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1 Introduction

In considering how the motor control system executes an arm trajectory from a starting
point to a goal point, one hypothesis is that a detailed time sequence of arm positions
is planned along the trajectory. The two most obvious candidates for the planning
variables that specify arm position are (1) joint angles and (2) hand position and ori-
entation. To decide between these possibilities, researchers have sought the variables
that give the most parsimonious description of experimental arm trajectories. Morasso
(1981) observed that arm movements restricted to a horizontal plane were approximately
straight, a finding corroborated by other researchers (Abend, Bizzi, and Morasso 1982;
Hollerbach and Flash, 1982). Since the joint angle trajectories are apparently compli-
cated functions of the start and goal points, Morasso argued that the manifest simplicity
of the hand variable description can be considered as evidence for planning in. hand vari-
able space (Fig. 1).

Other researchers have reported evidence for joint space planning. Kots and Sy-
‘roveg’m (1966) found a constant ratio of angular speed for simultaneous movements in
elbow and wrist, although these findings have been criticized by Bishop and Ha\rrison
(1977). The most intriguing evidence, which triggered the investigations of this paper,
is provided in a series of papers on two-joint arm movements in a vertical plane (Soecht-
ing and Lacquaniti, 1981; Lacquaniti and Soechting, 1982; Lacquaniti, Soechting, and
Terzuolo, 1982; Soechting and Lacquaniti, 1983). To quote the earliest paper:

“The other consistent findings which characterize the pointing movement ex-
amined can be summarized as follows: (1) the ratio of the maximal velocity of the
elbow to that at the shoulder is equal to the ratio of the angular excursion at the
two joints, (2) the two angular velocities reach a maximum at the same time and
(3) their slope is independent of target location as the target is approached. These
invariances are all expressed in intrinsic coordinates and, thus, one may pose the
question: Is the movement organized in terms of its intrinsic coordinates (# [shoul-
der angle] and ¢ [elbow angle]) rather than in terms of extrinsic coordinates (x,

y)?”l

The reason this evidence is intriguing is that at the same time the joint rate ratios

seem constant, inspection of the trajectories shows approximately straight-line hand

'Soechting and Lacquaniti (1981), p- 718..
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Figure 1: At A diagram of a straight line movement in joint space and the corresponding path
in hand space. B: A straight-line movement in hand space and the corresponding path in joint
space. (61 1s the shoulder angle and 2 is the elbow angle.)

paths (Fig. 4). It would be expected that these two viewpoints exclude each other,
given the complex transformation between joint space and hand space. There are only
two degrees of freedom in a two-joint arm and either a hand trajectory or a joint
trajectory completely specifies the motion of the arm.

In this paper we reconcile this discrepancy by showing that the joint rate ratio plots
are not actually constant despite their appearance. The two viewpoints are generally
exclusive and clearly distinguishable, as we show by a theoretical characterization of
all possible straight-line joint paths. To explain why the data seem to support both
viewpoints, we will focus on the property for the corresponding experimental movements
of unidirectional execution towards the workspace boundary. It will l;e shown that a
general kinematic property of two-link mechanisms at the boundary of the workspace
is the approach of the joint rate ratios to a constant value. Thus it is unnecessary to

invoke motor system planning and control to explain the joint space characteristics.

2 Results

In this section we derive a succinct mathematical formulation for the set of all possible
trajectories obtainable from a strategy of constant joint rate ratio. This formulation
allows determination of the extent to which these trajectories are distinguishable from

hand-based straight-line trajectories. Next, a surprising kinematic behavior of a two-




link mechanism as it approaches the workspace boundary is presented, and is invoked
to explain the apparent contradiction of straight-line paths simultaneously in hand and

joint space.

2.1 Joint Interpolation

In the introduction we contrasted straight-line motions in hand space to straight-line
motions in joint space. We will first show that a strategy of maintaining a constant
joint rate ratio is equivalent to executing straight lines in joint angle space. In robotics
straight lines in joint space are known as joint interpolation (Brady, 1982), defined by

the following equation (see Fig. la):

o(t) = (0(ts) — 0(t:)) F(2) + 0(t:)

where 8 = (01,02,...,0n) is a vector of the n joint angles, 8(t:) are the joint angles at the
start of the movement, #(ts) are the joint angles-at the end of the movement, and f(¢) is
any monotonic time function (f(t) > 0) with f(t:i) = 0, f(ts) = 1. Note that each joint
angle will have the same velocity profile except for a scaling factor of distance travelled
by that joint. In these trajectories all joints reach maximal velocity at the same time
and the ratio of any pair of maximal velocities equals the corresponding ratio of angular
excursions of the joints. '

To begin the demonstration of equivalence, the ratio of any two joint-angular veloc-
ities given a joint -ir.xterpolation strategy is:

b 0)  (6:(t1) = 6:1))F(t)  Ag;

Ox(t) (0k(tf) - Gk(ti))f(t) ~ Abk
which is constant. On the other hand, a constant joint rate ratio strategy implies a

constant slope of the trajectory in joint angle space, since by the chain rule:

6, _df:dt _ dbs
g, dt do1  db:

which is constant (Fig. 2a). Straight lines are not the only possible planning strategy in

terms of joint variables, but they are the most common and the most analyzed. Other
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Figure 2: A: A constant slope in joint space (which leads to a straight line) implies a constant
joint rate ratio and vice versa. The slope of the line in joint space is 62/61 B: Segments of the
joint space path (in this case a segment of trajectory 1 from figure 5) can be fit by straight lines
whose slope is given by 92/&1 and whose angle from the vertical is given by p = arctan(éz/él).
C: The same result can be seen in the joint velocity space trajectory where the path approaches
a straight line asymptote towards the end of the movement whose slope is 62 / 61 and whose angle
from the originis p = arctan(éz/él). We use the angle p to describe the joint rate ratio since the
arctangent of a ratio remains between —7 and 7 as the ratio itself can vary between negative
and positive infinity. :

conceivable strategies include independent joint control, where each joint has a separate
time function. '

The implication of this analysis is that the features of trajectories that can be used to
support joint variaible plahﬁing are straight-line segments in joint angle space. Soechting
and Lacquaniti (1981) actually presented more complicated trajectories for which only a
portion of the joint angle plots, in the deceleratory phase, seemed a straight line. Local
stfa.ight segments of a path can be inferred either by examination of the joint angle
plots (Fig. 2b) or by the asymptotic approach in joint velocity space (Fig. 2c). A goal
in the subsequent sections is to understand when such straight line segments in joint

angle space arise.




2.2 The N-Leaved Rose

One possible problem is that the trajectories produced by a joint interpolation strategy
may be experimentally indistinguishable from trajectories produced by a hand space
strategy. To test for this possibility we have theoretically characterized what paths
straight-line movements in joint space will produce in hand space for a planar two-link
arm (Fig. 3a). This two-link arm is a reasonable approximation to the forearm and
upper arm of a human, since the experimental data typically describes planar movements
involving only the shoulder and elbow joints. The features of all straight-line joint space
motions of this two-link arm can be described rather simply. For a constant joint rate
ratio K = 91/92 and an initial arm position at full extension (61 = 0, 62 = 0), we
generate a straight line in joint space and a more complex curve in hand space. This
can be done for any joint rate ratio, to generate a family of corresponding curves in
joint spéxce (Fig. 3b) and in hand space (Fig.- 3c). All features of joint interpolated
paths have been generated, due to the rotational symmetry of this arrangement with
respect to 61, in that a shift in the initial condition 61(0) merely shifts Fig. 3b to the
left or the right and rotates Fig. 3¢ about the origin by 61(0) without changing path
shape.

It is possible to characterize analytically the family of curves generated by joint-
interpolated trajectories in a succint form by using a polar coordinate (r,¢) arm de-
scription (Fig. 3a), with r the radial distance from the shoulder to the arm tip and ¢

the angle the radial line makes at the shoulder:

6 0
qﬁ=01+"2, r=2cos‘2—2,

. ' o
¢=91+02—2, f——-—ﬁzsin‘j.

Combining equations,

és_‘ é1+é2/i2 —7
- ~ f, . ) sin(62/2)
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Figure 3: A: A planar twolink arm. (61, 62) are the joint angles and (r, ¢) is the polar coordinate
description of the tip position (z,y). For this figure we took the link lengths, {1 and /2, to be
equal to 1. B: A sampling of the straight lines in joint space from the origin. Note that the
origin in joint space corresponds to a fully extended arm whose tip is at z = 2, y = 0. C: The
straight line joint space trajectories of B mapped to hand space.
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Suppose K = 01/6: is constant. Then

. . F
b= (K +1/2)7———
o= ‘ )sm (62/2)

Noting that sin(62/2) = \/1 - (r/2)2 and integrating the equation

/ @dt—_—ﬁ ————dt
: Vi-(/2)

yields

¢ —¢o= (2K + 1) <COS'1(§) - 008”1(%))) :

Taking cos™*(ro/2) = 0, where the arm is initially fully extended, we obtain the

N-LEAVED ROSE: | r = 2cos (@;@)

2K +1

As can be seen in Fig. 3c, N-leaved roses (Burlington, 1942) tend to be strongly
curved, especially for movements that are not primarily radial movements. Hence joint-
based planning generally yields trajectories readily distinguishable from straight-line
hand paths. There is exactly one special case in which straight-line paths exist simul-
taneously in hand space and in joint space, when 8; = —92/2 and hence ¢ = 0. The
trajectory must then follow a straight radial line through the shoulder. The horizontal
straight line in Fig. 3c is an example, and corresponds to a degenerate “rose petal”
with no width. In examining the movements of Figs. 4a and 5a, it seems movement
6 does fall into this speéial category and movement 5 nearly does, but movements 1-4

cannot be explained in this way.

2.3 Movements Towards The Workspace Edge
2.3.1 Simulated Movements

Though the previous analysis has shown that in general joint-interpolated movements

are strongly curved, it nevertheless remains to explain why the data of Soechting and




Lacquaniti (1981) apparently show approximately straight-line hand paths and, during

the last half of the trajectories, an approach to a constant joint rate ratio (Fig. 4).

One possibility is that the small deviations from hand-space straight lines seen in the
data are significant and explain the constant joint rate ratio asymptote. To decide on
this possibility, we simulated exactly straight-line movements with approximately the
same starting and target points as in a sample of the original data (Fig. 4a). For these
simu]ated movements we used link lengths measured from a human subject and the tra-
jectories were minimum jerk (Hogan 1984). The simulated straight-line movement paths
are shown in Fig. 5a and the corresponding joint-space trajectories are shown in Fig.
5b.2 We hote that the second half of each of these joint-space trajectories approaches
a straight line in both the real and simulated data, which apparently suggests that the
last half of the movement is joint interpolated. The joint velocity-space diagrams show
the sarné_ features in the real and simulated data: an approach to an asymptote and the
transition from an oval trajectory to a narrower trajectory as the final target shifted
(Figs. 4c-i and 5c¢).

To pursue further the issue of a constant joint rate ratio, the plot of arctah(—-()z/éﬂ
versus normalized movement distance (the distance traveled so far divided by the total
distance) in Fig. 5d evidently shows the approach of the joint rate ratios to a con-
stant. There is clearly something special about these movements that goes against the
expectations based on N-leaved roses, and the following section explores why this is the

case.

2.3.2 Kinematic Constraints

When the straight lines of Fig. 5a are extended to the workspace boundary, it can be
seen that the plots of Fig. 5d actually reach the same constant limit in Fig. 6a. To
explain this result, we examine the behavior of the analytic expression for joint rate
ratio as the boundary is approached. The general analytic expression is (see Appen&ix

for derivation):

2We have used standard coordinate systems and joint angle conventions from robotics. This leads to
apparent differences between figures 4 and 5 in terms of scales and orientation of the plots. We have

tried to minimize these apparent differences by rearranging the units of the various axis.
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Figure 4: [Figure 4 and accompanying legend from figure 4 of (Soechting and Lacquaniti, 1981)]

. “Dependence of movement trajectory on target location. A: Movement trajectories of individual
trials to six target locations described in z, 2 coordinates; B: The same moévements described in
6, ¢ coordinates. Lower target locations require progressively less shoulder flexion. C to H: The
trajectories described in the phase plane (€,¢) for movements to targets 1 to 6, respectively.
Only the portions beginning when shoulder angular velocity is maximal is shown in I. Note
that the trajectories form a loop which becomes progressively tighter for lower target locations
and that the terminal portions of all trajectories are virtually superimposable.” {(Soechting and
Lacquaniti, 1981) use different joint angles; 8 is the shoulder angle: (6 = 81 + 90°), and ¢ is the
elbow angle: (¢ = 180° — 62)]
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Figure 5: A: Six simulated straight-line hand space movements. The start and target points
for these six movements correspond to those for the six movements of (Fig: 4A). The movements
are displaced and reversed in direction only due to different coordinate system conventions. B:
The corresponding paths in joint space. These paths should match the joint-space paths of (Fig.
4B). (We use different joint angle conventions from Fig. 4: 6 = 61 4+ 90°, ¢ = 180° — 62). C:
The normalized joint velocity-space trajectories. These trajectories should match those in Figs. -
4C to 41. D: The actual joint rate ratios (in angular form) for each movement plotted as the
arctan(~éz/ 01) of the points in velocity space versus normalized movement distance. The joint
rate ratios all seem to approach a limit, even for these exactly straight-line movements in hand
space.. ‘
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elbow angular velocity 0_2

Joint rate ratio = — =
shoulder angular velocity  ¢;

—zlicos b1 — ylisin 61 — zl2 cos{f1 + B2) — ylasin(f1 + 62)
zlz cos(f1 + 62) + ylz sin(61 + 62)

Near the periphery, the elbow becomes straight and 62 — 0.

RN : .0 L+l
lim (joint rate ratio) = lim 2o R
f2=0 b2=0 g, {2

Surprisingly, the joint rate ratio is a constant, dependent only on the link lengths.
The constancy holds for any point on the workspace boundary and for any trajectory
that approaches the boundary. Before the workspace boundary, the joint rate ratios
are not constant despite appearances. It is critical to distinguish the statements “is
a constant” versus “tending towards a constant.” The trajectories of Soechting and
Lacquaniti (1981) therefore do not actually demonstrate a constant joint rate ratio in
the deceleratory phase, and there is no contradiction with the trajectory features of
hand-space straight-line paths.

To show that this is a general kinematic phenomenon for two-link planar mechanisms,
we plot a contour map of constant arctan(-_éz / 91) lines connecting the shoulder point
to the movement starting point (Fig. 6b). Overlayed onto this contour map are the
extended straight-line hand-space movements of Fig. 5a. As these movements traverse
towards the boundary, each crosses the contour lines in a particular order before finally
reaching the boundary value of 65°. . The experimental movements of Fig. 4a reached

at least the 57° contour.

3 Discussion

The misleading constancy of joint rate ratio in the data of Soechting and Lacquaniti
(1981) is due to an unfortunate choice of experimental movements. If they had chosen
movements in the reverse direction, from the boundary to their original interior starting

point, then they would have observed an apparent constancy of joint rate ratio in the
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Figure 6: Effect of joint rate ratio limit at edge of workspace. A: When the joint rate ratio
plots for the simulated movements of figure 5 are plotted all the way to the edge of the workspace
the joint rate ratios all reach the same limit. B: A contour map can be drawn for the joint rate
ratios (in terms of arctan(—f2/61)) reached for all straight line hand space trajectories starting
at 1 = —90°, #2 = 90°. Note that the limit of 65° is approached closely in a large portion of
the workspace. The simulated movements of figure 5 extended to the edge of the workspace are
also shown.
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acceleratory rathef than deceleratory phase of movement. If they had chosen start
and goal points completely interior to the boundary, then they might have observed
straight-line hand paths corresponding to complicated functions of joint rate ratio.
While our conclusion is that this experimental data is consistent with straight-line
hand paths rather than with straight-line joint paths, we do not wish to imply that
humans select only hand-space trajectory plans. What our analysis shows is that if one
is interested in the question of joint-space versus hand-space planning, then one should
stay away from the workspace boundary. Movements near the boundary will always
appear to have a constant joint rate ratio, and there is not a clear enough diétipction

from hand-path trajectories.

3.1 Explicit vs. Implicit Trajectories

The point-by-point evolution of an arm trajectory need not be the result of an explicit
trajectory plan, as would be hypothesized for planning in joint or hand space. An
alternative viewpoint is that trajectory shape is an implicit function of control. One
example is endpoint control, where the muscle actuation is proportional to error be-
tween a current arm state and the end state; the trajectory evolves implicitly through
the interaction of movement dynamics and the endpoint-dependent actuation. Holler-
bach {1982) proposed a coupled oscillator theory of handwriting in which an individual
writing stroke is generally shaped by parameters of the oscillation but is not directly
specified. The various proposals for final position control are a form of endpoint control
where muscle ensemble equilibrium point is changed in a step-like fashion from start to
goal; the muscle properties with or without proprioceptive feedback loops set up force
fields that mechanically direct a movement toward an equilibrium goal (Crossman and
Goodeve, 1963; Fel’dman, 1974; Bizzi, Polit, and Morasso, 1976; Kelso, 1977; Kelso and
Holt, 1980).

Evidence has been accumulating against endpoint control and for intermediate tra-
jectory points. Delatizky (1982) concluded from simulation that it is unlikely such a
simple mechanism could generate observed straight-line hand paths with bell-shaped

velocity profiles. Bizzi et al. (1982) inferred the existence of intermediate trajectory
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points through perturbation experimenté. An alternative hypothesis is that trajectory
generation is the outcome of some continuous process or internal (mental) dynamic
system, as described in (Saltzman and Kelso, 1983). |

Explicit trajectory planning has still not been conclusively demonstrated, but there
are reasons for hypothesizing its existence. Planning in hand space allows handling
external task constraints such as motion along geometric constraint surfaces (Hollerbach,
1982), obstacle avoidance (Lozano-Perez, 1982), and minimization of load perturbation
(Flash, 1982). The cost of hand space planning is that it requires transformations
between hand position variables and the directly sensed and controlled variables such
as joint angles and muscle lengths. Simple paths in hand space such as straight lines
can lead to complex trajectories in joint space (Fig. 1b).

The advantage of planning in joint space is that it simplifies the planning process.
Each joint has an initial angle and a final angle, and a smooth transition is simply
generated from the initial to the final angle for each joint individually. Coordinating
the joints need only be done by coordinating the timing for joint motion start and
stop. A simple joint plan such as this will lead to straight line paths in joint space if
the movements of each joint are amplitude scaled versions of each other. The problem
with this form of arm motion planning is that it often generates complex trajectories of
‘the hand (Fig. la), which may cause collision with obstacles or unwanted forces on a
hand-held load.

The question of what spaceé or sets of coordinates are used in the planning and
control of human movement cannot be settled on the basis of kinematic data alone,
given that the kinematic data is in general complex and the shapes of movements can
reflect a wide variety of task demands. However, discovering simple models that explain
a wide variety of kinematic behavior give strong indications of what types of signals and
processes exist in human motor control. Since the simple description of point-to-point
trajectories as handspace straight line motions seems to apply throughout the workspace
we take this as evidence of trajectory planning at a level higher than muscle or joint

variables.
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3.2 Summary

e A strategy of constant joint rate ratio of shoulder and elbow joints is formally

equivalent to joint interpolation. i.e.. straight line paths in joint space.

e For a given joint rate ratio, all hand trajectory points lie on a polar coordinate
curve called an N-leaved rose whose locus is independent of the exact time profile.
These N-leaved roses tend to be strongly curved, so that joint based planning

generally yields trajectories readily distinguishable from straight line hand paths.

e However, in movements towards the edge of the workspace the ratio of shoulder
angular velocity and elbow angular velocity tends towards a constant value no
matter how the edge of the workspace is approached. This is a general property

of two-link mechanisms, arising solely from kinematics.

e We note that the experimental movements provided as evidence for joint based
planning were unidirectional towards the boundary of the workspace. In this
situation even a straight line path in hand space approaches a constant joint rate
ratio. Thus it is inappropriate to suggest a planning strategy in terms of joint

angles on the basis of this evidence, which is an artifact of arm kinematics.

e All the data presented so far is consistent with and can be most concisely explained

by planning straight line movements in hand space.

Appendix

In this appendix we derive an analytic expression for the joint rate ratio given the tip

velocity for a simple 2 joint arm (Figure 3A). The direct kinematics are
z = licos (01) + l2 cos (01 + 62)

y = lisin (61) + l2sin (61 + 62)




where (z,y) is the tip position, #1 and 6 are the joint angles, and /1 and /2 are the link

lengths. In order to find the joint velocities we differentiate the above equations:

£ { —h sin(61) — l2sin(61 — 62) —l2sin(61 + 62) 6
g | hicos(f)+lacos(fy+62) lrcos(br+0:) || b2

where the 2 x 2 matrix relating these two vectors is the Jacobian J. The joint rate ratio

y

can be found by inverting J.

l2 cos(f1 + 62) | l2sin(f:1 + 62)
61 | —licos(f1) —l2cos(f1 +62) —lisin(f1) — lzsin(61 + 62) |
B determinant(J)

and therefore

elbow angular velocity _02

Joint rate ratio = L=
shoulder angular velocity ¢,

—zl1 cos 81 — ¢lisin 61 — ls cos(b1 + 62) — ylasin(6: + 02)
zla cos(f1 + 82) + Ylzsin(f1 + 62)
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