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Abstract

I present four type abstraction rules whi ch have been
i ntroduced by vari ous authors to permi t pol ymorphi c
type safety i n the presence of mutabl e data. Each of
the type abstracti on rul es i s di scussed i n the context of
the l anguage i nwhi chi s was i ntroduced, andthe vari ous
abstracti on rul es are compared.
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1 Type Abstraction Rules

The type abstracti on rul es I consi der here are:

1. FX-89-pure: expressi on abstracted must be pure

2. Tofte-appl i cati ve: one-l evel store types

3. Damas-III: two-l evel store types

4. MacQueen-weak: type vari ables have strength

2 FX-89-pure

Attaches speci �c si de-e�ect i nformation to al l functi on
arrows and enforces the correctness of these e�ect spec-
i �cati ons. The expressi on whi ch i s abstracted wi th re-
spect to a type vari abl e must have no (immedi ate) si de-
e�ects.

Thi s ought to make i t a very restri cti ve rul e, as com-
pared to the others. (Asi de f romthe fact that I expect
the checki ng of the si de-e�ect speci �cati ons to di sal l ow
more programs. ) However, i nserti ng anexpl i ci t type ab-
stracti on at the appropri ate poi nt wi thi nthe expressi on
might al l evi ate the probl em.

2.1 FX-89 Language Syntax

� : I ::= Identi �ers
� : P ::= Primi ti ve types

� : U ::= P primi ti ve type
I type i denti �er
U! U functi on

e : E ::= I vari abl e
(lambda (I) E) l ambda
(E E) appl i cati on
(let (I E) E) generi c-l et

The type domainU contai ns the types whi chare sup-
pl i ed by the programmer i n expl i ci t type decl arati ons.
The type of a functi on encodes the type of i ts argument
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and i ts resul t. If the type of the argument i s monomor-
phi c, then i t may be omi tted. The type 8t:� represents
the type of pol ymorphi c val ues abstracted over the type
parameter t .

In the expressi on domain, lambda abstracts E over
the ordi nary vari able I.

2. 2 Deductive System

I present the typi ng systemof IFXas as formal deduc-
ti on systemconsi sti ng of a set of type reconstructi on
rul es. The type systemcontai ns generic (i . e. general )
type vari ables, and di sti ngui shes between these generi c
type vari abl es and the type i denti �ers whi ch appear i n
user-suppl i ed types. The type systemal so di sti ngui shes
betweenmonomorphi c and pol ymorphi c types:

� : G ::= General type vari abl es

� : M ::= P primi ti ve type
I type i denti �er
G general type vari abl e
M! M functi on

� : T ::= P primiti ve type
I type i denti �er
G general type vari able
T! T functi on
8 I1: : : In: T pol ymorphi c type

The IFXtyping rul es make use of an important di s-
ti ncti on between the MandTtype domains. The rul es
are desi gned so that Mtypes may be omi tted f rom
formal argument type decl arati ons, but T types may
not. Thus, the di�erent l evel s i n the type syntax spec-
i fy the restri cti ons on the i nput programs. The use of
syntacti cal ly-speci �ed restri cti ons i s i ntended to com-
municate cl earl y to the programmer the l imi tati ons of
the type reconstructi on system.

Type Schemes

The IFX type systemsupports the generi c pol ymor-
phi smfoundinML, as wel l as the expl i ci t pol ymorphi sm
found in Reynol ds' second-order pol ymorphi c l ambda
cal cul us. In order to provi de generi c pol ymorphi sm,
type schemes are de�ned whi ch represent the generic

(i . e. general ) type of a vari able whi ch i s permi ttedmul -
ti pl e instantiations:

De�nition (Type Scheme). A type scheme � i s a
termof the form

~8�1: : : �n: � ;

where � 1: : : �n are the generic variables of � 2 T.

The symbols ~8 and 8 are di sti ngui shed del i beratel y:
~8 binds the generi c type vari abl es of a type scheme, and
8 binds type vari abl es wi thi n a type.

De�ni tion (Alpha-renaming). Types � and � 0 are
al pha-renamable (wri tten � ' � 0) i � some renaming of
type vari abl es bound in � produces � 0.

De�ni tion (Instantiation). The type � 0 i s an i n-
stance of the scheme � = ~8�1: : : �n: � (wri tten � � �0) i �
there are monomorphi c � 1: : : �n such that � [�i=�i] ' �0.
(The � rel ati on extends to type schemes by � � � 0 i �
8 � : �0 � � ) � � � . )

Note that onl yMtypes may be substi tuted to produce
i nstanti ati ons, and that i t i s assumed that substi tuti on
takes pl ace wi th renaming of any bound type vari ables
to avoi d capture. The resul t of substi tuti ng � for t i n
� wi l l be wri tten � [�=t ] . The type scheme � = ~8: � ,
havi ng no generi c type vari abl es, wi l l occasi onal l y be
abbrevi ated as � .

The i nference rul es for expl i ci tl y typed terms are pre-
sented �rst. Atype assi gnment A maps eachvari abl e i n
i ts domain to a type scheme. The notati onA x ref ers to
the type assi gnment Awi th the assi gnment for vari abl e
x removed.

The notati on FGV(� ) ref ers to the f ree general type

variablesof � , andFTV(� ) to ref er to the f ree type iden-
ti�ers of � . Simi larl y, FGV(A) ref ers to the f ree general
type variables of the type schemes i n the assi gnment A.
Al so, Gen(A; � ) i s de�ned as fol l ows:

De�ni tion (General ization). The generalization

of � wi th respect to A (wri tten Gen(A; � )), i s the type
scheme � = ~8�i: � , where f�ig =FGV(� ) � FGV(A).

Typi ng Rules

The type reconstructi on rul es of IFXare as fol l ows:

ILAMBDA

Ax + (x : �) ` e : �

A` (lambda (x) e) : �! �

2



APPL
A` e : �a ! �r
A` ea : �a

A` (e ea) : �r

The above rul es descri be the typi ng requi rements of
val ue abstracti on and val ue appl i cati on.

The fol l owing rul es descri be the typi ng requi rements
of variabl es and the ML-styl e generi c let construct.

VARINST
(x : ~8�i: � ) 2 A

A` x : � [�i=�i]

ILET

A` eb : �b
A` eb : �0b ) Gen(A; � b) � Gen(A; � 0

b
)

Ax +(x : Gen(A; � b)) ` e : �

A` (let (x eb) e) : �

Generi c let

The ILETand VARINSTrul es provi de the ML-styl e
generi c let. ILET associ ates a generi c type scheme
wi th the let-bound vari able, and VARINSTpermi ts
each occurence of the vari abl e to be i ndependentl y as-
si gned any instance of i ts generi c type scheme. The
conveni ence of automatic general i zati on and instanti a-
ti onare provi dedby these two rul es. In IFX, the typi ng
rul es permi t thi s conveni ence wi th the caveat that the
automati cal l y deduced type parameters be Mtypes.

The typi ng power of the ILETrul e i s equi val ent to
that provi ded by rewri ti ng the let expressi on i n the
usual way, whi l e making use of open and close:

((lambda (x : � ) e[(open x)=x]) (close eb)):

However, thi s transformati on i s not pure syntacti c
sugar, because i t requi res � , the expl i ci tl y pol ymorphi c
type of the bound vari abl e.

3 Tofte-applicative

Contaminates al l type vari ables appeari ng i n any type
expressi on at whi ch the ref constructor i s i nstanti ated.
The contaminated type vari abl es are imperati ve, the
others are appl i cati ve. Thi s di sti ncti on i s maintained
by type abstracti on, and i s enforced at functi on cal l
boundari es, etc. The abstracti on rul e does not permi t
abstracti ons of expansi ve expressi ons wi th respect to
imperative type vari abl es; expansi ve expressi ons are l et
and appl i cati on expressi ons.

3. 1 De�ni ti ons

The typi ngsystemdi sti ngui shes between imperativeand
applicative type vari abl es:

t 2 AppTyV ar
u 2 ImpTyV ar
� 2 TyV ar =AppTyV ar [ ImpTyV ar

� : M ::= P primi ti ve type
G type vari abl e
M! M functi on
� ref ref erence type

De�ni tion (Type Closure). The type closure of �
wi th respect to A (wri tten Cl os A� ), i s the type scheme
� = ~8�i: � , where f �ig =tyvars � � tyvars A.

De�ni tion (Appl i cative Type Closure). The ap-

plicative type closure of � wi th respect to A (wri tten
AppClos A� ), i s the type scheme � = ~8�i: � , where
f �ig =apptyvars � � apptyvars A.

When a type scheme i s i nstanti ated, onl y imperati ve
types maybe substi tuted for imperati ve type vari abl es.
Anexpressi on i s consi dered to be expansive i f i ts eval ua-
ti onmight expand the domainof the store (i . e. , al l ocate
mutabl e data). The cl assi �cati on adopted i n [Tofte87]
i s that let expressi ons and appl i cati ons are expansi ve,
but l ambda abstracti ons and vari able accesses are not.

3. 2 Typi ng rul es

The reference creati on operator ref i s assi gned the im-
perati ve type 8 u: u! uref . The rul es whi ch provi de
type abstracti on of expansi ve and non-expansi ve ex-
pressi ons i n the imperati ve/appl i cati ve systemare as
fol l ows:

VARINST

(x : ~8�i: � ) 2 A

A` x : � [�i=�i]

LET-Expansi ve

A` eb : �b
eb i s expansi ve.

Ax +(x : AppClos A�b) ` e : �

A` (let (x eb) e) : �
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LET-Non-expansi ve

A` eb : �b
eb i s non-expansi ve.

Ax +(x : Cl os A�b) ` e : �

A` (let (x eb) e) : �

3. 3 Appl i cati ve Types and FX-89

In FX-89, type abstracti on i s permi tted onl y when the
si de-e�ect speci �cati ons ensure that the pol ymorphi c
expressi on i s ref erenti al l y transparent. [Tof te87] takes a
di�erent approach, based on the concept of applicative
types. Tofte cl assi �es certai n expressi ons as expansive,
and permi ts type abstracti on of these expressi ons onl y
wi threspect to applicativetype vari abl es. Thi s type ab-
stracti on rul e permi ts di �erent type abstracti ons than
does the FX-89 pure-type-abstraction rul e, as I wi l l
show l ater. Perhaps the imperati ve typi ng di sci pl i ne
can be combined wi th the type reconstructi on system
of FX-89.

4 Damas-III

Maintai ns a twol evel versi onof imperati ve types, di sti n-
gui shi ng those type vari ables whi ch have been contam-
i nated al ready f romthose whi ch wi l l become contami-
nated by further appl i cati on. The deducti ons carry a
set of type vari abl es, and so al so do any type schemes
whi ch are arrows. Types, however, do not carry sets of
type vari ables, nor i s there more than a si ngl e top-l evel
such set i n a type scheme.

4. 1 De�ni ti ons

The typi ng systemde�nes schemes to i ncl ude a set of
type vari abl es:

� 2 TyV ar

� : T ::= P primi ti ve type
G type vari abl e
T! T functi on
� ref ref erence type

� : S ::= T type
T! T �� impure functi on
8 �: � pol ymorphi c type

De�nition (Type Closure). The type closure of �
wi th respect to type assi gnment A and type vari ables

�(wri tten DClos A��), i s the type scheme � 0 =8 �i: �,
where f �ig =tyvars � � (tyvars Atyvars �.

When a type scheme i s i nstanti ated, the substi tuti on
i s used to expand the set of type vari abl es, and the set
of type vari ables may be spuri ousl y expanded as wel l .

4. 2 Typi ng rul es

The reference creati on operator ref i s assi gned the im-
perati ve type 8 t : t ! t ref � f t g . The rul es whi ch pro-
vi de type abstracti on and instanti ati on are as fol l ows:

DVARINST
(x : 8 �i: � ) 2 A

A` x : � [�i=�i] � �

DLET
A` eb : �b � �

Ax +(x : DClos A�b) ` e : � � �

A` (let (x eb) e) : � � �

The rul es whi ch descri be the typi ng requi rements of
val ue abstracti on and val ue appl i cati on are as fol l ows:

DLAMBDA

Ax +(x : � a) ` e : � � �

A` (lambda (x) e) : (�a ! � � �) � �

DAPPL
A` e : (�a ! �r) � �

A` ea : �a � �
A` (e ea) : �r � �

5 MacQueen-weak

Attaches numbers to type vari ables whi chmeasure thei r
\weakness" (strength). The numbers i ndi cate how
manyappl i cati ons must take pl ace before a reference to
the type vari able might have been created. Abstracti on
i s permi tted onl y wi th respect to type vari ables whose
weakness remains posi ti ve. Weakness i s downward con-
taminating, and the reference constructor i s the source
of contamination. Afurther restri cti on i s not yet wel l
understood: An instanti ation of a l et-bound vari abl e i s
strength-l imi ted somehow, rel ated to the outermost ab-
stracti on l evel at whi chthe expressi on of whi ch i t i s part
appears as an operand. Better �gure thi s out.
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5. 1 De�ni ti ons

The typi ngsystemdi sti ngui shes between imperativeand
applicative type vari abl es:

w 2 St rengt h =f : : : ; � 1; 0; 1; : : : ; 1g
� 2 Tyvar

�w 2 WeakTyV ar =TyV ar � St rengt h

� : M ::= P primi ti ve type
G type vari abl e
M! M functi on
� ref ref erence type

De�nition (Strength Limit). The type � i s w-
strength limited, wri tten [ � ] w, i � al l type vari abl es i n
� wi th non-i n�ni te strength have strength l ess than or
equal to w.

De�nition(Strengthening). The strengtheningof � ,
wri tten [ � ]++, i s the type i n whi ch al l type vari ables
wi th non-i n�ni te strength have i ncremental l y l arger
strength. So [ �a ! �b]++ � [ �a]++ ! [ �b]++ , and
[�1]++ � �1, but [�w]++ � �w+1 .

De�nition (Weak Type Closure). The weak type

closureof � wi th respect toA(wri ttenWeakClos A� ), i s
the type scheme � = ~8�wi

i
: � , where f �ig =tyvars � �

tyvars A, and w i =minf wj� w
i 2 tyvars � g .

When a type scheme i s i nstanti ated, the type substi -
tuted for a type vari able must not be stronger than the
type vari abl e.

Weak Typi ng Rul es

The type reconstructi on rul es of MacQueen-weak are as
fol l ows:

WLAMBDA

Ax +(x : �) ` e : �

A` (lambda (x) e) : [�! � ]++

WAPPL
A` e : [ �a ! �r]++

A` ea : �a
[ �a]0

A` (e ea) : �r

The above rul es descri be the typi ng requi rements of
val ue abstracti on and val ue appl i cati on.

The fol l owing rul es descri be the typi ng requi rements
of vari abl es and the ML-styl e generi c let construct.

WINST

(x : ~8�wi

i
: � ) 2 A

[ �i]wi

A` x : � [ �i=�i]

WLET

A` eb : �b
Ax +(x : WeakCl os A�b) ` e : �

A` (let (x eb) e) : �

The reference val ue constructor ref i s assi gned the
type 8 �1: �1! �1 ref .

6 Comparison of
AbstractionRules

6. 1 Damas- II I > Tofte- appl i cati ve

(1) let f = let x = (fn x => x) 1

in (fn y => !(ref y))

end

in (f 1; f true)

end

[Tof te87] provi des thi s exampl e on page 73.

Damas-III can type thi s systembecause the let ex-
pressi on de�ning f i s abstractabl e wi th respect to the
type of y. Thi s i s the case because the two-l evel anal ysi s
of the al l ocated types of the let expressi on reveal s that
none are al ready al l ocated, al though the type of y wi l l
be al l ocated by further appl i cati on.

Tofte-appl i cati ve cannot type thi s systembecause the
one-l evel anal ysi s reveal s merel y that the type of y i s-or-
wi l l -be al l ocated, and the let expressi on i s consi dered
expansi ve, so the type abstracti on i s not permi tted.

6. 2 Tof te- appl i cati ve > Damas- I I I

(2) No known exampl e.

[Tof te87] states on page 73 that an embedding exi sts.
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6. 3 MacQueen-weak >
Tof te- appl i cati ve, Damas- I I I

(3)

let fold = fn f => fn i => fn l =>

let data = ref l

result = ref i

in (while (!data <> []) do

(result := f(hd(!data))(!result);

data := tl(!data));

!result)

end

in let fast reverse = fold cons []

in (fast reverse [3,5,7];

fast reverse [true,true,false])

end

end

[Tof te87] , Exampl e 4. 5, mentioned on page 74.

MacQueen-weak can type thi s exampl e, because the
counti ngmethods used by the typi ng al gori thmdeduce
that fold must be appl i ed three times before any al -
l ocati on occurs, and si nce fast reverse i s de�ned by
appl yi ngfold onl y twi ce, fast reverse sti l l has a type
of strength one, and so maybe general i zed wi th respect
to the type of the el ements of the l i st.

Tofte-appl i cati ve cannot type thi s exampl e because
the one-l evel store typi ng anal ysi s consi ders the expres-
si on (fold cons []) to be expansi ve, and therefore
does not permi t the type abstracti on.

Damas-III cannot type thi s exampl e because the two-
l evel method al so consi ders al l type vari abl es to have
been al l ocated by the eval uati on of (fold cons []),
and therefore does not permi t the necessary type ab-
stracti on.

6. 4 Damas- I I I , Tof te- appl i cati ve >
MacQueen-weak

(4) let rid = fn x => !(ref x)

in let f = fn y => rid (fn a => a) y

in (f 0;

f true)

end

end

Tofte-appl i cati ve can type thi s exampl e, because the
de�ning expressi on for f i s a l ambda abstracti on, whi ch
i s consi derednon-expansi ve, andso the type abstracti on
wi th respect to the type of y i s permi tted even though
i t i s an imperati ve type. (Damas-III can al so type thi s

exampl e, because the two-l evel anal ysi s al so reveal s that
the l ambda expressi on de�ning f has not yet al l ocated
at any types. )

MacQueen-weak cannot type thi s exampl e, because
ridmust be gi vena type wi thstrengthone, andyet rid,
af ter i nstanti ati on, i s appl i ed twi ce. Thi s l owers the
strength so that the strength of the type of y becomes
zero. Therefore, the type abstracti on i s not permi tted.

6. 5 FX-89-pure > Damas- I I I ,
Tof te- appl i cati ve, MacQueen-weak

(5) let nop = fn f => fn x =>

let g = fn y => f x

in x

end

in let h = nop (fn a => !(ref a))

(fn b => b)

in (h 0;

h true)

end

end

FX-89-pure can type thi s exampl e because the si de-
e�ect anal ysi s systemcorrectl y determines that nop has
no l atent si de-e�ects, because the eval uati onof nop ap-
pl i ed to any arguments f and x wi l l merel y return x. If
f were appl i edby nop, then the l atent e�ect of the type
of nop would i ncl ude the l atent e�ect of i ts argument
type, the type of f. Therefore, the de�ning expressi on
for h i s pure, andmaybe abstracted wi th respect to the
type of b.

Damas-III and Tofte-appl i cati ve cannot type thi s ex-
ampl e because the store-typi ng anal ysi s methods as-
sume that al l ocati onhas occured at the type of a duri ng
the eval uati on of the de�ning expressi on for h (the ap-
pl i cati on of nop). The bi ndi ng of g i n the de�ni ti on of
nop constrai ns the type of a to be the same as the type
of b. Therefore, type abstracti on wi th respect to the
type of b i s not permi tted.

MacQueen-weak cannot type thi s exampl e because
the maximumweakness permi tted for the type of a i s
zero, because i t i s an operand of nop. Therefore, the
type of b i s forced to strength zero and the type ab-
stracti on i s not permi tted. My intui ti on for thi s i s that
nop i s presumed to appl y i ts arguments compl etel y.

6. 6 Damas- I I I , Tof te- appl i cati ve,
MacQueen-weak > FX-89-pure

(6) let k = fn a =>
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let r = ref a

in fn b => !r

end

in let f = k []

in (f 0;

f true;

false)

end

end

Damas-III, Tof te-appl i cati ve, and MacQueen-weak
can type thi s exampl e because the de�ning expressi on
for f can be abstracted wi th respect to the type of b.
Al l three systems wi l l not permi t abstracti on wi th re-
spect to the type of a, because an al l ocati on at that
type wi l l have occured. However, thi s does not prevent
the other abstracti on, because the types of a and b are
not rel ated.

FX-89-pure cannot type thi s exampl e because the ab-
stracti on rul e requi res that no al l ocati ons have taken
pl ace, and does not di sti ngui sh between the type vari -
abl es at whi chal l ocati ons have takenpl ace and the type
vari ables at whi ch no al l ocati on have (or wi l l ) occur.

6. 7 Further Specul ati on

However, the above exampl e wi l l be typed by FX-89-
pure i f an expl i ci t abstracti on i s i nsertedwi thi n the def -
i ni ti on of k. It i s al so i nteresti ng to observe that even
wi th an expl i ci t type abstracti on i n the de�ni ti on of k,
i t wi l l not be possi bl e to gi ve f a generi c type, because
of the pure-abstracti on rul e. Yet f wi l l be automati -
cal l y projected as requi red i n thi s exampl e, and f can
be opened expl i ci tl y as wel l . Speci al casi ng the abstrac-
ti on rul e i n let to permi t general i zati on by openi ng
would ci rcumvent thi s pecul i ari ty, al though i t wi l l not
el iminate the need for expl i ci t abstracti ons.

Al so, I do not expect expl i ci t abstracti ons to sol ve
thi s probl emin general . Incl udi ng types i n al l oca-
ti on (and perhaps other) e�ects, and rel axi ng the pure-
abstracti on rul e to examine the si de e�ects and sel ec-
ti vel y permi t type abstracti ons shoul d provi de a much
more general treatment of thi s probl em. I cal l thi s the
\Alloc@T" typi ng system. Thi s systemi s essenti al l y
the systemwhi ch i s menti oned i n [Damas85] on pages
90{91, where he observes that attachi ng sets of types to
type arrows wi l l compl i cate the uni �cati on al gori thm
for types. Damas-III therefore attaches a set of types
to type scheme arrows and al so a set of types to typi ng
asserti ons. Tofte-appl i cati ve may be vi ewed as attach-
i ng a si ngl e set of types to type schemes.

7 Summary

Damas-III i s stri ctl y superi or to Tofte-appl i cati ve, but
MacQueen-weak and FX-89-pure are i ncomparabl e to
ei ther of the above. Tofte has suggested i n[Tofte89] that
MacQueen-weak i s stri ctl y superi or toTofte-appl i cati ve,
but thi s i s not the case (see exampl e (4)).

Appendix (sml)

Exampl es provi ded i n sml syntax.

(1) let val f = let val x = (fn x => x) 1

in (fn y => !(ref y))

end

in (f 1; f true)

end;

(2) No known exampl e.

(3)

let fun fold f i l =

let val data = ref l

and result = ref i

in while (!data <> []) do

(result := f(hd (!data))(!result);

data := tl(!data)

);

!result

end

and cons a b = a::b

val fast reverse = fold cons []

in fast reverse [3,5,7];

fast reverse [true,true,false]

end;

(4) let fun id x = x

and rid x = !(ref x)

fun f y = rid id y

in (f 0;

f true)

end;

(5) let fun id b = b

and rid a = !(ref a)

and nop f x =

let fun g y = f x

in x

end

val h = nop rid id

in (h 0;
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h true)

end;

(6) let fun ka =

let val r = ref a

in fn b => !r

end

val f = k []

in (f 0;

f true;

false)

end;

Appendix (fx)

Examples provi ded i n FX-89 syntax.

(1)

(let ((f (let ((x ((lambda (x) x) 1)))

(lambda (y) (get (new y))))))

(begin

(f 1)

(f #t)))

(2) No known exampl e.

(3)

(let ((fold (lambda (f i) (lambda (l)

(let ((data (new l))

(result (new i)))

(begin

(while (not (null? (get data)))

(begin

(set result (f (car (get data))

(get result)))

(set data (cdr (get data)))))

(get result))))))))

(let ((fast reverse (fold cons nil)))

(begin

(fast reverse (list 3 5 7))

(fast reverse (list #t #t #f)))))

(4) (let ((id (lambda (x) x))

(rid (lambda (x) (get (new x)))))

(let ((f (lambda (y) ((rid id) y))))

(begin

(f 0)

(f #t))))

(5)

(let ((id (lambda (b) b))

(rid (lambda (a) (get (new a))))

(nop (lambda (f)

(lambda (x)

(let ((g (lambda (y) (f x))))

x)))))

(let ((h ((nop rid) id)))

(begin

(h 0)

(h #t))))

(6) (let ((k (lambda (a)

(let ((r (new a)))

(lambda (b) (get r))))))

(let ((f (k nil)))

(begin

(f 0)

(f #t)

#f)))
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