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Abstract

Handwriting production s viewed as a constrained modulation of an underlving oscillatory process.
Coupled oscillations in horizontal and vertical directions produce keter forms, and when superimposced on a
rightwaird constant velecity horizental sweep result i spatially separated Jetters, Modulation of the vertical
eecillation i responsible for contral of letter height, either through aliering the frequency or allering the
acceleration amplitude. Modulation of the horicontal oscillation is responsible for control of comer shape
through altering phase or amplitnde,

The vertical velocity sero crossing in the velocity space diagram s important from the standpoint of
contrisl, Changing the horizonil velocity value at this sero crossing controls corner shape, and such changes
can be offected through modifying the horeental oscillation amplitude and phase. Changing the slope at
this #ero crossing controls writing slant: this slope depends on the horizontal and vertical velocity mmplitudes
and on the relative phase difference. Leter height modulation s also best applicd at the vertical velocity
#eT0 crossing to preserve an even baseline, The corner shape and slint constraints completely determine the
amplitwde and phase relations botween the two oscillations, Under these constraints interletier separation is
i an imdepondent parameter,

This theory applics gencrally o a number of acoeleration oscillation patterns such os sinusoidal, rectan-
gular and trapezoadal vscillations. The oscillation theory also provides an explanation for how handwriting
might degenerate with speed,

Ancimplementation of the theery in the contest of the spring muscle meded is developed. Here sinusoidal
oscillations arise from a purely mechanical sources; orthogonal antagonistic spring pairs generate particular
cyvcloids depending on the initial conditions. Modulating betwen cycloids can be achieved by changing the
spring sone seifings at the appropriste tmes, Freguency can be modulated cither by shifling between coactiva-
tiom and alwernating activaticn of the anagoniste springs or by presuming varable spring consiant springs,

An acceleration and position meusuring apparatus was developed for measurements of human handwrit-
ing. Measurcments of human writing are consistent with the escillation theory,

It is shown that the minimuem energy mavement for the spring musche model & bang-coast-bang, For
certain parameter values a singuliar arc solation can be shown w be minimezing. Expenmental mensurements
Ioweever indicate that handwiiling 15 nod 2 minimem encrgy movemcnt,
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Chapter 1. Introduction

This report addrosses the modor control of handwriting. The goal has been 1o arrive ata detailed under-
standing of the motor programs underlying the production of diverse lewer shapes, A theory of handwriting
production is prosented that views handwriting as a constrained modulation of an underlying oscillatory
process. Coupled oscillations in horizontal and vertical directions produce letter forms, and when superim-
posed on a rightward constant velocity horiaental sweep result in spatially sepanned letters, Modulation of the
veriical oscillation is responsible for control of leter height, either through altering the freguency or altering
the acceleration amplitede. Modulation of the horisonl cecillation is responsible for control of cormer shape
throwgh altering phase or amplitude, The horizontal sweep velocity is presumed nol o modulae.

In understanding handwriting control the velocity space diagram, which is a plot of horizontal velocity
versus wvertical velocily, is an important ol One point in particular, the vertical velocity rero crossing, seems
important from the standpeint of control. Changing the horizontal velocity value at this zero crossing controls
corner shape, and such changes can be offected through modifying the horizontal escillation amplitude and
phase.

Writing slant can be expluined in this theory as an anifact of coupled orthogonal oscillations. and is
dependent on the horizontal and vertical velocity amplitudes and the relative phase difference. The slant angle
is given by the tangent o the velocity space diagrom ai the vertical velocity sero crossing. Merely by altering
U slope and intercept at s soro crossing, therelore one chitains control of twe of the importam features of
lewer shapse.

Simwe mwdulating Jeter height or corner shape ordinarily resulis in velocity implitude and phase chianges,
an applicd modulation can be expected e change wotng slinl. A comsistent writing shint s presumahbly a
stylistic comstrint in handwriting, and it would not be considered accepuable writing it for example tall leters
were slimied randomly or i Gl kewers like U5 were slamed dilferently Trom shoet bewers ke s Thuos there

are constraints on modulaons e preserve ariting slant Together with cornor shape constaimis, for example
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making sure an § has a boop wp comer of the appropriate fullness, the slant constraing completely detenmines
the amplitude and phase relations hetween the two oscillations. Under these constraints interletter separation
i med an independent parameter. Letter height modulation is best applicd at zero vertical velocity to preserve
an even baseline. 17 applied at the botwom corner upper zone letters such sl and A can be pmducv:df if applied
at the top comer lower #one letters such as g and y can be produced. The writing slant constrainl suggests
that frequency modulation is preferable to acceleration amplitede modulation of the vertieal oscillation for
letter height, The slant measure is independent of frequency. and if letter height can be modulated through
frequency alone then there would not be any problem in preserving writing slant. Unfortunately the corner
shape constraint usually reguires a modulation of the horizontal oscillation amplitude and phasc as well as of
the frequency during letter height modulation, but in seme sense a frequency modulation for letter height 1
casicr 1o control than an ampliwde modulation for letter height. Experiments on human handwriting show
that people use a mixture of frequency and amplitude modultion for letter height, but that the frequency

maodulation is the dominant contributor w leter height.

‘This theory, which applics generally @ a number of acccleration pscillation patierns such as rectangular
and trapezoidal oscillations, has heen particularized o sinusoids for mathematical convenience, Sinuspidal
hased ascillations produce writing that belungs o the class of cycluidal curves. The process of modulation can

be considered as one of shifting between different cyclnids,

T explain one way in which the human moter system might im plement this theory a spring muscle
model is invoked. This moede] Tikens the sctivn of muscle w a spring with variable sero setting. " The amount
of force gencrated by the muscle can ke changed mercly by conirlling the zero setting, which & identified
with changing the firing rate of the a-motorneurons. With this spring muscle model a sinusoidal oscillation
arises from a purcly mechanical source, since antagonistic springs form a harmonic escillator. Orthegonal
antagonistic spring pairs generate particular eyelpids depending vn the initial eonditions. Modulating betwen
eycloids can ke achicved by changing the spring sero scitings at the appropriate Umes.

Freguency madulition in a fixed spring constant model can only be achieved in a restricted way, By
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shifting between coactivation and alicrnating activation of the antagonistic springs a freguency modulation
proportional o +'2 can be obtained. For more flexible frequency modulation one has Lo presume a variahle
stiffness spring, with the zero sclling changing not only the amount of applied force but also the sprng con-
stant. Under a variable stiffness spring model it is possible to modulate frequency arbitrarily and to satisfy
as woell the constraints imposed by slant constancy and corner shaping. Messurements on human subjects

indicate a frequency modulation in the broad neighborheod of +/2 in going between tall and short letiers.

The oscillation theery was tested by means of a special apparatus for measuring handwriting of human
subjoects,  An x-y shding rail system with 6 degrees of freedom was mounted with accelerometers, and a
special holder incorporated a writing tablel pen. Acceleration and position are direct measurements with this

apparatus, and velocity is obtained by processing one of these signals.

Measurements of human writing are mns:'s.mnt with the eacillation theory, The ssumption of a constant
velocity horizontal sweep is substaniiated by the data, Subjects demonstrate slint constancy and corner shape
conirel during Tetter height modulation as evidenced in their velocity space diagrams: the vertical velocity
Fero crossings remain constant both in intercept and in slope. The underlying escillation patlern seen in
Iupmian subpects 8 somewhal equivocal, same appear sinusaidal, others are trapezcidal, and a few are almst
rectangular,

The oacillation theory provides an explanation for how handwriting might degenerate with speed. 11 one
presumes that the diflficulty in producing o partcalar leuer shape is related e e muetber and the severity of
phase, frequency, and amplitude modulations, then it can be predicted that difficelt modulations would be
abbreviated and that the ressltnt writing would be simplified. The one modulation which vields the greatest
difficulty 15 a transitien between clockwise and countercheck wise mavement, such as betwen an e and and r os
withim a letter such o anh or a g, | have observed that Bist witers climinate @l clockwise movements, Rather
than sending Gist writers e riral communes for rehabilitation. the colpric scoms o be the Palmer script iself
which is nol lored for speed. 10 s posstble w desien a cursive senpd thal climinates clockwise movement and

which docs nol degenerate with speed.
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In a separate chapter it i shown that the minimum caergy movement for the spring musche model is
hang-coast-hang. For certain parameter valucs a singular arc solution can be shown to be minimizing. IF
handwriting were a minimum encrgy movement, one would expect a roughly traperoidal oscillation pattern,
The acceleration amplitudes would always be at maximum, and letter height modulation would he achicved
solely through frequency modulation. Small handwriting would also be executed faster than large handwrit-
ing. Unfortunately experimental measurements do not bear out these cxpectations. The speed of handwriting
is independent of writing size. Amplitude modulation for ketter height cccurs as well as frequency madulation.

Ome can conclude that handwriting is not a minimum cncrgy movemenL

Handwriting and Biomechanical Complexity

The oscillation theory is a deseription of handwriting trajectorics and of the constraints that apply in their
formation. 1t says notving sbout how the biclegical agent arranges its joints, limbs, and miuscles L satisfy the
trajectory constraints. Although this report does not address this question it 1s nevertheless useful to consider
what problems the agent must solve o implement this theory, The agent is required by the theory 1o provide
three functional degrees of freedem, one cach for the orthogonal horizontal and vertical oscillations and a
third for the horizontal sweep. A functional degree of freedom may or may not conform o a particular joint;
it could arse from a synergistic action of a number of muscles and joints. Human subjects show a bewildering
variety of muscle and joint usage in handwriting: the particular choice of mechanical arrangement is not
imponant as long as the arrangement can satisly the constraints of the theory. In a sense the great mechanical

complexity of the hand serves not w complicate handwriting but tw provide a varicty of configurations.

It is abso up to the agent w ensure thal the motion remains planar atd that the writing implement remaing
on the writing surface with @ panticular pressure. Some adjustment of the functional synergy is thercfore
reguricd depending en the range of joint extension. A further complexity is the requirement ol holding the
writing implement. The holding his w adapt 1@ changing joint angles: human subjects find it necessary o

roll the writing implement between fingers and thumb for this purpose. Lastly, gross [Eileing nvmenis



q Intreducixm

hetween words, between lines, and for dotting %4 and crossing £'s are required but which lie outside the scope

of the theory.

Related Work

It is significant that an evolutionarily advanced system, the human hand, seems o use a philogenetically
old methed of motor controd for handwriting. The notion of escillators and of modulations o the oscillators
ties handwriting to locomation [Grillner 1975]. The degree o which the handwriting oscillators arise from a
mechanical source or from active programming needs to be determined before one can ask about the location
of the oscillator; for cxample, whether the oscillators share a spinal cord or brainstem location with the more
primitive kocomaotion oscillitors,

With regard to past handwriting rescarch, the foeus has been mose descriptive than it has been generative,
Initial eMors were aimed at devising @ measurcment apparatus, such as spark marking of wledelthos paper
with an iron stylus [Denier van der Gon and “Thuring 1965] and an electrolytic water tnk [McDonald 1966
and Yasuhara 1975). Yasuhara [1975] atempted o interpret EMG measurcements as force data. Herbst and
Liu[1977) devised a pen with sceelerometer mountings, Crane and Savoie [1977) mounted strain gauges onto a
membrane which was distorted by a pen shaft during writing.

The approach w modelling a handwriting trajectory has usually been a curve ftting 1o measured or
inferred accelerations. Mermelsicin and Fden [1964] scgmented writing for fitting with quarner sine waves.
Denier van der Gon and Thuring [1965] assumed a rectangular form 1o the sceelerations. Mcunald [1966] ft
trapeaoids t the accclerations. Yasuhara [1975] assumed an exponential rise and decay tme w an acocleration
platcaw. The end result of this process is a list of acccleration burst durations and amplitudes which when
applied o the corresponding model vields synthetic writing close o the measured human handwriting.

Ciiven the great biomechancal complexity of joints and muscles, any simple excrcise in cxact duplication
of a particular human handwritten word would seem futile. It = also unclear that curve fitting with suc-
coessively more barogue models adds more enlightenment o how the human motor system accomplishes

hamdwriting,



Chapter 2. An Oscillation Theory of Handwriting

There are many strategics by which accelerations can be fashioned to produce acceptable handwriting. A
particularly parsimonious view is that handwriting is produced by orthogonal oscillations horizontal and vert-
cal in the plane of the writing surface, and that these two oscillations are superimposed on a constant velocity
rightward horizontal sweep. The orthogonal oscillations are responsible for producing letter shape, while the
horizontal sweep strings these letters out into a rightward moving train. The escillations are modulated in
certain ways and at specific points 1o produce the shapes characteristic of the English Palmer script.

It is mathematically convenient o model the oscillations by sinusolds, although the main conclusions
presented in this chapler hold for other oscillation patterns such as trapezoids and rectangles. Another reason
for sclecting sinusoids is that in Chapter 3 it will be scen that a spring muscle model leads o a harmonic

pecillptor.

2.1 Cycloidal Writing

The equations governing the oscillations in the velocity domain can be written as:

£ = asinfu(t — o) 4 ¢;) + ¢

y = bsin(uw,(t — o) + @) (2.1)

where @ and b are the horizontal and vertical velocity amplitudes, w, and w, are the honzonial and vertical
frequencics, ¢ and gy, are the hordzontal and vertical phases, £ s the lime with respect o the reference time g,
and ¢ is the magnitude of the horizontal sweep.

‘These velocity equations when integrated yickd » eygfoid [Lawrence 1972]. Consider firr the moement the
case whorea = b == ¢, w, = Wy, and ¢y — @y, == 72, The resulting cychoid can be thought of a5 the curve
traced by a point on a dm of a disc rolling on a plane. When e << a the tracing point is on 4 radial extension

1o the dise and the curve is called a prokate cyclied, When ¢ = a the tracing point is inside the rim and yields a

n
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Figure L1, The wgp curve represents s oycloid. the middle curve @ curtate eveloid. and the botiom
curve i prokats cycloid,

curfale cyeleid, Representative curves of cach type are shown in Figure 2,1, We slready see in these curves the
inklings of hasic handwriting patterns. An ordinary cycloid yields strokes with a sharp top corner, such as is
o in £, w, and w. A probice cycloid yields wop loops a5 in the leter &0 A curtate evelaid vields rounded wp
corners which ane related w rounded corners inh, e, and v, but which are not lully apparent in this Figure,
The velocity equations represent an ellipse centered at {c, 0). The tilt @ and cocentricity € arc derived

bebow, The parametric velocity cquatiois 2.1 become when £ & climinated:

b'r® — labeosg ry 4 a’y® —a*b'sin®g =0

1t i shown in [Thomas] that for g second degree polynomial Az? + Bzy + Cy' + F = 0 the 2y term resulis

Froam i rotation of an ellipse. The amount of roation a is given by col 2a = (O — A)/B, or:
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cotda= —— (2.2)

It is further shown in [Thomas] that a rotation w set the y term (o ero gives an cllipse A'z'? 4 C'y"? +
F' = 0 whose cocfficients sausfy the relations A' + €' = A 4 C and —44'C" = B — 4AC, These two

relations may be used 1o solve for the new cocfficients A” and C.

A= 1t 48 +Q)

C' = %[n"+b’—@}

where @ = \f{.ﬁ + b4} — 4a%b* sin” ¢. The eccentricity e is given by @_ﬁ:—r‘—_ or:

. Q
=Vrfeie (23)

The effect of sctting & = & is to wrn the velocity space circle into an cllipse. The phase angle ¢ changes both
the cocentricity and the til of this ellipse. In position space the sinusoidal portion of the intcgrated cquations
(2.1} represents an ellipse with the same eccentricity and il as the velocity space ellipse, but with a phase lag
of 9 degrees.

The effect of phase shift on the velocity space cllipse is illustrated in the sequence in Figure 2.2 As
the phase shifts from 907 @ —307, the ellipse changes its tle and eccentricity. “The cllipse corresponding w
@ = —30F has a clockwise rotation sense, the similar shaped cllipse with ¢ == 30 a counterclockwise sense.
Switching between counterclockwise and clockwise movement reverses the sense of wp and botlom comers,
‘The sharp wp corners of letters such as wand { hecome the sharp bollom corners such as m and n.

The mmportance of this List Figure is that it shows that merely by setting up different initial conditions
a train of the basie leter shapes in handwriting is produced, These basic shipes can be categorized as loop,
sharp, and rounded wp comers. By modulating the oscilliion specific imes in the cycle and with specific
phase and amplitude changes the oscillation wain can be ransformed from one basic pattern of shapes ino

another hasic pattern. For example, Figure 2.7 indicates that if’ the phise could be altered one could obtiin a
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(a)

292

/TN

AN,

(8) L

(c)

{0}

© 7 SV VYV V)VT)

|"l'|:'lll'l|.' 2.2 Muee nesbulvnm ol o cvclosd wih pornciers a = b= % The e shills are;

Laib 90 deprees, () B0 degrees, (b 30 doproes, (b 0 degroes, aned fe) =30 dheprees



An Oegiltation Theary of Handwriling 14

tilored sequence of wp corner shapes. 1t is also elear that by modulating the vertical velocity amplitude leter

height could be controlled.
Control of the vertical velocily zevo crussing

The important parameter influencing letter shape is not actually phase change but the value of the
horizontal velocity at the vertical velocity #zero crossing. The vertical velocity s ero at the top comer when

wit — tg) + ¢y = (2n 4 L)x. The value of the horizontal velocity at this zero crossing is:

i—c—asind (2.4)

When this £ Is zere a sharp lop corner results, The more negative this value, the fuller the wop loop. The
maore positive this value, the rounder the lop corner. A clockwise movement has the effect of reversing the
sense of wp and bottom corner. To illustrate that the vertical velocity zero crossing is primarily responsible for
corner shape, the sequence of e's in Figure 2.3 all have the same zero crossing but differ i velocity amplitude
and phase shifL. 1t can be scen that except for letter height the top comer shape is maintained.

“T'or transform one cycloidal patiern into another cycloidal pattern, phase and amplitude modulations of
the horizontal oscillation have W be applied at appropriate times and at the appropriate levels. 1t is conceav-
Shle that 4 modulation of the vertical aseillation could assist the shape transformation such as through a
phase change. but there would be added complications of keeping an even hascline and of regulating letter
height, For shape modulation in which letier height does not change, therefore, it is presumed that horizontal
pecillation modulation akone ocours.,

As an example of shape control by altering the vertical velocity #ero crossing, an e eycloid in Figure
3 4 has been modulated o give the sequence eune. The parameters of the modulations W the horizontal
ascillativn are presented in Tahle 21, Freguency was selal 3 Hes the vertical velocity amplitude was 28x

mmdsec. The units are of course arhitrary, bul they have a rough physiological correspondence,
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Figure LY Cycloids pencrvcd with a = b, ¢ = 20, and with o constant verical velociy zem
crossmg al ¢ — nair.u,'b = — 464, huy diferen Fhil.‘.l.' relations, tndsete o sinnkae lop gormet
dhape, Thus g e shape s promanly contrdled by the sero cressimg instend of the phase
diference, (A) ¢ = 3", a = GH.28: (B) ¢ » 43° o = 48.99; () & = 60", & = 40; ([N

=15 o= 35.16.

Tahle 2.1
Time & | a C— asing
000 socs | 4566 degrees | 6516 mmdsee | -25.00 mm#sec
023800y | 1703 degrees | G228 mmssee | (UM mimfsec
| O secs | 750 degrees | Th0d mmdsee | 2987 mmdsec
095 sees | 3094 degrees | BTdbmmdsec | -25.00 mm/sec

T devise the moduliions. a paerticular value for the vertical velocity serocrossing (2.4), which s the last

columm i Fable 2.1, was chasen for producing a particular corner type, Arbitmry sislucs for e and ¢ were then
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ANVAWA
XYY \\//\Vm\\/f

Figure 24, Modulation of the x oscillation by adjusting the venical velovily 7ero crossing produces
this seguence eune. Above the wriling, curve A s the wertical velocly, cufve B the horizontal

welowity.

chosen consistent with the desired rero crossing value. Examining the last column in Table 2.1, the effects of
the variows modulations on shape can be seen. The first modulation at 0.23 seconds results in @ #oro Crossing
value of 000 mmdsee; hence a sharp wp corner is obtained. The sccond modulation gives a positive wero
crossing and a rounded top corner. Finally the vriginal e cycloid is obtained through a madulation thist yields a

roro crossing, value of -25.00 mm/fsec.

Muxduiarion of Letter Height

| etter height may be modulsed by changing cither the verical acccleration amplitude or the frequency
of ascillation, To preserve an even baseline, the modulition is best applicd at points of rero vertical velocity,
which oecur at the top and hattom corners. 1 the peint of mudulation s @ bollom corner, Wil lewers such
as | and k can be produced. 17 the puint of madulation & a top comer, kower sone lelers such as g and y

can be produced. An example of im plitude moduliation W achieve different letter heighis is illustrated by the
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Figure L5 Modubition of the sertical secillation o poinis of sero vertical selocily vields different
leiter heights by o proocss of amplited: modulation wilhout phase change.

alternating paerns of & in Figere 2.5, Since the horizontal oscillation & unchanged and since the vertical
phase docs not change because the modulation was applied at a point of zero vertical velocily, comer shape
has been preserved during this height modulation, The velocity space ellipses corresponding (o the €'s and I's

in Figure 2.5 are seen to have the same sero Crossings.

2.2 Control of Writing Slant

A salient feature of Figure 2.5 is the difference in writing slant between the e's and s, indicating that
writing slant is somchow a functicn of the various parameters, The herizental and vertical escillations act

orthiogenally, vet slanted writing resulis frnn their combination,

Tow mwistigate the ongin of writing slant, o psychophysical experiment was performed to obbin a messure
fior writing slant. A group of subjects were asked (o estimate writing slant in an ssortment of wp cusp cycloids,
The subjects chose with @ high degroe of agreement one of two strategics in cstimating shint depending on the
imterpretation of the cyclsid. 7 the cyclimd was interpreted o a chain of w's, the shint wis tiken @s the line
from the hattom minimum pomt e the biscetor of the line oining the two top points (Figure 26AL 1 the
cycloid was interpreted as a chain of s subjects hiseeted the Zangle™ of the cusp, More exactly, the midpoinis

ol homizontal hnes joiming, the opposite sides of te cusp were conmected (Figure 26085 These mdpoints form
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{A) (B}

Figure 26, Two diffcrent methids peopl wse in estimating wriling shnt. If perceived a5 a w.
subjects wse method (AF of perceived as an &, method (B)

a straight lie with slant @ given by:

tanf = — (2.5)

" acosé

Surprisingly this slant is the same as computed in Figure 26A; this slant is also the same as the tangent at the
cusp point.

This slant messure may be generalized w other writing shapes which do not have sharp lop cormers such
15 &5, This measure corresponds w the slope of the velocity space ellipse al the vertical velocity wems crosing.
The importance of this measere is that it shows writing slant is an antifact of an orthogonal vscillation system.
‘T'he writing slant changes s the horizontal velocity a, the vertical velocity b, and the phase difference ¢ vary.
Recxamining the difference in slant between tall and short letiers in Figure 2.3, equation (2.5) yiclds an e slant
G158 and an | slant of 79.1°. The change in slant arises because the vertical velocity amplitude b changed.

Assuiming thut stylistic constraints require a constant wiiting slant, one must excreise cang in going be-
pween Lall and short letters o maintain slnt. Since in letter height modulation the vertical velocity amplitede
b is changed, it is required that the horizontal velocity ;ln:p1ilu:1-L~ a and phase dilference ¢ also change 1o
intiin a constant slant @, The constraints on letter shape and letter slant can be ox prossed by constants ky

and k; respectively as follows,
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k) =¢— asind
ey = b (2.6)

i@ ChE

From these two relations the letter height constraint implies that

be= kyle — k) cot ¢ (2.7)

If a particular leter height is stipulated (namely 2b/w). then the phase difference & and the horizontal
velocity ampliude @ are determined. A plot of dilferent e cyclads sansfying (2.7) but with different phases
and velocity amplitedes is presented in Figure 2.7; Table 2.2 lists the relevant parameters. The perceived slant

and shape seem to be constant among the several plots.

[ Table22 |
~ Plot a ¢

A T8 T4 10,72
I 1266 | 60 23409
C 4000 | 45 A0
13 5657 | M 6928
E 108,28 15 14978

An altermating pattern of €5 and s that preserves both slant and shape under amplitude modulation
alone B illustrated in Figure 28, Examining the velocity space ellipses, both the sero crossings and the slopes
il the yero crossings are the same for the e and § ellipscs,

The slant equation (2.3) is independent of freguency, and it would seem that it height control were
ohtained with frequency modulation slone the control of stant would be simplified. This kea works fine for
the vertical osgillation, but te shape constmint forces the horzont] oscillation @ modulae bath frequency
and aceeleration amplitude, 1o will be seen in Chaprer 4 tha experimental measarements on luimans show
a combined amplitede and freguency modulation toe contid Tetter height, with frequency modulation the

predominant influcnce,
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(A) 7 I~ &z fe.

EE:I —-"Q_JW/

(C)

()

(E)

Figure L7, A soguence of e cychosds with constan slant measure 3 and constont verlial velovity
pero crossing. but different amplinede and phase vadoes, The pereeived slant wid shape appear (he
samies the paramciers Tor these cyckids sippear i e lest

Handwriting Comrol: Manipulating ihe Velocity Zero Crossings

The previous discussion reveals that the vertical velocity sero crinsing s of paramount importance in

the comtrol of handwriting (Figure 29%  To control writing shape the value of the horizontal velocity at
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Figure 28, Letter height modiltion under comstraing of constant slint and wertical velogity zero
crossng s achieved with smplitede modulation, The veloeiny spave cllipses on the lefy show (hat
the vertical veloviey oo crosing salue and slope e the s for both & and | ellipaes,

this sero crossing & aliered. To control writing slant the slope of the velocity space diagram at the zero
crossing is allered. Writing height is controlled by frequency modulation, which cannot be distinguished in the
velocity space diggram, or by amplitede modulation, which affects e vertical elongaton of the velocity space

diagram.

L3 Alternate Oscillation Pattemns

The forcing function need not be sinusoidal for the main conclusions of this Chapier to hold. For ex-
ample, a rectangulor acockeration patiern (o rise timed vields trisngular velocity profiles and a poarallelogram
im welocity space (Figure LT0AL The writing produced By this oscillation pattern s a guite acoeptable chain of
u’s. Lking once again the slope of the velocily space ellipse at the vertical velocity zoro crossing as & measure of
writing slant, the slant angle & given by tan & = bfa. Psychophysical experiments for writing skant have no
heen performed with synihetic writing produced by rectangular aceeleration gatlerns we ascertain the validity

of this measure. 11 this measure is accurate. the independence of slint on phase & noteworthy, The advantage
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Irl;“n- 24, M_“nipur;up;:n af the ‘T‘I’UL‘H_"' S RH A dlw.]m al 1h wverical '|'l.'kﬂ.-||.} e Emi“g kends
o () contred of shape by aliering the wulue of the zero crussing, and (2) control of slant by
altering the slope at the ser crossing.

of phase independent writing slant is a considerable simplification of control.

Trapespidal peaks have alsu been proposed as models of the acceleration paterns in handwriting
[Melunald 1966]. ‘1he slopes to the plitesus presumably model a linear rise time of the actuation. The effect
af the linear rise tme on the velocity space diagram 15 i round the corners of the rectangular pattern’s velocity
space patallelogram (Figure 2108} 1f the rounding docs nol occur at the vertical velocity zero crossing, the
writing slant is again given by tan § = bfa. If the rounding occurs through the zero crossing the writing slant

hecomes phase dependent as for the sinusvidal case.

1.4 Nonorthoponal writing axes

Other explanations for writing slant have been put forth, Mermelstein [19%64] proposed that a nonor-
thogenal ases disposition coald explain writing slant. ‘The slant of the handwriting would follow te direction
of the slanted vertical axis. From the previous discussion it is clear that coupled oscillations cause as a side

effect slanted writing. and that therefore a nomorthogonal joint disposition cimnet alome aceeunt for writing
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A.ﬁ

4 /(_/M/(_/L ®

/[_/(_/[_/L/L (8)

Figure LUK (A} Trumguler vehuwaly prolibes realiing frestin o rectampeular sceeleratiom patlerns (B)
the welogity prodiles siee noded wilhe o trpedoadal wmvvleritivgn peilern,
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Figare 211, Shear trnsfurmation for o nonothogonal jost angle & The euations poveming
this Lransformation are; 3* =z — yeotd, Y = yesed.

slant. Any slant from nonorthugonal axes must be added to the slant caused by coupled oscillations.
There is a guestion as w how one can distinguish these two contributions. I @ is the angle the vertical axis
makes with the horizontal axis, and if cycloidal velocity equations (2.1) act along the nonorthogonal axes, then

the erthogonally measured velocitics are (see Figure 2.11):

z = asinwi + ¢} 4 ¢ + beos@sinwt (2.8)
i = baind sinwl |

The velogity space diagram corresponding w (1.8} s also an cllipse but with altered tilt and cccentricity.
It i impussible o factor the product beosd by manipulations on the measured velocitics. That is to say,
there are infinitely many pairs (b, 8) that yield exactly the same writing. This multiplicity may actually pose
an advantage for situations where the joint disposition changes within a word: foor cxample, in going between
extremes of a joint before repositioning. The writing however can be kept the same merely by adjusting b, The

issre of nenorthogoenal axis dispesition & discussed Tarther in the next chapler. For the present the extent of
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any contribution w slant from nonorthagonal axes remains an apen guestion.
Another cxplanation for writing slant was put forth by Pellionisz and Llinas [1979), who proposed that
writing slant arose from computing delays in the cerebellum. According w their theory an idealized up-down

movement gets ransformed into a slanted line because the trajectory computation lags the actual trajectory.



Chapter 3. Handwriting under a Spring Model

The oscillation theory in the last chapter indicates how handwriting can be produced. The neat step is to
propose how the theory could be implemenied specifically by the human motar system. Particular issucs that
have to be resolved are the agent responsible for the oscillation, the nature of the control variables, and the
influcnce the control variables have on bringing about the various modulations.

A recent theary of motor control likens muscle to a spring system with variable zero setting [Feldman
19744, 1974b]. This spring muscle model has a particular affinity to the oscillation theory of the last chapier,
and provides a useful framework for considering one way in which the human motor system might mplement
this theory. In this chapter the ssues of parameter control raised in the previous paragraph are developed in

the context of the spring muscle model.

A1 The Spring Muscle Maodel

The spring muscle medel s a simplification of the length-tension curves of muscle. In Figure 3.1 length-
bension eurves under isometric contraction at several firing rates for the cat soleus muscle are shiown [Rack and
Weshury 1969]. There is some guestion as e what portions af the length-tension curves are used in actual
movement, Some authers [Fierler 1974, Hill 1970, Couk and Stark 1967] maintain that the active portions
oecur near the length at which there is maxvimum isometric tension and which Zicrler also calls the rest or
matural length of muscle. Collins e al, [1975] on the other hand report that the linear portions at short muscle
lengths are used in eye movement; Feldman [1974a, 1974b] in his model of movement also assumes the linear
pOrtions are active.

‘Ihe spring muscle model & derived by assuming muescle operates at the linear short kength mginns."lh:
length-tension curves in this region are also sssuimed parallcl, although Figure 3.1 shows 2 slightly increasing
slope with firng rate. The simplificd lengih-tension curves of agonist and sntagonist muscles would intersect

and overlip as in Figure 3.2: different lengih-lensiom curves ane selected by adjusting the musche firing rate.

b
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Figure L1, lengithetension curves from the cot solews moscle, from Rack and Westbaury 1960,

Feldman [1974a, 1974b) has proposed that movements arc executed by selecting o pair of agonist-
antagonist length-tension curves that intersect at the desired position. This process is illustrated in Figure
3.2, Suppose the system is currently at length Ly under innervation rates gy for the agonist and ny for the
antagonist. If the innervation rate of the agonist is changed w gy, o different agonist length-tension curve is
selected and the equilibrium longth shifts o Ly, Assuming no delay in tension development and ignoring
velocity effects, the arfow in the Figure indicates the tension course. There i an isometric buildup of wension
from B i P followed by o docay o Py, where the wension in agonist balances the tensien in antagonist,

The curves in Figure 3.2 kead to a model of muscle as a spring with vanable zofo setting. The slope K of
the curves represents the spring constant, and the viriable zero setting L. corresponds o the selection of firing
rafe, The force exerted by o muscle s thus KL — Lo). This simplified muscle model & schomatized in Figure

1.3, which includes a passive damping factor b, The equation of motion for the spring system of Figure 3.3 is:

mi = —bf + k[z, — £} — ky(z —1,) (3.1}

In the remaining portions of this chapler we negleet viscous and passive clistic components of muscle in order

to develop the main points.
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Tension {
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length-tension curves of agonist (g Ebels)

Figare 1L The equilibrium poiil of the interseeting
thee agonist is raised from

and anteeonist (0 labek) shifis frim Lg w Ly when the fring e of
g W ge and the antagonisl rle femaims al m.
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Figure 33 A simplificd mscle model with the Sdlowing pansmcers, b is the coefficien) of passive
ghamping, ky is Uhe spring constant of the agonisl k. B the spring comstant of the anlaginist, m
i the mess, 05 (e muss posilion, £, is the agonst varsble jene soting, o, (e anligomnist

variihle sero seling.
MHandwrising with Orthogone! Spring Pairs

If handwriting, is exccuted by two orthogonal joints, we can mde] the system by the action of (o
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Figure 34, Two orhogonal pairs of springs seree s a0 masbel for hondawriimg, The g springs act
o e pen nuss ey, the £ springs act on the mas me which is the sun of the pen muss and
the y spring plutform,

orthogonal opposing pairs of springs (Figure 3.4). The y springs act on the pen mass my; the = springs act on
the pen mass and on the g spring masses themselves, indicated by attachments o a platform of wial mass m,

mounied with the pen mass and the i springs. Neglecting viscous friction, the eguation of motion of the pen

muess i the g dircction is:

my = k[r.yl:-.uy — 14— ku-}r{ﬂ' — Pn) [3.'2]

Absorbing the mass sy, into the sprng constants and solving this equation by Laplace transforms:
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lta) Ky ultle 1 k-u.s.-ii'g
I.l.'=

Vit = = sniaft — o)+ (uto) — Koy F- o U (3.3)

] ]
II'lrjul'

Jcos wy(t — o) +

L3

where ua':, = kyy + Kuy. 1015 also more convenient to rewrite {3.3) in the following form:

) = S conluyft — ) + ) s, (3.4
where
bsin ¢, == gtn),
bE-D.I-ﬂIy = wﬂttﬂ.ll'yl :F;kﬂ].ryﬁ _ i:l'{tn]']-
¥

According o the theory of the Jast chapter the horicontal movement has a constant velocity sweep su-
perimposed on an escillation. The justification & discussed in the next ehapter comes from the observation
that the velocity space diagrams stay centered about the same point through all the different maodulations of
welocity for different letter shapes. The constant velocity sweep is imposed on any additional change to the =
spring zero scitings. Seuing 2,(f) = =z, 4 ot — fo) and x.{t]) = 7, + et — ty) and solving the cguatinns

corresponding to (3.2),

Bty et o o — 1) (3.5)

oft) = = conlwnlt — to) + 4] + 2

xF

wherew? =k, , + k,, ; and

asing, = i) — ¢,

acosd, = w‘;fku"ﬂ# — z(t)),

A Mechanical Agens for the Oseillation

When dilferentiated. equations (3.4) and (3.5) are the same as the velocity sinusoids of equations (2. 1)and

{220, A sinusoidal oscillation arises from the spring muscle model as the simplest method of operation, Once
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an appropriate sl of initial conditions is set up, the oscillation propagates indefinitely with the zero setlings
unchanged, With the orthogonal spring pairs, a cyelod ensues in the manner of Figure 2.2, The agent for the
oxcillation under the spring model is a purely mechanical one, asuming of course no dissipation from viscous
elements. 1F viscous elements were to be included, an active involvement of the control centers to maintain the

mechankcal oscillation would be reguired.

1.2 Modulating Letter Shape and Height with Springs

The previcus section ndicated thar controlling e vertical velocity zero crossings and controlling the
vertical velocity amplitudes of a cycloid resull in modulation of shape and modulation of height. The vertical
velocity #ero crossing was shown to be a function of the horizontal velocity amplitude and phase. In the spring
model the amplitudes and phases are controlled by adjusting the zero scttings of the springs. A difficulty
under this spring imodel is that phase and amplitude cannot be controfled independently, In order o ach. 2ve
a particular wero crossing, for cxample, one has o scarch for the particular zoro setting applied at a particular
time that yields the desired product asing. In order o modulate leter height the modulation is best applied
at the bottom comer at zero vertical velocity; the resulting vertical amplitude changes without phase change.

It is a potential difficulty with the spring modcl if a physical situation exists with w, 7w, and there
i fo way 1 make these freguencics equal. For example, the mass of the writing implement, the size of the
limbs involved, and the frictional contact with paper are subject o change and influence the froguencies. This
difficulty implics 2 need o be able o adjust frequencies and hence o vary the spring constants. A variable
apring constant model is considered in section 3.3, For the present discussion we asume fived spring constanis
withkm k, =k, =k =k, andw=w = w,

A final ssue before comsidering corner shape and letter beight modualation is that a change in sero seiting
can he applicd to cither the agonist or antagonist spring or w both at the same tdme. As far as the mathematics
i concerned these situations are all equivalent, Fxamining for example the g cquation (3.4), the influence of

the zero seitings is given by (g4 1,0/ 2 after taking inte account the simplifications of the previous paragraph,
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"T'hus for a given axis there is only once functional control parameler, corresponding the combined change in
sero seitings of both springs. There do arise situations where a gero seiting change can he applicd only to one
spring in order to avoid the other spring from pushing as well as pulling. Such siations will not arise in the

following examples, and for simplicity we will assume the change in zero seiling Ay or Az is applied o the
agonist Spring.
Muodulation of corner shape

To iMlustrate that the vertical velocity zero crossing can be manipulated by changing the horizontal agonist
et sctting. the increments Az to 2, required o produce e eune of Figure 2.4 are presented, The e
eyeloid is generated with initial conditions in Table L1 The three increments Ax that bring about phase
and amplitude changes in Table 2.1 corresponding tw the u, the n. and the e are 1.967, 20, and 3493 mm

respectively. In fact the writing in Figure 2.4 was gencrated by the spring model.

Tahble 3.1
Parameter Value | Parameter Value
s{lo) | 1Smm | ulte) 28 mm
i) 650 mm/sec ultn) (0.0 mm/sec
T, 4.0 mm Yy 5.0 mm
Ty -4.0 mm U | -3 mm
e 20,0 mm/sec i | 5.0 eycles/sec

Muodulasion of Leter Heighi

We consider here how o produce the amplitude mudulation for letter height that yiclds the alternatimg
&5 and U's of Figure 2.8, There are three constraints on the letter beight modulation: (1) the achicvement of a
particular letier height, in this case a ratio of 242 (close to the human average), (2) a constant wriling slant.
and (1) 2 constant corner shape, Fortunately there are an equal number of control variables, namely the sero
setting changes Az and Ay, and the tme ty of the Az application. The interleter soeparation is fixed by these

choices of parameters and is not under independent control.



i3 Huncbwriting, under a Spring Model

As mentioned in Chapter 2 the i modulations are best applicd at poings of 2ero vertical velocity, hecaese
the phase change is then always sero and the maintenance of an even bascline is simplified. Under acocleration
amplitude modulation for letter height the writing size is directly proportional w the acceleration amplinde,
The time of horizontal modulation s found o coincide with the poeint of vertical medulation. The increments
Ay and Az to the vertical and horizontal agonist springs w prosduce the first { of Figure 2.8 is presented in

Tahle 3.2, along with the amplitudes and phases of the corresponding cycloids.

Table 3.2
Parameter £ = 0.0 e I = 0.1scc
Ay .0 mm 10.24 mm
Ax | 00 mm 337 mm
b Br mm/scc | 2488 mm/sec
@ | 65.16 mm/sec | 140.7 mmsec
¢ | 0.762rad. 0.326 rad.

The slant of the resultant £ is the same as the slant of the & and the vertical velocity 2ero crossing has the same

value for the I and the e
Coenbied Hedght aod Coner Nhape Afodulation

Ordinarily when modulating for height in upper zone letters such as [ or b no special corner shaping need
be done by the horzontal springs. For lower sonc ketters such as y and § on the other hand a considerable
degree of comer shaping is required. Figure 3.5 shows that just a height modulation for a lower xone ketler
does not produce an acceptable shape. unlike a height modulation for an upper zone leter which produces an
acceptablel,

Obtaining a lower rone loop a8 in the letter y (Figure 3.6) involves a transition from counterclockwise
o clockwise movement, then hisck from clockwise toe counterclockwise movement A diliculty resulting from
these ransitions & creating enough horizontal separtion between the y and the next letter e, and so the
bisttem of the iy must curl around W make the upstroke more propitious, “To achicve these transitions and

spacing, requires 4 horizontal xero setling increments Az in o span of 150 msecs, bringing ahout linge changes
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Figure 35, letier height modulaion produces both upper and lopwer sone iters, but the Tower
zonc letters require 2 modulstion for shaping.

in phase and very large horizontal velocity amplitudes (Table 1

_ _ “Tahle 3.3
Time Ax Ag a"
(.43 sees 20 mm 24.5 degrees 67.5 mim.fsec

D74sccs | -ll0mm 670 degrees | 164.6 mim/see
0.80 sccs IOmm | -246degrees | 309.6 mm/sec
085sccs | -120mm | 477 degrees | 3127 mm/sec
_ 089sccs | 100mm [ -217degrees | 745 mm/sec

Transitions berwean Countercinekwise and Clockwise AMavemien!

If one can speak shout the relative difficulty in producing various leters, the number of transitions be-
wween counterclockwise and clockwise movements would indicate the level of difficulty. Associated with such
a4 transition arc usually large phase and amplitude changes, and one might construct a complexity measure
hased on these changes, By any such measure lower mone loops i in g would have to be considercd difficule

Another difficult form is the lewer & (Figure 37) which requires two counterchckwise/clockwise iransitions,
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Frgure L6, Amplitide moduibition s osed e poosdece shon and el letiers i this segocnee slye.
Bt the change in shan betsecn shorg and all ks,
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Figure 37, The leter B proamis problems in production becanse of (he need foir several large
plaase chanoes

The first transition gocs into making the botlom cusp coming from the top loop, accomplished with 1 closcly

spaced modulations resulting in fairly large phase changes {tahle 3.4). The scocond transition restores the

sequence of e's, but at the cost of a very large phisc change.
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Tahle 3.4
Time Az ' a'
0.35sccs | -5.0mm 5.2 degrees | 50,7 mmisfsec
040 sccs | -20mm 55.2 degrees | 20,3 mm/sfsec
0.57sccs | 50mm | -113.0degrees | 693 mm/sec

In Chapter 4 some cvidence will be presented that fast human handwriters achieve speed by simplifving
the script o eliminate all clockwise movements, If one may draw an analogy between spring writing and

human writing, the reason might be that counterclock wise/clockwise transitions are too difficult to make fast,

3.3 Yariable Spring Constant Model

The previous discussions in this chapter ook place in the conteat of a spring muscle model with fised
stiffness. There 15 reason o presume that the human moter system can conteed net only muscle tension but also
miuscle stiffness, There are several reasons why stiffness regulation would be desirable from the standpoirt of
the spring handwriting model. (1) There is a need to equate horizontal and vertical oscillation frequencies un-
der different physical conditions, as menticned carlier. (2) Stffness regulation would provide another control
variable and would allow more flexibility in modulation. (3) IT letter height could be modulated by frequency
instcad of by amplitude, then the slant equation (2.5) implies that the slant would not change because slant
is not & function of frequency. Chapter 4 provides evidence that people use in part a strategy of frequency
modulation for letter height.

We take a8 an analytic model of stiffness varmation with slant an extrapolation from the length-tension
curves of Rack and Westhury [1969). If the lincar portions of these curves are extended they scem to meet at
a point {Figure 3.8 For the horizontal antagonist spring. for example, the dependence of the spring constant
k., ; of 1 variable stiffness spring corresponding o this ray of straight lines is:

Tz

[ 3.6
o I, — tul.,ﬂ { :I

where &, p i the length at which the ravs intersect and — T, & is the tension at £, . 10 should be emphasized
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Figure 1%, The lenpih-iension curves of Rack and Westhury (196%) when oxiended meet al a
puint. The dependence of the slope kn . on on the adjustable Fefo setling =, cin be churactenized

by TH.:J".{:H - =-.I3I}-

that the exact dependence of stiffness on zero selting B not imparant for analyzing handwriting under a

variable spring constant model, and the relation (3.6) is chosen merely because it ks convenient and because
the literature does not contain an aliernative expression.
We recaamnine the msue of control of letter height, slant, and shape raised in section 1.2, A set of inital

conditions appropriate for this model are presented in Table 3.5.

- _ Table 35 _
 Parameter | Value Parameter Value
EY 200 mm_ Yyt 204 mm
T - M0 mim I.I'"_I" = M0 mm
T 115 mm Yy 17imm
z, | -ll.5mm i A75Smm_
Tyr T mvseet | Ty 12337 mm/sec? |
T 12337 mm/sec T 12337 mm/sec’ |
) | -051mm wita) -1 mm
| 2w |l | 0mmie |
¢ | Ll3mmssec




Ly Nandwriling under a Spring Model

0l

Figare X% Leter height control by combined frequency and smplitude modulstsm in a vanable
sprang model s illusiried by the synthetic writing in the botiom mAght disgrame Top diagram:
vertical (A and homsontal (B slocay s, showirg Freguesey and amplionde mesdalatien. Bodiom
kefl: welocity spuce duigram shows slant and ghape consioamis have been mol

With these paramcters a train of €'s i produced with the same shape a5 prodoced by the fived spring
model and the parameters of Table 3.1, When masdulating for letier height human subjects typically decrease
the frequency by a factor of /2 and double the vertical velocity amplitude (sce Chapter 4 for the cuperimens
tal data), I'he increments Agi, and Ay, to the agonist and antagonist i springs can be chosen o sitisly hoth
conditions {Tahle 3ok When modulating the horizontal springs o preserve slant and shape, the horizontal
frequency muest also be made womatch the vertical Trequency. The homqontal modulstion is forced by the
mathematics o oocur at the some time a8 the vertical modulation, and the increments Az, and Asx,, o the
agonist and antagonist 2 springs are given in Table 3.6, The resultant writing appears in Figure 3.9, The shape
and slant constraings have been mel Table Lo shows that the 2 and ¥ frequencies have been decreased by a

Factor of +/2. and the vertical velociy amplitade has been doubled.
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~ Table 36

parameter | D00 D4 see
Ay R .0 mm -2.08 mm
 Ayn L0 mm 300 mm
gy 491.5 /scc 269.3 Jsex
ey | 4935 feec 224.2 Jsec
Ly 10w /s Sxv/ 2 J5ec

b 107 mm//sce 20% mm/sec
¢ 7/4 1ad. 0464 rad.
Arx, 0.0 mm 228 mm
Az, 0.0 mm 275 mm
kyr | 4935 fsec 258.2 fsec
Ky e 4935 Jsec 135.2 fsec

we l0x /scc | Sm/2/sec |
a 2 Tmmssec | 359 mmnssec

A frequency decrease by w2 and a dmihlc.d vertical velocity amplitude implics that the vertical velocity
amplitude increase is due equally o a frequency modulation and an acceleration amplitude modulation. That
is to say, a constant acceleration amplitude s nol maintained through a height modulation. Nevertheless the
wdealization of achieving height modulation without slant change by frequency modulation would have been
ohiained if the herizontal velocity amplitude could have been doubled alse and the phase difference kept
constant. Unfortunately the shape constraint prevents this casy solution for slant control, since equation (2.6)
requires the phase difference o change and the horizontal velocity amplitude o assume some value other than
double the onginal amplitude.

Nevertheless there hus been a net benefit in reducing the "difficulty™ of leter height modulation hecause
both the horizontal and vertical velocity amplitude changes are hall that in the fined spring model, and the

required phase change is smaller,

3.4 Coactivation Yersus Allernate Activation

So far the spring model has been presumed to work by having hath springs cxert force at the same time.

It is conceivable to have only onc spring on at a time. In the simplest mode of operation the 2ero Silings Iy
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and z,, or y; and g, would be cqual, and whenever the position passes through the sero setting the agonist
spring is switched off and the antagonist spring on, The equations of motion are exactly the same as before,
excepl that the frequency is smaller by a factor of 2. The control of both systems therefore is equivaleat. 1t
is possible to have a mode of operation where the antagonist spring comes on before the point of maximum
wielocity, but analysis of such controls shows that maintenance of an even baseline is cather difficult because of
the complexity of the equations,

It is possible o use 4 scheme of switching between simultancous and alternate agonist/antagonist spring
activation Lo achieve a limited frequency modulation under a fined spring constant model, A frequency
decrease by +/2 would by itsclf result in a doubled letter height. Any addinonal height modulation would

require changing the vertical acceleration amplitude,



Chapter 4. Experimental Measurements with Humans

In this chapter an gpparatus designed for aceurate measurement of position, velocity, and acceleration
during human handwriting is described. Measurements of human handwriting with this apparatus are then

compared against the model of the previous two chapters.,

4.1 The Experimental Apparatus

Aceeleration Measurement

Measurcments of acceleration during handwriting are obtained with accelerometers mounted on a 6 de-
gree of freedom X-Y sliding rail system (Figure 413 A lincar bearing housing slides along the X-axis rod
aiached 1o a metal base. At the same time the Y-axis rods may slide through the housing. There are three
degrees of freedom st the pen holder: two stacked axial bearings for Y-axis rotation, a hinge joint for rotation
with respect W the end of the Y-miis rods, and a hronze bushing for rotation of the pen inside the holder. Play
in th apparatus is negligible.

The whole apparatus allows nearly frictionless movement.  Subjects reporied no constraints on their
writing movement and ne difficulties in grasping the pen near the holder. Tests showed that the inertia of
the apparatus did not affect the writing act. ‘The finger and wrist muscles are evidently overpowered for the .
handwriting movemenL

“T'he acccleration is sampled at a rate of 250 covrdinate pairs per second at a resolution of better than 0.01
g's. A simple RC filter w the accelerometers with cutoff frequency 25 Hi removes high frequency paper Aoise,
It is followed by a triangular digital filer with Nyguist frequency 25 He

This apparatus has some advantage over previous acceleration Meusurcment apparituscs. [Jesigns with
secelerometers of foree sensers mounted in the pen [Crune and Savoic 1977, Herbst and Liu 1977] are sus-

ceptible to orientation problems, People roll the pen in their fingers as they write and also change the pen

42
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Figure &.1. A six degree of froedom s-y rail system for measurement of acceleration and position,

inclination; the sensitive axes of the accelerometers or force sensors change unpredictably and the data loses
its meaning. Constraints imposed on subjects to obviate oricntation problems interfere with the writing act. A
second class of apparatuses derive acccleration from position; these include writing tablets, electrolytic water
tanks [MclDonald, Yasuhara], teledelthos spark sysiems [Denier van der Gon and Thuring]. and a sliding rail
system with potentiometers [Koster and Vreedenbregt], The time and spatial resolution of these apparatuscs
are not currently sufficient for accurate acceleration derivation? there 15 no choice but 0 messure aceeleration
directly. The sliding rail system employed in this thests obviates the oricntation problems with pen mounged

systems, and provides an accurale and detmled record of the acceleration of the pen tp.

Fogiifon Weaserenrenis

Position measurements are obtained with a Summagraphics 11 Data Tablet/1igitizer. The writing tahlet

pen fits inte the holder of the wcelerometer apparatus,  Velocity is estimated by differentiating position,
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horlzont .
velooity

vertical
velocity

harizont.
accel.

vertical
accel.

Figure 4.2 Velocity curvs derived from position and from aeeeleration show poud  sgreciment.
Daoubly differentiated posation sgrees well with measured aceelerations.,

Velocity estimated by integrating acceleration shows close agreement w the position derived velocities {Figure
42). Also present in the Figure is the matching of measured acceleration o doubly differentisted position,
again showing 2 good agreement. The sampling rate for position is 94 coordinie pairs pes sccomd at & spatial
resalution of 01 mm. A narrow wrangular flier was applicd w the position data o yickd a smoothed velocity

curve. A complete recording of o hundwriting movement & illustraed in Figure 4.3,
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Figure 43 A complere reoording of kel o subjpocl KAS
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A A

Figure 44, Acceleration profile fur a down-up finger movement on pleriglass by subject HOL

The sharp negative acceleration peaks in Figure 4.3 have been attributed to static friction at the tops of
strokes where the velocity is near zero [MeDonald, Yasuhara]. My own experiments on the other hand indicate
that the separate peaks are at least not completely a friction artifact. Subjocts were asked to make an up-down
finger movement on plexiglass, With this arrangement there is negligible friction between pen and surface and
between hand and surface since the fingers only are moving off the surface. Sharp peaks arc evident in the

resultant acceleration recording (Figure 4.4).

4.3 Measurements of Handwriting

1. An Underlving Qscillation

The oscillatory nature of human handwriting is lustrated clearly by simple paiterns such as chains of e's
and 125, A typical example of such writing is presented in Figure 4.5, From the velocity traces it 15 evident that
a constant frequency of oscillation is maintained through the extent of this writing. Whether the oscillation is
sinusoidal, trapezoidal, or some other patiern is a question examined mire clusely in section 4.3,

The frequency of oscillation is a strong fubction of Tetter helght. Generully speaking, smaller frequencics
are associated with greater leter heights, For an aliernating pattern of €'s and I's, such as the example of
Figure 46, the frequency difference between the e and | s typically around V2. A fair degree of thythmic

constancy is maintained among letiers of the same height. Le., the e's are all made at the same Trequency and
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Figure 4.5 Recording of a stnng of &'s by suhject STE. Top disgrom: wertical (A) and honizontal
(B welocity traces. Botlom lefll veloony spawe diagram,

the I's are all made at the same frequency, The issue of height control is dealt with more thoroughly in a later

section of this chapter.

2 Horizomtad Modulation of Shape

Within a string of letiers of the same height, the frequency of oscillation is observed to vary somewhat,
although the variation is within bounds of frequencics of letters greater of smaller in height. The model of
the previows chapter would Tead one to expect that For letters of a given height a constant vertical oscillation
frequency is maintained and a modulation of the horizonal escilliation acts independentiy o shape a leter. A
reason for maintaining a constant vertical frequency, B was sugpested, was case of maintaining a straight base

line.
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Figare 4.6, A recording of ldele by subject HOL and the msoctted velocity space dingram shows
comstancy of slanl, shape, and honsonial seeep velooly. Top disgram: verticsl (A) and horizontal
(B velocity traces, Botom left: selocily spoce disgram,

To illustrate frequency variation among different letters, two examples of signatures are presented in
Figure 4.7. In Table 4.1 the frequencies and leuer heights for individual down-up strokes is presented for
each signature. Only down-up strokes that return i the same height are considered, In Figure 47A the
strokes from the a w the & and the stroke o are roughly equal in height, and the frequencics range from 4.1 to
3.5. Particularly for the @ there has been some modulation of vertical frequency, which shows that a vertical
modulation participates with the horizontal modulation for letter shape. The down-up stroke fir the nis half
the height of the previous strokes and has a correspondingly higher frequency 4.9. Similarly the clockwise

duwn-up stroke at the wp of the a and the up-down stroke ai the botiom of the &, both of very small height,
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Figere 4.7, (A) Signatere by subgect LAR; (B) sgrature by subject STE

are exccuted at the high frequencics 63 and 6.7 respectively. The second signature in Figure 478 shows a
greater degree of thythmic regularity than the previous cxample, The range of freguencies is tight, between 5.9

and 6.3, Curiowsly the height variation is greater than the frequency variation.

Table 4.14 Tabie 4.18

Stroke | Freguenoy (He)| Heighe (mm) Stroke | Froguency (Hx) | Height (mm)
wpofa 6.3 04 | £l 59 24
a 4.1 27 v 6.3 21
alor 4.1 24 vige 59 1.6
rlos iR il elomn .l 1.6
a 35 26 n 59 20
;! 4.9 12 nips | .3 | L8

bottom of & 6.7 0.4

3 Comstaert Horizonial Velocity Sweep

In the mathematcal treatment in Chapler 2 0 wis issumed thal the writing movement could be factored
into an oscillatory movement superimposed on a constant horizonel velocity sweep, This assumption was
substantially walidaicd by measurcmenis on human writing, Subjocts were asked (o produce strings of letters
fedele. The lincar sweep Tor a given letier in the string wirs cstimated by Aiting a least squares ellipse (o the
welocity space diagram. The mean value for the constant velocity sweep c and the standard deviation efe) for
the letiers within ome of these strings was abulated in Table 4.2 for g nomber of suhjects and fir 3 drials for

cach subject: the wnils &re cmeses,



L perimental Measurements with Humans 11

Tahle 4.2
Subject (3 e @ Ble) zero zerofa)
BRU 9.5 34 | 782 46 | -108 6.5
136 12 | T2 79 | -174 10.3
129 21 | 760 70 | -1946 42
GRI 6.0 L1 61.6 9.7 -10.8 4.1
73 3B | 650 02 | -135 36
94 21 | 638 60 | -180 46 |
HOL 115 L5 | 745 0.5 -5.5 15
B 120 34 | 763 58 | 127 6.6
133 24 | T3 23 8.7 ]
LAR 124 6 | 626 68 | <120 17
I 12.7 15 | 61l 14 5.9 43
16.0 45 | 588 23 9.2 26
| MAS 12.3 23 | 640 84 | -112 an |
B 12.0 10 | 660 L0 74 00
170 14 | 680 45 5.3 48
| MAT 2.0 64 | 61T 29 | -163 45
26.3 36 | 640 L6 8.5 1.8
0.2 49 | 633 L5 | -l48 18
MCD 19.0 6.3 [ 593 87 | 165 82 |
i 16.2 39 | 572 0 85 | -1 9.3
.5 53 | s2 B2 | -21.3 9.8
$10 10.5 13 | 714 38 -5.2 16
16.6 16 | 786 19 | -158 5.3
16.8 15 | Tod 48 | -116 2.2
| STA 11.3 0 | 555 62 | -167 70
113 13 | 545 42 | -200 48
e 10.8 25 | 560 iy <162 44
5TE 125 | 26 | 513 60 | -178 58|
6.5 4k | 690 | 46 | <132 3
118 ) 16 | 168 5.0
W00 1.0 17 | 61s 3.2 -5.7 22
114 15 658 5.2 6.5 64 |
138 62 | 665 5.2 6.2 35

The stindard deviations show a fair degree of constancy of ¢ from letler w letier within a Elvei String.
Sume subjects showed a greater degree of constancy than others. The same ohservations apply between wriling

samples for a given subject. The standard deviations are actually less significant than might appear hecause
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the horizontal velocity amplitedes, not indicated in Table 4.2, are typically around 3 dmes greater than the

constant velocity sweep.

4. Height Coniral

The theoretical treatment im Chapter 2 examined two possible strategics for height control: modulation
of amplitude and modulation of frequency. Actual cxperimental measurements indicate that both modulations
take place. Subjects were asked o produce a 6 letter sequence of alicrnating e's and ['s. Measuring each letter
from bodiom corner to battom corner, the ratios of ! 1 e lewer duration, vertical velocity amplitude, and height

were calculated and averaged over 3 triaks (Table 4.3). The average over all subjects is also given.

Tahle 4.3
- Suhbject | Juration ratio Yelocity ratio Height ratio
Bl 1.3% .75 225
GRI 125 1.97 246
HOL. 1.3% 211 292
AR 139 .99 159
MAS 1.52 205 271
MAT 1.40 .81 2136
s5l0 134 106 152
S1TE Las 234 298
L. 1.26 1.ES 212
GROUP .38 1.99 255

The results show that vertical velocity amplitude is approximately double for the | as compared W the e
This doubled amplitude = obtined in roaghly equal measure from a frequency madulation roughly propor
tional to +'2 and an acceleration amplitude modulation roughly proporional o /2. Because of the double
integration of acceleration the proportional contribution o height for froguency vs, amplitede modulation is
242,

The frequency modolation 5 nota resall of Bmiutions in the power plint. Muscles involved in hand-
writing scem grossly overpowered for the sk, There are two picces of evidence for this ssserton. (1) As

mentioned carlier lindwriting frequency was not affected when weights were attached to the scoclerometer
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apparatus. (2) Handwriting froquency @ independent of writing size. This independence is an accepted
ohsorvation in the handwriting literature [Denier van der Gon and Thuring 1965, Yasuhari 1975] and is an ob-
servation substantiated by my own measurements, Subjects were asked t produce the alternating & patterns

in different sizes. The § height and the time required to produce one ef pair were calculated and averaged over

3 trials (Table 4.4),

Table 4.4
Suhject {height(in) | el time(msec) |
BRU 038 45
0.86 435
MAT 0.34 547
046 58
SI0 0 403
0.31 43
. SIE 0.25 51
0.37 503
045 [

Tablc 4.4 indicates that the amount of time required to write an & pair is independent of size over a factor of 2
across a sampling of subjects.

In Figure 4.8 the vertical acceleration profile for two different sizes of the same word, one twice the size
of the other, nearly overlap. Thus the handwriting muscles are capable of writing tall letiers in the same time
a5 short letiers, Yet an e in lerge wriling similar in shape but taller than an { in small writing s wrillen in less
time, in fact in precisely the same time as an e in the small writing.

The freguency medulation by a fuclor of 2 fits particularly well the alternate activation mide of the
spring model. Presumably an extea amplitude maodulation would be required because of stylistic constrainis (o
produce a sufficiently tall {, This magnitude of frequency modulation is alse well within the range if @ warithle

sprring constant madel.



53 Experimemal Measuremenls with 1lumans

Fipare 48, Verticil scocleration profiles from two differen writing sizeg of hell, one double the
wlher, by subject STE shovw s high degree of barst duntion agreement,

5. Slawnt Constancy

The extent o which subjects maintained constant slant during writing was determined by computing
the slant of individval leuers in the sequence ledele. The slant of a Jetter was computed by fting a beast
squares ellipse o the velocity space diagram corresponding o that letter and by determining the slant from
the coefficienis of this ellipse. These measurements are model based in the sense that g sinusoidal oscillation
is presumed w underly the experimental velocity space diagram. The results in Table 4.2 under the column §

and #{e) are expressed as a mean value of slant and stindard deviation for the letiers in one sequence lelele,

Table 4.2 shows that there are mixed results with regard to consistency of writing slint. For consistency of
slant within a single word or letter sequence. some subjocts during certain triaks had highly consistent writing

shamis with a standard deviation below 4 degrees. AL the other extreme some subjects cxhibited poor shint
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control with standard deviations above 8 degrees. Most subjects fell more or less belween these CxIFCmes. For
consistency of slant between trials, the results are also mixed. Generally the range of slant means betwesn
trials did not exceed 10 degrees, with some subjects having a range of 5 degrees or less. Finally, although this
Breakdown & not given in Table 4.2, the slants of &'s were more or less the same as the slanis of neighboring
I’s, with a tendency in some subjects Lo make the £'s more slanted.

It might be concluded that gencrally speaking people are moderately successful al maintaining a consis-

tent writing slant.
& Shape Conslancy

It was suggested in Chapter 2 that shape control at top corners is related o the horizontal velocity at the
top vertical velocity zero erossing. To whal extent is shape constancy maintained in going between ¢'s and I's?
In Tuble 42 the mean hortzontal velocity at the vertical velocity zero erossing, labeled "sero”™ in Tablc 4.2, and
the associated standard deviation are presented for the sequence lelele. As opposed (o the previous columns in
Table 4.2, the zero values are direct measurements rather than extrapelated values from a least squarcs cllipse;
the units are cm/sec.

A rough shape constancy is demonstrated by Table 4.2 Thus subjects seem L attempt o keep the same

top shape when going between ¢'s and U's.

4.3 Ihscussion of Resulls

The Forcing Furction

A major advantage of the spring muscle model is that a sinusoidal oscillation can be obtained with mini-
mal cffort. Starting from an appropriate set of initial conditions, a sinusvidal oscillation propagates indefinitely
with guite passive control; ic., the zero seitings are not changed. The main concliusions of Chapter 2 however
are not dependent on the validity of the spring muscle model. A sinusvidal forcing function arising from active

contral programming would also be subject o the same slant, shape, and height comstraints as & sinusoidal
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function arising from the spring model, Only the details of the modulations would differ.

In terms of the position or velocity recordings for writing of a given height, the it of the spring model
and of the vanouws favors of step patterns 15 ahoutl equally good, Actual velocity space diagrams are ambiguous
with regard to being cllipsoidal or rounded paraliclogram. Figure 4.9 shows best fit ellipse and a best fit
rounded parallelogram to Figure 4.5 and the associated synthetic writing. Both agree fairly well with the
data. Less ambiguous is the diagram in Figure 4:IIII¢'L. harboring a parallelogram hidden by a nearly collapsed
diagram. Shifting the honzontal velocity, which does not change the nature of the velocity space diagram,

brings out the underlying paraliclogram (Figure 4.1003),

With regard w recorded accelerations. wrapesoidal and sinusoidal patterns seem to fit the data for fast
writing aboul equally well. With progressively slower writing, however, large acceleration plaicaus emerge
(Fiaure 4.11) Assuming the underlying control I.HI'."I:l'HmHﬂ doses not change with wrinng speed, an assumption
which scems born out by the similanity of the acceleration profiles, the fast writing bursts would seem o have a

trapcroidal basis,

The sharp negative acceberation peaks, present in Figure 4.11 and in most other writing data, are forcign
to both patterns, bowever. As indicated in section 4.1, these peaks are not just friction artifacts. They may
indicte a segmentation of the acceleration profiles ot the wp comers: although the underlying pattern is
continuous, it might he thought of & a chain of down-up strokes, Somce writing specimens may show more

tham two peaks per burst, however, and may show peaks in the positive bursts as well,

Two Jaint Horizontal Movemens

A mechanical writing confizuration of two independent jeints, one cxecuting an up-down movement and
the other a lefi-right movement, has been a freguent assumption in past handwriting rescarch [Hden 1962,
Mermelsiein 1964, Denier van der Gon and Thuring 1965, Koster and Vredenbregt 1971, Yasuhara 1975,
Up-down movements have usumally been aseribed o the fingers, hack-forth mevements e the wrist, 1 have

ohserved in subjects other configurations that vield an essentally orthopomal two jeinl moevement, involving
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(8)

- AL o

Figre 49, (A) The vertical wooceration corresponding 1w Figor 45 i more Irpesidal than
sinpsubetal. (B) A bes B cllipse and the resaliant writing, (O} A best fir mmencled parallelogram

and U resublan wriling,
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Figure £ 101, By phase dafing the horisontsd vebwity pattern in (AL e parallelogram nture af
e wehscily spoce dugrome (B emenges,

the elbow and the showlder, The method of using the fingers and wrist also varies depending on grasp and
degree of promation. Lefthanders switch the roles of fingers and wrist. Fach subject most hikely hit upon their
own particular confguration, insofar a8 formal handwriting instruction nommally concentrates only on letter

shupe and not on the mechanisim of writing [Hertsherg 1926, Hagan 1976],
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Figure 401, Vertical seceleration profiles from three samples of hell wrtten at different speeds
shovw Lrapesoidal bursts,

The disposition of the two joints need not be orthogonal. A joint disposition test can be devised by asking
the subject w produce repetitive down-up and then hack-forth movements; the angle between the two races
i ofien similar w the writing slant and may indicate the joint dispesition. One might be tempted to say of
subjects who evidenced a slanted down-up mavement similar 1o their writing slant that the "vertical™ joint

accolerates along this shanted direction.

‘Ihe agreement found between writing slant and the angle produced during up-down movements by cer-
tain suhjects is also open W suspicion, Lising just their fingers, these same subjects could produce any desired
writing slant, This supports the notion that handwriting might actually be a three-joint movement: (wo joints
act as oscillatory x-y generators, i third joint produces a constint horizontal sweep. Subjects find it possible

wr draw circles with fingers alone, so that there are at least two degrees of freedom here., This may he coupled
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with a horizontal sweep at the wrist or at the clbow, In any case what one might be observing with diagonaling
up-down movements is simultancous activation of the two finger degrees of freedom: the resultant line is in
the direction of the writing slant.

More careful studics of the joints and muscles used in handwriting than herctofore conducted are re-
quired o clear up the issue of writing slant. In the absence of such a study in this thesis, all joints are assumed
orthogonal unless there are compelling reasons o assume the contrary, In any case the vertical record is
unaffected save for a constant scaling factor, and one is safe in making arguments based on the vertical record.

A decompaosition of the henzontal movemnent into a lincar component and a periodic component makes
the idea of a two-joint horizontal movement attractive, The larger more proximal joint would be responsible
for the lincar movement, the smaller distal joint for the periodic movement. The forearm with wrist or fingers
and the wrist with fingers are two pairs that may satisfy the proximal-distal joint armngement, Indeed, one
of the subjects was tavght w write with a constant forearm sweep. In any case assertions in the literature that
handwriting is a two joint movernent needs more careful study than has heretofore been given. The advantage

of the three joint movement would be w simplify the programming of the horizontal movemenL
Clockwise eliminaiion

There are a number of modifications and shortouts taken by fast writers w standard cursive scripl shapes
in order w adapt the shapes to requirements of speed and rhythmicity. In Figure 4.12 the h in A, the letier
a, and the m in mu are cxamples of modified shapes produced by three different fist writing subjects, The
common feature of tese keters in the Palmer script is a clockwise movement: w round the wp of te a. and w
produce the bottom cusp comers of b and m. In examining the velocity space diagrams for these letters by fast
writing subjects, for cxample that of ki in Figure 4121, what glands out is that clockwise movement has been
completely eliminated in Brvor of o uniform counterclockwise movement. ALmost a giraight line veloeity space
diagram is obtained, corresponding w xero phase difference between horizontal and vertical joints {Figure

22100 that is w say, clockwise shapes ure approximated with an essentially rounded sawtooth pattern,
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Figire 412 (A) The leiters & in ki, a, and moin e ane cxamples of neshifiod helter forms by
three different fad writers. (B) The welovily space dingram for the bt shows only coinlenslockwee
MvEenL,



Chapter 5. The Minimum Energy Movement

Though considerable effort has been expended in the swdy of the human motor sysiem, the exccution
of even simple movements is not well understood. One current theory holds that movements are memorized
in terms of final position [Bizzi et al). The final position theory has as a hasis the spring muscle model
discussed in Chapter 3, Referring to Figure 1.2, the final position theory maintains that the position L, can be
reached independent of starting position merely by setting rates ny and gz, This theory is intercsting from a
manipulation viewpoint because it obviates the need for precise trajectory caleulation in the case of single joint
movementL

There are many choices of agonist-antagonist length-tension curve pairs that have Ly as equilibrium
position. One choice that could be expectad to reguire kess energy is g and go, which minimize the isometric
tensions. More generally, it is concelvable that some complex sequence of innervation rates sy, might requine
less energy than a scheme which selects the final kength-tension curves immediately. The determinaton of this

optimal innervation pattern is the focus of this chapter,

5.1 Spring Muscle Model Solution

The investigated propertics of muscle present a wo complicated view for analytic treatment. The plan
here is to simplify the muscle mechanics until an analytic solution o the optimal cnergy problem is possible,

then to examing if the nature of the sulution is changed by adding some of the excluded muscle properties.
Referring w the spring muscle model of Figure 3.3 and associated cquation (3.1), define a control variable

U7 and a slate varable X & below.

£ T uy Ty
Iy T iy Ir
Sctting the muss = 1, the stle variable representation of the spring system is:

61
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0 1 oo
X = X+ U (5.2)
—ky — bk, —b L
Muore compactly,
X = AX 4 BU
= flX,U,1) (5.3)
Muscle Energetics

The energy E expended during movement equals work plus heat. The work W may be subdivided into
conservative work performed on the mass m and nonconservative work performed on the viscous clement
The isometric heat Q; Is given off in maintaining the muscle at a particular ension Fy. The rate of encrgy

cxpenditure is thus:

E = Pyu (power) + aPy (maimenance heat rate)
= [z + a)(kyl) — 2] + Falz) — w) (5.4)

where w is velocity and @ is the maintenance heat coefficient. The wo force terms have been summed because
each contributes w cnergy koss. We have excluded the shortening heat because the active damping was also
excluded, and because there may be a theoretical relationship between the two [Huxley, Caplan]. The transient

characteristics of heat production have also been excluded.
The Fuler-Lagrange Fouations

The task now is to find the tme varying eontrol L7{) that minimizes the energy psed in moving between
twior points in a fixed interval of tme, et V represent the energy consumed in applying the control U o yield
the trajectory X The problem of minimizing V is readily approached by wechnigues of modern control theory.
The fundamental equations that the eptimal control (2] must satisfy are derived from a theorem from the

carlerdus of variations. This theorem states that in order to find the n-vector X (£) that minimizes V[ X). where
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V(X)) = f; mL[x.}E, t)dt (5.5)

subject to the constraint relations

glX. X, )=0 i=1...m=n (5.8)

then X(t) satisfics the Fuler equations

SLX, X))  dOL(X, X, 1) .
_a::.....-—:ﬁ&:—.i_[ll i=1,...,n (5.7}
where
L{X, X t)=L[X, X&)+ i WX, X, €) (5.8)
[}

and h;{t)'s are the multiplier fenctions [Schultz and Melsal

Applying this theerem to the optimal contrul preblem, the state equations X == f(X, U, ) represent the
cquality constraints. L represents the rate of change of energy E. The Hamilionian H = L + W7 f represents
(5.8, where b7 = [&; Ag]. By applying the Fuler equation frst for X and then for L7, it can be shown that the

minimizing [/ {t) satisfics the following two fuler- L agrennge squokions [Schulte and Melsal.

A== —Hy (5.9)
Ho=0 (5.10)
The Miinnwe Principle

Because L iz linear in the control L7, there will not generally exist a mimimuom energy solution. To obiain

a realistic solution, comstradnts must be pliced on the control, The sodution in this case will lic on the constraint
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boundaries [Bryson and Ho|. Constraines on U, however, make it impossible difercntiate H with respect (o

U,

The minimum principle of Pontryagin makes it possible o proceed from this pont. Pontryagin showed
dhat even if the control is constraincd, one still obtains a minimal solution by finding the u® = (X, )0
minimize the Hamiltonian H, but by inspection rather than by differentiation. After finding the minimizing

u" one forms H® = H(X, u", X, {) and then solves the following two equations [Schultz and Melsa).

X = e (5.11)

A= — s (5.12)

There are two natural constraints that fall on the control U, First, the spring cannot push.

g — 2 =0 (5.13)
o —ug =0 (5.14)

Second, springs have a maximum tension that they can exert. Without this constraint the solution would

invalve an infinite impulse, For the moment we assume the maximum tension is constant and independent of

length:

) — I =€ (5.15)
7 — ug < 6 (5.16)

where ¢, and ey are constants. The case of maximum tension varying with length is deferred until section 3.2
A Bang=Coasi- Bang Solution

To Facilitate inspection of the Hamiltonian, we expand F == W+ L into three Hnes, the finst depending

on g the second on g, and the third on neither contrel.
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H = kfus — m)ia + 22 4 M) + kuz — waa + 22 — ha) + (b — bhg) (5.17)

To minimize / with respect to uy, we observe that if a 4 23 - kg == 0 then H is minimized when w) == ).
Ifa + 23 + kg = 0 then H is minimized with uy = 7; <4 ¢;. Similarly, it can be shown for uy that when
o+ 23 — ke == 0 the minimizing wg lies at 1y — ez otherwisc uyg is al . Combining these results, one finds
a bang-coast-bang solution to the minimum energy for muscle movement.
Casel: by << —(a+4 =)
Then wy = z; 4 ¢y, tiz = Iy,

Case2:  |he| < (a4 22).
Thenwy = ), uz = 3.

Case 3 by = (o + =)
Thenuy = ), uz = 1) — €3.

The Solution FEquations

Substituting the minimizing u” into H , one obtains three functions corresponding to the three cases.

Case 1t H“——-kgﬂfﬂ"'—ﬁ-'—}q]-l-ﬂﬂhj —b:'q}
CaseZ: H" = zi{h; — bhy)
Case 3 H" = kyeala + 20 — M) + 2o(h) — bha)

The differential equation (5113 and its solution becomes for the three cases:

v=[o L]

£ft) = oalto)e =14 - SE(1 — M=) (5.18)
2(t) = mila) + zalte) — 2a)) + (¢ — o) (5.19)
wheree = ¢y and k = k, forcase 10 e = 0 for case 20 and ¢ = —ep and & = k,, for case 3 The time ty

. ! . ) .8
represents the starting time, The differential cquation (5.12) and its solution arc:
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= [—“l lﬂi:]?ﬁ - IJE:]
M(o) = Nilto) (5.20)

h(t) = halfo)e™ 0! 4 ?-“!E”L_F—ku — ghlt—lal) {5.21)

where ¢ and k have the same meaning as above except ¢ = g for case 3. Since i) Is constant, it appars

henceforth as & without a time dependence,
The Extremal Versus Singular Solution

It is proven in appendix A that there are exactly three events in the extremal bang-coast-bang solution:
an acceleration period, & coast period. and a deceleration period. Mo other combination of bangs and coasts
is minimizing. However, a nonextremal minimizing solution may arise from a singular arc at the switcl:ing
points. The Hamiltonian {5.17) has the curious property that if kg = | + 25| then the corresponding contrel
may take on any value and still minimize . 1f a control can be found to maintain ke = |a + =] For a
finite time interval. then a non-cxtremal solution w cnergy minimization might exist. This situation is called a
singular arc and arises from a performance index linear in control but quadratic in state [Bryson and Hol. To

maintain hy = |a - 23| for a finite time interval, all time derivatives of the two switching curves must be zero:

d*(ha +a+m) _
T —0 n>z=0 (5.22)
L ;: —# _y 0 (5.23)

Carrying through the analysis for a singular arc at the first switching point {5.22), the time varying force

during the singular arc is;

ky(wy — 1) = Ny 4 ba + 3ba{ly )™ 4 gu-n + M) —1) (5.24)
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force L{aan'.i 1 (b) ()
'
ke I:;::] — lu:l -
] I o 1 i time
£y ty 5 2 t L

Figuwre 5.0, The three possible forms for foroe in & singular are solution.

Unforwnately no sufficient condition has yet been developed to test whether a singular arc 15 minimizing, and
one must compare va!aes of the performance index for specific parameter values for the singular arc solution
versus the extremal solution. Depending on the choice of & the force (5.24) takes one of the three forms in

Figure 5.1,

OF these forms only 4C has been found minimizing for some parameter combinations. To search for such
combinations, a set of parameters was initially deduced from Rack and Westhury (Table 5.1). The elapsed
distance z; and the clapsed time £y are variable and have been chosen as 0.2 cm and 0.4 sec respectively. The
initial and Anal velocitics are assumed sero, For the extremal solution hang coast bang there result 8 nonlinear

equations in & unknowns from (5.13045.21) and the initial conditions {2y, &),

S — oS
Parameter Value
kE 20 t-Eﬁ:m“ .
m - pE kg ipliusible value)
“bfm | 316 /scc (chosen o give ¢ = 0.5)
e | 1dcm
a O emdsee (deduced from Waoledge))
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For the singular solution bang 4C,coast,bang 15 nenlinear equations in 13 unknowns result from (5.18)-
{5.23) and the initial conditions. The equaticns were sulved numerically by Newton-Raphson and gradient
methods. Individual parameters were varied and energies of movement computed from (5.4), Solving (34),

the energy for the extremal solution ks

E= ﬁ:ﬂ[ﬂ.‘ﬂj[fl] 4 .ﬂ.i!l{tg.}} + hﬂl{.ﬂ!l -+ ﬂh} {525}

where £, is the switching time from acceleration o coast, i3 is the time at the end of deccleration, Af,) is the
duration of acceleration, Az, (t,) is the distance moved during acceleration, and Axzy(l;) is the distance moved

during deceleration, For the singular solution, the energy is

E = kel Az (t) + Azy(ts)) + keal Al + Ats) + kgl — =)(=:lt) + a) (5.26)

where £ Is the switching tme from acceleration to the singular arc 4C, i3 is the swilching time from 4C w

coast, and &4 is the time at the end of deceleration. The furce ky(w; — =) is given by (5.24), while the veloeity

zy(t) is:

) = aa )10 4 LR 1) (5.27)

The encrgics for the extremal versus the singular solution are compared in Tables 5.2a-g; the units ane
kg emskg wi In Table 53¢ the parameters k and b are varied simultancously but at a fixed damping ratio of
0.5, In Tables 5.2f-g the parameters k and b are respectively set at 16 and 4 rather than at the Table 5.1 values
where the extremal solution is minimizing over the whole range of z; and . The initial values from Table 3.1
are starred in Table 520 A singular solution becomes minimizing with high values of k, b, ¢, and t;, and with
low values of @ and 27, As the parameters cause the coast time W approach e {higher b and =y, lower k, e,

and £y}, the singular and extremal solutions become identical because the 4C portion vanishes,
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For the extremal solution it i proved in appendix B that there is an upper limit on the duration of
coast. It is tempting to speculate that for longer coast durations a singular solution becomes minimizing,
but the singular solution in Table 5.2 is not always minimizing under these conditions. Perhaps a different
combination of bangs, coasts, and singular arcs would then be minimizing, but this remains an open question.

Some comnbinations can be proved impossible, such as bang, 4C, coast, 4A-C, bang.

Table 5.2a ] Table 52b ]
k Singular Faremal | b Singular Extremal
"II' LR S L ﬂhms 2--] L b L L] 0‘5‘5

8 066117 066106 14 | 0352006 | 0552034 |
*10 0.6173 0.6164 26 05675 | 05674
0 0.5640 0.5627 10 0.6020 06014
0 0.5513 0.5509 4.0 07045 | 07030
40 (.54554 0.54552 5.0 0.820 .824
50 0.5423 0.5426 10.0 145 | 1.51
100 053 | 0.537 15.0 213248 213246
- 15.557 e 24

Table 5.2¢(b = k) ] “Table 5.2d ]

3 Singular Extremal c | Singular Extremal L

7 R 0.6 _ 037 % T U.?UEWH
8 0632026 0632023 08 | 0eel2 0.6611
L] 0.6173 06164 *1.0 06173 0.6164
14 0.6442 06440 20 | 05640 | 05627

20) 0,708 0725 | 30 | 05513 0 05508

a0 | 054554 0.54551 |

s 0547 0.5437

60 | 15401 0.5407
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Tahle 5.2¢

by Singular Extremal
(.35 s 0514
036 0.76123 0.76122
(1.4 06173 06164
(45 0,512 0.511
0.50 0444 0.245
(.60 0358 0.36%

A natural question is whether the minkmum cnergy solution is changed by incorporating & morg realistic
muscle model, For these relaxations of the spring medel involving only X dependencies, the answer is that the
sulution remains hang-coast-bang. ‘The reason is that the Hamiltonian A remains linear in the control U, and

the minimization of H with respect to U oceurs ot fined X. Whether the solution also remains acceleration-

Tahle 5.2k = 16,0 = 4)

Ty Singular Extremal
0,006 *a3an 0.0041 |
0.050 00632 0.0634
0.100 0.1925 0.1942

*().200 0.6647 0.6681 |
0,300 1.4636 14620
0.350 20120 10072
01,400 2687H 26825
0,540 arad 6.4598

Table 5.1g(k = 16,b = 4)

a Singular Fxtremal
01,06 06112 06161
=010 0.6647 0.6681
0.20 0.7974 0.7981
0.25 0.8633 08631
0.50 1.1903 1.1882
1.00 1.8393 1.8382
1.70 2,743417 2.748411
180 s 28784
5.1 Spring Muodel Relaxations

coast-deceleration needs o be determined for ¢ach case.

Relaxations of the spring moedel involving X dependencies include the following,

0. Posirion Limits on Tension

For real muscle the muximum isometric tension varies with position {Figure 4.1). “This makes ¢; and ¢;

into functions of 2;. but the controls will still @1l at the extremes wherever they are.
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velocity

1

Tensiom

Figure 531, Tension dependence on velocity (Hill 1938)

2 Veloclty Limiis on Tension

Actual muscle exhibits a hyperbolic force-velocity relation. IF Fy & the isometric tension, then the

masimum force P that can be produced for a welocity v is [Hill 1938] {see Figure 5.2):

Pep— % (5.28)
The wrm (Fy + a)/{v 4 &') can be considered the cocfficient of active damping, The coefficient @ has been
determined as . 25F; the force P then heecomes By — 1L.25F (v 4+ 8. The literature conflicts on the value
of active damping during kengthening. For consistency with the shonening beat (below), it is assumed the

same as active damping during shanening.

Assocuiied with the active damping is an cxtra heat expenditure above the isometric homt due w shar-

ening. ‘This shortening heat rate is [Hill 1964);
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), = 16Fw + 18Py (5.28)

The isometrc heat rawe {j,- remains @y, but the power is now Pu, Substituting the sum of spring forces for the

isometric tension Py and (5.29) for P, the encrgy rate is:

L=yl — 22) + Fufg — 21))(a— 0093, + —20) (5.30)
Similarly it can be show that the equation of motion is:
) o by (1 — S Nk (g — 23] — ka1 — 1)) (5.31)
T3 2 ntt 1 1 i .

When these terms are combined w form the Hamiltonian, the control i seen o remain linear, Hence the

solution is once again bang-coast-bang.
1 Spring Constant Variations with Position

One way of bringing the simplified length-tension curves of Figure 4.2 closer to those of Figure 4.1 i
ilustrated in Figure 5.3. The spring constant k,, varies with position, but at any given position the constant &,

is the same for all controls ug. Under these conditions the solution remains bang-coast-bang.

4, Parallel aed Series Elastic Elevenits

The incorporation of these elements into the model s depicted in Figure 3.4, Since the parallel clastic
clement depends only on position, it does not change the solution. The series clastic clements and the active
springs may be replaced with equivalent springs with constants ky' = kyk, /(k, + &) and k" = k&, ks +

k,). This modification also has no effect on the solution.
5. Stiffoess Regulation

With regard to IV dependencics, in Figure L1 the spring constant k., 15 seen W vary with firing rate at

any fixed position. The linear portions of these length-tension curves when extended seem W intcrseet al a
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Tension
Pt

f

length

Figure 53, Hypothetical lengih-tension curves wilth the porperly thal al any given lenght the
slopes are the same for all chaoices of wg.

pn ns i X
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Fizure 54, An cxponded musche model acorpording senes chiste elemems &, oand o parallel
clustic clement k.

cormmien point {(Figure 3.8),

In this circumstance the spring constant &y, is To /(v — =), The wg terms of the Hamiltonian H become:
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H' = —Tﬂ — (&) — )@ + = — ha)
uy — I

= Tofa+m— M) 22 — 1) (5.32)

Ifa+ 2 — by = 0 then H' & minimized at ug = 2; otherwise ug = £ — ¢ That is Lo say, the
solution for wg is exactly the same as in section V. A similar analysis holds for wy. Thus the minimizing pattern

is alsn bang-coast-bang.



Chapler 6. Concluding Remarks

The oscillation theory of handwriting suggests that letter shapes emerge as individuations of an underly-
ing oacillation. The alternative view which 15 dispelled by this theory i that cach letter has a separate molor
program which can be invoked to produce that letter in isolation, and that the word formation process is one
of linking together the motor programs for the desired letters, In the oscillation theory there is a preexisting
and underlying repeated pattern of letter shapes, for example a cycloidal chain of €s for a sinusoidal based
oacillation, and that this pattern propagates indefinitely unless it is modulated. Rather than an active process
of forming letier shapes, there already exist letter shapes ypical of the oscillation pattern and the modulations
serve 10 remold the preexisting letter shapes into the desired letters. A modulation will change the underlying
oscillation pattern to a new one, which like the old will propagate indcfinitely unless it o is modulated. In a
sinusoidal based oscillation, for example, an original € cycloid can be modulated to an { cycloid, and after this
moedulation the new wnderlying pattern is the { cycloid.

In motor control work one i used t thinking in werms of motor programs, and here the motor programs
are hest considered the sequence of modulations. The underlying oscillatory process acts as an interpretive
program that "interprets™ the motor programs, which are the sequence of modulations, in the context of the
current oscillation.

In creating & word a temporal sequence of modulations to some oscillation pattern must be set up. Even
for writing single isolated letters such as an a an oscillation must be created and one or two modulations
applied o it. There ks a question as o the size and the nature of the conceplual unit in handwriting. [s the
conceptual unit Enguistically based, such a5 a syllable or 2 word, or is it based on some oscillation feature, such
as whether the movement is clockwise or counterclock wise or whether adjacent letters have the same height?
For typing it has been suggested that the conceptual unit is the word [refs], and the finger sequence o produce
a word is considered a8 a single motor program. What the conceptual unit in handwriting is and whether it too

should be considered a single maotor progrum remains an open gquestion.

15
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The human motor system has configured itself o make the handwriting act a relatively simple task. It
has factored the large numbers of degrees of frecdom of hand and arm into just & few degroes of freedom that
facilitate the control of handwriting. Coupled oscillations in £ and y directions produce diverse corner shapes;
a potential third degree of freedom for a horizontal constant velocity movement separales the corners to form
letters and words. The process of letter shaping reduces largely to controlling the vertical velocity zero Ccrossing
in the velocity space diagram: the intercept controls corner shape while the slope at the zero crossing controls
writing slant. Under the constraints of the zero crossings letier height is modulated by both frequency and

amplitude modulation of the acceleration.

The oscillation-modulation scheme reduces the information processing reguirements for handwriting at
the expense perhaps of lewer shape diversity. It might be speculated that a reduction of the information

processing complexity for handwriting is necessary for thinking and writing at the same time.

Applications of This Research

The reason for eliminating clockwise movements may be to reduce the number and degree of modulation,
as discussed in Chapter 4. It would scem that a new cursive script needs o be devised that takes into account
the ease of character formation with speed, The climination of clockwise movement is a first step. Streamlining
ather shapes to eliminate excess curvalure of excessive hop width would limit the amount of phase shift. A
neutral fiythm, namely a sequence of top cusp shapes, could then be set up that is casily modulated for other

shapes: a small phase medulation in one direction would produce loops. in the other direction rounded top

COMELTS.

Ome possibility for a new script is given in Figure &18, where the proposcd script & compared with the
Palmer script of Figure 6.1A. The clockwise top roundings of the Palmer ketters a, €. d, g, o, and g have been
eliminated in favor of a pattern which is essentially a closed w. The clockwise botiom Joops of lewers g, 7,
and g have heen virtually eliminated in favor of a more angular buttom; it should be considerably casier o

follow these letters with an e, the difficulty of which was discussed in Chapter 1. The cluckwise botiom cusp
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ﬂ,ﬂﬂdﬂzfﬁzﬁi

x s o 43/9/

(a)

A/éﬂiﬁ%_y/é'i
f/é.mﬂ J"f/ffﬁm

xﬂfﬁf%‘yrf"

(B)

Figure 6.1, (A) Sundard Palmer cursive senipt; (B) A proposed new senpt thin clininates clock wise
mvemenL

comers of b, k. m, and 1 have been replaced with a sort of angular comer produced when there i zero phase
shift between joinis, The leter k B8 somewhat problematical in a counterclockwise sccheme. 1T the second
downstroke more or less follows the previeus upsteoke, a leter form distinel from h can be produced. Letters

p, &, and = would also required substantial modification, One possibility for 2 is w relate it W y in the same
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way that g is related o g.

One might speculate that the neuronal structures responsible for the oscillation and modulation com-
ponents of handwriting are scparately identifiable. Handwriting has been used as a o] for diagnosing
neurological diseases, and it may be pussible to make a more specific diagnosis by observing exactly how the

handwriting has degenerated,

Suggestions for Further Study

The most pressing problem requiring further study is the clarification of joint rokes. More detailed ohser-
vations than heretofore obtained of the hand during writing are needed to decide such msues as whether a
third degree of freedom is executing a linear movement and whether the oscillatory horizontal and vertical
degrees of freedom are actually nonorthogonal. The role of the thumb requires clarification. The integration of
downward pressure of the pen on the writing surface with the planar aspect of movement is also necessary.

The natwre of the underlying oscillation alse needs Further clarification, such as the extent w which the
oscillation is mechanically based or actively programmed. The nature of the forcing function is also unclear,
whether it is sinusoidal, rectangular, trapezoidal, or something clse. The acceleration recordings show an
asymmetry hetween positive and negative veritical acceleration bursts. The negative bursts tend 1o show
a separation into two peaks; the negative burst amplitedes show greater variation than the pusitive burst
amplitudes, This asymmetry is in need of explanation.

Lastly. this thesis has concerned fiself only with the formation of lower case script in the Palmer style of
English writing. The extent 1o which ideas in this thesis transfer w the production of upper case Palmer seript,

printing, or scripts for other languages such as Arabic, Hebrew, and Chinese, remaing an open question.
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Appendix A

In this appendix it is shown there are only two bangs and one coast in the extremal solution: one accelera-
ticn, followed by one coast period, terminated by one deceleration. No other combinations of coasts and bangs
arce possible. To demonstrate this is the only possible combination, it i necessary to examine the switching
curves and their time derivatives.

The first lemma shows that once the contrel has passed from acceleration to coast, then the control
cannol return o another acceleration but must proceed o deceleration. The second lemma shows that once
deceleration has started, the deceleration must continue until the end of the movement. This proves that the
acceleration-coast-deceleration combination is the only possible one. In the following it i presumed that the
movement starts with acceleration in the positive £y direction, Hence all velocities are positive.

Lemma I; After acceleration, the glide period cannot double back to another acceleration.

Progft The proof of this lemma proceeds by examining the time derivative of the acceleration-coast
switching curve (henceforth referred to as the slope of the switching eurve). The slope of this curve is initially
positive al the transition from acceleration to coast. In order for another acceleration w follow the coast
period, this slope must beeome negative, leading to a contradiction.

At the first switching time £; the acceleration-coass switching curve is zero.

halfy) + a + z(l)) =0 {Al)

After the acceleration period, the coast equations are:

No(t) = Mgl ™" 4 %{1 — ehlt—t)) (A2)
o) = —(halty) + a)e— M= (A3)

Thus

1
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Maft) + @ + za(t) = Raltr)e 4 1;'*{1 — M) g — (Maft) - a)e T (Ad)

The slope of this switching curve is:

St bhg(t1) — h) + b(haltr) 4+ et (A5)

Att = t;, the slope of the switching curve is:

Wha(ty) — by - ba =0 (AB)

One can show this quantity cannot be less than zere. Nest suppose the coast doubles back to another

aceeleration. At some point the slope must go through zere, This time £ is found from (AS) as:

f—i) — bha(ty) 4 ) .
i) = hlu-]bh{t.] =1 (A7)

Case 1:hy — bhalty) = 0.
Thenhg(t;) 4 a = 0, contradicting (A1),
Case 2:hy — bha[f) << 0.
Cressmultiplying (A7) and collecting terms,
Bdyfty) = Wy + ba << 0, contradicting (A6).

Thus after acecleration, the cost period must eventually arrive at the deceleration switching point.
Lemema 2: The movement is locked in deceleration until the end.
Proof Tt will be shown that if deceleration ever switches (o coast, then the slope of the coast-deccleration

switching curve reguires an immediate return o deceleration. Hence the movement is lncked in deceleration

until the end.

Suppose there is a time &y when deceleration switches o coasL. At this point the coast-deccleration

swilching curve 15 #eTo.
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Mlts) — & — zi{ts) = 0 (48)

The coast switching curve ko(t] — a — zoft) is:

Aty )eF 1) 4 1%'[[ — M=ty g gy (ty)e—HE—t) (49)

The slope of (AY) is:

HI—Ibhg(ts) — Wy) + basfty)e I~ (410)

Al time i3 the slope (A10) is bhg(tz) — &y 4 bxa(i). This is positive since Ag(ta) = 0, mlts) = 0, and &k < 0
(lemma 3). This means that deceleration would bounce off the coast boundary and immediately continue the
deccleration, Furthermore, since the slope is positive, the deceleration would not immediately switch back to
coasting, causing chattering.

Lempma 3: % =<0

Proafi At the second switching point £ we have

halts) — a — za(ts) = 0 (A11)

From (A2) and (A3), this becomes

M€y Jet ) %{l e 1) e g e (Myty) = @) B0 = (412)

Rearranging,

T — M) = M) ) () — =) (413)
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From (A1) and (A3) we find an cxpression for halt).

haft)) == —a — %[1 — g hihi—hl) (Al4)
Substituting into (A13),
%{ 1 — elta—tily — %[1 _ et hlli—ti} | g—bt—h}) 4 a(] 4 it (A15)
Thus

ka1 — e Ml t) - ¢t )  Bafl - £H0T)
M= ] — eblla—t1}

(A18)

Since the numerator i positive and the denominator is negative, &y is negative,

Taken together, these lemmas show that acceleration passes through coast to deceleration. There is no
possible variation in this scheme. [t is also possibile to show the movement cannot start by coasting followed by

acceleration.
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A surprising limitation on the value of f3 — ¢, the duration of the coasting time, has been found. The

switching curve during acceleration is:

M(t) + a4 aft) = Mafto)e—0) 4 LEIE ey g B s

The slope of this switching curve is:

A Bhofte) — My — k) + ks

At the first switching time £, the switching function (B1) is zero, Bearranging (B1) for £ = 1,

el —tl hallg) — #ﬂ} — _?"‘ —:k,q] —a— '&._;f.l.u — g—Hhi—tl)

Substituting (B3] into (B2), the slope at d is:
—2ke(l — gl ) — ba
Substituting for %) From (AL16),

kp‘lfl — E—Hh—*ﬂ]]{] + ﬂ_ﬂli'_tl] — cﬂ.h—lﬂ] _|_ Dhey
eblla—ti] — |

Since slope(t)) = 0 and since the denominator is positive, so is the numerator.

kl?q“ — E—t{f:—h}]{g + g Hle—l] Eﬁ[r:—h]} + ha E 0
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(B1)

(B2)

(B3)

(B4]

(85)

(B8]
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Because 2 4 e Hh—h) — gMi—hl g g decreasing function of iy, at some point (B6) becomes zero. Solving

then for et

_y _ bat VBT Rall — e (ke{l — e 9))?
Al —0) — 1 P er= =) +1 (BT)

As by increases, ) will decrease, However, £; does not decrease enough to offset the effect of the £y increase. 1T

a == ), (BT} reduces to

e=h) = | 4 /2 (BTa)

Strangely, in this circumstance &; — ¢, depends only on b,



