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ABSTRACT

A large computer program has beds developed te ald applied
mathematicians in the sslution of prablems Ln non-opumerical analyeie
which involve tedious manipulations of mathematical expressioms.

The machematiclan uses typed commnds aml @ light pen to dizect the
cowputer In the application of mathematical teansfornations; the
ingernediace resales are displayed in atandard cext-book format so
that the syscem user cam decide the sext step In the problem solutien.

Three problems selected from the liternbare hawe besn salved eo
i1liustrate the ume of the aystem, & detailed analyeis ef che problens

of ingut, transformaticm, and display of methematical espresefons is
also presented.
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thi user to wnderstand che syatem; and mechods for
helping che user with the bookkesping invelwed in
che goluciom of his problen.
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Chapter I

IRTRODOGCTION

The purpose of this thesis Ls co advance the computer programming
technalogy requined for the real time solution of nen-numerical problems
in applied mathematics. Generally, the first use of computers in amy
ares hag besn the mechanizatiom of the routine pares of tasks in
eepentially the same manner as they were formerly deme by hand. Later,
when the computer resources are better understood, the methods of doing
these tasks are altered to make better use of the computer. J. G B
I.i.r.-h:ll.-|:|.-=|.""2:Il has described the "man-cowpucer symbiosis" which would
result Erom the most economical utilization of the abilities of man
amd currently available machines in a problem selving situation. "Men
will make approximace and Eallible, but leading comtributions, and
thay will deafipe criteria and serve &8 evalusators, judging the
cantributions of the esquipment and puiding the peseral lise of chought.
Im &ddition, men will handle the yery low probability sitpations when
dzch alvuations aviee. ...The laformation-proccasing equipment, for
ipa parg, will conwert hypotheses Inte testable models and then test
the models againstc daca."™ Licklider stated further that the squipment
will sismlite, brasalorm, Dnterpolate, extrapolace, caecy oOut
routinlzable clerical operacioms, and remember precise walues and

exact details.




Thies degree of man-machine cooperacion hes Been sand will continue
tx & appraoached by stages. This is becavse it L very difficult ta
decermine the many amall features necessary o make workable & systen
chat differs grestly from chose curresncly im wae, and because
machematiclans will net use a system which is nor clearly more
comvenfent than their tried and true aids, such 8a pescil and paper.
Furchersore, considerable research will be required te determine Just
hae mach of mathemacles Es foatinizable. One might envisios Four roles
which the computer cowld pake, sach requiring increased respomsibiliky,

The Eirst step would B2 ee help the mathematician owercoms
atfaightiorenrd drudgery. Thias La often done By programming the alsple
iterative operations meeded in straightforward problems En nussrical

analyais, A secopd gpoal would @ mathemabliclan wa

grens that he underscands im principle, but where he does mol Tave Ehe
techodcal Eacility, galned From leng practice and accursey, whiszh fress
hin ta focus om the creacive agpecks of the problem. Swch & skill is

required, for example, for the approximate solution of differencisl

wquations ueing series expansion cechnlques; the programming svacos

CONSTFUE o B operates at thi + A third goal woela
bi to help the mothematicion in areas whees he i= only a beginner--
Wl he knows the names and purposes of the algorithms, but does snop
know thelr details. The computer meat keow and apply cricteris whieh
decermning what metheds should be used om & given example. Some current
ressarch on symbolle istepration seems to be a step toward aystems af

(813

this type. Besearch in computer peoblém=salving toctics for che use

of Elxed resources on specific tasks would Be waeful For systems at this
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lewel, A fourth goal would be the construction of an almest aubonondid
problem aolver) the mochine would kelp forsulace the general stracegy of
the problen solution, It is at this level that any proedustive rescarch
in coaputer cheoren-proving strategy woild be most applicable to a
wiTking syaLem,

0f eourse, to build a warking system which represents a aignificant
advance boward these goals reguires a great deal of research in several
arvead, often too mach for amy eme peoject. It is difficule Eo work such
in advamce of the general lewsl of programming techrolopy withiut haviog
g do a loc of ground work, whish only bullds cools for the prejest ac
hapd. To dewslap the syagem in chis thesis, which reslizes ln the
laboratory the second of the above goals, it was mecesaary fo set up
aysfems prograns and 8 progremeing language enviromment far resl-cine
interaction with large aymbolic programs. It vequired new fecholques
for ingut and output of mathematical expressions. Mathematlizal
expressions were Tepressnbed &a data in the computer, apd wa Bad Co
iovestigate algorithme meeded to transform them, Specilic problem areas
where mathepaticlene cmald moat beneflt Erom such & ayabenm had Co be
defined, Workimg In sc mony areas, only seme of the possibilities could
be explored and & Fixed scrategy with cespect te the trade-offs between
programmer effort, progesn efliciency and usefulness, and the sunber of
new fdeas had oo be followed.

The parclcular emphasi= of the thesis can best be understacd Cheosgh
& review of work developed eomcusvently with it. & hiblicgraphy of the

work in the Field has been prepared by Saomet il

, &md mo actempt will
be madi to mention every paper. Im the sestlons to follow some ressarch

arcas will be listed., Thes the different research projeces careled out
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by other people will be discussed, grouped according to chelr avea of
emphasis, In conclusiom, the chelce of research for this chesls will
he atated,

To becter use the computer as am aid to the mathemaglclan, thate
are several lines of research which can be pursued, each alfovding the
pessibility of doing something new without owerreaching for cugrently
unrealiscic levels of overall performonce. These ave as Follows:

1. The proviedon of computer capability for solvieg exiseing

prihlens in mathematics. Special progrems mighe be weltbem
far a particular problem. The programs would b slsple, b

the preblém sdlution would be new.

1, The developssnt of complex programming stroctures and Lamguages

sulcable for more complex mathematical algorithms.

3. The development of input-outpur technlques to bring the

mathematician cleser to the computer.

4, The discovery of procedures Cov mechasiziag the more toutipe

mathematical transformaciomsa,

5. The development of methads for solving problems which aee

feasible only with cemputer implementation.

f. The extension of mathemstical cigsr bo computer procedures and

languages in the context of mathematical precedures,

There s naturally some difference of opinfon &8 o Fhe wsefulness,
significance, and feasiblliey of sesearch im the different areas, and
over the past five years more than Fiftess pecple snd projects have taken

thair stand,
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Several prograns have been written in the LISF 1.5 language, which

(1% LISF L5

wad developed by che M. I.T. Artificial Incelligemce Croup.
peivides borh nmerical and liat atructure data and sutomatic starage
allocarion. In addicion, the specificatiom of algorithms as recursive
fumctions 1s particularly suicable for operatimg ¢n the glensncscy functions
in amalysis, which can be represented as a tree structare of sabexpresaiona,
To demonstrate the capabilicies of LISF, 'H-ll.'l:t:l ) wrate & progras o pul
the elementary funcetlons im a sipplified form. Ee had to define &

caponical order for expressions representing the elementary functicna

and he fourd chat wot only were sone simplificatioms wery hard Eo progran,
Bt that rhe wse of an expression deternimed its "sdmplest" form,

Careying on this work, Russell amd Hq:lnld.'r:l.dg-:"h:l at Stanferd, also
Interested im complicated LISP programs, added new festurea to cope with

the fnefficiencies and shortcomings of Hare's program.  They istroducad
user options, such as expansien of products, snd spacial represencacion

for polyoonials. They added routines for differentiacios, They had

tdeas for discovering subexpressioms such as 51111:: + Gli:uzz agel mmtbads

to avold simplifying identical subexpressions more thas once, but chay

gquit working and the program was pot improwed [urther, probably becouse
each change requirsd many small reviedons, A mew gimplificacion program
was writkten by h:qrmu.':sl He reduced the smount of fixed program
atfucture asd isplesented o way for adding simplification rules in the
torm of patterns comtalning o free variasble, e had o coaplicaced
strategy for applying the rulea, but the macehing of the rule to the

i
data only coversd aimple casen. AC the some Cime, Fe'nl.r:h:ll: ! at

Hasvard recognized Che lzportance of an explicic body of malea; thisz
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body of roles would provide program flexibility. Im contrast to the
cthers, Fenichel enphasized the Formal power and structure of his
progranm [natesd of showing how hia inplementation wae &m efficient

model Fof the dats and algorlches. He eophosized the ides of computation
by loeal kramsformacions.

There are twoe more exasples of complen progrems for mathematical
exprésslon transformation. While Hart was writing the first of the
programs for alpebraie simplificatien, Ela.glc':* Ty Wwribe a4 program which
galved freshmos calewlus integracion pechlems. Alehough Slagle
prisarily wasted to show how heuriseics and a judicious chaice of
subprobless could b= ussd to solwe exasples in an area Tor which o
general algorithm was not known, he also had to Pisd praperties of
mathesaticsl expressions which would be useful im selecting a telal
transformation, Thus, he wrote & complicaced routise for matching
mathesakical expressions against a pattern. Slagle's program
dexonstrated & working scheme for the heuristie selectienm of subgoals
ard provided fsod for thought about executive structurss, but it
misled some peaple to think that Few integration problems could be
solved alporithmically. Becently Moses has increassd the racge of
exanples which can be integrated with algorichms. Hﬁuat!] has
contimed the work on pattesn matching roucines,

Concurrent with this work wae the work of those whe took & skeprical
view of the popsdbility of creatlng complex programss which were efficlest
encagh for immediate use. The ALPAE ﬁ_-.-nu-.“ ]'. developed at Bell
Telephone Labastatories, is a polymemial manipulation packape which haa

been used to selwe problems for the research workers thare. It is so




much more efficient than the systems abowa, that Lt provides 4 definite
incentive to produce optimum ceding for common clasges of problems. In
additiem, it provwides nathematicians with a wseful Eacility, but it La
limited to prebléms which can be solved by polynomial mamipolaclon,  An
excellent pelynemial manipalation package bas also been develeped by

()

Colline at T.B.M. In hiz paper, he gives a good discession of the

“1:'1 alsa

relative alfflelency of different aystems. The FORMAC langusge
developed &t T, B.M, , is intended for the efficlent scluclon of problems
requirieg algebraic manipulagion. FORMAC programs ara aimilar ta
FORTHAN progeams and require statements which are mere faniliar co
programmers than co mathematiciema, sich as the declaration of symbolic
wariables amd the divection of imput-catpur, The language ia not as
flexible as the LISF systems, but it ia faster. Aoother lacguape is
rorroia 160L 12, uhich is being developed at Carnegie Tech, It is a
version of ALGOL which contains list structure and mathematical
expresaicn daea types and & buili-ie pattern matching facility. Lt
contains mumerous design decisiens, such as the uee of an addition
operator with anly twoe arguments, which seem conkroveraial.

During this saome pericd, betoer man-nachine comminication was
developed in certain systems for real-time interaction with prograns
for muperical snalyais. Ome of the figst programs was el JOBS system,
deyeleped at BAND im ISIEL'[B:' The fact that i was implepentsd on oa
amall machine limited its capability &c simple calsulatioma, bat it
stands as an exesple of the attestion to details of “human enginesring"
which makes & system plesssnt Coouse. D.:llur':m} demonstraked the eeal-

time aoletion of muperical pecblems by pethods which could neg be waed
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In a cloged abep computer facility, since they required Fregquent man-
maching interaction. Coller imtroduced the graphicsal display of 127
peinte approximeting a function to be transformed nunericslly. He
sttempted to use special keys om & oser console Co simplify the input
of expressions opd commands. The primatives of Culler's system are
wery elenentary; the user most firat combine these operations into
prograns which perform the trepsformation he Deeds.

(Or-lipe numerical epalyeds is &lso perFormed my 'H.ﬁ:F“E'}

» which
operates at Project MAC. MAF containa errorscheckimg and comments to
guide the user os he lesrma. It &lss eatsbliahes s =set aof copventions
for the additiom of new subroutines, so that they can be used
conveniently, HHTHLA.'I{]E': is che firac working program for on-line
non-nurerical analysis. It is being developed at the MITRE Corporation
with computer support from Project MAC. The initial wersiom contained
the Bussell-Wooldridge aimpliflcaticn program. TIn addicion to the
routimes for expresalon expanalen snd differentistion, there were
routines for factoring and imtegratlom. There sre meny differences, bac
with the exception of the fectoring sed integration routines, the dndcial
version of HATHLAR was essentially & pubsystém of the system described
here.

There haa been only a lictle wark on the mathematics assoclated
with algebraic aymbel mamipulstion. Several programs have been weitben
te aecomplish a8 specific cesk which requires mathenaticsl monipulation,
bt thess are rather simple from o programmicg point of view, and there
bave not bees encugh of them to change the applied mathemscician's
concept of the rescurces avallable to him, Therefore, they have noc

regulbe] in puch new mathenstics.
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Ta improve the efficiency of his polymonial mamipulation package,
Colline deweleped s mew greatest common divisor algorithm for palymemlala
with integer coafliciemca. Moses has investigated algrodthms for solving

(L has

systems of polynomial equations and for integratiom. Haoove
mechanized the [ntegration of rational functioms, employing a pregran Cor
the fsetarizatiom of polynomials in several warisbles over the Iocegers
writben by llnmu?}. EBI!L!IIJ"J'I} ig emxpanding his MATHLAR Chrough

the Ioclusien af thada routimos ss well as others that have besn wrltcen
for the menfpulation of matrices, direct and imverse Laplace traneforms,
the spolution of aquations, and the cypewriter display mmd edicing of
mothenatical expresaicnna. An intercsting theoretizal result wes obrCaimed

[IEJ' whe recently proved thot the gquestions of whether (L)

by Richardsem
an elementary fumetion L& identically zero or (i1} fs integrable Im
closed form, are recursively unsolvable.

The nathesstLcal laboratory degoribed in this thesis is veey
comp lew andl axploresa & numbor of new ideas about hosh coding, descriprive
properties of mathenstieal expressions, acd system orgonizmcien. An
exanination is made af the types of programoing structufes meedad in
mor-prrerical analysis. Seme wvery complicated routines for expressilon
snalysis and disgplay are explaimed. On the other hand, ne wew
mothenatleal salgorithne are inctroduced and the prograne are exploined
without methemitical formalism, As appesed co the other complex LISP
systems, the system was conatructed to be lmmediately useful as ao ald
to applied mathematiciane 1n the solution of certain problems. As
apposed to sope of the other problem solving systems, it doss not solve

these problens in an economical manmer. Tnstead, attention has beeo
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cancentrated on providieg a rich enough notation for imput and display

and o great enmough wariety of mathenatical craspformations to schisve

Bt ber mam-computer aymbicsi= during the prablem solving proceduss,. Ag

a dencnatration of this man-machine interactifon, we will present “geripts"

showimg the solution of some nen-trivial probleme 18 applied nathematics.
The curreot hardwara conflguration for the mathematical laboratery

ie ghawn in Figore 1.

Dlak

Ty POP-&
dagaphons Drisplay

Plotter

——

l Telecwpe |

The systen Le gquite inefficient, in terms of the weoust of the
total computation timé required by the slew transmission of InFormation
over the dataphens, the frequent disk sccesses necessitaced by the
small 7094 core memery, and the fact that many of the routiees rus
interpretively. These Inefficiencies could be sliminated by Incroducing
the entive system into the FOF-&, with the large core memory now

avallable.
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The confligeratlion in Flgure 1 wap wsed inlcdally as it was tha only
seana Ehen svailable Por cbtoining the minlsis reguirements for the
gysten: a Lipe=phared machine with a large memory cormected te s
disploy with fasr light pen response. The uae of a peripheral cofpucer
for input has the disadvantage thaot the Znput aignals coomot be
intrepreted hy the peripheral computer in terms of the whole data bose,
which is in the main mschine. This limits che leeedlate feedback ohich
cant be woed ko glmplify the oger’s input task. Im additiom, the wese oI
o machines complicstes the day-to-day reutise eequired to develop a
syatem. The justificsties for two machines would Be the more econenical
spalgnment of the different types of computation te be deme, or the oesd

b have the oser located at & terminal remote From che maim machine.



Chapter 11

A STEF BY STEP SOLUTION OF
THHEE FROBLEME TH NON-WIMERTCAL AMALYSIS

The mathematical laboracory consists of a POP=& compuater Lisked by
dataphene with the Project MAC time sharing system. WUhen the laboratory
ls im cperation, versions of the LISP programoming languspe are TR g
in Both the POP-4 compuber omd che Feojest MAC 7094 compater. The waes
communicates with the POP-6, which is used enly for ipput=outpat, by
meane of o teletype, & DEC Type 30 display, a Light pan, and a Calcomp
plocter. The FOP-& raelays messages to and from the Froject MAC time
shaving system, where trapsformacion routines writter in the LISF
language are applied go the mathemstical ewpressions, Hathematicsl

exprasaione can be displayed aod ploteed in standard textbask format.

Ingait of expressions and commands Ls from the teletype, Wt subexpressicns

ol displayed expressions cen be referenced during fnput. If the lighe
peo 1s pointed at the mais cammective of & subexpression, the
subexpreseion con oow be referenced im the typed ioguit mirimg, The
exact format of the Loput commands and a brief deseription of the
#vailable machematical trapsformations will be presented in Chi next
awctiom.  This description is Iollowed by the step=by=ptep solution of
three problens in applied mathenatics, The detalls of che programs will

be presented im later chaptors,

14




Tl Mat cal TataTe

The cormanda typed ac the FOF-8 are similar go Algel statemente.
The commands aee typed and expcuted one at a time, More complex
cperationg isvelving the defimition and alveration of comands and the
tntroduction of more poeumenicsd and man machine interaccion will be
describad later. The commnds consist of infixz cperacors, functions,
ard vapfables. Fumctions and wvariables cam be aubscripted and any
subexpeeaslon can be quoted, A sample command which requires most of
the potation ia:

JELE (X 4+ ¥) = 'DRV(:T,1,DRV'U,2,EL)) + 1EZ,20 *+ '(F[L.0](K.Y))13¢

In words: the nome El % sasalgoed to che expresafos which is Ehe
g of three tersa. The first tern i@ che product of (X + ¥) with the
unevaluated first derlvative with tespect to Lower case T of the second
derivative with respect to U of the expression cursently nased El. The
secomd berm i@ Che P0th subexpresslon of a displayed expresslon curcently
paned EZ; this subexpressicm hie besn indicated with tha light pen. The
final term L# che square of a svbaceipted function of X and Y. The
notation may aecw somewhat comples, but as will be agen, a comp Lex
notation is eequived to express in 4 compact way the nany small steps

required be aolve a particular problem.



The infix operators arer

AFB

VAN

B iz given mame f. A5 such 1t fs writcen om the
digk, The walue of + 1= B,

The Kth subexpressicn of A is the value of !
Inten=zify the desired subexpression of A by
peinting to ite main coomective with che lighc pen.
Tlsern eyps 14, and the computer will type . If the
wxpreasion ha&d npo main copnective, polnt to one of
ice arguments and type (A imstead of [A. Consider
all mious signe to ha unircy.

Equate & acd

A plus B

A minua B

A Eimes B

A divided by B AJBEM is equivalent to &7 {B*C)

A Eo the power B

The funccicmal, aubscripeing, amd set notation is:

A0C,D,E)

ALL,J) (c,D,E)
Al1,dl

(ALB,C)

A ig a Danceics with acperents C,.0, and E.

"I.J lg a Funetion with arguments C,0, acd E.

ﬂ'I,.l ia a wariahle,

This is a sec with thres &lésents. By convention

(A = A.
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Eitheg an expression or 4 varloble mome can be qun:hl:-:d.
A Function néwme slwiya atands for lteclf, Quocing
a function néames mesns bhat ics arguments @il ba
evaluated but that the function will not be avalosged,
For example let FUE,YD = X=TF bo 8 functicn and let
X and ¥ be names for A} then

FIX,¥) evaluates to 0

"P{H,Y) evaluates to FLA)

Fi'®, ) eealuaces to X-4&

"CFEX, YY) evaluates to FUE, %),
Quoting a function or warlsble name does not quote
its subscripts. Bunbers are taken as guoted

automatical Ly.

Causes the latkags which follow It co e lower case

for purposes of display.

Az im CTEY, there are two edibing characters;
7 Deleces all che characters of a command back to the
imitial &,

Deleces caly che immediately preceding chacacter.

" oppet be the first and lase character of ewvery command, ;"
causes the current intemsified svbexpreeaiom to be raised one lawvel, For
prample, if the & in J.B+ C e incensified, chen when @ is cyped, !.B will

baér lmtenailicd.
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Orher available speralors ares

ALLSIMEXEAMD(EXP)

DRINCOVER{EXF, X}

COLLECT (EXl  SET)

DEFEHDERCE{EKF)

DELSUBST{EXF  OLODEL,

Applies SUHEXFART to every sumation In expressfon
EXP,

Subezpresaion I, which has been indicated witch cha
Light pén i brought to the other side of eguation
EXF.

Top level terms in EXP are collacted on powers of
the expressions In sec SET.

Returns 4 seC of rhe variskle and function names
im EXP.

HEWDEL} dx

-+ 2i for each such
d QLOOEL & MEWDEL

subexpression im EXP,

D:H'i'{!l,'HL, e E“J'rln, ¥l DMEferentiane ¥ ]-IL times with respect to

DEVDOCEXE, )

THVFACTORELR, X, Kl

DRVZIERD (EXP, X}

X Far aach 1.

1?
All fndicatad deorivatives with respect o X is EXF

are careled cut sp far a= pozsible.

B M I

. { af 1 for each such aubexpression im
K4 H ]
ix ix dx

EXF.

411 derivacives with respect bte ¥ in EXP are set

equal to zero.




EVALUATE (EXP ,SET)

EXCHARGE { EXF)

EdPANDEER)

BET 1s a set of equations; whermwsr the Lafe aide
of ope of these equations can be mttched to &
dubpwpresslon In EXF, the rtight hend sida ds
subgrituced. The left sides muost bBe variables or
MBctlons. & match occcurs whenewer & binmding of tha
fusction varfables and subscripts can be mada,

I che top lewvel conneccive of EEPF is binacy, ics
apgumEncs are exchanged, right to left,

Mulciplies ouc all expressions of the form a®(bic)

in EXF. In addition,

L puepy 42 4 b
Es s

FACTOROUT (ELE , FACTOR, € The factor FACTOR is factored from each term of

GRINIP (SET)

LEFT (EXT')

LIMIT{EXF,X,H)

HULTLPLYTHEMNXH {EXF , X}

HEWHAME ([}

E{PF. The third argerent ¥ is opcional. If ¥ i=
present, the Eactor FACTOR ia senamed Y.
The set SET of terss which have been indicated by
the light pen im ENF are grouped withim the assoclated
sum or product, The valus af GROUF s che grouped
aec of terms.
Recurns the left argument of the miin binary
conmgctive of EXP.
Determines tha limicing walue of EXP as X approaches
i,

Meltiplics each top level term of EEF by K,

Ceeates a nape of the form Fn, where n LS an Inoeger.




HOEMPOLY { EXF,X)

REFLACE(E X, Y}

RIGHT{EXF)

SIMFLIFY {EXF)

SOLYVE (EXF K}

SFLIT(EXF)

BUBSTITUTE(EXP X, Y}
BUHEACH {EXF)
SUHERTAND{EXE)

TERH(EXF H)

TRUHCATE (EXF, VAR 1K)

SIMIT N1, K2, %)
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Every &um in EXF is treated ag # polwvnomial dn X
&id & powar of ¥ 1= factored out so that che lowest
power of § im the polynomial will be eero,
Expression X replaces ¥ in the expression sanad E,
T ie a term indicated with the lIght pen af 4 group
of terms indicated with GRDUF. If the light pan
has been osed to comstruct X, che sesaltbing
expression position is named HOLE. HOLE can thén
ke used far the chivd argument, TF ¥ 18 équal ko
WIL, then the chird argument fs omitced from tha
axprasgion named E,

Retarne the right argement of the main bimary
conmircbive of ELP.

Simplifies expression EfP.

Solwaa equation EXP for variable X as far as
peeaible,

Bubpartda of EXF are named and replaced by their
aaraE in EEF, =0 that EXP will contaln less than
100 aubexpressions.

Subetitute K for each ceocurrvescs of ¥ In EXF,
E{okb) =+ fa + fb

Expands the finice summacion EXP,

Bmturne che Wth argument of che cop level conmectivie
af EXP, or HIL if thers iz no Hth argement.

Ewpands EXP up to power N in wariahle VAR,

Sum expression ¥ for values of I Feem H1 o M3,
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TG, L1112 ,¥) Integrate ¥ with sespect to X berween limics L1
and LI.

Expressione which are aseipgned names efe kapt on ctha disk, The
expresgion most recently computed always has the mema TAST., When AR Is
cxecuted, Lf & 15 not "LAST" and iz alrveady the name of an expression,
then this old walue of & 18 given the name OLD. Thus, Lf AF&+2 is
exicubid aod Ehan §8 foumd Co Ba lacorract, Cha ald valee of A can be
rattlavad,

Opecatars waed For Dngib=oiCput and disk sterage are:

EDISFLAYCE) Displaya che asprosdicn nawed E on the PDP-& scope.
EFMRINTI{E) Printa out the [aterne]l [ord of che expression
named E with FLS, TED, BEQH, amd FEA in infix fors;
the other operators im prefixz form,
ELELETE(E) Deletes expression named E Eoom the diak.
This completes the descripticn of the FIF<6 comnenda.

The Poincare-Lighehill Procedure Applied to % + --izﬂ - ey

The Polncare-Lighthill procedure ia typleal of o sumber of procedures
used to find che first few terma in bthe asympbobic axpandicen af Che
fumction which is the solotdon to a nildly non=linear differescial equation.
The equation chesen here Is that for a harmonic cscillater with & amell
forcing functlon. These solution procedures invelve sssuming & series
cupansicn in powers of the small parameter £ far ané arf mora of che
parameters and variables in the eguatien, subacicuting chese series into
the differential equaticn, dnd thus ebtainlag a serics of relations

hetwsen Ehe coefflecloncs of like powers of €. Each of thess equacions
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ia Ehem Created im turn by whatewer methods seem appropriate. Thus it is
in pereral oecesfary [0 see these equations before the mext steps in the
splution process can be determined,

When a Eyped command has been completed, the machine makes 4 response
af acknowladgmant, This standard response will be omicted in the dialogue
te Follow; oply the typed comsanda and the displayed equations will be
abown, A rueming discussion of the dislogue Ls included, and the displayed
wguationa are shown as plotgsd by Che CALCOMP plotcer on the pages followimg
their uwee, A photograph ¢f the same equaticns digplayed om the scope La
ahown Gt Cle asd of the section. The feadar should Be sware Chat in che
equation syntax used, moere than ane line of an expression can oceur over
# divide bar or within brackets, This fa illustrated by agquagion Q1§ in
the last section,

Enter the differentlial equation.
#ELT (DEV(:T,2, (2T} + DMEGATI®E(:T) = EP®(X(:T)Fa)
FEDTSPLAY [ "E1}M

A naw independent wariable ™ 18 ncroduced [n order fo sgeetch Che
tima, Type in expresdions For secied expaneioms for X asd § in Lerme of
functiomef ™, That i=, 8 selutien fer K(v) rtoather than for Kit) will
ba fommd, Siece ¢ depermds on¥ | equation E]1 can ke gaed to find an
equacion in derivacives of E(rb. AR & final atep the Leveras relationabip
it} will be Found, sc chac ¥{r) will pive E(c).

#"E2" (R{TAUY = SIM(I,0,IHF,EF+I~E[ I]{TAr) 3 IH
HFEDLSPLAY (" EZ}H

i ER- CITOTAD) = TAL + SUMOR, L, IRF EPeTRTL O] (T B
HEDTEPLAY (" F3 e
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Inm order to suhscicuce 4Ar for dt it Ls necessary Co apply Che

transfornation
2
dx - [ i Az 3
de® dr o de

to equation El.

" B4+ IEVFACTOR(EL, " 1T, 118

Display E4 for comparison with the subatibubed resalt below,

PEDISFLAY ("4

How pubstituke dv for dt, and X{F) for K{E)

#'ESrSUBSTITUTE (BELSUBST(ES " (DEL(sT)), " (DELCTAUD ) FDRV (' TAU, 1 REGET(ES) )],
TRCTAUNY ' CRGIT)D

FEDISFLAT ( "ESH#

How substitute the series for X(T) and perform the indicaced differemziacion

with respect to .

§'Ef+DEVDO{SUBSTITUTE (E5, RICHET(E2) ' (X{TAUY}) , "TAN) ¢
SEDTEPLAY ("EE)E

How expand both sides to first corder inc.

#' E7+TRUNCATE (E6, 'EF, L)

FEDIEPLAY [ "ET)E
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The zero order terms form the harmomic cscillotor equatlon; the Selutien
can be wricten dewn by ingpection as Acos wr  Use che Light pes ta forn

an equation of the [ivat arder Eerms.

$TERCIET, buy 1ET, BB

FEDTSELAY ( "ERY#

Bring the terms Qi '-{1 {7) ke the left side of the first ocrder equatien.

Bubstitute for Hlj {r) and carry out the indicaced diffevanciacion,

# EISIMPLIFY (DRYDO(SUBSTITUTE (SOLVECEY, " (X[ 1 ] {TAD) 3 ), ' (A*C0S (OMEGARTALT ),
{H[O] CTAUN}D , “TAE) }#
PEDNISPLAY { 'EF) &

It is now necessary Lo subabitube an identity for cmluf and to collect

terms B alewr and cofier,

#'E10¢COLLECT (EXPAND {SUBSTITUTE (E9, * { (005 { W*OMECARTAIH 3208 (OHECANTA) 3 /4],
' ({06 (OMECA*TAL) ) #3310 ), ' { (SIN(OMEGASTAIT) , 00S (OMEGA TAU)) )14
#EDISPLAY ("EL0)#

Theoretical considerations require cthat the coefficients of coswr amd
aimwrT st be zero 1f there 48 to be a periodic soluciosn Eow ll{r], Fran
the coefficient of sineT it is apparent that I:i{-r} st he Some comstant O

Thia eendtant fg determined from the coefficilent of cosar,

#7E11+5IHPLIFY (SOLVE (SOBSTITUTE( EL0, &4 , "C, ' {DRV{TA, 1, sT[ 11 (TAD) D)) =0, *C) )4

PEDISPLAY ("ELL)#
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3
So ::[':| = & coawT and to Eirst order £ = T +F£11'
Bal
iltg ni
Thiig bs Flese ceder Toefl _"-f] and Il}i & o (1 - £ 7 i14
= Bu

fhe effect of cha non=linear term 18 thus seen to be an alteration
in the frequency of the zers cvder Tarm,

In conclusion, mote the large pomber of small sceps necessary to
aolve this problem. These are the resule of dofng almosc the encire
galuticn ip the machine, In the case of & small problen guch as chia,
agne of these sceps could be done by haod,; the object here ds tao
fl1lustrate the steps which would be wequired for a larger problen.

This problem alss illestrates how racher lemgthy intermediate
calenlations can lead Lo sose rather comclse resulis. The pecturbation
of the frequency in the zero opder function [s fourd to have a simple

expression.

Flasma sccelerator Electrods Fesndary Layars

The second problém e & duplication of the work im the first three
sections of Chapter Threa of a 1943 HMasters Thesis by J. 5. Draper for
the M.I.T. Department of Aspconasutics apd Astronautics, This thesis
investigates the laminar compressible boundary layer om the electrode
witlla of a direcc-current crossed field plapma acscelerztor umder wary
special physical comditions. Haoy of the sssumptione uaed under these

conditions are set forth in the paper "Elacteeda Baundary Layers in
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IMrect-Curcent Plasns Accelerators™ by Jack L. Herrebrock im the Augusc

1961 Leaui of the Jearpal of Asrospace Sciences.

Eerrebrock's paper

investipates & aolotion dnvolving lezs mathematical manipulation than

thae undertaken by Mapters Thesis stwdent Draper.

1.

In summary, the eotire solution procedure is as follows:

Write down § noo-lioear partial dEfferescial equaticons:

Mo L i
Srata
fombivmiby

Eeacgy

Electronm mabilicty &8 a functicn of temperature.

Thads aguatione ralate

I gtpeam velociby
¥V laceral velocity
L ceTpeTature

p density
welectron mobilicy

P prespure

in Eerme of the indeperdent wariables = and v,

§ surrentc
B magratic flald

G, apesific heat

P
E compresaibility
G eenducbivity

E go& conaCant

The constants are:
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The absence of varlstdon io the y direction in Che Eres arrean is
used to find the momentum and stabe equations there, These Cue
reduced equations are solved for E which is elimiveted From
the five main equations, since P iz mot a functiem af y.

The relation H = (e + I.I'I,I“E ig used to pubsticute darivatives of H
for those of © in the specgy equation which théen hecoamea as
enthalpy equation. ¢ is thus elimipated from this eguacion.
Simplificacion of the resulting expression requires introduction
of the momentum relacion. This step is performed becsuse the
enthalpy equation has a term proportiomal ko [1 -% ] whews T Ls
Ty g

— @nd can ba approxinated as 1, thus eliminating this cerm.
Hiwt, a change of Independent and dependent varfables is made.
Tha chanpe of independent variables is such that Lt approxinmates
8 aimilariey cransfopmation foy low Meoh number. These
erandformationd chanps £ &id v ce ¥ and n.  Im addition H— is

defined as £' , E—_ a8 B, &nd :—_ &8 . The sosentus and
enthalpy equations are transformed, ueing the contimiety and

state equatdons as side copditiong, % id then chaénged Lo Mo
There result bwo non-linesar differential eguationd in £ and g oand
thedr derivatives with respect to 7 and He

f and g are then approxinated as £°(0,H_ ) = b{H_In + clH._JHE-
glnH ) = e{d M + 'E[H'_]l-ﬂi. These dpproximdbions afe subablcisbe:d
inta bhé Ewa nens=1linear differential sgquacicna. The equatlons arve

then letegrated with eespect to R between the wall amd che edge of

the weloclity boundary Lawper fu and the edge of che enchropy boundary
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laver &e respectively.  bO{H ) and e(M_ ) are eliminaced from the
tesult by the relations £'(bu,H ) = L and gifa, ) = 1. There
result two ordinacy linear differential equaticns [or the
darivatives of Su, o, be, and f wich respect te M, -

6, Two more linear differencial equations Fov &u, ¢, fw, and £ are
penerated by choosing the copfileients of cha approximstions in
Gtep 2 &0 48 Lo AACLaly tha mememtun and enthalpy equations
produced in atep 4 exactly at the estremal points £ = 0 and g' = 0.

T The four resulting lindar differential equations are solved for che

[T

fear axpressicns are then oumerically integraced wich a Runpe=Kubts

i
derivatives %, Do 26e tnﬂ% by Gawssian reduccion. These
& -

it Lhend

This problem has several interesting feotures. Tc I8 & demecostration
af tha sotation vee by workers in this area. The algebrailc axprezsions
ara af & #ipe difficult to manipulate by haod, but within che capabilicies
af curtent machines, The final symbolic result is large; it Is difficulc
Lir write the corresponding meerical incegration program correctly whem
thia resalt must be input by hamd, but here ic is developed in the neching
and could then he transformed into the required mumerical program, Hote
that ché aybglic atepa are peeded in order to cast the problem in coens
i tha icdependent and dependent variables of interest. The problem is
characterizaed by the applicacieon af afsplifying aide conditions and
physical assumptions. &s such, It Dnwolved & oomber of mendipulaticas
for the purpose of cupression condensaclon. This will Be appa&rent Erom
the following step by step reproduction of the Cirsr thrase secclesa of

Chapter ILI. These steps bring the described solutfom througl Che
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applicacion of the similapicy transfermacion te the momentum equatfan,
Input che momentun equeaticon:
#'Dle ' (REOH(USDRY (X, 1,0) + vERRV(Y,1,1)) = Dew(y, ] Mk
DEVOY, 1,0} = DRV(X,1,F} 4+ (DB}
Input the energy squabion;
#U o2+ (BHOMC] B S (USDRV (1, T} + VDRV (y,1,:T}) =
LEVEY, 1 ESDOVEY, 1, 5T ) + HU={DRv (¥, L, 0ppd

& USDEN (K, 1,F) + ;82 /SIGHAR

The bowndary layer solucions must mabch the Eree stresn &olutiom.
The fres stresan values are indicated by the sobszcripte=. At the Erée
sbream, there L8 ne variacfon fn the boundary layer with respsct to y.

To save rewriting, define aets coentalning the wariables to be subscripted.

#1103 (RO STGMA, U, 4T, H) &

Flobe! (RHO[INF]  SIGMA | IKNF | W[ IHF], sT[IHF] B[ TKF] )e
Than in the free scresm D] and D2 becoms:

# ' 0% SIMPLIEY (SUDSTITUTE{DRVEERD (D1, " ¥) .14, DA} )¢
# ' D+ SIMPLIFY (SUBSTTTUTE(DRVIERD (D2, 'Y) D4, D) )4
HEDTSFLAY { ' DS)

¢EDTSFLAY "D )

04 and D6 will mow be used ko express some af the expressicns in DL and
02 in cerms of the free stream quantities. Im order te dubatituta fop
some of the termes In & sum, the Cermd sust be grouped wsing the light
pen. Thi# [a somewhir ipconvenient.

FELTAFLAY {D1)#
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Mow the lase cwo cerms in Dl are repliaced by the lelt side of DS.
#'00BEPLACE (DL, LEFT(DS), CROUE((!DL, 33,100,383 )4
FEDIEPLAY ("DF)#
#'DELEFT (D2} = EXPARD{SOBSTITUTE (
BIGHT (D2}, RIGET(S0LVE (D, ' (DRVO,1,E0000, " (DRV(E.L.Fpe

FEDTSFLAY (' DAY

The lase pwe cerms in DE are now put in & Eaccoped foem,
& DECEEPFLACE ' D8, PACTOROUT (QROUP ({108, 62, 108, 780 ), ' (+J02/SIGHMAITRF )}
! HOLE)¢
SEDISTLAY ( 'DE) &

Im order to effect a cancellation, equation D& will now be
tranaformed by replacimg the tewperature, b, with the enthalpy, H,
waing rthe definitlion

B o= oy + vy,

Firsc H = €8 + UZ/2 is solved for comperacure t.
L D EOLYE (* (AIX, Y)Y = CIF#aT0, ) + UK ¥ 2020, ° (T, v )i
How the substitution ie made for ¢ oand o .
' D10+ EXPAND{SUBSTITUIE (DA , (DRV ("X, 1, RIGHT (D3] )  SUBSTITUTE(DSY (' X, L, RIGHT (D83 ),

T4, 03 IRV (", L RIGIEE (D)) ), " DRV{N,1,:T), DRV(X, L, :T{INE]),
DEV(Y,1,T) )04
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Wow, there are o number of tedicus grouping ateps.

SEDTEPLAY (D10}

Fleat, factor BMY gut of two of the cems on the left side of the equation.
#'DLU-REPLACE ' D10, FACTOROUT (GROUP { {1 DL0 48, [0L0, 20}, "RHO) , "HOLE)#

VEDESPLAY {"DLL)#

tiow fackor BAG-V frem the other two terms and brimg them ta che sighc aide,

#'DLis BRINGOVER (D11, FACTORDUT {GROUE{ (10115, Lol £33} , " (RHOSI (K, Y) 304

A machine matehing operation would be better for the mext factoring
step which must be dose cwlce when light-pen polnting is wsed,

FEDTSFLAY ('D1L)#

The guanticy H."Eru. iz factored cut of tws of the cerms acd set equal
Lo II?I.
#°DL1=PEFLACES ' D11, FACTOROIT (1 D1L 54, " (RF(CIRI*HUD) " (L/PIRE )Y, "HOLE) &
PEDLSPLAY DL

#'B11-REPLACE ( "D11, FACTORDUT( t011, 25, " (e/ (Clpheenr) ), ' (L/ELRI D), "HOLEDS

EP,N"H iz the Pracdtl number I'l. It im eclese £o 1, and seccing ic Co

I will effect a simplification if the identizy

du, z o d . d ULEYa o, A
wid® = gyle TSy T-w e gl

ig also sphseicwed, This simplification means that the heat conduction
meay From a point [s just equal to the viscous dissipaciom at ehat pelnc,
#'DL 1 ATMPLIFY (SURSTITUTE(DLL, " (1 DRV (Y, 1 MUSOE, ¥)*DeV (Y, 1,

WA =0, ) #0EV (Y, L, MUSDRY (Y 1,030 ), " (P R] ,M0%{ DRV (Y, L, U004 2300

VEDIEPLAY{"DL1)#
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Hemt, the subscicucicn En D11 of tha right side of eguacion DY for
Lt lefr aide effects & nles cancellacion,
#' D11+ SIMPLIFY (REPLACE (' D11, (-RIGHT (D7)) ,GROUF({1D11,117,!D11,122))))#
#'D1L-LEFT (D11} = STWPLIFY (EXPAND(SUBSTITUTE (RIGHT{OLL) " (U, U TEF]), ' (U, {5,100,
] IHE] (X, 2300008
PEDISPLAY{'DLL1)#

The momebCisn aguaticn DT dnd Ehe enthalpy esquation D1l are mow
ready for the slmllapicy teansformaticn.
The reansformaticnd of independent variables are:
Fl'olze' (XB{X) = TTGOE,0,E,P&U[INF ]S (F[0]%0]0]d )0
#0013 (ETACY) = CU[INF A0 po U] {2%Ru [0 REB (X} )4 (L 2) )
TTGLT 0,7, K0S 0] 1

Hext, to compute the reguired diffarentiala,

1 _ds 1 . 4% 1
Firsc > Tax Cartax T Wi

#' D4TRYV (' X, 1 KIGHE (D13) ) %" (BEL (ETA) ) DRV ("X, L, RICHT (D12} )+ DEL (XB) ) #
PEDISPLAY (' Dl4 )4

D14 mew contains the expression for n as a factor.
#'DL4 - REPLACE (' D14, FACTORDUT { DDLG &  RIGHT (DL, " (ETA(X, ¥} ), "HOLE) ¢

FEDTSPLAY (D14 &

nis mow substituted for ics definition and (F« W)/ (Fy- Uy) is
Fackared ouk,
D14+ ETHFLIFY (FACTORICT (SURSTITUTE (D14 DRV "X, 1 BEGHT(DL2) ),
"oV, 1 KB OO0, PRl TR S (P olvalia] h 3D E
FEDISPLAY {"Dl4 )4

re— o = PR
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The differeacial for L1/dY is
&' DLSDEV Y, L RIGHT (D13} p+" (DEL{ETA) ¥
FEDLSFLAY ('D13)#

Expresaions DLS and DLS ace che eequired differentials for ::IE &l :—I
rappecbivaly,

Mow ko tpanaform the momentum equation D7, Firsc, substitue Eor
the differentlals of che independent variables and the eew normalized
dependent varisble £, defiaed by UJU_ = £ (En).

#' Dl i SIMFLIFY (SUBSTITUTE (PELSUBST (DELSUBET (DF, " (DEL (X)) , D14},
*(DEL{Y) )} ,005) " (U[ IKF] (XB) DRV (ETA, 1,
iF(ER,ETA)}, UL INF] (X2) KB, ETA), (U, Ul THF] ,XR(XD,

ETA{E, )3 )#
toow Apauma g o= “Dt"rtlll'
#'D1 FSTHFLIFY {SUBSTITUTE (' D16, ' (MU al =27/ 3Tl 0l , "Hu) )&

Ise the equaticon of acace to recopnlze that

d

Lo -y

dn
gince P is taken independent of ¥, & substitution for P ahewld cherefore
be made.

GFEDISFLAY (" DLTH#

The machine responds wich “EXFRESSION TOO LARGE™
Thereforw, the lelft side of equation D17 will he teeated Cirst, che
aubatitution for F will be defereed.

'Ol LEFT{DL¥ )
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in expressicn for V will mow be developed and substituted into DLB.
It was shown in Chapter IT of the thesls that the contimuicy equation

vields

£
Vo= - f -&1; 20, T.I*EI:I_II]-
Enter thia azpresaicn.

£'D1 8" (= (RHO| 0] FRBDY*DRV (X, L, ({20 [0 Jvmm [0 ]%dm 3 {1 2) s F (06 ETA) ) 34

How substitute the pew Lndepepdent wapiabhled;
#' D20 SUBSTITUTE (DELSUBST (D9, " (DEL (X3) 04D, " (W[ INF] (EB) KR ,ETA) ,
" (U] IHF ] (B (KY ETACK, ) 3 )&

Wow, subatituting chis expression for V inte the partially transformed
left side of the momestum eguatiom, DL, the entire expression is
differentisted ap far as pospible, cwpanded apd simpliffed.

#' 12 1+ EXPAKD (DRVDO (DRYDO (SUESTITUTE(DLA, D20, *¥) , ' ETA) , 'XE) ) #

o mome shorthand will be introdeced to make DE1 easier ©o read.

¢! {oF,0,F1L,F2 FOL,FLL O[ INF] )

#' 23 {:F(XB,ETA) O (XB) ,ORV(ETA, 1, :F) [ DRV(ETA, X, :F) DRV (X0, 1, cF) DRV
{ETA,1,¥E,1,:F) [ IKF] (B} )+

#° D2 1+ SUBSTITUTE (121, D22, D238

SEDISPLAY{ ' D21}#

It is now comvenlent to factor o large coefficient foom each term
amd et it equal te 1 dicse i will alsa be Factored fpom che obber side
and aec o 1 chere.

' DRA-STHPLIFY (FACTOROUT (21, ' CRISOHUL THE]® 3%8, (25p1 o 0 o 53513, 1) 54
PEDISPLAY (" 2048
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Returning to the right aide of D17,
FID25+RIGHT (D17 )4
FEDTEFLAY ( "R25)d
The deferred substitutlem for P iz now made.
#'02 P BERLACE (" D25 FACTOROUT (1025, 04 , ' (EHO& T (REaf ol #:T10] )3,
(BR[O} )Y, "HOLE)#

The: éxpreseion is now differentiaced ap far a8 popsible, am was cha
lafe #ide,

#°[2 A« EXPARD (DRVDO (DRVDO{D2 7, "ETAY , "XE)) &

The simplifyiong netation is substituted.
# ' DA B-SURSTITUTE (D28, 03 2 , DEI)
FEDTSFLAY [ "DEE)F

Finally che large facter fe removed from cach cerm ag It was Erom
the tight side.

¢! 025 STHELIFY (FACTOROUT (D28, " (RHO*U[ IRF ] 28 (2+P[ 0 ~0[ 0) #XE) 3 , 1) )4

The two sides of the traneformed momentim squation are now recombised,
#'WEUELIFEM#-—D?E} = {iF

FEDTSPLAY (D" 30§

Uping some more relatioma develaped sarlier in the thesis, a final

substicucian will be made, from the squation of state at conktank preasurse.
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o
l_i_ buc &L_ _

o
F 5":'_.-_1_- = &, and from Chapter II,

-

2
= {E'a—ﬂ__)g.+ B, - l'.'ﬂ'*- L}E

Tha final erasnsforesd aguacion L[a:
# ' D3 SIHPLIFY (SUBSTITIFTE (REFLACE (" D30  FACTOROUT {030 18, ' (BRO| INF] / RHO) ,
"[{THETA[8] - THETA[W])}*G + THETA[W] - (THEETA[S] - Li*FL#1},'HOLE),

"L o+ (GAMMA - L)%H[ INF]R2/2) " (THETALS] )00
# EDTSFLAY ("D

In conclusion, since physical approwimations are imvalwved in the
expression condensation, close man-machine interaction is requiced. The
greatzst draw backs to sufficient intersction are the inpot sotation and

the lack of pufficient Eacilities for abbreviation on oatpuc.

A Multiple Chanpel Queyelng Frobles

The third problem is takesn from Intecim Technical Report Ho, 13 ol
the M, L.T. Center far Operations Besearch enticled Y4 Class of Queseling
Freblems". Thie werk is & 19535 Doctes's Thesis by HoH. Garber, The

gueiaing slcuation shown by the example in Figure | s treated,
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Figure 1
& k] 2 1 - Channal 1
arrivals = . 2 L Charmal 2
L N .
ol R L Chammel 3

Arrival timss at the quegelng complex ave exponentially distributed wich
mean h. Arrivals enter amy channel which becomes vacank amd progress
through severnl phases of servwice with expomenciolly distriboted service
times with mean by, Thers are W chansels and k phases of service in the
general case. It is desired to find the peobability distribucion of the
mussar of units in the system. The solutien can be carsled a suober of
stapa foF the general case. A set of equaticns velating che probabllities
of the steted are writtem, where a state of the systém L8 caken as a
cerbain mmber ¥ in the system amd # description of which phases of which
chansels are occupled. Each equation is then miltiplied by che
appropriate wariables su that the summeticn of the equatlons will yield
an equation with the penerating funcelom For the state probabilities as
irs left side. Unfortunately, the gemecatisng function alse appears in a
mupmation on the right side. The independent wariables of che generating
funccion are constrained to make each term of this awsmation equal to
rere. This constraint is exprassed In a change of independent wariables.
It ig Ehem ghown Elhat a sussaclon over values of the pew indepesslent

varlables will yield the old generating function.




i

This gemeratieg fusction akill inwalves the state probabilictes for
a partially full syscem as comatants to be determined. There are o number
of relations which cam Ba gaed to determioe thess imitial probabilitiaa,
Az the third problém thie evaluation will be carried out for the case of
two chamnels with two phases of service.

The source of expeessicon complexity in different inm this problem,
Im the first problem complexity aross hecduse 8 small pavameter allowed
an ungalvable probles te be split dnko a spectrum of solvable opes. Is
the secomd problem complexicy was the result of the rumber of fsporcant
phenomena fn che phyaical process being described, Here, complexity is
the resule af the sumber of states in the process being described, all
el which are very sinilar. In this problem chere would be the hest
chance for reduction in complewicy theguph proper nocacion.

This problem has beem fncleded as that the reader can better refine
hie iotwitive notion of the types af mathwmibicdl operations and cotaticn
needed to selve problems Ia different sreas of applied mathematfcs.
Summacion ewpangion, funccios evalmation, limite, and some more grouplng
oporations are lotroduced,

The functlon In the crasalormed varfables is:

#'Q1e! (RGE,Q[1),902]) = ({Z+(2%K + 1))*aUMIR, 1, cK, (2rD) %
A[R] * (1Ee (ZHPT*TH][1]*R/ ;E)# B4 (IPIATAG[2 %5230 )
(2%(ZR(E0K) - ALPHACQIL] QL2100
Where W, o, and .ﬁ._: ara dafined hy:

#N02e" (WIZeK) = L + THETA - THETA*Z4:¥)d



&1

§1 CALPRACT 1] FI{[ 21 = (ER-DPI=Is]) 1] K+
sEA (- IAPIEIRG] 2] 1K) ) 20
200 (AR (2} = PO1,RB41,00 - (2#W(Z0E) - 1)%F{L,&,00)8

#EDISELAY (LM

Tt is useful to hawe the dememinater of Gl coatain only powers of Eh-
This ig dona By using che idencicy (X=¥) I:Ik_l ---Th‘]'] - ﬂ_:'i.k = 'i'kfl- AT
presant the aysten contains no operaters for achieving this goal, so it
muat be done by brute force,
$QEeLEFTQL) = " {5y 0 =1, (Zed (24 ) 0 IRALFHALD] L] gl 2[H o= L-T3 00 %
SUBSTITUIE (RIGHT(Q1) , " ({RARIF (W M KD - ALPEAGDIL]
gl 2[ek) . ' (ZeW{Eh 1K) = ALPHALG1],Q[2]0) 0
FEDTAPLAY( 508
Mow pubatlitute 2 tor the oumber of phases of service, k. Then
expand the summaticns,
# i S IMPLIFY {ALLSUMEXPAND { S IMFLIFY (SUBSTITUTE (Q5 , 2, ' =KD} )
#EDISTLAY{ " 36 18
The substitution b = F [a sada In all che imitial squations as well
simce they will be used seweral Limes,
#'Qlé SIMPLIFY (SUBSTITUTECQL 2, " ¢ E)
¢ Q2 S IMPLIFY (SUBSTITUTE()Z 2, 1K) 6
£ ' e SIMFLIFY (SUBSTITUTEL]D 2, "¢ K) F

# ' AT S IMNPLIFY (SUBSTITUTE(DS 2, s E)

Ko write down an expressfon Lot the gemeratimg functiom as a

sumnarion of g6 over che tromsformed independent variablaa, the g's.
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#07e (B(ZPZ,NLL),V12]) = (L/d)esmagg(1] 0,1,
STM{QLZ] 0,1, ((¥[LISEN (=L} 1] + W[ L]32S(2re) )%
CEVL2DA Y (=10400 2] + V[ 202/ (ZP2)I*EAZ 00 L] 002031304

FEDISPLAY (' 7 3d

EBow expanding the summations, sobatituting tha dppropriate waloes
of &, §3, and k, and pimplifying.
#' Q8+ SIMPLIFY (EVALDATE { ALLSUMERFARD (57 ) , {08 LA E

FEDIEPLAY{"QE)#

To evaluate F(1,1,00 and P(L,2 0} certain known condicioms are next
lmposad, & is known to have a zero of order feur im Z for all values
ofF ¥y end Vqe 80 one would like to collect terns om Z'. Tha almplest wiy
to explere this would be o expand QA and collect terms on 2
Dafertunately, this leads o roughly & sixteen-fold growth im expression
size and to menory overflow,

Inspeciion of & shows chat ie might be rearramged while in factared
Corm. A= the firet step, subexprocsions which are polynomials in 2, 'l:ll,
or 'I-"I. have lacpogs of 2, 'l'.l| or 'l.l'2 removed Ao that Eheir lowsst order
term is of gare otder in these.

#"q81E STHPLIFY (HORMPOLY { BORMPOLY (KORHPOLY (08, ' 23, ' (V[ 1] 33, ° (v[ 21308

FEDTSFLAY (" QBL

Hext the center two terms are conbined,
4 "QE2AREPLACE ( "0E 1 FACTORMOT (CRODE { QAL B85, '0R1 108},
'{al2] fuizez))}, AOLE)#
FEDISPLAY( Q&208
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The resmiltlng term i then expanded.
# "QEISREPLACE("QHZ, BEPAKD(IQ82,90), '"HOLE)F
FEFISFLAY (" (A1 )#

Bow the other e terrea are combined,
# "Qide REPLACE (' QB3 FACTORCOT (GROUE] (PGB 111, Q83 3003  Lfn8d 707 , "HOLE ¢
#FEDISFLAY ("GB4 )  EAPRESSLON TO0 LARGE

54 will net display, so it is reduced in size by mamieg & subpare,
¥ ' Q8- SPLIT(Q84 4
FEDISPLAY (" (585 )¢

Hext the mmerator of the larger term in {85 is arranged on powers of I.
# ' QHE+REPLACE ("85 COLLECT(RXPARD (SUBSTITUTE( ! GBS AL F2,"F2}) ,"2) , "HOLEMF
#EDTSPLAY (G860 EXPRESSION TOD LARCE

# ' QAT+ SEPLIT (086

FEDTSPLAY (&7 2

Formiomg 4 term Erom che senamed parts of QBT onée has Eor the
cosfficient of 12 In &7,
l-'Q-EEH-E]J'I'ELIﬂI:F'?. + F3 ok P & '{I*.'.'l:l & F5 4+ Fo

# EDTEPLAT{ " QB0 )¢

Lesking at equation QBY, one can see that in & double power secies

enpaneion Ln 'l.'l and ¥,, enly the coefficiems of 'PET! dogs not bave a

2
zero of ordar & aeg & = 0, Secting this cesfficient esqual b0 zers one
obtains by inspecciom of QB7:
P
hg L AP+ E - Wt
ML) RS« WI{EE) -1)
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Entes the egquation into the machise.
#oeet (AL2)(20ZR2D) + (A[L] + ZrEsa(mrdea[2]/
(IF(E* IS WIHTIIE -1)) = O)F

Evalvating W, &) and .ﬁ? oné chtains ac £ = 0
#1058 IMPLIFY (SUBSTITUTE (EVALUATE (09 , (05,0210 ,0, "Z) ) F
PERNTSELAY ' QL0

Bacagnizing that by definicfon P(1,3,0% = F{1,1,0)
thia eguatien can be solwved for P{L,2,0).
#'01 - SIHPLIFY (SOLVE (SUBSTITUTE(QLO, " {B{1, 0,003, " (B(L G000, VP, 2,000 008
HEDISPLAY ("QLL)#

011 can be aimplified sonewhac.
UQLLFLEFT (10} = (<SIMPLIFY{FACTOROUT(!QL1,11,5011,29)
FACTOROUT 011,43, 1OLL 450 )¢

SEDTEFLAY ("J11)¢

z
Let w = g, the generacting fusction for the unconditional state

prohabilities Glu) -E u'p{n) can now be written., There are speclal
=y

cage terms for n o= 1, and n = 2. The other cerms ave Faend Feom Hiw,1,1).
Thit moat eespact formula for B is QB6.
#rgletoquyy < V(P0,0,00) « 2ok (P(1,1,00) + RIGHT{J11}}
+ SINFLIFY {RURSTITUTE (EVALUATERICHT (QUE) , (32, Q4)),
oe(1f2), 1,13, (2,
vl vizl)p#
The celginal trameition equations giwe P(1,1,0) = @P(0,0,0), ancicipacing

chat F(1,3,0) may alse occur, subscituce P(L,3,0) = B{1,1,00 = @B0,0,00.
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Then use Q11 to eliminace B{1,1,0).
#'Q1I-BUBSTITUTE (Q12, REGHTEQILD, '(F(1,2,00))¢
#'Q1L- SIMPLIFY (SUBSTITUTE(QLY, " (THETA®E(0,0,0), THETAME(D,0,00),
TEPCLLE,0N, BOL, L0800
Q1 conbains only che waksewn FOD.0,00 which can be deternined from
the epsdicion G(1} = 1.

F Q15+ STHPLIFY (SUBSTITUTE (REGHT{Q15) , 1,0} = 1}#

The machine: typies out INDETERMINATE, imdicating that <+ 0 has been
replaced by UNDEFINED.
YEDLSFLAY ("Q15)&

The sperator LIMIT will be tefed; this operator uses 1'Bapltal's
Bula. It ie slow, acd so Lt shemld not be osed when subabitubion will
aulfica,
¢ pALIMET (RICHT(Q04) , "0, 1)

PEDLSPLAY ' GLE) ¢

Q16 can be simplified by Factoring and expansics,
#1017 FACTOROUT (EXPAND(G16) , ' {1{ (I*THETA + 2)%(1-2+THEETA})})#
Q17 LEFT (17} VEXPARD (RIGHT (Q17) )48
FEDISFLAY{ 'Q17}#

017 s equal to 1 and c&n ke solwed For P(O,0,07,
#'QLI SOLVE {Q17=1, °(F(0,0,0)))#
SEDIEELAY ("q18)¢

The ezpression for B{0,0,0) shews that che SOLVE routima ceuld he

Improved, Thia expression 15 now subscicuesd inko §l4 in order co peEoduen

T — 1
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the final expression for the generating funcciom H.

#'01 0 SIMPLIFY (EVALUATE (O14 , QLAY }F

Taking & censun oF Q19 shows that it is prodbably too lavge co
digplay witheut baing aplit.
HOENSUS (018)4
HEFRINT{ ' LAST ) 1538

In the chesis thia expresaicn was evaluated mumerically co form a
table of waluas. This problem would provide a basis for fuethet work
in automatic aijmplification,

The preceding preblém aolotdons show that the current systen can
be used Cor woerk on esisting problems. Mo one poart of the sysgem [
parcicularly swaak, hot there aoe many intercsting possibilities for

ImpEoVasEn L,
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thapter III

ADDITIOHAL CEMEHAL FEATIFRES

In the precedimg chapter a system for manipulatisg wathematical
expresslons wis istraduced, Inm this chaptéer wa dipcuss addiconal
features whilch would make this svetem more convenlént in a wider varlety
of situations. Hagy of these would let the waer tailor the program to
hi= particular needs.

HWhenever a user is provided with mwans for expapding and modilfying
& program, the guestlon of efficiency becomes an ITpOrtant one.
Efficiency marmally results from planming o program funcclon as a weit;
biilding the function ap bit by bit wawally leads to waste. To ae
#xtent, though, it may be posaible to design the systen to guide the
user, without undusly vestricting him, inte avolding many sericus
ipafficiencies. & careful amalysis of the users' oeeds Ls requived in
cedar to determine what showuld be Bueilt inta the program and what can be
addad lagar, Some of the features which Che waer might want are
discusaed ism this chapter, They are divided Into chees clazses: new
mithematical strmctures, algoritims, and sotaticn) Backkeeping; and

"sysrems" ipstructions o the user and corrections of hls miscakes.

St Fus s

There are wany fregquently=used machematlcal straccures; sets, riogs,
gproups, fields, vector spaces, matrices, and tensors, to name a few. TE

might be posaible to defipe some of Chese structures partly in terme aof

TE
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the others, kst eech structure will prebably nead Lcs cwn unique data
representation for really efficient computacion. Some wery guod
pelynenisl mepipulation programs have besn weltten (25 ooted in Chapter I}
murat“' }usu a special represemtsticsm for finite groups, and Hearn (13
haa deviged o daca vepresentation for Censors. Housekesping programs
ahould be written to accept the wide variety of dats Eorme which can be
expecied. Special mathematical structures cam form an impePt&ail part

of an inpat lenguage eves [ cthey are ot manipolated, since Ekey lat
the mathemacician state his proklems in concise and familiar terms. For
exsrgle, the initial steps im the solucion pf & set of equatiens can

soneCines be expressed copcisely in yector cotation. The machire can

peeform the operaticms on the isdividual components.

Botation

Special mathematical structures will require symbols to represent
them, The aser should be able to defime new aymbola, and new arranperents
af aymbela, Hand-written input would make it easy o define oew symbols;
they cowld also be assigned to blank buttema or kavs. I the current
Fatem, & Atelng of imput characters soch s#: (MEGA cam be assigned an
mptpul &ymbol such as w.  The system could be extendad &0 Chit the user
could deline & new output symbel by chedaing peints ©o be displayed from
a rasber or by drowicg a series of etraight liees with che light pen.
The ieef should also be able to> maks abbreviacloms such as w" for j—:'

£

5 i
Bew combinatioss of symbols such as summation, ¢ o =

describad In the pleture language giwen Iater, but o more (nCeresting

coald be

posalbilicy would be to generalize From hand deavn examples,
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Algoelthma

The user will wamt to add new mathematlcal functlope apd cransEorma-
tioms in several ways. Spescial properties will be Loporcant Far a given
vperatlon. For example, s sipplification roucing medds to know that

“n.t" + EWEH = 1, while a differentiation routine needs b0 know that

d sinz

A © S9SN. A user may want to define a fupction osly For certain

arguments end later szpand his definition, ALl the machinery of che
"advice taker" programe, such as Teltlemas's I“I]..I.'-I'I't 1'.:', cemld Be used.
When a cramsformatieon reaches arguments for shich it fs undefioed, it
cop ask tha weer for advice. For example, In cha current syeten the
power series expansicon routioe will goery the wser about the pales of
expressions, or slsply aak for the expansion of a subexpresiien, It
would be betcer if the user could input a gemeral method for handling
such expressicons, However, im that case he musc defing the conditicns
upder which it applies, sod this reduires a lasguaps which deale wich
coneaptd duch a2 "rational function'. The probler of combining new
{nformation with che old is &n impartant one and should be pursued in
the foture.

Hiw Ersneformations coald alaos b dafived ap combinations of old
cnige.  If the string of ueer commamds {4 reswembered by the machine, che
uger could repeat an operaticn by referimg back to his earlier comranda,
The string of commande could be displayed, so thac che user could edit
it or add commengs, Fe might assign a name to a subscring of comnands
acdl glve Lt argussnts to produce a funcilon. These comsand sErings
ceuld form a programsing Lamguape with the addition of conditional

azpréssions, Furthermore, the comsnda could be trested as mathematical
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expresslons and sheuld be legitimate data for the eyetem, a0 that Chey
could be simplified er ctharwlse transformed. The developsent of a
pommand langoaps will require the introduction of prepereies waslful fow
deseribing mathematical expressicons. For example, a method smight agply
only to expressions rational in sines and cosines. A& speciiicaclon of
this method would ceguirve & check to ssze if the sxpréssion had chis

ferm, Sueh & language would allew a mathematiclon to describe his

problem scluglon to che machine in the mast general way, thereby
imcreasing the mnksr of problems which could ke selved wicth the same
string of commanda, In applying the same commands to other problems,

the mochine could remenber certain characteristics of the criginal problem
and ask the vaer for help when new problems requise Furcher gemeralization

ar pew methods,

Humeri igkems &nd Motation

A mathemarical laboratory alse needs a atrong sumerical capability.
Even when symbelis manlpulaclon is an essential part, most praccical {and
probably most theovetical) problems will require nusselcal methods
sopewhere in thelsy dolutions. Hometimes the equeticons describing a
mumerical merhod mast be taillored to suit each problem, For example,
an ieerakive techaigue moy howve 8 starbing procedure which depeods on
the boundary eonditions. This toilering might be done with symbalic
gmitines. In other cases, the aguacione to be procesced mumerically
mast be transfoemed symbolically before the mamericel roucines can be
applisd, This was Eble case in che second proklem solwed in Che previous

chaptar,




Huperical evaluation can alee be used in orvder to galn imadght
regarding exact or approximace aymbelis eclutions.  For numerical woek,
mathenatical structures must ks repréesented as oumerical arraya,
Methods are needed for convecting expressions from sywbolie Eorm ed
mmerical form apd the reverss. In additicn, a methed is needed co
limk with the large stove of exiating pumerical routines. Finally,
there must be input-outpat For pumerical dota im the form of cables
and prophs. The HAF syscem acd che Culler system provide many of che
featores oeeded, such as auromacic acaling of graphs, formatcing of
tables, amd the wae of the light pen and parameter knobs For describing

and altering numerical functions and constants.

RBockkacping

Routing beokkeeping is often requived for the selution of a large
problem,  The machine should assume chis Function in an incbtrusive
manmer. For example, the machice might keep & recard of what expressions
had beews combined te form other ewpressions amd display this information
in the form of a graph, Touching sope part of the graph with the light
pen would couse the machine ta display that part in greater detail,

There might Be & way for the user to name pages of expresalons ar to ask
for all of the éxpressions with a certain property.

The machine could fied missing relations needed to solve a ser of
agaatione, =a thot the wser would net hawe ta specify the arguments

coaplacaly,
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There would probably be mamy questions which the machime cenld
anawet about past lnputs. Of course, the machime can also collect dota
of interest to system designers, such as the distribution of propecties

of cxpressions to which a given tranaformaticon ia applied,

User Errore

Finally, the machine most help the ueer owvercoms his diffledlries
in ueing the system. It mipght be possible g0 davelop & syscamaclc
method of rejecting imputs which are ayntatically or semantically
meanipgless, The fermel atrectuce of mathénetics makes Chis casler
than it wosld be For aome ather real=-tims aystema. The machineg can v@e
hearizElcs to debermine what the user might have meant. Opticmal
instructive compents Dike chose is the HAP syscem would also be useful.

Au can ke seen Feom (his chaprer, rthe working mothemacical
laboratory will be & very complicaced svatem. Dewvelopment of the
means neceseary in order to ecreate such a system will be one of the

important steps in the next geperation of programming research.




Chapter 1Y
THTRODUCTTON TO THE REMAIMING JUAFTERS

Tha remaining chaptora describs the syeten in great detail and
sugest poaalblliciss for further work. Thess chopters are Largely
Indepasdent of ome another apd can be read im any erder.  Eoch chapter
oF aection bhecowas nore detailed cowdard the end, Therefore, one
scrategy would be to read the firet part of each chapter amd then read
some of thew to the end. Chapter V1T, Chapter IX, amd the ficst part

of Chapter VI contaim the most sigoificasc resulra,



Chapter ¥

PROBLEM ABEAS

In thia shoet chapter we mention a pumber of classical mathemacical
crapeformaelong for which it should be poeaible Do wribe compaier
programs. Some have alrcedy besn investigated by others, Bat all of
them mesd more etudy, For some areas it seems posaeible co Cind an
algarithm which will handle mamy of the sxpreaslons which arise in
practice, Ezsmples of these are differentiation, solucion of eguations
by Gaussisn recusticon, and certain matrix amd tenscr opevatlons.  Even
theugh an algorichm may in thesry handls all expressions of a given
¢lasa, Lo may in fact be limited by space of clse consideratioms. Often,
hisever, it can be dmproved threugh wee of the mathematical properties
of the trapsformacion to be performed. Fer éxesple, a sum with 2 posicive
Intaper exposent can always be expanded by repedbed multiplicacion
folloes by collection of like terme. Howsvar, expansion of (A -+- h“}z
in ghis mamner leads ta u[:|+l;|E terms, which combine to wield
i’m{} (m}:

e different terms. The * m ! berme can be found direccly by the
miltinonial theorem; thus, in peeseral, seducing the time and che masimum

atorage required. In the case of Gasasian seduction, sawings can be

made op the average through manipolation of seree.




In other problem aress, slgeriches con Be wsed to trasaefarm anly
=iome examples, bur che range of exspples which can be transformed cas
probably be considerably extended with heuristic mechods, Exsesplea of
these areas are limigs, Laplace transforms, expansion im & Lasrent series,
integration of elesantary functions in clesed form, amd soluclas of
pome differential agqeations.

Finally, in the cése of non=-linear differential equeticns, For
=xample, It seems that only ieclated special cases could be solved by
the machine. IE ia, hewever, difficult to escimace a’ pricel whatker
further research will lead ta wseful methods. As sctated i the
introduction, integraticn af the elementary functioms in elosed [owm
has been proved sesuriively uneclvable. Such a procd nor oaly affirms
the futilicy of finding & general scheme but can also ipdicare which
subclasses may be isposaible, Perhaps mors such prootfs can be Cound,
In the absence of sach & procf, ancther measure of problem diffleuliy
f# the extent to which the scluclom s & global Funmctien aof the inpat
mithematical sxpressions making up the problem statenment. When the
aolution ia mot a global functlon, then local properties of the inpat
may pive clues to local propercies of che aoleticn, thus making iE
possible to puess ot the form of the anssser,

Hathematical transformacioms should ba o gosd mediem for che

imveatigaticn of computer problem solvipg.



Chaprer VI

IWTEEHAL EEFRESERTATION AHD MANIPILATION
OF MATHEHATICAL EXFRESSTORS

Intreducktion

The main body of this long chapeer contains detalled descriptions of
the effects af the LISP soutines which have been written to manfipelate
mathematicel expressicone, Thia deteiled description is introduced by a
generel discusslon of the problems and possibilities involved im writing
mch rougined, A8 Che structures €0 be manipulated bBecoms more comple,
thi mathods [of gaprasenting Chem and for desceribing thelr transformation
bdgcoens, in the SuPyent usage, more 4 matter of cholce. This is because
the compléx atrucbures are dascribed wich a wery general syntax, the
ambigeities being resolved throusgh context, and becouse there are bewer
will eatablished conwentions for representing these sTructures.
Therefore, the problem of mamipulating the elepemtary functicns will be
disgcussed in some detail befors more general atrectures fnvolving sels

are introduced,
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The Elementary Functions
A Il'lt NEEE Lag

The expressians for the elepentary functioms are defined
cecuraively ap followe. &Ll floating point mumbers, fntegers, and
pairs of integers representing rational mumbers are elenencary
functicns, Lf o amd v are elenentary functions, then o, wew, u', ufw,
log uw, amd =u are elementary funccions. The trigomometric QuneCions
oy be represented explicitly. In addicion, arbitrvary Pumctions will
be allewed, These functions are assumed only to be differenclable. Tr
ip allewed to write atbdc and a-bec; the program assumes assoclacion.

Hermally, transforeation of these expressiocns imvolves two
steps, Certailm properties of the source expression are investigated
and then the results of this dfovestigation control the flow of comcral
ak the cutput expression is gemerated, often by conbining parts of the
pomroe expression. It is diffloolt to list the Imporcant properties of
expressions witheut exsnining actual problems. Smne osefol properties
are those ueed by Slagle's Integration program SAINT amd the routines
deacribad at the end of this chapter.

K. Propesties of Elementary Funct icna

The propeptiea can be claassified according to their complesity
af Collows. Thoae From SATMT ace issdicssed by (3).
L. Tests involving oo lovestigatlion of subparts of che expression.
a:  Is the cxpression an inceger. (S}
b. I8 the sxpression the wvariable of iptegratiom. {E)
e, Expresaicm iz D,

d. Expressiom is 1.



Tests whick are applied to the expresdicn apd its arguments

ar

in a ccgmletely recursive manser; that La, the test which

iz applied ©o the expressism Envolwes applying the identical

tmat bo ghe arguments of the sxpredsionm, unless a terminacing

copdicion 1o met.

A
b,

L=1]

4,

Bepth: the maximun munber ¢f argamencs within arguments.

Lesgth: che nember of subsapredsions im the expression.

Algabrals functlom: the expression conptains only the
algebrale operotars and constant expanénia. (8]

Dependent on & glven variable. (8

Tests which inwolve applying cests to the arguments of an

expression which are a fupcgion of che maln conpecktive of

the eMpression.

B

Batiomal fumectien: 4F the maln connective is POWER,
thin the exponent muat net be a vatiomal funccion, but
rather an integer. (8}

Ratiomal functiom of sines amd cosines: 4if the main
comnective 15 a =ine ar coeine, then the arpument must
be the wariable af imtegracfon. (8)

Exponential: as in b, . the axpression contaims a
subexpression of the Eorm l.": {5)

Imcegral with indeficite limlts.

Intepral with respect o o gluen wvarfable.

Derivative operator applied to an arhitrary funcoloms.
Lowast poser of a variable in pewer serlas expansion

of an expression,

(5}

%)




k.

L.

UM with numerical lower limit,

SIM with mumerical oF [afinlte upper limic.

Tests which fnwolve the comparisem of certaln subpaeta

of the expresszion,

b,

Lo

Expoment bose: chare i® some constant, b, and
variable, ®, such that ény subexpression whick [a
&n exponentlial 1s of tha Farm hm_ where o La as
integer. ({H)

LCimparison of arvgusasts of o product or sum for
scualicy.

ALl cerms of a sum contain & common factor.

Hem=reqursive structuras made up of parts cach of which

hae certaln properties.

&,

.

(1%

t.

The expression containg & nem-comatant sum ralsed
La am integer power.  (5)

The axpressiom containg & nOO-cOBRALGBE Apm as a
facrer of a produce.  (8)

Thiara iz & subexpression of the [ors

gy ok oegv 4+ :.1'.r2', oy 10, €a #F4,  (8)

Thét axpression is the product of twe Eacters with
coreain propecties. (8)

The expradaicn is the product of o factor with given
propercies and the expression ccm!mlv, where « Ia
a variable, (5]

That axpradeion is an expopenciol with consbant

ERpONETL.

— o
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g Is ewpression of the form x#n) o &n inCeger.

§. Home cransformacions require arbitracily complax
computations on the parta of the éxpréssion in order
to sptahlish the flow of control.

a. Comparison of renger of aeveral sumaclons and
prouping tegether of lika segments of the ranges.

b, Geperations of che lower order cerms of a
mltinomial expanaion.

C. Hetheds for Tesging Peoperties of Elementary Functioms

There are several sachanisms which can be wsed to determine if

a glven expressicm liea in one of these classes. The best method depends
en whidh of the sl naned clesses is imwolved as well as the associated
copetructive aparations and the nature of the expressicms under

cand idarac Lon.

Many transformaticms cam be applied in warn oo larger and larger
subparts of the expression, Others &ré &spplied fo certdln parts of the
cupregsion as a whale. While thoas of the moaC complex Cype @DUsSC mike
use af intermediate results &2 wall a4 the Dnicial expression.

It would be unlikely that any one schéme w@ould be the mosc
efficient for every combination of analyals amd constTuction. The warlous
transformacioms shouwld be handléd by methods appropriace to chelr complexity.

The efficiency of & transformabion @At be t&ken 48 an average
awar the set of expresaloms oo which it is applied. Very cften a
cransformacion Lo applicable to only seme of the ezpresalomns co which Lo
iz applied. Since & great desl of clme cam be spent 1o attempilng co

apply Irrelevant trapeformacions, the efficiency of a transformation might




be evaluated in two ways: the average time tequired for application to
a4 randin expression, and che average cime reguired [or applicacionm to an
expression to which it is appropriace. AR expresdicoma are transformed,
more information about them will become knows; it might be paasible to
pass this information alomg 8o as oo fmprove the efficiency of further
cransformacions. Furtheemore, the phyaical sitwatiom which the
supressions represent may glve clees o thelr properties. Preserving
such information lnwolves ctradiog apece for time.

The expressions being conaldered fosm & Lrée akrackture; the
main copmective ds considered to be at the top, with the braschas
hanging down, Some methods typlcally come down Iron Che bop, cthers
cime up from the botton; some first go one way and then the oChar,
Class | tests are applied at the cop.

Clase 2 tests can be applied golng @lther way., For instance,
in the gase of depth, one con come down the tree Lnerementing the depth
copnt &t eagh pode and theo toke che mawimum of the counts &t cha ands
o¢f the branches, or cne can come up the tree, incrementing the maximim
bramch count et eech node, The sanber of incrementing and binary
maximun operations is the sema ie either case,

The situstion ia more interestiog for class 3 tests. Simce
Che ceat to be &pplied to aome of the subexpressions depends on che
main cormective above, &ll possible tests mast be spplied if one comes
up frem the bottom. Condng dosm Evom the bop one can bring the
information about the main comnective along and apply only che needed
cexat, TE severdl tests are applied at once, then most of the tescs will

probably e needed on oo glven subsspeeasion and oot &0 ouch ie lost.
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an odvantage of applying #ll pesta to a sabexpression is that identizal
subexpressions can be breatéd in the some manner simce they are nok
distinguished by context. If several cests can be computed at once by
bit manipulations,then the extra cost would be less, 1t eeeme that the
preat loss i3 probably chat many of the tescs, i€ applied Crom che cop,
wanld Fail or succeed before all «f the subaxpresslons had bcen cesced,
5o Ehat & saving would result from some subespressicons sot being tested
at all, (This secems to be a weakmess of E. Korsvold's program).

The tests in class &4 imvalve the cosparison of expressioms for
equivalence, Because of the defining relations, eguivalent expressions
cap be written in several forms, For Gpagance, the factors of sums and
products can be wriccen im any order. Some exiscing schenes lopose some
addiviopsl comstraints om the way expressioms are Written so that there
will Bt & canmonical form, Another poasibilicty 15 to compute a hash code
mumber [or each expression which ia invariant under the alternate ways
of writing the expression, The methed of doing this and the merits of
the scheme are discossed im the sexc chaprer.

The exponent base cperation ie rhe fLrsc Cest which requires
comparison of subexpressicns located at arbitrary nodes of the expression
cree. & program which goes wp or down the expression tree oust hawa acma
way [0 comunicate the infermation et ome pode to itself when ie is
processing apother node.

The cests im class ¢ are these which de ot [it Into ome ol
the ocher classes. Their esistence isdicaces chat although programs
which move up and dewn the expression tree are wseful im & large numbar

of cases, there will be eesats for which this type Gf execative Alsuctars
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lg very ipefficiemt. Programs which carrty <ut oomplex algorichms
lavolving many forms of incersediate results will be needesd. To
lncroduce congepts which will be wseful 1n sueh progrsms, cperations
for consbrucking elementary functlons @ill mow Be considered.
I, 1] Elementary Functions

ALl censtructions which form elémentary fumcticms From ather
@lemantary functions must do so either by subatitution or by combining
the Dnput fumctiens with the elemencaey coperators. Useful intermediate
Forma ave 4 abtripg of teorms which are ©o bhe Factors in o sum or product.
Eeeping aach & string rewoves the need bte test each time before adding
MW CaEEd,

E. Spesifigation of algovithos for Hanipulating Elementary Functions

BB matter what lewvel or flexibllicy & lamgeage for algoricthm

specilicagion s go have, to be convenient and efficlent ik must reflect
the scraccura of che plgorithms to be specilied. Based om the preceding
discussion the fellowing types of operations ave needed. Owe hegins with
2 basic program sequence that goes down and up che expresaion Eree, When
this sequence L& sascclated with a specific set of reles, it i= given a
name by which it canm be called. There are rules for the dowssaed pass
and the opward pass. The suleés for the devmeard pass consist of a
cenditional specification of what is bto be applied to the arpumencs, aesd
a wathod of reserving information for lower levels and also for anoy
following operstion. The conditional is a mateh comtaimismg the apsratar
and fanctions of exact match om the arguments. The arguments asd groups
aof them cam be given mnémonic nawss to be used in this match. There is

& wiy ta name all arpoments satisfyimg aowe match. Hatched arguments can
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be given special names ke be used In che rest of the specifications.
There 15 a way ke break cutb [smediacely with the answer on either the
ugward ar the déwmeard pass. The wpward pass comsists of snother makch
and a comptruct. The comstrect employs a pacterm but the aperatars io
the pattern which have variable arguments are simplified Lf pessible.
The comabruct pabtteyrn can contain functioms. E"]..II'“II'HtE'hI:- i e lul

i such & language

Representacion of Secs

A set might be represented by givimg its neme and some of Qs
propercies, or by giving a general member and directions on how ro
specialice this general member bte any particular membsar, or by gluing
all of the members. Hembers of ordersd s=ts can be indemed bo [orm
argays. Hore than ope of these representatiens could ba used
simsltanecusly. Typical sets are an isdexed susmation of Cevms, OT an
imdewed set of equations. Im callesting terms one might want o combine
several summations of the farm i aL'r:L Lo Porm @ new set of
summations, ma twa of which l:-:lnl:a.in-r.hn aami porey of x.  This amouncs
to conbining membere of different seta; that is, the coeflicients, which
menbers have Ehe apime walue of & proparty, that L& power of ®. The
supmation index makes f8 poaszible o carry out this operation without
expliciely eesting each member of each ser. This is a wvery general
form im which mamy algorichms dealing with sets can be expressed, but
greater computer efficiency and clarity of expression might result Lrom

ueing apecial congepia,




AR apother exdmple of the uee of a set concept, constder che
placenent of the cosfficients of o polypomial inte an array, S0 chat the
Rowch rast can be applied. A& series of terms is generated by combimisg
thiase coefficients. The peneratiom of these terms ls boet apaciflad an
cperdaklans 9@ an array of expressions. The reguirement that the
rasulbing tarpmd all have the pame sign then Leads to relations between
theiy parsaswmtars.

Teo [urcher éxdgeples are aimilar, Any particular temm in a
multinomial expansion can be written down directly in terms of the base
icd cha exponent, This is dome by Forming all conbinations of powers
af 'I'-'l:li wvariablas which fulfill certain restrictions. Computation wich
imcegars 18 waed o determine the flow of control as the powers are
Eormand, A dlmilas bat more cowplex case is the formation of terms in
the power serics of the mulridimensionsl trandformaticn af a mon=limear
differential equation as described by ¥am TI‘EE.E.WH

A5 a fipal example, consider the sultipla chasnal, multiple phase
queueing system described by Garber and discussed Dn Chapker I1. The

basic equations describe & system duch as the cne shown belae:

4 3 2 1' Chamnel 1
arrivals = «

‘. 3 g 1 Chamne]l 2

s 3 2- t Changsal 3
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A system of m chapnels, each with k phases of service, i described by the
pebnl nusber @ of unite im the system and the state r, of each chonnel,

Tha arcival rate is & and the service rate is p. The equations are
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wWhien Ei-H-. It ia wnderstood that althewgh only these equations Far which
the full channels have the lowest index have been written, there i in
fact an equacios far each permatotion,

bote that this representation lavolves the use of several external

conditionala, some written in Englisl, as well as the inoternal condicionsl

s

English statement about permotaclons.

In additien, it contains the fnduselva ™.,." pobstion amd the

Spme of Che external Enmplish condiciopal stakements arise becasse
the I:rﬁ.:l does mot peovide encugh gencrality as an internal conditional,
The "..." notaclos ariees in part because cthera iz po standard way to
mention & particular subscript of a quancity which is icdexed by a
mrher of subscrlpra which is itself 8 variable. It is for Ehis same
redpen that the Engliah atatement about the persucations is= nade, The
ayntax used has great [lexibility, but does pot contaim comsepte
appropriate ©o this dtatement, If the cwpression 18 repressnced
intermally in che computer in this Form, it will Ba dEFficalt ta write
algerithms to transform ig,

fn alternate form of sotatien weuld lmvolve fntrodusing a peperal
Lnternal oomditional, fumcticnal arguments, and some speclfic concepts
abeat sets. The funccion SETSUM [ SET, FUKCTION] has as walue the =sun of
the quantities produced by applying the function FUKCTION to each element
of set SET. Tha functien SETSUBST [¥, ¥, Z] substitutes element I for
elenent ¥ in ast 2, The coocept of boued variables is also used. The
current =lement to which SETSUM is applying FUKCTION i® bound bo the

nafi, alement. In this masmer, the sxpression can be welooam:
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EQR (M, N,.E.R5ET §) =
If K<M then (M9} F[H RSET] = SETSUM {RSET,
if element = 0 thaen P[WEl, SETSUBST {l+element, elemnt, RIET)|
or if element = Kk then ﬁ F|H-1, SETMIBST (0, element, RSET)]
+ Lf M=K them "'u PiMel, SETSURST {1, element, RSET)H]
elsa O
else P|K, SETSUBET {element + L, elemenc, RSET)]
else (148} P{K,RSET] = SETSLM (RSET,
if element = k then & P|®+l, SETSUBST (1, elemenc, RSET}|
+ @ P|E-1, EEET]

Elltﬁ PN, SETSUBST (elenenc + 1, @lemsat, RIET) + @PF[H=1, RSET]

There are seversl altermative ways in which this expression could be
written. The choelce would depend Largely on the operations to be
performed. The typical procedure is to apply 2 pumber of steps and then
Co geEneyate & special case from the gemeral expression.

In ¢loding, ancther ares where the problen soluticen goes from che

general to the particular [s the area of vecror spaces and makrices,

Hetheds of Jpecificetion

The ameunt of information about the imput to be saved in the Intermal
rapr@adantation depands an the range of taskes which the machime is to
pecform in the smen=mschine interaction, Ome possible tesk is the
arraspesent of dtatemests Dnpub in amy order into an arder which allows
their sequential evaloacion. Tn some coses misalng &teps or limits could
be polnted aut, Thi= reqguires some representation oF what storemencs

belong together as w@ell an properties of the statements such as the
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imformation needed to svaluate them. With respect &0 svalpation, tha
mare problen oriented, rather then proceduce erlasted, the men-neching
discourse becomes, the more mecessary it ie bE¢ represent objaecta by &
set of properties which would allew gemaevacion of che object by an
appropriaote routime. This ie trae, for example, of sets reprosenting
permutations and combinatioms subject Lo certais restrictlons,

Such properkies are alad nesded [f Cha machise is to perform
difficult prablem solving tasks. Often, far exasple, the factors of a
polynomial con be found anly [f informaticn about chem LS keown irom
phyeleal comaldaracions. This Informaclon mist be stored as a property

zf tha polynomial,

Eawitlal ¢ L

The mathemitical axpresslon transformation routines will now be
doacribed in detall, Jonclusfons about cthe types of program
crpanization which wers needed for Chese roucines hawe already been
presented im the first pare of the chaprer. This decalled descriptiom
will be weeful te chose wio went to write similar programs. The
transfornat ion routined are wrictcen ac a hilerarchy of LISF Functions.
Zame of the Qeescions perform operations which are commem to many of
the teanaformationsg. Those funceioms comprise & low level propramming
language:. Im addition, there are many functicme which parform systen
and bockkeeping cperations. To aes the porpoae of cach of the function
type=s, the proceasing of & sample command will now be traced threough the
system, A koowledpe of the LISP programming language will be apsuped for

the remainder of che chapter.



Quppose the ueser ware o Cype the comrmand 3
HEE— SIHPLIFY{DRV{"E,1, "E#2 & "(Eel}b2))d
th& PDP-f sends chis comeand, 85 a lisc of characters, to che F094.
Thara, the LISP funcciom APAREE, described Ln Chopter X, Ls used to
piarss the steing of characrers Inbo o LISF expression. The abowe
commard] becomea:

(EASSTK (EQUOTE E)(SIMPLIFY (DEV (EQUOTE X} 1

(PLE (PWR (EQUOTE X} 20 (PWR (BQUOTE (PLS X 1) )} 2310}

This expression is then eealuated in the LISP system. &ll mathematical
axpressions are kept on the disk. The funcriom EASSIGH is one of

several swvstem functions. It will write the machematical expressiocn

whilch is the walus of its secomd argument on cthe disk as a file with
name E FORM: The first mame E has been pseado-quoted with EQUOTE.
EUOTE cramsforms typed inpot expressicns inte imtermal forme It is
one of several funceions for transforming expressions into eguivalent
formes for fnpyt or augput. Bext, consider the evalustion of the

arpumentd of DRV, the derivative fenction, DRY will pake the [i ac

derivative with respect to X of (t& thisd argument, Bealu&ting the

thivd arpamest, L and 2 are given oo the funetion PWR, which i& ona of

a groap of funcelons foy perfoeming rthe algebraie opesationa,

FUR[X, 2] —> (FWR & ¥ WIL) Rimilarly BOQUOTE [ {PLS X 1)]- (PL& X 1 WIL},
PAR| (FLS E L HIL}), 2] —* (FWE (FLS X 1 HIL) 2 WIL}, &nd the final cesult
Ls (FIS(PWE X Z HIL) (PWR(FLS X 1 WIL} 2 WIL) KIL):. The fumctioms FLS and
PR will perform certain simplifications, such as PLS [X, {FL& & B NHIL)] —*
(PLS ¥ A B WIL) Enegead of (PLE XK (FLS A B HIL) WIL). This reduces ghe

grodth af  expresdions becauee of almple redusdancies, Wext, tha
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derivative functiem DRV da called. DRV dseues a call eo

DIFF[E,. (PLS K 2 RIL)(PWE (PLS X 1 NIL) 2 MELMWIL}J. The funckion
DIFF im one of several Lprge roubines for Eraneforming the elementary
fupcticna, Tt would taks op tac mach epace 1F [t etayed in core
memary #t all timss, Therefore, DIFF iz defimed as 8 call to che
aystem functios GETFILE, GETFILE[DLFF, (X EXP)] Firat resds in che
disk file DIFF LIGP, whkich contalne the DIFF somitines. Then GETFILE
evaluates DIFF(X, EXP]. Finally, GEIFILE reada the ddiak Eile DIFF
ERASE, which pemovan the DIFF vourines [¥om core momdry. A8 scared
above, DIFF {8 given Cha expreasion:

(PLE {FWE X Z NIL) {PWR (FLS X 1 NWIL} 2 HIL) MWIL}.

Refore differentionting this expression, DIFF gives it to MEF, the
function for putting che variables im all subeworessions oo their
property lists., BMEP returns (FLE{PWE X I (X))(PWR {(FLE X L (X)) 2
{41y (K¥). Now DIFF can leak om the propercty Lisk of an expreseiaon
in order to see if it depends om the varinble of differentiaticn. IE
it dopg not, DIFF will immedistely cetern the answer, 0. Foar the
example akove, DIFF retorns:

{FL3 (PRD 2 X WIL} (PFED 2 (PLS X 1 WILD (PL3 1 O WIL) WIL} WIL).

Thiz result is given Eo STHPLIFY., This roecioe L4 used so olcen chat
it has baen chosan to reside permanently in core memory. Therelors, oo
call to GETFILE is meeded Chis cime. SIHPLIFY finds chat

{FLE 1 0 BWIL)— 1, then that (FED & {(PLS ¥ 1 WIL) I NIL)=+

[(PRO 2 (PLS K 1 KIL) HIL). Since this later expresasion ia the acpsssnt
of @ PL&, it Es ezpanded o (PLE (FRD 2 X HIL} 2 WIL). Thus, at the

cop level SIMFLIFY Timda:
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(FLE (PRI I K WIL} (PED ? X WIL) 2 HIL), which cas be simplified by
collecting terms. To do this, Che seutine mest discoves that two of
the terms have the same literal Cacter. To compare these factors,
SIMFLIFF uses the Functions for compet ing the hash code munhar af a

5 Llie ession. If the hash code mombers are the aame, §IMPLIFY
assumes that the facvors are equivalent. The Finmal AMSHRE

(PLE 2 (PRD & X HWIL) WIL} is mow written on ehe disk by EASSIGH.

In addition to the five classes of functions above, there are
also a few peneral perpoce mmnm «  The lencetdons 1o esch af theas
Slx claswes will now be explaimed. Then the functloms which complae
exch of the cransformation routines will be described, These
descriptions use several special terms.

The expresalons are represented in LISP in operater prefisx Fonm,
Tha individual operstors are:

(Wete: most of the operators can take soy number of aTgumant g

in the obvious masmer, )

1. {FLE A B € FIL) = AHIHC

2. (PED 4 B ¢ KIL) = A& B-C
1. (FRT I J MIL} = f
- ,B
b, (PUR A B HIL) = A4
SBHD
L (DAY 4 B CDE KIL) = 0 E
dnlac?

B
6. (ITG D A B € NIL) =£“”

T {ﬂmannnHIL}Ei f

ATE
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Cal

i, (EVL ABCDERILIZES, o

9. (NAM A DG WIL}E € o

i, (F A& B HIL) = FIA,R)
11. (HAM A K (F ¢ D KIL) BILI = F, o (0,1
r

12, (FIL & HIL} = A0

13,  (ABS A KIL) = 4]
— 4
14, {DEL A HTL) = Z¢

15. INF & ==

16, IDF = indefinite
17. PT =wr

15. *E = 2

19, *Imi

. HIL = undefined

21, {IST T B C & HIL}S
22, (M I B C 4 KIL}S

23. {CED (A B WILMC D WIL} BIL}S o0

The last element of each list is Ehe property list of the azpression.
An empty property list is fupresented by HIL. Whés the operaboe is
remowed from an expresalon, the appseot lipg remains. Far example, thi
argomant list of {FLS A B C NIL) is (A B C HILY. The hedy of am cperator
ia eghe last argument in the llst. For prample, the body of (HAM A B G WIL}
iz 0. The sxpression (F & B HIL} is called an Lcr Lon of A amd
B. MAn sxpresslon sach s

{F15 (FBD 0 C WIL} (FED C (FWR I' E WIL) WIL} HIL)
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Borms & tree of subexpression as abown below:

When a functlon L& aald to go down the expresafon tree, L0 processes che

codes of this tree in the mormal arder for LISF,

Fumn Which Depends BTLY & FroSaE s of
ALL tha &!h:gruuiﬁng

Az wos stated dn the Intcoduction, It is sometimes vesful Eo st
the varfables in a subexpression on ita prapercy liae, This Lise of
variables will be called tha dependence list of the subexpression.
Subecripted Function nases are distieguished from wariables as can he

deen Ao the following examples:
(FXYHIL) = (FX¥ (X¥))

(PLE & (F X ¥ HIL) WIL} — (PLS A (FX Y (X Y)((F & X )}
(PLE A {MAH 1 (F X ¥ NIL) WILIMIL) —* (PLS A& (RAM 1 (FEY {X¥))
CORAM 1 FD X ¥)) (ACKAM L FY X ¥)).
The dependence lists are computed by MEF[X]. MEF poes down the
expression tree to the atoms, which are Lafe unchanged, Coming Back ap
the expression tree, each argument list is glven to MEpl.
BEFL [ARGLIST, EXF, PLIST] goss dows the arguseat list making & dependence
list by toking the union of the wariables on which esch argument depends

with the accumilated result, PLIST. There are flva CHAEE DECEARACY to
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find the dependesce of an argument. 1f the argement is a mumbor, Lts
dependence is HIL. FPor an atemic argunent, the result is & lisc of

the atom. 1f the srgument iz a&n arbitrary fusctiom, the result is the
Fupction none added Eo the argumantc property 1ist. ALl other expressions
except BAM bodies yield their property liste. As shown in Che examples,
KiM bodies yield the encire expression wich the property list removed

by EPLST and with arbibrary functione replaced by thely names, conblned

with the dependencies of the HAM body lunction ATEuEEniE.

Functiops Which Compute thi Hosh Code Mumber of an Expression

Chapter VIT presents & scheme for apaigning integers Co expressicons

in such a way that equivalent ezpressions will be pepigned Che same
integer. Thess Lntegers are called hash code eunbers bacause the
imfinite set of mathematical e=zpressioms is magped into & fimlte set
of Integers by the assignoent scheme, A5 szplained im Chapter W11, iE
‘::+E i to hawe che same hash code sunbher as l“an:, then & special hash
code scheme mast be used for expoaents. For want of a better solatiom,
expenents of exponents are treated with the bage scheme. The current
depth of exponestlotion medule 2 Lo assigoed to che variable STHPLEVEL.
STHPLEVEL i= O for the hase arithmetic, which was called F arithestic in
Chapter ¥II. SIMPLEVEL ie 1 for the exponent or § aritheetic. The F
and & arithmetic is performed by the functicna FTLS, FPRED, FOum, FFWR,
LS, SPRD, SDVD, and SPWR. ALl of these funcelons except FIND are

codad in LAP for greater efficlency; the functions perform the following
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COmputeE iona ;

(Hote: A& and B are argumsents and B ia the finlte Field prims. )

FPLS:

FFRD:

:

Angwer = (A#B) mod p
dnswer = (A=E} mod p

First a chack is made to aee if the base ia equal to the inceger

nsaigmad to e, IE w0, speciol code is entered so ehat a"C7 will

often hash into -L", In any case, a check mesc be neds for o
megativae expement whick Endlcates that the finice fiald EUATE

raot of the base ia to be taken, Finally, the base is multiplied

by ieself in crder te create the series base, base®, base’,
£ n
hu-az P — = The answer [# the produck of all the teres

in thiz sequence for which the correspondimg bie of the

exponent is 4 1. The flow chare is:




106

base = 1
wHp =
N - . ot “H‘P'lllﬂ
Ho Fao
+
B i divide base = -1
p-exEp L
wap AT
Yas

T e

negative

L y

=
Ang = 1
PE = hag#

Hel axp =
D 2

Vil

Ko

&ng =
{ana«PE)




SPLS:

SFRD:

SPWE:

oy

Either argissnt can be poaitive or At ive,

AXD B D Answar = (AFE) mod (pe1)

A ®0 B<d Answar = {=I&+R) mod (p=1}

&0 B0 Andwer = {A-ZB} mod (p=1}

A<D RO IE &+B in odd:  Amswer = (AdE) med (p-1)

Mherwise: Anawar = (J&+B]2) mod (p-10

Either argument can be positive or napgative,

A O B30 Answer = (ArB) mod (p-1)

AFD B<d LE a-B is even: jnswer = [{&4'B) med {p-1)] /2
Otherwise: Answer = (4B} mod (p-1)

AL D B0 If A-B is even: dnswer = |(A+B) mod (p=13) /2
Otherwise: Anmwer = (A«B) mod (p-1)

AL pgo dnswer « = o[ (AB) mod l:p'l:l]} mod {p-1)

F = Zn+d whars P = lomkld

If the baze is Degative, then it is muloipliad by (2n2) o {p=L}.

It 15 thém raised co the exponent in the same ménner as for FPWE.
k

First, cha geries =1 F-5- 08 l;-a.:::'z, qul +=r ia Formed, where

each term is the square of the preceding one, taken mod {p=-1).

Then the answer is formeed by mulclplying together mead (p-1} the

h

temms k for which the k° digit of tha axpanent is & ons,
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sTvT: A s ghe oemerator and B is the desooinator.

AT d pxa hadd-rﬂudd-a-.!.nm-e-tru'l} mad (p=13

T — Answer = (<A (H/2)"'] wod (p-1)

T = B odd—> Answer = (A-B 1) mod {p-1)
T —» Anewer = SDVD[AS2,Bf2]
AT O B @ Anmesr = (2A+B ') mod (p-l)
ACDh  BFO A 0dd < Angwer = (A+B 1) mod (p-1)
T —» answer = (Ja/2]-8"0) med (p-1)

ALD B ALEWET = []H.l-lﬂ-l]l mad [p=1)

Where n'L ig computed as SPUR{E, Sodd), sieee Bokd 14 &{p-1), the

munber of integers leps than p and relagively prime to p-l.

FOWD is computed g FPRO{A, FPWRIB, p-2Z1]. Frequently, one wants to
pecfarm an ocperation with sither the § or the F functlions dependisg oo
the STMFLEVEL. [Mor chis reasen, tha & functicme have been defined.
These Fasctions are APLS, APRD, ADWD, APWR, and AKEG. Their definlcions
arc similar. For example:
APLE[A,B] = (SIMPLEVEL = 0] -} FPLS{A,E]
T - SFLE[ A,B]
AKEG[A] calla either FRREDLA, p-1] or SERDLA, -2l
This completes the explaaation of the algebralc operationg used in the
hask eode schems, There are seversal [uoctions which uwse these cparations
to compute the hash code mumber of an arbitrary expression.
The hash code number of apy expression, ¥, Ls computed by Che

functlon ECODE[¥, STMPLEVEL]. ECODDE goes down the expresaion tree until
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it reaches the ipdividual wariablea amd constants, It Finds the hash
code muebers for these and then compilbes the hash code mumber of each
subexpressicm from the hash code pumbars -E-E its arguments. Tn paing
doww the expression tree, the SIMPLEVEL is chasged whenever the
cupoment of a FWR 8 entered or whenever the mais copmective of a
subexpresslon is flagged with FOODE, indicating that ie ix a transcendental
function. The code numbera of the individual atoms amd numbers are
cemputed by eha function GETC[K]. GETC gives & floating paint pumbaer
Lo MECD.  Ie the case of 4 positive integer, it ia only necessary ta
take AFLE[integer, 0], or AWEG|-integer] for a negatlive integer, [f ¥
is o function, the amswer iz ADVD of CRETC applied go the mumerater and
depominator, The sensining possible argument for GETC s 4 literal
atom. GETC looks om the property list of the atom under the Indicatar
CODE. If the atom has been coded befere, or 1€ e is g, *I, or PIL,
its code number will be Found. Octkerwise, a random cumber is pasarated
by RAKND and caken module p=1 by SPLA| random mumber, 0], This code
number @4 put on the property list of the atonm and alss returned as Ehe
anawat. The flooting peint numser hashing fumetion, MECD, hasheg the
numbar in three steps, First, the absolece walus of the number fp taken.
Then the characceriatic and Eracticn are separated, and the Fraction is
cither mltiplied or divided by 241 characteristcicl, depending on the
sign of the characteristle. Finally, if the Eloating peint number was
nagative, ANEG of Fhe snswer Lo eaken,

Returning to ECODE, the mechod of cemputing che code rumber of an
expression frim the code numbers of Lts argaments, depends an the

aperator of che expresslon.  A&s stated above, iF the cparator symbol has
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the peoperty FOODE, this epresents & functicon of one wariable; the
functions in this clams which are prasently ceded are: FSIN, FOOS,
FTAN, FSEC, FCSC, FOUT, FSTRH, FCOSH, FTAMM, FOOTH, FSECH, gl FOSCH,
These functicns will be discussed individuzlly later. Thers &1l compute
& hash oember feom the hash mumber #f chelr argument. If the operator
aymbol has the property ROODE, this propercy flags & functiom of oo
arpusent which ia a list of the hash code mmbers of the arguments of
the operator, When & new oparacor is introduced, s functlon for compubing
it hash code can ba Lnvented asd added ke the system wigh WCODE. ECOODE
applies thisz Function to a lise of the argument hash numbers. ECODE
calls APLS, APED, and APWE for Che operators PLE, PRO, aml PWR
pespectively, Is the case of PLS and PAD, ECODE uses ECODEL to apply
thi binary eperators APLS asd AFRD to the indefinite munber of argumants
sf PLS and PRD, All other operators are handled by a eall o FOFHE,

This function produges a result which depends oo the hash sumbers af

the arguments apd thale order, bat which has mo imvarisnt peoperties.
Taking the bash nuwber of che operabor nome as the initial sccumulated
answer, the atcumalated answer iz addad In F oo the hash number of che
next arpenent, and thisa sum is raissd 1n F bo the arbitrarcy powar
135786059 Eo Farm the new accumslaced answer. This process s contimeed
yntil all of the srguments have been used, This completes che discuanlon
of ECODE, Tn conclusien, the Eormules for che rramacendental funcclons

ATES

FSTH 'EIT ’;i:_t-ln]
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1, 1=
FTAH u = Ezth Angwer = 1

FSEC 1/ Foos
FOEG LfFEIR
FOOT LfFTAKR
FEIRA  =1- FEIR{ix)

FODSH  FOOE(Lx)

F5 I
FLAMH FLOSH

FCOTH 1/ FIAKK
FSECH 1/ Foisn
FOECH 1/ FS1mE

The operaticns in tresacendental functions are performed im § arithmecic,

ootions Far Algebraic Operations
The functions which perform algebraic operaticns cam be divided inro
seven ¢lasses. Typleally, the functions within a piven claes are defdnsd
for the same arguesests, such as istegers, rational ouambers, or general
cxprossions, Each clase may alao contaln & few helping fumections.
4. Integer Funeriops
Tue fupctions sccept InCeger srpuments:
ABS[N] = |nf
FILEXIF[¥] = u!
5. Baticnal Wugber Punctlons
The arguseets for these fuscticns can ba either ratlomal

munbers, Eepresented by (FRT M B BIL), integers, or floating point
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pumbors. Since the functfoms for addition, multiplizatlon, ard divislon
take either Fractioms or LISF pumbers as icput, they Firsc send thelr

arguEencs te BAAM for conwerslon to oo standard form:

pofiM[ A Bl = (mumeraeor of A, dencelnator af &, mmerator af B,

depemisator of B}
Dsing this list, the three functions fom the following quotients.

FLERIN: RmML - FEHOH2 + DENCRLL HiH2
DEHCE] - DERMMZ

PEDNIH: 1
DEROML - DEBIHZ

DUDNUM: ML o DENOWZ
DERML = HUM2

These results are then gilven o REDEUM £0 b redeced o Lowestc terms,
If ope of the original argumests was a Elesting pelnt number, then of
coursa, the answer will be a floating point member. If the dencminates
is zaro, then REDHUM returns IKNF, representing =. Otherwlae, REDMIH
pedisces Ehe fractiom to lowest terms by findieg the g.c.ds of the
pamerator and desominator withk GCD.  The fisal mepher of this clase is
the exgonentiation function PWRFIRL The ezponent most be an ioteger.
The special case 0" resules in TEF. Any other megative expoment resalts
in the bage being imverted with DVDHIH, and the sxponent made posltlve.
The remaining poseibilities hewe & non-zers base with a posicive
prponent, If the base ls negatiee, the sign of the amswep is positive

oe negative depending on whether the exponent ls even or odd,
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C. n ns fog LTAE esnlona
These functioms sembine expressions usder the alepentary

operations, The expressicms are mat simplified, but sicple redusdancies
are eliminated, EFLS[X, ¥]| and EFRDI X, ¥] both call EFUK wich appropridce
functional srgunents. EFUN performs che same tperaclons for the additive
acd multiplizative preup, EPED must mabe the check For a zero aTgument,
#ince acoso has o0 counterpart in the sddipive ErDidp,  For DNF-0' EFRD
Feturns HIL and prince IMDETERMINATE. EFUN[X, Y, ¥, WiFrK, 2, W]

has six arguments which have the fallowing uses and values:

Kama esgription ¥nlue for EPLS Valus for EPFRD
X First exprazaiom
T second expression
[°] aperatiocn name PLS FED
KUMFIN vational pumber funcriom FLSHM PRIIFTH
L RFroup ldemtity 0 1
HUHP group identity predicats EFERD® EDHER

LE either argunent iz undefioed, EFUN Juse returns (WX ¥ NIL),
Lf zither argumese i= the Identity, EFUR returns the other aegument, TE
either argunment 1x infinicy, the answer is infiniey, [f none of thesa
conditiens hold, then cach of the two expressioms is examined by EFPHL,
EFUIKL coamstructs & yumber, 0, and a carm list, V. U is initially the
ldencity and ¥ 4 wmpby. TF X s a number, Lt i combined with U, 71f
¥ has the cperator W, then its tems are placed oo ¥, except that if
Lla first tesm in a number, it is combined with . Otherwise, X lcaslf
La placed on V. ¥ is treated in the same mknner. EFUH then looks ae

this vasult. There are thres poessible cases. T che cerm list is erply,
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EFUH returns the mmbar. 1f the mmber is the identity and there is only
ome term on che cerm lisc, this term is the reault. (Mherwise, the
sunber iz placed om the term list Ef 1E is not the identity, and the
operator mame W 1s added to fomm the answer.

The next fupetion in this group is EFWR[X, ¥]. There are quite
& munber of posaible seccomes. D0 che expapsnh is ome, Che answer L&
pho base. If either argumest is undaCfined, the asswer is (FWR X ¥ HIL}.
A zoro expenent yields &s answer of 1 unless thi base is infintey. II
the bage 1s & Fraction, then it is inverted if pecessary, sé that Ehe
mmerabor will be laeger than the dencmin&cor. When the base is
imverted, the sign af the expatsot is chanpged. This cancnipal ordering
of exposentiated fracelions allows the current simplificacion program to

redugs 55}'*.- 1*’5 to 2, Lf the base is & sumber and ehe expopest 1s an

integer, blhan the result 1s camputed by FWRRM. LE this is mot &0,
but the bage 1s a positive LISF momber and the expanent iz also a LISF
puwber, then Che Tesule is computsd by ZXPL Othereise, the result L
(PWR X ¥ KIL).

EDVD[E, ¥] is defined as EPRDIX, EFWR[X, =1]] and EKEG[X] ia
defiped os EPRD{X%, -1]. EEQEIX, ¥)] iz (B X ¥ HIL) and ESET] (X, ---X )]
i (ESET X, »=-X, KIL). BEMIK[X] returns the smillesc pumheE O AT puTssic
1tst %, TIC compares the arpumests with the function LAEP described in
the sectlom en predicates,

ENLOG] ¥] , the natusal logariths of X, van have several outocomad.
If X is one, the answer is zera. 1F K L8 zemo, the answer La -=, I[

% Efioe, the ansser lses; and if X is a“", the smawer Ls A, Otherwise,

Ll answer 18 (HLOG X HIL}.
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There is one more function inm thia greup; Imi:l.r[:-'.lrll ruw j;l:rri

. j:n:un], ¥] expresses cha ﬂ[m derivative of ¥ with respect co :[i Tag

each L. If ¥ does not have main cperacor DRV, then the anmwer is
(DEW ... ByoBys oo ¥ BIL}, Otherwise, EDRV gives the two arpuments to

EDAVL. EDAVL piwes ¥, X, aecd K, te EORV2, far each i. EDRYZ gocs

i ¥
theough the list of differentiation variables en ¥ and &dda :{i.

I [Eredicates

There are wight predicates.

EERIMBERF] %] 1s X a LIST number, or (FET K M KIL)?
EMIHBERF| X Is ¥ a LISP ounber, THF, cc (FET B M HIL)T
EZEROP| ¥| Te X & zerc LISF nusber?
EGHER( X] Is X a LISF number equal te 1.0 or (FET W ¥ BIL)T
EMIMUSE[ %) Is X a magative LISP nunber or (FRT -N M HIL)?
EOnor| x| Is ¥ an odd pesicive LISP mumber?
GRTP[X, ¥] I =Y -HIL

X =w 3T

¥ == RIL

Qtherwise, theea (¢ an error unless K apd ¥ are LISE numbers
these are sempared with GREATERP.

LESF|X, ¥] = GRTP[¥, X|
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E. Funetlona Whish Cosbioe T Lons wilk b Code Humber
thie Fronot

Thera are four Eunctlons which combine liata of the form
{kush nunber - expression) wnder sdditlen, multiplication, and
pxponentistion. These funetlons are uped by the simplification pragram.
OFLS, DPRL, asd DIWE all eall DFUM with appropriate functional asguments.
TPUE first checks to see §f Che hash of the base is seva. In this case
¢t hase and expoment are combimed with EPWR and the vesult is prefaced
with its hash code number. This special check s to sveld zera raised
ta & negative poWer.

DFUH[X ¥ AFUK EEFUN] is a function of the teo argusents arel
the proper A and E functioms FCor the glven cperation. BFUH ccobines
the hash code mumbera with the & functiom asd the expressians with the
E Functiom., 1) i= the new hash number aml ¥ the mew expresalen. If
the expression fg WIL. then it ia undefimed snd the hash af WIL is
computed instead af 1. The hash schene brepks down for undi Elned
operptiona. MNext a check is made Co aee if U ia L, 0, or =1l. In this
case the expressiesn is taken s egquivaleot toe the hash mmb=e. (Hote:)
A hagk sumber of =1 means that APLE[L1, H] = @). If mone ol these cones

apply, the resule ia (U-Wh.

F. {oma Which Make It Pogmikle fo Evolopts Cle regsia
&5 ﬁr l'l.ll:l.ll.'tiﬂg

The operators have been given functional detipitiens aa that

ther can be evalupted.



PLE[ X, ¥]
PRI X, ¥)
HEG[ K]

ovo[x, vl
EQR X, ¥]
RAM{ X, ¥]

FUM[X, ¥]

oRV[ X, ¥]

= EPLE[ X, ¥]

= EFRO[X, Y]

= EREG[X]

= ELVI i)

= EEQH[X]

lz an FEXFR. It evaluates [ese argumence and From cls repulting
list, {Il"' }In]. forms (HAM H"I. ten I:n HIL}.

iv also an FEXFR. The firse arpument is ehe pame of an
srbitrary function. FUN evaluates ite srguments snd sdds
HIL to the end of che resulting liat.

is also an FEXFR. It evalustes its argusents and glvae the
resulbing lise to DRVL sthich carries out bhe indLcaged
differenciation, DRY1 gives sach Indicsted variable af
differentlaticn to DRV2, which calls DIFF in oedar ta

differentiate ¥ the required nuober of times.

il n

There L8 omé mere fupetion which is seeded to Lo lement the

comention that a set of one element and that element can Be wgiad

interchangesably in commanda, SETTER[X] returns X §f its main casneotive

is ESET, and (ESET X WIL} othereise,
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Eml:il:-n:- h; [nput-Dugpul

There are five operstions performed o facilicate Input=cotputs

1. franelommation of expressions from internal Eorm before they
are primced oo the typewriter.

2, Transformatiosm of typed imput expressiema lnto imterrnal CoTm.

1., Eetrieval of the I'il't"'I subexpreasion of an expressicm which has
been polnted at with the light pen.

4. Beteleval of sm expression with the Hm subaapresslon repsded.

5. Comersion of an expression retrleved by operatlon I ar &

ipte Entermal ferm.

Capyerslon of expressions for display ie the subject of Chapter 1K,

Expreaslons can be printed in & madiflied internal form with EFRIKT.
EPRINT] K] reads X FOPM from the disk apd remowes the property llsts
from all subexpressions with BPLST. It glves tha resulting expresslon
b0 EPRINTL. EFRINTL gows throogh the expressicn snd gilves all PLE, FRD,
pWE, acd EQN subexpressions which hawe more than ome argument, to EPRINTZ.
EFRIKT corverts the sxpresslons to internal operatar [omm.  For axample,
(FLE & B ) becomes {& PLS E FLE C}.

Lf an imput command contains & queted expresslon such as "(a+ B},
chis will be parsed inte (BQUOTE (FLS & B )}. EQUOTE iz an FEXFR which
returns lbs arpussnt unevalusted, buc cransforsed be EQIOTEL and EQIOTEZ.
BJMTEL pute & null property llst om ewery subexpression. Ikt also
crapsforms (KEG X} inte (PED -1 X HIL} asd (DVD A B} imto

(FRD & (FWR B -1 MIL) WIL}. BEQUOTEZ removes redundant levela of FLE snd
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PRI expressioms. For example,
{FLE & (PLS & Tt KIL) WIL} becomes (PLS & B C WIL).

GETSUR[ X, B] returns the . subsppraasion of X; the subexpressions
are numeb=rad bn the arder they would sermally be evaluated by LISE.
Tha subexpression is located By GETSUKL. GETSUEB]l rerursms MIL if Fhe
count does not reach W, ge it sust list che amswer to distimguish tha
answer KIL from fatlere. Therefore, GETSUR cakes CAR of ehe result of
GETSUBL: ® 15 a free varisble for GETSUEL; GETSUR] decrements M at cach
new subeupressiom.  When W is zero, GETSUBL vaturne & list of that
subexpression a8 the answer, If K is mot yet zero amd CETSURL veaches
an atom or subexpression with operater ATOM, it returns HIL to isdicats
Eailure. If an expression has several srguments, GETSUBZ applies
GETSJEL Eo each argument in sequesnce, until B becomes zera ar the
argrients are exhausted. GETSUE is used to find a subexpression which
L3 being pointed at by the light pes ap described inm Chaprar IH, It
may alss be necessary to use the expression which contains this
azlsxpression, perhaps veplacing the subewpressios with amother onc,
Therefore, when GETSUBL Finds the ¥ subexpression, the list
(FUBMARE M ¥IL} L8 put am the property liat of the subsspression by
altering the llst scructure with RFLACA. Hore than one subexpression
may be marked by sfuccsssive calls co GETSOE, The SUBMARE's will hawe
increasing [ntegers M until che constant IMPRUM is reset te 1. This
mechanism Ls ueed by the cormand REFLACE which is described Ln che
digcusaion of commands.

The function REFLACESUE will replace each subexpresaien which has

o SUBHARK structure on its propercy list, by thar structure,
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When a subexpreassion of cxpression B has keen iedicated wicth the
Llight pen, then ghe scructure E PFORM, which is produced by the picture
compiler, ie gilven to GETSUR. CETSUE findas the subaspression as
described abowe, The PPORM aubsxpression i then translormed inco
Internal form by APOFF. ARWF makes the following transferme om all
applicable subexpressions;

1. (DUD A B MIL}) —* (PED & (PWR B -1 HIL) WIL)

2, [(WEZ & NIL} =3 (PRD =1 & KIL)

3. (FUNCTIOH F B C HIL)~» (F & C HIL)

4. (FUNCTION (KAM I F KIL) B C NIL) —> (HAM I (F B C KIL) NIL)

5. (DRV 1123 (¥ X ¥ NIL) WIL) = (DAY X 1 ¥ 3 (F X ¥ HIL) WIL)

G. (PAREN & HIL)-3 A

7. C(ATOM A NIL) = A

APOFF1 and APOFF 2 perform tramalormacion 3. APOFFS pacfermi

transfermation 4,

E!EIW Emit Lamna

There are [ourteen specialized funetions which communicate with
Fhé digk amd the teletype. Thers ava five types of disk Eiles:
1. Files contaiping LISP functiens which comprise a given
muthemarlical cransformation. These files have second name
LISF,
2. Files congalning LISP statements which delete from core the
funcrions in a given tranafermaticn fLle. These hove secend

name: ERASE.
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3. Filés containing a single mathematical ewpression, Thase have
seond name FORHM,

4. Files containsicg an intermediate forn of a single displayed
#xpression,  These [iles are geserated by the plotura compller
ta facilieate Light pem referesce o subérpressions. They
have second name PRORM.

5s  Files which contaln scope inetructions to display an
expressicm.  These Files have second nase [EORM.

There are fupcticns which radd , wrice and delete chese fLles,

There L ot enough space in cose memdry for all of the LIS
fusctions which execute the commands,  Therefors, the functiosns For a
glven operation, such as differentiation, are brought into core only
while chat atep is being performad, In che case of difFerentiation,
far example, the top level funcciom DIFF[Y, X] is temporarily defimed
&3 a call co GETFILE[DIFF, (¥ X)]l. GETFILE resds fiis DIFF LISF,
axecutes DIFF(Y. X}, asd then roads File DIFF ERASE which contalsa
LISF commands £o remove the differengiation routines from care snd
rtodefine DIFF &g a call eo GETFILE,

ALl pachenatical expressions which have been defisaed in the
Eyptem are wrlbten on che disk with second mame FORM by & call to
EAZSIGH| Mame , Expreasion]. The Input commend Eé3 béccmes EARSTGH E, X],
EASSICR alao deletes any old Fllek with noms E DFRORM or B PFORM, &n
expresslon canm be deleced by o call s EDELETE| E] which deleces E FORH,
a4z well as E PROAN and E DF08.  The FEXFR FORM| E] has os walue the
@xpreaslon in file E FHIM., Unquoted nanes in imput comsands are given

Lo FOEM,
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When & light pen reference is made, the functios PFORHREAD| Hame, H)
15 called, This Function reads file Kame FPORH snd uses CETSUR to Eimd
the T subagpression., If an operacion such as REPLAGE 15 ocalled, theno
thi expression Home PFOAM must he saved, &t that a new subexpreaslon cam
s substituted for the old ape, To do this the call to PROAMEEAD 1=
replaced by & call o GETTHSUE and the required PFOEM 1s read fnto core
gedl gaved on the LISP constant IMPFOEM. GETIESUB then uses Cha
pxpeession on TKEFORH instead of reading from the diek. When GETSUR
locatis Che nd' pubexpression, Lt alters the list scruckurs of
INPFOEM £o mark the place.

EDISPLAY][ E] will type the display instructions for B, These
imstructicns are preceded by a dollar sign, =2 that the FOP=6 will
interpres them as a cormand , imstead of Cyping them on the teletype.
EDISFLAY flvst checks to see if there i= & file E PFORM, imdicarcing
plsat the plecure compller hap alrveady been used bo coEpube tha disployed
form of expeession E. I this case EDISTLAY chaina to the CTSE system
command FRINT, printing file E DFOAH. Otherwise, Lt is mocessary Co
chaln firs=t zo the Eile LISFE SAVED, which contaips the picture compller.
Thia file resds E FORM and creates the correspond ing TPOE aml DFOEM
files. The DFDEM file originally has name LISF LSPOUT, but this L&
changed to B DFOEM wigh the CT3R REWAME corrand.

Whan a comnaed ls typed ac che POP-5, the steing of aymbols i=
piven to the LISP functics COMMAMD, This functlon calls APARSE Eo parss
phe symbols Ento a LISP expressios. It then evalustes Chis expresslon
for its effect and Teturns an snaver of HIL to indicate that the

gvaluation iz complate.
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4 mathad of quescloming the user has been provided with the Fapction
QUESTION[E, ¥]. X is a list of expressicns and ¥ is 2 question ko be
Eyped aue, which may contaln some of the expressioms in lisc X,
QUESTION first types the word QUESTION. Then, it peneraces & name for
cach expression Lo list X and weites the expression on the disk with
this nane. It alse displays each expression, FWext, it replaces the
eEpresslons in question ¥ with their names, The question ie chen
typeds  The user con make one of four respomass, [F he types GIVEUF,
CUESTION calls ERROR, Lf he typeas ANSWERG X, LISP expresaion K is
returned as the answer. He may also cype ARSWER X T, in this case
K Y iz talen &3 o pair for EVALQUOTE apd the result ig raburned as tha
answer. A special case check is made For ANSWER COMMAND {X). T® this
case atring X s parsed with APARSE and evaluaced to produce the
anawee, LE the user does not typa GIVEUR, ANEWER, or AMSWEERD], then
his response is taken as a pair for EVALDUOTE and the resule le typed
auk, (QUESTION then types, “THIS QUESTLON TO YOO IS FEMDIKG", repeats
thet question and awaits a further oser response,

There are three generel parpese file teadimg functioms,

BEADF[ X ¥] opese file X ¥, veads one list, then closes tha File.
FILESERD[ X ¥] reads ome list frem file X ¥ asd prints the sesbecs of

this list ome at a tine, WEOLEFILEREAT X Y| returns o 1ist of all che

lists in fila X ¥.
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Gena ral Purpads h!!‘ll’.‘ cloms

Thers are & punber of fumctions which bave proves waeful in
pransforming Che mathemstical expressicn representationa used in this
Ehaais.

APRD[ % ¥] Torms an argusent List from the argument 1Lats ¥ amd ¥,
For cxanmple, APWD{ (A B NIL} (C D F NIL}] is (ABCDE FEL).

ARGLIST{X] If the mext te last clement of list X is sn arbitrary
funerion with arguments, or a suhacripced arbitrary funceion with
arpumenta, then the liat of arguments 1s returoed, Dtheraise, KIL is
returned.,

DELETE[X ¥] removes the first occusrence of ¥ Evom list K.

DEFERDY ¥] is true £f expression ¥ depends ob yarlable X.

Either ¥ i@ an atom and ¥ 1% equal te ¥, or X is a mesder of the property
{isc af ¥. T ¥ is a sabacelpted wariable or fumction, then it will
appear on the property list of ¥ in a special forpat, wichout aTgumenbs
asd with & pall property Lisc, In this case, X must be transformed Ingo
this format before it can be compared agaisst the propesty itat of ¥.

FLOAT{ %] % must be a LISP mamber or Che form (PRT ¥ M KEL}). I
¥ iz a LISF mumber, it [s floated by &ddimg it to [Loating zect.
Dtherwise, the mumeraber and denominaber are floated in this manser and
then the gquotient i Eaken

LAST[X] Teturns the last mesber of liet E.

MAPL] X, FE| £a like HAFLIST except that it agplies FH co CAR of

phe List X, and it does pot apply FH ee the lase mesbar of list L.
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MATCH[ EXF, PATT, COMST] is a wery aimple matching functiom. The
axpression EXF ia matched against the pattern PATT in a twe atep proceas,
Il a4 match oceurs, then the expression CONST i @valoated againsc a
spaclal ALIST, MALIST which ie wsed durimg the matching scep, In the
matching step, HATCHZ compares EXF and PATT clomant by element, all
@léements misal be the sasw until che ends of boch expressicns are
reached or uecil the ztom DOLLAR appa&aTs as an element om PATT. IF
this mateh succesds, then the second part of the matek £a Attempied,
If PATT has & function om its propesty list, then the valus of this
Tunctlon applied to EXP sugst be T, IF boch of thess cenditions are
mat, the match succeeds,

HECLEAKF| X] sets to WIL all subexpressicn properey llate of
axpression X,

YEFLS| ¥| checks arpement list X for thres condieloma:

{HIL) =0
(A WILY -+ &

{& +=+ B WIL}—# (FLS & +++ B WL},

HEFRD[X] chicks argusent list X for three conditions:
(HIL) =
(A BNIL) >4

Ch "<t B WIL) =+ (PLS & -+- B WIL).
KILOK[ ¥] adds the alement WIL eo the vight end of lisc X.
FTOL[X] returns the cext to last elemone of Llist i,
HTOLEUBST[ K, Y| aubstituces ¥ for tho next co last =Llememe af X.

FUIMEER| X] is che same as LEWGTH of X,
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PUT[X ¥ Z] puts E on atom ¥ with indicstar Z.

RAKSH | veturne & sandon integer which is formed hy malciplying the
pravicus rapdom inceger by 3“. The previous resdom integee is kept as
the value 8f the constant BANDOMRIHBER. This random pember generabee is
hased on & noce by Marbln Greenberger.

BEMPEOPS| LIST FROP] removes property PROP from each element of Lieg
LIST.

RFLETI¥] removes the property List from each subexpression of
pxpression E.

5IMEIE[FE ¥] evaluates (FH Tl

ETRIKE[E ¥] removes from list X any element Eor which the predicate
¥ is Erue.

SUBSTA| COHST FATT EXP] applies MATCH bo each subexpreasion of EXP.
SUPSTA starts st the ends aof the branches of the expression teee and
warks toward the Copa

TROOFF| ] femcves the last oo alenents Erem list XK.

UKTOSLIST[ £ 7] adds ta 188t ¥ any members af lisc X which are not

pembees of Y.

Trans formaciona

The implementatiss of each of the transfoenations in Chapter LI
will s Be described, Conclualons about these trana formaticna lave
alraady been presenced in the chapter tntroduction.  The maat informative
&re STHPLIFY and TRUNCATE. The waa of Light pen referonces 1s explained

in the descriptlon of REFLACE.



ALLEIMEKEFAND

ALLSUMEXPAND] X] wees SUBSTA to apply SUMEMPAND to each S0

subsxpression in X, Since SUBSTA comss up from che botton,

i
E Z x! would be expanded to

[=0 1=

bR R

s j=0
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BRINGOVER

BELMGOWER| HAME, TERM] brings term TERM ta the ather side ¢f Ehe
equation with neme KAME. The term is indicated with the light pen.
BEINGOVER is not wery clewer; the term must ha one or mofd factors in
p sum or product., In order to compute the answer, BRIBGOVER needs beth
the term and the equation with a hele wheea the berm Wi removed.
Wormally, the fusction PROSMEEAD which evaluates a light pes reference
pepuEns the subezpression referenced; the rost of the sxpression is leat.
To gave the rest of the expression BRIMGOVER has been defiped as an
FEAPR, It has two &rguments, the Figst will ewaluate to the name of
thé equation and Ehe second to the term.  Firat, BRINGWER [ieds the
equation pane and resds the PEORM with that name Crom the disk. The
constant TNEFORM fer assigned the PRORM as value. Row, hefere the
gecopd argument is evaluated the funciblon oame PROBMREAD iz veplaced
with CETIKSUS, Inscend of readicg the PFORM [rom the disk as PROEMEEAD
would do, GETIHSUR uses INPFORM. The hele wheee the Light pen
raference was fousd is marked by altering the list structurs af the
subsxpression preperty list, IE the Cernm ie ponscructed fron sewveral
light pen references, cach will ba marked. Having evaluated Lts second
argusent to obtain the term, BRINGOVER next calla REPLACESIE o weploce
ghhe marked sabezpressions in THPFORH with the lists (SUNHMARK X HEIL}.

H munbers the marked subexpressioms, INFFOEM is converted o sgandard
intarpal form by ARDFF and SUBMARY expressioms with o mumbsr esther than

1 are deleted fvom it by BERIRGIL.
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ERINCOVER rew has the requived cerm and equation with the hole
marked by (SUBMARK 1 KIL). Ir fiese checks to make sure that it was
reilly given an equation. IF not, it Just replaces the term.
Dtheswise, 1t shecks for aach of the following legal poasibilicles,

Let K be the term to be moved.

f=y=+1-yx}

!-:—}1:'1-1.1

AX = ¥4 = yx L
At K=Yy =K

1

¥om AKX 'Y = 4

TaA 4 Ead¥ =X =4

In @och of these cases, it performs the required operacios to produce
the answer. Otherwise, the anpswer is produced By replacing the term im

the bale,
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GOLLECT

COLLECT[ EXF, SEI] ecollects terms in the top Level of ewpression BEP
in powers of Che variskles in set SET. If the expression is an eguation,
it will collect terms on each side, When poseible, COLLECT will combies

terma imvolving summaticn, For exssgple,

1M

IH.I +- :.:'___ h:i + 4 ﬁ |::|n:.'|"'E wlll b opllected oo paward af w ta
1=l =5

yleld:

bx + |;4:|-|-'I!|f|-:|n:1 + i bl + ﬁ I;'h+|‘.'|'e}:|l:i + i d'l::r:i

i=3 1=7 i=11

This transformstion is straightforward emcugh, but since there may be
seeeral wariables on which ke collect tenes, and sevaral factore within
sach term, as well as mamy isnrermecting ranges of suamation; an
ineEfictent algesithm coold be wery slaw. Tharefoere, che daca Ls
rearcanged inte a special form which makes it essy b0 sequence Chrough
the ¢ollection variobles, verm factors, and summatlon ranges, Thas,
the LISP functions are specialized to this routine. The complex data
strocires made the routime more difficulc to debug.

The Flow of contral through the funccions which comprise this
sonitlne 1= showm in Figuee L. The kay data sbivsbare is ahoum im

Figure 2.



(bmert the QLTS
aet of varlables
L special Format,

Callest the CLOYT
terns om aach
af the varlables.

Convert the CLCTY
answer haek ta
standaxd interpal
fForm.
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COLLECT
CLCTY Simplify irput expression.

CLCTA1  IE expréssion s &n equation,
de one side at a tipe,

CLUTIZ2  Executive fumction,

CLETE  Transform ghe
axpression ints
the spacial format,

3

Each carm is a
produst of Eactors,

I X CLCTH  Convert sach
factor te speclal
formar.

¥ CLCTIN Collecr terms on
one wariabhle.

Figure 1

Fliw af Progran Control O[n COLLECT
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The top level Fusction COLLECT[EXP, SET] simply calls CLCT3|EXP, SET].
CLOT3 changes SET into a list of variables by repaying the eperator and
propeccy Lisgy LE a set of one element has been Tepresented by the
glement ikaelf, CLCT3 just lists the elemant. CLCT also siepliiles
FMP. ©LETY gives EXP and the lisc of wariables ¥ to CLOTIL. CLET3
¢hocks EXP to see if ifs main conesctive is BON. If Lc is, thes the
two sides are collectad individially, stherwise, the entire exprassion
i# collegted. The part to be callected is converted to a FLE berd
list amd given to CLOTIX. CLCTIZ issues the function calls necessary
to complate the collectlon af terms. Firat, the FLS cerm list X 1=
converted by CLOCTE, The comveralon is shoun by the example im Figure .
CLOTE takaes the PLS terms eme at & time; each £ the PLS terme is
comgerted to a PRD teyn list by CLOTS and Chen piven to CLCTG. The
FLE term itself is added to the front af the answer produced By CLOTS
to form the list strucbare shown o Figore L. Te produce its resulk,
CLOTG checks cach of the PRD terea to see il LE has FWR or SUM [or a
maln conpective. L1F the main conniEcTive ia PWR, a term of the Corm:s

(hash of base, éxponent, remalning PFRD terms, preceding PRI cerms)
ls constructed. 1f ehe main cosmective ia BUH, seyaral slightly more
complex terms may ba comstruckad. Firak, *1% iz sibstlituted Eor the
runnicg vaelable in che bady of the SUH and 1T iz epmverted co o PED
teme 1ist, The S bedy &4 then examlned by CLETSH1. IF @ temm af the
M body i= & FWR and the base dows ot depesd on #I% bat the exponent
doss, Ehas the expossot 19 pealuated by CLOT&LL. CLOTALL returns HIL
unless che expement 1s of the Iorm ®[%H or Eehlh, H an inEeger, Ln

which cose it eeturns M. Tf CLOTHL1 eeturne HIL, then the factar can-
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not be collected and the machine asks the waser if it should comkinue,
igmoring cthis Facker. If CLCT411 retarns an igteger, the terms im the
8UM body FRD Llist before and &fter the toenm im question are concatensted
together &nd made inco a PRD.  If che intoger reburned is sst 0, chat

is we have I:'bl.ue*m"

¥, tham & change of veriables is made im the UM
=x that wa have I:b.lﬂe*:[#:l by substitucing *#[%=N for #*#I%*. A term of
the form:

(hash of base, (lover limit + N, upper limit + K), remaimieg
PED ferns, preceding PAD terme including vasidoe SUM body}

i# then generated, IE CLCT4L finde & term inm che SUH body PRD 1iat
which does not depend on the runming variable *[%, chen Lf che Eerm is=
a FWE @ vtarm of the form:

(hash of base, expomest, remsining PRED térms, preceding FED terms
imcluding SUM wicth term in question factared oot and running
ipdix changed co *Jx)

in generated, IE the term i3 not a PWR, o teem of the form:
{kash of term, 1, remaiming PRD Carns, peeceding PRED terma
imeluding SUM with ters in question factored cat and rasming
ipdex changed co #3%)
ls generated, That 1s, che term is factored out of the 50H. If a cerm
carmot he generated, thes CLCT4] moves om ba the next term in the SUM
body PRD 1ist. Heturning ©o CLOTS, if it does not Find ehe main
GenmecCive o be PWR or SUM, then it Forms & Barm:

{hash ¢f term, 1, semmining terms in PED, preceding terms in PRO}

When all cerms have been examined, CLOTS recurma eo CLOTH,
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After the expression is trassformed by CLCTG, che list of varlables
e b collected an i& transformed By CLOTS. CLOTE gencrates a stnuctute
of the Form: ((hash of variable 1) {hash of variable 2} =+ (hash of
wvariable n}0), whish will be called che collscefan lisc,

Tie eransformed expression snd liat of variables are given to CLOTV.
The purpose of CLCTT is Just te give the terms af the top Level FLS one
at a time o CLETIO, which pugs them on the collection list in the
appropriate place, The PAD list of each of tha cerms im the top level
FLS has besn converted By CLOTS imco a Lisg of terms each of which
bagins with a hash minber of & wariable or exprédaion and contains che
information needsd o rTewrite the PRD with powers of that warlable of
eapression factored out.  CLOTIO goes comp letely through these PRD
terns for cach membae of the callestion list. [f none of the PED tarms
has & base which matches one of tha collection warlables, then the FLS
perm which thess PAD terms make up @5 put at the asd of the collecblon
list, If more thas cne of the teems macch, then ghe user is asked LE
it is UK to collect on che firse variable or expression which magehed.
A sechanism iz peovided which lets him answer this questiom omce Eo all.
Waan the first mateh fa found, the matching FRD liat form and collecticn
lisc entry are given co CLETLL. CLOTLL remowes the hash mumber from the
gront of the collectfon list eseey and then puts Lo back after the entry
has had Eha new term addsd to it by CLOTILL.

After the hash nurser has been sexoved from the fromt, the eollection
izt i= a lisc of the form

(k1 ¥1 X2 ¥2 ... ¥m ¥;) whesc

¥i is elcher an ipkeger exponent or & list (KL, K2) glving a range of
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integer exponencs, and Yi L5 che corresponding raaidue afcer fastaring.
Slmce part of a rasge Mi may match part of che rangs of the FRD 1isk
term, the remaining pieces must thenm be matched. CICT111 eries all ehe
tufrent pleces agaiset the coreent ramge A1, addimg the residue eo ¥i
for each piece that matches and splitting X1 1f part of it matchas,
CLLCTI1  then procedes ta X{i+l) £f asy pieces of cha range of the FRD
List Errm remain. Whes Xn has bess reached, 211 remaining pleces are
pizt at the end by CLOT1111.

Cnce colleccion bas been finished the collestion list mast be
comverted back to standard form. Thia is accomplished by CLOTS, which
gives each term of the list to CLCT91 after remowisg che hask coda
wembar. CLCTOL gemerates a top level term for each paie Xi, Yi: & PWR

1E Xl is & single variable and & SUM ET ¥i im A range.
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(A (PFED B C D NEIL) (5024 J O 10 (PRD E {FWR & 1 ELIL) HIL} WEL) HIL}
ip the term list to be cceverted to special format. Thees ave three
terms 11lusceating a single clement, a product af factore, &nd &

mumation, The special fersac 1s:

Term Decorposi of term into aEE
First term {{A WBIL} {Fi 1 (MIL} HIL)) H
Sugond rem ((B C T HIL) (e 1 {C D EEIL) {WIL}}

wC L {p wIL} {D WIL}}
D 1 (WIL {C B HIL)) ¥

Thicd farm {(sum #I% O 101 (FROD B (FWR G *1#% HIL) WIL) HIL) KIL)
[#E 1 {(FWR 0 #I% MIL} WIL) HWIL)
(#n (0 10) (WIL) (E WIL}} )

,--""‘f.r’f

Hash godle of factor baas Rangs of Fellowing and
A OnENE preceding cofdstars

Figure I

Ceomweralon of terns for more efficientc collecedon.,
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DEPERDENCE

DEFENDERCE|EXF| returns & set of the variables and arbitrary
Tunction nomes In EXP. It daes chis by making a set cut of che
property list of EXP, after HMEF has been used to find che dependensisa,

If EXF is a eunber, DEFENDENCE returns NIl
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DELEUBST

DELSUBST| EXP, OLDDEL, KEWDELFREE] uses SUBSTA tosearch Lov
subpxpresalons represencing the Eirst derivacive with respect to the
OLDDEL variable. Fer exeanple, OLDDEL might mepresent :—! aed BUBSTA
might Find So(ata), Then Lf MEWDELFREE represeated, for snimle,
cf;';+ n:—s , SOBSTA swould ose BELSUESTL to make the substitution

| 4
fash) > i-(ath) + nﬂ;{a—ﬁ-}. This is ome of the few

uses of the DEL operator, (DEL X NIL} = :—“
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DRV

The operator DBV was described im the section on algebraic funceions,
There it was explained that DEV[X, 2, ¥, 1, Z] would use DIFF to
differentiace %, firsc with reapect o ¥, and then twice with respect
to K. The fusction DIFF[ENF, VAR] will new be deseribed; DIFF
differsntiates EEF once with respect B0 VAR, The routine uses MEP to
compute the dependence of subsxpresslons. Them, sa DIFF comes dewn
irom the top, it com (mmediacely Teplace a constast subewpressicn bw
zars, This method is certainly fastes than sleplifying & cowpletely
differentiaced censtant. Howewrer, it would be faster to woek up from
Ehe bottom witheut the eall to MEF. Since, MEF can be wsed in =eweral
routines, the mathad used hare Tequires less progrem, It is wery =asy
to specify derivatives with patterms and ao they have been used here
for che tramscemdental fometions. The langth of this réutine 1m
primecily the vesult of checks te reduca peoeration of reducdant
cxpERasions,

DIFF diffaremtintes an expression with respest t0 a glven wvariable,
The eep level funckion, DIFF{Y, X}, ®ives che FORH ¥ and wariabls X to
DIFFZ. DIFFZ makes ome pasa dewn to che ends of the branches of the
expresalom tree, rewriting Che expression as it poes.  The
translormation perfcrmed on sach subexpresaion is 8 funceion of its
main conmactive, the dependence of the subexprension and esch of itg
arguments o6 the warisble of expansion, and in sowe cas=s, tha main
comiective of one of the arguments, Howgvar, the derlvative of cha
expresiicn depends om the derivatives of its arguments only in the

sense that £f some of the derfvacives af the &FgUDENLE &f@ zero, Che
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reault is collapsed to aveld an explosive growch of redundapcies. The
waricus cases will now be discusaed one at & tioe, in the order in
which the sxprasslon is bested.

The derivative of & constamk is zevo. At the end of a brasch, che
sxpressiom must be the vielable of expansion with derivatiwve 1. 1f the
operator hes propertr DIFF, this ie & pattern into which single
argement of the funceios L8 substituted for #¢d, and which s then
mulciplied by the derivative of the argument. Por exauple, SIR has
the pattern (005 #*r¥ FIL), a0 that (FAD (COS X WIL) L NIL) womildd be
formed as tha derivacive of (EIN X HIL). #n achitrary fumcticm
inibiates 4 call co DIFFR. DIFFE fares a FLS term llst. A& term af
the PLE is formed Eot each dependeat orgusent of the functios.

DLFFE fowms the desivacive of che functiss with respect Eo this
depesdent argameit and multiplles this result by the derivative of

the argument, Tha derivative of the baody of a 5UM er EST 1s taken,

and 81l other arguswnts of these operators are Left wrchanged. PLS
generates a call o DIFFS,  DIFF3 forms a FL& term liat of che
Aerivatives of all the depemdent arguments of the PLS. FRD initiates
a call Do DIFFG: DIFFG alse forms che gern List af FIS. Each depéndent
term of the PFRD is differescioted and malciplied by Lcs cofacEoE Co

hn {log I:I"L.

form s term of the PLS., FWBR changes i..h ik e i'h‘lbl1:| + &
The integral sign is renoved from an indefisite integral with respact

b gk variable of differestlation.
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(A comvention hake). Otherwise, jrfﬂr becomes
Be(-£0a)) + BEGB) + [SEixax

where the third temm is replaced by zero if f is independent of =, Im
the case of DRV, Lf the DBV body L8 an acbitrary fusectien or a
subscripted arbicrary function, then DIFFA is wsed to apply the chaim
tule ae sbove. Othessise, EDRY L5 used bo add the new wasiable bo

the DRV list. Both avpusests of EQN are differentiated, as are all
the arguments of ESET. A DRV structure ls set up around TS, The
facond argunent of all paics in o CHD ia differentiaged by DIFFR. For
KAM, a check is firvat made to see II the expressicm is equal to che
variable of différentiation. If this is not the case, the exprosaion
can be dependent osly if it {5 a subseripted funcciom, The expression
le thus given to DIFFE fer ewpansion by the chain rule. &ny other
permanent maln comnective does not hove a derivative defiped and will

causs 4 call to ERROR.
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[ELL Hal

VDD EXP, WAR] carries out all indicated derivatives with respact
po VAR in EXP. It uses DIFFDOL go search out all DRV subexpresslona,
Pach of these i@ piven to DIFFDOZ, che ionerpost ooes Elrst.  DIFFDOZ
pramines each wariable of differéntiation on the DRV subexpressien to
sue Lf amy of thesm ave VAR, If se, DIFFDOR giwved the DEV body , VAR,
apd che number of cimes, B, the body is to be differentiated with
fespect to VAR, to DIFFD0I. DIFFDO} cthen issues ¥ calls to DI¥E. I
there are varishles of differentinvion other than VAR, then these

ramain in a DRY subexpression.
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DRVFACTOE

DRVFACTOR[ EXF DRWFREE WFREE] uses SUBSTA to locate DRY aubexpressions
which iedicate differentiation with reapect to DRVFREE. It applies
DRVFACTORL to each of these. DRVFACTORD searches dows the Lisc of
variables of differencfation for DRVFREE, Them if tho number of
indicated derivatives with cespect to DRVFREE is RTedrer than MPREE,
DEVFACTORZ goes o the end of the argumest list to form ohe new DRV
subexpressicen, The resultisg transforsacfion is:

(ORY »»+ ORVFREE, (HFREE + M) =»s ¥ HIL) —

(DRV -+- DRVFREE, M =+ (D&Y DEVFREE WFREE ¥ NIL) NIL)



DRVEERD

DEVIZERM EXP, VAR] uees SUBSTA ©o substitute zerc for each DRV

pubsxpression in EXF which indicates differentiacion with respect Lo

VAR,
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EVALUATE

EVALUATE[ EXP, SET] searches expression EXP Far variables and
tunctioms whick can be evaluated using the equations in ser SET. Omly
equatlons whose left hand side has one of the following forme are
accepitable,

1. F

2. Fi; ==+ j

3. F{X, ==+ ¥}, matches F as well

- FL, == ._j I:'x, #en J'I':I' matches FL, »»¢ . { as wall

The subdcripts amd function srguments can be elgher mumbers or
literals; if literalsa, they are taken as Lrew variables to be bownd,
EVALUATES checks the equations assl throws cuk unaccepeable ones.

Bext, EVALUATEL searches EXP for inetances af varlables or Funcrions
which can be evaluated with che aguacions, Suppose, For exanmple, that
EXP vas &dx apd SET contained thé equatione x=y and y=h, then he ssarch
by EVALUATE] would locate x and sabstitute ¥, yleldisg s+v. But Further
evaluation can now be done with che second equation., Therefore, whenevar
an evaluation is made, the wariable MARKFREE is seC &0 that EVALUATEL
will make ancther poass through EXF. EVALDATEL gives EVALOATE? EXP and
ane equaclon &t a time.  EVALUATES goes through EXP, calling EVALITATES
L mutch eack subexpression with the lefe side of the equat o,
EVALUATES chesks for cash of the four cases glvan above. 1&g gp=es
EVALOATES o bied subsoripes or srguments and substitute the valuss in
the right side of the equatcion. O0OF course, for a match ko ooour Ehe

wmber of variables op eubseTipes mist be eqeal,



EXCHARGE

ENCHAMCE[EEPF] will interchange the arguemts of Che pain conmective

of BXP, Lf the main coonective ls binary.
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EXPAND] EXF] goea through the expression EXP applying the
distrlbucive Low. Tt expands sums roised o pesitive imteger power
and distributes the derivacive of integral of & sum.  Foe historical
reasens, the funcclons are nases MILT. EXPAND calls HFLT2[ EXP]. A
special data foem has been waed, the resulting gain in efficiency La
probably oot worth the special propramnitg required. [F EXP i3 am
cquation, MULTZ handles sach sida separately; atherwise, the entite
expression is hasdled. MILTZ gives the parts to be hamlled oo MWULTS,
which returns a PLE term list at che top lavel, BULT? sakes chis Lise
of terms into a PLE and simplifies it, WILTI recurs down the
epredsion tree il the expression has PLE, PRD, D&V, ITG, ar FWR for
Les maln conmective. A1l of the arpuments of PLS, PRD, and PWE, and
the main expressioms of DRV and TTG are treated in turn by MIFLTI.
Exprossions with &ny other main conmective are listed amd returned a3
the value of WILTI. Coming back uwp the expresaion tree each Fomcbion
Foceives as afguments and returns for a value, a list of terms whieh
are argunents of & PL5. Thus, at the end of each branch of the
exprasaiom tree Lls & list with & single tere.  These lists are combined
in a manmer appropriate for che main comnective which ehe Funceion
repraasnte; MILT] gives PLE to WOLTY, PED co WOLTS, DBV and 100 Eo
HOLTG, snd PWR o WOLTI?. In che case of DRV and ITG, MULTI uses MULTIL
e get a Liase of the arguments othor than the maln wppression and passes

this liet along ce MILTE as wall,
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MILTG receives a list whose membera are lisks of FLE berme, with a
KIL at the tight end. Sipse HILTG represents PLS, it just appemds Chese
lises vogether to form dts dnesher.

MILTS plso pecelves s llat whose mimbars are lizes of PLS carns
with @ HIL at the right spd, It has & second argument which is initially
HIL and is uwssd £o build up che answer. This second argunent ig a Llisc
of PLE bmrme.  HULTS uses MILTSL bo mwlbiply each sember of its Fivst
argument by the parclal answes represented by the secomd argument.

MULT5! maleiplies sach term of one of ite &rgunents by all the terms

of the other. The resuleing lise of terms [orms the answey for MILTSL.

Ta de this, MOLTS] waes MULTSLL eo multiply each member of a 1ist nf Earas
by a aingle term. Each of chese products fs simplified Co prewsnt
wxprasslon grosth,

MULTE makes an integral or derivative subexpresdion out af each
member of the list given it by replacisg che membar with the abtruecbDare:

("firse part of old list" “member” WIL}.

HILT? hasdles expooents; it distingalsbes three cases.

1f the list of terma which comprise Che base arpument has a siogle
mamher, this member is rtaised o the exponent by EFWE. Tf che exponsnt
ia a positive isteger, then the bose ig multiplisd cut, using MULTTL.
Otherwlse, & single tern La formed which representd the terms in Che
hass @& a4 FLS subsgpression reiseed oo the expoBsit. MULT?L mulciplies
the base by itself by uweing WOLTSL. Tt buflds up the answer as LCD
first argument. IE decrements the exponent, which Ls che third argument,

to count Ehe regaired nusber of meltiplications,
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FACTORDEIT

FACTORTUT[EXF, %, ¥] is defined as am FEXPH so0 chat it can havi an
aptional third argapent. The function will Eactor X from each Eors of
expresslon EXF, I[f the third argumenc ¥ ig present, ¥ will be
substituted for the term factorsd out, For example, FACTORMOT|A + X, X, ¥]
yields '!'-[%-I* ﬂ, while FACTHUOUI{A + X, X] wields I.E$+ lj.

FACTORMUT supplises FACTOROUT] with X for a third argussnt Lf ¥ ia pat
Biven. FACTORCOT] will do each side of an squation aeparately. Ta
Tactor X cut, FACTORDUTL just uses MAPL to divide cash term by X and

abmplify ic.
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GROOP

CROUF is waed for the 1Eight pen seléction of certaln arguments al
a commitative operator which age to be hasdled as a group. For exanmple,
ems might select the a and b from the expressicn sbotbia.  These
expresalons might be reploced by d o wimld &ohz.  Tha Eirst
arpument of GROUP will evaluate go the nane, X, of an expresabon. The
socond argument will evaluate to & seb of terms or factaors im a
pubsxprassion of X with a commtative operater, To determine what
pperabor has beem grouged, GROJPF uses GEOUPL to search through the
gntire expresalon for an expression which has been marked by GETSOR.
This marked sspression will B on argoment of the oper&ior in
qeestion. In arder to do this, CEOUF must save 4 PRORH for OROUFL.
It dogs this im the standard way. The f£irat argument is evaluaced Lo
find the meme of the expression, Then, the congtamt INPFOEM 1z set
pqual o the corpeapording PPORM, Bext, the secomd argusent 1s
pvaluated to Find the set of grouped terms; during the #valuation
GETSUR will mark INPFORM. IMPFOAM can then B glven £o GROOFL.

Tf INPFOEM 13 not HIL when GREF is entered, thes some operation,
aupch as REPLACE, contaime this cpll o GROOP In ome of LEs arguments.
This functios will need the sarked IHPFORH generated by GROOE.

Otherwiss, INPFORM i= ser bo KLL in ceder to repain [Fee sboTage.
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LEFT

LEFT{EXF] returns the first argumest of EXP.
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LIHMIT

LIWIT[EXF, %, B} substitutes ¥ for X in EEP. Howewer, if thie

subgeitucion in o subexpresslon such as asbes should resulc dn aces=s

] " LIHIT[ L', X, K] "
then LIHIT will apply L'Heopicals Bule and evaluate 2 -+ LIMIT| L/0} ", X, W]

LIMIT simplifics EXP and calls LIMITL{EXP, X, H). LIMITL goes down the
sppEession tree until it feackes the ecd of a branch, where it substitutes
¥ il the bronch end ie ¥, or uscil it reaches & PRD subespression. The
facrors of the PRD are thenm sorted om the program waviables W, H, D,
depandimg on whether their limit Ls non-zece finite, 2ero, ov imfinity.

When &1l the foctors heve bess sorced, LIMITL checks for the cases:

Welel = W
Wep=1 0

e Lo = =

1

WrQee= 2 W« LIMTTIRT)
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HULT IFLYTHRODGE

HILTIPLYTHROUGH] EXF, X] will multiply an expredsion or each side

of as squation by X. If che ssxpressios or squacion side co be multipliad

kv X ia & PLY, HULTIPLY THROUGH will multiply each term by % Im all

ather cases, 1t will just miltiply EXF by K. The Funckion usex EPED

for maltiplication,
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HEWRAME

FEWHAME umas the LISF character handling fonerions be peosEate o

new stem of the feem Fn, where & 1s an integer. Tha Lnteger n £8 kept

as the walue of the constant HAHENUHBER. HAMEMTMBER is [ncremented

each pime HEWHAME Ls callad.
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FORMEOLY

BORMPOLY[ EXF, X] waeas SUBSTA to asarch for all PLS subexpraenions
of EXP, Then R0EMPOLYZ factors a powar of X out oF each cerm in che
subsipredsion so chat [t will be a pelynemial whoes lewest power in X
is zero, For example,

an + b:l-:z-} =n + bx)

% + bxi il',a + b’y

Since SUBSTA comes up from the bottom,
ax + cldx + ex”) —3 x(a + c{d + 4x)).

BHMEOLYL fieda the power of ¥ be be factored sut by caking the
minimm of the lewest power ofF X in each cerm, The lowest piower of ¥
is each cerm L8 somputed by WORMPOLYS. If the terom is a PRI, FORMPOLYS
Ay MOBMPOLYE to add the lowese powers of each Faceor. Thie lowest
powar of X ds of course L, asd the lowest powar of X o o penher is

the pumber.  ALL other expressions are assigned a lowest power af zero.
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BEPLACE

REFLACE[E, ¥, %] replaces the subszptessien £, which has Bean
{ndicated with the light pen im the expeession namel X, by the
cupressien ¥, If the evaluation of ¥ eontains a light pen reference to
¥, and ¥ i to be replaced at this seme spot, them I can be "HOLE,
Purthermora, 1f ¥ is "KIL, then Z will just be deleted from X.
Obyioualy, KEFLACE most chtain the sxpresslon naped K, with the
subexpressfos T marked by a Light pen refarence.  To 4o chis BEFLACE
uges o method common to &1l functions which need ap on srgument the
expression [n which & light pen reference has been mada, BEPLACE is
definsd as an FENPH., It evaluates its first argumant to get the name
i of eba expressison, Then it reads [rom the diak che expressiom X
FEORH. X FFORM is penerated from K by the ploture compller, and It
has the same subswpression structure &s che displayed form of X
The censtant IRFFORM i assigned X PRORM as waloe, The Light pam
referepce coint TKENUM i# set to sere, Hext, REFLACE svaluates its
second argusent with the function PEORHAEAD, which would read X PFORM
Erom the disk in order ©o Foturn a subespression indicated by the
light pen, veplaced by GETINEUR, which will use INPFOEM Lnstead, Each
light pens reference L& marked in IRPFOEM by GETSUR, which is called by
GETINSUB. GETEIS alters the liat structure ke mark 1t and uees IHPEIA
po count the subsspressions. Whem the secomd argument is avaluaced
REPLACE has ehe expression ¥ and om INPFORM the expresdion named K wich
the referesces marked im it, If & is HOLE, then REPLACE justs
suhabitutes ¥ ints ¥ ab & sabexpresdion reference. If 2 is mek HOLE,

then £ contning the light pen reference ipdicating where ¥ mast be
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substituted. & mew X FFOBM is read En amd £ is evalusted.

Kow ¥ has the proper subexpressions marked, ¥ iv comvercad From
a FFOEM to internal form By APOFF; the I:.l':h' marked subsxpression Qs
replaced by [SUBMARK B WIL). It remains to substituce ¥, Tt is
apruned thae if there is more than one SUBMARK expredeion, they are
81l argusents of the same operator. BEFLACE uses SUBSTA bo locaen
this cperator. REPLACED chacks each argument of am CpErAtor o see Lf
le is a SUBMARK. When am cperator containing o SUBMARK srpoment [a
[ound,, REFLACEL replaces the First SUEMARE with ¥ aed then BEFLACE]
dialetes the remaining SUBMARES, If ¥ is HIL, then all SUBHARKS are

dialated,



La&

RTGHT

RIGHT] EXP] returns the second argusent of EEP.



159
SIMPLEFY

EIMFLIFY starts &t tha ends of the branches of the expresaion tree

and works towaed the top, performing the following simplificationa:
O = 0
L' —= &

a

—_—

a+ (bl — a+ b+
—~ra b
—

“l:+l1
i=a + J=a % (i#1). a
fea & frlatb) — (i4)0a + o
()™ s o™, &7
_}r-i-u - —l:__.rl-.i-

..5; ~iog b -1 %ﬂ e

where L and ] are racional. nunbers., Furthermere, all dndicated arithsetle
operations invalving integers, Floating point sumbers, and Eractfons are
carrled out. The above cperatioms require the comparison of expressions
Cor wquality. This {2 accomplished by hash codling the expresslons and
comparing the resulting hash code numbers. Additfonal simplification is
alpo achieved wher an expression which is fdentically equal co zero or

ane is replaced by fts hash code smumber,



160

Altheph che simpliffcarion progran ia noc long, tha use of the
kash code achene and several other schemes to improwve efficlency malke
it tedious to read, Therefore, the sources of difficulty in oach
acheme will now be discusdadd,

Ceneration of a hash cede manber for a complen argument is moderately
expensive, Therafore, it would be desirable co generate aach hash code
oely once. However, the sbarage of a hash code for sach aubszpression
would take up & slgnificant fraction of the avallable stovage. A
decision was made to =awve the hash code members only st the current
Lewel of alsmplification, The hash cede sumber of & #subexpression ia
computed from the bash code sumbers of les argumente. The hash oode
puzbers af the arguments ate then dipcarded. In the expreasion
d + (e}, it would be incorrect bo compule the hash eode of (bd4c) and
discard those of b amd o, sisce the pext operation i= also addiciom
and requires the comparisos of 4 againet b and ¢ in am efforc oo callect
cerns. T solve this problem, the mext higher operstor Ls made
availsble to the progean. This is snermally adesquate, bat in cha
expreasion e« h-h—rdlj, the mext higher cperator from 4% is #} therefore,
the hash code mumbey of d will be discarded and Ehe hash coda of 2
compaibed.  Them, when |:-|:+-:]1 simplifies to di, the hash codé number of
d masc be recamputed for comparison with e, This Ls hopefully noo a
frequent situation

if an expressicm ia ldentical to zero or ane, then it is prabable
that irs hash cods sumber will be 2ero or one. Therefore , whenever a
sew subswpression Ls formed, its hash code skould be checked. If it i=

zers or ops, the subexpression ls takes as the sams, The D funcbions
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described earlier perferm this operation. The hash code emmber for
each subexpression Ls kept on the frone of LE. The D funcclons
cobine the haeh code nunbars and the sxpresrlong, perform che idencicy
chécks, and then put the resulting hash cods mumbes on the Eront of

the resulting expression.

& Further complicatiom in the hash code comparizen Ls chat the
sumbers must alsga be compated with tha appropriate Eroup inverae. For
example, the code of c-{a=b) is the mepgative of the code For ce {h-a}.

Bt the expression c-(b=a) + z-(a-b) + d should be simplified to d.
Similarly, since c-:l:hzl-e - #lnh.zﬂ: =1, {coshx - ainbx} + (coals + sinhxd - 4
®hould be simplified zo d.  In fact, the aonly feeguent conparisen of
milbiplicative inverses would be in Expresplong such as {!,;]'H"a .'-.‘_!‘.

Since it Lo axpensive co compube the sslbiplicative inverse, chiz has

baen solved by represesting expooenciabed fractions with the larper
Integer as numerator.  Thisa, l{i_ﬁ,:l"_ll bacomes .!_#.

Floally, two cypes of arithmeeic are used s the hash code schemag
the base avitheetic and the exponemt arithmetic, This was axplained in
the discussion of the fumcticms which campute the hesh code nusmbers,
For want of a better solotion, exponents of exponents are coded in the
base arithmetic. Tharefare, as SIMPLIFY gows through the expressicn
it must keep track of the cureent lewel of #xpenentiacion madulo 2.

In chis depse, the addicion of axponents of like faccora in & prodizct
i= mot the dual of the addition of coefficients of like terme in 8 gum.

A mechanisn has been added to imsures thac suhexpressiond represented
by the same list structure will be slmplified only onee, Afcer 4

subexpression is simplified, the list structere is aleeréd so thact other
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references to the subexpression will emcounter the slpplified form.

The expressiem is marked "already simplilfied”. The nark alsc glees Che
lavel of expostotistion Eor which the hash code nusbsr of the aimplified
expression bas been cowputed. If Ehe curTent ralerence has the other
Level, a new hash code musber mast be computed,

Combining terms or Factors in @ aum oT producet is a farm of sorcing
speeation, Hewever, only as cxhaustive acarch ig uead here. Im orcer
to apeed up the search, the tems are combined in a speciol formie,
Whesever the operator at the level abave L6 FLS apd the currsnt lavel
{s PLE, or the operator above is FED or FWR and the curTent operabor
i FAD or PUR, then the aort format ia passed up without comweralon €2
standard isgermal Farm, During the conbinaticn of terms & pumerical
parn Ls kept aeparate, for any oumber can be combined with another
pumber, but enly non-mpuperical terms with the sané hase cam be gombined.
Hop-ramerical Lerms are compaged by the hosh pode mibers af thelr
bages. Unfortusately, it may result that che combination of two mon-
psserical terms results ism 2 mumerizal term.  For axample 2:1 La
conaidered non-numerical, But IEJEE rasults in 2, KHumerical ferns
generated in this manper are combined wicth the mmber which is kept
apart when the sert fovmat is posverted to atasdard internal form.
Comverealy, in the expression t!i}li-b, the mmmber 2 must be considerad
a non-numerical term after it is cxpoment lated.

The functiops which sarry oub these operations con oW bt
dugeribed. The top Llevel [umction, STHPLIFY, calls STHPE.

RIMFZ[ 5H, T, STHPLEVEL) is a fuocticn of the expeession te bi almplified,

the cperater of which this expreaslon le o argument, and the
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simplification lewel, that is, whether P or B arithmetic should be geed
in computing the hash code pumber of the expressicn. Going dows the
exprension cree, SIMPI seat lock for four comditlons., The eod of &
Branch af the expression kree is reached whemawer an FET ORETALOT OF an
aten iz encountered. This sxpression is glvan eo 3IMPS, che funceianp
wWhich handles the upward pasa. [£ a FWR operator [ encountered , tham
the SIMPLEVEL is logieally OR"ed with L when SINPZ is applied to the
edponant. There is o similae avep far the argunentcs of transcendental
functlons, It is alsc possible ehat the expreasion will have the fopm:
((bash exprasaion) B) . where H ie the simplevel: SIMPZ checks for this
structure by geating if CDE of the sktructure is atomic, This strocture
is ser up whenever sn expression ie simplifiled, thwa, if twn
subexpressions sre in fact the same list structure, then when the first
one has bean sloplifisd, SINPZ will find the sbowe steusture when Lt
reaches the pecond. It 1s posaible that the two expressicons do not
ooour at the dame eimplevel, thepsfore, the simplevel ¥ at which the
bash number was computed is part of the structure. IC H Le equal to the
current simplavel, CAR of the strusture is returmed as the answer by
SDPL.  Dtherwise, the hash sunber i# First replaced by cne caleulaced
for the current aimplevel. In &ll ather cases, STHPZ paes an down che
enpression Cres without a change e aimplevel.

Coming back up the expression teaa, SIHPI checks for nine
passibilicies. STHPFI has three argunents K, ¥, and 2, the curesnt
operaber, the expression eerm list, and che oparatar of the expreaslon
af which the cursent espression [s an argument. Lf Che Currant apeTatar

iz flagged with FCODE, then it is a transeendenzal function. Mo
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pimplificatieon ls dome on the expresslon. The hash number 1s computed
from the heah susber of the argusest by the FCODE fasction. TE the
resulting hask eusber is zers or one, then the expressica is replaced
with the hash sember fn the result by SIME33. The cesule consists of
the expression with the hash sunber on the Eront of it. If the current
operator is Elagged with HSIMP, then the 1ist »f argumants is glven to
the KETHP function and the list of correspomding atgussnt hash code
mpwbars 15 given bo the WOODE function. Sicee the Input argument list
ecomtains the argunests with che hash code fusber of egach em the Eroac
of it, the hash susbars and argumenkts arvé aplit imts separnte liacs by
che Bunctions STHPIG apd SIEPIL.  The resalrs of the KCIOE acsl KEIMF
functloms ars given Lo BTMF3I as abowe, The operators PLS and PRI
cause SIMPY ee call SIHPE with arguments appeopriate to addicion ev
ealtiplication. The arguments of SIMFS and chalr possible inicial
walues apd purpases ace:

X term lisc of expressicm bo ke lmplified

¥ GpReEdbdr above

a1 Del} oe 1-1, appropriste idesclcy and hash cods

W HIL, list of cellected Larms

FiM  [PLE or DPED, apprepriate proup operator

FHE  DPFRD or DFWR, appropriste proup operator

R PLS ot FRD, spproprlate group operstar

GIMPFS pemoves each term frem 10at X and tokes ome of aly courses of

actiome The term may be:
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L. A mumiber,  (M+E) The number (4 added to S5U with Fi,

L. Ao ewpression having the sane mein commective as the eurrent Lewel
acd left in special sorting format: ({sorc format). (H-H1}

(M:H) is combined with 50 by FMW. (scrt format) is combined with
¥ by SDFSL, using FWW, FHZ, and R.

3. An expression having the saze moin conmective as the cuerest level,
but in stacdaed form, The cerm 18 conwverted to sort foPmat By
SIMP3% snd chen givee Beck ko SIMPS, whers it satisfies case 2.

% A FPWR and R is FED. The term is comverted to singlé berm sort
format By SIMPS5 and given back to SIMPS where Lt saciafles case 6.

5. A PBD withk a pumerical coefficient when R iz FLE. The temm is
comverted o single term sort format by SIMESS and given back co
ETHPS whera It satdsfies case A,

#.  Anychimg @lee, The term may be in aingle berm sort Format already
Lf the level belew is PWE cr if the term has been cosvertsd by
SIMPS3.  Otherwiae, it is listed wich (1+1} to make o single sore

Eerm with a coefficient of one.

A mare detalled explacstien of the data formats will now be glvan
alosg with a description of the functions auxiliary to SIMPS. Collscting
terms s 8 preduct or sum 18 carried oot wsing & special formac. & list
of the térma is formed; cach mewber of the Lise hae the form:

({code. bage) (eode- sxponent) )
Terms o be addéad o the list are pat into chi= Formp In ehe came of
addieion, the exponent {4 the mmerical cosfficient of the teem. The
code cumber of the base of & noew berm is then compared with the code

mnber of each of the old cerms om the List. TFf a marck ig found, the
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exposents are added. Othérwise, the new term is put at the end of the
list. Thus, functione are needed to comvert expresalons ioto sorcing
format and from sorting format inco normal form, and o add new Lerms Lo
the scrcing list. The fupction STHERL adds a list of new Cerms 1o
sorting format to the acetieg list. Lt gives e&ch term oo SIHP3Z.
STHP52 makes che compsriscn of bases described sbowe, STHF3S transforms
perms From sort format isto mormal forme  SIMPS3 has as arguments the
Eort expression, the group operator, apd the ezponent operater. The
bage and exponent £rem the sort List are given to the cxpoment cperabor
which comstracts a term in mormal form with ite hashk mumber om the frent.
If this term is & number, it Ls combiped with 500 Om HBORTS. IE this i=
the last term om the sare 1Eab, chen SIHP3S metwrna a Lisc of the hash
pumber, the comverted term, and RIL, Othersise, STES) copbines the
hiash mumber with ehat on the fromt of the List for the rest of the
comverted terpe and sdds che new term be this list, putting the new hash
number on afeer it. STMPSS is used bo comvert a simgle term Inco sort
format. Given (eode PWR bose expoment HIT} and L, SIMESS creatas

{ ({({oodesbasa) (coderexponenc)))s (1-1}) shich iz the sore ateucture
with ome term, #& LC is passed op to STMR5. In the case of PLE, che
plmplevel iz not ralsed for the caleulation of the exporent hash code
number, as it is for PED.  SDMPS&[K, ¥, 2] cooverts a PLS or FRD
expresaion X, to a sorc list. ¥ L& the group ddestiey, and Z 1= T if ¥
in & PRI expression. The conversion is straightforsaed, If a term has
an exponent in the group sense, then it L8 used, otherwisa 1 is used.
The structurs shown for SIMPSS i= created. If the expression bos a

numerical coefflcient, it is wsed vather than the idencity. Returning
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to SIMPY, when all terms have Been sortad, & result 16 passed up which
depénds both on the resulta of the sort and the lewsl abowve, Tf chare
is only & numerical term, this id passed up. [f tha current operator
is the same a5 the cperacor above, the sort format is passed up.
Otherwiss, the sort format L4 cemverted to standaed form by SIMPS3.  IF
the éxpression part should reduce o a PLE when the current operation is
FAD and the mumerical part ie net 1 apd che oparation above is PIS, then
the diseributive law 1s spplied, the oember is maltiplied through che
expression wich a MAPL and the result is convertsd to sort formar by
EIMPGS,  Otherwise che numbar §s just conbined with the expression to
produce the result to be passed up,

Baturning to SIMP3, FWR produces a call co STHP?. 1f the base [
4 PEL or PWE, then it may alveady be in sorc format; if sat, it is
eofivérted to sort format By o call co S5DES4 or SIMPSS. IF the base
is not a FUE or PAD, the bese and exponent are given te DFWE to produce
the result, Otherwise, the esert format is gilwem ta SIMFTL, which
mileiplies the exponent vimes each of the exponents op the sort format
and dimplifies sach resulc with SINP3. The mumber 18 expenentiated with
DFWR. STHIT then checks to see bow the result should be paseed up, LF
the operation abeve is PRD or FWR, then the sort format s passed up,
Since che result of DEWR applied cto the rumber acd the exponent may be
an e¥pransicen rather than a nesber, it is necessary to add the result
Lo the sork liet if it is noc o nusber éand take a dumsy pumbes of 1,
If the above level iz snor PRD ar PWR, chen the sort format is conwverted

oy ptacdard form by SIHP33 amd then passsd U
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Beturning to SINPY, am operacion HIL dndicates that the expression
i® an atom or FET, and & haah eode is generated by GETC aed gub on the
feont of the atem or FRT. Ocherdlse the expressicm is teeated as on
arbiltrary functien, The bash ls computed by PGFH, and the hash numbers
are repowed from the srguments of the expressicn by STHE3I1 before the
operator amd hash sisber are added to the Fromt.

DEY amd TTG are sent to SIMPH, which bBeings out o minus Bign.

A1l expresaicna above the lowest level on the expressien tree dre
sent Frem SIMPE po STHPE where the lise stescture is altered as

explained abeve,
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SHVE

SULVE[EXF, %] spplies the obvious transformations [n erder Eo
salve an equation for a specified variable or eepression, ¥, When all
possibilities fail, it retarns the egquatien in its parcially seleed
state. SOLVE first checks to ses If the expressiom @ am equatiom
and transfers te ERROR if i€ 1s mot. Mext, S0LVE subatitutes the atom
"SOLYE" Eor the expressicn X. This allowe the use of MEF to compute
dependence an X, no natcer what the form of ¥, Afcer the subscieution,
BOLVEL ealls EXPAMD to muleiply ouwt boch sides. SOLVEY) then sorbs
both sides into terms which depend on "SOLVE™ and thoee which do mor,
SOLVEL woves the dependent terms to the lefr afde and the ochers co
the right. The resulcing terms are given to SOLVEZ, The terms which
depaed o "S0LVE" arve the [irst argumenc, these terms which do sob
are the second argument, &nd “SOLVE" 1s che ehird arpument. SOLVEZ
first checks te see 1f the dependent expression comaists of only ela
variable Leaelf, in which case the salution s occcmp]Eshed; atherwise,
it examines the main conoective in order te apply a aimplifying
transformation,

If the connective is PLE 1t teies bto factor a dapardent term out
of the lefr aide, leaving only an independent term as & cofactor. The
right side can then be divided by the cofactor. This [a deme as
Eollows. SOLVESL locks ac che [irst term of che PLS, if it is a FRD,
Le shecks to see LUf only ome of the faccors is dependent and rebarns
this one. T1f more than one is dependent, SO0LVESL fails by returnisg
KIl. If the first term of the FLS is not & PRD, SOLVESL retuems the

entive tecm. S0LVES chen tedes bo factor thia dependent cerm oub of
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sach ¢f Che PLE terms, leawisng an {ndependent cofactor. It uses SOLVESZ
b examlne each term. SOLVES2 checks to mee Lf the term to be factored
put i= the whole term, or if the berm co be factored cut Ls a facter of
the whele tern. In the case of a PRD it calls SOLVESZL to examipne each
foceor. If GOLVES im suceesaful, the left side is divided by the sclactor.
Otheewlae, the current state of the equatien is the answer.

1f the left side compective ls PRD, SOLVES tries to remowe exacCly
ome dependent factor and divide the right alde by the imdependant
cafac Lor.

1f the left side copnective is PUR, o of two transficrmations ils
dona, Tf the expopent is indepeodent, the right hand side is= synbolically
paken Lo the converse of the exponent. Otherwiae, the log of both aides
is token, the left dAide is piven to SOLVEG which multiplies it cut and
simplifies it asd chen removes any [ndependent terms of ghia top level
FLE to the vlght slde.

1f the maln conpeckive is WLOG, STH, COS, TAK, ASIH, ACOS, or ATAN,
then an inverss of che right side [a caken. SOLVEZ] checks to see if
the left and right sides have the same one of thess conmectives, in

which cape it can just be removed from Both oides,
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SPLIT

SPLIT|EXF] makes twa passes through the empression, FPirse,
SPLITL replaces the property list of each subexpesesion wich a count
cf the mumber of suhexpressions which thac sibexpreazion contalims.
Then, SPLITZ waes these counts to reduce che eobal number of
subexpressions in EXP to lesa than 100, It does thias bw mnaming parts
of BEF and substituting chese names for the parca, The named
subsapresslons are placed on the disk with EABE,

SPLLTL uses several functloms £0 count the subexpressions. T
goes down to the botgom of the expression tres, and SPLITI compubes the
count on the way back up.  To do this SPLITY adds the number of
subazpressions in each of the argusents. It adds 1 eo this oum im
ordér ta count Ché current subgxpression. It adde 1 by comndidaring
tha aperabor to be &n argument.  The sumber of gubaxpressions [n a
glven argument is coaputed by SPLIT4. SPLITY counte &n atom as 1;
ofkat &rgunents have their count In place of a property list.

SPLITE goes downs the expression toee to prune ib.  If iF reachas
an atem, It leaves it alone, &8 it would save mothing to ename an atom,
Also, if the expression size, M, is smallér than the allotted mize W,
it needs no pruning. Otheewiae, the drguments are pruned is reverse
erder to thelr size. SPLITS finds the aize E of the largest argument.
Lf renaming cnly part of this argument will bring the votal count
belew W, then SFLITZ f¢ applied to this argument with an allocsese
equal to the difference between N apd the sum of the count for the

ether argumests, Otherwise, this argusent hes its count reduced to
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gero by SPLITS amd SFLITS, indicating that it @3 to be repamni,  Then

the R is subtracked from W, and SPLITE fimds the mezt largest arpussnt.
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ENRSTITUTE

SUBSTTIVIE[X ¥ Z] substitutes amch menber of set ¥ for che
corresponding menbar of et T In rhe expresalon X, It checks bto seo
1E ¥ and Z are sets and gives the argements to SURSTL, The property
lists sre set co HIL sa that expressions com e matched with EQUAL.
SUBSTL gives the membara of scts ¥ amd £ o EIRST2, & pair at & time,
BUBST2 siubstitutes the member of ¥ fer sach Inscance af the seasher of
£, with ehe following exceptions. &) does not contain an instance of
#. SURSTE wees SURSTI 1o svoid cestisg the a im iy apninsc cha

menber of 2, Purthermors, SUBSTZ will substitsre:

# for B in (B E ¥ WIL) and

Ag For B in (B X Y WIL).
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SUBMEACH

If the argument of SUMEACH is of the form EH e b it will

T at e o+

TETUEm - };br
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SUMEXFARD

n
If the aepument of SUHEXPAND is of the Form 2 X, where moamd n

L=py
are integers, thenm SUMEXPARD will return che sxpanded sumeation.
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TERM

TERH[ X, W] seturma the I:IH.I argument of A or HIL Lf X has less

chan KB arpussnlbi,



TRUKCATE

TRURCATE[Y, X, W] Finds terms to the - power inm the expasaion
about the origin of ¥ &8 a funcrien of X Y must have a finite sumber
of peles at the origin. Since ¥ i3 allowed ta have poles at che peinc
of expansion, Lt cammor bhe expacded by jusc wvaluating sucoessive
darivatives &t the origin, Furthermore, differentiation can often lead
to very large expressions, Therefore, the mechod wsod here is to
copand the smallest subexpressions in a poser serfes, aed then to
coubine these saries to form the oxpansion of successivaly larger
subixpressions. The initial SRPANSioms must contsin epough terms ao
that the fimal combined result will be walid ba poswer W,  The reguired
mnber of terms D8 calcolated by making two passes through che
expresalom.  During the first pass, the minimm prwer of X in each
subexpransion is placed on the subexprassion’s propecty liat, Then,
the second pass wses chese minfmym powers as it goar down tha
expression tree in order bto caleulote the maximen required power of
wach subcapreseion expansion. Tha expansion of the iedividual atems im
2 power series is simple, but mamy functioms were oeedod e efficiantly
compute the expansion of each operatar Erom the expansions of its
arguments. The program is further complicated by the expansion of
Lndexed summacioms, In omly some cases cam tho progran Tied the powar
of the variable of expasaion as am Increasing function of the ipdox of
summacion. Lf chis can be done sand the summation bas & finite lower
limit, then the lowest power can be feund, The second pass then carries
Ut the expansion by repeated substitution, Arbitrary fusctdens are

expanded by differentiacion. The arguments are seill expardad in the
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mormal manmer balore the differentiatiom, unlass they also require
difFarentiatien. In this case, ths differentlation is perforned omly
OTCE.

This pourine is a0 lorge that it will not all TEt in memdty 4t
gne time. 1t has been split inta fwo parts. The firet part Eimds the
pinlman piears, assaciates a minisum ardl maslmum peses with each atom
aF constank subexpression and expands susECliond. The second part,
which s ¢ompiled im che £ile TRIEY LISP, combines che pubexpression
series in order be eompute the final paaulE. The most complicated pait
s the ditect pensrarion of given terma 1n a multinomial expansion.
Fach of the Panctioms will now be described in dezall. TEWE first
defines ¥WIK to hewe che BGODE functiss EMIH, It then defines MIH &0
have am H3TMF Fumction which leaves the expression unchanged unless &11
of the arpunents afe mmericel, in which cose EHIR L8 used o find the
pinimum arpupent &3 4 result. THRE peat calls TRMELL to explore tha
axpression, storipg Loformation oo the expreszion's propercy Lists.
The eEpression is then passed to TEMELLZ which #hains ta the secend
nalf «f the progras TRHES.

TRNKLL pamses each side of an BQW or all of any other expresslon
to TERK1L1l, which applies TREET, thes TRHES, and finally TREXIL.

A depepdent expressicn 13 ome which comgaing the wvasfable of
expansion, TRHKF applies TENET] te all depeedent PLE or PED
aubexpressions in the expressions. RNETL chanpges the PL3"s or PRD's
{nta & serles of blnary eoes, such that amy dependent arpument @4 imn

a hinary one, but the independent &Eguments &0e lumpesd together oo
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produce ome of the forms.

PLE PLS PLE
depend PFLS depend PLS dapend PL=2
]
iz e indep depend depand depend FLS

\
AN

i

The indepepdent Lerms are collected on the Last argusent af TEMETL, The
fumction TENE?Z L8 wsed bo avofd o vedundant level 1f sa independent
tarme have been col lected.

The next step is o go devm the expression tree in ordes eo Find the
lowest power of che variable of expansion in each subexpression, The
funcclon TREKS goes dows the tres to the (ndividual variables and censbant
subizpressions. Coming bask up the cree, Ehe function TREERZ dispatches
control o the several functions which cosgute the lowest power of anm
exprerdden from the Lowest pewer of LC3 arguments. The progress of THRHER
dowm the expression tres is interrupted when a SUM subexpressiom is
encountared,  The lowest pewer of the variabls of expansion may be
cupressed i terms of che variable of swmation, TEKEA calls TEKERT ta
explore the expression. I the lewer limit of summibion is & nuskes
and the spper limit is o pusmber ar infinity, than the SUM body, B,
expanalos wariable, X, and susmation variable, i, are given to TRWEBSL,
There are several cades where an expression For the lowest power can be
found, IE B L3 iedepéndent of X, chen B {8 8 constant &nd the lowest
power fa O, LE B is Lodepsedent of 4, then the lowest power cam be found

in che noemal way, using TRNEB. Otherwise, thi method used depends on

nd  dpd  Imd
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the main connective of B, For PAD it is the sum of the lepmm b prinser
af the arguments, PFor PLE it Ls che minimum lowest power of the
arpments. FWE is handlad only if it is of the form f".'ﬂf.'suhi im Chia
casi che lowest ponsr im [{X) is multiplied by g{id. If it ia HAH,
the lowest power ia U, Otherwise, the waee is asked to retuen an
expression for the lowest power a5 & fumctlon of 4. The expression
for the lowest power as a functien of | which resules froe che abave
procedure is mext checked to see that g is only a functios of 1 amd
in additien an {ncreasing <me.

1f these conditions are met, then the Lowest powse is Found by
plugzing is the lower limit of susmacion and the expohont eXpressien
is maved by putting it as the property list of cthe SUN subexpréssion
undes thi ipdicator 5UM. Once again, if the ezponent expressicn does
pat meet these copdiclons, the user i askaed for the leneeab power.

Coming back up the expression tres, TREER2 dispatches concrol to
the Following Fupctiocma, PLS and PRD are compated directly by taking
the minimum snd the sum respectiwely of the lowest powera of che
arguments, FHE semds control to THNEBS. Only tws cases can be handLed;
a gero exponent teduces the whole expression to 1, asd as Dnteger
expanent can be sultiplied by the lowest power of the base. In ather
cases the neae is asked for the loweat power. DEV serds comtrol to
THHESG. This Fumctiem shacks to ses if differentiacion is performed
with tespect to the wariable of expangiom, 1L 5o, the waer musc be
asked for the lowsst power. Otherwise, the lowest pewes ls Che same
as that of che DRV body. ITG sesds comtrol bo TRREEAY. Here pgain,
tha ueet must be asked [f che limics are depesdent and otherwlse the

Lowest power ia the asee as that of the ITG body. If che waer L5 asked



for the lowest power in DEV or TTG, then be sust laber be askad foF rhe
expansicn, This Ls flagged by changing DAV aed TG ko AEKDRY and ASKITS,
411 other connectives send conceol ee THNKEEH. They are trestsd as
arbitrary functions which mast be expanded by diFferenciation,
Consequently, 1€ any of the argumenta have poles at zeroc, tha uaer is
osked, othersise, che lewest powar ig taken as zero,

TRERE?] puts the highest needad FeET On Chi property lise af the
whele expression amd glves the expression to TRNEZ which goas dewm the
expresaion tree.  Whan THNKD reaches an atom, i returns an ATOM
structure with a ninimue power of 1 arF 0§ depending on whether or pat
the atom is the varisble of expansion. If the subixpression is
independent, the maximum pewer is Pat on its propercy list and che
dinameard recuraion of TEREZ Qe terminated, Otherwise, the maximam
pesrer needed for each of the argumcnets of the subexprorsion depamde on
its main commective. For PED, the maxisum power of @ach argument is the
maximin power Far the FRD misms the pinimin power for the sther argunent.
For PUR, it is now sssumed that the expament is am integer, the meximm
power for the base Ls the difference between the maximin power Far the
PHR and {exponent-1)« (einimum power for base). SUM initiates & eall to
TRNEIS. TEWEZS forms a PLS thraough expasding the =W by substicuring
Incteaning incegers starting with the lower limit of summatien inco tha
SUM bedy until the SUM 1o fully expanded of until the ewaluacion of tha
expinent functlon under the same substitution shaws that the desirsd
maximm power has been peached. The fesulting PLS expression La ehen
given co tha tap level fumction TREELL which applies both the mimiem
ad maximum power passes. For all other msain connectives, the maximio

power Lor the argunests is that for the subexpressicn,
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Afbar TREEI has finished, the eszpressicn is glven ta THHE1Z2. This
fupction creates a File LISFT LISF which contains the doublet TERKL23
{expression, max powsr, eXpansion variabled, amd then chains to the
BAVED file LISPT. wWhen cosntecl comes bask, cthe aoswer Ls 1o file LISFIR
LISF apd this answer i read In and defined as a form to complete the
operacion of TRME. The eperatlon of file LISPT SAVED will now be described.

The tap lewel functien of LIEPT SAVED, TREELZL, wrices che file
LISPTR LISPF costaining the resulc of applying TREELE eo the exprossicn
generated by the main system. TRNKIZ cperaces om sach side of an ROGH
ar the whole axpression otherwise. THNES is applied By TREELI to the
expression and the resuleing lisc of cosfficients is piven to TERE1ZI1
which generates a FLS contaipieg the terme af Che desited expansion.
TRHELZ1 just recurs down the liat of coefficients using EFWR and EPRD,
aince the first coefflcient is by definition that of the highest required
power and oo ceelflolents ace celbted.

For purpesss of efficiency TRHEY upes a special data form, coming ip
the expresaion tree each fumction receives a list of coefficients, from
ihe highest required to the start of all zero comificients, with none
coitbed inm bébuocn. TEEEY goes down the expressicn tres to Che imdividual
variables asd constant expeessioms, where it sets wp Che coefficient lists.
It remowes the AT lewel, TREESL is uaed to generate leading seros for
the cosfficlent lises, Dowmeard gecursion goes orly through the body of
90 and DRV, For ASKITG and ASEDRY the user L8 asked for ghe expansion,
For BWE, bwa sases are distinguished. IF the exporent clmes the lowedt
power of thi base is greater than the bighest power regquired, them the
corfflelent list is WiL. Otherwiss, TREKS is applied anly ta the base.

In the case of HAM oF an arbitrasy fenctiom, s check is mada Eo @ee 1E
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any of the avpemints hove poles, TC they do, then an effore im made to
remyve them by applying THNED to the argunents and then converting the
resule back to sormal form.  The thivd argument of TEANKS s st as a
flag, far the MAM or arbitrary funcrics suhexpression muat be expanded
by differenciation, and this need not be repaated if the same siegstien
ie encounterved at a lewel within che subexpression. T€ the ArEumRTIES
do mot hawe poled at zero, the diffarenciation step L8 applied to che
subexpression ance the atom structurs has been removed from it by
ATOHIFR.

Coming back up the expresalon tree, the coefficient lists are glven
to funcelons associated with the maein conpective ar the particular nede,
FLE datds contral to TREEL. TR adds corresponding coefficients with
EFLE until ope of the two coefficient lists is exhausted, the remaining
coefifcients of the other lisc are then tokem as is., PRD sends conteol
te TREES. If either argument List is BIL, all cosfficients are zerc on
that List se the resule iz HIL. Otherwise, the arguments are passed o

TANKZRZZ im & special form Bese illustrated: oo a, ay I.E::I

(by By by By
The manber of leading sevos in the first Lisc is ene Lese chan the smsbsr
of coalfficients in the ascond list, and the coefficients {n che fiese
list bave bean reversed., TRMEZZ22Z removes the eeros [eow Ehe first
list, one by cne. Before removieg each zero it sends both lists to
TRHED, which generates cne coefficient in the answer. This ccefficient
Le & aum af terms generated by malciplying by means of EFRD corraapond ing
ternd in the abowe llsts, This THNE2ZZZZ process is terminaced by a Final

#all ta TEMED omce &l] seros have Basn removed.
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For PWR, theee are tep poseible calls. If the exposent 1s posltive,
SHPWE is called and TEMEID is then used to rewmove mailing 0's from the
coefflcient list which SEPWR produces. SHPWR eakes four arguments, the
copfficient 1iat, the maximm powce on thie liet, the saximum power
peeded in che result, and the ezponent to which the series repressnted
by the coefficlent list is to be ralsed. LE the geelfflelent list contains
cuefEicients of negotlwe powers, cha SEPHREZ is called; othervise, SEPWES
iz called, The operation of SEPWRI will be described flrsts The purposs
of thia funcelon is to geperste the coefflcients of the desired terms im
the multinomial expansion, witheut geserating the entire expansiom. For
mach berm, SEPWES initiates a ¢all co SRPWEL. The desired coefifclent
could be weitcen as a sum of all products of the coefficlonts of the

baee aeries which howve the [orm

i i i
I:LI:I at & 2 a®
L e S L - '
1 1 L]
1, iy Ly i
whare L, + lysw okl =¥, the exponent, and B°0, + Bedy o o o Mol = F,

tha desived power, The desirved coefficient is, however, in fact, writcen
with the above apsm factored on the uj'i, taken in the dicticnary order.
The coefficient is bullt up in this sanser by an exchange of calls by
SEPWEL and SAFWELL. SRPWEL hes ae srguments the nesdsd power, P, the
ranher of cocfficlents yet o b used H, the pewer R, which the mext
coafficient in che dictionary order can be used to generate, the power,
v, of this coefficient im the base series, the minlmm pawer, 52, im the
base series, and the Lisc, A, of remalning cocfficients, SEFWAL recurs

on the srgument R, R is started off at che mindmm walue shich will allow
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gemaration of & tetm, At is Chen increased by 1 until EZzH, in which
cage mere the B total base coefficiencs would be used, or until
P={RHL)#VC 222 (H={R+1}) which states chat if the remaining M- (Rel)
powers were all waed on che lowest cocflicient 52, the total power
pemerated would seill be greater than thae required. The terms craatad
for each value of B are added with EFLS, Rach of these terms is
credted by a call co SREWHIL. SREPWR1L checks eo see if che eoefficiene
Lise, &, has only ome more mesher, In this case it creates the desired
tarm {':-:IEHHIR.-’: atherwise, L comscruces thia term, but multiplies fg
by the term created by giving the remaiming cosfficiemt list Lo SRPWRL,
&long with the remaining sumber of powers needed, P-RY, the resaieing
capfficients available, H=-F, and the lowsast walue of B which you can
abart with next, MAX[O, F-2RH- (3<¥1]. The expressiom P=Ia+4 (2-¥) is
hest wiewed as (P=RVI-(H-E*(V=2); P-RY, a=z given above, is the sasher
of posers scill nesded, (M=RI%{V=2) iz the mumber of pecers which would
ke produced If nene of che next coefficient wers used, The diffarence
is the pumber of powers which must be used on the next coefficient, for
uedlng a coefficlent oo the next, rather than the ona after next, will
increase the generated poswr by one.

SREFWRY has six aTguments, K i the maxioum power needed, X [a che
lige of positive cosEficlents, ¥ is the list of negaclive coefficients in
ascheding crder. §I is the Lowest negacive coefficiont and 51 is the
highest positive coctficlant., 5 ig tha BEPONERE Eo which the bess merics
£4 raised. SRFWEZ uses four program variables: J, U, H, acd P. Tha
Tesule ds built up on f and L8 & sum of teess For each copfficdent. The

current coeffipient is J, which 158 icdexed from the Lowest which can be
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pade up b0 B, the highest needed, For each vilue of J, & soelflelent i
built op which iz a swe of terms, Each of these terms fg of cource &
product #f negacive amd positive coefflelents such thaot the som of che
powers i& J, and the msber of poefflclents im 8, The torms can be
clossified by the mumber, M, of negative coefficienta amd the nusber, P,
of negotive powers which they contain, BEPWE gonafabes all pasgaible
voluss of H and B which will produce the glven J; it then calle SRFWEL
for each paie of values of M and P, onea b0 prodoce the negative part
of the coefFicient, amd once bo produce tha positiwe paet. The pagitlve
and megative parts are thee mleiplied eogether with EFRD.  The walues
of M and P are generated as follows. M is scarted off at 0 1f T iw
positive, or so that W*J< 52 if T Is negative. H ia then incremenced
until ¥ = Blx{5-Mi=J, The meaning of this relatfon Ls as follows, Since
the higheat walue of negacive bose cosfficient ig =1, M negatiwe
cocffloients mast create at least M negacive powers, The maximm sumber
of positive powers which cam be genersted with the eemaining 5=¥
cogllicients ia SU%(8-), but J of these aré needed for the resulb, a0
that S1#(5=M)=] can be matched against megatlee anes and rthis mumber
maalk be greater tham or egual o M. Hew, [or each fesaible mamber ol
pagative ooefflclents, terma for corresponding possible negative powars
are generated. The mumhér of negative powers i@ piwen by P, which Ls
startsd off at the ninlmn of =HVSI, the most pEpative you can make,

and S1%#{5-M)=J, the most negative you can absorh with extea positive
pisers, P is then decremented antdl it ia less thas M or unkil it is
less than =], which means ehat Lf J is segative, nok anough negative

powers to produce it will be gemerated. Each completed coeificient is
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multiplied by 8!,

Beturning to TEKEY, 1f ché esponent of PWR ie negative, then s call
bo TREBEY i3 piven, TRMKG) ievests the serles created by SEPWR a® For a
positive exponent by o call co TREKE. TREES Ciret checks for a mull
series which would indicate division by zero is called for; im this cose
it notifies the user. dtherwise, it secs up TEWESL, which does the
loversiom, TRE®SL builds up the answer, teem by term, om Lts First
argument W. It recurs on ita last argunent M which iz a teem Eounter,
iccremented from L oup £o the eumber of cocfficients on the 1ise U, af
the series to be inwerted. Per sach walue of ¥ & tern computed by
TEHEE? is added te W. This term jis = :— times the sum of the prodsct
of corresponding terme of W and 1. !

Retueelng once again to TRWES, ITG and DRV semd control oo TRMESS,
fince only the case where the Integral or derivative de mot involve the
variable of expansion is hasdled, TREZD) goea through the coefficient
list putcing the integral af derivative steweture aod argumenta om each
coefficient. The only remaining csses for TRHES are HAM and an arhitrary
fumction they are handled in the same mannee. The arguments &re created
as explained om the dowmward pass and then the eapression in stasdard
forn is passed te TREK9S for expansion by differentistion. It is &t ehis
pelnt chat the check s made to see if the subsspeessien under congidérstion
is contalped In & larger ome which mase also be expanded by differentiakion,
in which case the éxpression is retuessd undifforentiaesd by TRNESS,
Deheraise, THKERS calls TRHKLZ to expand the expressiom by differsntiacios,
TREE1Y ugea DIFF? to repeatedly differentiace the axpression, which it

ketpe on progran warlable U,  Befors aach differentiacfon a term of L
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expanaion Ls set up by substlitubing sara for the warlable of expansicn
in the expression U, using TREK131, TREELIL subscitcees zero for the
warlable of expansicn, except that if it comes to a DRV subexpression
iE ereates an EVL leval,

This completes the explonabion of TRHE.



Chagter VII

HASH CODMNG FUNCTIONS OF A COMPLEX VARIABLE

Introduction

Sewaral of the rautines described in the preceding chapter reguire
thit carmparison of algebraic expressions far equivalence.  The comparison
i made by hash coding the expressions and comparing the resulting hash
code pumbera.  The formulas required for the hash coding scheme and the
functions which apply thers were described Ln the Last chapter. The
mathematical considerations underlying these formulas will now be deseribed,

The elementary functions of a complex variable are those which can
be expresaed by the following recursive scheme, Any camplex constast
oFf variable will be called an expreggion: i uw and v are expressions,
then aeare wt v, u. v, u, &’ -oand i. + The teigenametric and hyper-
bolic functions may be sxpressed explicilly, Becauss af the deflining
relations of the carnplex field ard the trigonometric identities, thocs are
infindtely many expressions far any given fumctiom, Two expressions will
be said ta be eguivalent il they represent the sams fonction.

Existing schomes for expression comparinan wae the defining relaticns
aling with some additional conditions to put cach expression in & camonical
Tarm [f the canonical forrma of Lwa expressions are identical, they must
represent the same function. This method has cortain drawbarcks Fieat,
pubting the expression in a caremizal form requires the comparigon of many

subparts of the sxpression with sach other.  In particalar, the commuobabive

L&D
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Law requires that the terms io sums and prodiucis be sested.  Second,
discowery that wo expressicns are equivalest Fequires a gompariion of
awiey subpart of one with the carresponding subpart of the other.  Thied,
tha problem of reducing all equivalent expresaions ta one caranicul form is
recuriively unsolvable (7] and the axisting schemes fail in many cases.

This chapter sxplores a probsbilistic approach, Suppose Fle} 0=
[F and G are clemsntary fosctions), them Flz} =Glz} = I has, at most, a
countable sumber of solutions, while the complex numbers are uncoantable.
Thersfare, the probability that Fiz} - Q=) = 0 for & point = chasen at
randomn ia 0. Thus, it would be possible ta test for equivalence of
pxprossions by comparing thelr valuss at & randomly selocted point. It
ia posaikle to get some approximation te this fact with the fpite arithmetic
of a compute®.

One method would be to substitute & random floating poiat sumber fos
pach goccurrence of each distinct variable and then evaluate the resulting
expression nsing {loating peint arithmetic. This method ie lirnited by
awerflow and roundail error.  For example, if xis 2 floating point number
chosen at random fram a flat dietribation, then with probabllity one hall
x2 ig Larger or smaller than all the flaating point numbers; it does not
appear possible to find & ruls for mapping »° back into the floating peint
numbers suchk that the code numbers af eguivalent exprossiong will be vary
maarly the same, This overflow ia difficult to avoid by restricting the
initial choice of floatisg point nwnbers since expreasions of the forom u

are allowed, TFurthermozre, if tws axpressions, » and yare ol different



1%1

srders of magnitude, then, because of roundoff error, x + v emay ovaluate
Lo gither x or y.  This s a particularly seriaus disadvastags since it La
likaly that an expression will be compared with subparts of itself, The
samy problems arise with a floating polat approximation to the carnplex
numbers.

Ancther strategy, which we inwestigate here, 18 to use a finite field,

imatead of the infinite field of real nuatribere,

Fipite Fields and the Exponent Arithmetic

&, Finite Fieldn

Tha uae of floating point nambaere in the code number scheme is
limited because the sum or product of two (loating point numbers Ls nat
pecaanarily a floating point number, This prablam is avoided if a linilg
ffeld, F, iz used, since the feld can be chosen amall ancugh 8o that ewvery
element can be represented by & computer number,  The task is to choase
F such that expressions which are sguivalent Ln the complex numbess are
aleo equivalent in it.  That ia, we need 2 homesorphism from the complex
aummbaras onto F. We aow develop a fisld which mests thin requlrement
in many, buf not all, cames.

An abellan group G ie a set of elernenta with an aperation x and an
identity element ¢ such that:

L aeG, Bed thepaxbe O

di @y Othoan ae = ga= a

3. atﬁl‘.'l'lmau._.l v G apl =plyae
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4, ae G, bE G then ab = ba

A finite field ¥ is & finite set of elsments witk an operation + wnder
which the slements of F form a group with identity § (the addltive groupl,
and an operation * under which the elements of F* = F -0 lorm a group
with bdentity 1 [the multiplicative prowpl.  In addition the relations

a* b +ei=a*bta’s anda'd=d

I m and n aee integers and p is a prime integer then @ = {m + o) mod p
means that ¢ squals the remaindor of [m 4 n)fo.  Multiplication mod p is
defined similarly. It can be werified that the lotegers les than a prime
form a finite field undar the aperations addition and multiplication mod p.
The additive tnweras af 1, <11is seen to be p- 1 alnes p - 14 1= 0 med p
b. The @lerment L

In the cemplex field there ia an element i such that 1" = -1, wa
guch an slement is also required in F.  To see how this reatricts the
chaice of p one needs the fact found in the references that the mmultiplicative
graup F' of a finiks fisld is cyclic, This means that thers ia an clement %
{called & generator] in F' such that every element in FY is some power of X .
In fact, F* cam be writtes 1,0, 4 z, vareg P2 ang Pl =1, Since P is
a prirma it s odd and sa Ejl i= an inleger. -:.-l,[:l-l”E = -l mimce “:Ip-I].'z il
anel 1.;-4[5"1"35': = 1. If -E-? is even then ¢ = E_I-T-l— im an integer such that if
im oot i% = -l Mote that wither oF or E":.}r can be chosen an i and the other
becomes -i. We hawe thus shown that F will bave an element i if and only

L P is of the Tacos dq & L
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€. Tha E:D:IZHEI'E Arithiret] e
In the complesx numbers, ane might have to test for the efuivalence of

T amd Ve u;, where the expanent arithrmetic (s

two expressions such ag u
also performed in the complex sumbers. However, since the mualtiplicative
Browp is & cyclic group with ane less elerment than F. v+ 1 muat ke
computed maod [p - 11, Sinee an ipormarphism does ned sxiat batwesn the
additive and multiplicative groups of F, the eNporent operations cannot
ba perforraed in it.  This failure of the finiee Lield evaluaticn to be Fecursive
in the exporent direction is a seriows limitation. Furthermaore, sines
P - 1ls st & prime the axponent aperations will not form a fisld.
Fortunately, many expressions escsantered is analysls kave rather aimple
caponente and 8o much can be saved by eviluating the expensnts in the B
arithemetic which we now define.

Let the basic aloments aof E be the integers less than p - 1. Addition
and smualtiplication are mod (g - 1), It Is wapy to see that all elerments
have sn additive inverse. Mo even integers have a multiplicative inverse,
hewewer, for thie would tmplys

3*!-[1'-ﬂ-1=4-q-m+]

2o fm o+ (2-ah] -2agrm)e]
whichk in n contradiction since 1 has no divigars in the integers. I wa takn
q prirme, then the odd integers ather than g have a mitltiplicative invarss

as 3 cobgequence of the Euler thearsrn (see Ref, , Albert, p, 47):
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Let @ {rm) Be the numbes of integess g such that 0 € g £ m and
g ia prime ta =, Then

a‘atm] = 1 mad m
far every a rolatively prims ko m,
The failore of the even integers to have a multiplicative inverde means

Lz tu2
u will mot evaluate to u.  We therefore adjoin to the basic

thsat
elements of B the elemant § , whers 2 =1 Clesing £ ander rmualtiplication
& addition weuld require that all the slements of the fesm blf b oan
integer less than p - 1 asd b odd) be in E. Haowever, many cades can b
coverad if we allew oply elements a o ht‘_ %
d. Sguare Reats in ¥

B should evalsate to be the square rost of uin F, however, anly
cne half the elementa in F baye & aquare root, these ars the ¢weRn powers
of the geaerator, 4 , of Fl.  Sinca 113,"11 in wven Lor even n and any °©
only i of the elements could have & sguares real computable by Falsing the
element to some power, that i= by assigning some integer to ¥ _. However
a method of finding the Poots of this smaller pet can be found, as will ba
phown mext, i, e, there exiats 8 € such that ifu = 40 jhgn ul = ol

If p is of the form dgq 3, then sioce dnig + 1) = 2n mad {4g + 2} for
a £ q one [Eeds o Ay 1o w 2":'. g + 1is thereloee the propes value for %,
The reguizernent that p be of the fesom dg + 3 im unfortunately in conflict
with the earlior requirement that p be of the form 4q # L. By choosing

po= B+ 5= 4 2g" b 21 one obtaine By a gimilar argument the agquare root

of 18 of the clements with € = g' + L.
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Define in the wakal mannes:

#in @ =

cog @ =

153

@ o
)
#inh © _—2--—
EHJ-E";
camh @ = z
z .
Mate that i~ # -1 in the

whera @ is an element of F vet to be chopen.

E arithmetic bl this does

absove funcHons,

F
sin 0 4 rusaﬂ -

For ieatance;

pab artse i taking sume and preduacts of the

wl® - ‘-iﬂ 4 pld g -id 2
(= #i '
L T T LR S L P - R 1] . PP LT R L AT I B 1]
-2l 21
-d 4
1
[f pin () ia ta equal cos (& /2 - @), then it ia nacessary that ™ o _] snd

AT

2ni

faking @ = o

L] =

cis obtaing far p = Bq¢

v _

2nier 12
:-':m'-.--\:"'rI g

LR+

If & is to have a syuare root it mast be as aven power of of |
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Zain = {4g' + Z) med [Bg" ¥ 41
piw = [Zq° + I med {4g' + E) 1
For any cholce of m, ¢ la detearmined, providing sguatian {1} can
ba sclved for the element w . Some rullection will slkow that trigonemelelic
ealeulations may involve roots of ¢ greater than 2, Suppose m is chosen dd,
then ane aquare reol of &; :l.,"'. has no Bquase Foot, nar does - ul._n, thee ather
square roat of &, That colf! dews not have o Bguare reat is 4 COnBOgUEERCE
of the choice of =1 a8 a sgquare. -a™ s it g™ = (sguare] (eonsquare] and a
squeabe times & BoRsguars must be a napsquare, From this Gne can sos
that if & 13 to have & 2tk roat, 18 must be chosen af the form Eal ‘
Mote that the choice of n divides the elemants of F' hetween the roots and
powers af @.
Feturning to the salution of equation (1) for the cade n = 1, we se=e that na

satiafactory solation in poasible, Fore {1} implics that in = 2*m"(2q" + 1}
+ [2qF + 1},  2q" + 1 muat be taken peime io prder to roducs the numbes of
slements which map inte the same alernent in the E arithermatic. Theseiore,
2q' + 1 must divids elther 3 arm, but ihia ls not acceptable,  Supposs Ig' £ 1
dividea 7 , then in the E arithematic 4+ = 0, Since either 47 or 4 is
a bighly probable elament, this relation is unacceptable.  Once agoain, a
patch can be inserted s that o2 iy equal i in the meost [Fequent cAReE.
Whet an element Ls expenentiated in the F arithematic, spacial checks ar
cmade. 10 the base is o and i = divides the exponsat, then [-prelir g,
cormputed.  im la chosen amall encugh ac that proall mualtiples of 1t will

b less than the prime p-
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1, pof the form Bg" # 5,

£. 2g' r 1 prime
Machine Realisation -- Finding a Pritma

The requiremeats of section 11 are;

L. p=&g' + &

2. 2g't I prime

Ancther requiremant is;

3, pless than 1 2 the largest mackine integer.
This allows addition without overflaw, The multiplicative inverse of an
element a in F is found by soting that at a?"2, T raise an alament a
to any pewer we begln by multiplying it by iteelf, creatisg the numbers
by = a.z, we then sxpress the power as a binary namber and add up the
appropriate bj.  This leads to the requiroment:

4. p = 2 should be expressible as a few powers of 2,

To find a prime for the 7094 the following procedurs was followed:

l. Beglinning with n = 2% post i P = lin + I3 la prime by

diwiding by every odd number up to 5
it Test if da + 3 is prime.

3. Fiod a generator o |, of F'.  [If & i= pet a

. iT

generator thes af=lar st = [gra® = lara®" =1
Raise a to these four powers by the schemes abowe, |
Alemaat I 2 of the elermants are gereralers so one s

quickly found.
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ER Gump.ﬂ:tl'ﬂh* 4

This procedure sesulted in:

p &, 5&9, 949, 373

o= 13, 5&0, OYT

i= %, 55, Tib, 173

Some Example Problems

Ten trigonametry identity probleme weore selected from o textbook (8).

The schorme praduced the same bash number for both sldes im all but the

lass.

1.

2.

{1

Tha izlentlties are;

gim x tan = + c08 X 2 BEC R

Isin x cotx + cos x)fcol x = 2 sln x

cmc? x # ot x +1 = 2aindy

rom x catb %4 8in x = cac ®

(1 - ain %} (sgc = + ton x) = cos X

sin w1l - coa x) = tan =fleee 1 <1)

o8 c" X -l:qf-": = dlca LA -:uﬂl-l:u

[min sf(sec x + 1) ) + dsbn x fMeec x -1p ) = 2eot x

cq‘h?; Falntx=1-13 nlnz ¥ costx

=  [ase = L} [sec x #1} = (1 = cos x)fain x

The probability of Error

Eutimation of the probability of error ia difficelt.  The average

prolability of errar for certain subsets of expressions will differ Lrom that

for all expressions. Mo statistics are avallable on the expressioas which

will be encountersd in practlos.
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It ia poasibles thal beg expressions whlch reprosent the sama function
will receive different cods nambers because some exponent ope Fation does
not preserve the equivalence. Study of aection [I shoold reake clear ande s
what circumstances this will happen.

In the simplification program descrived in the Chapter VI, oXpressiand
with the saree cade number are cossidered equivalent. Thatrwfers, an
accidental match of pon-equivalest ecxprospions bs very serious, 1 we
could show that the operations in the E and F arithmatic mapped thelr aets
of elamants uniformly back enta themselves, then the probability of a
mitch between twe cxprossions selected at rasdom from the set of all
nxpressions woald be Lfp,  Unfortunately, thie is oot the case. In the B
arithmetic the operatians of multplicatios and addition and theic inversss
da satiafy this criterion, Laoking at the cyclic group F*, however, ane
sees that raising any element in F except a multiple of w to all powers will
produce sither If4, L2, or all the slements of F. Thus exponentiztian
tefde Lo map the elerments iato the $#h powers of & genorator and so Sncroass
the prabability of randony meatch,

The same bunching oceurs in the E arithmetic, The distribistion af
elosmente after o operaticns cin only be fourd using & rather complicsbed
two dimensional convelgtion, The distributions after ope operation =hoan
in Figure | indicate that for moderately complicated sxponents the

probability of erfor should remaln in contral,
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[ E RN

addition

— — == == = muliiplication

feee e e ees division
relativa premnmmes
fraquency : H
r-———-- .
I : 1
\\///\EHHH*H e maeedd
add integers aVeEn BYEn b elements

integers  integers
not divie- divisible
ihle by 4 by 4

Dlstribution of slements in B alter one operation.  Within each

classification, the slements are aordered in the sormal manner.

Figura L



Chapter VI

THE LANGUAGE OF MATHEMATICAL EXPRESSIONS

The introduction atated that man-computer sysmbicsis can bring
abiout an effective problem solving team by assigning Lo man and cormpuler
those parts of a problem which they are best suited o solve, Each is
much better than the ather at certain jobs; thersfore, the two together

can do the problam better than either alang, if the cost of breaking the

problim up i not foo kigh, The tazk assignment may result in either

parallel ar serial operatien of man and computes, Ina parallel opercaticn,
sach has contlnuows access to all important data generated by the othar,
while in a serfal oparation, data exchamges scour only at slgnificant points

in the problem.  Sometimes, & task in a serial aparation could be perfocmed
by sither mae of compater; the one which has performed the previogs stop
after has the relevant information for the task, The gavwlmps in sending

the task ta the best partner must be great enough to cover the cost of a
pesaible data exchange. In this case, the cost of data exc harpe iz critical
Lt the balance between man amd machine. This wauld not be 80 if most
tagks could only be pericsmed by one or the ather,

The solved problima preasnted i Chapter 11 require sorme secial
cpératisn with much data exchange. [t is, therefors, impertant to invastigate
the possibilities for man-machics communicaticn in non-numerical analysin,
A language conslsts of 4 ssries of statements following certaln systatic

rules which the communicants map lote theic respective models of the world,

Fieh|
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CHten, the language can be divided into a centeal part, following a rather
armall set of well dofined rulea, together with & serics of succeedingly
complex exceptions to these rules and methods for continaed discourss,

In thi case at hand, the central part is the set of matkematical expressions
wnad in analysis, Thesws axpresaions will be investigated Lo thls chaptar
and the following two chapless.

The avatlable input-soipet devices for the languape are the typewriter
and the display, Either a ense-dimesglonal or 8 twn-clirmens iomal
mathematical expression syntax can be used with the typewrlter or the
display. The ase of a one dimansional syntax for typeweiter lapat 1s
digcusned in chapter ¥, Chapler IX describes a two dimensiosal ayntax
for dieplay sutpet. A two dimensianal syatax for the bypewrites is discusased
by Hlerer, howavers, be has not stated any vselul general ideas.,  The
priblems ipvolved in constructing a two dimensional bnpat syntax for the

display will be cansidered in Chaptes X1,



Chaptar [X

SYNTAKX AND DISPLAY OF MATHEMATICAL EXPRESSIONS

Introduction

This chapter duscribes a LISF progrom which com putes the pletarial
representaticn of & mathematical sxpression irom a LISP S-expreasion
representation of the exprossion,  Since the Language of mathematics containae
& oumber of speclal cases, the computation will be introduced with a
summary of the results produced by each part of the program and the genaral
principles {oliowed,

Bocause of the possible use of many transformations and identities,
& mathematlcal expression can be reprosented in many squivalent forema,
For instance a (bte] could be represnnted as ab + ac.  In certain contexts
the picture of cne af thess forms may be sasier to read than the pleture
of the gthers.  For instance a = x might be prefeerad ta a + (=0 - =1,
On the other kand, the use of seviral equivalent lntesnal forms complicates
the writing of routines nesded to tranaform mathesmationl eRpresskons.,
Furthermore, the mest conveslent intornal form might be difftcult to read.
Im the firat pass of the picture compiles the internal form is transforrad
inte an eguivalent form which is cosy to read,  In addition, parenthoses
are added, The LISF expression resuliing from this fissl paes has the
form of a tree of subsxpressions. Each node of the tres is o mathematicyl
vperation and the branches {ram that node are the arguments of that

aperation. AL the snd of the branches are the Individiaal vartables and

203
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constants. The form of this ksternal tres is praserved throughout the
remaining steps of the picture compllation. Fer axamiple, the sxprasaion

a=g»dt & kas the tres;

Mathematical operations are represented in "pletures” by symbola
placed in special arrangementa. A classification of the representations
will be given later. The situation is complicated by the fact that
sometimes the same symbols aml positional notations are wsed in different
combinations to represent different mathematical operationa, The second
paga of the ploture compiler rewrites the internal tree in terems of these
commuoen ayribols and pesiticns.  The symbola and positions are sxpecased
im terme af 4 aet of special ferema.  These farmd are shown in Figuee L
theough Figurs 1. The compiler starts at the basse af the internal been and
works out ko the ends of the branches, rewriting the trae at cach node.

This rewriting introduces additional nodes into the internal tree, bat thess
pew nodes are macked so that the old structure is pressrved.  The display
pegulting from 2 node and ite branchea is called o pictube part. Somelirmes
the form of & picture part depends on the dimensions al ita argumants.

I this case the second and third pass must ko spplicd f0 the argurnents
befare the second pase can ke applled to this part.

In the third pass each picturs part is inscribed in s recstasgle.

The compiler starts at the ends of the branches of the internal feee and

works toward the base, The compiler first inscribes each insdividual

constant and wariable in a rectangle, defined by ite widih, height, and
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depth, A dimensioned rectangls is then chosen in turn for each larger
picture part; i.e. operator with argaments.  The dimensions of eack
rectangle depend on its swn operator and alea on the dimeraions of those
vectangles sasaciated with the argusnents of the picture gact, In addition,
we compate the relative positicns af the arguments of sach picture part with
ruspect to the lower lelt hand corner of its circumacribed rectangle.

Crnce the entirs H:plr-u'i-:!n has been dimenaicned, it can be positioned
vn the escilloscape Cace, The final pass of the compiler then sends ta the
display the name, size, and positon of each symbol. These symbals
are intersperaced with non-displaying left and right pseudo-parenthesss.,
These pseudo-parentheses group the gpicture aymbols inta a teee af sub-

expressions identical with the internal tree structure obtained frem pass

one of the pleture carmpiler,  Thus, a light-pen reference to a picturs symbol

can be ldentified with the amallest subexpression in the picture tres which

comtains 1%, amd with tha carresponding LISP subsxpression in the istarnal

Eree.  This makes it possible casily ta designate mathematically
rneaniagliel pictare-parts as arguments for other operationa,

Transformations to Facilliate Semantic Interpretaticn

A method is aeeded for reforencing measlnglul subparts of the LISF
Bouros expression by pointing with a light pen to symbals in the displayed
picture expreasian. Thue, before the picturs is sompiled, the source
BEpression I8 traniaformed using mathermatical celations into a ferem which
frakea it easy to establish a cne-to-one mapping between subparts of the

picture expression asd mathematically meastaglul subparts of the LISP
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gource sxpradaion. Then, in addition o the picture aymbola, the
compiler aenda the display a sesies of left and right preads-parentleses
which pirse the picture symbals inte a tres identical with tha tres [ormed
by the translermed source exprodsion.  When the light pen is pointed at
a picturs symbal, the smallest picture sube-expression which centaing Lt
is intensified and the corresponding LISP expression may then ba relerenced.
The sourcs sxpresslon s transformed in opder to bring it inle & better
pietorial form, for instance, the order of the product is reversad se that
| j: cdx) rd can be written drﬁgdx .

Although the picture campiler is powerful encugh to bandle most all
of the notatiens which arise in mathematics, simple compiles Pales have
cnly been written for the mathematizal expressions listed belew, which
arFlae in the solation of nops-linear differential equations. These wxpressions
arc vepresentsd by LISP S=expressions, In beiel, S-exprossions ass
defined pecuraively as followa: Any number ar atriang of alphanumaeric
characters is an S-expression.  One of more S-sxpressions separatod by
apaces and surrounded by parentlbeses is an S-axpression. Individual numbers
and alpharumeric atringa are called atoma.  Indlvidual warisbles and
constants in the mathematical expressicns are representod by ataimns.
The matlematical speratars are representad by S-exprossions candlating
of the operator namae, iLE APgUments in mamae given order, and the atom HN1L.
MIL denstes the noll S-exprossicn; it is replaced by lemparaey results
during the trassformation of expressions and reprosents the property list

of the mathematical operator., The individual matkbematical eperators
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currenlly in the program are:

iMote: most of the operators can tnke any number of arguments, in the
abrigus manner, j

L. (PLE A B CHMNIL) 2 A+ B4+

2, (PED A BCNIL]I = A - B« C

i, (FRTIJHIL) = _;

4. [PWH A BMIL) = aD

4 B4
daB gD

E

5, {DREY A B C D E NIL] S

&, 1HGDAEGNWE§H cdb

A
c
1. (UM A B CDNMHIL) = E o
M=

=0
g, [EYLABCDE ML) = E & -p

, HAM A B CNIL] = c.ﬁ..ﬂ-

L, {F & B NIL] 2 FiA, B)
1L (MAM & B [F C D MIL) MIL) = F.P., PR
12, (FTL A MIL) = A!
13, [ABS & MIL) =|A|
Where &, B, C, D ard E are arbitracy exprossions, [ and J are
integors, and F is asy atomic symbol not recognized ap an oparabar.
-X ig represented by [PRD =1 X NIL) asd j'_i in represented by (PWE X -1 MIL).

If cnn of the factors of & sum or pradisct is a nomber, Lt is aften the left-

meal argument.
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Tha [iret compiler pass peeforms the follawing transiormations;
{PL3 A MIL| -—= B
(PRI A NIL) - A
{FL5S N A B MIL} = (PL5E A B N MIL)

(OREY S 1(F 5 MILNIL) = (DRY L1{F S NIL] KIL]
M —» [HEG W MIL}
{PRD -1 & MIL) == (MEG A NIL)
|PRD -2 & NIL)=[NEG{FRD 2 & NIL) NIL)
[PRD A (SUM A B C D KIL) E MIL}~* [PAD A E [5UM A B C D NILNIL}
(PRD A (DEL B KIL) C MiL} = [FRD A C [DEL B NIL) MIL}
(PRED A {FWR B =] MILIMIL) = (DVD A B NIL]
{PRD A [(PWHE B [PRD -1 C NMILIMILINIL) = [DVD A& (FWR B C KILJNIL)
{F A B KIL] = {FUNCTION F A B ML)
[PRD A (I TG A B C D NIL] E MIL) =P [PRD A E [ITG A B C D HILYMILE
[FRT 1 -2 HIL}=* (|NEG{FRT 1 2 KILINIL)

® == (ATOM ¥ NIL)

IHAM X ¥ (F A B MILJNIL] = {FUMCTION [(MAM X ¥ F NIL) A B NIL)
Whers M is a number, ¥ §4 a nomber or warviakle aymbol, ard 8 is & mene
atamic aubexpression,

In additiosn to these transformations, lewela of parentheses are
inmnrted. For instance (PRO A [PLS B G MILJHIL] == {PRD A (PAREN{FPLS
B O MILMMILIMILY  He paventheses ars nsaed around the argurments of
FUNCTION, PAREN, ARS, EVL ar MAM, A aine change always remaves

the noed for parentheses,  In addition, the integration and summation
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symhbals stand in place of parentheses for oporators on their left and a
teainecendental function is parenthesized if 5t in raised ta a POWEE.
Otherwise, parenthoses are placed arcusd an argument of an opeeater if
tha main operatar of the argument has lowar precedencs.,  Precedence
is determined fram the {ollowing ligt: FAREN, MNAM, =, FUNCTION,
FILL, PWR, FRT, PAD, =, DYD, ITG, DRV, NEG, =, FLS, =, SUMM,
Oparators separatod by = have agual precedoncn,

The expreasion resulting from these transformations is saved aa the
ietermal tree foe the later analysis of lght pen references. For eximple,
the expression ¥ - X2 4 ZEI& wauld ke representsd by the S-expreasion
{EQN {ATOM ¥ NIL} (PLS{FWER (ATOM X NIL) (ATOM 2 HILNIL)

(VD JATOM A NIL) [ATOM B NIL) MILINILIMNIL). 1% has the tree

StFaciurm =

Transiormations to Facllitate Syntactic Conatruction

Twea very large extent, mathematical nclation becarnens, im ihe mind
of the ipdividual, & model of the abstract cancepts he ia manipulating,
For instance, consider the speration of cantoling terma from both wides
of an equation or from the numerator and desnominator of an indicated

divisian, or the oparation af bringing a tefm Lo the other mide of an equation,
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or the operation of mmatrix multiplication.  Thesefors, the notation must
haws propertios which make it casy b vimwallzee,

Lack of gensrality is thus imtroduced in the conrss of making mathematical
potation easier to resd, Differsat mathematical operators sheald ke
pepeesonted by different sorts of notation and the mathematical aperatar
with the highest precedence should ba re presentsd by the most cotmpact
form. For sxample, compare the squivalent Boolean expregaiana
((EATE UGC)Y (DAE} j and A+ B # C ¢+ DE.  Furthermors, wHET
an operation ia applied ko complex argaments, it should be poraible to
wigualize it ia the same manper as whea it ds applied to simpls asnes.  For
instance, the introdoction of parenthesss or other auch fences allows
(A + B)C to be visualized in the same MIEALET A8 D, with the aperation
prpressed as concatenation,  Somebimes 2 change of sige 1= used to atd
in wisualizing & complex argament as & aingle amit, &g 2 final example,
coneider the choices ol f ta repeesent the desivative when it la to 2]
tlsought of as an operation of high precedence, but the chaige of % far
phe derbrative when its properties ap & Fatio are to be wged,

Although it is difficult to make strict classificationg, it is weaful to
distinguish sevan distinct pictorial forms waed in matkemmatical nolation.
Ax mtaled aboye, the more compact forme ars often used [or operations of
highes precedence with the axception that [ences and size changes peroit
the use of complex arguments in the simpler forma; alze changes allow

complex forms o bave bigh precedonse.
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The forme in rough order of decreasing precedence, with somse

examples of each are:

1, Buperzub Uj.'l I :{E . ETJ
2. concalenation with
)
wariable sipe fence fnfx,¥): X :{.b}: la)
aymbaols and separation
symbols
3 coBcatenalion 2¥;: XYZ
T fi
. binding symbal ath B [ E: x
[ & zr-x_
43
5. Eybeid a
yb d xdy
. concatenalion with =y sathte [ ANB.A. B O
leflx aymbole
7. title {EL) X

Since the same mechanisms, such as concatenation, are used in mora
thian ane of these seven ferms, we will diacaas the simpler ones first.
#, Concatenation

A rewrlte rule may be associated with any operator.  For example,
if concatenation la weed to represent multiplication then thers might be a
ruln;

[PED A B NIL] —» JCOMNCAT A B MIL)

The computation is simplified If cancatenation is considered to be a binary
apErator. It is therefore pecessary to have recursive roles such as:

[PED Xj 1'.'3 mme K HILp=3 (CONCAT Xy ICONCAT X, -« [CONCAT

¥y- 1 X, NIL) -== NILINIL),
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This rule, howewer, makes a mualtiple level structurs sut of a aingle lewel

structure and thus deatroys the farm of the interpal treo which is needed

to parse the symbola for the display.,  Tao remave this difficulty an

indleator is pub an the property list of the CONCAT form to shaw that

it lg niot B he copaidercd 2 node in the intecnal tree when the pymbals are

sent to the display by pass four. A peaeudo-larm, DELIMIT, is introduced

to correspond te the old PRD eperator,  The shape of DELIMIT is just

tlse shape of its argument.,  The rule sheve then becomes:
(PRD X, Xj --- X ML} IDELIMIT{CONCAT X, [CONCAT X, ---
{CONCAT X, _| X, (UNDELIMIT) ) --- (UNDELIMIT} ) (UNDELIMITHNLL)

b. Gopcatenation with variable size fonce syecbols and separation sysabole.

In the example fnlX, ¥}, the size of the carnma does not depond on

tho size of the argaments ¥ and ¥ so Lt can be bandled by the form CONCAT,

On the other hand, the sige of the parentheses depende on the dimensions of

the saclosed exprossion and so it is necessncy (0 introduce a parenthesis

form, The rule for fonctisns La:
{FURCTION ¥y X --- X NIL] —HDELIMIT{COMCAT ¥ j(FAREN]COMTAT
X, (CONCATIATOM {UNDELIMIT] } - --{COMCATIATOM , (UNDELIMITH)
X, (UNDELIMITE § (UNDELIMITY | (FMBELIMITE ) {UNDELIMIT) }
(UMDELIMIT) ) MIL).

The aige of the parentheses i8 chosen during the dimension pasa.  They

are sonsidered to be symbals inteeduced by the PAREN form, rather than

arguments of the form, The dimension pass alsa tells the PAREM aperater

the depth of Uhe parenthesos contained in its argument. The PAREN
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operater than chooses parenthoses, brackals, or braces accordingly,
For sxampla, the compller would procdacs i a - [_-:: - {I:-i--d.ﬂ EF'. In
the case of transendental functlona, the parenthioses are omitted {f fhe
argument is a siagle variable, & product of two variables, or a division,
&, Bindlng symbal

Often o size change is asscciated with a birding symbol.,  Cne might
want ta fmake the size change recursive; howeva r, it takes only a8 few
slze changes to make the range of sizes tao largs, The current syatem
uses characters which differ in size by a factor of beo apd in this case mare
thas ene aizge chinge is unsatisfactary, Fortunately, EXpreasions CECurFing
in practice would rarely require mose than ose aize change il the recuraive
rule were o be used, The second pass carries the sige with it as it goos
aut  the branches of the intersal tegs; the rewrite rule for the mathermatical
cperater of any node of the tree may specify thal certaln branches Peos
that node are to be rewritten using the smaller size, In arder bo present
the rewrite roles, the smaller size has bees Sndicated by & | an the rewritten
cxprensions property list.  [a actual fack, the pize is saved on 2 pushdown
ligl where it can be retrleved by the third pass. An wample of a rule
involwing & size change ia the rule for integrals whare the exprossions for
the lienits are rewritten using the smallar gize:

UTS X1 [ATOM A NILP (ATOM B MIL) X2 NIL}-3

(ITG [CONCAT [ATOM D (UNDELIMIT) | X1 {UNDELIMIT) }

IATOM A (1)) [ATOM B (1) } X2 MIL).
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d. Supersub

This nokstion ks used for expopentiation and for subacripting. The
placosaent of subscripts 1s a praperty of the pazticular variable or lunction
name, The subscripté can be placed at any of the [our corners, &40 that
there aze 18 possible apatlal arrangements. Ta avaid using 1% distinct
but pimilag operators, nall arguments have heen introduced, They are
treated as pictare parts having gers dimensions, When the rewriling pase
digcovers & NWAM operator is plcks up & subscript-placement=list associated
with the wariable o function nasme in question. This is a liat of the farm
(¥ X2, ... %n), whers each i im ane of the symbals KE, NW, 5E, 5W.

The ith argurment of MAM is then placed at corner Ki, Twoor mira
arguments at the same corner are separalad by comméas. Flacemant af
arpuBsents muat atart at the ME corner and procesd cpunter-clockwise,
When the subscript-placement-list is exhausted the remaining arguments are
placed at the 5E corner. For example if H kas the gubss it - placement-list
{NW SW 5W) then:

AN XL X2 X3 X4 (ATOM H MILY H1L—= [SUPERSUB MIL X1

(CONGAT X2 (CONGAT [ATCOM , (UNDELIMIT] b HI (UNDELIMIT )

{1 UNDELIMIT) | X4 [ATOM H HIL) HILh
1§ & wubscripted vagizble name i raised to & power the sxponent taked the
ME position if there are nae NE subscripts. The rewrite rule usea
SUPERSUB apd the cperator PWREUP which presarves the priginal tres by
pernoving the exponent from the SUPERSUR level dusiag the dimension passe

and using it for its second argansent,
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For sxample:

(PWE [MAM X1 X2 MIL) X3 NIL = (PWRUP |SUPERSUE ¥3 NIL HIL

X1 X2 NILIMIL: H1L).
Heta that this combination of levels must be handled carefully if one deaicea
L use 4 scheme where duplickts subsxpressions are rewritten and dinessisned
only once.

e.  Concatonation with infix ayembols

Thie form has twe pessible spatial repeesentations, 17 it is too wide
for one lne, then some of the arguments can be placed on additional lines,
In order vo choase the correct form the arguenents must be reweittes wnd
dimensioned and the available line widih must be known,  The arguments
and symbols are concatenated horizontally until & line is filled, Successive
lines are then concatenated vertically.

In the case A # - B the connecting symbol + can be omitted.

Similarly one might wast to write A€ B, bat A(B+Ch, emitting the ¥
when the parenthescs semeve the ambiguity. O the sther hand, whken the
expression is contlowed on the mext line one woitld still wrike:

simec) " Ay

. This problom is resolved by asscciating with sach
comnectipng symubol lists of those operators which cause it to be dupprasaed,
There 18 & list of those operators which suppress it from the left, and a
Ligt of those operators which suppress it frorn the right, In addition

thers is a list of aperaters which replace the connecting symbal whes o naw
line in started. Before an argument is rewritten snd dimensioned its enain

aperator 13 checked against the abowe liste so that the comnecting aymbol may

be omitted if necessary.
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£, Title

The title aperator takes as arguments an expression and its pame,
The nasme §a rewritten, dimensionsd, and pesitioned oa the left edge of
the display; the expression must then §it inio the reraining space
g. Hybrid

Some operalard ave aimply combinations of the stherd.

In conclusion, rewriting ls comtralled by the available space, the
Lype of cperator, and the size and type of its argunents.  The form is
dependent on the dimenslons only if line width &4 applied as a constraind
Dimensions

The dimension pass stasis st the ends of the branchees of the intarnal
bren smd works towards the base, AL the ends of the branches are the
indiwidoal variable names, These are sither the sames of special charasters
such am 8, ar o aeguence of characters Lo be displayed by the character
generator,  The names of special charscters ace marked with a flag
and hawe theic dirsensions associated with them,  The width of sequences
of generated characters must be computed uskng their size and the fact that
in the SAL language used for display ¥ and = are mapped inta characles
generator case shifis apd [ is uweed as a guote character, and alae the
fact that warme peacrated characters arg non-Spacing.

Five dirmension functions most be written for each form. There ara
functicns for the width, height, dopth, aymbols, apd arguments.  Tha
campilec uaes these functions to put the dirmenszons of each picture part

om its property list. The thres functlons for the widlk, helght, and depth
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have & list of the dimensioned arguments of the form as input. They
use helpbog funclions to selrieve the dimeonsions feom the PEEoparty lata
of the arguments. The position of an argument ¢r aymbol i2 spocifisd
by the ccardinates of tha lower left hand corner of the rectangle containing
it.  The function for the argumeats hae as valus an Srexpression of the
dorm (83, A ¥, ---HX .{':..'!l'n] where 8, .E..'!fl is the posttion of the it%
argumant with respact to the lower left hasd corner of the circumscribad
rectangle.  The fwnection for the symbals bas as cubpuat an S-expression
of the form (£ X} AY) NAME) 5| W) --c A, O NAME 8, W)
wihere the i“' symbol which is added to the dis play by this [oFra has name
HAME,, size 5;, width W;, and relative pasition ENX; ANY,. The functions
far the symbele and arguments have as input the width, height, and deptis,
o well as & list of the dirmengioned arguments. Tha computation of the
dimensiona and relative positions by independent unclions breaks down
when aymbols such as parentheses must be chosen, as it La nat desiralbin
to repeat this choice for each af the five funclions., To aalve this preklem
# mechanism in set up by which the width function, which is execubsd first,
THN CcOmmunicate ite choice to the others,

Each of the fovma currently in the system is pictured in the following
ligures. Dotted lnes have been drawn 80 indicate how Phe arguments and
center lines are placed. [t might be well to note that the human wye is

Eensitive to even the smallest misalignrments,
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Cutput ta the Display

The LISF picture compilas Program runs in Praject MAC time sharing.
Aftar an expresaion has been disnensioned, the campiler autpute
dageription of the picture to be displaved over the dataphone to PIP-6 LISE.
Tha picture is displayed on the PDP-§ socope using the SAL and MACROSAL
languages. Each expressian picture is st up as a single MACROSAL
whject with the picture tree marked by Left and right Fasudn-pareathe ges,
The compiler starts at the base of tha tree and goas out the branches, taking
them in left to right ardsr.  The compiler sende sach symbal ta the display
Wp it e encountered,  [f twe successive @ymbals are not adjacent, then
the compiler links them with a non=didplaying relative veactor. Whenover
the compiler encounters a new node of the intermal tres i follown the last
symbel pent with o loft pseuwdo-parenthesis.  Aller the compiler has
linighed this node and all branches extending feem it the carrasponding sight
paeudo-parenthesis is sent.  This informatios is also sent te the disk so

that the ploture can be recorstructed without boing recompiled.
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Exarnple

The follewing Hgure is & photograph of twe displayed sxpressions,
The asurce expressian for E] is:
(EQRIEWENAM (HE OMEGA NILIMILMA NI
[BLE[PEDFPED 2 TL{FWR PL -] MILIMILY
[PROELOG OMEGA MIL) (PWRIPLS 44§ MIL)- | MELJNILIHIL]
(FREDIPRD 2 &4 ORMEGA (FWR F1 -1 MIL} (PWERELOG OMEGA MILY {PRD -1 FA
HILIMILAMILY
(ITG &7 O PY (PROMAM WTHETA T NILINIL)

(MAMIFLS #A -1 NIL) (M{PRD OMEGA T MILIMILIHILHI LN LM LM LML

The scurce sxproasica for E2 is:

{OISUM WPRD RHN{PWER 2 -1 MILJNIL)

(PLS AN -2 MIL) (PRIJABS(MAM{PLS #V | NIL)E NILINIL)
(PEDIPLS{PRD{PLS 4M{PRD -1 ¥V MILIMIL)

(PLEMAMIPLS TM{FRD -1 ¥ MI1L)-L MIL}P MIL)

[FRD -IHAMIFLS #H(PRD -1 ¥ MILE-2 NILIF HMILJHILNILI
HIL] [HAMIPLS #M{FED -1 # MIL) =2 NILJF NILIHLL)
(RLOGIPLE #Y 2 MILIMIL) (HAM(PLS #V 1 NIL

THETA NIL} (PWR{PLS # | MIL}-2 NIL|

[PWR{FLE {PFRD -1 4% NI LI L} -1 MILIN LN LM LML)
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Conclusion

One muasuce of program complexity in the extent and predictability
of the combinations of independent parts of the input data which must be
masds in order to determine the flow of prageam control,  In this respsct
the display of mathematical expressions seems Lo le midway in difficalty
between the display of lines of English text and the display of arbiteasy
grapha. In the display of Engliah text, the data is organized in & steing,
the enly glabal property required is a character count.  Hyphenation
Aecigions ase baged oa the word at the end af the line. O the other hand,
the display of graphs seems o require the simullaneous pesitloning of
several nodes, snd might require a charactor algebra o an lterative approach,
[n the display of mathematical expressions, decisions can be made at each
node of the sxprossisn teee, based on informaticn callected {rorm above and
below. The central importance of this troe atructure makes LISP a

convenient lanpuape lop the program.



Chapter X

LINEAR INFUT OF MATHEMATICAL FXPRESSIONS

E.W. Floyd describes an algorithm for parsing a language with a
precedonce grammar.  Flowd defines an aporator Brammar aw one with
na productions containing adjacent non-terminal symbels, A precedencs
prammar is then an oporator gramemar in which given two ordered tarminal
#ymbals, cne cither appears befora, at the same time, or after the sther,
in all series of praductions leading to a string in the languags. Tha
productions shawn in Figure | will, with three excaptions, produce Lhe
desired ingput alrings as a subset of all the strings which they producse,

With the exception of N, which stands for any digit, and L, which stands
for any letter of the alphabet, the letlers are the nen-terminal symbals,
The initlal pon-terminal symbol 38 ¥, The peoductions L0, 12, 29 and 42
all represent clasaes of productions formed by taking any numbar of 5's
or P's, sepirated by commas,

To werify that thesas productions farm s precedencs grammar, the talle
shown in Figure 2 is formed.  Far any two terminal symbols T, and T,
Tyis .4, ar = Ty, if it appears before, after, of at the same time an
TE in a deries of productions leading ko a string of torminal characters,
and in which T and TE are at some paint in the secies, sither adjacent ar
acparated only by non-terminal characters., Flopd piven 5 systematic way of
checking & proposed set of productlons far these relaticns. In Figure z it
can be sean thet only one of these relations kalds for cack cedered pair of

ZZ5
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terminal symbala, and so the preductions do form & precedence grammar and
& steing lormed by thess productions can be parsed using Floyd®s algorithm.
These producticns produce strings which ditfer from the strings to be
input in three ways, and g the input strings rmest be preprocessod. Lo
the input sLeings, the unary minua ls written the aime as the bimury one,
the Preprocessor Tecognizes it by the immediataly preceding loft paresthesis
and change# it te theta, in order to conform with productions doand 43 Sirndkarhy,
the quotes, ', which precede a loft patenthesin are changed to doubls quotes,
to apres with productions 3, 7, 42,43 and 24, Finally the string !B, N typed at
the PDP-& is changed ta BIN by the PDP-6 as it plcks up the aubexpression
address intoger M from displayed expression B,
Ta the paraing algorithm muaat be added a deacription of how meaning

im assigmed to the pacdcd tu:preus:i:.!n. As the input steing Ls parsed, the note-
torminal symbol on the left side of each preduction discovared is represuntad
by the LISF expression which is the meaning of that productizn. For
example ¥ 4 ¥ would be ddentified as an instance of production 13 and
changed to (PL3 X ¥1.  The steps in parsing X + C® D woald bia:

oA S ]

X + {FRD C D)

(FLA ¥ {FRD C D) 1.
The [unction which feemms the LISP sxpeession associated with each produs-
tion i= found on the property liat of the left mest tesminal symbel of the
right side of the productlon. Sematimes, the same terminal aymbol L3

feft-most in aeveral productions, but the production Lo which the symbol linx



can then be detsrmined from the ather termisal aymbals in the praduction
or the tatal pumber of symbela in it.  Productions 33 through 41 are
tested for separately, &0 that o function will not have to be placed on the
property list of each lettar and diglt.  The method of as BIENING Mmeaning Lo
thede productions ie alse differsat, lor they must be transformed Late LISP
atoone and nurmbers.  Corresponding to the meaning aasignments aee the
rules:
L -+ {ATOM L}
M o (ATOM M)
LiATOM..,)] = (ATOM L.._.1
MEATOM. .} » (ATOMM..,. .}
Then, o post-processing functlon is applied to the final parsed exprassion
and the subuxproasions starting with ATOM ara replaced by the LISP atorm
oF nukeber made from the characters in the subexpression. The Femaining
mieaning asalgnments &re shown i Figars 3,

A flow chart of Floyd's parsing algorithm is shown in Flgure 4. This
chapter will ba concloded with & description of the LISE pragram to perlorm
this algarithm. The top level function APARSE accepts thae list of lnput
sytobels, which is in reverse order, reverans it, and Bivea il o APARSE]
for the prepracessing stop. - APARSE then parses this prepracessed steing,
using the FROG variables U, ¥V, P, R, aml 5 for tempoEary resalts. U
ie the liat of symbols to be parsed.  The answer is buallt up en P, MIL ia
usgied for the left aml right erd teemingl symbol.  In krief, terminal symbals

on P are combined fate phrases, l.&. son-terminal symbals, and these
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phrases are cambined with othee rerminal syrnbals into largsr phrases

until there is only cne phrass, the result, betwesn the two terminal NlL's.
The first step is to put the right tereninal NIL on . Then, the paxt aymbol,
R, i= taken feom the input lst U, When U s empty, the beft berminal MN1L

i taken. The mest sbep is to look down the list of phrases and terminal
pymbols on P, calling the terminal aymbol under conaideration 5, watll one

i found with higher precedence than B, This means that 3 belongs Lo a
ponsterminal gphrase which came down after the phrass containing B, Conlrel
is sent to B, where all terminal symbols in this phrase which have equal
precedence with 5, and the intervenlsg phrasos aes determinesd, ‘Those
pymbols and phrases are placed on ¥, where they are combined inte a phrase
by & [unctbon asscciated with 5. Thia phrass o places its parts on F and

the comparison of aymbols on P owith B is resomed. U % i3 nat greater than
R, then 2 chock in made to soe if R is HIL, in which case the process ls
complete.  1f B ois aot HIL, then B is added to F and cantrol goss to A,

whare & new input Aymbol B is taken and the old R becomes 8, #ince it is now
at the feont of B, Whan thls process is [aishbed, the final phrase ia sperabed
on by AFPARSEZ which combines the ATOM phrases inla LISF atoms fand
pumbers, Dosceiption of APARSEZ will be deferred antil the [unctions which
create the phrases have been desscibed. Ap ptated above, a function is
asaociated with vach terminal symboel.  Humbers, POINT, ared Hlerals uss
the function PFNS, If the number o Lteral has oo phrase immesliately to

iva eight, then the structuro [ATOM M) is created by FFN5. Otherwise

the phrase will be of this form and the new symbal is added Lo i,

(M (ATOM X ... } bacomes (ATOM N X ...} Most of the other
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opuriters uss the function DPFN which ¢reables & binary prefix structure
frizm & hinary infix one. (X, op, Y} becomes lap X ¥}, The EXCEplinag
are [X MEG Y] which becornes [PLS X [FED -1 ¥) ], (X LBE ¥, =, ... RRE)
which becomes (HAM ¥ Z ... X}, and LF. Far LP there are thres casea,
(LP THETA X} becomes (FRD -1Xh.  ( {ATOM ...l LP X, ¥....EP)
becomes { (ATOM. .1 X ¥ ...} Finally, the subscripted fusction caas,
[AMAM .. FI LP X, ¥ ... B8P} becomas (NAM ... {(FX ¥ ...} b The
function PEFNL i# used to remove the commas in case two, and the [enction
PFM2 i vaed ta remove the commas in sass thres, placing the function
strpcture at the end as the NAK bady.

Im conclusion, APARSEZ will ke described, APARSEZ lacks far the
structures (ATOM A ., , ) which it changes into a LISP nurmbar if the firast
character /A is &n integer or a LISP atom i A i & literal. Literal atoms
are farmad by PFME which uses the LISF character handling functiona,
Mumbsare are formed by PFM4, the aambker iz built up as the firat momber
of the list of digits, the second member being combined with it gngil all
digits hawe beesn used or until POINT is reacked, indicating Lthat the number
iz floating point. Tha digits to the right of POINT are combined into a

floating point fracticn by FFHN41 and then added to the integer part,
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Precedence Table for the Grammar
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2 Xe ¥ ) (EASSIGN X Y )

3,7, 24 nx) —— {(EQUOTE X)

5 X=Y = (EQN X ¥}

1 (X, ¥} — (ESET X ¥)

11 Hi{¥D - (X ¥}

12 X{¥, Z) - Xy Z)

i3 X+ Y — {PLS X ¥

14 X-¥ = {FLS X (FRD -1 ¥} ]

17 X*y — (PRI X ¥)

18 XY — [PRD X {FWR ¥ -1))

20 (&= — (PED -1 X}

A HT 1 — (FWR H 1)

25 (X) - X

L7 X1y — (PFORMBEAD X ¥

27 x Lyl -t IMAM ¥ X)

28 x (¥, # - (MAM ¥ Z X)

£l -1 — [EQUOGTE X

42 "E, Y —* (EQUOTE (ESET X Y} )

43 @ X) —_ (EQUOTE {PRD -1 X))
Fig. 3

Assignment of Meaning to the Productions
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Chapter X1

TWO DIMENSIONAL INFUT OF MATHEMATICAL EXPRESSIONS

in the preceding chapter, a mathematical expression rupresentod in
list structures fores was changed into a fext book style expression through
the application of a series of rules.  First, the cedes of arguments was
resrranged and prefiz cperators became infix operatars. Then, the
expression was cxpressed in terms of two dirmensional ferems.  Finally,
the exact wize and position of these formes and thelr corresponding symbals
was determined, [6 this chapler, a method by which this proceds cowld
bo reversed will be suggested. Coanditions ander whick the size and peEirion
of individual symbols ¢an be wsed bo parae an array ol aymbols will be ghven.

Eleree {4) has devolaped a special typewriter which allows the carriage
to be epaced up and down aa well as left and sight. Charastars typed on
this machine are placed in & two dirmensional aFray in cors MEmOEY.
Elerer has an algorithm for tranalating this array loto s linzar string. [&
would slea be possible ta generate characters on the display face. Teitlaman
{l} ks demonstrated & program which secogulzes indiwidual hand printed
characters, This pragram could be used to recognize a string of printed
charpobers by arsuming that all averlapping strokss ferm a siogle character.
The program would rernaln several steokes behind the user, aspsuming That
no character has moge than say five atrokes and that all of the strokes [or
& given character ave made in poquence. Characters coaslsting of
digcopmected parts will be paraod topether Lo the parking program,
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Whon the character is recognized, it will be replaced by a atandard
character in one of several wiandard sizes and mowed inta Ehe nearest call
of an array on the display face., The user can erasc and correct any false
characters, The order in which the characters are gonmerated can he
saved as an heuristic aid in paraing. The characters are positioned in

3 matrix on the display face for two reascns,  Positions such as A5 must
be interpreted either as AB or .H.B. the wpor can correct a false isterpretation
before parsing beging, farthermore, if characters are allowed to have any
coordinates on the scope face, then the pireing program is given redundant
information, The parsing program would have to consider many character
positions ge oquivalent.  This means that it does nat have the poasibility
of teseninating 2 steing by finding no characier in a given positien.

The first step in parsing bs to trensform the two dimensianal array of
characters lete a ane dimenalonal string. Tao do this, infermation about the
ralative positions of the characters meat be uaed, Sknce adjacent charpcbers
are often grouped togetber, it is =fficient to poet the characters late a8 bwo
dirnensional array, Klerer wses an array with ame cell for every possible
typearriter position,  Anothes possibility is to use a list alructyre ATTaAY,
with the coordinates of each character as its proporties.  This woald
take less storage if Klerer's array is nearly empty. To get the characters
into 8 one dimensional string, it is nocessary to map groups of characters
with & given vertical relatlionship into 2 given harizgantal relationship,

For instance, the characters comprliing the numerater of & divigien aill

secur before thy characters comprising the denomisatar, Klerer identifies
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theae groups of characters in expressions containing subscripl, superscrips,
and binding symbol forms by imposlng some constrainks. Firat, the
aymbols which lie in a glven ares with resprsl taa binding symbal are
talies to comprige an argament of that symbal,  For exam plo, Lhe aymbols
in the pumerator of a division mest lie over the division bar., Secosd, the
allowsd pesition of input &ymbols is sonstralned so that a top to bottam,
left to right acan will encoanter the aymhbola is o carmanical order, so
that every binding symbal can b foud befors the symhbols in ita arguments.
Finally, superscripis sodl subscripts must ocour in & given position witk
peapoct Lo the base, amd cccur on the right only, so that the base will T
scanned [irat by the left Lo eight scam.
Thise are not vory severe constraints; but it would be possible ta pelax
ath+te

them sa that the case d could be handled, To do this, nofe that
the forms can be ordored:

CORCAT

SuUpsuUa

LY COMCAT

WOONHCAT

BINDING 5¥MBOL

TITLE
In addition, the binding symmbels can ke pariially grdered. For example, if
two division bars ccoupy the same horizontal apace, the lopger dominates
the amaller. Once thiz iz aceomplished the ane dimensicnal string is foremed.

First, all symbols related by CONCAT are found and replaced by a siring with
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the corresponding position amd dimensions.  The position and dimensions are
faund from the definitian of the CONGAT form in the last chapter. Mext,
all SUPSUBR's are formad in the same way., [f no SUPSULIs ase faund

thon all LVCOMCAT'S are formed.  Howewer, if some SUPSUB'G aep found,
thin CONCAT's are considered again, In this eranner, sach highes Loval
[oprem iz considered.  When binding symbols are considered, the locen far
#ach lowest ranking member in sach group of ardeced binding ayerbels in
senstructed.  This process is continued until all the symbols have been
converted into ene linear string.  Any loerm which can be defined for tie
previcus chapter can be treated in this manmee.  OF courss size Must be
used Lo distinguish Ltrom p B,  Context dependent forme, howewer, cannmt

be handled. For exampls, i.n[

b:I the a and b would not be recognized Lo

be in the VOONCAT relationship unless the vertical separation was near
that specified in the last chapter.  Howewsr, this relationship is implied
by the largs pareothesecs.

As seatod, the above parsing wcheme could be quite inefficlent, sinca
soeme feerme might be considersad svveral times belers they were comlbined.
It should be possible, however, to consider the expression in a systermatic
wiry, loellowing the tres structurs in moet cases.

Orce the expression has bees converted to 2 lneas st ring, it can be
paraed by the algorithm given carlier for the typewrites,

Rabert Anderson at Harvard is working on both & farmal definition of the
twa ditnensional syntax and a parsing scheme.  He has independentiy
suggested idoas similar to thase in this chagter which he hopes to carry much

[arther.




Chapter %11

THE SYSTER PROGLARS

Thres system programs wore constructed as & bapis for the mathematicsl
laboratory: Time Sharing LIS, the POF-4 LISF dataphane link, aed the
POP-4 LISP display linguage.  The developrment of these aystoms reguired
an additlonal expenditurs of programming effert and thelr wse in Lhe linished
aystem results io pome loas in both space and apeed. Therefors, the
description of theas aystems in the following chapters will be intraduced by
a discussicn af the purposs they sorva in the research and saee of the
tactors which guided the many decisions, large and small, required for their
canatruction,

In beizf, the purpsse of programming rescarch ia to ipvestigate the
gtructure and behavior of cemplex aysterms, Legitimate results of this
research are worklng programs which demonstrate the realization of
certain lovels of techsology in a given area, oF program concepts which
have been found ussiul for system description or for programming certain
praceEses.

In practice, the development of warking programs hag adten hinged
Largely on whether sulficlent high calibre elfort, properly erganized, could
be expendod, rather tham on the discovery of major ideas, System programs
allow workera in related areas ba help sach other by woesking together ta
dyvelop a system which will be used by all, Working alons results not

aily in the duplicatios of effort in writing programs to perform certaln bamic

34
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functions, but results in o myriad of programs which are completuly
incompatable because of nurmeraus trivial diffesencos, Voluntary
collaboration may be initlated Loy writing a syatem program and eifering

it to the public, If this is dame, then it is accossary to give the public

what it wants, This i& Borme ouat by the accoptance of theas =yetsms to daks,
The potential users of time-sharing LISP had geals similar to the writer,
The system had anly one objestionable new fzature, the method of writing
tiles, while providing many new conveniences, Several paaple contributed
additiopal improvermsents and after twe yoars Moses and Fenichel rewests

it completely to form an excellent ayatem which was used in this thasis.
Three prople hava used the dataphone program; they felt the LISE syatem
tack up too much space in the POP-&, so they expended considerable effart
o provide 2 sew environment for the program and then never did anything
with ik,  They sever gat arcund to kmproving the reliability of the data-
pheme pragram, which would have benefitied the awthor. Occasional male
function of the dataphane program reduced acceptanee by patentlal casusl
users. Acceptance of the display Languwage at Project MAC amonrg the more
recredtiokal programmers wad relarded when a version of PDE-b LIGP
with many amall improvements supsroeded the version in which the display
lamguage wis originally imbedded, Mot enough core was taken in clea rly
dulinsating the steps required to move the embedded lasguage to 3 new
vorsion.  Alsa, some of the comventions, although ueeful, were too
controverslal.  Considerable bateredl his been shown by owners of other

POF-6 machines, who would like some dis play facility. Also, the
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embadiding of [-0 roctines o LISP has becorme mare popular.

Syatem pragrams can alse bo an aid to the individieal programmer,
Impartant regearch programs can take a long time to cansiract. Thi=
Ipads programmers to plan far mors thas they can sccomplish, to da wirk
whick has an incorrect emphasis in the light of the state of the art when
the work is finished, asd to lose tisne moving from ene machine to
soother. [ 2 programmer builds o gysbem program a8 hie builds his
basic rautines, then he is leas Ukely fo malke the careless dociaions which
leave hirm inllesible with seapect to the abave dillicelties,  The important
thing is not to usdertake much more work beciude you ars buikding &
system, but te do what you dm in a (orm saifable for a pablic system.

System programs are also ueeful in the discovery aml COIMITEmiCaticm
of important concopts, e kis recent thesis, Teltelman describes the
PILOT syatem, which lets the programmer alter the effect of his procedures
by inserting meatheds for handling speclal cazes which avise as the pragram
is ased. In handling sach case separately, the programmer must be
careful, or ke will acglect to search for a general concept which will
appropriately desceibe all of the cases and which can be cornmunicated o
athers. A progeamming language is 3 good mathed of communicaling the

many uselel ideas nesded Lo teeat & new problom area,



Chagter XTII

FDP-& LISP INPUT-OUTPUT FOR THE DATAPHONE

Thls chapter describaa the POF-6 LISP interface with the routins
whlch serds dnd secaiven characters over the dataphone.

Tke dataphone aperates in sequence break mode, regqueating service
cach millideccarsd, 1t must be turned on and off with the LISP function EE:
kowewer, when it {8 running, input and cutpat to it 2ee hasdled in the same
manner as to the teletype, papar taps reader;, and paper tape punch. The

dataphone is controlled by the control charactarn:

A Werite an dataphone.

c Do nat write on dataphone.
= Read from dataphone.

I-H Do not read from dataphane,

Cantral characters can be typed from the teletvpe ar executed with the
function fia._r. Bince CTSE truncates linea lemger than 72 characters,

4 carrlage return is lneerted whanaver 72 characters have been culpst

to the dataphore sisce the last carriage return.  [f the user sends tha
ABCIL character % through the dataphone prograns, it will e sent as the
CTEE gquit charactes, similarzly ASCI & is interpreied as the CTES interoapt
character, There avre several LIS functions written in machine lasguags
which are aseful for dataphone programeaing:

dp (=} If = 18 WL the dataphone is turned off;

ctharwi=e it 18 turned o and ipitialized,
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dpd (x} Thie value of dpd (x} is a flag for
characters in the dataphone input baffer.
If = is MIL, dpd returns HIL if there are
na characters; otherwlse, it walts until
pome arsive. Whes chavacters are
receivad thiz function returnd a Lliat of
the mode of the characters and the nember
af charactera. The maode is & namber
dutprmined by the sender. Characters
=ent fromn CTES in the same manner as ta

A normal coneole ore agaigaed mode L.

ttyd | B Feturng the number of charactara in the
teletype lnpat buffer or NIL if there are

Eital 1

cehar (3] Exemcutes the lower case ASCI charactsr

x as & contral character.

To establish communicatien with CTSS, turn on the dataphons by
emecuting dp (T).  Then executs ctas [ ] amd type 5 followed by a space,
The teletype can sow be ased as a CTES conasle,  Several waeliul features

af the LISF functions ciss . dpwrite, and dpread ace described boelow.

LISP axprassions for these functions are At the amd of the chapler.
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dpread | } This function walts wntil thers is input
Irom the datapkone. It then prints the
characters on the teletype ane by ang,
If it receives ¥, it does not pring thia,
fat inatead svaluates the S-expresaion

which follows,

dpwrite {x;v) dpwrlte takea two formas of input,  If
¥ i3 NIL dpwrits assumes that x is
a li=t af atome and sends over the data-
phane the characters in the PHAMES of
thess atome, with a space between
pach PHAME. Otherwiae it somds x

A ai S-expFednian.

ctas { ) ctes allows the user to operate the
POFP-& ag & CTSS congale. Thers are D
modes)  lecal and send,  ct=zs is initlally
in local mcde.  In this mode it accepts
S-enpresslons far eval but watches lor
the aingle atom S-cxpressions 5, STOP,
and L. If it finde 5 it gows inta send mode,
[{ it finda STOP it terrminales returning MIL.
If it fimds L it sends over the dataphone the

two S-expressions which are typed nest,



but staya in local mods.

Ir sand pnode b sends claracters ons
by ami while watching for & and §.

@ returns it ta lacal made, I it aees

# it sends the evalustion of the 5-
wxpression wiich follows and then typas
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[DEFLIET { (LTSS [LAMEBDA NIL (PROG (U V] & (COND | (TTYD NIL) (G0

Bp ) | [DFD MIL} (DFREAD) ) ) (G0 A) B SETQ U (READ) | [TERPRI] |COMD

{ (EQUAL U [QUOTE 5] | (G2 C) 1 { { EQUAL U {QUOTE STOP] | (RETUEN MIL)
{ [EQUAL U PQUGTE Lp ) {PROG2 (DFWRITE (READ] T) {DPWRITE (READ)

THY AT (FRINT [EVAL U NIL) } } ) E [TERPEI) (GO A) C (COND ({ { DD NIL)
IDPREAD) ] [ (TTYD NILY (G0 D) 5 ) G0 €1 D (SETS U (READCH] | [COND
f{EQUAL Ug b (GO E] | ( (EQUAL U §) {50 G) ) ) {CCHAR (QUOTE A))

(CCHAR IQUOTE W) § (FRINI UF (CCHAR (QUOTE C) ) (CCHAR (QUOTE ¥} )

(G0 O G OOFPWRITE (EVAL (READ) (COR ALIST) ) T1 [PRIML B} 0G0 C1 0 b0
EXEPR)

(DEFLIST | [DFWRITE (LAMBDA (X ¥) (FROG (U {CCHAR (QUOTE A) ) [CGHAR
(QUOSTE W1 (COND (Y (GO C) ]} ISETD U X A (COMD [ (MULL U) (GO R 1))
(FRINI {CAR U} ) {PRIMNL BLANE) {(SETG U (CDR U) ] [5G0 A} © ({PRINT X)

B (TERFPRL) (CCHAR (QUOTE C} ) (CCHAR {QUOTE wi ) [RETURN MILI 1))
EXFR})

IDEFLIST { {DPREAD {LAMBDA NIL [FR3G U V) (SETG U (DFD T) 1 (CCHAR
{QUOTE O | & SETG U [CADR Ul | B (COND ( (ZEROP NGO S 1) ) ISETG W
{READCE] | (COHD § [EQUAL W 5] G0 D)) ) [(PRINE V] BETQ U (PLUS U
GRTLSATETIS) § (GO B) D (TERPRI}) (EVAL [READ) MIL} C |{CCHAR (QUOTE E) ]
{RETIDREM MIL) 1} ) ) EXFE]



Chapter X1V

FDP-& LIEP INPUT-OUTPUT FOR THE DISFLAY

A Byaters for Display Language Construstion

The system provides a language macrosal for the generatian of
picture parts called chjocts, An abject can be any combination of points,
limes and characters, An objecl is pessteated by calling the fonction
racrosal |-]~I',ql.-:|}:; DEEERIF‘IID}{I, described in the ascond secticn, Tha
paost common way to describe an shject s to catablish a get point.  The
set print is established utilizing FARAMETER, LOCY, apd LOWCK state-
ments.  The exact format of these statements 1s discussesd balow, An
abject descriphion is terminated with o STOP statement, O MAME ia T,
the current description will be appmded to the description of the last
shject gencrated.  The first example, disp, generates a lavge object Lo
this mannar.

That uaes communlcates with a display through a Light pen. A8 the
iight pon swesps aoross the acrecn, its trajectory can be used in many
different ways. For exampli, it may be wsed to determine o poiok, & sat
af points, of a Une. O if & subpart of the display has been defined as o
aliject, the trajectory may be sifnply intevpreted as 2 pointer to this clkjest
ar a point on the objece, The LISP [unctions embedded in the display language
facilitate acquiring the data needed to make thess differsnt lavila of
intorprobalion.

Cive problem ln wtilizing the light pen ia to deterrnlne when it is near

the screcn and not just being meowed inta place, This is solved by wsing the

Ak



width of the lield of view of the pen ds medsused by 2 tracking crada.
Thia width decreases as the pen approaches the screen and a center dot
s displayed whenever the field of view is less than a certain prescribable
leratt.  This pen distance s available to LISP.

The appronch of the pen [0 an abject is coadidered significant, Juaal
haw clasge the pen muat coms befere being meticed i3 a program variable,
Its most recent pesifion within this distance is recorded; in addition, so
are the last 5 such positions, each at least a prescribed distance from the
preceding one.  This represents a crude way of gradually forgetting the
detatls of the past. It is also possible to get the curreat coordinates of the
pers, abtain a st of all objects currestly scen by the per, o Peport when
tha pen sees an objecl with & narme sther than a given nama, or o requice
an abject o mave with the pen.

Tha sxample functian akaleh ig & LISP function weing aeveral of theas
fpatures, The fosetion ades 4 dubPouline to didplay Gve dillasant light
bauttans. I the lght pen ls beld near ose of these bultone, the tracking
crogs will be centered about the point where the pen i secen.  The prograsm
intepprets polnting at these buttons to mean 1} deaw a line, 2] move a line,
3] delete a line, 4) suppress the cross amd 5] return confrol to the teletype,
T draw linea touch the first balton, & new line widll then be drawn wheneve e
tha pen lesves the zcreen aml then refurne, This process is terminsted
whenever the pen returne near one of the light buttons. Additional LISP

functicns could be written te expand skotch inte o program aimilar to SEETCH FAD,
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Meen one waikts to communicate to the Jdis play cerlain basic foarme
which are o b vaed in constructing largar unite, Thees inputs might bs
a pot of lottors which are to be pars=ed into a sentence; or they might be
a set of cirouit elements or music symbols.  In SKETCH PAD this s
dase by indicating the type of form and then moving the light pen so that
the parameters of the [orm, the eod pointe of a line segrment [or instance,
can be abatracted [eam the trajectory. Alternatively, one could abatraet
bath the typs and the parameters [rom the trajectory. The example program
argus uses a method developed by Teitelman which enables the user to
teach tle machine to replace 2 siegle line by a known form. A line isa
gingle movement {however complex) on the sueface of the display without
Liflamg the pen. Tha LISP dals slrecture ia convenient for storing propsrlies
of tha farme b ba reacopnized,

The parsing of very large displayed expressions, such as LISP
S-expressions for example, can be difficult for people. Furthermore,
there may be alternative parsings. People can be aided by intensifying,
upon Fequest, grammatical subespressions or subschjects contalming
referenced segrmenta or by providiog additiosal displays meaningfully related
ba the ficst display, These might ba cotated views of an abject or shiaded
akjecta, Further develepmaent of the gystem ia needed in this area,

It in tha task of the programemer L arganize & prograrm and dats base
in such a way that the most peeded inputs to 2 machine will kave short
reprosontations and the most noeded computations will be efficient. The

cwembinaterial aapacts are auch that thin must be done through a aerisa of
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lewele of concepts.  An important point is that it la sl poaaible ta complets
an wntire level at a time. The most useful concepla ab & given lovel only
become clear with the exploration of higher lévels, The exploration of
bigher levels without istermediate concepls iz, howewer, almost impossibly
tedious. It is importast in an experimantal situation to have a system whers
g cin make chingss o any desired depth and provide for the irreguelar
grawth arsd recrganization of the data base.

In the present display system, experimentation will prabably indicate
that new statements for macrosal are needed, or thil certain objeacts oooar
pa aften that more programmieg effart eculd well ko spent in generating
them efficiently. To provide for thess possibilitiss macrosal has been
programmed as a systactic extension of the poopo assombly language, sal.
Hal in 8 LISP function which creates objects froem lists of octsl numbers. It
in described in detail in part 1. Provision bas alse baen made for the
addition of machine language subroutines which alter the abjects as they
ara dinplayad, Furthermors, the system lg organized ao thal ne statements
niend be made aboat features of the display language which &re not nesded.

By embedding these display facilities in LISP cne makes available o
waalth of mechanisms whick have peowad gaefal in the analysis and generatian
of language ard in the developmenst of syatems which can be Increased

incrementally in complexity.
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Lenplementation

The use of LISP in thiz systscn has twe distinct disadvantages. First,
it ia not posslble to interrupt the LISTF syatem at any poiat in time aesd
imumediately employ tte full pewer, 1t may be in the midst of garbage
collection. Garbage collection with the curraat version of POP-6 LISF
reguires a noticable time, Second, the dats types ave teo Umited. It s
nat convenlent to set up the type of list stracters uded in SKETCH PAD, bat
thia cam be approdmated. A ssriogs prablim is the inability to set aside
blocks of registers to contain display insteuetions ard o store information
about light pen actlons.

Tao get around thess probloms & fixed bulfer of 2048 words has been
aut aside for desceiption of the display, Al communication betwesn LISP
and the display goes through this buffer, This buffer contales two kinds
af data steacturss; display lists and headers, One header la associabed
with cach display liat, which i=s & list of half word comemands for the d:ﬂ-plﬁ.}'.
The headers bulld dewn from the top of the buffer and the display lists bulld
wps froe the botbom.

During display an interrupt routing cycles through o dispatch table.
Mhispatches can socuy 00 2 pon brack routing, & roatine which displays the
conkanta of the display buffer, a line drawing reutine, and 4 routine which
torminabes the display.

The pen track routine displays a cross as was described carlier. In
A crils sffort to give the soutise eaough diaplay times sach cycle, it i= called

betwesn display of sach object in the display bulfer. Use of the cleck wouald
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s Baller,

The [ormal of the headers in the diaplay buffer is as follows;

MAME (Paintar to an &tam)

A = ON-OFF bit = (display last length pointer to start
of dieplay list
=1

E = Tracking Cross jump bit

Fan kil diatance Pen hit coant
Co= Mowe with pan biC
Subr addrens ARG
Mast eecant ¥ Moet recent X
¥ X
¥ *
K X
Y X
v ko
Figare | Header Format

Each display list has a name which is kept as the first ward of its
headsr. When an abject in referenced by a LISP function, the headers are
searched for one with the name mestioped.

The interrupt program cycles tnecugh the headars. I picks up a
polnter for a BLKO instruction [rom the right hall of the sscond ward of

wach header, This BLEO 18 terminated by a STOP instraction at the end of
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whch display liat.  If the subr address is not O, then the subr st this
addresa will be executed when the STOP {s reached.

If the light pes ks seen during display of some display list;, contral
poes lmmediately to an Leterrupt program. Several conditiopal branchings
can oocur within this program. The interrupt program first re-displays
the display list as a check against light pen noise.  If the pen is seen a
gecoead time the pen cross movable bit is checked. If this bit i= a 1 the
pes tracking cross is centered about the point where the light pen was seen
and the rest of the display lst is displayed. Otherwise, a check is made
te see if the center of the pen cross is within a specified minimum distance
of the point seen. I not, the display list is continued with the light pen
saenabled. If the pen is close enough, the coordicates of the paint seen
are atored in the fifth ward of the headsr. The last five words of the header
contain the coordinates of points seen by the pen in the past. Each of these
history polats §s at least 2 specified distance {rom the preceding one.

This distance is in the left half of the third word of the header, When a
new polnt 1 seen, it 1o added to the history points if it ie far enough away
Iram the one most recently stored or if there are mome. The nomber of
history polnts i kept in the right balf of the third word of the header. This
nurber can be set to gera by LISP. Whenever there are more than five
history points the oldest ome is lost.  After the point seen has bkeen
apprapriatsly stored, a chack in made to aea §f the abjact sheuld move with
tho pen, If kit C i= ael, & peinler o the diaplay bat §8 transmmitied b tha

pon track routinn, The diaplay list is then finiahed.
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Display Lists are put inta the buffer by the sal languags, [f a line

in to be drawn with the pen. A ael paint for the lec is ceeatod with the

#al language. Its display list is them incremented by the line deawing

reutins.  This iscrermenting is terminated when the pen leaves the screen.

Trigplay Hmctions

macrosal [x.'r] macrosal interprets its argaments and
ther calls &al on the result. X is the
fizsat argusnent for sal. ¥ ig a descripticn
af & digplay list for gal. ¥ im & liet of
listz, each of whick is & macro.  The
first word of each macra is an atom which
has ander the propearty MACROSAL a
functios of ¢ne argument.  macrosal
gets this function and applies it to the
remainder of the macro list. The reault
of this fusction is & list for sal beginning
and ending in mode 1. This list is prefaced
by two Entugars which give respectively
thi made that the display will end wp in
and the made I whick it eust bagin, if
it 33 to interpret this lisal correcily,
macrosal appesds the successive macro
nxpansions, using the prefacing integers

ta croate the proper linking of maodes,
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The [ollowing macre word formats
are im the syaterm:
[PARAMETER penesable scale intensity)
Mormally the first word in 2 set paink,
thla statement creales a pa.:arnete:r word.,
If penenable, =scile, aF latensity is ML,
the corresponding field of the parametsr
word i not enabled,
(LY n)

Creates a non-displaying ¥ poiat word
which aets the gcope ¥ ceordinate to n.
This ia sormally the second statement in
& mat point.

(LOCK al

Creates a non-displaying ¥ polat word
which sals the scope X ceardinate to N
This i aormally the third &nd lasr state-
ment in b @ab pobnat.

[T
Croales a parameter word with atap
snabled, Thia is normally the last

slatemaent in a display list,
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([ISTOF)

Creatos o parameter word with stop
enabled and a flag that the previcus word
has a breakaut bit, Tha ane of ISTOP is
explalned in the description of sal which
follows.

[LOEYD a)

Craates & displaying ¥ point word which
seta the display ¥ coordinates to B and
digplays a gusint,

[LOCED n)

Croates a displayving X point word which
seta the display X coordinate to 6 and
dizplay= a podint.

{LINE Xy ¥y --= X, ¥.b

Creates a sequence of mon-diaplaying
line segments {rom wvector words, The
display starts at the laat point displayed or
set by LOCH, LOCY, Each imcrament has
slza K=, L -Ka T=¥ 0, =Y,
{LIMED X, ¥} --- X, ¥ ]

Creates a line like LINE, but displaya
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[LONGLINE X ¥y X, ¥l

Creates a non=displaying vector
cantinse word. A line will be drawn from
thie current display coordinates to the adge
of the display. The slape of the lina iz
1¥, - ¥ X, - X)),
|LOMGLINED X ¥, :'|'.E T

Creates 2 line like LOMNGLINE, but
displays it.
[CHAR M) ----X_}

Craates & display of character made
words which are the PHAME's of the atoms

oo Mo spaces are inserted between the

i
PMHAME s,

X im tha narme of the display list to be
sroabed o T. £ X la T, then thiz list i=
appended 1o the last one created.  If the
previgua lisl smla in STOP {30 I:ll:":'a]. Ehe
STOP is removed. I 60 ends in ISTOP
|:-tl::-3|!:||,‘.-I]-!Clelp_I it met enly remaves this bt
meron the broakeut kit (40000040 in the
praviows hall word. Y i= a description of

the lEst to be created. Thers are two forems

far the slements of ¥ corresponding to two
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modes Ior the asssmbly function Bal.

The Tunction is initially in mode 1.

In mende | aal removes listo of atarma, two
at & time, from Y. Eachk atorm i a number
ar ia boand to one on the dotted pair liat

Z. For each pair of lists sal forms one
display half word instructien by shifting

the numbers on the second list the numbar
of plices specified by the corresponding
number on the {kret Let. When it sncounters
MiLion ¥, it goed inte made 2, In mode

2 ral takes numbers of non-numerical
atome one at a time {reem Y. Each namber
ie a display ball ward, If a noo-numerical
atom is encoustered, aal loaks at the
previous nurmber to see if it puts the display
into lncrement of characisr mode. I in
characier mi<le, sal assembles the FHAME
of the atarm as characters, 1f ie ircremant
mace, sal gets a list of full words off the
atagm"s property list with the iedicater SCHAR,
It assembles thess as lecrement made half
words. Consecutive non-numerical atoms

are assembled together in the same modi.
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Whitn &al finds MNI1L, it returns Lo mmoda L
Misda 1is more flexibles and mode 2 ia
mare ecsnarsleal. MIL i naot & legal

abject name.

HMore Functions
In the descriptien below 5 stands for the neme ol an cbject with a set

poiat. W stands for the name of an object with or withoul & aet polet.

ex [5] Raeturns the current x coordinatls af 5.
sy [5] Rabturns the current y coordinste of §,
smv [3] Makss abject 5 fallow the light pen whensver

S mees it. Ralurns 5.

sunmy [5] Megates amv, Raturns 5.
ampine [ Si%¥] Iscrements the set painl eoordinates of S

by X, ¥. Retarns S5,

acle [ ] Cleara the display buffer.  HAeturna MIL.

adlt [W] Dulotas chject W from the display baffer
and roturne 'W.

ptrk L}:ﬂ Starta the pen tracking cross at X, ¥ sand
returns ML

puntrkL 1 Stops the display of the pen track cross,
Raotarns MIL.

pr. ] Baturns the x coordinate of the pon-

pr L 9 Feturna the ¥ coordinats of the pan.



pichp L ]
urn[ _]

ELNEN [ ?

pldw [x;v ]

phele En'l':'l

ph [w]

phel [w;x)

phez |x]

3%

Feturns MIL if the pen ts far {raim the screen,
Starts the display butld wp in the buffer,
Diaplay will contipee until sunen [ 1 is
calliod,

Stopd the display and returns MIL,

T zae this commard, was macrosal to set
up & 2ot point at the current pen position
Tellownd by a pero length rolative line and
terminated with ISTOF, Then eall pldwe,
Increments of length a8 least ¥ and scale Y
will e added to this chject until the pen
leaves the screen, HReturns NIL.

Clears the pin approach history paints of
abject W and returns W,

Fetarne a ligt af the pen appeoach history
palits far chject W,

Sets Lo X the minimum distance between pens
appraach history polata [or abject W,

X ia an integer between 0 and 1034,

Sets te X the minlmws distance between pen
appreach bistory peints which is assumed for

aewly created objects.



El'ht3 [J‘:_-l

wint [W:¥]

REapy L‘A‘l, 'nlu'z]

plahl 1

CET 'i_"l'i"'.‘l"]

plhe (W]

ptehw L 7]

puntckw L ]

pip (W]

punjp w]

Zil

Sate to X the maxirmum distance on the
screen at which the pen can see an object.

% is an infeger Between U and 440,

Seta to ¥ the intensity of abject W. Heturns
W. W is an inteoger batween 0 and 7.
Coples object Wl and names the copy W,
Returns W1

Ratuens a list of all shjects currently being
secn by the pon.

Seta the scale of ohjost W o ¥, Returns W,
¥ is an integer botwssn O and X,

Returns the nzrme of the firet object other
than W scen by the pon.

Whaits until the pen in noar the screen and
then seturns N1L.

Waita until the pen iF oot noar the screen
and than retusas MIL.

If the tracking cross is not following the pen
and pip I|_"l'l"lh.iﬂ been execated, then when

the pon aees object W, the tracking cross
will e centered about the paint of W seen.
Returms W,

MWegates plp ard returns NlL.
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allne [EJ

saube [W:¥]

alee [w]

sadd [‘iu']

ol

Beturns the namas of the most secont object

to be seen by the pen or MIL il mane have

been duen since pohc was axecuted,

Sats the last abject scen by the pen to MIL,
Ruturns MIL.

Returns a list of the coordinates of the end
peints of the line asgments whick make up
ohisct 5.

Causes the subraustine beginning at lecation Y
to be executed sach time object W ias displayed.
Intensifies a subsxpression of objest W which
15 indicated by the light pen.  Sulexpressions
are marked in the abject by pasads parentheses
which are nat displayed. A pasads Left

paren is indicated by the paramoter word
600001, and a peoudo right paren by the
pararmetnr word G0000 g+
Caints the number of pesude left parens

te tha intenslfled subpart of W.
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{PRINDEF ISP MY EXPONI

(DEFLIST | | DISP (LAMBDA (H] {PROG [ VI(MACROSAL (OUOTE THEF)

JOUOTE { (PAEAMETER | £ 3) (LOCY 1) [LOCK |} (LMNEDR 0 0 0 0)

NSTORE) § b FSETO U [EXPAND M NIL} 1 A (COND | (WULL U [RETUREN HILS b b
[MACEOSAL T [LIST {COMD | (EQUAL (CAR ) (QUOTE U} | IQUOTE {LINED
004458 {EQUAL (CAR U (FUOGTE ) 1 {QUOTE |LIKED O 0 & TTI777377774) ) 1
[ [EQUAL (CAR U] {QUOTE L) |IQUOTE (LINED O B 777777779774 Q) |

(T (QUOTE {LIKED 09 4 0) ) } | IQUOTE [ISTOF) § )} ISETOG U (CIE U b

(3o A) ) ) 1) EXFRE)

(DEFLIST § (MY (LAMEBDA [X] {SOHD | {BQ ¥ (QUOTE U] ) (QUOTE D)}
{ (EGl X (QUOTE D) 1 QUOTE U ) (BQ X IQUOTE L) ) (@QUdTE B )
(T GIOTE Li 13 ) b BXPRE)

{PRINDEF EXPAND}

IDEFLIST { {EXPAND (LAMBDA (N EXP) (PROC (ABCDE b SETO EXP
OUOTE (U B D E) ) ) START (00MD { ( 2ZEROE N} (RETURN EXP )1 ) (SETO N
{PLAS M -1,0} | LOOPF [SETO A [CAT EXF) | {SETO EXF {COR EXP] ) SETOB
ICAR EXP ) [SETQ EXP (CDR EXF) ] (SETD C [CAR EXF) ) SETQ E
[MOCONC E(LIST B A (MY B} AABCE MV CI B CC{MY BICEBDI) )
[COMD [EXP (G0 LOOP) 1) (SETG EXF ) (SETG B MIL) (OO STARTH D)
EXFR)
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[FRINDEF SKETCH)

[DEFLIAT [ (SKETGCH [LAMBDN (N X1 {PROG {1 W1 {COMD {X (G0 A1) ) (PIP
[BUTTOH (QUSTE 51 1848 LTEd) | {PIF (BUTTON (QUOTE G} 388 17881 )

IPTF (BUTTON (QUOTE M) 588 17800 | (BUTTON (QUOTE B) 788 L7046}

{PIT (RUTTON [QUOTE BRI 1@ 178} | A (POHC) (SETQ W (PLHW MIL) |

B (COND [ [MEMBER W [DUOTE {D &) ) § (53 Ch b [ (BQUAL W [QUOTE 5) |
(G G ) [ IEQUAL W [QUOTE R) ) (G0 HY ) (EQUAL W [QUOTE P} ) (G0 1)
[ EQUAL U (QUCTE ) ) (350 B) ) { (EQUAL U {QUOTE D) ) (SDLT W11 )

100 A CHEDRLY U {SETO U W) (BUTTONGN W) {SETO W {PLHW W) ) [00 B)
E SMY W {PUNTCHW] {SUNMY W1 {G0 A} G (SDLT U] (BUTTONON W)
(BETS U Wi D {PUNTCHW) (PTCHW} ICORD [ (GREATERF [BY | L6RR] GO AL 1}
(LINEDRAW [GEMEYM] M 1) (GO IN M (SDLT U (RETURN WILI [ (5DLT 1)

BETG U W1 {BUTTOMON Wi [FUNTRE] GO A& ) ) ) EXPR)

{FRINDEF LIMNEDRAW BUTTON BUT TONON BUTTONONL)
{DEFLIET { (LINEDRAW {LAMBDA (NAME QUALITY SCALE) (PROG NILIETCHW)
EAL NAME [AFFEND (QUOTE { (8] (01 (F 41 1) {0085 [LIST 34114 SCALE)

[CONS [LIST &) (APFEND (CONS [LIST |PLUS 220888 {PY] ] ) {CONS

IGUOTE [8p} [LIST {LIST [PLUS LLEA38 (PX1 1) b } 1 IQUSTE { () (4 6 # ¢ 9}

(B (SR80 J 1100 ) MIL) (PLDW QUALITY SCALE) (RETURN NAME) ) } | | EXPER)

(DEFLIET { (BUTTOMN (LAMBINA (MAME X ) (SXYING {SAL NAME [QUOTE [ |
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BY (O (A (341040 (80 {22RBAR) (B} [LLERED ) (R) (2PRRLE)L (D) (3
BADBE] (1 (ZORELOY (B [GAADARY (O] {H08N) } ] BILL X YY) b} EXPR)

(PEFLIAT [ | BUTTOMNOM [LAMBDA (NAKME] IBUTTOMONL NAME (5X NAME} (8Y

HAME 11} )} EXPR]

IDEFLIST | (BUTTOMON] (LAMEBDA {MAME X Y1 (SXYINC |SAL NAME (QUOTE
{ (BT (BY (B0 (3ALLAY () (220AEB) [B) [LLABGA) (05 (VEsRIA] (6]

(3887} 1 1 MIL) X YY1 1) EXPR)
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(PRINDEF ARGUS MANSTRING MARSTRIMG] MAKSTRING 2

MABSTRING 3}

DEFLIST { (ARGUS |LAMBDA NIL {(PROG (U ¥V E Q MERGELIST HO) (SETC U
(LINEDRAW [QUOTE ARGUS) 2 1] ) (PUNTCH®) (SETG ¥ {MAKSTRING

ELINE U1} ) (SETO B (MAPZ ¥ ATREES (OUOTE GETC] ) ) (MAP2 AWEIGHTS 12
(FOMCTION {LAMBDA [WEIGHT LIST) [MAF LIST (FUMCTION |LAMBDA
(CAMDIDATE] (3ETO MERGELIST (MERGEY MERGELIST) ) b }1 1] ) (COMD

{ INULL MERGELIST) (GO A) ) } (SETQ NG (CDAR MERGELIST] ) (SETG G
[CAMAR MERGELIST) | (MAP MERGELIST (FUNCTION MERGEL) } A {SDLT U}
[MACROEAL (QIUICTE LAST) [LIST [QUMITE {PARAMETER 133§ § (LIST
[QUOTE LOCY) AYMIN} (LIST |QUOTE LOCK] AXMINM) (LIST |(COND | (GET O
QUDTE SCHEAR] | (QUOTE SCHAR] ) (TIQUOTE CHAR) ) | (COND { {MULL Q)
[QUOTE 71 10T O 1 ) (GUOTE ETOP) 1) ) (00D | [NOT (EFUAL AMODE
[QUOTE TRAIN) | } (RETUEH O | 1 {PRINT R) (S8ETG U (READ ) (COMD

[{MHOT (EQUAL G UY ) 5 B) § } [CSETO AWEIGHTS (MAP2 AWEIGHTS B
[FUMCTION (LAMBDA (X ¥} [COND | {MEMBER U Y] {PLUS X L} 14T %1100 4}
B {CSET{ ATREES (MAPZ ¥V ATREES |QUOTE PUTC] 1) (RETURN 11 1) ) } EXPR)

IDEFLIST [ IMAKETERIMNG [LAMBIN (LIMNE]) (PROG (U W RIM MAX V1 V2D
[MAESTRINGZ (EVERYOTHER LINE} ) (CEETD ANMIN MIN] sMAESTRINGZ
[EVERYOTHER |[CDR LINE) ) | {CSETO AYMIN MIN| (RETURNM Ui b1 1) EXPR)

|IDEFLIST [ (MAESTRINGL [LAMEDA [(X) {COND { (CREATER F |CAR X VI
|LIET MIL [MAKSTRIFGI X ML) ) ) (T [LIST {MAKSTHRINGS X MILIKILI 110 b}
EXPE}

{DEFLIST | {MAKSTRINGZ [LAMBDA (X} [FEDG NIL (SETS MIN] CAR X))
(SETE MAK [CAR X} ) {MAF X (QUOTE MINMAX] | (SETQ V (QUOTIENT (PLUS
MAN (BIMIIE BING b 5) b (SETO ¥ (PLUS MIN V) ) (SETD V2 (FLIUS VI
{QUOTIENT W &) | ] (SETO [ |APPEND (MARSTRINGL X1 U) } (SETOQ VI [FLAIS
VLW SETO V2 (PLUE V2 W] 1 SETS U |APPEND (MAKSTHINGL X) Uh }
(RETUHRN HIL1 1) ) ) EXPR)

(DEFLIST { (MAKSTRING? [LAMBDA |X LEFT) (GOND [ {MULL X1 1) { [OR

AMD LEFT |[GREATERP [CAR X) ¥2} } {AMD [NOT LEFT) {GREATERPF VI

(CAR X) b b {PLUS | (MARSTRING] (CDR X1 {NULL LEFT} 1) ) (T MAEST RINGS
(COE X) LEFTI B b} ) EXPR)
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{FAINDEYF BAFP MAFZ SUBL EVERYOTHER MINMAX MERGE]
IMERGES GETC PUTL]
[DEFLIST [ (MAP (LAMBDA (3 FN} {COND | {MUL X} NIL) T {CONS (FM
[CAR X} 1 {MAP [CDRE Xy ENIT DD} ] EXFE]

[CGEFLIST | [MAFZ |LAMBDA (X ¢ GNp (COMD [ {NULL X} NIL) [T {CONS
[FM (CAR X) (CAR ¥) § [MAFE [CDE Kp (CDI Y FNI ) 3| EXFR]

[DEFLIST [ (SUB] {LAMEDRA {X) (PLUE 6ATLIATETIEE X) | | | EXFPE}

[BEFLIAT { [EVERYOTHER |[LAMBDA (K1 {COND | {OR (NULL (CDE X) )
(HULL [CODE X} |1 (LIST (CAR Xb § 14T (OONS [CAR ¥) [EYERYOTHER
(CODR X}1110 1] EXPR]

(DEFLIST i (MINMAK {LAMBDA [X] (COND { (GREATERP X MAX] (SETQ MAX X1
([ (GEREATERP MIN Kb {EETO MIN X) b 4T MILEFD ) EXPR)

(DEFLIST | [MERIJE] (LAMBDA (LIST) (COND | (GREATERF (CDR LIST} MO)
(FROGE (SETD MO |[CDR LISTH 1 (SETO b (CATE LIST) ) b FIT KILF] 1) ) EXFR)

(DEFLIST { (MERGEY |[LAMBDA [MERGELIST) (COND | (NULL MERGELLIST}

(LIST [COMS CANDIDATE WELGHT) ) } [ {EQUAL CANDIDATE (CAAK MERGELIFTI)
(COME [COM5 CANDIDATE |[PFLUS WEIGHT [CDAR MERIELIET] 1) (CDE
MERGELIST] 11 (T 1COMNS (CAR MERGELIST) (MERGE? [CDE MERGELISTII) b b 1]
1 EXFE]

(DEFLIST { {GETC {LAMBDA (PSTRING TREE) (COMD § (NULL PSTHING) TREE)
{ (NULL THEE] {COND { (ZERDPF PSTRING] (LLST (LIST U} | 1T (CORNS NIL
{BUTE {SUBL PSTRING] KIL) } 1)) [ IZEROP PSTRING) (COND { (MEMBER U
{CAR TREE} } TREE} |T {RPLACA TREEE {CONS U [CATL TREE) 13} )]

{T (COMNS |[CAR TREE) (PUTS SUR] PATRING) (CDR TREE} [ 111§ I ] EXPR
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FF1ME
1 EAPRRSE ILAMRDR 1Ky (PROS (U & P R 51 15ETQ U (APAMREF] IREVERSE X1kl |
SETE P ALTST MIL1h B fcOmbl CrMULL Wi ISETS B WILab 07 ISETG B CCaR LR

ISETE W 1SR WUl § ICOHD (CaTob cCeR Pag (6@ Ciap ISETE W (LIST oA Py
1] ISETE P oofpi Pry £ CSETE S (FAR PY) DCOMD DIEGRT 5 B 140 Bap C4MULL
RICAFTURNI AFARSESIAPARSEZ ICER Wipjat1pISETD POCIME RUAPFENDE W Pild
LEFTa W MTL)

160 A1 B {5ETD v JCOME CEAR Py WAL CSETY B OJCpR P

LCOMDT ITHOTJATAOHICAR Prarded Bid
TARITIPFEQICAR PIAL TGS BERILD
159ETa SqCaR P
IGO0 By
BE |SETE P4COMS CAPPLY IPFMGET W
boELET W1 CALESTED Pid SCFG % MEL] 1G0 Bii3r IPFMGET ILAMBDS 1K) ¢COND
TARTHA I CAR A1) CCORDY IQRINUMBERF LCAR X1 ILLITERLIAR Kb
1OPCHARACAR X151 C0UDTE PFRS1)

(T LAET Icar K1 1Quare PPMppang 1T {PFHOFT CDR Ebhi1dbid |
PART (LEMBDA €X wh (AMD (ROT (HULL X351 CD8 IMWLL Y1 (RED IHUWSERF X1 IHE
MAER ¥ JOUAITE (LD PFORMRSAD EASSIGH RP CMa EQR LS MEG PRO OWD LEK
HEE PWH]IFICAMOIARILITER Ei(OPCHAR X1

(MEFHRFR ¥ IQUITE (LP RP CHA EGM PLE HEG PRAD ODVD LB ROE PHR
FFORMREAD EASSIGME ] FIMENEFR

¥ OIGET K {ouSTE BSRETII01511 IPEG ILAMBDA ©X ¥y (MEMBER ¥ 1GFET & (QUD

TE PEQrI 131 IAPARSE]L ILAMBDE 153 JCUND CIRJILL &1 NILI
LIGKIEEGICAR K1IGURTE ELUOTEY HEEQICADRE X} 1QUATE LFI11]
[ COMSAUATE DEQUWIFE | raBaRSETcCOR X301k
[IENDEERUaL (T a=
Ky COUOTE LAY (EQUAL 1CADR K} 40UOTE REGKI: (EOML (CAR X1 COHE 10UATE
THET&1 [AFARSE] JCDDR Exiipl 1T I£OHS 1CAR X1 (APERSEL ICDR Xyrapipr [ak
ARSED {LAMADA IAp [(COMD |4FSUAL TCAR Ap 1QUOTE ATOM) L (CONR ©1HUMAFRP (g
ADE Xi1i IPFM& JooiE Xapg 1T iPFME ICDE Xidbid STATOM X PEBITIMAPLIET
E IFENCT10R CLAMADA (U IAFARESED ICAR WIsbialiay (PFHL CLAMBOA (X

LEORE L INULL ICRDR X3 ILEST 48R 133 ©F (cOWNE CCaR X1 dFFNL (CDDR A1)
h13h IPFNZ CLAMBDA 9N %) (CORD CiMWLL 4CDDR Epp ©L1ST ctcaR Xy Win A7 I
ORS ICAR A% CPFRZ LCODE &1 Yie10is1 IPFHE [LEWARA O8] 10RO L OMULL LCRR X
11 ICAR X135 {(EWUAL [CADR Kb (GUOTE POJRTIP IPLUL ECAR X3 {FFNGl IREWERS
FoICDRE £1303r (T (PFMG (CORS 1PLLS JTIMES 10 tcaR Xpt (CADR Wil ICDER K
1IF1E1 1 IPFRY ILAMBRA (5] CEOMD CIMULL 1COR ®is IL[ST (UUaTE aTad) 1CAR
Eip1 1T ICORS JQRSTE ATOMI ICORS ICAR A CCOADRE XIRIrE1T AFPFHE (LAMBOA |
K (FRGG AW [SETA U %) ICLEARBUFFI & [COMD DIMULL oy il Bpia dFaCE (04
2oy ISETD U ICpR U1y (60 &) B CRETURN [ IRTERN TMEHARII111H1)
AEFLISTEL
{RPARP CMa EQN FLS MEG PRO DD LAE FW@1l
JPLSIRP CHMa FOR PLE NEE RBEEFI
{ECNIRE CHRAKI
(MEGLRP CHA EQK FLL NEG RBEER]
{PAQTAE CHWA FON BLE: MES PED OWD RBER]
CEMIKRTIRP @Me FQR RPLS HEG PRER DD ROC PWR) |
{DYDIARP CHA EGQM PLE NEG PRD QWD REE N
JRMLILF RP CHA EQN PLS KEG PRD DYE ROE FaR11
|PWI(RF CHA Lok RHK PWA PLL ORD DWD HEGL)
|PFORMREADSRE CHE QM PLE MEG PRO OVD RBE PWRL
JEQUATEJLP RP CMe FOK PLS MEG PRD DYWD LBE RBE PWR Easi]olk PRORMREADNI
FRGRTH
REFLIET1
I[LPIRF CH& THETATI
LENALER C¥g BREL
LTHETRERF 1
CLBEdCHE RBKI]
IEEUnTE L2
abpFm
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1EQY PR

1PLS REFR|

| PR PFFH

|ERT RETN|

| PFOGRHAREAL BFFMI

IEaS51GN BRFH]

IMEDELAMBEACR 1ALISTIQUOTE PLEIICAR KOl LISTL4QIOTE PROI=11CADDR
151w RPFR

ILPILaMa0A | X} | COND

|4EGUALICARE X71QUDTE GHETAITILISTOOUSTE PRpI-11cabioR 2p1y
lAFGUaLicanR X1 1UDTFE ATOA | (COMSICAR K1 IFFRLICDDR &)1k
IAED{CARR X1 LSGUDTE FOUOTED MICDNL IQURTE FUN)

ICOKSICaR XiTPFRLICDORA Tidbli

TEQJALICARS X1TQUOTE LFI1
|AEPENDIREVERSTE LCOR I RFVERSE I CAS 1011 LLIAET

AL aMADR U 4 COMD

LIFGICARALASTICAR X3 IQUUITE EQLORTEIITCORSIUNATE FUNIWE b
IT Wi IEONSTLEST

ICRR Ky |aPFPMEICEOR Xaprorad

IACEODR Ky i COMSOQUDTE ESETHIPFMILEDR Hbibh

ITICADR Ekjibi

ILAE L aMERA (R (EONS 1AOTE MaMy IPFHZICOER X1 LCAR Xab1i
IPOTHT PFHSI

INEQUOTELAMARAT Y

[k

LIFGICafbdfrs ®3 1GUDTF THETA 11 ILISTOGIDTE EQUZTE]
[L1STAQUSITE PRCI-1(CADGDR Khjlh|

[EEICADDDR KpI1GMTE CMAPITELIATIQATE EGUATE)
ICSMS{QUSTE ESETHIPFMRICDOR Kir1d)

CTILISTIGUDTE FQUITEICCADDR Xili

IR

TEQUDTE ILAMBDA IR )

TBFN}

DEFERFCI

TLASTILAMARA X | CCOND

LIMULLECDR XipiCaR Xab

ITILASTICOR EFIDETD

IRPFRILAMARAN R CLISTeCADR KpiCaR X1 1CaBhR Xdi1pni
BFFTHEL |

IAPARSEFIILAMADAL K] (COMNE

[ ITHUMBERP XiX|

CIATEM oL (STIGHEITE PORMIAY)

LIEGICAR Xy iQuaTE FSUATE ) 1K}

ITACONS ICAR K IMAPLISTICER A1 tFUNCTION
[LAMBOR | US [APARSEITCAR UEITF10]1 B}

il

EVITHD
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OFFIMEI ¢

CAPKRSE CLAMBOATE 1 IGETFILE (GUOTE aRARSEIELIST Hpbia
19

REWARZFEL{FFYa] PFNGET PGRT FEG APARSEL AFBRASER
REFARSE? PFNL FFNT PPRG PPRY FIN& BEFMICERR]
REMPROPS L4RF PLS EGnN NEG FRD POTHT BAR REE PaR
FFORMREAD FLRUOTE yPGRT)

REMPROFSIELF CWE THETAE LBE DEJJOTEWPESI
EESPHOPS I 4CEN PLs Fal PERD PRFORMAEAD EASLIGN MELD
WD L LRE POITKT DEOUOTE EQUOTESPFHRI
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AEFIMNF @

{APIFFA CLAMBOA (X ¥y {COND dIMULL EDDE K13 JCOKS ¥ ICDR mpip 0F rEOMS
1C88 X) CaPOFFY (OBR K1 Yibk1and

IWHILEFILERESD ILAMAEDA (X Y| IPFREG 10 Wi PFILESEEK K YY) 4 (SETH W 1READ)
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