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ABSTRACT

Let N be the set of nonnegative integers and let < N“;+> be the

weak direct product of < N,+> with itself. Mostowski[ 9] shows that the

theory of < N“,+ﬁ> is decidable, but his decision procedure isn't elementary

recursive. We present here a more efficient procedure which operates
cn
2

within space 2 . As corollaries we obtain the same upper bound for the
theory of finite abelian groups, the theory of finitely generated abelian

+
groups, and the theory of the structure < N ,* > of positive integers

under multiplication. Fischer and Rabin have shown that the theory of <<N“;+>

2dn

requires time 2 on nondeterministic Turing machines [5].

We also obtain some very general results about the nature of the

theory of the weak direct product of a structure with itself.



Section 1: TIntroduction

The significance of the distinction between decidable and undecidable
theories has been blurred by recent results of Meyer and Stockmeyer [7,8,14]
and Fischer and Rabin[5 ] who have shown that most of the decidable
theories known to logicians cannot be decided by any algorithm whose
computational complexity grows less than exponentially with the size of
sentences to be decided. In many cases even larger lower bounds have
been established. 1In this paper we develop some decision procedures
whose computational complexity roughly meets the lower bounds. Part of
this development includes a treatment of the relationship between the theory
of a structure and the theory of its weak direct product which may be of
independent interest.

Let N be the set of non-negative integers. Whether a sentence of
the first order theory of N under addition is true is decidable according
to a theorem of Presburger[12]. A more efficient decision procedure given

by Cooper[2 ] has been proved by Oppen[ig] to require only

cn
22
2

steps for sentences of length n, where ¢ is some constant. This result

is strengthened by Ferrante and Rackoff[4 ], who show that space

ch
22

is sufficient; this latter theorem will also appear in this paper as a

corollary of some more general results.



Let Nm be the set of functions from N to N of finite support, i.e.,
N* ={f: N+ XN | f(i)=0 for all but finitely many i € N}. The structure
< N+;C> positive integers under multiplication is isomorphic to the
structure < N*, + > where addition is defined component wise and the first
order theory of this structure is known to be decidable by a theorem of

Mostowski{ 9]. Mostowski's procedure, however, is not elementary recursive

in the sense of the following definition:

Defintion: An elementary recursive function (on strings or integers) is

one which can be computed by some Turing machine within time bounded by
a fixed composition of exponential functions of the length of the input.
(This is shown by Cobham|{ 1 ] and Ritchie[13] to be equivalent to

Kalmar's definition [ef. 11].)

In this paper we use the technique of Ehrenfeucht games[ 3 ] to derive

a new procedure for deciding whether sentences are true over < N", + >,

Our procedure can be implemented on a Turing machine which uses at most

cn
22

2

tape squares (and hence

steps on sentences of length n. As a corollary we obtain the same upper

bound on decision procedures for the first order theory of finite abelian



groups and of finitely generated abelian groups. Recent results of Fischer
and Rabin[ 5] show that for some constant c¢"> 0, any decision procedure

k3
for the first order theory of < N, + > requires time

2zd'n
2

even on nondetemministic Turing machines. Thus, the worst case behavior
*
of our procedure for < N, + > is nearly optimal in its computational

requirements.

In section 2 we derive some very general results about theories of
structures and their weak direct products. In section 3 we apply some
*
of these results to the theories of < N,+ >, < N , + > and abelian

groups. (Most of the results on abelian groups are due to Mike Fischer.)

TIf t is a function of n, let DTIME(t) (NTIME(t)) be the class of
functions, each of which can be computed by some deterministic
(nondeterministic) Turing machine within time t as a function of, the
length of input. It is easy to see that NTIME(t) chg 0 DTIME(c ). It

is conjectured that NTIME(t)-DTIME(Zt) # @,



—f—

Section 2: Some General Development

For this section, let & be the language of the first order predicate
calculus with no function symbols, with finitely many relational symbols
15 @2,...,@2 such that @i is a t,-place formal predicate for 1si<y,
and a constant symbol e. We will denote the formal variables of & by
X3XpsXgyese - When we write F(xl,xz,...,xk) we will mean that F is a
formula of & free in at most X15Xgse 00, %o

For the rest of this section, let S be a fixed structure for &;
S=<S,R1,...,ﬂz,e> where S is a nonempty set, S’Eigsti for 1<i< 4, and
e€S. We will assume that we have a norm on S, by which we mean a function
H H:S-’N, and we will denote the norm of a€ S by HaH If i € N, then we
will write a=Xi to mean Hal l =i.

For convenience we will use _a'k to denote the k-tuple (al,az,...,a )

when k>0, and similarly for gk’ -}:k’ etc. (—a’k,a) will denote the kt+l-tuple

(al,az,...,ak,a), etc. When k=0, 2 and ;:k simply denote the unique

k

O-tuple, i.e., the empty sequence.

Definition: Let F be a formula of £. Then by the quantifier-depth of F,

or q-depth(F), we will mean the depth of the deepest nesting of quantifiers
in F. Formally, if F is an atomic formula then q-depth(F)=0; otherwise

q-depth(FlVF2)=Max{q-depth(F ,q-depth(Fz)], g-depth(~F)=q-depth(F), and

P
q-depth(dx F )=14q-depth(F).

Definition: For all n,k& N and all zk,ngSk, define gk i T)'k iff for every
_,
formula F(;k) of q-depth<n, F(ak) and F(gk) are either both true or both

false.
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- k
Remark: For each n,k€ N, is an equivalence relation on S .

n

Lemma 1: Let n,k € N and a ,g ESk such that

= k
1) For each €S th ' b, ., €S such that a, . = b
) For eac ak+1 there exists some K+l suc a ak+1 = beiq-
] - _ 3
and 2) For each bk+1ES there exists some ak+1€S such that ak+1 = bk+1‘
> 9
Then ak 31 bk.

Proof: Say that 1) and 2) hold. Since every formula is a boolean combnation
of formulas each of which beginé with an existential quantifier, it is

. - -
sufficient to prove for F(xk) of the form ka+1G(xk+1) where q-depth(G) <n,

that F(Zk) @F(gk) .

- -
So assume that F(ak) holds. Then let ak+1€S be such that G(ak+1)
- _ 2 . - .
holds. By 1), let bk+1ES be such that a1 = bk+1' Since G(ak+l) is

true, G(gk_'_l) is true (by definition of _=r_1 ), so F(gk) is true. By symmetry,

F(Qk) holds if F(ﬁk) holds. [J

Definition: Let M(n,k) be the number of equivalence classes of = restricted

to Sk.

=il

Lemma 2: Let n,k€ N. Then M(n,k) is finite and for all zkESk there is

a Formula F(;k) of q-depth n such that for all ngSk, F(Bk)@ b

-
equivalence class of a

(i.e., F defines the k).

n

_’
Proof (by induction on n): If n=0 and _a'kESk, we can clearly take F(xk) to
be a conjunction of atomic formulas and negations of atomic formulas. The
ts
. . , i
number of atomic formulas free in at most xl,xz,...,xk is ié}l(k+1) .

4 £
2 (kD T
So M(0,k) <2

So assume the Lemma true for n (and all k). We shall prove it for
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- -+ -
ntl (and k). Let Fl(xk+1)’F2(xk+1)""’FM(n,k+1) (xk+1) be a sequence of
formulas of q-depth n such that for each gk+1ESk+1 there exists an i,

_’
1<i<M(n,k+1l), such that Fi defines the = equivalence class of a

4 k+1°
For each Zk € Sk define

W(zk)=[i I 1<i<M(n,k+l) and Exk+1 Fi(:k’xk+l) is true }. We shall show

3 9 k2 _ o - -
that for all b ,c,€85 B =) ¢,@ W(B)=W(c ). Thus the :Eormula F(}k)=
- -
(. /\+ Bl Fi(xk+1)> A ( _/\-» M Fy (fepp)
1€W(ck) W (cy)
1<i<M(n,k+1)

. == . _’
defines the ol equivalence class of Cp

e o
Clearly if bk 231 Sk’

formula ka+1 Fi(;k+1) is of q-depth m+l. To prove the converse we first

then W(gk)=W(2k) by definition since each

prove the following:

- - )
Lemma 2.1: If W(bk)#(ck), then for each ck+1ES there exists some bk+1€S
- _ o .
such that ¢41 o bk+1 (and by symmetry, for each bk+1€ S there exists

-+ _
Kt 1+l nlkt1)”

Proof of Lemma 2.1: Say that w(ﬁk)=W(2k) and ¢, €S. Tet i, 1<isM(nkil),

some ¢ 1ES such that

- . _ . - -
be such that Fi(xk+1) defines the = equivalence class of Cra1” Fi(ck+1)
_'
c

. . . - . P4 .
is true, so E{xk+1Fi( k’xk+1) is true, so 1€W(ck). So 1€W(bk). This

> . . -+
means that ka+1 Fi(bk’xk+1) is true, and therefore we can find bk+1 such
.._’
c

k+1° we must

_that Fi(T)’ equivalence class of

k+1) :
_’

—’ p—
have ¢, ¢ Ebp -

Since Fi defines the

=]

-+ - 2 9 _
By Lemmas 2.1 and 1, W(bk)=W(ck) = bk o1 Sk’ Note that the o3l

- -
equivalence class of S is determined by W(ck) which is a subset of

(1,2,...M(n,k+1)).  So M(mil,k) < 27 (¥ 1pig and the bound on M(0,k)

imply that



c
H ()

Y . height ntl
M(n,k) <2 for some constant c¢. [J

Remark: There are structures § such that
mHk
2
2.' gheight en
M(n,k) =2 J (for some constant €), so M(n,k) is not in
general bounded above by an elementary recursive fumction. For many

structures, however, M(n,k) grows considerably more slowly.

Definition: Let H:N3-'N. Then § is H-bounded iff for all n,k€ N and all
F(x f q-depth<n and all a, €5, if Gx . .F(a - inS
(xk+1) of gq-dep n and a ak , 1 X1 (ak,xk+1) is true in

-’ . -
then [ka_*_le(n,k,ledg;S(k{l laiH’;) ]F(ak,xk+1) is true in 8. (We take

Max ¢ to be 0.)

For the rest of this section, let H:N3->N be a fixed function such
that § is H-bounded; we will also assume that H is nondecreasing in each
argument. H-boundedness of a structure guarantees that quantifiers ranging
over all of S in a sentence can be replaced by quantifiers ranging over
elements of S whose norms are bounded by a function determined by H.

This is made precise in the following lemma.

_’
Lemma 3: Let n,k €N and let lel Q2x2 ...QkxkF(xk) be a sentence of £

(Qi=V or ¥ for each i, 1<i<k) with q~depth<ntk, i.e., q-depth(F) <n.

Let —n:kENk be a sequence such that miZH(rri-k-i,i-l,lg?zi{mj}) for 1<i<k,
_’ I3

Then lel 2%y ...QkxkF(xk) is true &

(le1 jml) (szzj m2) ven (Qkxk5 mk)F(;k) is true.

Proof: Consider the formula Q2x2 Q3x3 ...quxF&k). Because S is H-bounded,
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-
i > - i i
if my H(ntk=-1,0,0) then lel(szz...QkxkF(xk)) is equivalent to

(Qqxq 2mp) Q. - .Q X F(E)) -

Now for each a €S such that ]|a||S1n consider the formula

1’
Q3x3Q4x4"'QkaF(a’XZ’x3""’xk)' Because 8 is H-bounded, if
> - . ,
m, H(mk 2,1,m1) then Q2x2(Q3x3...QkxkF(a, g X ...,xk)) is equivalent

to (sz -<nb)(Q3x3. QkxkF(a, 2 3,...,xk)). Hence,
(leljfml)szz...QkxkF(xk) is equivalent to
_.’
<
(Qqxy 2my) Qg% 2mp)Qyx3 Qux,, -+ - Qg F 7).
By k-2 additional applications of the H-boundedness of S, we arrive

at Lemma 3. [

Remark: The reason the concepts of norm and H-boundedness for $ were
introduced is because they have relevance in particular cases towards
achieving efficient and easily described decision prodedures for the
theories of S and the weak direct product of § with itself. Many of our
lemmas and theorems (such as Lemma 1), however, either don't involve
these concepts at all or have simpler versions which don't involve them.
So even if all mention of norm or H~boundedness is ignored, this section
implicitly contains important results about the nature of the weak direct

product of S with itself,

Lemma 4: Let n,k& N and let akEENk be a sequence such that

m, 2H(mtk-1,i-1, Max {m.}) for 1<i<k. Then for each a esk there is
1 i< ] k

some ngSk such that a P and HbiHSmi for 1<1ix<k,

k n "k

- -+
Proof: Let n,k,mk, and ay be as in the statment of the Lemma. By Lemma 2

-5
there is a formula F(xk) of q-depth n which defines the = equivalence class
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4 . -» . 2 .
of a . Since F(ak) is true, Hxl E{xz ...kaF(xk) is true. So by Lemma 3,

(Hx1 jml) (sz 5m2) ces (kaﬁ mk)F(-;tk) is true. This means that for some

B'kesk, F(B) is true and b,/ sm, for 1sisk. O

> o k + 2
Lemma 5: Let n,k& N and let a ,bkES . If ak oF1 bk then for each a €S

k+1
2 Eg and

there exists some b 1 €8 such that K+l 2Pkl

k+
oypq | s m(n,, dax (110, [11).
B csX such that 2. =, B
K’k such that & 71 %% -
there is a formula F(_}:k+1) of q-depth n defining the = equivalence class

_.'
Proof: Let a Let a €S. By Lemma 2

k+1

- , -+ . +  _ >
of a1 Since ka+1F(ak,xk+1) is true and & 51 bk’ ka+lF(bk’xk+1)

. . . 2
is true. Since 8 is H-bounded, we can choose bk+1€S such that F(bk+1) and

O

> -+

b, 4] | sH(n,K, éiggkfl,bil [1). But F('b?kﬂ) implies B, = d ..

> o k -+ o
ak,bkES . Then & 31 bk

1) For each ak+1€ S there exists some b

Lemma 6: Let n,k€ N and e

-5
k+1

ol

1 €S such that k1"

=

k+

o

a
-
a

€S such that k1

and 2) For each bk+1€S there exists some a K1

=A1l}

k+1
Proof: Immediate from Lemmas 1 and 5. [J

Lemma 7: Let n,k € N. Then there exists a formula Fn (;:k’_}:k) with exactly
H

. + 9 k -+ -+

6n quantifiers such that for all ak,kaS s Fn a bk'

=
sl

Proof: The Lemma is clearly true if n=0. So assume it is true for n;

we will prove it for m+l. By Lemma 6, we can define Fn—l—l x 88 follows:
b

L} 1} — — J—— S 1]
V1Y e 1 e 1 T K TRV Y (L= A Y1) ¥ = g A=Y D
-+ -+
F k1 K2 B Y10 ¥) )

Fn+1,k clearly has 6 more quantifiers than F J

n,k+1°
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. ., * Kk % * %
Definition: Define the structure 8 =<S§ ,Rl,R ,...,Rz,e >

S"={f:N—bS I f(i) #e for only finitely many i€ N};

Y * t. - *
for 1<j<yg, if £, €(S) I, then f, €R, iff ‘t‘t_(i) €R, for all i€N
"] A hj
(where T, (i) abbreviates (£ (i),f,(i),...,£. (1)) )3

% o
e (i)=e for all i € N. (That is, g’ is the weak direct product of 8 with
itself.)
* x
For a norm on 8 we define, for £€5 ,
|| £] |=Max{ (i€N| £(i) ZejU{||£(i)|] |i€M }. By £<m we will mean

| [£]] <m.

Definition: Define the function p,:NZ—»N by setting p(0,k)=1 and

u(rtl, k) =M(n, k+1)sp(n,k+1). So u(n,k)=iﬁ1M(n-i,k+i).
Definition: Define Hw:N3 2N by H’\(n,k,m)=Max(H(n,k,m) ,m+u(nml, k), ! |e| ]}.

The major theorem of this section will be

%* 'r
Theorem 1: 8 is H -bounded.

Definition: Let A and B be sets, let n€N. Then A ~ B iff either
1) card(A)=card(B) (where card abbreviates cardinality)
or 2) card(A) 2 n and card(B) = n.

Clearly £ is an equivalence relation on the class of sets.

We now prove a combinatorial lemma:

Lemma 8: Let N, and N, be sets and let n,m€N such that n#0 and Ny v Moo

2 nem

Let Al’A ..,Arl be a sequence of (possibly empty) pairwise disjoint

22"
n

subsets of N; such that igl Ai=N1.

Then there exists a sequence Bl’BZ""’Bn of pairwise disjoint subsets

n
of N, such that !J., B, =N, and such that A, ~ B, for 1<is<n.
2 izl 7i 2 im'1
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Proof: If card(N1)=card(N2) then the Lemma is obvious. So assume

card(Nl) 2 nem and card(Nz) Zn'm . For some i, 1<i<n, we must have

card(Ai) 2m, so assume without loss of generality that card(Al) 2m.
Define numbers PysPgs-c-sP € N by

Scard(A,) if card(A,) <m
p.= 1 1 for 2<is<n.
1 (m if card(Ai) 2m

n
Clearly iz=:2 P; < (n~1)em. Since card(NZ) Z2n'm , there exists a sequence
of pairwise disjoint subsets of N2, namely B2,B3,...,Bn , such that
n
= i ~ < i . : = - .
card(Bi) Py for 2<i<n. So Ai ~ Bi for 2<is<n. ILet B,=N, iL—JZ Bi

n
card(Nz) 2 n*m and carc:l(iL_J2 Bi )<n'm -m, so card(Bl) 2m, Since card(Al) =m,

A1 ~ By. 0
R - * k : +
Definition: Let n,k € N and -fk,gke (5 ). Then we say —f’k En gy iff
-+ k . iy o= 2 . + .. -2
for all 3 €5, {16N|¥k(1) =& LG (1€N|g (1) =3 .

7\)k. We will show that if

Remark: En is an equivalence relation on (S
tE _g’ and if F(_’ ) has q-depth<n, then F(_t. ) and F(g’ ) are either both
k n fk *k ’ k k

true or both false in & .

- * k ] -+ . - .
Lemma 9: For all k€N and nf’k,gk «s ), if _t!k Eogk and if F(xk) is a
quantifier free formula (q-depth(F)=0), then F(_t!k) is true in 8™ if and

only if F(gk) is true in § .

Proof: Clearly it is sufficient to prove the Lemma for the case where F
- - -+
is atomic. So say that fk E0 8 and F(xk) is an atomic formula. By
- % Y 3
symmetry, it is sufficient to show that F(fk) false in S =>F(gk) false in S .

Y *
So assume that F(fk) is false in8 . By definition of the relations
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of 8" we can choose iOEN such that F(?k(io)) is false in 8. Since

f oy B (1] (D) 53 ) (o"'k) (1en]g () 5 2 -
=21

Since p(0,k)=1, we have card({i €N [ gk(l) =? (10)})

be such that gk(ll) ? (10). By definition of 6 ,

F(?k(io)) false in 8 = F(g,(i,)) false inS. So F(g,) is false in§ . [
Lemma 10: Let n,k €N and —t! é’ € (S*) such that —f E . Then
—_— ? k’®k k "+l k
* *
for each fk_*_lésc there exists some gk+1€S such that
- -+
Dt B Bt

*
and egpp ] =8 (nyk, vax (l]g[11).
-» *
Proof:Let —t!k,ng (s ) be such that —t!k En+1 k' Let m_ll\s{?}s(k( l |gi| |} and
* 21 22 *M(n, k+1) _
let fk+1€S . Let bk+1’bk+2”"’bk+1 be a sequence of representa
tives of all the ?1 equivalence classes on Sk+1 . Qur goal is to find
*
gk+1€S such that if 1< j<M(n,k+l), then
. o= B . - ) = 2
{16N|¥k+1(1) = k+1} u(n, Y1) {ieN | gk+1(1) = k+1}’ we also want

Hgk+1| | SHx(n,k,m). Instead of defining Bl simultaneously on all of N,

we will define it separately on various pieces of N.

-

For each a, ¢ Sk define Nl(gk)={i €EN| ¥k(i) } and

il k
N, (@ )=(i€N|g (i) =, a We claim it is sufficient to define g
o8y 8 (1) F1 3 k1
on each Nz(gk) such that
. -» s
1) (1€N(a)) |¥k+1(1)
for all j, 1< j<M(n,k+l).

k+1}

,':!III

k+1} L (n k+1) {ieN (ak) | gk+1(l)

IJIH

L3 —’ . .
II) If 1EN2(ak) and i>m+pu(ntl, k), then gk+1(1)=e.

and III) If ieNZ(';k) and i<m+p(ml,k), then ||g (1)]] <H(nk,m).

* * .
An examination of the definitioms of H and the norm on § will show
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that II) and III) together imply Hgk+1| , SHK(n,k,m). Since
- - k - k
{Nl(ak) l akES } and {Nz(ak) , zkES } are each a collection of disjoint sets,

it is easy to see from I) and the definition of p.(n,mf{+1) that if

1<j<M(n,k+1) then

"J

Piet 1) D (nfTer1) (2 sk (1€ N ACREEARICOR-SSINPR

=il
=8|

. 4 .
G Wk (LEM G | Fpy ()

te€es {iEN‘—ng(i) n —’IJ<+1} b (n,k+1) (ienlg Bt (D) 3 By B +1 -

So now let Zkesk be fixed for the rest of this proof. Abbreviate

2 -
Nl(ak) by N1 and N2(ak) by N

,- Begin by defining gk+1(i)=e if 1€N2 and

i>m+pu(rtl,k); this guarentees II) above. It remains to define a1
on N3={i € N2 | i<m+pu(ntl,k)}.
The definition of En+1 implies that N1 ( Nl,k) N2. We wish however

._’
to demonstrate that N ~ N,: If a

1 u(okl,k) 3 k ntl

3-1” =

e,e,...2), then N1 is an
e k

infinite set, and card(N ) Zu(ml,k) since g (i)=(e,e, ,e) for
k
le th k
m<ism+y(ml,k); if k ,i (e,e, e),

m“ﬁ_/

then N3 N2 (since i>m+p(ntl,k) = gk(l) (e,e,...,e)

= i¢ N2). So
length k

N Left,i N

Define, for 1<j<M(n,ktl), A =(1€N, | T BJ

w1 () 3 bpyqde

Al’A2"°"AM(n k+1) form a sequence of pairwise disjoint sets whose union

is Nl' Since N and u(mtl,k)=M(n,k+1)ep(n,k+1), Lemma 8

1u(ofl,i) N

tells us there exists a sequence Bl’B of pairwise disjoint

2272 Byen, ket 1)

subsets of N, whose union is N, such that A 3 if 1<j<M(n,k+1).

3 3 (n,k+1)
Now let iEN3; we want to define B4 OO i. Let j be such that

iEBj. Since Bjyf(z), Aj#qﬁ. So let 1O€Aj. Since 1OEN1 and i1€EN,, we
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have -fk(l By Lemma 5 we can define gk+1(i) such

I S
0’ r¥1 % ¥ ED-

. -+ .
that ‘f'kﬂ(lo) = g 41 (1) and

[ g D] s B,k Max( | [g (D], e, (D], 0, g (D] [1) <B(nk,m) .
23

1) § Pigrr SO

Clearly II1I) above holds. Since iOEAj, -t'

-+ .y _ 2
1D T By
We have

REE A &

= + = _’j
(18 | By () 5 B85 | iy A 1 () F Pieyq) for

1<j<M(n,k+1). To complete the proof of Lemma 10 we must show I),

) - N o= 7
e., {1€N,|g (1) = b u (n,T+1)

So fix j, 1<j<M(n,k+l). If

Aj when 1< j<M(n,k+l).

xt1] Ve are done, so assume

. = . 2]
(L8, | gy (1) b13<+1] (LeNy | gy (@)

::slll
=il

. 2 . -’ .
(1€N2 ] gk+1(l) i]<+1} Since

N3={i€N2 l i<m+p(mtl,k)}, there must exist some i>m+p(nt+l,k) such

Bl A ieng |8, )

=411
=111}

) + .. _ 3 > N . .
that 1€N (hence gk(l) 3l ak) and gk+1(1) 2 bIJ{_{_l, But since i>m+p(ml, k)

implies gk+l(l) =(e,e,...,e), this means that 2 (e,e,...,e) and

Tength TFi kool S th

(e,e,...,e). Hence, both A, and {iEN2 lg (i)
Tength k+1 J

k+1
are infinite, so {i€N | g (i)
? 2 k+1

2J

"J
bk+1

b1

=11}
=21

"J

bert) w(nliany A5 F

=31}

%
Lemma ll: Let ?k,_g’ke (s )k and let F(?{k) be a formula of gq-depth<n.

-+ . . * + . . a¥
If _fk En 8> then F(¥k) is true inS8 < F(gk) is true in 8 .
Proof (by induction on n): If n=0 then Lemma 11 follows from Lemma 9,
So assume Lemma 1l true for n (and all k); we will prove it for ntl.

*
Let ¥k’_g’k€ (S )k such that ‘fk E By Lemma 10 (1), we have

_.
ntl Bk°
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s * -
a) For each £ ]_ES there exists some gk+1EES such that ¥k+1 En 8yt

k+

% -
and b) For each gk+l€ES there exists some fk*J_ES such that ¥k+1 En i1

- . . -+ .
By the induction hypothesis, ¥k+1 En i1 implies that ¥k+1 and Bia1 satisfy the
same depth n formulas in S*. We can therefore prove, exactly as in Lemma 1,
._’
that a) and b) together imply that ¥k and 81 satisfy the same depth mtl

formulas., U

* Y.
Theorem 1: § is H -bounded.

*
Proof: Let F(§k+1) be a formula of g-depth<n and let ?kez(s )k be such

that ka+lF(¥k’xk+1) is true in_S*. Let 1EZSW be such that F(?

e+1)
. c Svc’

et

is true. Since ¥k En+1 ¥k’ Lemma 10 implies that for some

* 0 0 .
¥k+1 En (? ,fi+1) and ,lfﬂ+1ll <H (n’k’lgiék{,,fill})' It is sufficient

1
LS

now to show that F(?k,f£+l) is true. But this is obvious from Lemma 11,

. . 1]
since F(¥k+1) is true and ¥k+1 En(¥k,f

k+1) and q-depth(F)<n. B

Remarks: The complexity of S* is related to the complexities of M(n,k)
and 8§ as follows:

Theorem 2: If the theory of 8§ is elementary recursive and M(n,k) is
bounded above by an elementary recursive function, then the theory of

)

w
8 1is elementary recursive.

Theorem 2 follows either from a generalization of the results of
this section or from a careful examination of Mostowski's decision

procedure for s” [9]1; a proof will not be given here. It is interest-

ing to note that in all cases we know of where the theory of 8 is
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proven to be elementary recursive, the proof essentially consists of
giving an Ehrenfeucht game [3 ] decision procedure, which in turn shows
that M(n,k) is elementary recursive. This suggests the following
conjecture.

Conjecture 1: If the theory of § is elementary recursive, then M(n,k)

is bounded above by an elementary recursive function.

The converses of both Theorem 2 and Conjecture 1 are fake, as we
will now indicate by an example. Let our language £ consist of two
relations, X=X, and Xy~ X, (xl equivalent to xz),‘and the constant
symbol O, For every nonempty set A of integers greater than 1, 1et;X
be an equivalence relation on N such that for every integer i

1) If i €A then there is exactly one equivalence class of size i.

and 2) If i€ A then there are no equivalence classes of size 1i.

Define the structure SA=< N,=,¢K«,O >,

Since for any integer i we can say in £ that there exists an
equivalence class of size i, by varying A we can make the theory of
SA arbitrarily hard to decide or arbitrarily nonrecursive. But it is
easy to see that SZ is merely an infinite collection of infinite
equivalence classes and hence has a simple theory; in fact, the theory
of S: can be decided in polynomial space. So the converse of Theorem 2
is false.

Now let A be a fixed set of positive integers and consider M(n,k)
for SA; we will show that (no matter what A is) M(n,k) is bounded above
by an elementary recursive function, contradicting the converse of

Conjecture 1.
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For each a 3keENk define a, R_ b, iff for all i, such that

k’ k n k

I) a o 0 ® b, o 0, and ai=0 © bi=0'

i®

and III){aENI a ai

1
IT) a, wa, ©® b, & b,, and a,=a, ® b, =b,.
1 J ] 1 1 ]

n{bEN(b?bﬁ.

Y

It is not difficult to show that 2 R B’ = a
k n k k

number of Rn equivalence classes on N is bounded above by an elementary

Bk' Since the

=5

recursive function (of n and k), so is M(n,k) for SA.

Remark: Although we have onlydealt here with the weak direct product
of S with itself, a similar development can be carried out for the

strong direct product of § with itself,
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Section 3: Some Applications

Let £1 be the language of the first order predicate calculus with
the predicates Xy <X, and x1+x2=x3, and the constant symbol 0. Let
Z be the set of integers and let I be the structure < Z,=,+,0>. Let
Z*={f:N—bZ | f(i) #0 for only finitely many i € N} and let I* be the
structure < Z*,S,+,O*> where < and + are defined component-wise and
0* is the identically 0 function. For a€Z let the norm of a
be |a| , the absolute value of a. For fEZ* let the norm of f, written
|1 £]], be Max{ (|£(i)] |i€N U{i€N]| £(i) #0) } as in section 2. By

a<mand fXm we will mean |a| <m and Hfl | <m, respectively.

Lemma 12: There is a constant c¢ such that for all n,k €N and all _a'kEZk

and all formulas F(;k_'_l) of £1 with no more than n quantifiers, if

i . .
ka+1F(ak,xk+1) is true in I, then

2c:(n+k)
2 -+ . .
[ka+15 (1+ Max {]ail})'z ]F(ak,xk+1) is true in I.
l<i<k
Proof: See Ferrante and Rackoff [4]. O

Lemma 13: There is a constant ¢_ such that I is H-bounded where
2co(rri-k)

H(n,k,m)=(1+m)e 22

-+ k -»
Proof: Let n,k€ N and akEZ and F(xk+1) be a formula of £1 such that

- . . -
ka_'_lF(ak,xk_l_l) is true in I and q-depth(F) <n. Let m ];/I?;S{k{ lai]}.

- - ]
By Lemma 7, let Fn,k+1(xk+1’yk+1) be a formula with exactly 6n

quantifiers which defines the relation = on Zk+1. Let G(;c'k,x) be the

n

' 2 2 1 - '
formula V175 0 (B st BB 10590 B ) N XS %1 %)
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Clearly G has 6n+2 quantifiers and HxG(zk,x)is true (in I). By

Lemma 12 we can find a € Z such that G(;k,a) is true and
2c(6n+2+k)
la| < (1+m)+22 .

-+ . . 2 .
Now let ak*J_EZ be such that F(ak+1) is true. Since G(ak,a) is

. , -+ >,
true, we can find a 1E§Z such that a (ak,ak+1) and

k+ k+1
2c(6n+2+k) 2co(n+k)
2

1]5 (14+m)-2 < (1+m)-22 for some constant c,

et ill

]
o
_’
(unless n=k=0, a trivial case). Since F(ak+1) holds and g-depth(F) <n,

F(Zk,ai+1) holds and the Lemma is proved. [

Theorem 3: For some constant s the theory of I can be decided in
2cln
space 2 (as a function of the length of sentences).
Proof: Let F be a sentence of £1 which in prenex normal form is
2 . s e
lelexz... annG(xn) where G is quantifier free. ILet

2con+i

2
mi=2 for 1<i<n. Applying Lemma 3 to I, we see that since
miZEH(n-i,i-l,lg?zi{Inﬁl}) for 1<i<n, F is equivalent to

5
< < <

(lel__ml)(Q2x2__m2)...(ann__mn)G(xn).

F can be decided in I by setting aside for quantifier Qi’
SComrH 425%™
2 +2 tape squares; every integer <2 in absolute value
can be written in this space in binary. Then decide F by cycling
through each quantifier space appropriately, all the time testing the

truth of G on different n-tuples of integers. We let the reader convince

himself that a Turing machine implementing this outlined procedure need
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cln

use only 22 tape squares for some constant cq- |
. 2c2(n+k)
Lemma 1l4: For some constant ¢y, I 1is (1+m)2 ~-bounded.

Proof: We first calculate bounds for the function M(n,k). Letting
2co(n-l-k)+i

m.=22 for 1<€1i<k, we see that m, ZH(n+k-1,i-1, Max {lm,]}) for

i i I<i<j ' J

l<i<k. So by lemma 4, for each ngZk there is some

—’

b =P and ]bl <m, for 1<i<k. Hence

kn 'k i i

k€ Zk such that 3
2co(rz-l-k)+k 2C3(n+k)

2 k n , . 2
M(n,k) < (2+2 +1)". So u(n,k)=_H1M(n-1,k+1) <2
l:

for some constant 03.

)

So for some constant Cos Hw(n,k,m)=Max(H(n,k,m),m+|.1,(n+1,k),0} <

22c2(n+k) | 22c2(n+k)
w

(14m)»2 . By Theorem 1, T is (l1+m)*2 -bounded. [
3 2c4n

Theorem 4: The theory of I can be decided in space 2 for some

c tant .
ons n C4

Proof: Let F in prenex normal form be the sentence
lel Q2x2 "'annG(;n) where G is quantifier free. Using the notion of

¥
< relevant to Z we see, exactly as in Theorem 3, that F is equivalent

ate
£y

inI to

2c2n+1 22c2n+2 2c2n+n

2 2 -
)(szzﬁ 2 ) (annf_ 2 ) G(Xn).

<

Q%422
} 22c2rrl-i 22c2rt-’r-1

Now if £€7 and £<2 , then £(j)=0 for j>2 and
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c, i c, i
22 2 22 2

]f(j)|s:2 for all j€N, so the first 2 successive values

of f can be represented on a tape with roughly

c, i 2c2n+1

(2 +2)2 tape squares. So a procedure like the one out-
' 2c4n
lined in Theorem 3 would decide the theory of 1" in space 2 for some

constant Che ]

* . k3 *
Definition: Let fL be the structure <N ,<,+,0 >, i.e., the weak

direct product of the nonnegative integers with itself,

2c5n
*
Theorem 5: The theory of flc can be decided in space 22 for some

constant CS.

Proof: There exists an obvious procedure which operates in linear space
*
and takes a sentence F to a sentence F' such that F is true in rl if and

only if F' is true in I . So Theorem 4 implies Theorem 5. |

Our mext goal is to efficiently embed the theory of finitely
generated abelian groups into the theory of I*. Recall that a finitely
generated abelian group (henceforth abbreviated FGAG) can be thought
of as a finite direct product of groups, each of which is either Z or a
finite cyclic group [6]. Let Zi denote the cyclic group {0,1,...,i-1}
where addition is performed mod i. The basic idea of the embedding is
to think of every nonzero féEZ* as representing a FGAG, Gf. This is

made precise in the following definition.
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* *
Definition: Let £€Z , £#0 . Define ﬂ,f=card{iENI £(i) #0}. Define

mg:(1,2,...,4.) »N by m_(j)=the ;™ smallest member of (i€ N| £(i) #0)

for 1< sf,f. Define the FGAG Gf=G1xG2x XGZf where
Z if f(mf(j))<0

Gj= for 1sjs£f.
Z . if f(m_(3)) >0

Clearly every FGAG is isomorphic to G

£ for some fEZx, ££0 .

* %
Definition: Let f,gEZc, f;éOC, such that for all i €N
a)f(i)=0 = g(1i)=0
and b)£(i) >0 = Osg(i) <f(i).

Then we say that g represents a member of G In particular, g

£
represents <g(mf(1)),g(mf(2)),...,g(mf(zf)) > which can be verified to

be a member of G_.. Clearly every member of G_. is represented by a

f £

%
unique g¢Z .

We now informally define some formulas of £1 to be interpreted over

1) ONE(x). ONE(f) will mean that for some i €N, f(i)=1 and for every
j#1i, £(j)=0. Define ONE(x) as follows:

XxZ0 A xZ0A Vx'"( (0<x" A x"<x) @ (x'=0 V x"=x) ).

2) NPOZ(xl,xz). NPOZ(fl,fz) will mean ONE(fl) and
fl(i)=1 = fz(i) <£0. Define NPOZ(xl,x ) as follows:

ONE(xl) A ExB(XBZO A x

3+x220 /\~(xlsx3+x2) ).

3) ZERO(x

1,x2). ZERO(fl,fz) will mean ONE(fl) and fl(i)=1 = f2(i)=0.
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Define ZERO(xl,xz) as follows:

NPOZ(xl,xz) A NPOZ(xl,-xz).

4) PICK(xl,xz,x PICK(fl’fZ’fB) will mean ONE(fl), and

3)'
fl(i)=0 = fz(i)=0, and fl(i)=1 = f2(i)=f3(i). Define PICK(xl,xz,x3)

as follows:

ZERO(xl,X3-x2) A Tx( (ONE(x) A x;éxl) » ZERO(x,xZ) ).

5) MEM(x MEM(fl,fz) will mean f17éo“ and f, represents a member

1:%5) - 2

of Gf . Define MEM(x Xy ) as follows:
1

1740 A VxVx Vx ( (PICK(x, x ,Xq) A PICK(x, x2, 2)) -+

((x'1=0 -+ xé=0) A [(xiZO/\ x'1;£0) -+ (OSXéSXi A xé#xi)]) ).

%
6) PLUS(xl,xz,x3,x4). PLUS(fl,fz,f3,f4) will mean f1;£0 and f2,f3,f4

represent members of G_ and the member represented by f4 is the sum in

f~

1
Gf of the members represented by f2 and f3. Define PLUS(x XysXq x4)
1

as follows:
MEM(xl,xz) A MEM(XI’XB) A MEM(x 4) A Tx Vx Vx x! an (

[PICK(x, x 1) A PICK(x, x ,X ) A PICK(x,x!,x ) A PICK(x,x]

3, 4’ 4)]
[xé-%x'=x'

'2 1 1]
37X, Vv (x1 0N x+x

s =1,

Theorem 6: The first order theory of FGAG can be decided in space

cn
22

2 for some constant c.

3
Proof: Using the formulas MEM and PLUS and the fact that fEEZ’ represents
a FGAG if and only if f#Oﬁ, we obtain a procedure which operates in

linear space and which takes a sentence F of the language of groups
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to a sentence F' of £1 such that F is true of all FGAG if and only if

F' is true in I . Applying Theorem 4, we arrive at Theorem 6.

Theorem 7: The first order theory of finite abelian groups (abbreviated
FAG) can be decided in space
cn

22

2 for some constant c.

Proof: Recall that a FAG can be thought of as a finite direct product
of cyclic groups [6]. Hence, using MEM and PLUS we can do exactly the
same embedding as in Theorem 6 except that now f €7 represents a FAG

if and only if ££0 and £20. W

Acknowledgments: I'd like to thank Albert Meyer for his numerous helpful
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