sense ?
Mmam It makes sense because there’s a ten (wntmg ‘10’ under ‘13’),

plus three is |n the thvrteen

Bob: [l buy that,

(l) Mmam And if there sa ten, you add it to the elghty

‘Bob: - And what do you get ? -
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(2) Mlnam (Tappmg the 3 of the ten’s column in (b)) Is thls a thlrty ?
 Bob:  Yeah! | |
| Mmam (Wntes a zero to the rlght of '8’ in the ten 5 answer cell

of (b).) Plus ten is ninety-three, and the answer s nlnety-three

}‘At pomt (2) in the cutatlon above, Mmam asked me, for the flrst tlme, about the -
place value of a dlglt ThlS is the moment where she had an msnght into the nature .

-of the representatlon which permltted her thereafter to do addltlon problems ln

- the vertlcal form Seemg that the' '3’ was really a ‘30’, she transtormed the '8’ to

an '80’ to Wthh it made sense to add the 10’ of ‘13’ (I mterpret the elghty“ of B

statement (1) above to be the |ntermedlate result "elghty, of the Serlal world )

‘ calculatlon Notlce that erlam appended the '0’ to the ‘8 only after establlshmg
that the '3’ was a ‘30°)

During the core of The Intimate Study, Miriam’s Paper-sums knowledge was $o
remote'from Vher knowledge ot mental ’calculatlon that she did not lmagine results
of cognate problems should be the same. In the preceding incidents we have seen

'Miriam making sense of the hindu.-arabic representation -- as that lnterseots With '

the standard addltlon algorlthm -- by connectmg it coherently wnth her dependable i

knowledge of mental calculatlon Flgure 7 names CONFORMAL the structural
element connecting the Paper -sums world to the worlds of mental calculatlon The

lmpllcatlon of the name is that the knowledge of the Conformal world is a mapping,




39 ~ Progressive Construction

a set of correspondences between aspects of some calculatuon worlds and others

Whlch worlds ? Which aspects ? The most sngnlflcant insight was that the ‘3’ of

"“'37"was really a '30’ as |s the "thrrty" of " thlrty-seven This is a part-to- part

correspondence of elements in the perspectlves of both the Paper sums world and
- the mental calculatlon worlds If we pursue the questlon, "Whlch worlds ?", we
must conclude the descrlptlon ot the place value of Paper-sums columns relates to' :

Hperspectwe elements of the Decadal world whlle the coherence of results relates |

| 'the Paper-sums and Serial worlds.

***********
| place FlGURE 7about here R

****x***.***'

From the CORRELATION OF PERSPECTIVES our name for the process whlch' E |
A_ }omed the Paper sums world through Conformal to the worlds of mental calculatlon,‘
F‘-_Mmam could see that the results of the processes SHOULD be the same and thus,
the manlpulatvons of the paper sums problems could make sense The learnlng '
exh|b|ted by the correlatlon of perspectlves is different from that of the elevatlon
‘ of control in respect of the resultmg structure The Serlal world mtervenes
- directly in the functlonlng control structure of the mental calculatlon cluster The
‘Conformal world represents a spemes ot knowledge essentlal in mtegratmg

dlsparate mlcroworlds - knowledge whose use |s constructlve but otherwssei
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» v""non functlonal Slnce the Conformal world does not ‘enter mto the control

-structure of the calculatlon mlcroworlds, we should not expect it to have functuons o

~ within its own structure The perspectlve of the Conformal world |s a set of

»equwalences, eg a dlglt in this tens place |s equwalent to a Decadal element

Thls knowledge of other mlcroworld perspectwes permtts the coherent reglstratlon

._of one W|th another

- The crucual msrght lnto the tens place value did not establlsh mstantaneous" o i

coherence Flrst came the conclusron that the results’ of addltlon should be the .

~ same in Paper-sums and mental calculatuons, then came a workmg out of the value_

._ _Aof the other places For example, in her next two problems (77 + 23 and 137 + RN

' __256) Mmam used her mental calculatlon procedures to etfect the carnes requnred

(arrlvung at the answer "tendy", i.e. one hundred for the flrst) but could not‘_
explam why this made sense in terms of place values In subsequent sesslons, we
'worked over a serles of problems and applled are- namang step to carrylng l

w4'cr|t|c12ed the rule 'out down the N and carry the l” as not makmg sense. We‘:m

began renamlng and marking the actual value of the carrles, as Mmam had marked s

H the actual place value of the ‘8 in the tens answer cell above Thus erlams,
"tendy was renamed one hundred and the carry to the hundred’s column was as

'100’\ Slmllarly ten hundreds was renamed one thousand Mmam decalred that

this system made sense, though her executlon requrred the fixing ot several .

procedural "bugs". Thus, in the sum (a) below at left Murlam treated the carry
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mto the ten s coiumn as a ten and the 4 and 5 as umts, she ignored the carry |nto' :

the hundred’s column (in reachmg 11) and probably dlsregarded place values

b ) b

l600 foo 10 : ) o000 /ooo 1% 10
Fe17131615] dzrzregs g
2218517 '_+H|7|3,|4|51

SolTielLie2 o g7yej2 ez

(a) o W)

‘-"Mmam had shown me thls result (a), beluevmg lt correct When l‘pomted out her'
' ,',_errors, she was so angry she refused to do any more calculatlons Thus the,., B
| fsecond sum, (b) above, wntten on a clean chalkboard was |gnored for days, until '
» Valentune s Day, when Miriam executed the sum as a surprise present for me. |
Slnce that tlme, Mmams addltton in this form has been essentlally correct Her"

confldence in her understandmg was WItnessed by the spontaneous extensuon of

her addltfon to skill to muttl addend multl dtglt sums two months Iater :




42 ~ Progressive Construction -

Summary and Reflections

‘Has our theme been addlhon, learnlng to add or learnlng more generally .

‘ consldered ? We have dwelt on one chlld’s learnmg to add as a worked example R

. of a productlve method for |nvestlgatmg and interpreting learnmg The contnbutlon o

of thls analysls is the notlon of separate macroworlds, derlved from partlcular ‘ ‘

experlences, Jomlng lnto a more powerful organlzatnon through structure-relatmg B '

| knowledge Such relattonal knowledge is seen as different in apphcatlon but not in .
.kmd from task rooted knowledge This analysls ls a smgle, early step toward a”
computatnonal theory ol learmng of general appllcablllty, one whereun the '
speczallzatlon and refmement of perspectlves expand the appllcatlon of exnstlng
knowledges to new expervences whlle the countervalllng processes of control i
elevatlon and perspectlve correlatlon permlt the progressive |ntegratlon of |
dlsparate mlcroworlds mto a coherent mlnd it is lrom the balance, the

equnllbratlon, of such countervatlmg processes of knowledge apphcatnon-extensnon '

and mtegratlon that Plaget’s dlalectlcal splral of cognrtwe development appears ‘

We can conclude of our theme that what is commonly called learning is the
' fjenhanced performance which emerges from changes W|th|n and between actlve l'
- microworlds of knowledge - |

| | **:*'***-***,**_
place FIGURE 8 about here

R R EE R
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‘We have seen four examples of slgmflcant cognitive development The

"Decadal and Paper-sums worlds were related to tasks Miriam worked at ie they S

~ are task- rooted mrcroworlds whose perspectlve elements descrlbe thmgs of our
tcommon world The Serial world ls a control world whose perspectlve elements :

" are descrlptions of subordmate mlcroworld perspectlves, the sort of thlng Serlal

knows IS that Decadal can handle in general problems of the form decade and
unlts plus decade Sumllarly. elements of the Conformal world perspectlve are

descnptlons of elements in the perspectlves of mlcroworlds it relates These last

| two mfcroworlds coordlnate the actlwty or perspectlves of the mucroworlds therr_

. perspectuves descrlbe ‘We have observed that the perspectlves of the task- |

o Irooted mlcroworlds derlve from the. extenslons and specaallzatlon of ancestral

- perspectwes to make sense of experlence in a new domaln Recall how the

Money world descended from Count and how Decadal was a spec:ahzatlon of the

Money world whlch was powerful in appllcatlon because the Decadal denomlnatlons
”(decades and unlts) flt the culturally embedded representatlon of the: hmdu arablc
‘number system We have argued for the competltlon of mlcroworlds in thev
formatlon of the coordlnatlng worlds and noted the emplrlcal result that the'
"nS|ghts occurred when_ there was a surprising congruence of results where no_ne__.

was anticipated.

: .'_Weishould ask about_'those incidents of insight, ‘be_cause they derive '_from an
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unexpected congruence, to what extent the occurrence was elther accudental or
. necessary The partlcular mcrdents themselves have very much the flavor of
accndent especrally that of the Serlal mslght Is lt possrble to argue that there

'was some sense in Whlch Mmam was "fated" to make the dlscovery whlch

"mtegrated the Decadal and Count worlds for processmg problems of a certaln o

' -range of complexrty ? We could argue, for lnstance, that the cultural embeddmg of} -

_the number representatlon would present any child wath a multltude of problems

over tlme whlch would make most llkely her stumbllng into a serlal-llke |ns1ght

leellhood however, is not necesslty ls there such a thlng as a mathematlcal

structure whlch was, ln any sense, pullmg Mmams development along a spec:ﬂc

lme of development " It is not necessary to make such an assumptlon What

AImarked the stablllty of Mmam ] Iearnlng was the conjunctlon of ancestral o

mlcroworlds thestructure of the representatlon whlch we lmpute to erlam |s an.

‘ emergent from her experlence, its stablllty is based on the mtegrablllty of several ,

) ,expenences That is, havmg multlple pomts of wew is not maglc, it was thelr_'v o

/ Thttmg together that produced the stablllty We have seen mlcroworlds of -

computatlon, each of whose perspectlves analysed problems into dlfferent |

elements for calculatlon The slgmflcant aspect of number that results in

' developmg a complex and stable cognltlve structure is not that there are really

such thmgs as mathematlcal structures" but that the nature of number makes. it

' amenable to calculatlons which go forward by anchormg thought at some element’ :

, base value and varylng that base by some other termd, What the specmc bases of
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number ‘used in a particular calculation may be matters far less than that some

base is necessary. It is this epistemolog’icat aspect of number’s structure (and its

'conform'ability'to human thought processes) which 'perrhits a v’ariety of worlds of

expenence to arise separately and subsequently to be mtegrated lnto a coherent

“and complex understandmg

: Smce the study was focussed on one chlld and since her experrence tnvolved'v T

"computer exposure to an unusual degree, lt IS approprnate to raise the rssues of
' how lndlwdual d|fferences and drtferences in experlence mlght affect our o

conclusuons The classlcal argument in the psychotogrca| hterature for detalled |

vexphcatron of the partlcular case is that of Lewm (1935) He promotes the'

generat mterest of the partucular case by argumg that untess we can comprehend , a

specuflc |nc|dents of behavror in all thelr partlcularlty of occurrence we can

' not rlse above correlatlons to mvestugate the Iawfulness of mental processes.

. »iln short the detarled exphcatron of one chtld’s learnmg can be of value regardless' ‘b

o of varuattons rn natlve endowment, prewous expercence and the atyplcallty of the

b;specmc Iearnmg observed (lt is worth notmg, however, that the contrast of )

‘.Mrrlams know|edge'and tearnlng wnth the partrcutar rnudents presented ln'
'Grnsberg, 1977 establlshes that what we have observed is not dlfferent in klnd
,from what others have seen) Flnally, I ralse the rhetoncal questlon Can on_e
|magme learning gomgvforward from partlcutar experlences _to the resu}lt of-a

coherent mind without the existence of learning processes whichtperforrn'at Ieast"-,
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the functions exemphfled in thls study ” Although ! w:ll admlt some people mayv :

'learn faster than others -- for reasons some of whlch I surely do not understand

- I do not beheve dufferences between people are slgmflcant at the level of -'
‘processes exemphfled here. Wlth respect to varlatlons in experlence, a dlfferent |

'_v_observatlon is approprlate Mmam s computer experfence was unusual yet it flt in

surprlsmgly well to her eventual understandlng of some common knowledge The. o

flrst concluslon is that there is more than one poss:ble path to the mastery of a.
skl" The second concluslon |s that the number of paths is constramed by theT

‘ varletles of expenence whlch are posslble The final concluston, based on the A

observatlon that an |mportant type of "forgethng mamfests the domlnance of what':__' -

" makes sense to the mduvudual over what has been mculcated W|thout"'}"'

| comprehenslon, is that the preferred path is whlchever one the lndlvudual follows

: fm comprehendung experlences judged worth the effort of understandmg In this

| sense, that the learners values determme the optlmal path the lndlwdual

dlfference is everythmg
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FIGURE LEGENDS

- FIGURE 1 Steps in the Mastery of Addition: these actavutles, calculatlons, |n5lghts,

gand thelr sugmflcance are dlscussed in the followmg text

'structured descrlptlons, analyzes a query into elements Functlons execute upon .

: , element values to produce output

| ‘FlGURE 3 Contrastlng Control Structures descrlbmg knowledge as the functlonmg

of dlsparate m;croworlds permlts vuewmg ”the problem solver as emergent trom

~ the mteractlon of stmpler structures

' FIGURE 4: SHOOT -- A Computer Game: playing this simple game led to Miriam's

. ability to calculate large sums mentally, eg 100 minus 20 equals 80.

FIGURE 5 Actlwty wuthln the Decadal mlcroworld when element values are

. assvgned Decadal functlons further analyze those elements, lnvoke Count world
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o knoWledge, and reformat the result for use.

| '“FlGURE 6 ‘The Orgamzatlon of Fwe Mtcroworlds the Senal world both mvokesl
and competes w:th the Count and Decadal wortds, the control is "basmally' A'

competetwe but hlerarchlcal at need." Arrows between wortds exhlbxt paths of

lnvocatuon whlch result from denvatuon of the descendent (hlgher) mncroworldsﬂ a

from earher (ancestral) macroworlds

'FIGURE 7: The Relatlon of the Paper-sums Mlcrowortd to Others the Conformal

 world Pefspectwe relates ‘elements of three other worlds, ‘this relatlng wastvv'w N

needed for the subject to make sense of vertlcal form addltlon in the Paper-sums'

wortd

- FIGURE 8: A Summary of Miriam’s Addition Microworlds
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NOTES

'[1] "Logo was. founded by Seymour Papert as the educatuon research pro;ect of
the M l. T Artlﬂcnal lntellngence Laboratory More recently it also has been

o afflllated wrth M.L T s Dwuslon for Study and Research in Educatlon The

| objectlves and theorles of Logo are best represented by Papert’s book (1980)

[2] The mrcroworld loke Mmsky s later frame names a structure whlch
‘ transcends the drchotomy between data structures and procedures as

an organlzatlon of pattern actwated functlons, demon procedures

I mtend to relate mrcroworlds to the main rdeas of frames ina later paper ﬁ o

[3] Tversky & Kahneman (1 974) establlsh the more general result that
anchorlng with varlatlon plays a slgnmcant role in the mental calculatlon N
ot mathematlcally sophlstlcated adults. Their work llrst suggested to me.
the value of tollowmg the separate development ot mental calculatlon e

and paper sums.
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FIGURE 1

' AGE B EVENTS
(year;mbnth;day),
before 5;0;0 counting objects
before 6;0; playing with coins

0
before 6 ;0. 15¢ + 15¢ = 30¢

;9 1746 = 23 by counting
9 R

2

89+14=... (failure)
3 'playing,with computers
" typical calculations:
~ 100 - 20 = 80
55 + 22 = 77 :
55 + 26 = 70:11 -- 76
63;0;26 Decadal world insight
6;0;28 ninety degrees- is special
. - - ©  631;20 first instruction in ‘
p\" R R G R % paper-sums i :
T e e ©  633;6. idiosyncratic addition.
. (reduction to nines)
6:3;7 intérrupt computer play
o ~ for remote vacation
63;3;16 Serial world insight
. 63;3;23 spontaneous calculation
‘ with Serial world

;25 resume computer play
- 6;4;28 60 + 90 = 500 ?
324 " proving 96+96=192 by
= Serial addition and with
- - 90+90=180 known result
- 635329 9+49=8+8+2=16+2=18
’ 312 754+26=101 by Serial additlon.
~ 75¢ + 26 = $1.01 by coin.
equivalences .
6;8;31 Conformal world insights‘
'63;9;28 imperfect vertical sums
- 63;10;5 perfect vertical sums

(underééoré_sigﬁifiesvgontinuiﬁg‘activity)»
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FIGLRE2

QUERY

'Seventeen plus six is how much ?

FUNCTIst o _ examples

‘well- known results.v 2 42 = 4, etc.
_procedures: - - COUNT-UP:
, . o '~ = anchor at base
- value.

-‘incremeht’thg
base, raising

- fingers until
their count

o : : equals addend.
cascades of activity: (see Figure 5)

(arrows flow away from centers of
control.)
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~ FIGURE 3

ExecutiveAContrdl Structure

-drives
problem
solver

-interprets
problems

PROBLEM
SOLVER -invokes

. appropriate
\\\*Fnowledge _
dormant '
~ knowledge

MONEY COUNT

y

"Competitive Control Strucﬁure

-may be
posed
"-may be
sought

active microworlds
can create new

‘queries or solve .

- existing queries
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FIGURE 4

O] | ©
> —‘ >

~ initial position after RIGHT 100
‘and orientation : ’

’ - ‘ b/
after LEFT 20 ‘after auto-reéet,
- SHOOT 200  before RIGHT 80
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FIGURE 5

. QUERY'- _ ' v
Fifty-five plus twenty-two is how much?

(arrows flow away from centers ‘of
control.) '
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- FIGURE 6

VERTICAL

VERBAL

QUERY ‘QUERY
Seventy~-five 75
plus

twenty-six 426

is how much?

2?7

PAPER
SUMS

‘(arrows flow awny from centers of
control.)
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FIGURE 7

VERBAL
QUERY . .

Ninéty-six
plus

ninety-six

is how much?

VERTICAL
QUERY

37
+56

(arrows flow awa
control.)

y from centers of’
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FIGURE 8
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