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0. Introduction 

The aim of this paper is to relJllrt pq. •latest~ of• Logic 
of Effective Definitions. One of the miiia .JQ 191 ~ this: logie · 
of programs comes from the fact that .. ~-~ifl,·)"'••~ (d. 
(1, 8, 10, IS, 21, 24, 2S, ~, 271 2~~~~ a.,.~,~-.~~-~ ttrUftured 

ams e.. ·ffOw-.dtiit'~'ol°tecw•.e·-~~19 ~ to.ame, progr , g. :.-~~~ '.. . . . . . ' .. 
general questions such a: · · · _ · , .. ·· 

(I) what properties of a given ~ IX,~ ~'- 911 die beba¥ion of. 
the ulting t-:....? . . . - -

res ava-· _ .. 1 , :- .•.. , _ 

(2) what are the limitations OD die eijwalifie ~ll!f( '1( .. -.. ~)~ 
(3) what ties such as ~' ·· ·· · "*'· -fQ[; t-:-. proper ~ · ... > ,,., ~,.!"I~ •• ,~ of ' '·• -···•' ) • .. c·•·«·Y· 

(4) • ...:-::.. methoclr;lhl&itt:1'ej~'ii -~,~.-.~;c(~ 
~'\-I", ...... __ "'"' '· ~ . . ' 

.. ~ -:·· ........ r; _,-,. -· . .:..J ... _ :, ;··-~ :.~-:: 
All these uestioas are atrrb1t-to unref at - -.. Jt . tbe.: 

author's opinion .:.t there sb8iafd ·~ il!flil ~ J!.' ~~.ldJ aJ. .. tbae __ ~·.iJ.?,·t..Ji~<,,.,.,.·-.,, .... ~4' 
,uestions can be em~ with a ~ "' ... ·. . -c.i--~ft'~1ilWt it:* . 
intended role of the Logic of Effecttte Deftaitiom, "O!IY. t'."" ""' _r, , , . :· ~ 

LED is based on completely unstructured schemes which are better 
called effecti.e definitiOtU rather than programs. The only primitift 
relation in LED is total «lfl/Wlittra between IChemes - maay other 
intere5ting notions are derivable from (exprtllible usiq) the primitift ones. 
The extremely simple structure of effectift deftaitiolll fOletber with the 
simplicity of LED· formulas make model-theoretic methods easier to apply when 
attacking problems (I) - (4). On the other laud, may losics of programs can 
be retrieved as fragments of LED (cf. Secml S) tia tlle stwlant •11/oldhtg 
proadure applied to the prop-a• oa wlaich the logic is baled. 

We emphasia here that throughout thil paper we coasider only 
deterministic programs. There are no prob.lems ia f0tlli1llating a 
non-deterministic version of LED. However, tt.ere are coafmingly many open 
questions concerning deterministic programs uct their iopcs. This situation 
suggests, in the author·s opinioa, a need for better uaderltl8dMtg of the 
phenomena arising in tbe detenniaistic ca. befete prrrl• to aoadetennioism. 

The results presented in this paper are mainly coacaned with LED 
itself. However, the opm problems f~ ia Sectioa 5 are orieated 
towards a better undentandiea of the .....,.. m Ll!D &.....-. 
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To keep the paper a reasonal* ~ ••tiw _., '*'· w.tches of 
proofs of results which appear elsewhere. Actually, there are three new 
results :ttated Ua;, ..... u~Jil;- 4.JA, ;J181lt;U.-~ota.p ..... , 
impr~ 9'i•~--., :aJtlif, ._.,.,. 1t11;te~:fl'M6 aTe gitea • 

. -"::<· ~:.,-r_ ,._;:~-~- , ,~:.:::~·'.;:~ -·::~·~ ,~~ 

~~!~:!'~~ud = ::,:~::.· ~~>of~.~:--'/,~.~~~ in~~ 
;~~:'.; ·;,. .._ . :--::r~ : -, .. -- ': :,, . " .,. , . ~ '>~~ ' ~ 



>, !.--; -.~ ~. " ,., ' 

In this ..U.·we recd,IOale Atllic· aodoM and>·4e1Mtiaas ffelll 
Josic. We~.....,. .ilefe,-ialj:.Xallilltia9<fltllllfl._.,,~le·· 
definitions of standard concepts - the latter ca be foacl ia any text on 
matheaa..,. logicl(~;U,: •1))...: · · ·: '; ~:~1 y, ··"~"·· ,. ~ 

. , ;.i ~ -~· .,:? I.,,,·_: ·-~ . }~-::;,,,.. -~: . -,1; 

l.l . Ut·•'deooteitlle~•·li' ·~. }Af'.•····:~-
.; equaJ tofhe. of, .• tfuaiti~."ll,~t.'.l;~i!f.~ ~-We~.~'+·~·~ tlie_ 

set • - (OJ. A rmite ordinal n c *-• ..... ( ... >ilff'td1t* .•. ~ : 
ordinals smaller than n. 

- btt·,.·;'~--~mtiml;Md'~.,A;be;• ... , .. ~:f''Al are · 
called f-.-t•--At·.-.-,.~-.111•1•--tt••(~f;~PcliiM!ry·::·:. 
a • 2:.A.1:....rf•;-.frw <t;-'t; .,... ..... ~Jr .;1~· ,•h c-;·. '., a . . .... 
•n = a(n). . . . 

- A~,~~~~~;~,~!~l~~~{tl•~ 
~ . , . -·' .- . ' ~. - - . . ""' ·::~~- ·'·· 1~ ~.;:- -fit: ·"#<· ·~~-~ ;. '.. ; 

· 1.2 · By • r•,ii• L ·,re · me&a ·.n onrereet Pait · · · ._ · ._, .. 
L = <L, PL>, where L = le U Lp Ula ii a anion ol painrile 
~isjpinl ~- .~il.)lr La P,Jlld,. ·~ •b•·#M,,.,,.\ 
symbols, and predicatt symbols, ~;~f:l'lj/ t1ii:~4~~ii ·:·j 

is a function called the ari11 /1111cti0&. 

1.3 Let L be a language and let X = p8 : a < •} be a set 

disjoint from L. The set x will be rmct throaghout the paper. Elements of x 
are called indirid11al rariabla. · 

Let T(L) denote the set of all terms ol L with variables from X, 
and L ... (L) the set of all first-order formula CMr L ...-ted by the 
equality symbol with variables from X. Finllly, let OftL) denote the set of 
all open (i.e. quantira-free) formulas from L .. (L). 

For t E T(L), Varit) is the set ol aU Ylriables which occur in t. 
. F~ • E L-(L), Var(e) is the set fl all mialllel wllicla ~ free 
in •· For every n < • we define 



T(L, n) =ft c "ffl:l: V~f'' i, .. ~i f nft~ 
L .... CL,. n) = (• E ~-(L) : VII(•) :~JXj :·i < n1J1 and 

' •.; ~ ' . 

For t E TIL), aritJ(t) is the least n < • auch that 
t E TIL, n). Similarly, for • E L...,(L), lritJ(-> ii the least 
n < • such that • E L .... (L, n). 

1.4 Let L be a language. By aa L-1t111Clrln W we mean a 1et 
A called the ctll'f'kr of I, and an interpretatioa of .,.... in L (Le. a 

function 1 .. 1•, for 1 c L) whicla •tilf'• till folowiaa coeditioali 

1.4.l if C E Le then ~ C A; 

1.4.2 if f E LF and 'L (0 • ·n, thee ~: .All .. A; 

1.4.3 if r c La and '1,(r) • a, tllea ~ ' An. 

An arbitrary t c llL) determines in an L-structure I a 

function fl : A• .. A which is def'med iaductiYely in die obrioua way 

( t• is said to be the lff«llting of t in W). The Yllue of dlis fuaetioa on 
a given a c A• depends . only oa the fint · arit)it) comp&.W8tl of L 

Therefore we shall sometknet write llldlipoullJ t'<a>, where a E Ak and 

arity( t) -~ k., viewing t•(a) a the Yaiue of ~ 08. M)' extwioa of a 
to an .-vector ewer A. 

For an L-structure I, a c A•, and • c L ... (L), 

<II, a> t= e meaos • is true of I uader the Ylluatioa of variables L Just 
as for terms., the truth of • ia <I, a> ...... only oe die fint n COIDpOMlltl 

of a, where n = arity(e). For arity(a) S k ad a c At, I .. .Cal mum 
di, a*> t= • for any extension a*. of a to an 1t-teefor mer A. 

We shall write W t= • if for fterJ a c A•, <I, a> Is •· If 
W t= • then W is said to be a moMI for •· We write t= • if for every 
L-structure W, I t= •· 

We extend the aboYe definitions to lets of formula. If Z ' 
L .. CL) and W is an L-structure then we write W ts I if for eYel')' 
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• E Z, W t= • holds. If th~ is-tlae qlle:._,, ·~-to.--·~ 
for Z. We write t= Z if eVety L-structure • ii a model for Z. 

Finally, if Z ' L.,.(L) and • E L~(U; then ;, 
write Z ~ • if every model for Z is a--~ fpl & ', -

1.S For e¥eQ' finit9Jnn1 ng11L_we_alltipt.,ao.,.._. .a.1·-
codi"I for the upn11iw ia TIU_. ORU (d'. for a.-...,ae [2]). 

"'~,·; .. -~- .. ·~~·;_~-:: ~' ... r-~ . . : 

-' '.- _," 
') ~ .. ' ·-

'i_., '· 
.... -.• . 
~ . . --

~ ~ . . : ' 

- ·.:-
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2. Friedman~ Effectire Definitions 

The notion of effectire definition is due to H. Friedman ([ 12]). In 
section 2.1 we will define ef fee tire definitional schemes over a finite 
language L. They will be semantically equivalent (in all total 
interpretations) to Friedman's effective definitions over L augmented by =, a 
binary predicate symbol which is always interpreted as equality. We defer 
until later a full discussion of the appropriateness of our definition, but one 
pragmatic motivation is that we want our Logic of Effective Definitions to be 
similar to Deterministic Dynamic Logic, where tests for equality are allowed. 
(cf. S.2). 

Friedman's effective definitions are known to be of universal 
(computational) power over total interpretations (cf. [30] for discussion and 
further references). Many other classes of program schemes, e.g. flowcharts 
with indexed variables ([30]) or flowcharts with a stack and counters [23], 
are inter-translatable with the class of effective definitions. This 
phenomenon provides a system of finite descriptions which is semantically 
equivalent to 'effective definitions, the latter being infinite objects. We 
have decided not to introduce finitary descriptions since they tend to be 
distracting. For example, many of our proofs involve constructing a new scheme 
from a given one. This construction is of ten easily described in English, but 
a formal description of the construct tends to be complex. Since our entire 
development depends only on the schemes involved and not oil how they are 
described, there is certainly no harm in omitting such a system of fmite 
descriptions. 

2.1 Effectire Definitional Schemes 

Let L be a finite language and let n E w. By an effectire 
definitional scheme (eds) S (over L) with variables among {xi : i < n} we 
mean a recursive function S : ., .... OF(L, n) x TIL, n) (S is recursive 
with respect to the codings fixed in 1.5). The set of all effective 

· definitional schemes over L with variables in {xi : i < n} is denoted by 
ED(L, n). The set of all eds's over L is denoted by ED(L) and is equal 
to u nE.,ED(L, n). 

We adopt the following useful notation. If S E ED(L) and m E ..,, 

then «s,m is the first component and ts,m is the second 
component of the pair S(m), i.e. S(m) = <crs,m• ts,m>. For 
S E ED(L) we define arity(S) to be the least n < w such that S E ED(L, n). 
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Let 9 be an L-structure and letr.S E SXL,. aJ·1:'8' tome· a E •· 

The scheme S defines in W a partial function s• : A.8 .. A, which ii 
defined a tlle'faltowilig ~ '· · · · · · "· · · ··· · · "· · 

' e f ~ ! : · 

s"ta> = t\P->'· wlJereii<·•-~·tlle ~ e~t 
. . ial. ttae' ....... ~,<~ _:; .• "';~' . ·; ... 

~ . . .. . . ~ . . - •." . ~.' ""'. : . ·." - .. ~ 
. . 

~t;if}~~·~· ... 1; .... 

We write sWfat+ to iftdicate" tW# is .,..;.. ·~ L 

Just • ilt }!~ we_ .. ....., ........ •lnJi•f-..L write · 
s9<a>, where•• Al'11111~·$L. lifi )r.i•._ . .,_ .. 
~-~ tt. .-lt.1 :11'::.,.+.r._h.-. • ....,~--- .._ 
COIDpoDeDfS cJt L .. . . • ; . 

A~ eck.S ~-~., il.~·ta • .,.,.!lll)'Mir&.-.-, 
L~stnacture S and .for._•• .... •• ••~-..a~~ 
has at most one ele..-i. 

.. 
The next clefiaition ii an ...,_ ....,._.. fJI tile llOtioa m • 

effecti.e defmitioaal .--.. 
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2.1.1 Recursirely Enumerable Tf«Lschema 

Let L be a finite language and let n E "· We describe here r.e. 
trees which compute n-ary functions in L-structures. (cf. [17]). 

The input variables are (xi : i < n}, there is one output variable 
z, and a countable set {vi : i E "J of auxiliOl'y rariables. We assume 

that z - {xi : i < n} u {vi : i E .. ). 

Test conditions are arbitrary first-order open formulas over L 
(with equality) with variables in {xi : i < n} U {vi : i E tiJ}. 

Assignment statements are expressions of the form y: = t, where 
y E {xi : i < n} U {vi : i E 11} and t is a term over L with variables 
in {xi : i < n} u {vi : i € •I· The variable y is called the left side 
expression of the assignment y: = t. 

Halt statements are expressions of the form STOP(v = t), where t is 
a term . over L with variables in {xi : i < n) u f vi : i E •I· 

Consider countable rooted trees with the property that every vertex has 
at most two successors. Each vertex with two su~. js labeled by a te.st 
condition, each vertex with exactly one successOr is· labeled by an assignment 
statement, and each leaf is labeled by ·a halt . statement. Moreover we add a 
technical condition: for each path ,,,. leading from ·the root to a vertex labeled 
by a test condition a . (resp. an assignment statement y: = t or a halt 
statement ·STOP(z: = t)) ·ff an auxiliary variable vi occurs in 'a for ID the 

term t in the case of assignment/halt statement), then there ,js a subpath •' 
of " leading from the root to a vertex labeled by an assignment statement with 
vi on the left side. 

Let T be a tree satisfying the above-mentioned conditions. For any 
path " in T let e,, be a formal concatenation of all expressions which 
label vertices on that path (in the order in which they occur). Call T a 
recursively enumerable tree-scheme if the set {<e .. , T> : • leads in T 
from the root to a leaf} is a r.e. set. 

Let II be an L-structure and let T be a r.e. tree-scheme over L 
with input variables in (xi : i < n}. The computation of T in I for input 

value a E A8 is defined naturally. "it starts with a being substituted for 
the input variables. Then the assignment statements are performed in the 
obvious way. If the computation reaches a test condition • (along a path •> 
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then the next instruction to,•....ned 9'111e,hlllt•liln~aaling> tlae vertex 
reached either by .0 or by •I, depending oa whether or not the test • is 
false at .~his..1t9ia-,dlt..,....t1*-i ••. du1 . .em,.1.._rt.ic._a hak 
statement then ¥-. wi*rtla-Olltplt•a 11f t111di:f,_--... ortt.I ·fiPt·' · 
hand side of the statement. Let yW r A8 -. A be dte, i*till ~ 
COIDputed',bJ·.T ...... . . ·. . ::>· -... ~t•';hf <):"'···· • ; • 

2.1.2 Propolidott 

~t L ~ a .~Jaap~ 1t;t !, ~-•• J,~, ~~ .. ~ ( •· 
A partiat fif¥dCi.(ff:.;~~~-~t~-i(~)o,~~~i;l'~it ,, : 
an eds SE EDc(., nJ With f = ~.·· ~-.~ ~:~,~~·;.,Miid . ., lie., . 
·-St'nli~tr·~_ .. ~.:ar~,;~~~--~~ 

,. - ~ -.- - .. 'i . 

~ . - ' 
•• 4. - • 
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Let S, Q E EDCL, n), and let I be a L-structure. Define a 

subset (SI : Q1 ) ~ An, by 

(SI: QI) = (a E An : S1(a)"', Q1(a)"', and S1 (a) = Ql(a)J. 

2.2.1 Proposition ([33]) 

Let L be a finite language and let n < .,, Let S, Q E ED(L, n). 
Then there exist P 1, P 2, P 3 E ED(L, n) which can be effectively 

found from indices for S and Q, such that for every L-structure I and for 
every a E An, 

(i) a E (SI: QI) iff P,(a)•; 

(ii) s•(a)• and Ql(a)"' iff P~(a)•; 

(iii) Either s•(a)• or Q'(a)• iff P'(a)+. 

Proof. 

(i) By 2.l.2(i) we may assume that S and Q are deterministic. Let 

(): .,2 .... 

be a pairing function (i.e. a recursive one-to-one mapping of .,2 
onto w; cf. [28]. Then 

. P1«m, k)) = <•s,m " •o,k " ts,m = tQ,k , ts,m>, for m, k < .,, 
is an eds with the required properties. 

(ii) Again we may assume S and Q are deterministic. Let 

P2<<m, k)) = <•s,m " •o,k• ts,r1· 

Then clearly P~(a)• iff S1 (a)• and Ql(a)•. 

(iii) Is obvious. I 
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2.2.2 °""""" 
For arbitrary eds's S, Q and for an arbitrary L-ttructure W, 

s• = ~ is •-~tllble.i Mo,.,., .t1P = .. table 
sets are closed under rmite ....... iatenecliom . . 

2. 2. 3 Exampl~ 

Let W s, <ttt: s, a tJe: a!•ecfire-witi • ~ fuattiOB ~ 
s~.~'l·~wtO-~-. -~···· J.I t 1 lle:••tm W 
precisely the partial recuniwe f1lacticm. 

;f 
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3. Logic of Eff«tire Definitions 

3.1 S,.U·"'1ttl s--ia 

Let L be a finite language. Let LBIX~bt \lie-leat-,et of 
expressions satisfying 3.1.1 - 3.1.3 below. me.ata of LED(L) are called 
LED /orm11/tq.;; - -~- .. · :. ; .; "1'' . :. 't•. '.~ <; ?f/ 

3.1.1 If S, Q E ED(L) thens= Q ~a•>~ 

3.1.2 u ., ,( •· tmn>' ~ '~; t• ·" _, __ -..«, -~ 1> 
• ~ . ,._ ' ' -- • - ~ . - :Si> ' 

belong to LED(L). · . . . :• 
'<It- .;; • . ~- • i 

3.L3(/]f • E tEdLf~ad Xa. i• uJiacliYidUal variable then 

3x8• and ~~rl ~,t~,L~.. . -.r~ .-;. 0··t .~. ~: · c· .• 

. ; • .· '. ~,-... . . . "ii'.. <, ;·', •.'-··)' L.'« ., • _: } :t,: "': ~ .•:, . 

i ·ope,· t'Elt '°"" i. &rm the ~ ..,. J.J..IW.l .~ ~-
3.1.1 and· J:l~ti;o~M~ IJ!fY ~,;acili..C. ~1\li0 Jiii( .... --·. 

,,,.,, ... ,~ ... ., .... , ?' ,, .. ·. 
negation lip (-; does not occur in •. -~· r•,c;.;,., '·'"' " ,,,,_ .... 

w. iatltllll•..., ~-~~:r~-~~~··~ __ , .. _ 
,.;"'.' ,:. -~: "l" • 0:-t·"·,: ....-·x· ~: r1:,'t ~i_..~ ... l<~f"-··· ·, ·,_ ·"'·"' . 

. ·· • ' .. ,~ .... ~tor ""':·,yt. "' 
• .. ~ is used for (41 .. ~ /\ ~ .. e). 

~~ .:~ ---,_ ~--~ '$\:_"t!_,[,~~ ~:~·~ ,, l~-:· --~""~-~ , 

If• E LED(L) and if I is a L-structure and. a i ~•,..,then . 
di, a> 1= • means that"• is true in• unc1er nfitdtifY a,'~ ts.- is 
def'med bJ induction on the eo1qpleliv of ., • f~ .. . . . . .. , . 

_-,._;~~:·i .. .... --~ .~~ '!( ·1 ;-·:~101.:~~fl~J~-:i~} ~,.~§~,, ;nr:r-\-1 ~,,.~r.-,- .'-~?~-d!t. ~~---· 

3. t.• H:• • s:= or.,.s., o:•·mur• · , 
,..,;,~ Is ··~>~··.1-~·t ~.:ti-/("\-~("~-·~-

;:,-

<II, I) 911 a iff I .._...,...,.;:w>.i ' 
3.1.S If • is -., then 

' ·•;:,ti_ . - .. ' 
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3.1.6 If• is llt A 12 then · ,.. · \ ·. 

~ '• ': --~~ -~ ··;;: • '• ; .. - .'\.::,.~ ~. - :·:::l" 

<11, a> t=. iff either <S, I) .. •1 ot <S, I) .. '2•''' " 
3.1.s If. is Y*-

~' -~ t= • ift' ft!. ~ •' ~ , . .t.•,.,... ~' 
8t' :r ~ f« k'J'Jt, <I,., .. ,, ...... 

3.1.9 ~. •, ~l ·~ <tr, ~':="'..!':~~.,_"',vs.I"· f 
Just• in die fint order loaic, we ..e 1Mfil.l;Wlrd' e:lb. · ·.· 

:: vmt~;J.Zt~~"~'2~l '.&~-~~a ii 
n, •'=e .t'i. ~~ ·X.L:l f· ,.:,, '·' ,~~. '_i." ·'::b i''. ·~ ·: . ·. · .. 

We write !;ti= ~•.J.-_~\+~.+t!-.!~- ""4s:fltllllkialtllil 
cw- W is said to 6e a· iiiOdil 'fer •· Pin nlJ w Wlile ,. • • fer .-, 
L-structure W, • ~•; ia tllit~~-,.~st•#,._ ..... tA LED. 

3.2 
.l • 

3.2.1 Totill ~u .. , 
\. ·~. :-~. - •. -_ .. ~-~~.·1-~_r... ·:"_~ '.-.":?·.· - ~ -'_ ."'" 

It follows Uaruelfilflfj r.-·our .WS1ifim dlat a I, Q • EIXIJ, 
.. s• o ifl s .... o ... ,cw.,ruJI~~ ·~••·•.. . ... ·· 
LED ca he "riewed a a ·---1er ....- Rlt., ~.ti i, few• 'nr wllicll 
apre9 tobll eqaittlle8CC fl PriJ' I el:_tl•Dlil!l t " · · 1-: :~; 

- " ·>o_-

For S, Q c EOOJ, let S ll Q "9 -~ ... ti m 8' tllL~Ll!D formula 
<s= s v o= QJ .. s= Q. It•.., to dll8 • ,_ • L"llNCtWe w, 
W t= S • Q iff s9 = <JI. n.e.fGle Ii= I • 0 Ir I _. Q .. 
atroaalJ .... (cf. [14]). 
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3.2.3 .weat Efuiwientt 

For S, Q E E[)(L), let. S ~ Q ~ an abbreviation of the LED. formula 
<s= s "o= Q) .. s= Q. If it easy to see daat for ID L-~ •, 
• 1= s -- Q iff both s• and Q9 can be ateaded to ~ .~ .. -.tc>tal .. 
function. Therefore I= S ,,_ Q iff Sand Q d:~ty~ ..... ~t (cf. [14]). 

3'1.4" .. · TelM•lfatifill fll.,,. tla 
... 

< 

For ~-~s E.Ell(Lt it.ois.et11:ao,• dllr&:tt:s eapa111ra . 
the ~Jhtt ~ :~1::i+}C1J. ~-fl,, •:, ...... If, 
s• ii total. In \.,:...-·we··.- die _..,_.,,.,.,aollliJa P fer 
S : S. We al9') .mite .St for\-..i ·a '" ·· ·· .. , ~. 

. 3.2.S> Pim~ ,,,.,,,,. . . . ,, 

Fint-order logic L...,<L> is naturally m~tile in 
LE[)(L) in the fol~~ ,~ for; eYf(1 ~ ~J-~ ~ .~ 

"•·"·~ ~~E~L) ~~·~~;j;e ~~~1 f. ~'"·SJM~~Jop • ....... t 
. fore~.· .. ~~~~~' .af¥1.for ~~' •.~.,,;"::~· ~.~14' ill· di 11)·;;'1;, •. · ~ .. • . . . . . ' ·• . 

, ". . :t' ·, . '· -,. '· 

For a~gOlffl ;~ • C ~), .. • .,..{ltio te be las s., 
wheres. c ED(L) is a (mite eds def'Uted bJ.,.t~ ~':~•· rg>J'• ell:. . 
k ( •. - .. 

If• E L...,(L) is an arbitrary formula~ rant we take the 
Pf't!MX normal fo• 4.,: sq·t~Jll'il# f:kl ,j •·~Aild'~or.,..tifien 
and _. is an open formula. ~ :~~fJlt "• to.1'J :#-'· ·· :: 

4 ~, -, ... ~ ' - • - _,. 

If t E TIL) tbtn .the (mite eds St c E[)(L) defined by 
s (m) = <t=t t> ,. • <·•;·teprilianti.ifhii:tet*. it ttli~tlj;tlle:Wbe . t , , . , ' . . . 

individual ~scur in t&Ad 8t· ~' riii ~~X~,a':aoc1 r~ · ·" 
• -,-,' . ,. .: i . :.., · • · ' ~., '" · ... ,..~·· · '-·~A.:P ~ J;. 

every a E A•, iW<a) = s1f<a>. 
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Ifs E ED(L) and t1, t2 c TIL) thenl.i~i t,4 ..... 
t 1 : t2 are abbreviations of the LED f«llllllM $ i .Si. tc .

7 ._ ' .- - l ,. 
st :s, amt it :g .. 

1 ~. ,2 

Let L be a fmite language, let S":f.·~ .a.'. 1'11•• • <· ~ aml 
let • c L..,(L, n) and I c L ... (L, a+ 1) be ......, 

fint-order fOllB... Tiw&B'J fOtalidl'*-iiWIJ'';lf'a -;. ·;~ 
the ,..,,. ,.,.,.,,.. tA 11.-_,,.. t1f'tlli lafiir~ ·•:•f die 
output ~U. .l:W.· ,~.,1ar;..,....._...•~l• .. a c · 

. A•, <W, a> Ir:• .. Vx8(S:i x8 .. I) iff wM ltitl•tll ... :.~, ·an-11 · 

and s."<8& ... , •n-1> terminates witll tlllllt.,ll ,,,~ . ...,, ..... '& ... , 8n-Jt b]. 

3.2.8 Total Corl'«,,,_ 

For L, I, •, i· u .... (in 3.17) ~the tED fOrillu&a . .. _ 
... ~-- x' ,.. . ., ........ i61iit'~")J{""s:'iitk. to the input 

condition. a!t ....... eliidi6'. JlcfrMlf,1i!&'·Jof iaj·t~l't~~- ', -
W and for any a E A•, <II, a> t= e .. 'hg(Si :1

8 
A,, iff ......_:,,.. -~-

W I= .C8tJ. ... ~ • .. ·1k._8' .. .:;,.._11·-.1m1lel:W1tarftrlldt 
b c A and •Ir: •ac> ... ~:•ft-(. ,&t]. ,; .- ' .. 

3.2. 9 Jlftalion to L• • 
. Ii 

" ~ . , ' 

Fpr. a fi,aite. l••sw lia, .ieJ :Jwt9'.., ~···,die t19t-' 
all formulas over L of ~dfe ·foaic· L9 ·• ftt;.[1@~ ;. . 

1 
L• .<L> diflwl·ftom ~.Wiia ttMt,..e ..._ .. .,.. .... {' -· 

1 -~ , . , - , ,, ,. 
conjunctiODa'·amf·tfis~: ,, ' · 

. .-': - • : .:> ";'' ~,. - ' ~' -

We now show that LED formulas are trallllltafile iatO_L•t• 

formulas. The only thing we ha.e to dersat-.... ._"'"'·e•ll•~ formula 

of the f0rm s: Q, ~,.8, aad Q,_are ,-,..:~, into~ L.,.. __ . 
formula. First.~. tJ.a~s= 9~• ~Yt,~slzw 6'e... 
equivalent, iii ~ ~~ .!:'!,, ~~~:J~,Dfo .. \~:_u....lfu .. i 
where .,i,f•df(tY~'4»1lr1~1·,t'8i i'ltOPl li~tlll-i-tli,._, Q.; at 
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the j-th step aad botb aive tile.-.... rlNIC, ·"e; · -·..: J•Jll 
. Ii .. 

(Am<i'm> A 1A1t<f~Q,t• A "s,r A ·~;f n·' ... 

ts,i = ~.j· . 

We shall nuake.·me eAhe °'1111 iMill"'-.Hm'il ilterPfttsble in 
L .. in·:.latet:•tidftL.,- - ·. :'?'? ... c L>/ ., · ·· . · · •1• '· 

3. 3 Nonn11/-fonn Rtllfllt1 /• LED FOt'lllf!I• 
p ;_~ ~~ -;:::·c ' ,· f 

3.3.1 n.,.,, ([33]) 

Let L be a rmite lapaae. 
. ,~ ' -~ -, ~4 .L-.. --:-f.~ "":,f :..,,_·~· t·.,.,~:J'?J~ e ~-~;··; .i.~ ~----1'1 ---\~{}';~~--- - ii-~ 

(1) F~~fllitilete1il1'1t.•lll~-*ttfiti1mre.i·'' "' ... ' ". 
S E E[)(L), which caa be fouad effectiwlJ &.a (die oade of) I luck tllit .. 

(2) For every open formula • c LED(L) tlMn ailt n < ~ ~ pt,'• ·Si, 
Qi c E[)(L) for i = i, ... , n such that a, flt : i < aJ, lliftQi'!>~ i < n)·~ be 

eff~r~f~~fP•t~~~>: '..11. -~~::s .... : ' 

t= • .. Ai<a(Si • Q~ 
"_. 

( 3) For every open formula • c LED(L) there aid a < • and eds'• 

Si, Qi c E[)(L) for L\'JJ'~,~-;~~ ;r~.~~~""'1~ ,_.,. •t 
f, ,-"'.'-- -.. ' ~ - ' ~· 

(4) For every open fore.la •· c, ,,...., ._. ... a ._.lively· 

enumerable eet (Sm : m .< •). ol .g·~ .. ~ ~ (i.e. ~ .~ I!~~ of 

the 8' .... ··16fta .... ~~l .~-~~~-"~'~i~J-~~..., 
a c A•· . ·' ", . '' ,.,, . .,.,,., . 

<If,&)·-~ .• iff fot~ m·< 9l~<lf,•:~11t.sq.~~ 
• '> ·, ~;·~.' ... t~-~;.''.:. ~~ ~;..c" • •> -·- • 

Proof: (1) follows from Proposition 2.2.1. (3) follows from (1) by using 
conjunctive normal form for open formulas. (2) followt from (3); i.e. 
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5 ...... Q+ can easily be ea~ • S. •· Qaifwwf,elfedi..a, 
found) eds's 8*, Q.. Fiaalty (4), follQwf, f,.a tl);Ae,~.., ,Y',... ~ be 

easily expressed as Am<et Pm• for an r.e. let (Pm ;' m < ··J of eds's. I 

It is peda"Pf -.._-,; ...... 4* iti11•r•1tM••ili.C2) oria 
(3) cannot be bounded .,, any inteaer. nil ..... rn..•flll•i~ 
due to J. Berptra. · 

3.3.2 n..,,,,,, ([3]) 
,· ... ~;~.·- ~- ·~· ·~ ::. 

... · , ~~-- e~"!P _,.:ofiaita:--j, tlll •L•aettie.S -" tllat ··. 
for nery n < • there aista u opea form.la • c LBl'JIL>tw1ll1tlalf·for · 
arbitrary eds's flo. ... , s.1, Qo. .•. , Oa-1 in EIXU, . 

... -: : - ,; ;- -.,. ..... ;_ ~_,. .-

W P • .. Ai<n (5i• .. Qi"') 4- llOI hold. . 
~'- ·-~--~~-~--~!'\ f: 't. 

The proof of the ab<we result uses a structure in wWch a's define partially 
computa* ~-~..--.......,..,cnttiJtlil) ·· 
~ ··: ·.I. . ·: . ··. .,, : " (1<T~ i _,.,, 

The next result ii proved in the ... ..,. •• _..,._ result (i.e. 

the pntta """""" ,,,,.,,,, for fint order Josic. . 

. .!. 

Let L be a fmite laapage. For e.., e f: ·ttDt> .tllefe a.ta··. 
•• E LED(I.) such tlaat 

(i) ....... 

(ii) -. is·d ftle:Tonif~:~.On-1\.'..:1•• wf*e acllOj 

is either ~or 3, aad " is an .-~~- ·· 

3.4 ·. ~"l/flifwl1 Di/'all!lhl LD 
.?.-- .• - , :;_._ ... :-..... _ ,· ,,, ... _; ___ ": ~ ~ ~ '"1' ~"'· ... '. , 

<up to ~U°tt:}!~W~~1~~n:-ont 
formula). Here we iaYatipte the followina pr<Jlllem: wlaat ltnlCtura n'' · 
uniquely uiomatizable bJ a single LED f_..T We p. a complete 
characterization ~"''..,._.--.-... .....,,...•d1ttll~ open LEDCL> 
formulas, in the Catie tllat L contains at lwt a. cmnat. 
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3.4.1 Example 

Let Le IOJ, Lp = (SJ, llL (S) = 1, la • •· Defme an eds 

Q c ED(L, 1) by Q(bt •~":a~~-~-· a.·< t11,-: 

rt is easy to see that it • ii: 

then for every Li-ware J{W·t. e'•'ttlrW~•w;;I, <&, '~ S·is 
interpreted q. Sl\CCa191'. 

"' ~ ~ ~~ ., . ; . ' . 

Let L be'a:;lflU~ ~e with 'Le 1·11. · Let' be In i. 

L-atructure. The following conditiom are equialent1 
> , ' \ 

< u · ·w is unicl~ly. M .. ~le .. l>J,J •t Qf',PlaCa. LBIJ(Wol'.ut-~ 

(2) Wis uniquely ~*·by·'• ~.=~1l;l}1d'.-ntion.' 
predicates, where eefh).i 1 •~a+ · · · '··· 

(]) W ff'8 ~ proptr stibst.,.ctufet, i.e. f~~;:a:~ ~ ~ • 
t « Tit., 0, w.Aii~:• ;=' ~. '.~ .· , .. :·· i ...• ;';: . • • • . ;'. • • • :· • . . 

• , > " 

Proof: (1) .. (3) and (2) "'Ulc,.,~ l'or·Q ~1(,2); we 8laow that 
the property of having no piopcr aubltructurel Clll be apre•1dubJ GDe formula 
of the form S• and then we add formulas deaibiaa tlllt ..,,_(lee, e.1-, 
(7] for a defmition) of W. I · · 

""~ 
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For an arbitrary finite ... np k-,t11e:follatidl<•tiklitae'_, M.2 can 
be proved. 

3.4. J ProposidtHI ([ 4]) 

For an arbitrary rmite ~. L, if~'~ • ~,: .·· 
uniquely definable by a let·'* opea LBlj ,.._... tliea •. lflt 80 proper 
substructures, i.e. for every substructure ·~pt~;~~~., ... ~. r • .. 
holds. 

Proof: Let • be uniquely definable by a let Z « open LErAL) formalal. 
Each substructure ~:el W. satisfiel~Z.:•'"'8.·~• ~ ,,ll:,,...'.W · 

. •;f _,; -, . : - . ·.~ . . -,-

has finitely generated IUbltructures (wJlich mult be~ to I), ft 
conclude that~ .. ~ ~-rllli"~~~· ,!'~;~:•.,~.:,.'.: .· . _ 
su1:'5~tilte·or.• ~~- ~.;..,.r~IJ .... ~ ti. L,._w;iueh that 

. . 

(ii) for every o < ~ •. 1(8 iJ, a_,..~ i1f ljl+t;· · 
· _ -_ ~ - ~, ·.<::., ~ ,. . _~. ·~-) ~·: t ·.- _. : r ~~> ;~ ~ K --~ • 

(iii) · for every: n .< '~·· . ..r.· Ii ~ ... [nlCI f.iitd.1 Ii+ ·•-.2 . 
such that fJfJ• '8.i "-0 1 «··· " ~,,, ~-· '· 

Then•*= ua<.,•n is not finitely ~..r.Witi'bt>t 
isomorphic to•. On~~~ •. ~~·:-~ .. • ~,M¥xd9' 11q1e open 
LED(L) formulas. . ':~" I ·.. · · ' · · · "' ' · · -~·- ~··~ w ··: .· · . _. , 

'> .. -- ... )-:1e·~ --~::;·R-;.;!it · _:~<- -- -4- - ' 

Let L.ba~a,linfte -.... ,,. t.c # 'flJ .-.tet'LI. r 
fro- ... , rk-l) with 'L(r~ = °i for i < at·;D~*'1tli' ::·.;r:: _:'· · '.· · 

L-structure without. pr~ suhttn1M11.- i. • .t.•. ~.J&1r.G. k ~1 r 
recursive oot1llig'1filecl \i·1;,/~-T~t~W'f:··be:tik4:t t..-..r .Qt> = 
<Or{)t 9), ... , Ork-I• W), a•, W)> « re1atiom ··= ~ r,_, ,., , :. · 

Ori, 9) kM°!,fQr t~ k'- 0-,,W) G:~,'-a*';illj the,} 1 .";, ,, ,, ·· 

followiag ooaditiolllc ,::; '. . '. :+.;., i': y ;;{ ...,, }.' c.;; ' ::,· 

" ;~-

(i) 
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(ii) for <mo. JU,1> ~ .,2, 

<ll!O- m1~!•·cx·.·1J.iff~."~.,,~f'~ i.'f!-1F, ... 
For a set X, let 9'(X) denote the set of all aub&ets of X.' Let 1·~ 

9114111,{\,?< ··~ ~ -·~ll~tll.M ..... ~*-~t8fllll ',. ' 
<Cot ... , C~fl~•r..t.;el; .. ._ ~-- ~,fia•l·ill-f-,11'111t·:B·fl a· .. : 

~in nt"8.,,.! ~ ~~,?1!'~ ···' 
in a natural way), and for every i < k d9etMM•lrllAllfat.U m,tp.c 

,_.;, if _(mj~,P,l ~ E f~ e~ J. <!t~ ;;r,,~-i~i~.~{,:·~,ct. ·~-~ ··:;. 

IU~~==~:.~Jlr\J" :. 
correspoods in a natural way (31'{JC • IQW) .:•"tWf'¥}·:'~ >~i. ·· ... ··'.: .. 

conve~y~J~,em>'~~·~l~~lR>5i Tb:~~~· 4{)..: 

· "· ~~-*~:·~~~~~~_:,;:~.~,,~~~fir'~-~~ ~,~ ,_ 
n2 if there exists a ncu• (i.e. ~ f••'* -''& ... , rt-I• •, ll()t x> 
such that <Co- ... , ck-t• E> • x iff v~~;c:.~;1. ·~:· -o. x1l 
. ii true in the standard model of arithmetic. . . ' "', ,~~. ,

1
, : 

' ;\ --~~ (::t ~I~ \t. '" 

' ·. • .';,/£'., -~ .., 

A subclass ro s; ;r ii n2-•""""1* ~,{~Jr\~l\~f, 
set. Oblerve that I defmed above is a n2 ~~'ttw ~ 
defming it are n~. Thertfore :r itlelf is ·~ . :Y.~ ~-. , . 
L-atructure W c ;f' ii df~rfllt lfift-~: ·.;. ··'' ~· . 

3.4.4 Tlteorem ([4]) 

. titl. ·~ .• :t'inite;f'; :. ;, '1 '1rith r.!2;(~- w:i!.• ~-. )\' ; . ...... \,; ,l!Jfe!·~~· .. 
L-structure. The following conclitiom are equivalents 

,,.,'-.:._~:.:!-,~;ii~~;:~- ·.;_ • .;,:~; ~·:,_.;"{f~·s")I·~~A.; :··;,. 

(i) W is uniquely definable by a • formula cl the form ..,, for a 
certain S E ED(L) ''i' .,. · · 

(ii) W is uniquely definable by a recuni*" .......... tefr. · 
(ai : i < •J of open LE[)(L) f~ ~- ,.,, .. ; · ;i ·· • "«:·.i 

(iii) W has llO. proper 1ubstructura and I it R2-defiuble. 

Proof. (i) .. (ii) is obvious. For (iO .:. (iii) we apply Theorem 3.3.1(4) 
and transform f-i : i < •) into the semantically equMleat r.e. set 

., ,-



21 

{Si.a.: i < ..,) with Si E ED(L) for i < 11. Then from AJ<..Si• We ·pt a l19 
~7~~(~~~=!. :~~rt~~:' 
positive intege~ · ~""· .. 

In the aelt:tft•tiontr • ...... tt.-...U0.1" made·i& 3.19 
about dle:rea.tiea·ef LBD".tb~ IY'·' ... ...., -'illltlodifrcJ!la. · 

L.,1., to 'iferi+i!'~--~~l,t;m,; _ . · ''.' '· . : · . 
0 

·:,. ' 

. l.S 
.... : ~ . . ~ , ~ :j. -' ~ • •j ,-_ ':'\: 'd -~ - -

The purpose of this section is to pftlent a formal proof s)stem for LED 
and to prove ~{'~-':;!,·.J~~ifl ~~die 
Model TheorY d(~jfi.~~;~1~~ ~~-,_{,,_~;; .::•w'_,_· .. • · 

notion of the 'ijot1Pslfll9 '*'1'!'1f. . · , . :· ,, . '. · ~i. ,;: : 

J.s. t ;. ·w• lint aeecfi tt-alifolir.aildilor ....... tie •tibn· · =·. i::r.~t~~~ .. :=~~~~~.~~· . 
.... , .,: !: --. :-~ }_ {_, . :'1) :~ ~ ·~~' -.- ~' -~- ' . 

cs= Q>' is ;s.; 01. 
. (-w)' ii., 

(a V •>' is a' A I', 
<•:' 4 11:J•.,ts' .~~ ... t 
<~·J· •. .,.., • .,, 

. f'lt(IN is' ·~c.? .. · 
-'i ; -' 

Now we are in ~ pmitien ·to ...... ~.~~ 
'~ - ~· .. "".: '~.· ··-·:·-: .~·.,..~..- --. 

J.S.2 biolfu 

A.2 -w .. a'. 

A. 3 ~al : f/.ol + ·S:i •'0• 
where D ( •, and S, Q E BIJ(I.). "· 
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A.5 

A.6 

A.7 
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\Jxa .. a(x/t), 
where t E TIL), t is free for x in a, and .Cx/t) is 
obtained by replacing each free occurrence of x in a by t • 

. 
x= x. 

(a A t : x) .. a(x/t). 

3.5.3 ·Rules of Inference 

In the rules below, a, ~ E LED(L) and x is any individual 
variable. 

where x does not occur free in a. 

R.3 fa .. -i(S8.: Q8 ) : n < wl 
a .. -i(S: Q) 

where S, Q E ED(L). 

Let 2: ~ LED(L) and let a E LED(L). Then a is said to be 
provable from Z, in symbols 2: ~LED(L) a, if a belongs to the least 

set of LED(L) formulas which contains Z, all the axioms obtained from schemes 
A.1 - A. 7, and which is closed under the rules of inference R.1 - R. 3. We 
write Z t= a if every model for Z is a model for a. 

3.5.4 LED Over Arbitrary languages 

Our proof of the completeness of the above formal system will require 
us to work with countable languages rather than with finite ones, so we define 
here LE[)(L) for an arbitrary language L to be U(LEDCLo) : Lo ~ L 
and Lo is finite}. Observe that all the notions introduced in section 3.5 

make sense for arbitrary languages, in particular the notion of provability in 
the formal system (3.5.2, 3.5.3). 
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The result below has been proved (in [32}).'r.."• ~valued;logic of 
programs, but oaly ~,iPits letl z...·. lt-w*O lliiaF'rilllfti 1~ (in [33]) 
to LED, but again-ollr,.ftw,fieiteliett'& ·" ,..,,". -

3.S.5 1"/rtoretn 

Let L be a countable language. For eftl'1' l ' t.Bllft;.J and for 
every • E LED(L), Z 1-LED(L) • iff Z I=•· 

To prove 3.5.5 we first prOYide a tool for COllltruCtina modela of LED 
formulas, the Model Exillma TIMN•, aa 1111 •J -~~•:that ftw 
L., .,. This theorem ii bllCd on. the aodcm cl 1 tw/-.rq ,,.,. t1. 

1 - - . - : '~\~ ~ !'- :::~ -- ,-_.,,...,. 4 ... -- <.:.:,: ,, -'¢ : ·~·- ' 

'The reader amy·compare; the'~., 'propi,rty'fot"tti>.Witla'. ' 
corrapoading property for L.,

1
., (cf. [16). 

3. 5.6 CoU11aq ,,,.,,,.,, 

Let L be a countable language. Let L * denote die ~ 
obtained from L by .tddiDg a C011Dtable Id C ti comtant--- Let U be a 
set of countable sublets of LEM*>. U ii llid to lla1e die etllllhlf!llq 
proper11 iff for each u E U and for -WtMrr:·-. fr~LlliA~ Ill~• :. 
following hold. ' 

C.1 (Consisteacy lb11d Either • 4 u or. '1a '- u. 
. f.' 

C.2 (' - R.ule) If ""tr E u thea u u ,., c u 

C.3 (A - R.ule) If (~ A fl,C a ti-. a y ~I, , .. I) ,and 
a U Ill t tJ; · :; · · ' 

C.4 . (·V •· Aele)· If{ ..... C-tt tliJilf re.- •'e c;e, . 
u tJ fWVdl' • t!;' ' ·. . "• 

C.5 (V - Rule) If(• v., E .......... u u (fl cu. 
u U l'J E U. . .. . . ·. ·. ; ... ' '! . , . 

c.6 <3 .. Ral!J' If,<¥, c u t11ea for tome- c _c-c 
u u fe'*a/dl .c u. 

c.1 <Coaftl.ience l.1Jlet'· Por r;'Q ·c atU. ~. ·tm• Q) •" 
tltin rer...e a~ ~/t. u ,_lfJ:c~f•"u· · 

,. 
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C.8 (Divergence·ltule) < Fdr Sj O c !IXL *t, if 
;s : Q) E a· theft for alf Ii, ,,; - · - · · 
u u (;f n) = <l~l £._ 1). . . ' 

. By a _bane term we ~-- ei~ a ~t ,IJ.lfbq1 ~ a tlrfn. of the 
form ttc1, ... , cJ where f ~ ~ •. ,,#£~."' a.,;;~ 1.,, ..,.,;'1r·· ~-C. , ,, 

C.9 (EqWlfitJ· Riules) let't teia.~,..,,._.~e;·d «·c, 
U EU 

3.5.7· 

If (c :i cl) • u then u u Id .;. cJ c U. 

If cJ t, -'"t) ~ •. d•t' u ~c)lf. u~ 
For 101De e c <:;'11 U feiil tt·•>U. 

If u ._ .-.• , • .._ .. .-., ••·•·-u; .. • his• ~, 
~. _,f't ; -; - : ~- - -- _,.. .. 

3.5.8 ;~ 

1r r , ,ym<L> ,.,_. 1. «J~-Qeair .-m:>tl-, •·• 
r ... LIOOJ I· . . . .. . 

Proof: Suppose r .... in LED(L*). Since Proof· in LED are pamcuJar 
1 

instances of proofs in L,,
1
,,, it ronow..l~·•t•Mll.....,__.foc · 

L.,
1
,, (cf. [20]) that there is a proof of• from ~~J.1~*>· 

which uses no constant symbols from C. Therefore r t- 1. .. in L~D(L). I 
~ - ·-,,, - '.'~ ~-. "t~ '~-;«_"'."_~:~t ... ;' 'f~ ., '· ;;,": ... ~: 

· 3.5. t Now • .n in pijsitMd'fo ~· 3.t.5. 1f Z fo:. • ia LEIXL) 
then obviously Z t= •· · Now suppose Z tt • in LEIXfl). ... '.~ ~--.<tlae M of 
all universal closures of formulas in Z. Obviously Z-Ji • in LED(L). Let 
u = fz* u u : u. is •'finite 5elW'Mteaasilr-'t-19t~·:ana ·11 

, ; · ·~ 
* * z t'LED(L *> -"(".cu':)•. ~1 l;,,.I, Z '~~'",,.., E U. , ,:. 

Since L is_ coun~a~le, every eleme~t of.Q Jt • ;~~;_ ~1 can _.., 
check that U Ills 'die,.~ , -~: -~;_;;;:.·:~ '3.5.7 · .. .....,,.-.......... ~,,pr~ .. , ,.fl-..~~. '·. z* u f-wrttaf t. model. · i'~ : · ·· · · ·· ... , 

Remari: We,~tillly netdtd·the cut-'efiminatiJn··~m in the ·.,roor or 
3. 5. 8 only for the case where there are only rmitely ~Y indhr,idual ~bla 
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which do not occur (free"~·~ i• .-f~•-r ~;·,Ja .j>ll'tioqllr this 
proof does not use cut elimination'""" .f,. ~,... . 

3.6 Tire H1111f N1"'1!Je, of LO' 

In this iJectioR We invesc;pte•tfe·~a.Di:-- ·dlcoremt ilt;~ 
Because the~;~~ ii &ul for'L•t• · . ·· .. 

(cf. [16]),.it ...-.'"-fiW,UIDW. au. ,._,..i .. ,' · 
3.6.1 ~ 

For every fmitt \wtaap t ad fer. e*'J Z ' tEOOJ, if Z bas 
an infinite model then it '- •' '*W~ ·llQdd;. ·· - , : , • 

We have already aeen in 3.4.J..,_,.-.,seu&.Yefll~Slr.olrm Theorem 
fails for LED. Let L be a fulite laapap. Tiie ._, ..... of LEalJ (cf. [16D 
is the,~t grdinaJ ~~--,C.~~~~-if'tl"lt1 • I 

model cit power ~ • then ~ Im arbitr•y mcNlell 

The cardinals ~ •' f~ ~ aa onti..J, ·~ clefi8ld "~ .. .. , 

~o = •, ~ •• 1 = 2,.•, ~. = u,<11~, when• ia a lfdtl~ 
An ordiul • iJ,,.W to~•·a;1«1f:N?oill'Mfld~Dt)-;it2thiere 

is a recunive binary ~ I. s; .2 IUCla dtat Jl ii a ad ..... of._.. 
•• Let ·fX' be the first llOIH'IC8nM ...... ·~. .; 

~ ., 

3.6.2 n... OJ]} 

Let L be a ·rmite ~ coataiaial at 1mt 0-·~taat IJlllbol, 
two uwy. f~,:.,...,. ..tw~ M~dinfll 1S•\1l'" TWa die Huf 

DUl81Je&Hlf LiJ8> .iJ.~~ ';".: .. . 

Proof. Let .• denote tile ea..£: -- ol -~i< .... , - ... duat 

• ~ ,.•fK· Let L~1• t..tlle ~a.Illa~-- .. lifti~ 
enunmwMe·cfis~'~~Ui. [IQ .. Jt ;.,~.1':~ :,...t LIWlll 
is interpretable (as in !~2. '9J in t<?j.· . ., • Made,..llJ"~ , ..... 

(cf. [16], Thm. 22), which.says that tlae Haaf n..._ of,L~ --~.~ 

it follows IC ~'!%·fK· The inequality ~.fK ·~.~-,,,.die~ rau1t. I 
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3.6.3 Proposition ([33)) 

Let L be a language as in 3.6.2. Then for every recursive ordinal a 

there is a ,, E LED(L) which has a model of size ~a' and has no model of 

size > !la. 

Proof. We modify the example due to Morley (cf. [16], p. 70) of a sentence" 
in L., ., with the required properties. Details are given in [ 33]. I 

1 



We first introduce me notation. Let L be a fiaia ....... Let 
:IYbe a clw of L-stnletura &ccd. dllt for• c UNJ1 

.?Yts • means that every W c 2'"il a _...for •· If I ' LEIXL), 
then by Mod(%) we deaote the elm of • madlll for I. 

Let S c ED(L, n). By the ~ •t••• -.,. of S witla 
respect to :Jr we mean die let Pal, .2") • (ca,. fl> c L_&.. II): 
x L .. (L, n+ 1): 2""1= • .. YxJli ~ .. .. (tldl a ii 
denoted in [ 6] II MPC,,,.tS». 

By the total COf'l'fdllal ,,,.,,, m s with respect to ,,, we - the 

·set TaS, :JY) = f<a, I> c L_(L, a) x L-(L, •l> : 2'"1s .• • ilJ.S c z. /\ .,, 
(this set is denoted in [6) • ~~ 

4.1.1 

For an arbitrary flllite laapage L. n < ., I, Q c l!IXL, .,, ad a 
eta. :JY of L-structura, al of the fellowiaa llold. 

(i) If ,Y1= s = Q then TQS, :I'") = TQQ, 2'). 
<UJ Tas, ,,..-> = TaQ, 2'l • r .. s • o. 
(iii) If ,,,. .. s • 0 .. l'QI, 2l • PaQ, :¥). 
(iv) If Pal, :Jr). PaQ, 2") tllm r ... ,,, Q. 

hoof: Straightforward. I 

4.1.2 We now consider the COAftllll tS (i), (iii) ..t (iY) m 
4.1.1. Let LOOP be an eds defiaed by LOOl'(lll) s <""'bu • -xd• 'Xfj> 

for m < •· ObYiously in every L-structure I, LOOP' = •. .Now, if 
:/t I 111 then the implication in (i) C111110t be mened f« trivial 
reasons - clearly TaLOOP, :JY) = TaLOOP, ,,,-) bat 

:JY9' LOOP: LOOP. For (iv) it is enough to oblene that for eft1Y S c 
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EIXL, u, :Jr"t= LOOP "" s but·~ •;-or '1~·::0.10» € flll~·'."""> iff 
:Jr' t= LOOP • S. This observation gives rise to many coun'e~:examples. The 
subsections 4.2 through 4.S ·are devoted to ift\siijptfng tke~q~tion: for 
what classes ~can the implication in (iii) be rnened to hold .for arbitrary 
S, Q E E[)(L)? In 4.Jt~w tM1I W dmf'ifalfi19i(i) ~be ·feftned. 
On the ~~'hand,, br· .. ~'·ft·,•t•••··.u i ltnan•r-.adllrta('. · 
express partial correcme.tOOICIPiolr ~::(ii .. .._,., Hlilidtar '8 .~. ~· 
arbitrary (first-order) elementary ct. ~ fiaally, 4.4 -.. that for the 
clau of all L-st~tu,. ~---- .......... & semaatics". 

A ~~",L...,_111 it.taidio.t.!M"-. ... iffor 
arbitrary s, Q • ED(W., 0~·«l•t:ft1<RSJ.'" ;Fun• .. <1 , 
x;.- S.!. Q. :,; : ·: IT • ·:s: ,; ... 

~ .. -,.;~ -~lf ~ ~ ~) ,a-,,--~~;··~'(ifJ1 ·1·· :s;- ·~·~; >'-:L --~:- . 

A elm ,,,-of L-ltnlctura ii uid to be ,,,,,.,.,.,, if for me 
Z s; L...,CL), ,,-r: MoclZJ. la this IUIJllC:ticll we •ti'ti&Ua lk : 
question: when is a pven elementary ca.. ~le? The fi(tj . ..,at 
shows that .e YelJl;ri Jlt~lia111MaJ'll••nN'&V~ 

.'-/ . ~ , ·--=~v' , ?::·,. ~;. ~~. ··~f~ ~'"· 
1 

(" '! ·; " "<,:('" , f: ,:.~ _._;;,_~ ~! ~ ~'. ~.. , ·. 

4.2.1 n.,.,,,. ([6]) ' ; ;' -i 

LetnL~'" tilt ~..-11••P•'il..e •~tt.:= •ilp •--'II. 11, · 1·• 

-L(O = "L(g) = 1.:·~:n..;c ... ~.C~~nal *'J....,.~s W(PJI ~o ·. ,. 

is not eds-complete. 
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,Yts ta A -«°"lhdJ ~-~ aad 

:rtt= ... ~-..J·-
~t ,, ~ i,_a., -;1-m. .. :, ...... _ -~ -~ . 

By a n.i-.i;..,aiaf nrv-.f tlliiC'cmfiW•lll -..-.tT, pSJ we lad a 
model. E Z•:•11• .... '; a,:"-r·•-------- : 

.. ~ .. 
'~ •-••nwa.'l.-llllt:alli>~4,-

and the subalaebns ....,_._~·:b,•e, .... ....., •aid•~ _­
disjoint. Then from thltlkl...._~if~:'-_-; ' - -
there is an automor ..... h : W .. W adl daat MW = a _, W = e;' -. a.t t1Ds 
contradicts (*). • 

The main result of. this IUblectioa ii the fcJllo• 
0 

--. ' _; ---- {-~--'"'-':'"".<< 't· ,, ~,_:,: ._ 11'}~--:i~~·J -

4.2.2 ; /~. - _ -.;__,., / -

:~tJ*"k'~-~~·..,;;a;;.~4i-~ ~: 
S, Q E ED(L), if PQS, :r) = PaQ, ,Y) tllea tllere am a couatable W E 2' 
such tbat • t= S !E .Q. ''"":1]} ti<"l"\.~Y~t',·: ~ i ' 

Proof: Let Jt:Q:€-W" 7~-,ba•111a1r~...,.. ttli f'•Pof: · 
sets of.- l"~illfa ft1 rn••~J1f;L~-"-JW·a~t.1weflet- · ~ ·- _ _, 

r 2n = ~-WS,m V -i<ts,m = fo)J A ~,a _: m < •I. 
<·] .. ·~':..:, ~-'· ·;:,,;_~ ·.t~-~.,;, ... ,~·~:.:::· .. ~~"~~ l?~·'" • .,,.,-;,::·'--,_; 

~2.1 =-l~-~-~ •• ·v «..,_:t;•<4; 
. ' ... 

~t_ J: ~ ;~~~J~e~ .. ~'~~-,~,·-_'.~' -. Y'. 

- ; ' 

- - -~~ -<,ic. _,)_ 1> ::_: ___ ;; - :· --~ - -~ ---. - ;. ' - __ • ':~ ......... 
[7]6*111 - -~--~~A')~-~~-

- - tile necessatt< ,, --~-, ._,_; l"f'M st,. ", -;; L ·;; ; ,- < · - -· ·-

Proposition A 

Let ,,.-a.ii 'Z tit "~_Jr:& Q. c -~_,,.~ ••n• iJi de (t:f. -
2.1) then the following ccaltioiis :1;t . .,..,..~: ~-' '_. ~ -- ' ' - ' 
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(iiA) For every n < w, Z locally omits r n· 

Proposition B 
/ 

Let W be an L-structure. If S, Q E ED(L) are deterministic then 
the following conditions are equivalent: 

Ue) W t= S = Q. 

Cii9) For every n < w, I omits r n· 

Now 4.2.2 follows from 2.1.2(i), propositions A and B, and the 
Omitting Types Theorem (cf. [7], Thm. 2.2.lS). I 

In the rest of this subsection we derive some corollaries from 4.2.2. 

Call an elementary class :Jr' of L-structures complete if any two 
elements of :Jr' satisfy exactly the same sentences in L.,.(L). 

4.2.3 Corollary ([6]) 

Let :Jf"be a nonempty complete elementary class of L-structures. 
The following conditions are equivalent for arbitrary S, Q E ED(L). 

(i) PCXS, :Jf') = PCXQ, :Jr'). 

(ii) For some countable I E ~ I t= S = Q. 

(iii) ·For some countable I E ~ PCXS, {I}) = PCXQ, {I}). 

Proof. By 4.2.2 and 4.1.1, (i) -t (ii) and (ii) .. (iii) hold (we have not 
yet used the assumption that :Jt"is complete). Implication (iii) .. (i) 
follows from the following easy fact. If :Jt"is a complete elementary class of 
L-structures then for every S E ED(L) and for every I E :;(,' 

PCXS, :Jf') = PCXS, {I}). I 
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4.2.4 Corollary ([ 6)) 

Let .?Y be an .-categoriat· eolftllete · elealellflry )dill of 
L-structures (i.e. .?Y contains a couatable L-1tn1ctwe ad~· .1'r<> 
countable elements of :Kare isomorpaic). nea 2"'il •• a.\\plrfe. 

Proof: Jtbltoa1 ._.tdy trmn .f.13 llld.16.t. ·w ... 

Call a ca. .?Y of L-structure nyu>~ if - ehneata 
of :JYhaft the same termiaatioll properties, i.e. fer etefJ ·1 • El&) 

and for arbitrary w 1, w2 c :JI; w 1 Ill .... iff •z.,.ts .. S.. , 

4.2.5 °"'111"'1 

Let :Kbe a noaempty t'lemeatary dlls alL........_ If ,Yis 

nlf0 -comp1eae dlta·X•-~•llI• 

. -... . '~.~--

An L-structure •· is said to be alpri"'1dctll1 trl"'1I if. for 
every S £ ED(L), if W I= fl. thca for 101De a < •;.i-.JJs.:• 'ik#. 
Algorithmically trivial muctara haw bee& ia_.ipted bJ maay autlaon (cf. 
[10, 17, 18,, 1.9,<34J>t,, f«'.& .. 8J .t: 1111flltj)infl !' ··-~cilll, the 
reader should· 01,lrd [Ml l .• ' ' ~· ; -,:··,:,; . 

The next result giws a full chaiaalerit._ of tie efi cmnplete 
clwa among all elamatary «WiJ*te ems. 

.. 
4.2.6 

(i) ~-~· 
<ii> :Ya uirr>-ampae. 
(iii) 

Proof: The only iatertltiag cm ii wllea 2'"il a dim of il6ite 
structura. 
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(i) ... (iii). If W E ,Yis not algorithmtally trivilt tflen, there 
exists m with 0 < m < •, and S E EDCL, m) such that• I= S• but for 

n ( tt, •·"fl.fl)•.' Wt°WNt ld!f:of'~~l,\~lf~t}lo.ell'SO ~t 
it eo1ppates a pattW ~·on:tkWitf~ t:et · · 
O<xo, ... , Xm-1> =XO be a totaJ,ecls,~h~~~- ~.er~~!~·. Since 
S is ..Of · "vdnt tO w· · of' tfs· lfnite '"1 th~ L_ · i-, · · .· , , 
compactn:1a~r;lnti11c~·:rCr\O:tsf -~ 8. Here 
we get a contradiction~ WI= S • Q, IO by 3.6.1 ~·Mar·~· IAumecl to be 
countable. Thea by 4.1. l(iii) PaS, fWJ) • PaQ, llf P, Md by 4.2. 3 

ra! .. ~~Q~.,~~' ,.~ ~!:~-•,!r,q .., .... ,n••·•• ~• ~ o. • 
C(Jft';"f' ._,., .,: .. _,; . . ', ' '' ' •. ,; , 

UD .. (i) follows from 4.l.5. I 

Below we give two eumpla whida .... immediately deriva~ from 4.2.6. 
For an L-1trueture W, 11111>•f-.1;11'J.'11Jel~·WJ•'.'.·?::(,· d .,, 1

,::. . : 

. :~ tt 1:.r·, ~/ : ~'. · :, · ... -· ~. .-

. 4.2. 7 Let c be the rae1c1 of COlllplex numbefs. Thea ,,,. • Mod(Th(C)) 

is not ~~;Ut!l._.,_,i!eit•r'"~--•1....,, .... ,. ~ 
~·b .:..ti..~ ' "l: '.,, ,,,., .· ., ,, .. ::-:c.· ••• ..,. ,t ·.• llWllllV' ~ "*'*"""""" ' ;_ ' t ·: ' ' . : .; ' ,, " ,.,, ''., "" , ' 4 ' 

~ ,_ ~ .... - . -: - - ~ '} 

\,i' 

4. 3 lht~mlnattnm ria lattptlft Ei1fruioiu: '' ,~ ' .. , 

lit~ L be -8'·1iiltti IWigiilji · tet:ll1bi1~ ....... 'Of 
arithmetic, i.e. Np*•'f'-~ •t Af,1 .... \ 't, 1'ijM~ ~x· -~!'. · • 
Ne= fOJ. Assume that L and N are cfiajltif iacflef •: ',..,; 

L(N) be the extension of L b!.!t; ~ ct.. .9f:J.~ 
let ,Y(N) be the cl• af'~aMr· '' ,rn .•nrstRctum'in''1 

The aim of tm.-~ f1,f61ke\Cti i..,,;,d ot''tl.e f~. 
result, which has been ~-i~~~,,·-~,atw-.tt~1 .. time ip [6] and [22) . .., ' . ' ,d "' ,.,. ,. . . 

• • ,.. J. ··,,;· ·r~1- -:7 ~ , ~. · .. 



4.3.1 T,,.,,_ ([6, 22) 

Let :JY°be ... arbi~acy claa·Qf~ .. J."tlU1lctllres. nea fm ' 
arbitrary S, Q E EJ)(L), if .l'Qs. Xt»)l.~;P(XO,.JW:M aen.Z-t= s • Q. 

. . 

Proof: A moment of~- upon 4.1.\(iw> .... dial ia ·to~ 
4.3.1 it is ~~f1fticf_~ JO:tnft.~8'~..,, .... ~ .. 

4.3.2 

. Let :Ybe a1t;arbitrar1 elm~ eoudbJet~ nee. if 
SE El)(L, D) for 10111e n < •, ud if for.,. I c 2'"• for tcae at A8 , 

di, a>. I= S• then there exista a f~;:l·:-l--~.._., 
that 

(i) :JY'(N)t: • ~ S+. 
:~ 

<ID • is consistelat .11fith; K(Nt; ·:t.&: rDr ._ .; 
It E :JY(N), 8 I= ho-··hn-t•· -,:~" 

-. ':. . 

: . F~ w.;:iAtr.._ ....e·tarminolaar;;·:•~MM••mlc~nr•;-t. · ··. 
said to be 1tandard if its reduct to an N-struciw. ii the Jiltlft1ld~' ·· 
of arithmetic (i.e. ~ • <•, 0, S, +, ·>). For m < •, • ii aa 

a~tioft'tbr i»··-.. -~. 'Tii aat·~:
1

1t•').9 .. 1- •for:*' proof of 4.3.2. '."'~·.:._he,:.":, .; ·. :· ·';; ·•;.·":''.''. ··,. ~ . ·• .. 

4. 3. 3 Lemma [ 6, 22J) "~ . -_ :; 

'. 

Let l•m : m < •l .s; ,O~,~ JI)-~~~ ~ !fllf/'QI .. !Fl~ qf 
formulas. Then there afi~. • -~, f :C ~), ct.a-~a' · . . ·. · 
formula Tc L .. (L(N), n+O'~ • · . , · . , · ,,,;;; %' • .. 

(i) . ., ii 'Ude hi ...... ~.·.~~- .· 
•. 4 • ;f ,; ' . : - ~ . - '"'~.... -· . '> ... 

(i~ .~or_eada m< ·~ ~ f ~ _('• ... ~>~, · 
Proof. ·The proof Of 'ihk lemna&- is an ~do. 'cl~ -.I proof of the 
representation of recursive functions in arithmetic. Detaill are omitted. I 

Proof of 4.J.2: Let S E El)(L, o).. Apply 4.3.3 to the r.e. let 

f-.,.s,m : m < •J. Let # ud T be fonnut. obWned from 4.3.3. Then 
• A Yxn T satisfies (i) ud (ii) ol 4. 3.2. I 
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To relate 4.3.l to ltbitr~ • ......., ~-Rate the following 
auxiliary result. 

4.3.4 Proposition 

Let ~be ~ 1~~Mry ..,,~~•Welt~ a 
countable struc~ 4t '.~'~ ..,,._ of1• -•nlr'••lrtaeta,Nl'ilr, 
:Jr. Then for aa;•bitmy;_.l::Ci<BaL>t:,ftXli ·~~·l'<W; ~~ 

Proof: Follows from 3.6.l. I , 

4.3.S Corol/"'1 ([6]1 [22]) 
', 'f~ '· ' ,;. 

Let :Jf"bc an elemental')' c• of L-•~ ~ (or .,-bitraey 
S, Q •11!BfL?,>'tP*·:1r(MJf~ Pat)~'·:tM~'tW'·~ t· •' Q; 

..., q ' ·~, ,.. . .'J 'It ' •. , .. ' • :• one' •·'· . *tnmiMr··· ueslkinl 10.'Jtiile ·.in"i.t.·· •.··~-· '4.:3. t•· i . . . 

definitional schemes. which need not t6iW etf.etl~~~ lbe defftiltfon ·1n·' · 
2.1 the function S is arbitrary. I_t turns put !:hat.all.rtfUlts of 4.l;"'d.,~.2 
carry over to this more general littod~tle~)woofs. ~ our 

. method of proving 4. l 5 mentially depends Oil effectiftllm of a gi~ .. ~heme. 
The next result shows that 4. 3. 5 is no longer true for arbitrary definm6nal 
schemes, even for an elemeatal):Am whidl ~:.cf. ~ 
4.4). Let·f·tft itllltifi\iWl.616nfit~d,~ . . the~, i.e. 

((n) = <xo a XO. ~ for n < •· Fm.:c a ·-~~ ,.~•r9' (.. let ltruct(L) 
be the d111 of all L-structura. · "' · · · · · · '" · · · 

4~3:6 '71uio~~ 

Let L be a fmite ~ !itll-,f-p F)fo...., . .,, f.-1), 
LR = (r()t ... , r m-tl for some m, · n < •· Let L l&titfJ oae of *" 
followifta;.~iU.,.., ', ,, ~'., · t> ', .! '. .lo. 

~ :· 

zt<.n'Lct~ .. ~ i, or 
.. < ' < 

(ii) Zi<1Ltf~.2_._1 ~ Zi<fali'fi~ (. 
;Then •et*·mtl.'i (Woneffeetiwt 11efiaitiiall +. S cWel' L, . 

such that for an arbitrary extemioa L ' L *, the follo.iiag two .. " ; 
conditions hold . 
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(*} PaS, St1 uct(L *)) = Pal~ ·'SmielL *JJ. 
(**) For some W E Struct(L), W I= ¥•· 

Proof. We sketch here a proof of 4.3.6 for the case~ L contains two 
unary func.-·.-bl*:t _,.&; · ne f#oaf·fo1f~-liles'blillticml ip (D, 
(ii) is cwatiallr1lle;s1•rt ·fAt S::lit •Mllfllil MtilMW,.,.t;l~.,i'· .. ··~· 
Sn>= <-0 , ~fat• <•••llin:·-cfit'to.~~~-1111•-,:'. . 

•n+t = 

-· - ' i , 

·:...r_.~ 
~ . .,.:, - ... ~- ;i_; -.. ·~i-~~:~-:;_~:;:·,:_: ·--~:· ~-. 

:'"' - ,; -:i ~ . 

(4'3.8) .· 
~- . . . . 

• • ·~ • _'c • - , ·' ! ·_ ·. -. ~· · ·. ' . -1 ''; 

,!!or ~c•'tc ~~~:!~i(~f'w:P.~• ~1 ~-, ·· } 

" W t=J:.CifA ~~~.·.rl "':· ,_ i ,,_:i ·r·~ ~· n"": .. " .· .. 
~:.-...: . . ·.,,' 

* Extend L by a new coostaat symbol c. Let "-- ~.-~ -~ 
e(c) A ""«c, c). n. T ii comitteat wt 

(4.3.9) -Ill T ~·'""9 lcJ tdi·iieij·;t{~t. ;'. . '~ 
J .·-~;·-··- "-_:-. -_- .. ~~ "~;:), ~" _,_ ·: ~ .. ' ~!--;"' .. '...": ·<); ..... ~ . . . 

Let ThmlT) be the set of all tileoRa deducible frola-.-~J.tllt•' '· 
completeness theorem, ~8(c) c TlunCT) for nerr n < ~·- Let . 

-~.-.-~t<,L;l"'fi.- 'f 

r = 11u'll(c>> = c = n < • u la<Plc>> = ttc> = a <t.ru 1-«cJ 1ii9J~ 
Obviously r n ThmlT> is a ~ ~ ~ , __ Mmeoter 
1~0<c>: n <•I~ r n l'lmt;),::;ar,a,,,~ :f.Wliiiai~'' 
as'":°• by}~.,~. T...,.,,~lftp.~~t.1'flltrulttiatt.~i~llJ11oa 
<**l 11 obt'iOUi. ;-!' . I, .· ~· .. ;, - ., . ~ .. -.. :.c-· ·--· .- - ·- . 
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In this subsection we briefly sketch a proof of the following 
result (cf. [ 6]; a similar result appean in [22)). 

4.4.1 . .,."-tlrtllll 

Let L be an arbitrary finite languap otlttr titan the one where 
Lp = (f), PL(fl = 1, La 'I•, and for all r E lt• 'l;(d • 1. 
Then Struct(L) is eds-complete. 

Proof: The pr~ is quite technkatiy ~. Here • enlf' &tetdl the maia' 
ideas behind the pr09f -- t1ae ~-"~'~.~.ia(f»:ft.iln C~l~.•·• 
complete proof of 4.~.1 . for the ·1anguaps ~ w,it~ LA.~= • (i.e~ !~ ~ 
signatures), and fk:-*tlf6* appfiecffftldftciit ~W.,eatilt 'a&ifaecl .ta j)f' ' 
languages except the case mentioned in the hyplll•llff .. ?4H~ · ·; 

The proof is essentially divided into two parts.•..orctmr tO' the· c.-. '' .· 
the language L aatisfaes. 

(D La • •) Lp c ~f)9 'L(t) • L 

<m lRelftainina·a.}.-~.~J. 

Actu.al~y ~ for case· (l) a st~~gC?r !"Wt s.-n, be ~- (:Npte tbat 
Theorem ~l.'f ~ tllat dte reself tieldw tili' to..·t. coatamina tw0 unary 
function symbols). 

4.4.2 .,.,.,,,,,, ([6]) 
' ' 

Let L ~ a language satisf~. <9t, ~ ~ ~.:{'(of 
L-structures which is closed undet Altiltructura · 11 ~ 

Proof: There are*> trltb ~. 'tiut ~<~ 'Deed.ito ·~done. See 
[ 6) for details. I 

Proof of 4.4.J (continued) 

.The main difficulties .me f<RIGd in ca.:(JB. 1 ,11 tD -. we 
proceed ~follows. 



We first prcwe aa auxiliary reMthlltlun'bjai fMama ht['6]) which 
makes it possible to restJ ict our atteatba te d..t ..... 

Localization Lint""' 

,, . 
(ii) For al finite me mm al L 11r etmtnnll to L c ..t for 

e.ft S ._··E8'L~tt ct.-:•·& Is' It,_ . ._. e4f!'&tt, ·~ . ._a 
a ~···tL IL~ 'Q-wllcll·l.s;• ...,JI_: :f"Cl.'t'W' 

• < '< .• .~. J <. : • '-;;.-:.,,;'- '.f_~· < -

jT'(LCJ ·~;~ ~ s•.~.,_-~(l.C):t--•~-r,-~ c._un i1nr .. ;Gf .; .· 
structures in 2"" toil.c...f•••••: _ 

•• < 

Let L be a langur1r satid)iaa OD, ad let Le be _, fiaite 
extension of L by COllltaatL We "' I far.;. ""P , • ..,,,,,, _,,,,,,,. : 
L c* by adding to LC ... sort called sErs, ... HF < ~ I • __ .., ·* 
sort of L. We •add~ •-•f-r y.·,.1il ••1•w<llYllad IMP, a 
binary relation oa SETS x DOM. L a.c*J is *Ip a 

=~ .... ~}~ ":~~ . .,:~7~---;.;., .. 
Every four-tuple c4 formulas t = <-t> -., ...... -,, ia, 

CL.,.<Lc, 1))2 ~ (L-(1.c, 2).;, •tenniafs a ~ 
et of L (L~ ifttOtL ttef ii;~ ofii~ ;;;:•!/·~ ~.· -· .. 

.. ·-:l(;,~:: . u·:·,_-.,~ 

_The ~-·~ -~ ~,,P~~~~f,of,~~~~-'~'~ f P,.,.. 

Lemma~ 

Let ,. E L-(Lc, (I wl let Ht be u ~ Of . 
L .. <Lc*) --~ 'iet,_,...._;Ji(·alilf/tlllw~.,.;, .;; . 1; 

conditions: • . 

(*) for nay S c ED(L c, Q if tllere ii u L C-ttl'actwre W 
such that W tr: St tha there exists a L c-ttnletwe 8 widl 
It tr: ,. A S+. 



]9 

<**> for every sentence • E L.-JL~,-.CI, if.,. "A f 
has a model (in Struct<L c*n then Hf(., A •> ha • model (in 
Strud(t•~ · . . · · · . . ~. ·~ _ ·-.,; . :./ .{. ,_ : '_,:• , 

Then given any eds S E E[)(L c, (J which diverps ·<* a .certain · 

LC-structure, there ~~,~~~~if, '~~ (!.,,., ~· 
has a model in Struc1(LC) such .... ~,~._,.,_ ,.,Jtt ' 

-Now· the prOot of'4.4 t·'df;rc6fltljj·tl;; ~"' 1"...:i • .~~ .&;qn 
L .. t •. , _ ... ; : ,· :, '· )

1 _*~~ ::, ; .:;11?HH 't~,&~ e:. " .. ·· ·- ;. . ,·' ... ~· ... 
Lemma ma~ -~-!kftT~i~M~l!·~·~"-"*"_._..:Y~_. an 
interpretation ·Jtt .. Which · satilly ~,-.~CHl-.:Cfi'.,,_ *Milrl'."'b 1 

ari~~~mt~i»~':=.:=:1 
.. t""of. •" 

certain LC-structure. Thea we apply nwe. ·4.J.2 to get a -~ .•' E 
L...,<LCfN>, <»which is consisteat with St111cCL'litlWf'M' . __ ,···" 

that s~c (N)lJ- -..'n~1S!·· ;;;_ ;r. , . ' ; · i•: ·tj • 
.'.~';1~:.::~~,;. - ·. <-.,5~ "('- - -f .' < ·~ '"· ' ,·J \.·._--~-.. ~,. -.... :._" .. _ 

.. .::- ; ·~ .. 

To eliminate the l)'lllbolt of N ill•' we• T ltld ffl from ·tt.e 
hypothesis of Lemma A ltld apply die Nlowi9a tlCll ... naalt ia uiomatic tet 
theory. 

Lemma B 

Let L be a finite language and let, c L .. (L, Q. 

Then there exist a 1e11tence p of the first otda- laapage of 7.ermelo-Fraenkel 
1et theory, UZfl aad a fonmda p1x> of L(lJI) _. t111t 

(0 ZF t- p. 

(ii) If I ts p then for b c I, I tir ptbl iff b is ilomorphic 
to an L-structure which satisraes the 1e11tence ,. I 

This completes the sketch of the proof of 4.4.1. The method described 
above d0es not work in the exceptional cw lmlltioaecl iu 4.4.1. We leaft 11 an 
open problem (cf. Section 5) the quatioa cA edHulpl1tea• of Struc&l for 
lanpaps L wbicll in nOt COYered by 4.4.1. 



Jn this sub&ection ·we Provide I·~ l'elUit whicla is motivatilcJ:JD' · ·•~ 
the following question: u tllt elm of all lflOlhll 6'111 of P.., 
'4rithmetk ed~COll!flktit. ., . . . , .... 

··~ 

Let L be a~ ~LC·= J>t, tp'i: lt{, ~._'·]~ ~ 
LR. = (~J, 'L(S) = 1, 'i.~+t =~'i,(~-,:~·'tM'• ~,:- : i' .. 

,::_~:,:'-'~I 1Q. t~~~. ~,'t;,.~~-~~6'L be :e.u .. _ 
. · atf•;.;;~"'"'"''~0''"' .,,.lfMp,..,,.,, ··· IAttnlCIGNi~WM'~"--- >•J • ~ ',,.,.. " • , ,,,...._. ' 

L~(Ll,.,. •"tftei•aliilk'h1 dledef1t; '.' ;.:;t,~·': ~ •,;. 

i: ..... ipnd{of''theHdl!'ft' ~"ofl.fi~~..-.1'Mii0real is 
used. We refer t11e.1rf!nd• W:f61 • •• ~c JP .. · ·' '·- ,. '. ;, ' ·' 

t -r.- -· ., --~ fi;. , ; - -... ' 

'4.it ~ ~·~' ·,: ,..·, .\ ~-··· ·)i:·~"· ,. 7 ' . 
:-. ;-.!I; \ift'--,"-; -~- 7-' • ~ - ~ ,~ ,,.. .. _,"!~-to~ - . 

• .-. A: .-• ., '.,. ~ ' .•• -·, . : 'u· 

For arbitrary s, Q c EOO.>, ras. Sl'..tt ···rao, 'l'~l hnplMS 
,,.,.~ s • Q. 

~·-f ;;_:_·· 

" ..... - .. 
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'· Open Problems 

. Be,low .we list . .-,....... .... -~:OODlleded widl·topicl 
we ha~:~••d ~ . .....-..,,...,.. . ':',:.:.: ., :~·· · , .. , - ,. , .. 

r "''. • <:..'. 

Let ./be a class of proar'am schema, ,e.ao ltrliglat-line programs, or 
flowcharts, or recuni.e procedvres, .,....~ ... .._,....,. ':zOiae ~.Mid 
./as an additional parameter ia the deftaitiala (11) of LED where in 3.1.1 

scheme.. S Md,Q .,.,~, ~ ••~:si 11a}O!JIW4'- tt"fW afilliftt:ior~ftbtal· .. ~· 
equivalence) rem.(updt•ljed.:) iW'tMr~~rl!,l!lf..,,\[f· · 
which can be viewed as a fragmeat of LElXL) • tar ~ . .!.'ii. tr~~ into 
E[)(L). TMstf~•·~tc 1 1d11c1~-·~· · · 
schemes as those of muimal computatimtll ...., .. n.,fore. (q- ~ble 
Cl8Slf4:.I;- .. QSQllii••• ~ ~i*Mja"ilM -~.....,tts_ of ' 
LED. " .i~ ~~i'il'.'_/·~.- •. :'' i ~' ; 

< .;:-l~] -



42 

f 1 < f 2 implies LED(.1'1) < LED(.I' i)! 

. 2. Is it,poultr tofilfd twcfd 1011l~fir4i11D'~ _.. ~ 
/1 < / 2, flowcharts are translatable into .1"1, ~1J4-.:tErl(Ji'2Jt 

3. Is the full LED 1e111111ticdy 111•vWlit'li"alit ~its ftagmenta 
LED(/) with flowcltarta traallatable ildo .I" 8llCI .I'.< E0t 

, , , r. :::·· .;: -; ~- ~~: ?'-:c- ;~_~;-. '.tJ ~.:- ~.-t~- « 

-~_i ' -

Jn ~t .. ~~ il,..,t -·QI IS •Jt1111;1llS,,....:..., 
CllD -.,., tti,t for.~ ... •·u~·· ·UIW::J .. (c£4ft;AA,,.:JIJ);;: . 

? ·i.:· -·-., - _,-;~~;:~ '~t '~, ...,~-· c -

4 .. ·. F9r a ~i-~Ji.~;;;.;.1. rdar•ttdibJ'e d•ae - . 
class of /-schemes ........ by die eqadity,pndic11e. Wllat ii die 

relationship betweea LEIX~ > act .LE1X-",>f . . , . , , . 
- !~~ - ~ -f ~ -:,_ :~;_-'...,t; ,.., : :·- ·-:-;· - --~ . 

'· : J1~·11~W,, Jl.lael dcllLllM~:.t~-.UlltJ'Jc....., ' 

' ~ ,,. < ••• , • - ~ 

TI..a•ti•~U!B ...... rir.'l'irn1~m~..r:•• .~ . 
there are two JCU•U •Ailiillid " 'fi'·' ·' : : <;·,~·~, . : ,~. i' .'· : .\ ·· · . -~" 

, .j. ~ ·::-. .:0. -~~? ·:_.>_· ": • .,, ~ .t ~ _;~ ~ -.:'i>~ - '!"·-. -·«~·';;_ " ~--- ... 

(D J • ug+; = "*'tliaL'ddil Oilf}dliler -.1-.'.w4f · m. . · · ·,~! 1 .~· . <:::-,1!,,;:.~ .. ·' 

<m LBD*: only qwaatirtcatioe..., ••em• is 8'1as11;cl. 

Formula;· ill L~~.~~ .... ~.:ili~i..i(.· 
of /~.~0Por''Cd1'ftehflk; IJia?IC~~j·~~f~~l~··.·.;~c , · .. • ., ·;> 

is a formula of LED* true in ED, and die remark ia 5.2...,. tlat tllil fOnaula 
need .not to ~.true in /for a ~"~}~t··~~~)tlt!A: .. 
equality predicate. To take anotller a1mp, ca11i~ ...... 

:~!!'7r.:~ira~il~~ • 
f'lowdw1a ....... by Ollt lbd. 
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Problems 

6. Given a class ./'of program schemes compare LE()(/) and LEo+(/ ). 

7. Call two classes ./1, ./2 of program schemes similar if for every 

sentence• in i.W{~ it'~~;1,«._',1 
.• 

1 Tn'Ji.:~ la:the:clu& 
of all flowcharts simiW to ED!·. - · · . 

8. Given a elm ./'of program ....... iayestipte, the ~bility of 
the &ef'~·d ·LJ!&*·'tetittici's ;~.in?.'":_: :.~ °" ·. . ' · · 

9. Given a cl• ./'of ~ ~ •. hm.tipte the uiomatizability . * . 
of th~ set "'·aJI ~D .,..~~,~- '. . , .1. 

'tO. ·· ·;, h ~ ,.·.~'.#r~lr,&..;:_.)illlWi1*iM ii ••ifle1J11efi91Me (up 

to semantic i~ter~U-~tabilit~ .~. ~:"'fl!~J~ Pl; ~1 . " 
'""'• ~ -~·"'"' .: ~"'· ·:-~.:::'f~!-"::)- ..... ·.ii·~'-'.~~~- .. ~!"·'"- "-~· 

'·' ~&,,,.,.•/ltlWr . - f/rilfli IW/ltftlillll) 

11.. Let /I and (2 ~. ~}!~.~~~ sue~ 1:h• 
LE[)(.:'1't·<·LED(~'\·.~ t.i."ft ltw' . '. :.•L_ .. 1 '::.i·'"· if..d :1ts .... w .. :!Udais 

·' • .. ···. : 21 ~ ,.,·;.ffl~~-,~l~·!t-,,.~ .... • . 
uniquely aetui8l>tt' in LEbc-"2> 'b,"···· ....... • •n'ortil;.ia .·, >.'., 

LEDC.1"1> by any set of LEDC./1) sentenced by a liaafe LED(/1) sentence? 

5. S Unifllt Dtftllllbilit1 

12. Characterize structures which are uniquely definable by a 
single open LED formula OYer a Jaaaup witlloat COMtlalL 

13. Characterize structures which are uaiquelJ def"mable by a 
single LED formula. 

14. Characterize structures which are uniquely definable by a let 
of LED formulas. 

15. Are there any reasonable reauhl concemiaa unique definability 
of structures in fragments of LED (q. for flowcharts)? 

S.6 Tlte Htlflf N11mber for Frllf"'•ll of LED 
. . 

16. Is there a elm ./'of program schema suck that LED(/) < 
LED, and both LED(/) and LED have the ..- Haaf numben! 



17. Compute Hanf numlJers. for ¥ariom well-behaYing fragmefta, m·, LED 
( eg. for flowcharts, recursive procedures, flowcharts with coa...,. 

' 

S. 7 Eds-Complete Claua 
·:.-- - .. ...... ,;; 

18. Let L be a flqite lanp• 9"~~- follOw;iq 
conditions: Lp·== (fl, ta I •• -L(f) = I, .-d f~~ ~~~ -, .. 
'L(r) = I. Is the elm of all L-structurel ~ 

-- ~ ·~ ; __ ,~:r-..,,- ' ~'';"'i:"'· ·~.,... <~,_ 'i;.~,_,. _ _,: ii :-'~·:; 

; '.19. Is the clB of ail 'moclelf ti~ ;~;--,4•:~•l:> ,': : ... 

S.8 Too/1 to Cotul111C1 J10thf1 



...,.-"'.<:-.. 
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