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ABSTRACT 

A new lower bound on the COlllPUtatlonal cOlllplexlty of the theory of real 
addition and several related theories la ~: any clectalon procedure for 
these theories requires either apace 2Cft or nond9tenRlnlatk; tl1118 2En2 for some 
constant E > 0 and Infinitely llHlflY n. 

The proof Is baaed on the fanatltn of ......... Tt8P(T(n),S(n)) which can 
be recognized alntultaneoualy tn tl111e T(n) and S(n) and the condition• under 
which they form a hierarchy. 
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I. lntrocluctlon 

We conalder the COlllPUtatlanal OQllPleJClty of the tlteary of real addition 

(Th<R,+>) and aeveral related theartea. PrevlDue ,......... pnMde the followlnG 

bounda on the C0111Plextty of Th<l,+)s 

1) Lower bound (FtA74]. Any declalan,.,...... for Th<I,+> req&llrea 

nondet--llattc ti,,. ~n) for lnflnltely any n. 

2) Upper bowld (FttR78]. Th<I,+) 18..,... wltNft .,,.. 2'>(n>. 

Becauae the prectae relation between a.putatlon tllle and apace re1nalna . 
unknown, there 18 an exponentlal dlacrepaney ·when ..,... and lower bounds are 

both expre•ed In t~ of tllle or apeoa ....... That 18, the exponential lower 

bound ( 1 ) for ti•• I• only known to l11Ply a linear apace lower bound; the 

exponential upper bound (2) for •Pace I• only known to Imply a double 

exPonentlal upper bound for time. 

In thla the8l8 we lllprove the lower bound, ...,..,.. In partlcular 

Main Theorem: Thant' 18 an c > o •uch that any daclelon procedure for Th<IR.+> 

require• either IROl'e than apace 2•n °' ... than nandeter•llattc tllRe 2•n2 for 

lnflnltely 1nany n. 

Let (N)TISP(T(n),S(n)) be the fa•Hy of language• recognizable by a 

(non)determlnlatlc Turing machine which runa In ti•• T(n) and apace S(n) 

al1nultaneoualy for a,_.t al n. The Main Theorem 18 aqulvlllent to the martlon 
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that Th<IR,+> la not a .....,.,. of NTISP(2cn2,2cn) for .,.. c > o. 

We do not Interpret the Main Thearem u ...-•11 the Hkellhood of an 

Inherent time-apace tradeoff a110ng declelon algortthlla for Th<IR,+>. The 

Theorem merely leave• open the poulblllty of euoh a tradeoff. 

The Main Theor.. appltea to other theortea auah •• monadic predicate 

calculus and exPoMntlally bounded concatenation theory, all of which can be 

shown to be log-llnear equivalent [8M78, 8T074]. Recently Berman has 

observed that Th<IR,+> la 

time reduction In what ta eaaentlaffy the claaa Alt(2",n> of language• 

recognizable by atternattna Turing Machlnea ........ time 2" and ,n atternatlona 

[8ER77, CST078, K078]. OUr reau1ta illply that NTI8P(zn2,2"> c Alt(~nl,O(n)), 

an observation which we Interpret aa aupportlng the oonjectwe that Berman'• 

alternatlng machine complexity cl••••• properly contain the languages 

recognizable In nondetenllnlatlc exponential time. 

II. TIME-SPACE CLASSES 

The basic computational model uaed la a det9l'llllltettc or nondetennlnlatlc 

multltape Turing machine (DTM or NTM). It haa a finite number of worktapea, 

each with a slngle read-write head which can move .In both directions and a 

atngte Input tape with a two-way read-only head. An accepting computation of 

a Turing machine M on Input x la a 0011Putatlon of M which atarta with the 

word x written on the Input tape and the reat of the tapea blank, and 
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terminates In an accepting atate. The tiM of a computation la the number of 

atepa In It; lta apace la the ,.._ of .._. ....,.,.. vlelted dwlng the 

computation (Input tape ....,_ not oounted). By the llnear epeed•up theorem 

[HU89], It aufflcee to apealfy tlM and .,... ........ Giiiy to wlthkl a oanatant 

factor (e.g., It la unneo•••., to epeclfy tlMt bue of a lugatthM). Al tllfta and 

space bounds are aa .... d to be poelthre v.,..d funotlona on the poaltlva 

Integers. 

Definition 1: Let T and S be functlona frm tlMt Po9ltMI Int-'• to the positive 

Integers. Than a (n)tlllp(T .S>--chlne le a (non)de...........UC ..nttapa Turing 

machine which on avwy Input of length n oo•utee far tllle at wt T(n) and 

apace at lllCMlt S(n). 

Remark: Both ti•• and apace bound• have to be obaerved by a alngle 

computation. 

Definition 2: Let Z be a finite alphabet. Then (N)TtlP(T(n),S(n)) la the aet of 

languages A ~ Z* far Which there exlata a (n)tlap(T .S>--achlne M llUCh that for 

all x E · Z* (where n denote• the length of x) 

I ) If x E A than there .. an acoaptlng oamputatlon of M an x, 

I I ) If x - A then there .. no accepting OD1111utatlon of M on x. 

We wlU show that under 801H famlllar •honuty" condltlona [Gll71, SFM73] 

upon T and S, TISP(NTl8P) deflnea a hierarchy In tM fola wing awe: for amall 
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lncreaaea In the growth rate of T and 8 new ........ _ can be accepted which 

could not be accepted before. 

Definition 3: .CSFM78] A fwlcttan la fully OOltlfnlGClble If there la a DTM M auch 

that for each Input of length n M lllllt8 In prea•ety 8PH9 8(n) with the atrtng 

ff S(n)-2• on one of lta wark t.pea. 

Definition 4: [SFM78] A function T(n) la a . "*'llfl ti,_ If thWe la a DTM M 

auch that far each.·~ of length n, the ••utatlao of M hM preclHly T(n) 

atepa. 

Definition 6: Two functlofta T(n) and 8(n) are ,..,,_,,,,. If each of th•• la 

computable by a tlep(T,8)-119°'*'9. 

Remark: If two fUnctlona T and 8 are OOllPatlllle then T la a........., ti .. and 

S la fully comtructlble. It la a •Jar ..,... ..,...,. far wllloh .pa1ra of functlona 

the converse holda. 
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Theorem 1: Let T1 •nd a1 and r2 and a2 be_.,, fwlottana r•peottvely. 

If 

then 

Proof: 

( I ) T 1(n)log(T1 (n)) • o(T rn)) 

( 11) 1 1 (n) • o<a2(n)) 

It la • well-known reault th•t condition (I) auffloe• to ahow th•t 

DTIME(T 1 (n)) (I.e., the olaN of I•....,.._ reoogntzH by a DTM within ta.e 

T 1 (n) ) la property ~ In DTIME(T rn)). Ukewlle oondltlan (I) aufflc .. to 

obtain a allllllar reault far cletenllnldo .,_ [W]. It • atralghtfOlward to 

combine these proofa to -*taln the ........... reault far TllP. We amt the 

detaHa. C 
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Theorem 2: Let S~n) ~ log(n) and let T 1 and a1 and T 2 and a2 be COlllP•tlble 

reapecttv.ty. 

If 

then 

Proof: 

<I) T 1<n+1) • o(T2(n)) 

(II) s1Cn+1) • o<a2<n» , 

NTISP(T 1 (n),81 (n)) ~ maP(T z(n),8z(n)) • 

Condition (I) aufftau to obtain a ..,..,aaan reeult for noncleterlllnlatlc · tlnle 

claaaea whereaa condition (II) ·la adequate to .. t • •l•tl•r reautt for 

nondetermtnlattc ..,.ce ••••• [8fM78]. We .. alcetoh how to combine the 

proofs of theH raulta • ••••Int f1 .. 1rlty wltlt the notation of [8FM78] - to 

obtain a proof of n.n. 2. The oondftlanl for the .....,_ oode (Appendix I In 

(8FM73]) are the ••• •• for the time and apaoe .._.. (Theor•• 1 and 

Theorem 2 In [SFM78]) • The ......, ,, • ...,._ ftrat lays off a2(n) aquar•• 

and then behav.. Ike the oloolced ,,.,..... Only tn tile cue ·when k ~ T(lxl> 

and log{k) ~ s<lxf) claea the maohtne M' ...._,. lk• tile -ahlne M. In al other 

caaea It behavea Ilk• u1• 0 
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Basic for proving the MUt Thearem la tM notion of log·ln•• recluclblHty 

defined In [ST077). 

le1nma 1: 

Let A s1og-11n a. T(n) Md l(n) be ......................... Mlctlol•. Then 

~I) 

DTIME(T(n)+p(n)) DTIME(T(cn)) 

; DSPACE(8(n)+log(n)) DIPACE(l(on)) 

A• :::;,. .. 
NTIME(T(n)+p(n)) tmME(T(on)) 

NSPACE(l(n)+log(n)) N8PACE(8(on)) 

(II) 

TISP(T(n)p(n),S(n)+lag(n)). TllP(T(on).S(cn)) 

A• } 8. 
NTISP(T(n)p(n),S(n)+log(n)) N118P(T(on).8(cn)) 

For a proof of part (I) of thla L• ... ••• [8T074]. Part (II) can b• 

shown In an anatogoue way. 
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Ill. THE THEORY Of REAL AOPITION 

Let II • <It.+> be the atructwe oon1llttng of tM Ht of al real numbers 

with the operation of acldltlofi. Let 111(9) be the flrat anter theory of •. I.e., 

the aet of all flrat order· aentenoee true In a. 

Aa a technical tool for the proof of the Main Theorem u atated In the 

Introduction we wll uae the ftrat onler theary of atrtng oanaatwtlon and what 

we caH t-bounded concatenation theory. Meyer [PMl781] ha• ahown that 

2n-bounded concatenation theory la toe'""" ......... to Th(lt). We will ahow 

that NTISP(2n
2 
,2") 18 log In redualbte to l"*lllaunded ........ tlan theory. The 

Main Theoretn then follow• ....._tely tM Lew 1, Tlteor- 2 and the 

trana~ of log-In. recluclblllty. 

Definition 6: let Z be a finite aet and let L(J) be the tlnlt order language with 

equality, wtth conatanta !. for eaoll • c I, and .._. only ato.lc fortnulae 

(other than equaltttea) are of the forll Ul(x,y,z). The ~ theol"y of 

concatenation, CT(I), la the aet of true .......... In L(I) &nler the followlng 

Interpretation: Z* la the unclerlylng da•aln, the oanetant · ayllbala denote the 

eletnenta • c z, and fOr a,b,c c Z*, .ul(a.b,o) le true ltf a le the ooncatenatlon 

of b and c. 

We aaaume that one of the atandard fonuta la uaed for writing well 

formed fonllulae In CT(Z) which are built up with ~ cannectlv• and 
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quantifiers aa usual. 

fonnula where aubacrlpta are wtltten In blMry. 

By bculcllng the length of atrfnge In CT(J) (In a ..... ... preclH In 

th• follow:."lg definition), .. obtain bounclecl .......... tMory. 

Definition 7: let Z be a finite •t and let L(J) be the fht order language with 

equallty, with constant• • for each • c. Z, and ....,.. only atomic for•ulae -
(other than equalltl••) are of the for• l!!ll(a,b,c,n>. Then for · any function 

t : N .. N I we ... t-IJovnded ........,.. theory (MICT(Z)) .. the ••t of 

true aentencea In L(J) under the followtnl .....,......_, Z* 18 the underlylng 

dolllatn, the constant aymbale denote ttte 1l1•1nt;11 • • ·z, and for a,b,c • Z*, 

bcat(a,b,c,n) la true lff a II the ooncatenetlan of b and c and the length of a - -
la amaller than or equal to t(n), where !! I• the unary n ... eral for th• 

nonnegative Integer n. 

Remark: Aa !! la wtltlwl In unary the length of the atcmlo formula !!H!(a,b,ctf!) 

la proporttonat to n plue the alze of the variltbt•• a,b and c. 

In reducing NTISP to bounded concatenation theory It la convenient to 

machine (STM) [8T077]. Thll oan be done without ._. of generdty becau•• 
• 

an STM can almulat• a MUltltape TIA'lng aolllne With only a quadratic t... Ion 

and no apace lou [HU89]. · Furtherlllore, we ••--• that any .ave which ahlfta 

the head off the left end of the tape caUMI the 8Tll tD halt and reject the 
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Input. 

In the reduction we wll ducrlbe the oamputatlon of an &TM with short 

formulae In 2"'-acT(J). Let M be an 81'11,. let Q .....,. the aet of lta atatu 

and S It• tape alphabet. An lnatanUMoua d•a•tton (Lei.) of f!ll la any word In 

s*os*. As In [ST077) we define ~ funotlan NeX\1.: ~ .. ~. where 

NaxtM(d) I• the aet of· l.d. '• that c:M ooour one ._, after l.d. d. We ra .. rk 

hara that Next,, la lentttl .......,,,.... It ..,,._. to .ae "local check•• wltllln 

l.d. d1 and t.d. d2 to cleolde If d2 c Nex\l(d1). The ,.,._ for tllla la that In 

one •tap only a few .,_. .,... the state 8)'1!21lat ..,. -...... 

Lemma 2: [8T077) Let M be an 8TM, U8uQ, and l•luQulaJ. There ta a 

function ,.,. : za .. ~ wltlt the folJ"""'8 prop .... : 

let d 1 be any t.d. of M, let k be the length of d1 and auppoae 

Sd1$ • d1od11d1r·····d11td1.1t+1 

SdzS • dzod21d22" ..... dad2.1t+1 

then 

where d1J • J far 0 ' J ' k+1 

....... d,, • J for 0 ' J ' k+1 

and 

foral1sjsk 

For a proof of Le••• 2 ••• [8T074). lnfor•ally NM apeclflea all 

poealbllltlu of how the aytlbala of one Ld. - change In one atep. 

The cla.... 1-Tl8P and 1-N118P are detlnad for ITM'• In the aame way 

that TISP and NTISP were given In Deflnltlan 2 Move far (n)tlap(T,8)-..chlnea. 

Then the 111aln lew can be atated u fClllawlng: 

---- ------- - ----- -
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Lemma 3: (Y A • 1-NTNIP(znl~ z1'))(3 J)(A s..,..... zl"-ICT(Z~). 

Proof: 

Lat M be a ~ ITM reoognlzll19 A, ... ~ within 

time 2"
2 

and .,_. 2". Lat J be the alplMill•t fw 11 · .,_.. In L-. 2. for 

each x c 8* we wll delcrtbe a .nt ..... ix Ill zl"«T(S) which aaaerta that 

there ta an ·accepting OOllPUtatlDn of M on Input x. TM x • A lff •x la true In 

2'"-acT(J). W• wtll then ol»eerva that ttae f-tl•• •PPln1 x to •x 18 

computable In c1et...-.t1c logapace Md II ...._ 11_.ad, viz., the length of 

Sx la at lll08t proporUonat to the length of x. 11lla wm .._..,..ta the proof. 

Let n • lxl. The OQllpUtatlon to • daea•ed II ~ atepe tang. thua a 

word conelatlng of a repr•Mtatlan of the whale .... utatlan wauld be of length 

2o<n2
) and therefore · tao tong to be upr111ad Ill ttte ....... of 2'ft•BCT(Z). 

tnataad we ahal define the ..._.. Ix. bued on the oanatruotlon of the tor.ula 

Pt..1t(z) which, for al lntegara k,n and fw al Z •If", II true lff 

1) z la a string of the fona tz,•~··--~ . 
2) zJ rapr .. anta an l.d. , 

3) tzJI • 2n+1 , 

1sJs2", 

1sJs2", 

4) In some cOMPutatlon of M Which' la atartecl In l.d. zJ the t.d. zJ+1 can be 

reached In at llOet z"n ateps Ullng .,... at -.t 2" , 1 s J s 2" . 
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Tile forlllula• P.._,.(z) .. be defined lnduotlvely. flrat we wll writ• them In 

CT(Z) to clarify the Idea .. ~ the OOft8tlUOtlan of the appraprtate fonlUla• 

In ~-BCT(Z). 

As a notational convenience we wlll lntrocluc• Hiie abbreviations for 

formulae In concatentatlon theory. Let 6 • (• 1' zt•··'t>• Wiier• • 1 c Z for 

1 $ I $ k. 

Abbrevlatton 

p. qr 

P • qra 

pc A 

p EA* 

pc q 

.cat(p.q.r) 

(ixXp • qx " x • rs) 

(p • • ,> v ..•. v (p • •t> 
(Vx,y.z)(p • xp " y • Z • y c 4) 

(h,yXq • xpy) 

We alap define far Heh k c N a tar.Ila \(x) of ooncatenatlon theory 

which la true lff the lenltlt of x 18 equal tD k. We cleftne 't<x> Inductively In 

such a way that the lengtlt of the fal'llul•. ltMlf le PftlPm'tlanlll to log(k) plua 

the length of the vartable x. 

J 1(x) :• X E Z 

Ja(x) :• (3y.zXx • yz " (VwX(w • y v w • z) .. \Cw))) 

Ja.+1<x> :• (3y,z)(x • yz " J.,.(y) " J1(z)) 

-------------- -----
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from -\ need only be dlettnct rn. ••oh.,.,_. and troll the free v.tt.blu of -'t· 
Thua only a COMtant IUlber of different ,,.,...,._ le needed tu COMtruct 't· 

The for•ula For•(z) wtll wart conclltlDM 1) - I) above. We uae the 

convention that In ev.-y Ld. the atate .,_., q le ............. l•••dlately l'O the 

left of the a)flMMJI being acanned. 

Fonn(z) :• (3wXz-twl) " Jl"(Zftt.2)+1(z) l\(Vz1){Ctz11c:z A lez1) .. 

[Jzn..1Cz1> " (3w1,wrqXw1,w1ca* " qcQ " wa-• " z1 .. 1qw1 >]) (1) 

A8 the Induction bue Wt1 wtll oon8'ruot the formultl P ~(Z) which aatlafl .. 

the condltlona 1) - 3) above and the ~ that Hoh of tlle succeulVe 

l.d. '• are either ldentlcal or fallow In one at•· 

P0,,.Cz) :• Fonn(z) " (Yz1tZi)[<•z1•Zz*a " "21 " ~ .. (3w1,a1,q.arw2,u) 

<•,.a,cSut•J " qcQ " •z,••1•1C112•2 " z,.•,vwz " ~•,qaz))] (2) 

For the Induction atep we wHI write a ~ Pk+1.n(z) ualng Pk.n(z) •• a 

aubfonnula. The baste Idea la that l.d. z,.., can be reached In 2Ck+ 1 )n atep• 

from l.d. z1 lff there la a •trlrig w which ha9 2J u a prefix, z,.., •• a aufflx and 

for which Pk.n(w) hakla. Thua Pk+1,,.(z) can be Mitten u 1 

Pk+1,n(z) :• Fonn(z) " (Yz1tZz)C<•z,•z,tcz" tcz1 " ~ .. -

(3w1XPk.n(tz11w1e~))] (3) 
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We rwrk here that the length of Pk+1.,. II ..... to a oonatant plua the 

length of Pk.ft and the lengtla of the formula fGr& Tiie ,_.ut• ror. 18 of length 

O(n). Hence Pn.n la of .......... O(n2} ,... • .., 11•11.- of the n ~ of 

Fonn. However there la a atandard ••1ara1a._ tftak• [RA78, FeA71] which 

•How• n occurrenau of aubforMulH whlall .. tile - - except fat the na .. 
• I 

of the variables - to be ~ by .................. of n dlatlnot v........_ 

and one occurrence of the eubfomula. Applylltg thll alallrevltitlian trick to P...,. 

We wlah now to construct a •ltort ....,.. b•P -..<z> In the lenguao• of 

.23n·BCT(Z) which I• true lff · condltloae 1) • 4) a• above hold. The 

stralghHorward way tD obtain auoh • b-P .._.. la to flret NWrtte P'n.n ., that the 

fomlula. beat replao• Hall occurwe of m ..... ttwe .. only praportlonal 

to n occurrencea of B! In P'...,_ and the......,. of l!lll II O(n), ane could next 

apply the •tandard ablnvtatlan tltalc on the ...... GCOWl'We8 of J!2!! to 

obtain a fonwula b-P n.n whlah la alao of ..._ O(ftlol(n)). 11118 wauld be enough 

to prove a veratan. of cu MMa n..... wltlt zo<n21tott/<n)) In piece of zo<n2> 

and zo<n/log(n)) . In ,.._ of r><n>. In the ,...,.,_ below we wll give a 

aHghtly IROl'e COlllPlcated oonatruotlDn yle1d1n9 a __... b-P l\ft wNol'I la actually 

of length O(n). 
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Th• Idea of the canatlucttan la u fw8D.,.: the far-* ~(a,b,c,cl,e,z) 

wtn 111ean the - u 

bcat(a,b,c,g) ,.. .ll"t-1(d) ,.. .1"1"+Z>+1(e) ,.. P..,_(z). 

(where E denot• the ..,ty atrtng). 

Now note that u In (I) P,., ... <z> II • ....,.. ... ta 

Fonn(z) " (Yz1tZz)C(lz1tz:rkz" kz1 " 9Pa> .. 
<Jw1,t..X"9<•·•·c.t...az,ew,•z.t»J. <4> 

SllnHarly the tar.ala forll(z) u In ( 1) II ..,..,nt to 

(3wXz"*14) " (3f,u)&..,_(c,c,c,f,z.u) " (Yz1)(<tz,tcz " IP1) • 

[(3g,u)~(c,c,c,z1,g,u) " (Yw1,wr41)(w1,w,ca*" .a" Wz"• " z1 .. 1qw2)]} (5) 

We ob8erve now that the ...... of ,..... equivalent to (4) and (5) 

doe• not change If each occurrence of the foNlula Ill I• replaced by the 

formula ~ •• · the length of al atrlnga In (4) and (6) · la bounded by 23
". 

Thu• (4) and (8) can ~ be Wtlttwt by repleDlng Moh oocurence of 

-- - -------- --------------- ------
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cat(p,q,r) by (3f,g.u)""'(p,q,r,f,g,u). So we can conolude that a forlllula S't+1.n 

equivalent to St+,,n can be written u•lng a fixed nu11ber 

(lnd~endent of k and n) of coplea of S..,. ,.._ a fixed ....,., of adclltlonal 

quantifier•, vartablea and logloel conneotlvea. We •-• now that the reader 

Is familiar with the technlcal cletda of the .....,..tlDA trick and we wely 

summarize lta application to 8't+1,... ~ ttMt ......,,...... trick to S't+1.n 

yields the fonnula 8t+1.n whloh hM only one oapy of """ u a 8Ubfonnula and a 

fixed nutnbar of quantlflera, varlabl•• Md lallcal ~. Again we note 

that no dlfftculty .,.... If the new vatlat• · Intro....., In oonatructlng Sk+1.n 

coincide with vartabl.. bound lnakle •t.n Tlaua only a COMtant nu•b•r of 

addltfonal variable• are needed to conatruct •t+1.n f"* s0.... Therefore the 

length of ~.,,.. 18 O(k+1) ptue the length of •o.n· . 

We will proceed now In constructing a fonnula s0 ... (a,b,c,d,e,z) whose 

meaning 18 th• .... as bcat(a,b,c.g) and J2"+1(d) and J2"(2"+2)+1(e) and P 0.,.(z). 

As we want th• length of 80.n to be proportional to n, we ehall require a 

formula b·Jm,n<a,b,c,d) written. In the languqe of 13"-BCT(Z) whole length 18 

O(n) plus O(log(m)) plua the length of a,b,c and d and which mean• that 

bcat(a,b~c.n> holds and that the length of d la ., where m 18 any Integer s ~. 

Th• construe*" of b-.a_,n<•,b,c,d) la ....., to the one for Jm(d). 

We henceforth use the .... notatlOnal abbrevtatloftl u were Introduced 

for formulae In CT(Z) except that p • C1f 18 an abbrevlatton for the formula 

bcat(p.q,r .n>· 
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b-J1,n(a,b,c,d) :• bcat(a,b,c,!!) " d c Z 

b:J2111,n(a,b,c,d) :• (3e,f)(Vp,q,r,a)[(<p;q,r,a>•<d,e,f,e> v <p,q,r,a>•<a,b,c,f>) • 

.......... (p,q.r,a)] 

b-J2111+1,n<•,b,c,d) a• (3e,f)(b-J-...Cd,e,f ,e) " b-J1,n(a,b,c,t)) 

By carefully reualng bound varlabl .. In the OOll8tructlon above, only a 

fixed number of dlattnct v......_ la needed. Titue U. ._.th of b-.&•,n(a,b,c,d) 

la O(n) plua O(log(•)) plua tM lmtgth of a,11.o MCI d. Note that therefor• the 

lengths of th• formula• b-J2"+1.,.(a,b,c,d) Md b-Jl"(l"+l)+1.n(•,b,c,d) are both 

proportional to n • the ......... of a,b.o and d. 

Now let b·Po,n(Z) IMt the fot9ula obtained troll P..,.<z> •• given In (2) by 

first replacing each of occurrence of J•(d) by b-J•,n(c,c,c,d) and then by 

substituting the formula boat(p,q,r .n> for each oocunenoe of the formula 

cat(p,q,r). As only a fixed nullber (Independent of n) of oaplea of the fonnula• 

b-J2n+1,n ' b-.l2ft(znt.2)+1,n and I!!!!! (not lnaludlng the HI!'• lnalde ~.n> are 

needed to write the fonlula b-P o.n , the ......,. of b-P ...,.<z> 18 praporl'lal•I to n. 

Finally, we take So.n(•,b,c,d,e,z) to be . 

Therefore the length of 8o.n(•,b,c,d,e,z) la O(n). 
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Thu9 .. have 8hown how to OOMtruot •. ,...... a...,.(a,b,c,d,e,z) In the 

language of ~-BCT(J) .._. ....... II tlltl ._ · • tile oonjUnotton of 

b-Jzn+1, .. <a,b•,c,d), b-Jzlt(an+a)+1,...<c,c,c,e) ancl b.P..,...(z) aftd whoe• length I• 

proportlonal to n. 

Now to CQllPlete the OOR8trUctlDn of Ix we d --. In adclltlon to s...,. , 
I 

a fonnula INx,n<•> wtllolt II true lff w II · tile ntng x, Let x 1.x,.. .. ,x._ be the 

aucc•••lv• •Y9bc* In x. Then th• atr~ way to write th• formula 

INx,n<•> u•• n dlfr.ent v.,..._ and ....,... eta '-1111 would be nlog(n). 

lnatead we _. deftne a t.•ula •x.a<a.b.o.w) wtl11• ..... le the - u the 

IE,n(•,b,c,w) :• bcat(a,b,c.g) " w • c • 

For ud*, •d, we define 

1.,..n<a,b,c,w) :• (3w1)(Yp,q.r,.)[(<p,q.r,.>•<w,w1,,w1> v (p,q.r,.>•<a,b,c,w1>) .. 

Again we note that •x,n can be conatruoted ualntl a fixed nu•b•r of 

distinct vart.._. 

Flnaly let Sx be the falowlng for•ula, .._. Clo ctenotee the lnltlal atate, 

-------- ----
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Clearly x € A lff 8x 18 (true) In 2"'-BCT(Z). We have alrHdy shown that 

the function mapping x to 8x 18 linear bounded. The reaulta of (SM78, LtN74] 

may be used to show that the C011Putatlon of Ix can be carried out within 

deterministic logapace; we leave the verlfloatloft of thle final claa. to the 

reader. Hence the tr.,.._tlon of x to •x ••• that A $'°1 In .23"-BCT(Z). 

Remark: For any c > 1 and any alphabet J there exleb an alphabet 8 auch 

Lemma a and the preceding r•••rk, to9ether with the reduction of 

2n·BCT(Z) .to Th<I.+> ...... t• the praof of the Main l'hear9m. 

IV. OPEN PROl.EM§ 

In this theala we claaalfled logloal theories with reapect to both 

computation ti•• an~ apace. The basic open question remaining I• to 

' 
charaoterlze the .COlllPIUlty of Th<I.+> (or equlvalently M(2",n)) .,,. preclaely 

In. tenna of tint• and epace. Note that the ~ that Att<2" ,n) le equivalent to 

NTIME(2") or equivalent to 8PACE(2"), or both far that Mtt•, ......an COMlatent 

with our Main Theore111. 

A second related open prable• 18 to lllprove the known lower bounds on 

the complexity of Preaburger Arlth•etlo. luctt •prove11enta do not follow 

directly by the aa .... thod UHd to bound Til<I.+>, u can eutly be aeen by 
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parameterizing our main reault. We have ahown that for f(n)•2", the claa• 

NTISP(f(n)",f(n)) reduce• to Th<I,+>. The •a•• proof •how• only that 

NTISP(g(n)",g(n)) reduce• to Pre•bul'l•r ArtttMHtlc where g(n)•2z", a reault 

which degenerate• to the known re.ult• [flR74) that NTIME(2z") reduce• to 

Preaburger Arlthtnetlc. 

We hope that the fra•ework we have aet up lead• to a better 

underatandtng of the relation between the oomputatlonal r..ource• time and 

apace. 
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APPENDIX: RELATION BETWEEN TIE COMPLEXITY Cl.A88EI 

s1 (f(n),g(n)) [IER77] AND Att(t(n).a(n)) 

In hla paper Bew [BER77] lntroduoed a new OOllPlexlty waura baaed 

on the epaclftcatlon of eeta by boUndllcl ............... of -.....t11H precltcataa. 

Definition 1 : [BER77] A ut la In the COllPlultY ctaaa a1 (f(n),g(n)) If there 18 a 

Hnear-tlme predicate A(-) on atrtnga auah that 

A•{x I 3y1Yy2 ... Qy-RCx•r<lxDy,• .••• .,ICM>) " IY11<f(lxl> " ... " IYl(IMl)lct<lxl>]} 

Furthermore he obHrvae that Th<I.+> la oomptate In ~s1 c2k",n> mtder a 

polynomial ti•• reduction. We will show Utat the OOMPtexlty •euure s 1 la 

mentldy the .- u the ....... Alt defined by: 

Definition 2: A aet la In the complexity olua Alt(t(n),a(n)) If there la tin 

alternating Turing ••°'*'- [C8T071] wtlloll aooepta A wltNn tllle t(n) ualng at 

moat a(n) altamatlonS. 

--· -·-·-------
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Lemma 1: 

Let f(n) and· g(n) be camputable In time f(n)g(n) and f(n) it n. Then 

s1 (f(n).g(n)) c Alt(f(n)g(n).l(n)) 

Proof:. 

Let A E s1(f(n),g(n)). To ahow that A la a..O a •llber of Alt(f(n),g(n)) 

we wlll de•crlbe a ca.putatton of an attemattng Turtag ••chine M whloh 

accepts A within time f(n)g(n) .-... at wt I(•) ..._..._ 

The proof I• very •l•llar to the one of Th••,.. & In (K078] and we 

a•aume fallllllarlty ·with the notlm• uaed tt.e. Let x c A, n • fxl. On Input x 

M flr•t write• x•f(n) on lt8 tape. Now It -... an exl9tentlal state to write 

down x•'<n>y, (whefe IY1~f(n) ). Then by cMnglng Into an unMnal •tate It 

writes down x•f(n)y1~2 for al y2 with IY~f(tt). It prooeeda now alternating 

exlstentlal and unlverul •tat• untl x.,wy 1• .. ~ l(n) la written on the tape. 

Thia can be done with at llOat f(n)g(n) atepa and g(n) attematlona. Now M 

checks the predicate R{x•'<n>y,• ... ~l(n,> and accept. lff R(-) la true. Aa A(-) 

Is a llnear-ttme predicate, M U888 at lll08t f(n)g(n) · atepa to check It. Aa we 

can speed up the whale computation by a oanatant faotar, M acoepta A within 

time f(n)g(n) ualng at llD9t g(n) ahmatlone. C 



Lemma 2: 

Let t(n) it n. Then 

Alt(t(n),a(n)) c a1<t<n),a(n)) 

Proof: 

. 
Let A be a aet accepted by an alternating Twtng machine· M Within time 

t(n) using at moat a(n) •tterMtlona. To 1lllplfy the tClllowtng proof we mutH 

(w.l.o.g.) that M h•• only one tape on wltloh lnlttally the Input la written. 

Furthermore we adopt the oonventlan tMt anoe M ...,. the. aooepttng atate 

qa It keepa running In .q8 • We alao •••••• that the lnltlal atate la an 

~xlatentlal atate. We want to allow that A la allO In the ._ 8 1(t(n),a(n)). 

To clarify the conatruotlon of the predloate R(•) • ,...,... In Definition 1 we 

wlll first show that A 18 In the clau S~(t(n)Z,a(n)). 

Let x E A and n • lxl. A OOMPUtatlon of M on x can be deacrlbecl by a 

sequence of strings y 1,y Z' ... ,y a(n) where each y1 la a aequence of l.d.a an of 

which only contain atatea of one kind,· unlveraal If I la even. extatentlal If I la 

! t(,rt>2 
odd. We define the predicate A1(x• Yt•·Avae,.,> to be true lff Y,~2• ... ~•<n> 

describes an accepting co•putatlon of M on Input x 

(I.e., y 1•y2•···•Ye(n) • d1•d2• ••• •dt(n) with d1 belnt the lnltlal l.d., dt(n) the 

accepting l.d. and for 1 s I s t(n)•1 the l.d. dt+t followa from l.d. d1 tn one 

computational step) or there la an l.d. d1 which la a aubatrlng of acme y2J 

1 s J s Lt(n)/2J and la not a aucceuor Ld. of ..._,. 
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It la now atratohtfol ward to verify that 

{x I x accepted by M} • 

{x I 3y1YYr··Qya<n-/.R1(xfllN"y1•.Ay~ A IY1fcf(ft) " ... A IYa(n,l<f(n)]} 

We remark only that without the aeoond ....... In tfle definition of R1, the 

predicate 3y 1 Yyr .. O!/a(n)R1(·) le ...., tr. • tlle ••n-.. ,.,... over 1111 

atrlnga. 

Now 

These changea are ctet.,.....d by the next .eve function of M. Now let 

computation of M. That .. .,. that for Hdl I, 1 s I $ t(n), u1 la a atrtng of the 

form pdq, where p denote• the •YllbOI to be printed, d the direction of the 

move of the head and q the atate to be enterede A OOllPUtatlon of M contalna 

at moat a(n) altematlona. Therefore up to t(11) ......,.. moves correapond 

to situations where M ctoee not cltMge -Mtwe• ...,.,... and exletentlal atate 

and we wlll replace each auob aequenoa by ....... v.,.11111•• wJ' 1 s J s a(n). 

As the length of the atlln .. u, la oonetant. the lenglll of the atntga wJ la at 

moat of order t(n). We wlll conetruct now a linear-ti•• predicate . 
R(x•t<n>w,• ... ha(n» ~ la true lff there la M HC8Pttnl computation of M on 

x determined by u1 through ut(n) or for - U. Wllloll la part of aome w2J' 

1 s J s lt(n)/2J the followlng la true: u, doee not d•aorlbe a legal lllOVe f« 

the configuration obtained by applying the llOV98 u1 ttwaugh. u,_1 on Input x. 
I 

The predicate R(x•t<n>w, ...... a(•» can be oa•pMted In tllRe llnHr In It• 

Input by the foUow".ilg •tr•tfa want prooecllna 
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1.) conatruct the lnttltll l.d. froll x 

2) tor each I check If u1 de•crlb•• a legal •ove (tltla can be done by 

COlllParlnQ u1 agalnat the 8---- detenllned by • tranaltlDn function) 

otherwise: h• and output true If "t la In part of .... wJ and J • •!•n 

otherwise halt and output t•e 

a) check If the •trlng "t<n> aontaln9 the aYllbal q •• 

Clearly the above procedure doee not take _.. Ulan O(t(n)) atepa. 0 
I 
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