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ABSTRACT 

In this thesis, the problem of designing the layout of integrated circuits is examined. The 
layout of an integrated circuit specifies the position on the chip of functional components and wires 
interconnecting the components. We use a general model under which components are represented by 
rectangles. and wires arc represented by lines~ lbis model can be applied to circuit components 
defined at any level of complexity, from a transistor to a programmable logic array (Pl.A). We focus 
on the standard decomposition of the layoqt:Pf'Qblem ~a placement problem and a routing 
problem. 

We examine problems encountered in layout design from the point of view of complexity 
theory. The general layout problem under our model is shown to be NP-complete. In addition. two 
problems encountered in a restricted version of the routing problem -- channel routing-- are shown to 
be NP-complete. The analysis of heuristic algorithms for NP-complete problems is di9cussed. and the 
analysis of one common algorithm is presented. 

The major result presented in this diSM?rtation is a poiynomial time algorithm for a restricted 
case of the routing problem. Given one rectangular component with terminals on its boundary, and 
pairs of terminals to be connected, the algorithm wiD find a tw~layer channel routing which 
minimizes the area of a rcctang)c circumscribing the component and the wire paths. Each terminal can 
appear in only one pair of tenninals to be connected, and the rectangle used to determine the area 
must have its boundaries parallel to those of the component If any of the conditions of the problem 
are removed, the algorithm is no longer guaranteed to find the optimal solution. 

Thesis Supervisor: Ronald L. Rivest 
Title: A~iatc Profeswr of Computer Science and Engineering 

Key words: VLSI (very large scale integrated) circuit layout. component placement (rectangles). 
channel routing, NP-completeness. algorithm analysis, heuristic algorithms. 
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Chapter 1: Introduction 

The research rcponed in this thesis~ an' investiption of algorithms for the layoutofinteg111ted 

cireuits. Integrated cirasits are formed on silicon chips by creating layers of different substances (e.g. 

metal. polysilicon) in geometric patterns on' the chip through a variety _of fabrication techniques. 

Electronic components are formed by the iotel"j)Ction of reaioos.io tbcdift"erecll ta~ 1Wires connecting 

components are simply regions between two components on a layer. Laying out a circuit consists of 

determining the patterns fur each layer on the chip to create the desired components and 
,; . . --. - __ , 

interconnections. For example. in nMOS/JiEf tedmolQura deiipJer ~l!Cata a transistor by drawing a 

region fur the polysilicon layer and a reaion for the diffusion layer whicltcross when me designs for the 

two layers are superimposed (Me80). In general, designing ,a la)'.OUt i;eqµi~ . k.Jlow.led&e of the 

interactions between layers for the technology being used and limitations of the fabrication process being 

used. 1be goals of the designer are to put as much dreuitry as jJ()!Biblc in as small an area as possible, and 

to have it work correctly and as fast as possible. A good example is the layout of a microp~r. where 

the amount of iofurmation which can be processed, the number of functions which can be performed, 

and the speed of processing ~ important 

The layout problem as described above contains a huge number of variables and leaves much 

room for cleverness by the person designing the layout It docs not lend itself well to an algorithmic 

approach where a well-defined model and set of operations are employed. However, standard layouts can 

be used for each component needed in a circuil The9c components need not be simple electronic 

components such as transistors or resistors, but may be logic gates or even hiaher level circuit subsystems. 

Given these components and the interconnections necCssary to realize the desired circuit JUnction. the 

layout problem consists of allocating a proper-sized region of the chip fur each component and 

determining the pattern of wires form!ng the interconnections on each layer. This is the layout problem 

as we will mean it We have Jost the Hexibility of tailoring the layout of each component to the panicular 



·7· 

application. but have areatl~ limplifie4 the proalem. 

In· geaentl, we wit& wisll to,_ ll tel wcompoaenll.oq aipessibly multi-layered planar surfaee. 

The componellfl will ••· ,,,,,...,. whidt • points .. to,.whid.t wtta. can ·connect. The desired 

interconaectiOQI will be tlflOCiW by &ivilll dillioint lltS ofitannillala. Eacll Id of terminals, called a net. 

shoqld be intercoaaec&ed. .. Thi •tenxmnec&iUM ·wif1·;11e, ;ftlldt b)I ·· wbn which define peths •between 

terminal& in the iaYers. 'f;hm .wiU be constNinls whicll•fhttJa,out,must.satilfy. such ar a minimum 

sepaJatiun betweeo ~w9 ·Th.CM~.._ catled_,,.-nda. 

The maior.motiv&Uop·ftw dovciepjp1;alaodthml &auohe the.,_.problem,19 the:c:omplel.ity 

of the intogra~ ciA;uks lteipa.dMill•4·· A cltipmar,.._~ tem or-.... of ttanaiston. Hand 

layout of ttlese ia«opa&ed ~ O'fetl· with dtt aid of ~,araphics. ii very oostly, time 

conqni"&,aa4 error--~-s~~&Klt adoPi• mUs. are already emploJed in 

the iacluary to siplplify c~, .. 11;1pd lllYoUt. .ca laYGUt hr cotnp11,tetthas beea implemented (Fe76] 

{Pet77). .·.ll,lt tradeofti .re_., lQ ·dtolo in-~ttl'.tP~ ··~.in memW)' 

laJJauaact jivoa • Pl'Qll"ilflPl8f· the fntdoln to. •• ctevo" •ya•malle: a prepun ·11111 falter or iequire 

1"a ~· :ffoM¥ef. "'"8 ~-- ...-.-ci'PIOIM• °'*1 8D • Wl'ilellllt the9Vilip.iartiine 

and._,~.-pUficati~..-brusin&·aJuahlavtl.JaaauaaeandQOOIPilerareworththelollof 

ftexibility. lull.• '*:ilJJabt write • ofta u8ld ~- i& mm Rb1y fsepap,·me miaht do the 

~yout for a cim\lit ~··to " wo4 in QJ8llY circuiaJ• by·. laead.. Hmwver, •for. mDlltfmJjem. the 

~vin81 •·t¥Ae AAMla. ..,_ flkh in the c:orree._ofthe•lllia1rdue11> the limpHfted l&AElUN mU 

the ~RCDtappEOaCh~. 

1.lthou&h wQltiM~ law®tt~4'>cxW.• pmbk& of desiaaina algorithms te do 

inteamed c~ layou& is net IOlvad. • Many of tile ailtiaa .taoritlnnl~ fulther tatrictionl.on the 

~ Typicallr. ~Y reqUU. lhat all: 4'QDIPOllCnta be Jhe aame tize Ja one dimension. , Such an 

algorithm places the components in rows. forming aa anay. ·The wiriJlt,(callecl,,PD81inl) is done in the 
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spaces between rows. Also, although several algorillflnt ltave lJeen desisned and implemented, little 

analYsis of the algorithms bas been- performed. Empirical evidence· is often cited ·m the literature. 

However, papers describing algorithms whidl•may llCJl ftlld opdntal aolutionl rarely present mathematical 

analyses of the quality of the llOiutions found. For exmnpte. one does not ftnd statements of the form . . 

.. this algorithm always finds a solution Wiiltin m·ofltle opthftal; .. ·rn this dislertatiOn, we discuss layout 

algoritbms from a complaity 'theory point of view. We 1bcus on lht' pcrhfnancc of algorithms, both in 

terms of the quality of the solutions they preduce and· lhe runnina times they roquire. We wort with 

, subproblems of the layOQt problem since they are~toapproach and ate'OOmmollly ~tered. An 

aample of such a subprobtan is the rouCiBa problem when componen1I have been placed in rows. 

The thesis is orpaiI.ed as .follows. In Olapter 2. we"re\'ieW ·lhe tedmiques used by existina 

two problems encountered in cbaanel routing. We analyte w 'prevfuusly•blown. heuristic af&erilhm .·for 

one of me channel. mutio8 problam. ht Olapter s~ a new attoridhn is preleated .lbr a tpeCial case of the 

routing9robimn.; In this PftJblcm,.tenninals lieon thebotl*'aly-Wftlfterectanptat<:amponent Pain ef 

terminals must he intaooonected.. The alsorithm fin* a Minimum. area ·rooting• fbr -3'i:Mftne1 f8utift& 

model and has running time O(f), where tis the number oftenni~ B)tide1¥elopingtltis algorithm • .ft 

have shown that thae are noR."UiYial•reuting•proltknM Wbilh· .C 'ftot··~ ··Mast routing· problems 

are eilhcr known to be NNlard·or •'.so-c~'~ aw\~ahf·pPIJbfeins-ait ett·t;e·.c8ftaidcrea 

intractable without an actual proof of HP-hardness. In ~6. ·\ft ditma'pt'Operties-Of the algorithm~ 
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basic definitions and notation used throughout this thesis is presented in the appendix. 
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a..,tef 2: A ReriewofLt1c*t'AiltonlldellT«lnlf.-

2.1 Oassical Approach to La1out 

The problem of placing components on a surface and mating the required interconnections in 

one or more layers is not new. Rcseareh on the layout problem was initially done for printed circuit 

boards in the l960's. The layout problem for printed circuit boards is closely related to that for integrated 

circuits -- components arc placed on a board and interconnections arc made by conducting strips (wires) 

printed on two or more layers of the board. Wires on different layers are insulate<l from each other, but 

wires on the same layer must not cross unls a connection is intended. Depending on the manufacturina 

technique, a conducting path may be able to change layers only at fixed positions on the board (called 

fixed vias) or anywhere on the board (called floating vias). ~·researchers have used models for the 

layout problem which they intend to apply to. both printed circuit boards and chips (Han76). However, as 

we shall discuss below, the objectives and assumptions for printed· circuit boards and integrated circuits 

are difTerenL 

Traditionally, layout of circuits has been divided into two phases -- the placement phase and the 

routing phase. Separate algorithms have been designed for each. In the placement phase. components 

are asmgned positions; in the routing phase, the paths which the wires will use are determined. For 

printed circuit boards, the goal is usually to minimi1.c the total length of wire used. Generally, the board 

is divided by a rectilinear grid and components can be placed only at certain locations on the grid. 

Terminals where wires must attach are at fixed positions on each component; these positions match 

locations on the grid. Automatic layout systems for integrated circuits have borrowed the algorithms and 

models from printed circuit board research and expanded on them. Most systems use standard cells of 

unifonn size which are arranged in rows and columns, leaving a grid of horiwntaJ and vertical sticcts in 

which connections can be made. Examples of standard cell systems can be found in (Fe76L (Per77]. 

------------- - -- --
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For placement algorithms, compon~ts are pncrall)' 1Podeled ~ poi~ an4Jhe board or chip 118 

an array of locations on which the componen&i lllU•t:N-~ f<>r·J>ttnted cil"cuits.. ~mponents are 

usually standard size packag,_ so tAai •ie is ~.a ... ~ .. Fql' ~te.4chl!Q~ a size parameter may be 

mociate4 with each point all4 a ctfN'Clly wi4Jt • ·~· ,For ~HJl\ple, in !Sc76J each location 

represents a row of s~d"'l'- ·and hai a cap~\)'· w~il U\e lclll'lt <lf the· ~ow. Jn the m<Vority of 

placement problem fonnulations. the objective is to find a placement whkb ~lacilitl4lal &be rA>Utin& to 

follow. A function of the plat;e~ ii cheeen ,._ ~ ~"9 f\Wlctioa;to .be oplim~. The function is 

supposed to be an indication ofebe ditl\cuk¥..~"1e ~~ff.Ute.plac~t. Mostof\en &be function 

is an estimate q(Jhe to~ wire lcnJ&h ~ fbr ft.>UtUw.., Varioqs ~ m tbe, wit:G 1eRJ,th needed to 

route one net (set of tcmtinal# to be llt4'a:oan~) ~. ~ ....... ttlc. haU'~perimeter -Of &he 181111Clt: 

There are two types of pllcement alao~ .... constructive initial . placement and itarati~e 

improvement. Most automated. 1-fQllt ~ USO· ~ -ahboup ~ithcr can . be used alono: ilerativc 

place. compone11ts Qlll by Olle b-.c4 Oil, dteir ~"'vitf to:~~ pre,~ioulQ-p*"4. Ill ~ 

systems. a designer may choose ·and place the first C,Ollll>OMftll. ·~:the tl.-. compenent is chosen. by 

the algorithm, a apecial component •h• a lx>P4ma .-JW·be~. or• ~F;f oomponent may 

the objective function. These alpiduna ~local qpUmizadon ~ ~~n .technique is to . 

exchange pairs or rearranae ~r • ofCOIBPQllCD&I a• whedw dle value of ,the ob~tive AlacPon 

has been improved. In another method. called Fon;e-Directcd Relaxation, a component is moved t.o a 

point where the "fon:cs" due to its connections to other components arc balanced. A description or 

various placement algorithms of both types can be found in Chapter 5 of (Dcs72t An experimental 
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comparison of several of d\ese atgoritbms is presented in fffan'Mf. 

The FOUDD! portion of the layout problem has m:dved much attention in the past ten or fifteen 

when sets of points which must be int~onn«ted ·ate given as input. Most uf dle· afgofidnns attempt ta 

minimitt total wire length. These alBorithms ·almost nctumvely use· ·thi 1'Ctt1inear (also tnown as 

Manhatlan) ftlteaStfft of disfante. l 

Routing can be approached a number of diffem\t ways. Nets may be connected using Steiner 

wMf'C no branching wires are allowed. (Sec figure 2.1) Cottntction. padts ·may be allowed to thange 

layers at arbitrary points.· at filed points, or nol at all. The tJee of CODBeclions ftJr each net may fJe 

determined before the actual pams are found -- called wire 1st detennitlaOoo· -- or the trees may be 

determined as paths are laid out When each path must lie totaJly on ont1ayer, the layer 3Ssignment. i.e .. 

detenninirtg which padls wm lit on which fayer, is often done ftrsi Alll>aths oil a layer must be routed so 

that they do not ~ However, many of the most recent' routers fbr mqrakd clmrits and printed 

horizontal and vertical segments. F.ach ctiange of direction is achan&e-Of'lay«. Typicaltj, two layers are 

used -- one for each direction. In the projtttion of lhe ta;ers·i>n ~plane, tWO Paths may mtmect within 

perpendicular 5CgfReftb without beift8 electrically connecte<l ''Wheft pahcaa change layers only at filed 

the number and location of vias is often restricted due.· to· ftie fabriciitiOn technofolY. For iatcgtated 

1. Under the rectilinear metric, poin!S (xl'y 1) and (x2,y2) in a cartesian coordinate system are distance 

Ix ix if+ IY i -r 2' apart. 
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circuits. vias are contact cuts [Me101- . Jhyy 4J'C. usually .altwt'ed any:wjij:re •.. alUUluah it is desirable to 
• t - • - .. - - . • - '!: fl-. ~ . - - . " - - ' 

minimize the number used since they require e1tra.area. 

Most alaorithms to do the actual routing. of wire paths fall into one of the following four 

categories: maze routen, line routori, cell routen, and c~I routers. The first alaorithms used on 

printed cin:uit boards were - routers. Maze routers find opae path at at time. They iire based on Lee's 
-· ~ 

l 

algorithm (Lee61) for tlndinlc$e shortest pa&h between twQ nodes in a araph. In fai:t. a path can be 

found between ~hers of two setl of nodes rather dlan between two specific nodes. llie graph used for 

routing is a grid araph c~n~if1ittJ~~idden repons. The alaorithm is ab~ ~ll1ti!IC4J~·~ftbe usable 

grid points. (See Fiaure 2.l.) Multiple layers may be modelecl by usins one two-dimensional arid for 

each layer. Each grid point (fur unrestricted vias) or each of a special set of gri~ p<li~ts (for tix.ed :vias) on . 
"''' . '' .~ -

one planar grid is adjacent to corraponciina grid points on other planar pidl. 

Again, each path is lbund, one at a time, by a breadth ftnt &earth over all cells. Each cell rep~nts a 
' ~--_ • - .-! 'l·;" 

region of the routina surface, iacludins all laym.; Thif ,...,~tfOIUfObtaiftecf by'~ng all layers 
.... ,, 

on one plane. den partitioninJ th~ into p~ o~ u~ftmnf'7.d ~.lhm>e. 'fbde pieces~·~ the cells. 

Each ceU i& l.,.e enough to ftt -- one wire width on,eadt tayer. The roilitnfatlfmtbm mult 
j ' 

define the entrance and e1it points ot each routing padJ tn.,the jet of cells traversed by ~ path. From a 
"'r , -, ; "·- '" ~,~,,,. , - , 

,, 

account wires which.. have. been prevloull1.....- ..-4 b@_ve:mt off pans of the ceD tom other pans 
- ~< .... -'"" ~ 

(Figure,l.l). The determination ~t tihe .,tual paths used ~·-11 cell is left for 1 -teeond algorithm. 

Cellular reuters•-ROl llDllUirC7tbe lirae. number of &rid peints~whifl must'bci ~when using I 
,,f; 

maze router. 

Line rout~rs JHi69J do 1fOt ~don the plane. 1)eserrouters work directly with ho,.zontal and 
. . i . 

vertical line seglflents. They buld up a path between twd poim Out of these ..... A -line router 
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spanning ttee ·steiner tree 

ln'l inclicatu that the·aocfe has a·ehori:ntP.t'ft,f!'Oli the start 
~ node of length n 

. ft""\ ' ·, ' ' ' _...__start 

\ s.·~~ .. 
P, path of' Dqt:h 4 fioia · S to T 

'•, .' t. .... rs?J~!:=~!~.[gf . 
target 

3 ~ .,__-____.,. '3'' .'.' .l'~ -r 
·--· ·-· ···' ' < - Le \ t; 
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finds paths only in one plane. Paths area determined one at a time_. Given iwe -target points to be 

connected.line seaments are extericled from the larpts until they hit obstacles. Points along these 

seaments from wh~ a Jin'-&:an be ex.tended which ~!D "acape" an obstacle .viously hit are found. In 
---- ( \:\ -- ·- t_~~~~ --- - -- - -{·)' 

this way, "escape lines" ~rared_ lltl~I-~ path.,,. .. the t";'o WJf?l poiila can be constructed from 
- , -" . l - ' . 

segmentl of these escape litles. (SCe F'llUl'i 2.4.) 't' -

The channel rou*' technique (Has71) w~ developed for routinp ~th horizontal and vertical 
l " - - .l ~-" i 

wires on separate layers. !he alea ava~~~r " cllvlf.ted into ho'!f>ntal and vertical streets. 
~· ~,~~ ~ - "• • ·-~. ~-"' ••• ~ -·-~- -- '. c , -- ~- {{" ~~-

Each horiwntal or veftie!il street ca1t -concain a _ 'f 00.:izomal ~"vertical path segments. 

respectively. Paths are first round duousfl' .. ~widlout rqarit~ con.fliCi wiftAA ~h street After 
~ '. • ~ '· : - ,f 

.,,__ ! . .. . ~ 

alt connections have bee~ ~ mu&c4 ~ _... IU'tellt * ~ within eac:lt weet are 
~ ' -~· -·. . ." 

arranaed so that no two o~~-" The n.,m>er of~~ or ~; it_ each street is minimized. 
,; --~~ • , ~ "> - • .. - ·-·- -~ "'~~ • ., • ~/~-~'~ 

Short seamcnts perpcndiclsl'r to the aueet direc . be used ti'om each 1!jtminal out into the street. 

For some algoritluns, such lllort iqments ~ _.,, ~~ -.p aqp~ l ~; ~f U>\:~~hpdlannels. 

(See flaure 2.S.) The alob.11 ivutinap~ ii ~i~· ~-:~~-on a~ where more 
,; ~ ~ ,~( :.i - J '"' ... ; £>~»: c-;. ·: .L 

that one path may U1C the same eclae. The local routma ptQblcm (or channel tWJanment problem) 

resembles a packina problem rather than a path·ftndial problem. Thele problemi-wm be described in 

more detail in Chapter 4. 

The alaoritbms dacribcd above are thosci molt o4en used by layout automation systems. They 
- -

- . ,-. .- -· - -.. . ~ ' "' 4~ . . .. o "' -- .:.;:.. ., ' 

do not e~ afl ;alaoridlms. _!A aurvey of r<>Utina alaqriduns en ~- G>lod in Chapter 6 of (Des72) 
• • \ - - \,.,. < 

and in (JU74). A stUdy of router performance ii ..,._.,JI (l(eJ71); ._ -llone of the algorithms are 
... f. ' . -

: - -- ~~;'- ·' ~- ... ,-7> 

guaranteed to ftnd an optimal SQlation unless ~Y are altowect ta dp,uP 8*l reroute •• exhaustively 

searching all posr;ible ·roufiop. Furthennore, ·if the amou1u of area which can be used iB bounded, the 

1. 'Jbe use of the tcnn channel has become confused in Pie literature. - ft is uae4 by some authors to 
denote a street, by others to denotc:a lane within a srcet. '* fi>l1ow the terminology of [Hls71). 
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Figure 2.3: C:4!lluhar routine-
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algorithms are not auaranteed to route all connections, even thouah such a routina ai•ts. In practice, 

failed connections are completed manually. Muy systems use a combination of algorithms, beginning 

with faster algorithms to route ~connections and using slower but more successful algorithms to route 

the final connections (e.g.~~ (Po19D. Some algoriU.ms are more susceptible to the pn)blcm of failing to 
' . i 

complete all connections than others. When each pbint·to-point ~~tsassianed to a single layer 

and. then routed, the paths found first may encirele a !J!'ria'fil not Jet connecj~g to anything. It is 
~"' 

' ~ 
im~ble to find a path tttdtistenninal'Wkhoutch~="~"'ijPingllJJ a-previously routed path. 

r . 

(See Figure 2.41) For routen of &hk:lMJll, ~~c "~~. ~e path~-~re assi~~ for a protiltrit can 
·:.~/~ 

make a gr~ ditTerence in whethddle ataurithm ii smeaMmmuttrra aft the-connections. Given this, 

it is intemtlng that Abel (Ab72Jcoridudesfrom hisempMafsiudJ that. ~vcr•ll. the peiformance of such 

routers is nqt significantly affec:led by-various ~c1aria: ·(TIR toUterused ts a-maze router with an 

added heuristic so that paths do not run next to a row of tenninaJs at minimum spacing from the 

terminals. The paths being avoided would lead to a Jarae number of blocked terminals.) The channel 

position of each segment is determined after all paths are alobally llligned. In fact, if area is not limited, 

the streets can contain an arbitrarily larae number of channels and }OO'J, routing can always be obtained. 

Several characteristics of the models uSed for past research on the layout problem are very 

restrictive, especially when considerina the layout of very ~rge scatc integrated (VLSI) circuits, where up 

to a million transistors are packed on one chip in J Y>etl . .,.__arraftaemcnt The use of cells which have 

one or both dimensions fixed JimifS the type of CoMponenG which llD be used. One may imagine haviq 

in the same circuit a very large component which ·is an array ·<>f registers and a number of small 

components realizing a special function. Once the components being uted are ofvaryina size, it is a waste 

of space to place them in an array separated by "streets" runpiAJ the leoJtb and width of the chip. The 

size of each component and the way the components flt together on the chip are important 
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When an array of locations is used for cell placemelit; lt·is teasonable to use total wire length as 

a measure of the worth of a panic• layouL Dift'erent arraqements of compo ... nts ~ithin the array, 
~ ,,,.. .. -,,. ~- . ' 

' 

only affect the area of d\e layout into&r n they atfect tJk inten:onnec\(mrpa1'11taien. The total wire 
\ ' ~ . 

length is an easily computed appna~ ~re oflhe Junount of roudna,~ which_has been use4 

at any point white routin1 ii beina cbte· Thii, in tum, Ii an approximate measure Qf the congestion of 

wires in routing areas. Conaestioo.;., 8frect h ~Y of interconaecdons still to be made. When 
' -~< .J.~: ' -~'-" 

the area used for routing between cotllPQBeatt is thtil ~hlch Is usually true for printed· circuit boards, 
'• '' ' ~A ' ' \• ~ c_ -· 

too much congestion may resuk in~ to to~-ane rif lbc intereonnections. When the area used for 

routing can be e~pandcd by movillj 'Ille ~.-Ue keeping their relad~posittons fixed), as is 

more likely for intearated circuit --~ taO'Mudl '&tjlitloa may rault in a larger overall layout size. , 

When components are not ,of relatively unibm a, .&heir placement has areat effect on total 
·;~;v - , J/·: _:~-~ .. -~~" ... ,~ :l_-· , ; 

layout size. Wire length is no longer a good approaiQuldon to layout size. This is illustrated in 

Figure 2. 7. The placement of compOnents and routina of Wiftl interact in a much more complex manner 

to detcnnine the toca1 size of a layouL The DlOlt recendy developed layout systems no longer treat 

component size as a parameter which ii of secondary importance. Components are modeled as rectangles 

•• giving them shape as well as size •• rather than as poialS with a size parameter attached. When 

rectangles must be placed on a plane, the way they tlt m,ether inftuences the area used by the placement 

and the shape of the spaces left for routina. Preas and Owyn (Pr71) have retained a constructive initial 

placement based on connectivity but place rectanatea in a plane rather than poin~ on a grid. Their 

iterative improvement phase tries to minimize the area of the circuit by selectina 11 the candidate for 

placement modification a component one of who&e dimenlions contributes to the widest part of the 

layout in that dimension. This component may be rotated, reftected, shifted, or exchanged with another 

componenL A moditlcation is accepted if the area is reduced. In (La791 the initial placement ii 

produced by dividing a square of area the same as the total area of the components into rectangles of the 
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same area u the individual components. This gives an approlimate placcinent which Is modified to flt 

the actual components. Improvements are made to the plac.nt by ulina rotations and shifts. Routing 
• • c-< • • : 

. '~~. 

is taken into account in the improvement phMe. The wldtb of each street is estimated based on global 
, . ~ 

rouUng and included in the ara calculation. Brinkmann [Br16Jalso uses the technique of dividing a larae 
' ' . ~ ~ " . ' 

rectangle into smaller ones to ftnd an appr01imftte placement. 
•· '. ·, ~ • ~:: ·_.;;·; t 

Routina pqrams for the most recent systema allO tlY to llllnimi7..e area rather than wire length. 

Channel routers are used in (Pr71) an4 p_.a79). Channel routers are easy to use when area is. the parameter 
; . > • .. ~ ;• ; ': • • ;. . '; • I 

to be optimized since local routint awrinimizes street.......... 8-ts can be allowed to shrink or expand • 
. . . ' ' . .·· ~ . ' ' 

needed to complete the routina. In llo79f. componeata are allowed w take poaitions above the routing 
- f- ;f·; •. :': .·.• :<. 

area independent of one another to tllat at'08 ii not wtlled UHeeellarily by alianing the edges of ~ 
,., • .. ' : ~ •• J> • ' • 

components. 

Wire lenath remains an important parameter for a layout because it _directly affects the quality 
,, .. 

and speed of sipals in the cimlit. In a situation such a lhat •wn in F!aUre 2. 7 where both size and 

total wire lenath cannot be minimiud at the same time, a tradeoff must be made. In this context. it may 

be decided that wire lenath is moal important reaann- of tbe ~ cin:uit si~ .. At other times, only 
. ,. ; ' {". ' ~ ~' :~ '.'j "~~ .·~ ·,~;~.J- . : , ' 

a maximum wire lenath miaht be impollCl on certain ~terconoecdons in the cin:uiL , To make thinp 
... ""'"' 't 

more complex, we miaht imaaine a situation in which the requirement wu that two intereonnections.have 

approximately the same Jeqth, say when two outpUtl of one component are the inputs to another 
.. '.-• ; 

component. In short. the desired measure fbr the wOfdl of a layout can be made very complicated if 
. '. ~ ' ' . ~ ' ., . . . ' 

enouah factors are considered. Physical quantities may def>end. on other layout properties such a the 
>~ j; . ' > 

density of wires in an area. In (Agu77) and (Ru77).. a system is. dacribed in which total power ii 
\ ·i' '< .- .... 

minimized and timing constraints are oblervcd. In (No76). connections whole delay must be minimized 

can be designated "critical" and treated special. 
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The approaches described in Section 2.1 separate the placement and routing phases of layout. 
. .,.,,.:' .. ._.. - . 

The input is a set of components -· either specified as points or rectangles ·- and a set of interconnections 

to be made either among the componcnt.S as points ~ amona tcnt'linal points on the components. There 
~ • ·::: ' ~.. j- ~ 

are alternate approaches in the literature where the toPolosical aS.,ects of layout arc modeled using graph 

theory. When finding the layout of a circuit, placement and r~ti~ are considered ~r· by finding a 

. - . ' ·~ - ' -
planar embedding of a graph modeling the circuit. lbe models do not necessarily associate one node 

-·,~·.:, - \"~.:i~ ·::1 :-... - . ·p '. 

with each component Eich component may be modeled as a sel of nodes and edaes. e.g. a cycle. 
I . . . 

' ,"-<· -~ > •• _," J ; ~ ~ • f.-' • •• I 

lnlen:onncctionS among a set of tCnninals may be modeled as a set of edaes or a set of nodes and edaes-
' ,~ ,. '·' 

For example, the branch poinl of a wire may be represented as a point under a Steiner tree representation 

of connections. Several models have been sugested. A summary can be found in (van76). Graph 
~· ~ " • ' • • <'. ' 

embedding techniques have the advantage that placement and routina interact completely at the 

.. - -~· . ~ ' ;'•, ) ·: L.-· .~ 

topological level. However, geometry -- the size and shape of the components -· is completely ignored 

and must be accounled for aeparately. 

In the standard ~~h and in the graph embedding a~~ ..;_only in.formation about the 
:< l '-t~ ··:> !; ·--~~-'~ ;.··-: 

layout provided by the input is the set of nets.. ·In an aiternate ~ b.ed on stick diagrams [Me80L 
;-, .,.'! !: • ' •f: - - '"o< _ ~ 

topological information about the desired layout is also provided. lo stick maararhs. regions in various 
- - .. · , _ ,-;·_; "· -~·- -:- - -~;- ·~ ... _- --f~'~\" \/-. -~l.!~)1:} .:en:;_~~ ···;f~ . .-i.~.<-. ~- _ 

layers of the integrated circuit are represented as lines. For example, in nMOS technology, a polysilicon 

, : ':. ' '< ' ' . ~ 

line and a diffusion fine crossing represent a tra:naistor. The relative positions of components and the 
h.·.:·~~_.·: '.f~ _:_·-~;'.·~_.f_J_ ""-

general path of each wire are indicated. The layout auwmauo.. system must expand the "sticks;., into 
. ;-·· "- '1 i-; ·_:, ~ t :"';} 

rectangles of the proper dimensions based-00 design rules, and modify .the layout llO that components and 
'~ • ~1 ..: ~ • 

- •c; ... - I. ,· 

wires fit together with the proper spacing. Examples of such sys&cms are STICKS (Wi77) and CABBAOB 
;-_, ;- ·,..... ,- . 

(Hs79). These programs attempt to ~t lhe layout as much as possible while satisfying me desian rules 

and maintaining the original relative positions of components and wires. 'Ibis technique exploits the 

------------- ~--



human designer's ability ta do ov..a..,...... i.e. mush M«chea. The program FLOSS [Ch77] also 

packs a rough manual layout; it worb &om a hand drawn sketch. Other syttemS for which the designer 

does the general layout use a symbolic repretentation ofttie layout (Oi7'J, (Perni The symbolic layout 
,, 

is produced by the desiper and expanded into a fully specifted layout automatically. Other techniques 
,. '.;:''J ·' ,· .<>.~;~ '"'" : .. - ·-; ,r. r~;~ 

for design automation use epecial struclWCS ·such at Proaramlll8ble Logic Amys (PLAs), with known 

layouts. Functional specifications can be automatlcaHy converted into PLA implementations (Ay79). 

Special interconnection pattema can also be e1ploited to mist in desian (Jo79). 

l.3Sum1D1ry 

All of the above techniques have been developed to automate, at least in part, the design of 

circuit layouts. The researdt reported in this diaenation ii restricted to placement and routina as 

described in the first section. Althouah many aJ&orithms have been dcsigned and tested, little 

mathematical analysis of the allOfiduns has been performed. The techniques of comple1ity theory are 

not regularly applied ro layout problems. One notable exception is the work of So, Ting. Kuh and othen 

([Ku79), (So741 ffi76l rn7Bl £fi79J. ffs79D for printed circuit board routing. In rhil work, a routioa 
.. -~ 

problem for printed circuit boards with .ftxed vias in columns is broken up inro several problems. endina 

with a number of instances of a routina problem for a row of terminals on a sinale layer. The problems 

are analyzed. Neceaary and suftlcient conditions for a slngle-row, sinlle-layer routing to be optimal are 

developed. However, the model is not well sllited to intearated circuits. The reseadl reported in this 

dissertation also focuses on particular subproblems of the layout problem. The problems are motivated 

by the channel routing model of interconnectjona. 



As is evident in the discussion in the previous chapter, most models of cin:uits for layout use 
'·;·:, :~··~:~" .. ·;,. 'f: ';~· ":~.- ;;/ 

r 

points or rectangles to model components. In the rescardl presented in Chapters 4 through 6, we use 

rectangles. 'Ille model is described precisely below. In the second section of this chapter, we describe a 
. . . 

g~aph model in which components are points. We discuss its use in proving bOunds on the area required 

by circuits with cenain interconnection patterns. 

3.J 'J'bc Geometric Model 

We have chosen to use a rectangle model of components because it captures the geometric and 
,·; .. 

topological aspects of the layout probJcm. Components are rectanauJar in shape and variable in size. 
-, -";· .1 . -

Wires lie on any of several layers and are of unifonn width. The model was guided by the desian rules 
. - ; 

presented in (Me80J for nMOS technology, but it is intended to be appticable to many technolo&ieL 

Fonnally, the model is as follows. 
~ -~ ; ' . 

The input for a layout problem wHI consist of a set of c0mponents and a set of nots. F.acb 
_; :·~: :._" .. ~-;~~-~--.: .. _rf Jr,..~-~-:~1 :_,-,.: .. : :; -~~ 

component. Ci. will be a rec~ngle with given dimensions x1 and Yr At &iven locatiOns on the boundary of 
<··.~1;:· .. "·--. '-.?,~n:.-~ ;-t .~-,I •. }': • .f ,., 

a component Ci are terminals tij, j = l, ... ,ni' where ni is the number of tcminals on component Ci' F.acb 
.. , : .: : •t:' {i~·';h~·r.:-jf~ -·: i~ ~- y-.-~.-: ~ J. .· ,:_ ~ J.. 

net is a set of tenninals, and the nets are pairwile disjoint. Each net represents a collection of terminals· 

which must be electrically connected. The layout problem is to place the components on a plane and 

form the interconnections specified by the nets in &he minimum pollible area. The intel'CQDoections can 

be made in any of N layers, where N is specified a priori. The layers are numbered 1 rhrouah N; layer i is 
~-->·):.,.. 'J -,,_.~---. ·_h. ; .. ,-~~;~:'"";' ;~\'i ') !· . --:--L ·. : 

considered to be adjacent to layers i+ I and i-1, for 2:Si:SN-1. Typically. N is two. 'lbe wires used to 

interconnect terminals have a unifonn width w. 'Jbcre is a minimum spacing between wires on a layer, 

between components. and between a wire and a component of s. 

The interconnections form paths which lie on the surface of the plane not covered by the 
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components. These paths F between ~ ~ npdo ia a·~\or ~ ~nal1pqint OI\ cme or more 

layers of the plane. Each pads Mptent between two nodes hat a designated layer. The paths induce a 

partition of the ft6detinto~. of connected nodes: each set contains tcnninals from exactly one 

net Path tiegments in different &Jxea11181< intersect. Path sepaentl in the same layer cannot intersect 
~ ,· ~ 

unless lhey-are ~iatecl tlilh •11111e net aad intenect at a node. Ad4itional points are allowed as 
. ' ' ~ 

. . 0 ·~ 

nodes so that on_e ~Ire nt8J~t into several and\ so that a pa&h may chiftaf layers. A path may. change 

from layer i to layer j. for any i an4j between 1 ani .. N •. at any nodct iow~.ae~mu• lie on all 
; 
~; ~ 

layers between la ye~ i alKJ j, ~ve. ~ 11\e ~th is ~l«fi .. tc .fidrtJ1'ese ~ al the' node . 
. ; . - ~- :· ~ :·- _; 

FfPre l.l lllustrata. 
~ 

The model deacribed above tak• inUt ~t ~~and tO~ieal aspcdtOf the 
. ~ . ~ l; t f :·:~~: . · .. -.~~ - . . 

inlegraled circuit layout problem. The wfrcs art e-a(lcUIY ptlfwideh. Th• ~tion that· '°°1ponents 
. ;-~ ':;.: - .. ~ ~ -

. . . ·. . .) . '. ~iJ. ' . 
be teclangular ia used solely to SOIRCW~•d1ify • ~iafly ~ calculation of ft'ee area lbr 

-· • • ~:. + ;~~ « _-->).·:~;~:~:4'~>-~~' '~ -: 

routing. We believe that restrictina comtlonents to~vei,nftaDjlfar'. ~1still providd a model that ia 
~ ~:"' . . 

1-·' t ' 

applicaltle to the layout of VLSI circuits. • For t004~ compondntt w~ layouts woultl fill only a 
·:-: ' ; 

·, - - . 
. . . . - .. --- ~:- ~~::~\:''..'_;:'~-~~?-;:· ·-~- '. t-.. ; 

small p0rtion or a rectanate: e:g. '1."-shttped lay~;& JQYW PitiJe •bJ'Ut the component into two 
~r~~ ... -~- .. - : 

or three physical~wUblllON~~lar~~ · . 
-. ·- .''3:~· t . ,-

One of the Bdvai,~ or the model is ~ .. _ .. U)!IAn\•~:leve.11 of modulari7.ation. 

Components may represent transistors, loaic gates, or even arithmetic unilS. allowillt•Y coacept~"leY(CI 

of design. A hierarchical approach lo layout such as that used by Preas and Owyn [Pr71) can easily be 
...... - - . ··,\~.--

taken using this model. 

Additional parameters can be allowed as inputs to the layout problem in this model. Upper 

.· 
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1'1r:nrc 3.1 = Jllust r.uiou of the gt~mctric nJOCtct for t:ayout dcsiaiL 

s 

path 

~pacing 

less than lit 

. di.f.fe,i:ent. 
layers 

tllEY 

.Y 

I. 

W,X,Y,Z ar~ nets 

·'r-'_-.-

.• 

y 

0 indicates a node • Nodes are labeled by the net being connected. 

.-_indicates layer l; 
There .are only 2 layers. 

~~~indicates layer 2 



boundl Pl\ ~e lerJ&th and wkttlH>r ~ tc*,l IRtil Uled by ~. -~~ be liven. Altematively, a bound 

on the ~t•· .i.e, ~;J'Mio .of~ ..... a. ~'flf*' ~-- ntaJ· Ni given. This would· 

restrict lbe $bape c>i the lattPut. ~ of ,tJtwe -.U~-41:~•'.tiO illlurc that die 'iaJoUl 

Pf<>duc,ed .. ;. U .... ·f<>l Of~·ltllPIQIC 4,gWtilm1n ... ...,11'e5Ulltd in atl Cltremely long and 

thin chip. The shape could prohibit Che ~«;tltti...,.. ofthccbip. Another possibility ii 

detjv~ ~· rct"~•M-·IM...,. ••~ ._.._. flt,fbe.lle,pravWe a.c.fltllC•f solutio111•ithin 

whid;\ the al&arit.hm MIOQl4 wgrl ... If.• al8"-pP11ttble ftta~•,•tNv.,.,-.lft fCCIUifmcatl to the layout 

~· Ai.Q,lCR~ ia ~ l.·-r.•.Jt-jf,A ....... ""°' illtilnal·.,.UlJ• ladividual DCCI 

inay beaiven"u~r,~ Mr.,IOtahwi,..._ ~.,_~~d.on& (Wn.ltftetb caa he 
' ' 

chapter.1llc~~,j1._.a1w4p-.:~••,........_.._nUIUerofpdllible 

solU1ionJ and mQei tile problem&_... ,fO ~- ¥-..o.f • -.;w• e ~·horizontal and 

v~ ~tobe-~~.-.. Oiw=n,-.i.W:~..a, ._.....WirellldiefttS·•. 



- _, 
) 

-21-

CIOISing from one side of me. ....-. m ·dfe odt«. -AWJ ·pilt or terminals. one on each side of the 

Siegments. which must be CMUlllCted Wilt reqttiR a pa11t~Wfdclt''joes'aiound' the pamlel teanlttdL 

Themort.. one would rarely waat IUCh ......... ; 'Mio. wiht- --=n•:w utreltitly 10ng; they may 

QUSC dectrical problems. - to:~. RIAFictina . adjlceb(. -..,..... to- tontaid ··sepients in 

perpendicular ctift"cOOnaelbninates dM!lt ~mill ~- ... 

There are several kdmical aspedS of thO flyOUt ~-wtM&~ tnodol· dots not ·mte mto 

account -We disata dlesc betow'andilidicat&floW the-medll' eill'l)C ftfeiKteCI M 11ioCliflcd ta indUde 

them. In actual oompgneat desip; a 1:tlmponent mat 11a-.e -IC¥el'al tenttiitals ·to which a panitular 

connection can be made. Dae tenninall-may ~ ~~ eqaiWlent. i.e.·· they are connet'ted 

inside the component, or'logieally equivaleitf. L•. )'tif~'ttlf'lhenf'l'pilt ~. An-example'of 

JoP:ally equivalent tenmftals 1s ·the set·«" infftlt' tcrminalt of :n .-.,- pre. The proMem ·of deddiDB 

which tennioal to use in connecting a paJticular net is called the pin assigmnent prDbUtn tot· printed. 

cin:uit boards, anc1 is usualy solved -befbre a routinj-aflo~ :inld tfff~ Bodq)hysically equivalent 

and JogaatJ equivalent terminal& can be modeled • sea- or remuriall. A tet of 'CQumdent terminals. · 

rather than an in4mdual temlinal, would ht a mernbet 91 die let deftftlfta • lKi :A set of J)Hysically 

equivalent temiinaa--would iippe.. ilnmfy one•aet. ~--a·Of~;equiValeftt tennhtals would 

appear in several -ncu. but· no R'Nft nets- -thalt ·the number Of tenftinalr in the _set When layout is 

lolicaHJ' equWalenttcnninals.-: 'fttii.tnodel-of equtva1entteflllillals is Ult!d byi'laft~t'[Van76). 

In integrated ci~·laJm are Jnade:cof difl!rent ·tnateriBls'llld;~t' deSlgft-· fuhis·\nay 

apply. Allowing the width of•wiflCS-atK:hepamtihn betwteh abjt!dS f&''*J·~n layers ii a minor 

modiftealion to our modol;·akMup -~'llYotk pmbtetil • •'dlftictilt. -However; the deliin 

rules for various layers can be JROre complicated 1llllr-the "model 'Will atrow;-- For ex8ft1Ple, ·ill nMOS 

technology (MelOf. wires in diftbsioo and polysilicon la-ycrs-cannOt <:roa. 11lcrefore, we model them as 
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one la!'er. However, * lltlaimum ~ '1eWfeen two wireB on either polysllicon or diffusion is 

ditTentM hm:tbc·muHllt1• d-..ttetRta·_wli'el er~~~''l'hit 11 not·provided fbr In our 

model ·We mutt• rhe1iraestot:• actult ~ . ...,.., .. tuetily, the tiredl·Jayerin nMOS can 

emes both .dif'ftalioa • polYtfticDa n.L If' it G8Qtih>Wly·• Oilt;;lfftft'fhie' actual layout problem 

would not be captured bl our .-.: two laYen COUid 'h liiC4 fbr mtt!Cannecticm, ·'but a coocept C>f 

"oolorinl~ wiMitl ech layer·aecohHq &olhe daltln ·ru1ft wtll1tlavtr t6 be idded. J\fttlther design rule 

which we haVct not .COUriaad, fut ..cer. .... int :fafert; · · W~n· i·~na r-tth chanaes layera, a 

coata:t 1:t1t mlllt IN .. to:~·tht llrtrttlwebl"·•lnlulat8'1 i.Yft'~ ~~cut nquirei a 

square asea taraer • r.hcrwklth at• wita. Tfrit is Rbt.tlkelt Info ~in cut area calculation:· Even 

worw, some wim on a .plfdculat layer_,, ·tMuip11fcaM11 Wfder than other Wfrft on lhe same layer, 

depcndina on the electrical load on the wire. For e•ample, the wires supplying power tO' a large drcutr 

UIU8lly loot•litt:•1bct bu._,.,...., sysMt: lhn'il a 1llrlt: ft\aiil'wlre an4 a ~k of wires of 

daclwill ~-_,, plrt ot1hoclMilt. We_,....ae ·dlat our aiadthwel'kWU,litany detalh·Of' 

actual layout ....... --- - ... it ii. rellOnable~imatidrt' bftlle f'ftajOr ..... ill the lajottt of 

iateped·drcuill. 

w. BOW diatll· .... of a model in Which a chtult ii ~ at • araph. We can thil 

model the graph mtbld., "'°*'· Rael) compottent It~• a ttede·tn the cireult graph, and 

each conMCtlon to be ltllde ii repMentel as a «Ip betw• two ft8Cles. Jfhe.:tayoUt fl"'blem IS defined 

as die· problem of .embcddifta &he citcuit lflpb m ·•~·arid· araplt. An embeddins mapa 

each node MpRlllCAQq a cnmpoDeftt to 1 node of the~ pid. ; This ntappma it ~to-one. F.ach · ed8e 

representing a connoction is mapped to a path in the jlid gra;tt. l'Mai'fld\ can only contain two grid 

nodel which conespond to COMp8lleltt ftOdes ... those' ltllt COFftflPOfMl t&thtfetMlpelma-df the edae bein• 
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embedded. Pathi COl'fe!iJl'>ndiaa to distinct .edgel-cw allowecl·tiO inCedCICt at arid ,nodes 1>ut ale not 

allowed to use the same grid edge. To make such an ~poasiblc.'eadl aode.in·dle cin::uitsrai>b · 

Such an embedding is an ~isjoint ~ embed4iQa. GiwflNlll·embeddin& tbere aretwo 

m~resofa~~blch w~ will µse. The firsl;wtuch we-vtillQll~.llUflellllltlaad·denote AN,is·acaut 

of the number of grid nodes used as int.ftP$ of oom~ an4 on padJs which are .imaacs of edaa. The 

second.. called reclalf11/e a~-~~ All. is the ~---lllldel CDntaine4 in a~- whole 

boundaries lie on. gid cdges aoo whidt circwnscribes• an llQde5. 11sed ...... •embedding. i.e. all· nodes 

coumcd by AN. For a circuit grapll. C, let A.JC) allCl A1(C} tk"10terdMHninimum )JCJde _.,md 

rectangle area, respectively, over all cmbeddinp of C •. Obvioutly, AJ._C) S Aa.(C). An ~taa is 

sbown in figure l.2. 

vertical wire segmentJ (sep'lCDts in fbe two .pid diroct.ioM). ·each dircctioR on .a ·-separa&e- layer .. 

Alternatively. the nodes ofthc grid may be vie~ a& rq>Jl;&ellliqi uftit ... ....-·-on ·a .pkme. Eadl-

grid edge adjacent to a node represcntS a boundary of the corresponding square. Two padls.wftichUl!Da· 

node need not actually intersect on the plane -- they may run diagonally, cutting across opposite comen 

of the corresponding square. (See Figure 3.3.) Thompson ffh80) uses a model of cin:uit layout which 

divides the plane into such llRit sqµares. He views tomlCCtieal as ftlDnina prilnarily .ia a-sinale layer of 

metal. Crossovers.are achieve4 by \lsiQg sboFt runs in a a:amd layeuucl\•~ 

point-to-point connections m.adc by wim are t>f\l"dctemrined and~ inAletaP&i fol' the cirmit. 

If Steiner tree interconnections of the tenninals arc desirccl(i.c. ~ wiln). these antJt be explicidy 

modeled in the tircuit graph by adding a node for each braneh point,aod edges.from eaeh bt'andl .,Gietto 

-----~ ------
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the fact that terminals have a specific order around the component Thi$ Q!4or ~some ~for 

the graph embedding model to be impossible in the geometric model (see Figure 3.4.). However, the 

mode) is very useful for investigating the ~plication!_ofcertain inten;on~tt palorDI. · 

When node area is uses. each circuit J10de ~.dyone un1t,,l>(·area. Therefore, any 
/ 

circuit grapb with n ~-W'h~b ~~than ~n) arealm~'llaylan i~~rconncction pattern 
- '-"' 

which requimi.& let ~,area lo: rou&c. '1..ower ~ on the afttount of area. ~uired by a graph. are 
- ·•. ~ -

~ ' 

prove11 using ~is mcaslrc of Qt. Notttthat any lower bound~ liiJde prea b a~~~ on rectangle 
. ~,- .. '.·\,;'•' _; "'- -.-.. _., ..... ~. . . . . "···· . 

area. 1bompsqn rrhBq provcS. lower IM>und on the area required to embed:~ graph ~,function of the 
< ~: c ' ' .,.· -,....,_ ... '-- ·" • 

minimum ~ ;i!h'ot a sUbset of; the nod.$ of the graph. Oiven=a ~ 0 8iid .• ~t. s. of the 

nodes of 0. a set of edies in Qbisccts S .itthe ~al of tMle edges partitions the-DJ)des or Q·fin• two 

sets such that 

ii) After removina the edges. there are no paths between nodes in different sell-
-:.,, 1:-.~:~ ·:.:·. !'" :.<:1·:-~"~:~ ,!· "" - ~ •-, 

i'· 
Tlleorem (Thompson £fh80}): Given a graph O with nodes of degree at mostJbur, tifasubset. S, of the 

Proof: See fl'hl8I. . 

• ~ •· ·• "'!;t•cc1'>-;.;~,..;;.;., 

An lr-supeiCCJl!Centralor is a graph with n designated inP,ut nodes llli( q~~ output nodes 
. ;_ . . . ; 't 

such that:for any$ets of k llputll0Jllel.as¥1 k output nodes. l~k~n. there are k ~disjoint paths 
. .\ ~ 

connceting the t inpUt ·~ to the t output nodes fVa17St F~,setf( Jnput nodes. l w1 ~ Ln/2J . 
. . ~ I ~~ 

Therefure, for ~ n-supereonccntrator, 0, AN(G) ~ (n·lf 1lt ~:~ ID-: any; n. there are 

n-superconccntrators with ~n) nodes, all of bounded dearcc (Pinl there are graphs with n nodes which 



require node area O(n2). Note that altbeuPchc su~attn ln (Pti7) do not have degree at most 

fuur, it is straiahtforward to reduce the ctearee Df each node by adding a node for each edge. The number 

of nodes added is thett bounded by the original number of edaa. Figure 3.S illustrates. 

Thompson ~ deftnes averaac and wollt caae infonnation complexities of a function. ·He 

derives a lower bound oo the averap or worst case time ~uired ~Y a. grapk th compute a function: 
. , ~. " ' ~ •-'• ~ {~ 

average( or wont case) dme ~ 

(llw1)(avcrage (~vcly worst caee) information coroplexity of the fu~tion) . 
' ,. 

where I is a special set of input nodes in the araph. Combining the "8utts. Thompson obtains a lower 

bound on ANx(average time)2 fur a graph which compulCS an n·point discrete fourier transfonn of 

Ln/8J2log2n; he deri~ a tower bound of O(n2toa2n) on ANx(worst case ti~)2 for a gaph whicJl Sort n . 
numbers. The reade~ should refer to flbBOI for detaiJa. Bounds for other functions have also been 

derived by various a~rs usina Thompson's technique, e.i (AbdO);~v79~ . 

UJ>1*
1 

t>QQ.nd4 ~• aim be obtained on the am to embed farious' clasiles of graphs. Upper 
' 

bounds are ~ved fur rectantle area. All. Any such upper bound ii +>an upper bound for node area, 

AN. First observe· that any graph with n nodes. each of dqree at ..,.ost ftJUr, can be embedded in 

rectangle area at most 6n2+3n. We glve here a moditlcation of d)t proof presented in [Val79). 'Ibis 
'·· 

modification improves the bound fi'om a (3n)x(3n) square area to.a (3n)x.(2n + 1) rectangular area. Since 

n-superconcentraton require O(n2) area. proportiooalJlil a2, uea js bodt ___, and: luf'ftoient for 

embedding an n-supereoncontrator. 

directions used below refer to the fiaure. lbe nodes are embedded in one vertical column of the grid --

one node every three grid points. There is a column for each edge, either to the left or the right of the 

_column in which the nodes are embedded. The path representing an edge must reach the column for the 

edge from each node representing an endpoint of the edae. Therefore, each path includes two horizontal 
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segments between the column containing the embeddecf~.aad the~ .furJhcre48e. The fint · 

(last) segment of the path is either one of these segments or a vertical edp from the endpoint of the path· 

to the grid node just above or just below it. If a ve~ ,~ t>eajns the; padl. the horil.ontal segment 

going left or right ·from lhe seco0d node is tl)aCd. ~ Iona ~ ~ ~ of .dle cin:uit graph can be 
"._:, . ; 

panitioncd into two sets - thOSc wh~ 'c01Uh1ns arJ.o tllei left·°" the· ~ column, "1d dlose wh91e 

columns arc to the rlght -:such that at most •a+*· .t «! a ~ are in the same SCf.,Wf'l an 
~· ~ •. • < _ct ~ > ~ - ~ 

embedding exists. The edp of any graph wbtYfe ~ are~de&M-8l~four can be c~~ imn~at 

most six colors sucll that ~-two edges ~~IQ-~ same~·-~ .tbc1ia&ne color(~. p~: Let 
. ,• : ·~ '· .. 

edges with odd numbered colors have oolumnJ to the left, Mod those w1"' even num~ colora have 
' . ; .. . ] . .. - . -;" . . ; 

' 
columns to the right. At ntost three edges adjaCent to a nodeiJtre on !the ~ side, as ~ Since any 

. - ' ~·. . . ~- . . , 
' graph with n nodes, all of degroe at BIOS£ (oUr, can have It most 2n edaes. there ar~ at most 2n + 1 - . . 

..... j. 

columns. 

Other cl~ of graphs ~ be embeddfd 8\•dull O(n2) area. Valiant {V a179J and Leiserson 
' ~ ; ~. . ; 

(Lei80) have inooPendently shown that a&ven a if8ph Q with i nod~ each pf degree at f1lOSl four, if G is 
... ' ' ~ ' . . 

planar, then AR(G) is ~ntpgln): tr o is f tRe. ~n ~(G) 4 ~o~ 1 va~actuany shows that an ~n> 
:i - ~f . ; ~} 

embedding for a tree can be achieved~~,...,10·~ It~· an open ~n whether 

there is an n node planar &APh which iequm. a.S2n}·area.. ~ prmies a general result which 

embed any graph o(the claa. 

The results which we have reviewed above illustrate that the graph embedding model is useful 

for proving bounds on layouts for particular classes or graphs and for proving time/space bounds for 

function implementation. Using it, we can identify easy and hard intcn:.:onnection patterns to route. In 

the rest of dlis dissertation we will be interested in algorithms to actually do the layout. lberef0re, we 

will use the rectangle model described in Section 3.1. 
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Reprdteu of the euct formulation of the layout problem. we arc interested in finding an 

efficient algorithm which computes an optimal layout If this ii not possible, we would like an etllcient 

algorithm which computes an optimal layout mueh of the time and a aood layout the rest of the time. . . . 

This ataorithm may actually be a collection of alaoridlms to 10lve subproblems which together give a 

layout Aaain, we would lite the alaoritbms for the subproblemt to And solutions efficiently. However, 

most probfems . aaociated with ckcuk layout arc NP-compktlc. The dcflnition of an NP-complete 

problem is aiven below. From a practical point of view, the NP-completencsl of a problem indicates that 
~: 

it is probably impollible to tlnd an eft\cient al&orithm which solves the problem. 

Two major classes of problema in complexity theory are the classes P and NP. A problem is in P 

(NP) if there is a deterministic (nondeterministic) Turing machine and a polynomial P such that the 

Tumin& machine solves any instance of the problem with an input of lenath n in a number of steps no 

peater than R:n). The knglh of an input is the lcnath of itl representation as a character strina in a 

predetermined charlcter set We wiH not fonnally deftne Turing machines here. The interested reader 

should see (Ah74J. ·Very oft.en, a nondeterministic Turin& machine solves a problem by ''aueaina" a 

solution and teltina to aee if itl gueu is actually a solution. When the problem of interest is a 

minimization (or maximization) problem, it is refbrmulated so that candidate solutions can be tested 

independent of each other. In the new problem, a parameter k is part of the inpiJL A solution to the new 

problem is a feasible solution to the old problem fur which the quantity to be minimized (maximized) ii 

less than (respectively greater than) k. A feasible solution is one which satisfles all requirements of the 

old problem except optimality. For e1ample, if the original pmblcm is to find a minimum area layout of 

a circuit, the new problem, given the circuit and parameter It, is to find a layout of the circuit of area 1cll 
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than k. Under this fomtulation. a WWe tollliorl.can '"°' leStod,ey:criteria depending only on the 

feasible solution to see if it is a solution. When the minimil.ation formulation of the problem is .used. 

feasible solutions must be compared against each other IO find the actual solutions. 
. ·-~. t ;- :. )_ 

The number of stepS taken by a deterministic Turina machine is polynomially related to the 

number of steps taken under a model of computation that corresponds IO the instruction set of a 

computer if the lengths of numbers operated on is taken into account (Ah74J. lbcrcforc, any problem 
- -"_; 

which is in P can be solved in a polynomial number of steps by an algorithm in a high level programming 
. . . ~ 

,_ 

language. The number of steps executed by an algerithm is referred to as the time taken by the 

algorithm. We would like alt the problems we need to solve to be in P. 

'lbc question of whether P = NP is one of the major open questions in complexity theory. It is 

believed that P ':I: NP. Problems in NP have been found w._~illP'implies NP z:i; P. 'f'he9e: 

problems are called N P-compleu problems. A problem is NP· hard if for each problem in NP, there is a· 

polynomial P and a transfonnation computable by a detenninistic Turing· machine in a polynomial 

number of steps which transforms an instance of the problem in NP with an input of length n to an 

instance of the NP-hard problem with an input of length P(n). An NP-complete problem is one which is 

NP-hard and is in NP. There are no known deterministic algorithms for NP-complete problems which 

take a number of steps polyn001ial in the length of the input lbe fact that such weU studied problems as . •. 

.. _ . .. ~ · / ~ ( ~ · • :-.-·1 ;-~ r 

integer programming and lhc travelling salesman problem are NP-complete (Oar79) strongly suaests 
,. 

that NP * P. Therefore, proving a problem NP-complete is very strong ev'4:1ence that any algorithm 

which solves the problem will be time consuinina. 
. ·._;: 

lbe most common way to prove that a problem is NP-complete is to find a reduction from a 

known NP-complete problem to the new problem which can be executed in deterministic polynomial 
·•· ... 

time. Then, since the composition of polynomials iB stilt a polynomial. all problems in NP can be reduced 
·, ,.. ··. 

through the known NP-complete problem to the new problem In detenninistic polynomial time. 



. ,,. 
When a problem b1UJ1on ptOVft NP~. the • coune is to t1y te :ftnd an algorithm 

which runi in potyaonlial dtne· act ftada.a IOludon ~the dme. · Whetr the pmbtcm pmven · 

NP-complete is 4he ~ .... of';IUMJP'Unllldon J>~ an alprithm 'Which. am ftnd 

solutions close to optimal, if not optimal Is desired. Heuristics are developed which can direct the 

Very often a heuristic al&orithm is tested and validated by empirical evidence. AM of the 

algqrithms discussed in Chapter l are heuristic afaorithms for placement and routing. AU have been 
\ 

judged by comparina the solutions they produce to manually produced solutions for the same problcms. 

algorithms for optimization problems are jud&ed by the FllllUOl\dlip of 'die solutifmS 1hey produce to 

optimal solutions. Consider a layout problem in which minimum area is d".8ired. Let areaala(C) be ~ 
. . 

area of the layout for cin:uit C round by a particular alaorithm. Let arca•(C) be the minimum area 
. -: .,,,' ~- - ' -. . . . 

layout of C. Then ~efine the worst case performance of the algorithm, denoted wc111(n}, as the maximum 
~ ' ' ! r ' - •' 'c 

over all cin:uits of size n of area..,(C)/areaopt(C). Define the tntragt case perfonnance of the algorilhm, 
. ' ' ~ ;'" ' 

ava.i.(n), as lhe average over all circuits ofsize n of areaala(C}/areaopt(C), where the average is taken with 

respect to a predetermined distribution of circuits. The size of a'Ci1tt1Jt:clt1lt>etWintd-11t;vadous ways 

depending on the circuit ftlodC~ e.g. the number ot terminals, or the mm 'or the. riumbCr of components 

and the number of nets. The size should be deftned so that the length of the input specifyina the cin:uit 

to the algorithm is polynomial in the size. 

A veragc case pcrfunnance ii more likely to correspond to the observed performance of an 

algorithm, especiaUy if the average is taken over "~istic:.; cin:uits. However, it is often very difftCult to 

analyze. In this dissertation. the analysis is limited to wont case ,;erfonnance. If a lower bound on 



.... 
areaopt amt an,~"°"*' on...._ CM·bo4etivet.l'·an'apptl! oo.4;00 • ... can bemncluded. 

ldeaily, a bound of 1 + • tbr ~ ·• a dolilad. la iality • .e m happr . .,. all1 coast.ant bound. 

NP-complete. In Section 4.4 WC wiR analyze a heuristic ...... 4i1c,sne; or the .probk• sbowll 

4.2Plamnent11111 Routin&: NP·complete F.,....._ 
.·i.· ,, i ·, .'·:r; 

,•'' 

4.2.l The point IDCNlel: some·kaon "5llla. 

First consider the placement problem used tor printed circuit boards and stalidard cells. Recall 
,.l ' 

. - '· J~~' ' ' \ -' 

that components are mode14?d as points and tDtal wire len&*h is tile quantity to· bC minimized by the 

layout The quadratic assi-t problem ~one. ronnulatioii~~: 

Qua4raeit:A...._,_.,_ . _:; r .· -" . , :, 

_Given: .~. l ~~!.:" .-~,~.=,a t1wi~l"~;~~~~m!,-~~~ ~; 
components I through n and~~ mat!U. ~fcJ 1 S_ij Sn} between~ 

_.,,, "J'---- ~. :_.. "--:<- J:·f:_~ <f ~J')f~U.Jt}· ~-:~:·~~.;~rd;:··..... . '-·· 

find: A one-to-one mappifta. p. of components to locationf suc;h ll;at 
' .:"~~r;-" ~~1_! :!'1 i.;;-!' .-· -""•~~ 

COST(p) = sum ~~~r i~j ~ J"to ~ .. of.(c~d~1~:t~· ~ •":: ;. 

Sahni and Goni.alcs (Sah76) prove tflat lt1c »arame1Ctj7¢ quadratic;: •pment ~pi is 
- - . -~- . , ,-.. ·-~·- 1·;,.:i_;. '.!.·)"~':'. ~ , . .:...;_~-u.-.;;i --._:_~ : _,. ·: ,,. .: ·~::; , , ·." 

NP-complete. In fact. they prove. that unless NP = P, there is no approx~ alsorilhm for quadratic 
~ . ~ ' . , : . - . '- ' ' . . . ~. : :_ :.. ' . ·. . . ; . 



·•t· 
assipment for which there ii an 1 >O-IUtltdmtforalHnttancwortlle-prohlem: 

COl'ftt>a1a)laJIT(Jitl :I l + •. 

Tue proof 4oe1.,rety 0. in.cane. .,,dll,pllll)lllJft;'"*t8MlictlnHnatrtx vatues· cij greater that 111. 

Connr enlV ....... of"'° ....... Wliclt·tM'tq •w to. bounded range of values. 1be 

~f1hanhe niSlenee et Mt~-~f6r'Wftidt dlf1Wili6'8'COS'llyj~il) to COST(popt) 

ii no~ than-1+1 implicl NP= P ID"~Mfflsti-·•~r tfowe\ier,'the restricted problem is 

NP-complete as Ions as the cij are aftowcd lo take on the value 0or1. 

The quadnKic· ......... trotJllM ii a·,ftwlftUfMion or~i1te placement problem in which an 

point·f01'0int --.dona are apt&Med. · 11'1 fuiit' tij :~>tfie- m1m&er ·of eOltnections between 

compoMfttl i and j. TM diltaa '\,.-ii•~·-~-- ~·to-ronnect terrtttnals at 
locatioM II atid'h. If a ptlCttRftt "9bttm ~---~ df the fentth of wire -needed 

to connect whole nets is used, the quadratic assignment problem is a special case in which all nets. are of 
- , ~ - ··,. ' " ; .. ; ' 

size two (Sah80i Thercfure, the quadratic assianment probJcm reduces to this fonnulation of the 
.. t ~-.. : ' \ ... >. c • t 

placement problem. It follows that this fbnnulation of the placement problem in NP-complete. 
~ [ f _i • • • :;- - • ~ ' ' • ! ; -;; • 

Let us now turn to routing. If a Steiner tree inten:onnectioft pattern is desired for each net, then 
,_,,. ,-_; 

even finding the connection paths tbr one net ii NP-complete. Formaffy: 

Find: A set ofinteaer points, Y, ·IUCh that the mlnimumtenatfttplnning uee of PUY is mittimal 

over all sets of integer PQJDff' Q>Q~ .. P. Qne..qf ,&\VQ~fel;O''~c m;lY be 1*4: , , . : 

(i) The discretized Euclidean length: r((x(•;i+b1-yi).~)\i1 where <•ry1) and (x2,y2) are the 
,. ~ , ( ' - ' ' ' 'I'"~ - - I, ' • • , 

points. 1bc pmi>tcm 1s then . me Di&cietl1£d F.ud~'8te1~rT~ Problem; . . 

(ii)1be rectilinearmieb!it: txtil+ lYtYif~ &Winrlte'~Rleiftel'1'teet>roblem. 

For either metric, the Steiner tree problem is NP-complete. If the standard Euclidean metric is 
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The minimum spanning tree•• ~thef ~·.~~ in polynomial time (Ah74~ For· 
',_, - '. _,,;;-;, ,. -

Steiner ~ {Hw71J. ~~ Ill)' ~ .. iO·W---; ....... ·ll*U'ina ~ i$ • heUfiltic 

~.for~iointmll11J~$teilwr,-."6dl•wd~•H.-io.t'~;0vcdcns&hotitfll 
"'' 

(Hw11i 

'Ibc above twp pfPl.lJems wfy ,k> Jile ~. Qf .__. • JYMdt.;..coftlPQDalt$ are points and 

mjnimum lc~dl ~irina·is~t' ~ .. ,..._ ~ tR!frisJJlOlllll.are1tlln~•· T,1111 et..al. • . ' != • 

(lT/9) show that a via ~protHom~~ ja their~if0,1JJU&itll is NP~ It 

summary of •n...,QfNP;~~~wffll,fl*AR8CMl,....beJoutMl.ittlS..._ 

- . . f i'~ ·' lt ". 

The above NP-complete results do not directly apply to the model of layout in which 
'. . ~ '.? ,':"r ~ ~ ,:1 : ~ ~ ~~ • ·, · :-; ' '! 'i t· •; . · 

components are rectangles and minimum area is desired. We shall now prove that even when no 
J • ~-' .~"·"· -~ <,,~::~:::-:!i.;:'-:1~··:'" .. \··.f 

interconnections are needed, the placement of rectangular components to minipiizc area is NP-complete. 
-:: . ' 

:;., -~· •. ,:. ··--~--- • .,"'':! ~-_,:·.:_:'!:: ~,_:_.~, t_'~;·': ' • '· • 

Since this· is a special case of the layout probtem. when interconnections are· required. the more general 

layout problem is NP-complete. The proof we present below does J'IQlie-.e; eata......,OOOS in 

addition to those given in the <tesD5"wn-3t·oul' 'frroelef w ~-3; : ~,;·~~ncs'and the 

c~ma muoale ~~-*' ...,,_. bt.,~sq,f.M\ • of'Jlleir, sides ts in the 

direction:dfoilc oftwc{pe~ axes. Tiris'difes bftt~.-WCfiMt~'the' ~ .. allowed 

but is consistent with the ~~ ~ jori~tal .. ; ~;~~~I" ~~ ~, ~~~: w~ich wires 

follow. Weaa.> rcs&rict allpoin&s and d_imcfJl!iQftf • ~Jntieacr;v,.UCld•tMtftoJ>~rhadilcrete - , , . -· - - -.· ' ' . 

solutions. 

-----· --



Prelllem Pl:~ ........................ · 

Given: A set of n reaaqln an4 u intepr, It. Forl~tSA~ eadneetaftlle~r1 ha dimensions h1 

and w1 which • polidve iat1p11. 

Question: Is there ~ placeawn~ of the rectaflllej °' Sht pifme .with a can,esian coordinate system_ 

impoaed so that: 

(i) Each bOundary ri perallel to one Of the Coordinate system axe8; 

(ii}'Conef'I of the ._...,lie on••r\'Oiiltttn'W,......: 
(iii) No two~ qve1'19; 

(iv) The boundaries of any _two rcctanaJesare separated by at least a unit distance; 
~· , . ' • ' - : - ' .. ~ - ' . - ~ . ) - - ! " , ; . - . . . : .. - ' 

( v) There is a- n:ctanale in die plane whiCh dn:umscrlbel ·the placed rectangles, has 

boun4artta padltl to file --. aad· il~:ef .. at,ftlCJlt· A. • The -bouttdary of the 

circum1eri~8 ~tafl&Je is ..iiow,i.~.~~ of~ecl ~ta~aleL 

Proof: Consider only placements for which the lowest leftmost comer of any rcctanale is at (0,0). · All 

other placements are just translations of these. The coordi~tes of the lower left corner of each rectangJe 
-,. 

and the orientation of the fOCtanlle. i.e. whether the side of length h1 is in the x direction or the y 
. . 

direction, determine its position. Since the coordinates of each tower left comer can only take on integer 

values between 0 and A-hi"l, there are at DlOlt A2 choices for each poinL A nondetenninistic Turing 
. ' 

machine can guess a possible placement and write it down. Given a placement, conditions 0) through (v) 

can be checked detenninistically in polynomial time. 11Us shows that Pl is in NP. 
"'; 

The proor that Pl is NP·hard is accomplished by reducing the Bin Packin1 Problem to iL Since 

the Bin Packing Problem is NP-complete (Gar79), this proves that Pl is NP-hard. 

The Bin Padiina Proltlem: 

Given: A set of n ~~ each of size. ci a positive in~~r. <also. J¥J&itive intqers B and· C, the 

number of bins and bin capacity, respectively. 
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Question: Is there aa assipment of--•·•• 11111tk •&. l~~thetllM fl(\ over 

, , aDitclmsacsia..a••l-........ C! 

Given any inslancc oflbc Bin Padin& Problem. we witl comtruct an imaance of Pl• follows. 

Tflere wilf·f)le n+J r«taRifcL One. Caei« t.·wnr tie' or•·11·•1 ,{.~--~ (lD+J)C-1 and 

h~2Bw+l. The remaining rec~ wiit 1~-~ to.~. R~ ri will have 
' . : - - -: ,. . . ; . -..-; ' - . ~ - '. - -

dimensions bi= (2B+lltl-:l: ..... Wi~ l.- rn.--...-~ail-A·:;;=:wa+lBw. Note &hat the 

length of the inpUt to the Din Packing Problem is O(a + iolC ~-r~·~ ~of the rcaaagtCs 
;f • )' _.!···. ·::': «~<-It'! "-:f !.-~?'i~---t ''.>'-~' 

and A can bc_calculaled tal~.ftl>~e ~~~ ~.•-~,-...;-... · · 
- - - -_ , ' - ' ~· " "'. - - - , 

We must-show thal dllle Sia pil£e•nl llll&ilfyiag;~ ... ....,_.~and only ii fhere 

is an mignment of the ileatJto B bins ~ ~,~ c' in 8'0bfft.' 1diven a bin pdin& 

Figure4.Jillustratesa~~~--Wo.,....,..._.,........,~~)dlhMllP(¥) 

corresponds to a legal bin pacuna. Figure 4.2 will illus&ratC. Without Joss of generality. let the side of 
:·~ '. .-.,_, i: ,-,, ;t'..,,_·_~I.-·r.::,-> 

rectangle R of dimension h be in the 1 direction. Lel "left" denote towards lower. numbers in the x 
, , 

direction and "right .. denote towards higher numbers; let .. above" dcnole towards hi8fler numbers in Che 

1 direction and "below .. ~ towardS lower ~~ ~t -~Y poim: ~-·~ of the,~~~ in the x 
, , , 

-.. i. ~ :· - ''. , ! 

direction is strictly less than w+ I. If not. then area~ h(w+ 1) = hw+2Bw+ 1 >A. Therefbre. all 
~ _·--

' 
for each reetaDlf,e. some line in fhe 1 direction intersects tbe rcctaaafe and R. No rectanate. ri. is oriented 

- -_: . ''., ;·<: ~-' ·. ~:-- ;_~~..-:,? ir. :- :~,.~}-l';· ··ii~ ,:_J~t:L, ,_f,-,-~ '==-:--.~ ~-:_~ .. , ~! "1 

so that its long side is in die 1 direction. Othcrwile. the dimeasion of die dreumscribiAg rectangle in die J 

direction would be at lelst h+(2B+ l)cf 1+1, where the addccl .. l amuQtl b the separabon ~ 
.. ~~ ;. ~.;; ~::.:_.~~·:~;;·· .. :-:._:.::;_.· ··-< 

area~ w(h+(lB+l)c)~ w(h+2B+l)>A 

4 ··_;.ft!~_.· .'(?t .,,.-=-~-"' G~~~ ~- ;,._, ·:· ,... 

Any placement can be modified sfighlJy without incrcasin& the area so dial the ri form rows above and 



;,,...~,?~i~..',th-~ ~t':'--·>~~-,-~,~;;~,.~·N:.t-:tf:~~;!r:..~-~~},.~X .. ~_:{~;\-:~· ~ ~~-~l~- ~~~~~~~~1-~,~A~~...,._~.,,-~fJ~ ·;"""~ 0 :·:·~- ~ ~'-"\!:'..:'.·".'--:-·...-~ -,,::.:_,..-·_-~::,':.:'."_..~..,.-~_::-~~-~ 

• • 

hei&fl4 
2U D. CJ··· 

• • 
• 

I\ ::: ltJw ;::. l 

w = (28+ l)C ·l 

"4S-

PMtl mw c-ei\tains rectangles corresponding to 
ion in oae bin. Adjatent rectangles are separated 
'W• .. , IWe dlU ti flttttie1'hf1*1m-ta at-most 
C. lhe ..._...of dlt row ii at most 

''. 

(JC(lB+ l)crl)) +(# ofrcctanates in the row ·l} 
. ., ...... , 
inthelOW 

Ffaure.C.l: A ,.Uitaah'•• .-.meat. 
I [!] 
1EI.J 

I becomes I ) {1CO (!] 

I C!J I}] 

·I 
I 

R 

I I . 

I rows corresponding I [}:J l1I 
~.JW·· ' 

if there ia anydlina here. 
the a~ ii to laric; 
so all ra. within broken lines 

D 
I rectanale the tona way ia too tall 
I resultina area is too laip 

I 

. a 

I 
I 
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below R. (Any ri a~ rj t~ than two units above or bel°.! fti lllUSl'io>~ ffnnt·eam;othet1>y at 

least one unit to the left and righl These can be shifted m· fOl1n the fiBt r0w5 above and belGw R: The· 
,·· 

next rows are fom)Cd _analogous)y ~v~ the,~ bottndary -of the row above R ·and below the lower 

boUndary·of tbe-row below fl .. Fip~A.i ~) F..ach row of rectangles can be comidercd the 

. ·' 
packing of a bin. If the rows correspond to a legal bin pacting', we are done. Suppose there arc K rows. 

' \ ;.;~ '._ -

Then the dimension of the circumscribing~ in tltc 1 direction must be h + 2K. since there must be 

a unit space separating rows ft'om-each other and R. If]( > B. then area> wfh+ ~) ::: A. cootradicting 

( v ). 11lcrefore, at most B bins arc used. It remains for as to show that the sum of sizes ci ot the items in 

any bin is at most C. Each itenl.COffosponds to il:s~slc with hi= (2B+l):c 1. 

giving 

Therefore, 

}; ((28+ l )ci • l) + the number or rectangles in the row - 1 
rectangles in row 

S the width ofa row of rectangles< w+ I = C(28+ 1) 

(28+ l)(sum of ci for ri in row) - 1 < t;(2B+ 1) 

(sum of C. for r1 in row)< C + 11(28+ U-

Since an ci and C are positive integers, the above implies 

(sum of Ci ln one bin undcf corresponding bin-pecking) ' C • desired. 0 

Corollary 4.1: The modiftcatipn of'Pl'removing the minimum spacing ~rrement iS NP-romp~. 

Proof: TI1e same proof is used. Rectangle .R has dimenskml II = Bw +fl !Bnd w = C(B+ 1). Fer each L r1 
'"·'~'·':~:l-~-i:,',,__:~ ·-~i·~ ' 

has' dimensions hi= c1(R+l)and wi = l. The NP-hardness part of~~prOOr does not rcqui~ that any 
. l ' 

. \. 
of the dimensions be integers or that the rectangles be placed so that thclt~e~ are_~n i~tefe' points of 

the coordinate system. a 

Lemma 4.1 is presented with spacing required between rectangles fO closely mirror the problem 

in circuit layoul The dimension of each component 'ant bit indntas*M~y {)Re' tinit· tO ateobftt for the · 



rcqu~ spacipg Nnplif;idy. TNt wit\,...~~~- &o ~,one"™' $00 Jarae in tadl 

difnension. ·when spacina is aot aPffcttly reqwed. dlf;JAf•ll ""'*gs NP~ 4Vilft ·if d~o aspect 

ratkl of the circumscribina rectanalc ii bounded. 

Prolllem Pl~«l .......,. -~··"~"'...-...-.,.a., ~-eQtiou 
Given: A set of n rectanpt.and a poP,dve number A. For lSiSn. each rectangle, ri' has 

-, , • ''-. . ,·, -.,· o..; 

Question: Is there a placement of die? rectanaJea on the plane with a cartcsian coordinate system 

imposed so that: 

(i) Each boundary is parallel to one of the coordinat~, &)'Item ues; 
;i ~. '~:' , ~." . 

(ii) No two rectanafa 0¥el'lap; · 

(iii) There is a rectaoalc in the Pl.- which ckcumacri~ the placed rectangles, has 

. boundaries ~, ~-'tJM:' ~~,·~'>~~f~'·~ ~:A~" ~d ~~· ~t ratio (lona 

side)l(sfron lfdet'attftall -~-~~'•i·ts '# ~:ilum~ not less than 6ne. The· 

~·of IAe ~~--~ •·~e4 tp cpn~n '"*'l)da~ of p~ 

rectanatea. 

. ' 

Proof: The proof is a reduction from bin packina similar to the proof of Lemma 4.1. Given ci for 
; ; "' ;.: . ' ~"'.. ~. 

I<iSn. C, and 8, construct R with w = ciC(B+l) and h = wla- B. Each ri is of dimensions 

hi= aci(B+l) and w1 = 1. The bound on area is A= w21a::::: ac2tB+I>2. ~aspect ratio implies 

that the laracrside ofthe.dcsiredcircumscribina-is ~-~(~A)1,t = w. Tue.:Cfore, assumina R 
. . . ; . ~ . . ' 

is oriented as in the proof of Lemma 4.1, none of the r1 can lie to the left or right of R. The rest of the 

proof is analogous to that for Lemma 4.1 and is left &o the reader. a 
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a 

Lemmas 4.1 and 4.2 prove that the layout problem we are studying is NP-complete even in the 

degenerate case when only ~ '1$ ~ OiWll 1a''""*Mltt bf:a.hpronents; ii f1C routina 

prOblcrn,NP-completc? We «1o not have a proo(of' ~;~~I ;~~~teness result for routing. 

However, in the next section, we wiU present two NP-completeneu rcsuflS fur subproblems encountered 

in channel routing. 

4.3 NP-completeness "9 Utaancl ROlltia& ' 

In this section, we wiU prove that two pl'Qbiems encou~·fed in a chaflnel ~ting approach aro 
. ' . ' ._..:, ,-

NP-cOJJ1plcte. Recall f.bat in the ~ct routin&ca~h,~i~~-4iv,i4e,d into horizontal a~ 

vertical streets. Terminals'ffc along the 'lidcliof tile ~' •'Bieft ·ltlt'ef if nude up of a set of parallel 

channels in the direction of the streeL Each channel is wide enough to ~~!"for the width of a wire 

and the required separation'iJetween Wires. rtfst'~~ jNilltti Of'patJtflhtouahthe streets 

is chosen (street routing). Then. within each street, the~ ~of the~. scgmen~--~~ b:> the 

street -- using the channels -- is detmnincd (cha°';lel ~). The, goal is to minimize the overall 
-,_ _;.>,~- -~ :.; ''·-" ' ., 

layout area. (See Fagurc_4.3.) 

The street routing p~lem can be represented as a araph problem. There will be a node in the 
• ~ "•! -. • ,, ._;:-·'_'J:/,;;·: j-;~ )- ~;··:·-,•(,' .. - . : .• , __,,. :~_ -

graph for each position along a street at which there is arc tenninals. (fwo &cmrinals directly acroa from 
. :•-~"-; .;·. .; ;i •. ~ ··~: ~:f- .:.:::.;:' ~ ~, -~-~ ; ·>' '"e·· ... "': ; .• , 

each pther on a street are represented by one node.) There wiH also be a node in the graph for each 
. . . ../?~f·-.~·1 ··-:il f.J:) :l-1i ,:- !;,;t.~ ~ f. '...~f.-;L::...:.; ·~·} ~ ,~t} : ?~! :! __ :;.: " 

intersection of streets. F,ach cdac of the graph represents a portion of a street between two positions at 

nodes consist of the nodes representing terminals of the net and nodes representing stM!l ffttericeti8U.. 

This is a Steiner tree problem on the graph. 'lbc intersection nodes in the graph are analogous to the 
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added nodes in the plane for a Rectilinear or &.elide.to Stetaei tree probielll. However, we do not wish 

to find a minimum length Steiner tree in the graph for each net Using a minimum length Steiner tree· 

for each net docs not necessarily yield a minimum area layout lbe eventual area of a layout must be 

estimated when the Steiner tree for each net is being chosen. 

'fhe second phase --~I~-; .. - detennines the actual .area of the layout We are 

assuming each street is of variable widd1. The numtier of channels used in a street directly corresponds to 

the street width. Channel assignment determines the actual paths in the plane realizing the 

interconnection pattern detennined by street routing._ The paths arc composed of horizontaland vertical 

segments .. The path segments within each street are dctc~ ·pe~-~ &hat the segments 

for paths which change streets must be connccted .. at the intersections. The horiwntal seaments in a 

horizontal Slrcet (and ven,ical ~~Hts in.a vemc.I street) lie in channels. F..ai:h channel is the region 

between two lines parallel to the struct direction; ~ IW~~-~~~~ls.rwm:i>r one wire 

width and required separation between wires in any channel. Wtc ~gmcnts perpendicular to the street 
: . -

direction are used to connect scgmeQCS in channels to each other aad l!> tc$minai.. 

4.3.J Oumncl assignment within a street. 

The first NP-completeness-~uk which we present proves' that. with certain restrictions, the 

routing of paths in a street so that the nwubcr of~-~"'· J;RbtJ.jfOd is NP-complete. The 
- k _,._ ~- -. - - , ... -~ p, ~ - .• - - ' _- ·,,,_i:-0 -'~· -- , 

restrictions are that (i) all terminals to be interconnected lie in the street (i.e. there are no street 

intersections to worry about), and (ii) each set of wi.rcs interccmnccting one net uses exactly one channel. 

'Ibis problem is represented as follows. 

Problem P3: Channel Assignment within a Street 

Given: A line segment, S, containing equally spaced points numbered J through h, and a set of 

tenninals, T. The line segment represents the.street. Each terminal, t. is an ordered pair (i,b), 

where i is a number between l and h indicating the position of the terminal along the street and 

-----·- --
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bis an element of {0.1} repreaentifla the side of the·str\!et OIM~hich the tenninal lies. For any 

two tenninals (l.b1) and (J.b1) with b1 : b2, ~·JI ~ 1, where a is a positive integer chosen a priori. 

iRteaer .. ,..,....,,, - ..._,willllt;jlM1tlilulfitt~~ A11611f~ 'ltf a'cetrt!ctidlt of n 

disjoint sets of terminals. Ni A>r l~i~~. ~~·* f paAltlll•f k.. 

Queltioa: FOfeadntGt, N1, let~ M'.tht.poilfden Oftfft.'tefl'hinafofloWest poskiorfin Ni and zi 

be the. positio'1 of the ,l!~;inal -Qf bigf,lest ~ , L~ Ja~de~ the set 9f all points on S 

between ai and zi inclusive. Is there a mappiq. ch, which aasians each .net a number between 1 

and k fuclusivc ~ that ft>r any Ni Mid Nl' 1 StJSn~' ' ~ · . ; : ' . , · , · . 
(i) lftenninal (1,0) € N1 and termiaal(y,1) €NJ and lx·yf<s, then ch(NJ)<ch(N1): 

(ii) If [ai,zi) n l~.z,I is not empty. then c~'MS'-\:ti<N/ ' ' . ; . 
°"; _·1~ .. >~- ~",( .'.~:.i · iir'"', )~ >;· ~ 1· -

The mapping. ch, represents the allipment of a ·wire segment between points a1 and zi to one of k 
- ~ ' ~ ·: - ' l ; _. ~. : tJ. ; ' - - . 

channels for CZK:ll net Ni" ~ j~rval (a1.iJ i$ ~ l'J.,,ITTfi.pf.»~t'.~j'' ~enf.$,perpcndicular to 

the direction of the street are lllUlned to go from each tcnniftlllf ·ur the ··rief Ni to the segment in the 

If there are oo tenniaala Sfitis{yiag the Jl~. Qf c~ ~i). 1~~· ~114ition.(u) is tl\e only 

. relevant.conditionL thf!n P~ Pl ii the in&erval~ .. ~. TM Miteryjll ?>rina pr~ is: 

given a ftnite set of intervals on 4'.line and a positiwe ~r. ~.8n a coJor.<ppsff,!vC; i1Hcser) k> ~ 
• J; , ' .••• -. ' . --· . . • -

interval so that no two overlappina intervals have the same coloc.P<t ·Ptt mote Jhan.). colors~ used . 
.. ,_ . .i '. ' ... - ...> -

Nets dcftne intervals. and "channel" is just ~erJU•IP.~ for "~r". ~~rvaj,.~.problem can 

be solved by a polynomial tifne algorithm [Oav72J IU..7ll. , 'l1lc IQ!utioo tQ. this P.!Ob• uses the same 
- • . - ., .' . ' •. -· : -. ,.;. . ,!;:!- - , ' ,, 

number of channels as the. maximum qver aU pqints Qn S,,of SM, .~f ~f ~' ~~ interval·la.n) 

sol.ution found usina one channel if QP4i1'lll. 
<!·- -

Without additional restrictions. the channel assianment, Ptoh~!ll . ~ as Problem Pl .ii 

NP·complete. 
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We will reduce thtl, ~' aR: ~.:,...._. • ~ f'R)blem (Oar). to . ' ' . 

coloring problem eiccpt that an:s on a cin:lc rather~ inseryals on tt ~ ~ l,JSC. f'.iJU!~ 4.4 il1uslrates. 
' , - - ; '; - . ' ~,•o ; , t • • ~ ' ; ' 

The Omar Arc Celotjas ProW.• 
'._ ' • ' ' ) l~ ~ 

Given: A finite set of arcs of a cirele -.I a positive iate&et. t. 

Question: Is there an mgnmcnt of colors numbered 1 though k to the arcs such that any two 

am which· ovet18p are lissiibcd diflhtnt ~·Na. Mucti'mteWect Onlfal their Cndpoints are 

-~-~ 
S-mc~ an:s which intersect at CndPoints are Nit ~ We staay modify any ~ of an:s so 

that no ares 'have Cndpofnts in common '{te«(~ 4~4); '~ adua'hei1a'd\ ot the ares iS. irrelevant. 

Thereftn'C. fi>rn·atts: we·cim numberthc.endpbfnts·ftM11·~ ~~}travei1infdle'~ in s0me 

direction. P:ach ait will fie· rcprescnted •'.• ~\;aft. QA 1idng:tt.e' ~OdpOints of the Ire as 

encountered m die·tmersaf of the dide. • 
.j __ 

Oiven aninStan«ot·lhe circmar an: cohm&·~lriftt li·a.ts;dt eotors. ¥te wm produce 

an'instanceorthemnnelaaiinment.,mh~Wlth~~,~~n+tt'2l;;c+n>~Wliei6cildie 

numtiet Of arcs dkbemtairik(2h,lj. Eich ~CTillr~laiir~~ tftc>'term~·rntultivcly.'we cut 

1hc cirdtbctwee11'points'lti ind t d sMitdiiic'-o.lt:sd~ 'tilii ~fn li+c intei'Valt,since c'~ 

have been cut in two. lbe n-2c intervals which do not hav~ritk"'~'tl\c •@t fine wiif ~ 'ihe 

mrerva1sornets;-;COnsldering'0nfY t11cse nets. any·Jelaf~~nt'bf'tMDnets wftrl>c ale~ ~anment 

of colors IO the corresponding an:s and -vice versa. 
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There are 2c intervals with endpoints on the cut line -- two intervats J>ei arc. If we can iniure 

that· both imervals of each pair are assigned the same channel. then eadl . Channel assignment will· 
.. -

correspond to an arc coloring. We do this by s1eftdia1 the in~als bey~the cut line and addins nets 

which fun::e the pairs to be assiped to the ~ chainriet Figure 4.5 &ives ihf construction. The fqrmaJ 
~ . , - t : - ·- , ,,. ' ,~ ·-

definition is givea below. The points on which tcnninals ti~ will be numbered)rom -c(l'{C"l)/2)+ 1 to 

2n+c(k-(c-1)12)rathcrthan from I to2n+c(2t.oc+;l). -

For each an:: (a,z) which does not contain (2n,l), there will be a net {(a,0).(z,l)}. Order the an::s 

which do cont.run (2n,l) by increasing starting point For the ith such an::, there will be 2(k-i + 1) nets --

half have terminals within the negatively numbered :peiftts _. tl*lf have tenntfta)j -Within the points 

numbered above 2n. For an:: (ai. ~). 1Sz1 ~S2n. the ith arc containina (2n,l), ~ 1li!1S 3!" defined 11 

i-1 
sum(i) = l: (k-j) = i (t-~i-1)) 

j=() 

p; = -sum(c) + sum(i-1) 

p ~ = 2n + sum(c) ~ suril(i· 1) 
I . 

Then, there are nets: 

N. = {(pi+ J .O). (~,1)} -4 

Nij = {(p; + j,l), (p; + j + 1,8)} (GI ~!Sj;St-i; 

Nit = {(ai,l). (pt ,O)} ai1d 

Njj = {(pt-j.0).Qt I:1:4: 1,1)} for i:gs;~~~t~~ :_,, 

For each i between l and c~· Jhei application of~ (i) in ~finition of problem Pl 
:;~ °t."'. <- ,~ ~,~/ 

results in two chains of k-i inequalities for the:set;Of ae&s corresponding to the itti arc containing (~n,l) --

one chain of inequalities ch(Nij)<ch(N-iJ+l} and one of inequalities ch(Nit)<ch(N+ij+l) for 

OS,;<k+l. Therefore, nets N1~ and N1 ! must be assigned channel l if no more thank channels are to 



bet med. Nec5 N~· and N1 l caw be· •lined·~ l er i· without violating condition (i), but their 

interv• over .. OMite A>r .. N10 * N1 t ,. retpedively. 'fherefaro thanftef 1 is the only choice for 

Defl NtJ} and N1 ! ~· Proceedina i& _,.,way,.we·We f;ir..-~~·anid·Ni l must be assigned channel i if 

no more 1haa k chanels are to t>e UllCl. · 

Given any channel assipmeltt tbr the ·c:em,fdl! let of nem, we color the arcs which do not 

contain (ln.l) b.y the same rltlmbtred (:Glor as·ttrt ~channel. for the tth 8-fC which contains 

(2n.l). we u~ the munber of dale chlanol aaiped t&ilets N. and Ni!. For arty pair of arcs which 

overlap, there is at least one;~hit pair of.,.._ ·intenals ovei18p. Thetefore, any legal 

channel asaignmentcom!lpollds && &'. 1erplcoleriKl·~MmJe number of cotots as-channel; 

· Oiven-acolurlngofthe ares Ulint atmoatk~·weeassigntfte·net$todtartnels as fbl1ows. 

Pennute Che colon so that w ~ am contaittiq 1*' {2R,t~ •is ~· the i'A-c01or. Assig'n nets Nij and 

N1t to cbannet i+ j, fur l~t~ an4 esr.srN. '11le"·re~ Mrs' arc assign&fthe same numbered 

channel. n the color of the ~ng art. Be&weea peints l and '.in, intemli oVerlap if and only it 

their conesponding arcs overlap.· ElleWllere, oo·N1j··l'ild·N.,;·fbri<p: o~·except N~ Md N.,;. 

Howner, .dl(Nj) = i<p+q =dl<N~'), ·•no J~1j _. N~ 'wMch ·overlap· are •anoo the lame 

channel. An analogous argument shows that the Ni j arc properly assigned to channels. Therefbte, ·fur 

each coloring. there is a lesaldlanMI 188ipment uMng 11.e .Me nUlntiet' of'chan~ as tolo.rs. 0 

Since the construction uses only nets with two terminals. we have: 

The second problem which we prove NP-complete cllals strictly with' the· ordering of paths in 

intersections so that the rcsuking street widths minimize· the area. · lltis problem is somewhat similar to 
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the channel assignment problem in .that if two ·paths ~-....,.ia& an iatcnection from the same 

the intersection. The problem will be modeled using a graph to ~_,the,sttoelS.. Subpaphs whidl 

are trees will be used to represent the interconnectioa_·J>atteilOI ~ troa1 ltMt routing. 

Let tl;lc .street graph. S. be some subsef. Df a \WO 4imeusiotlal-1M· graph. F.ach node ia S ii 

labeled with inteacr qx>rdinates (p.q). F.acb - is eif.1* ~; ie.. .between aodel (p.q) and 

(p + l,q). or vertical. i.e. bct:ween nodes. (p.q). and (p.q + 1), -lllel---&is;partitiooed into meets. F.ach 

(i.t) and (j,k) for some k and i(j; a vertical-...-.~ .. (k.i)and (kj} iJr some k and i<j. A 

node represenr,s an mtersection of two or. mqrJ: .._.. ... .- edae ~.6e.~pottion ef a .­

~een two intersection5. Tile inteteo~ ~ ft>e~. Neil ~led by a lree:in S. -:~. 

tree. T~ ~ill be called a Ml Jree. We wou14. ~ to.tllip each ~ of an edge in a -ntttree to a 

channel. Let ch be a m,apping from each ~of-an• ia a neUn• to a·f)Olititeiate&er.. The. 

We~: 

assigned to a different channel than the occurrence of e in T 2• (No overtappina wins.) 
'~, ·:"·-i ~;''1~- ·~~ 

(2) If e1 and e2 are adjacent edges in a net tree T~ and e1 and e2 belong to one street in 

S, then ~eit=-<:11(~1). (A~~pa(ll~ ........ wilbfn,aso.et.) 

(3) Suppose hori7.ontal edges e1 :;: ((p-J ,q).(p.q)) and Ci ::; ((p.q).(p + 1.q)). for some 

p and q, belong to a street, s. Furthermore, suppose elAPd~Jwlue& ~- tRiea:r1 ud 

T v respective~ •. If cb(e1) = c~ •;: 

(t)e2 ~ ootin T1 ande.1 isDQt in T;r (Thjs-fQflp1'Jfm.at.Cl>aad'2)above.) · 
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T 1 and T 2 contains • least one. of the edges. Then dt(t1) < ch(~ where x1 re~r~nes. any · 
' 

occurrence in T1 of either of the edges and 1i represents any occurrence in T2 of either of the 

edges. This .. cond~ in~res .t.hai the wire ~t repicslnted by 'hOrizontal edge 

((p-1,q),(p,q)) does not overlap the wire scpnent represented by horizontal edge 

((p,q).(p+ l,q)). . 

. 
(4) Analogous to (3) but for vertical edaes ((p,q-1 ),(p,q)) an<J ((p,q),(p,q + l)) in T 1 and 

T 2, r~vely. If x1. and x2 are occurre~ of hotizorital edacs ((p-1,q),(p,q)) and/or 

' 
((p,q).(p+ l,q)) in T1 and Tl' respectively,~ th(x1)< cbJxt·· 

' 
We w•nt to find an assignment of edges in treet to channels so that the resulting overall area is 

minPJiized. The assignment is called 1he inlerseclion c .. nel assiglune111 since the intersections induce 
~·~ _:,;; ~ - . 

the constrafnts on the assignment of channels within each street Area wilt be measured as follows. For a 

given channel assignment. ch, let width(ch,q) be the sum over all vertical streets containina a node (i,q) 

for some i, of the number of channels used in the street; let height(ch.p) be the sum over all horizontal 

streets containing all04e UN) ·for .-ie.j. of the number of channels used in the ~ Let wJdd)(cb) be 

the maximum of width(ch,q) over alt integm, q, appearina .as lfle ~coordinate of some node in the 

street graph S. If.the m11imum ii we, then widtti(chf ls ~~ l:.et-·~dl) be the muimum.of 
~ - • .<-- -;} ' 

height(ch.p ):over al inqers p wllich appear as the first coordinate of sdme nole ll Si If th(' muimum is 
~ ~-:' 

zero, then height( ell) is'Olle: 'i"ben. W(ch) is defined as tllC product of~,)~ ~ilb~cht. 
; . '·' ~ . 

Usirig the representation presented above, we . have the tt>llowi!fs fl'Oblcm. inu*1'ated in 
~1r,; ·~ •. ~ 

Fiaure4.6. 

Proltlem P4: Tiie fntersectloa Channel A5Sipment ProWem 

Given: A street ·graph, S, partitioned into streets; a collection of net trees. Ti; and a positive 

integer, A. 
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QJlestion; I• dlere :an •ilJlmettkdl. of*'-~~ea pf,fdlts in .. net..,.i&t> channels in 

streets which satisfies conditions (1) duouah (4) above such that area( ch) S A. 

Proof: Conditions (1) throu&h (4) at\(l ~ area of an assignment can be checked by a nondctenninistic 
;:'•·, 

Turing machine in polynomial time. Therefore, the pr0b1em is in NP. 
i'' 

We show that the problem in NP-hard by reducing 3-satisfiability rQar79) to it: 

Given: A boolean expresmn composed of~ ~junction of.~ clau,~ c1 •. for lSiSk. Each 
_ .,: :-! . ·/-< ; ,.-":._;.··• ... ...:;i'".~ -·.::,,? ),. . . ~(:!4 . . {:_ ·;-,·-- -· __ , ,,.f • _;. ~ _ .t z· · 

clause is the disjunction of three distinct· nierals. where a literal is a boolean variable or its 

complement, i.e. ci = (yil Vyil Vy0). where yij is x or ...,, for some variabtdi. 

't,•·"l• ':,.. -LJ')<.~-q:r .,,_..-;;;-;,i._:,·· ·1· 

Question: ls there an assignment of truth valuts to the boolean variables such that the 

• expression is satiSfied? 

;-4 

.. ; . ~ . 

Given an instaOCe oflhe 3~satistlability problem with k cla~~ and v variables, we will construct 

an instance of the intersection channel assignment problem with 2k + 1 horiwntal streets, 2v + 1 vertical 

. through. (2v,2k). &ch.pa"1 from {0,i) .~· (2vj) is a bollilf)J)CIJ SC-. fot\any i ~n () JIQd 2k; each path 

from (i,0) to (i,2k) is a vertical street, for any i between 0 and 2v. Certain streets 81' ~~tec.t with the 

clauses and variables o(the~eap~ as folio~ 

(b) For each variable ~J' l~;S;v.;~:tl1" ... .._ "'1m (j--1.D)kl (i .. l.lk). urned XJ, 

and the vertical street from (lv-j + 1.0) to;(2v-j t lJkk .-Xp · 

(c) The one rcmaining·~~-t fu1nt,v.O) k>(~Jk). iJ ~,llll'OetM. 



. 60· 

We constnlcl two net-trees for each variable. For variable 'J• 1bc first net tree~ TJ' contains the 

following edges: 

(1) In street C., tor each i ftroln 1 to· t:' ii «faeS 01Hhe path from (j·l,2H) to 
I 

(2v·j + l,li-1); 

(2) In street x1: ~ edge ~ _.0· 1,0). to (j· 1.1) ~ for all even i between 1 and t· l. 
< • ; _< • • ._ ~ : '- " - ). ~ : \. ~ • < • : 0 

inclusive, the two edges on the path from (j-1.2i-1) to (j·l,21+ l). Also. if t ii even,_ the edge 

from (j· l.lk-1) to (j-1,llc); 

(3) In street XJO: for all odd i between 1 and k-1 inclusive. the tWO cdles 0n'thc padl 

from (2v-j+ 1, li-1) to (2v·j+ 1. 2i+ 1). Also, if t is odd. the ~,between (2v-j+ 1, 2t·l) and 
·' ~ ... , . ., - ~i'.' ¥.;:)~ .. t~ -

(2v·j+ 1, 2t); 

(4) In ~t M: ifvariable xJ appears in ~Jause ci uncomplcmcftled, then if i_ is.even. the 
: . rt_,·,~·::._~~-·--~-··~--~·::;_:~-- ~1-· 

edge between (v.2H) and (v,2i): if i is-Odd, dtc ed&C between (v;li-:~,."'1 (vJi·l). If x1appcars 

in ci complemented, then if i is even, the edge between (v._li-2) and (v,li-1); if i is odd, the edae 
- « - • ' ~ ! :. ,·_ ;, - .:~: -'. :·:;!, ~ .. ';· ,:_:-: --~~-~ - t -

between (v.2i-l) and (v,2i). 

The tecond net tNe for variatJle-1J, Tjr ~die tbllOWiq ~. 

fl)ln ttnct·Cj. fOM:ad\ i lh>ili·l te·i: 'Ml ... 'Olt:ttte ,;.th· from '(i·l,li•l}'b 

; . . ~ - " -

(2) In street Xj: forallodd i betWeett·l aMtt~~ .. ~~~on 1he·padt' · 

fForn (j .. J, li-l)to (j•l; 2i+ l); MSG~',ifl is'-t>dd: ... ~(j-t11q)lfta ffl/~):1 

(3) In street XjO: the odtl!'fmin flvt+l;l}tiY~~tltW rot'cill--fbctween I 

and 1-1,ihtJusive. t11e twaedtcson'~-.;~11Y-j~J)-te~+t.2i+1)!' Alb. irt a 

J i : '. j. ~ 

(4) rrutntet'Mt-if vlfiabtc 1i..,_'m~~~ ·thch ifl is Odd. the 

edge between (v,2i·l)and (v,2i); ifi is even, theedp ~ecn (v,2i-2)~(v,2H). fhJ appears 
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in ci complemented. then if i is odd. the e"'9, ~tpt(v~k ~ ~:(v ,2i7U~~fj is even, the edge 

between ( v .li· l) and ( v .li). 

The folJowing observations are useful. For any CCIMdinatc pV oall:-an ,cdae fnlm (p,2i-l) to 

(p.2i·2) an edge down from street Ci; call an c<lge from (p,2i·l) to (p,2i) an edge up from Ci. F.ach net tree 

Tj (l)Qtains a path.which begi~ with an edge ~t xrdown~ Cf Th~ p~ goes through C1 

to street X.iO, goes up from Cl to street C2, a~ ~ C2 to strctet Xr The path continues snaking 
. . 

through the horiwntal strCClS.~iated with Chc.daaub, usiq ibtet. Xi to go from street Ci to street 

Ci+l when i is even, and usin, ~rXJOto &Ofroni<Ji to'\:'1~ 1-when i is odd. Eath net tree TjO also 
- - -~'¥ ,., .-...,, - ~-· 

contains a p~ \Which 50akes thf"Ollh ~-~v l:!!r! if!;-~f<>Peo!i!~ d!!fCt~q:J! begins _with an edge in XJO 

dow~ trom C1: uSe5 street XJO to·chanae rtomiCi . ., C't~'i-wftei r i$ even:· and uses street xj·to change 
-r ·--;---_;"" . . ,_ j . 

when i js,odd. For any net tree TJ or Tp, i( iJ ~ uncompleptented in c1, thd edge in street M 

' : . . 

intersecting street Ci '-'in the same direction Oom C1 ais the edge of the tret in ~r~t Xj: if xj appears 
! . 

complemented, the edge in street M is in the ~e •reef on frQIJl street c;:t as the ed.ae:of the tree i&ttreet 

X.iO (oppolite to that irt street XJ). Figure 4.7 gives an example of thel<:o~n. 
. ' 

For each i ~tween 1 and k, each nenrcq conJains the edfes between horiiontal positions v· l 
' ' 

and v+ I in street q. Therefore, there must bea ~in each q fur·eadb•et tree, giving a height of 
'J-,-' • 

2vk for ariy channel assignment Any channel assignment which gives area at most 2vk(3v + 3) must give 

width at IROSt Jv + 3. 

At each intersection ohtreet M with a street C1, there ares~ net trees which contain edges ofM 
'. . ' 

incident on the node for the inatrscction •• one pair of~ trees, TJ mid T .iO' fut each variable xj appearina 

in ci. (We mu~ that each variable occurs at' most ()flee in a claqsc. Nore that xV..,xVy is always 
- . -· - . ~ 

satisfied.) Half of the edges are u~ from street c; and half are down. Thci'eforc, at least three c~annels 

are required for M. Three channels will be used in M exacdy when the boolean expression of interest is 

satisfiable. 
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If the·..- it ~'to bt • mott'lv +J.··lllcl ttfeet'M ·contributes at least three, then the 

wfdtb celitibuted coltedMly •Y ..... XJ .- Xjo ..... ~SJ'Sv:; ·must beitfmost 3'v; Consider the 

illfmecdoll of sOeet1 xJ _, JC• W.w.tt "~· lbr i•! ·The edae"ftOhil '.o· r.it-2) to u· t2Hl in x1 

bdenp re TyM•Uhn4ae Aan(t-l,2H' to(j4,li)itt1Jfj~to·T JO,.p!JheretOre, if only one"channel is 

used in Xi' the channel iJl Ci~ die~~ 9'bttfhive a toWer n~bcr than the·channel in Ci 

C:DltfaiRina the edpsof'f;• ftty•eordtlon ~jvenfor~ri61asltpm'cflt8).' ,;Hdwever, in xjO' the edge 

from(2v-J+ l.li-2) m•lv•j+ l.lf:IJtl\elonprDl'fj,lftttfte·ee Noin ClVilfl!~l)tobv~J+ 1;2i)'befon~ 

t91( If only one·ohannet is.., lfl<p• mamretift-Ci~itla ~"bfT_;0 must havt 'the loWer 

number. Therefore, only one ofXJ and XJO can co~tain exactly one chamret• Jfi is-eVen..the edga whidl 

befma to Ti andTJO arejusti~trQlh '-:ltlWt~ .tri!ldt'dtetameconcluikm; Therefure, 

eachpail"ohtneta, x1anc1 Xjf001d•1'tfe-'t;.,....~fi width.'Uowever, if collectively at 

mo&t l• cbatmcls are conlribute4 bJ ~ XrMid X'p; ~v. at mbSt ttu·ce· chBnnels must bC used by 

each pair; Note that Ti andT~ "ftttDlether" so'tfiat.._ dm·atwaysimare~nne channel in XJ or one 

dtannel in XjO. In the other ofXj Hd'X:io.tdlea of1j1ft llligncClfb one'.chanfiel and' edge5·ofTjl) are 

assilned to a different chtMel, ~ witlBlllOCHite adWbM atsignt1tent in Wfrich XJ has one channel with 

a value aslli&nlMM in w1tic1t xi hit ·..t. ·"true.-~ wewfft ililddale a Channel assignment in whidr XJO bmr 

one dtannehvidt a'\lllue assipment0f'Ya1se" 1Jr 1J" 

otvca an·~ of trutll. v&llUes'tothe ·variables 1J such· that the boolean expression is 

satisfted. the comspending channel -.nment atvifta Widdt1v+! _il·as foHows:· For·each Jbetween l 

aad v. if 1J is true. one channel ii uted hi Xf if1J ii falle,'Ofie chartnef is \tsecMn XJO. ~t M contains 

tJm:e chaanels.. We ti11t determine what·trees·witfshare 8umnels at·~in:te1sectioit of Mand some Cr 

Note that onfy.-adjacent edges in a fte are 'feqUifed fD *8e''tfle saMechaftncl: cd8es Of 8 ttCe which are in 

the same strvet but not part of the same padl in the street. are riot rtqliiNd ro use the same channel. Let xJ 

be a variable whose occurrence in c1·,ts true ·ttnder the'tivell assignmeitt bf truth values. Ttie edges ofTJ 
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and T J> in Mat Ci tan share a cbanael. lbis ~lowf ftoaHlle t.UJMUt"f .if·u~ted in ci' the 

edaes arcJn me same directioa •**:in·~, _. die .._.in X;lll#e • clJaaelt if.,xj is~ 

dte,~areinthesame~•-•X,,amt.~---x,..._)t~ ~Mllltr 

~·of~ in M at C. wiU 11ot ~able. to .. lhlre •·ti.MJf'~. ~Jiteal U1-; ii fllll. 

Thcre{ore. ~Uhe c,d&e ror "1· in M ®wn fr-.i·G ._ wUh·dMT•"'t>fivm G ha.second varilblea, 

in ci. I.ct the edge down for~ share .with~* ~·4ir~ • *"<...,.. ~4• ,f"mally• *° •. ._ 
forXqshareswith·~*:upJor,11 U.acw~·-·~"l~iltCria4Gcl6bf 

dP$ ~are coosistc;ni w~dle.~--_.. ~~ ~•·'1 witb;XrX,..Xqo 

xJI' x,.aod x ... <See F~.Ul .. . . .,, ·· 

The edges in the ~siroe&s ~-c.,_. -~• •Y .. nettme. ~ 

the onJy COlldition relevant•• ~,of~ .. widl~---···· ,.,,. ia.&net·il'C!t·wbida 
~ . t! ' 

socs through an~ ~aotchanae~ J~·WU,.k at>adJifl,a •tree..._.. audl:an . 

intersection if the same ~r.at 41ppcar1 in daulc:acf .. '41+ r -~-"° *• JrootCt~• dowJa. ftaB 

C.+i in one qf T1and T_. ~ .. .am.~•{"~ .JI-••••• Ghaaoell kl M'c=-•llie 

detennincdasfollows. .Atdlc.~A>:fMr.~.,..-~4.:llili...,._. 

eadl ¥ in.a.nettree ~t•·the·.•••1tt . .a ~.._.. ,...,.~.l:--l. 

These edges are edges down from street Cr At C1, ~-. ........ -.0~ _.. ..... · 

' 

the ~t.betw=i ··Ci .S-Or· 'Qlt.;~:fof;••JMM.~C.·~l--.... ~·· 
C1;.theremalniQSedgeg~.~~~Nl§ilr:4~:la:d*w.~!&onattaolllf?.t 

t .. • 

caabeassiJAecJ.cltannclsatthej~of-M•• ....... ..,~G•M,_.·ck>Jl!Gf 

cbanac ~ F.dges up arc ....... ~."'°,.ila~1ef,¥-·•· ~ ~~1 ...... ..,_...,_ 

properly. Thus,if dlere isany.~·e>f.~ •8!M'"'u•••~~~~Pf1*ioa, then• 



--

... ,. 
y_,.~co.•f'IBitroJ"',.....aua.,.i"t.~ ...... .,G•ltllJ\la8.w~XjandXJ& 

T 
,· ..... 

"Ty down" NpNIOftU the·U......, 'fylftd 'f)ij wbiefi~ ~edge dUWt't from Ci for variable 
11 -yequalto.j.p,orq. , ., , . 

"Ty up" represents the tree comainina the edge up. 
. . ' ,, ( •' 

U --') V indicates the cbaanel in Ca conrainina ~.of~ tree U must have a lower number 
~1llatu111lliltinfedtoaof•H11\iev~ ' ·' · ,, · · ·· >. · · · 

For any choice of direction for th4; ~o 
c:onstraintS ft c:onsiitcht. . 

., l .. ~no cycle \Jcrc;.\tcd. ,Therefore the. 
' - ' • - - ,, ·' > ', • ~ • -: ,,.; , - • • 

•,_.I ; 



assignment which satisfies the exprmion. We have mwn that any SUcli dian~ auignment induces a . 

truth assignment by ctioosing xj true if Xj conW,.,~lyiOl1'~ and 1J ~i(X~mntaios only one 

channel. It remains to lhow that this assignment satisfies1he ~ We know that exactly three 

channels are used in M. At each interscctiOn.ofM with~ C1, edges~ two diffcnmt net trees must 
, c ,, I 

share each channel. Among~ trees containing,~ in¥ at the inters«~ with Ci? consider the tree 
~ ... 

whose edges in Ci are in the loWcst numbered channel. ·~ tree must contain an ~·in M down from 

Ci. Suppbse the tree is for. variable xr The channels of~ ~ co edges in Tj 8nd T .iO are in the 

proper order for the ~ofT1 and T,_in M.to·sllare•d\anrte1..~U1i ~.unculQOlcm°'tect in~· 

then the edges in M at Ci for TJ and T .iO are in the same direction as b in)C~ at C~. It m~ be ~ XJ 

which contains only one channel. Therefore xj is true, a!"1 ci is satisfied by literal xr If x1 appears 
.- - ~ , : /" ..,::. . -

, l ' " '~! ,- .. 

complemented in ci' then the edges in M at Ci for lj and T JO ~.41\aei-. -~·...,_.•X,,.Jt · 
must be street XjO which contains only one chanel. De vatae d·'I} is tilie. and ci is adsfiedl>y 6t'eral 

..,xr A literal satisfying each c1auae can1>e.identifted :by IOOkina 'ai '~ mt.!~-~'~ M' ~~ ,.­

for the clause. Therefore, there is an assignment of truth values to the variables such .that the boolean 

expression is satisfied. a 

In the construction used to prove Lemma 4.4, height( ch) is the l8lllC tbr any channel assignment 

lbcrerore, we conclude: 

Corollary 4.4: The modified Intersection Oumnel Assianment Problem in which one desires a channel 

assignment, ch, such that width(ch) SD fur some given integer, D, (or such that height(ch) SD) is 

NP-complete. 

Lemma 4.4 shows that even ignoring tcrmi~ls. assigning channels is a difficult problem. In the 

next section we again consider channel cmignment within one atrccL A heuristic algorithm is analyzed. 



I 
'°%-F,-~y~_::;('-;,. ,,:?f.",;:_;· .-~p.-~\~,~~:--;'.~'·1i.~--~)Z"'.5";•:"' ;~~~"'."f:;:r;:~:- .. ~,;:""'~~:~ ... _,!.-fo~.,~~\~'."t'~~~~~-~f':.l-\~-:-'~:·~'-'~--'''.;;..~"'tt~.~'7;-'.(0\' 

4.4 Heuristics for Claawl A1rlpr Flat 

. . . . . - \~ - ., ' ~ . '-· 

In this section, we discuss heuristics for * ...,. aaipment problem within a street We 
.. _. -·-· ... -ff,-~·-~·~>'- - - -_"!; ·-·· -·· - • 

beain with a general discussion of various restrictions whole removal chanp the optimal channel 

asaianment. Then we present a heuristic aJaorithm and ks analysis for Problem PJ, the version of the 

problem proven NP-complete. 

The ordedpa <>n ch(~1},~ by cq_~~·JQ-.~ ~~~au Qf1 PrpbJemPl qa be 

represented using a directed araph, which we wiD cal file CMS11ain1 paph. The~ will be one JJode for ... 
- -'--""': ·---- ----· "!{· . ---- ...... --

each net lfch(N.)< ch(N.) is required underconditk>9U)gf*8.~blem PJ •. flei. there is 
I J t . i . • 

\ ~ ,t ~ , -o• 

an edge directed from the node for_N,_.~ ~1Jl~ f~};·lr It ii posmlil~1Prtbc.aratlb to .. be. c~. In this 

case, there is no channel assignment for the problem • .-..~(J>J).! If each-iiet<·can use more than one 
..... , ,_,.-ry_,,..,,~~~~~.;.·-.. ·..;..; ~ ·~-•--"-- ,-, ~ ····,•~-\':_ 

channel •• by using wire sqments in the direction 'feipendiCulat :~ the street' direction to ·-connect 

segments in different channels ·- then a channel 811Sianment may exist The segments perpendicular to 
~;: .. ' i < ,, ' 

the street direction are called jop. Jop UICd ror different nets. like any other wire segments in the same 

direction for different nets. must be separated by thC "1ftim0in .,Kin, 
- . '.~; _, 

- ; 

Even when jogs are allowed at any point 'loo& a-11reet. itie dlalfnel--~t problem may 

not have a solution. F11Ure '4.9 gives an example. However, if-Mallowed anywhere between points 

on a street rather than only al the points, then the channel --nt problem is sotvatile in polynomial 

time (Ka79]. The model of a street used.in {KmJ clUfers -flolnJI~ li>ranila•ion used ia Pl. For 

same point along the street or are at points separated by at least minimum spacina. 

Allowing jogs between points implies that an arbitrarily large number of segments 
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Fipre4.I Clumaelassip ... ,..._ .... ...._.,.,WJlll•dned. 
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Nets: {(1,0), (3,1)} = N1 {(2.0). (4,1)} = N3 
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Figure 4.10 lnsertina Joas lletween points to effeetiyely eliminate tenninals acrcm from .ae anodter. 
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perpendicular to the street ilifection may lte inserted between afty two terminals. The length of the street 

-· the dimeiision of the street in the direction ·of the Street - mUlt ~·variable, rather Wtit just· the street 

width being variable. The algorithm in fKa79) minimizes only street width, nonhe area of the street Let 

the maximum oYerlap of 1 Set of nets be the maximum over alt points on the street of the number of nets 

whose intervals overlap at the point An optimat tolution 11ildler die model.in (Ka79)rcquires at most one 

m<>re channel than the maximum overlap of the nets. Recalf that if there are no constraints due to 

condition (i), the channel assignment problem P3 is sohabte ift polynomial time; Assume, as in [Ka79], 

that terminals are either at the same position along the street ortlave sUtllctent space between them. By 

usina one channel and imerting a Joa between every-f,Nlit ·of consecutive terminal p0sitions. we can 

effectively separate the terminals on oppotitc sides ·ef'tlte' strVet sa~1hat diere are no constraints under 

condition (i:): {See Figure 4.10.) ·We at most ctouble :tft street Jenath. 'lben the number of channetr 

needed (excludinl the channel we used to;create the eff«tof tunabty ipaeedtetmfnafs) is the same as the 

maximum overlap of the nets. 'This iJl11'fies that one never nedd to 'tCl'tathernhe street by more than 

double to get a channel aaignment which uses within onichannet of ~minhntnn. 

Since we are thintina of a street Is runttiftl afOng the boUndary oh component and we do not 

wish to think of each component as expattdabte, 1 aJtowina 1treets to lengthen is not satisfactory. An 

alternative is to use jogs in a street intersection. Wtaen a JOaiis Reeded, a ~nt wtitch pa to the end or 

the street and out into the street intersection is used. In the intersection, the path can use a segment (the 

jog) in the perpendicular street to chanae to another~ ht the origtnaJ street, and reenter the reaion 

of the street it was previously in. This type Of solution'rcqtdmihat ptrpenditulir llb'eets'be'avaitable and 

that nCfB are attowed to have wire septents in two channels· or·a !ltNet at the same position along the 

street Figure 4.lla illustrates. Such a routing not only affects the width of the street containing the 

I. In fact, some components arc expandable [Jo79). 

---~-.-
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Let us -return ~ out oriaUW dwmd 115pment. pmblcm. pn)bJem Pl. . The proof of. 

NP-completeness of problelll Pl relies on the fi1C1 -Mjop •,1'Ql • ...,.. ,.f.'-.re4.l2 shows that ev.oa 

for instances of the problem deriveq fJ'qlR tift:ular an: oolof'i!w. ••• ~ 4lC qumber. of 

channels Jlccded. We do not have a pwoftbat~ ~ ... IRC'~,~:widajqp in NP-a.L 

although die author believ~ that this is the <ae. 

We now present a.simple bcuristic aJgoridun fbr problem Pl #Ml~analyze the qualit~. of "" 

solutions it produces.1 This alpidun i& tile bask ·~·llS04io .io-161 wheal jop are not_ dowed. 
- - . . ' .. , - ' -

We will assume that the constraint gqph j>roduced f)y 4>f>lYin&CC>Jldil.ioQ 6) "°1CS,JJl'>t have UJ. qclfa., 

that a solution withoutjop4oea Wit.. We 8nt .,_&be /pfdda Jlode ill dac~...,..; 

0) All nodes wbicb have no~· info daa,ll~oa lowl-L 

(2) ABiming that the aodct·w le:vcls-1 ~-k-1-..dcd}~b'.k.>1. a node i& on level kif 

all edges eatering it are frurn ~cm lawerJnr.ls.1'84 it,ia ~-·~ k¥CL 

Since the constraint araPh is acydic, the levels-arc wclkle~ 1bQy ~~aimputed tty &tarting.with 

Je~el 1 nodesacUqllo¥fina,~ W~ ~·5-1 - ••-is •••t if i&J,aade_ is• level L Tho • .­

from wbid) there -. edaes to a '1-v• . D04e ate calle4, ptidrt~ ,.of 019 giVCP .._ &04 dtit 

com=spooding.aeas ~-callec;l~p{~pu..,.. 

Order the_. ind~ ~,'1 Jhe.~ ~«(~~-of lowest positiQn. If 

thcreaTCno~nts4uctotDAdWor\(i).daentbo~---,,.--~-~ .· 

1. 1llis analysis is part of joint rescardt with Errol Uoy4- -l, 
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B. A general solution. 
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Figure 4. 12: Use of jogs when not Decessm'J. 

We loot at a problem derived from a set of circular ma: 
ciixular arcs (8,5), (3,7), (4,2). (6,1) · 
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Low to Hip Fill lH•7lJ 

Repeat for each channel, beainning with channel 1 and increasing the channel number by one 

for each new channel until all ne1I are -......: 

Choose the first unmigned net under the above ordcfina. Assign it to a new channel. 

Repeat until the channel is ft.n: 

Choose the first unassiped net whose tenninaJ of lowest position is at a 

higher position than the terminal of highest position in the last net to be 

Claim (Has71): 1 When there. are no constrain~ due to co~dltion (i), the .above aJaorithm uses exactly the 

number of channels as the maximum overlap of the Dell. 

Proof: Look at die lowa,tPOim. lo>, iR the inltrval of·tht: Mt net. N. •~4 ·lO ;ell~ last chaonet Each 

lower numbere4dlaa~--~•1* w••~~ ~~ Jf thele we• a channel. k. 

wruch did not w~ such.a aet.. ~n &he• N~ •t,'*'1·,p,laeed ·this chanael. This toUows 

becau•. in the Qet ordtvina. N is· beU. the ...,,,if apy, w9*fl ~ plaQed in ebaam:I k •r point lo-
. ' 

at this point is equal to the nwmber of qhanaels u.S. · a 

Algorithm "Low to High Fill" will be the basis of the alaorithm to assign nets to channels when 

constraints are· prescnl Channels are again filled beginnina with channel 1. At any point durina 
' _: - ' ,_ u ,#:::;. ;.. •i' ;.>- -~ 

execution of the algorithm, let the set. A, of available nets contain those nets which are unassigned and all 
>-··,·;_~·:_<:·! .•. :),., .. _ ;' ."'~ ,;;-: 

of whose predecessors are assigned. "Low to High Fitr' is modified to choose nets to be assigned only 

1. In (Has71], Hashimoto and Stevens use a different approach to prove the algorithm correct 'Ibey 
prove a. dilfercnUwt cquivalcm claim. 'l'he proof ~';lletrisc.balcd on, the pllOOf used by Gavril 
(Gav72) to prove that his algorithm for chordal graph cok>ring is correct 
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from set A (the nets are ordered as before) and Co update A after every assignment 

l.nuna 4.5: For an instance I of Problem Pl, let ~ be the maiimum -0ver all points on the street of the 
.. . ''.- ' '· ,. 

number of nets at level k whose interval overlaps the point. Leth be the hiahest level. Then 

(number of channels)al&( l)/(number of ~anncls)opt(I) ~ ~h. a~')) S n 1". 

where the algorithm is the modified Low Co High FiH algorith~ uSina set A, avg(~) 1s the average of the 

<\ for l Sk Sh. and n is the number of nets in instance I. 

Proof: We know that (numher ofchunels)oi>t(I) ~ maimumef'the ~ aftd'h. 

We prove that (number of channels)a1g(I) ~ ~=1(cfJ. Let C1 denote tbe set of channel~ containiJll a 

net at level l. For k> l, let Ct denote the set of channels with bigher numbe!'I than the last channel 
·'; • ~ • !" ' ~" J' - : - ~. ' : ~ - - > , ' 

$, - • - • 

containing a net at level t-1 and which contain nets at level k. The number of channels used by the 

alpithm is lhe sum·of tho t«;I oivet au levels. Fora partitUlari, ck'_,Me.npty. ''G: isnot empty~· 

1oo1t at lhe·h net ac ·~et k placed in tM· hilMSI. II~ dlanftetift(\!'~ driHld Nt. Let 8t be 

the lowest point ia its interval. If any;chanlldin c; iltHit ~·a llefwtJoit·kltervat contains 8t· tttea 

Nt should have been placed in this channel. This fbHows because Nt·triust,Jiffe·~ in A wbea die 

channel was allignod - all level k-l nets areplacet befiffe:~irt Ck* llliiped- ancf:Nt pfecedes 

in the net ordering whatever net, if any, was aigned t&llle:thlnae!l·attet~at· · ~. fetl~1tk· 

We have: 

(numberofchanne15~_,(1!~(~~:0~~~)~~1~1~,~~1'\)~~(~~(~~,. 
S max(h.ava(c\~) ~ ~~<\~~~(~)) $ ~i~I(~}) 

; ;. . • ' . . ,, . l "' 4 - • • • ~ •• • - ~ •< • • • ' • - • 

The number of nets at level t is at least<\· lllcret'cR. 

~:l(dk) =~~~~di:) SR and -. mi~~.avMdt» ~,a~~- a 
~ ~ ·: - . " - -- ~ 

If the above bound on the \yOl'lt·Gise "POrfinidilfiCa et the,......,. i& «eunt• .......... , 
' ' 

can do very badly. In fact, the bound is the same as would be obtained fbr an algorithm which applies 
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"Low to Hiah Fill" on nets of a fixed level, one level at a time,: ftqtiltin8 all nets on level k (1 ~kSh) to 

be allijfted to IOwer numbercid chamiels than ~ pf level t+ 1. Nonetheless. our bo)lnd is ti&fU.-

Lemma 4.6: There is an instance of Problem P3 for which modified Lew to High Fill using set A 

produces a channel assignment whose ratio to the optimal t8lution iS O(lll;i) foravg(dt) = h = n IA. 

Proof: Figure 4.13 gives the instance. There are n 1A groups of nets, each of which forms an n 1A level 

chain. For all level numbers, k, between I and h inclusive, the intervals of all nets on level k overlap, 

giving ~ = n '1'. The algorithm assigns only .one a-.. w ~, channct .. J-fowever, tllere is a channel 
;. :• : i'. > 

assignment which does not mign nets to ch<tMOls iP:a)ow to hiPurder. l\lnoog nets on a level,. some 

nets which are later in the net ocd.eria)&; ar~ ~4,14 ~r ....-ced ~ ~ nets which come 

befbre them in the ordering. The nets whieh came·ftftf ih the 0rdenni -can share channels with nets 

which are on higher levels than they are, but whose predecessors have already been assigned. Refer to the 
~~ ' . ..__ ... ···~- .. ,,,_ , 

figure for details. D 

The analysis presented above illuminates the fact that an alg()rithm used in practice is capable of 

finding very bad solutions: It ~ a point of comparison for more "clever" or more complicated 

algorithms. The ''low to high fill" method. can be used as the basis of an exponential time algorithm to 

find optimal channel assignments by tryina all possible choices for each assignment rdther. than takina the 

first net in an ordering (Ker73). 

In the next chapter, we preaeat an algorithm ·tbr a special· caacfof dlannel rouUng which is not 

NP-complete. The problem is to route interconnections among two point nets whose tenninals lie on the 

outside of one rectangle. This problem is reminiscent of the circular arc coloring problem, which is 

NP-complete. However, the paths around the oi.ttsidc of the rectangle are allowed to change "c~lor" as 

they go around comers, i.e. the order of paths need no.t be the same on adjacent sides of the rectangle. 

This order can change because horizontal and vertical wire segments arc allowed to cross. Once the paths 
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have been routed through the four streets surrounding the rectangle, the channel assignment is four 

instances of the interval coloring problem. In the next chapter, we show how to do the street routing 

optimally. 
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S.t Prelimiaaries 

We will now present an algorithm which finds an optimal solution to the fof1owing routing 

problem in polynomial time. Figure 5.1 presents an eiample. 

The One Rectangle Routine Prollletn 

Given: a rectangular component with terminals around its outside edge. Tcnninals lie on 

positions which have at least unit spacing along the cdac of the rectangle. 'lbc unit spacing 

represents the width of a wire plus the minimum spacing between wires. A list of nets, each 

containing a pair of tcnninals which must be connected. is given. Each tcnninal belongs to 

exactly one net 

Find: An optimal routing of the wires between pairs. Paths must be composed oflinc sesmenta 
which arc parctllcl to some side of the rcctanglc.. Distinct padls may cross at riaht aqles; . 

however. paraUcl segments belonging to distinct padll must be separated by the minimum 

spacing. (We arc muming that there are two Jayeis tOr intctmnnection. One layer is med for 

the line segments in one direction. and the other layer is used tor line segments in the second 

direction.) All paths must lie outside the roctangular area of the component An optimal 

routing is one which minimms the area of the smallest reccangle which circumscribes die 

component and an routing padlS. The sides of the cimunscribing rectangle must be parallel to 

those of the component. 

Place the rectangular component on a cartelian .coorc:liQate System so that its sides are parallel ro 

the axes. Arbitrarily choose one axis direction to be horiT.ontal and one vertical L.abcl the horizontal 

sides of the rectangle as top and bottom. lhc vcrtkal sides as left and riabl 

Each pair of terminals can be connected either by a padt wnich goes clockwise from one of lhe 

terminals or by a path which aoes rounten:lockwisc from the terminal The directions of &he c:onncction1 

determine a set of intervals which path aqments will use alona each side. ORce the intervals to be med 

by each path along a side arc dctcrmincci. minirniziog the lcft8th addM out from &he side is a chanael 



1 . 2 

...----t 6 

7 

COftRCi~ 
. , -L' '· • ,· • 

·., ·". ' ~ . ~' .. 

Tenninals are represented as points on the rectangle boundlry. · .1 

Pairs of terminals with the same number must be couectod. 

4 

5 

6 

An optimal solution ii lhowft. . . 
1'henetwht'IMthotttw_..y'thlt~!~ -~ lkWed to the bottom is 3 units. 
The width added to the left side is ) 'units; the width added k> die ri&ht side is 2 units. 

;-;,_: ,14·: 
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a com~r as far as n,,ccdcd to meet each other without violatina any spacina m&Uirementt- Therefore. the · 
~ - ... < , _ _ _ • ',~.- • ,-,:...·t:_ir ~,_:_. --~~:r;r: .. -... '9t"· ~ .. -,,.., ,._,""',. ___ .,,..,_,_.,._" ~ 

channels in the ~ along one side of the component can be assipled independent of the assignments-

wilhin other ~ts. Within each strecLlhere are no ~60.116 tenaillak~~l410ther 
* ~ ~ : 

. . 

(condition (i) of pr~lcm Pl ia Chaptet4). We havc:rour instancts of &he interval col'rins prol*m -· 

one for each sJde. 'l~reforc, the length added out from each side w equal to the muimum ~cdap;of the . . ~ ' 

intervals on that &Mk. and it suffices to use paths which only change direction to roulld a c~r d the 

crnnponcnt OF to cooocct to a tcnninal. 

We must ~, tbe -'1i~ of. each connccuna path ·scf.U 'Che' re9lt!~na. ~nta will be 
-- ' "" ... ' . ) 

minimized. We con$idcr two types of conncctions. Pairs of tcmrinals .on she same side . ..- atjaecnt sides 

of the componcn~ are ca11ed local connections. For these, it ~.~cs ~~-~~_di~ which goes . . - ' ·- -- . ' - ' ·- . - - . ' - - ~ 

around the fe~fiides. A path which goes the long WaY adds-~~~~~n#.~l!~~h ~inlc~ to the 

circumscribing rcctmglc. A pa1b ·wttlch ~- Otc ~ waycannot'id<l'foore ·man tblS: Thererore it is 

never better to go the long way around. 
.j .:.;:, '!"' ' .. · -~ -~. . ·. z 

.~.;"{~(~~,~·~ <~ii'.·. f < 

The 5CCODf!.type of~~ dlure· ,.mca . .,,fmQMhoW\ . .,toithe:«ilhUide'er·lbe . ·. ' 
-.:-·1.-'.-1'-i~~/,:-_·:, •""'.~;>-_:;~~ •.. _:._,.· 

top to the bottom. The choice of direction for top·bottom conneclions is ittdcpcndent of the direction of 

left-right connections and vice versa. since regardless of the direction u&e4 for .. a top·bottom ~lion. 

one unit is added to the horizontal dimension of the cin:umscribina rectangle. Thererore, we have two 

instances of the following pmblmn: 

Top-RottORI RCMltilla Prolilm 

Given: Tcnninals -0n a top and a bottom, a set of top to bottom connections. and some local 

connections on these sides. 

Find: A direction -- left or risht - fur each top to bottom conmldion so that the rcsultiq total 

. vertical dimension is minimized. Each connection is ntadc by goja& around to the left or the 

---------- - ------------ -----
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riaht as indicated by the direclon. 

In this description, connections which originally went from the t.Op or bottom to an adjacent side are 

considered to be focal connections whkh go to the .very edge ofllie top or bOttom. (The portion used to 

tum the corner is not oflnicmt rtere.) 

To solve the above problem, we ftrst reduce it to a problem of assigning 0/1 values to clements 

of two vectors so that a matching on the vectors is maximizoo. The vectors represent the top and bottom 

tcm1inals. The representation removes unnecessary infonnatlon about local connections. 'The value of 

"O" or "l" represents the <jirection --left or right~- of th~ conue<;tiQll , at a tcrmjnal. . The matching 
'. • - . • < • , ' -, ~- '· ;' - , •/ ~ - ,- : ' 

identifies which segments will share tJlc same ch<Jnnel in .the ~~:routina. 

The major phases of the algorithm to solve ~. n;.~ ~mc;%prqblcm arc as follows: 

;·· - - . i) . 

1. Partition each vector into regions within which rriatchihg can be localized. After assigning 

values within a region, the regions are recalculated. The algorith'11 \tc.m~tf yclY. assian~ values within lhese 
' _, . ~ "' " . 

regions until there is only one unassigned region for each of the top and bottom vecton. 

2. For the remaining top region and bottom ~on, .the alpiµtm; assi,ans va.lues from left to 
. . ' :., -· ... ,...;. . . , 

right along the top region. maintaining certain properties of th' nu'n~rqf "Q::S and ''l''s in portions uf 

the vectors. These properties guarantee a maximum mat.chill&. for the vecturs. It may happen that not all 
.·' ·• .' • .:: ! ' : ; '·. ..- • 

properties can be satisfl~d simultaneously when some eJem,cnt is •i~4 a .. vall,le. f"t ~ poipt, we say a 
~;, > ~ •' - ' T ; -• - < •, , 

failure has occurred. When a failure occurs, the algorithm may still be able to dctcnnine an assigmncJt 

which sufftecs to guarantee a maximt.tm matching. Howe~r, it ma1 .be ~ry to -try both values for 

the assignmenl 

3. When the algorithm must try both choices for an assignment, it docs not treat both choices 

equivalently. For the choice of value "1''. thC algorithm is applied recursively to complete the 
.. : 
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assignment For the choice of value "O", the algorithm is applied with· modification. We assume that the 

choice of "O" leads to a better solution, not ju$l as good a 891ution. as the <;hoice of "l ". Therefore, as 
' . -,,,; . ,'. _... -

soon as there is evidence that the "O" cfloice will lead to no ~~er a solutiqn. '1te algorithm may stop - - -

pursuing this choice. Jn panicular, if the situation in which the algprithJn,,must ~ botJ1 choices reoccurs, 

it will turn out that the second "O." choice leads to no better $Q)ution thut the first "l" choice. This second 
. , . :;;·-. I- ·, , . 

"O" choice can be eliminated. Only the "l '.' choice is ~·-an.~ t1Jc sca~h done t;>y_ the aw>rithm is. tJws 

bounded. 

1be technique of bounded search is crucial t<.r the algorithm. Without the ability to bound the 

search, the algorithm would have ~xP<>nentiat running time. 'lbc fi>Jlo~ing sections described in more 

detail the algorithm outlined abOve. -During this dctcrlPtion, a large am-Ount of notation will be 

introduced. lbc appcndi~ to this chapter summarizes that ~· 

S.2 Reduction to Maximizine Matddap 

The Top-Bottom Routing Problem is reduced to the problem of asmgning values within two 

vectors to maximize a matching. The vectors, T(l,m) and B(l,n). rcpreScnt the terminals at the top and 

bottom,. tcspcctively, numbered fTorn left t-0 right (We will . drop. the. T and n· -when it is clear from 
. . . 

context whethct we arc referring lo a top 6r bottom tcrml~t.j. A val~e ot "O~ or "1" is ·used to represent 

the direction or the connection at ed terml~af · DCftM'1
tbc &uc IUDction vr: ri1.m) -+ {O,I,?} aa 

follows: 

vt(i) = 0 if the direction of the path from 'tenriinat i 'to itl pair is to the left 

l if it is to the right 

? if it is undctcnnined 

Value function VB: D(l,n) - {0,1,?} ~defined the same way._ 

Let p:T(l,m)UH(l,n) -+ T(l,m)Ull(l,n)U{*} be the pairing function. Tcnninal p(x) should 
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be conncctQd to terminal ~· WheB ll(.1) :::;: • (dOll'lcare)t the, terminal J. ~Jqnnected to a terminal on an 

adjacent side. Initially, the pairi~ function.isknown.: ~ ~.Y;alue fuoctipm hav~ 0.orJ values only for· 

the local conn~lion~. We would like to find Vf ,a.Q4,'fBJbr.wh~h a1t4i~ti<>q$arc dc~ermined and are 

~nsistcnt with the initial .values gh1en. We will ~ .. t a ~ ~n V' is .consistent with V if 

V'(i) = V(i) whenever V(i)ffi?. We also ~ that .v' e1~ V, J~'or ~Y .pair oi value functions we require 

that VT(i) ~ Vl)(j) ifp(T(i))=R(j). 

We would like to balance paths to the left ~ith ~ w the tight on the top and bottom 

simultaneously. Let mvr be a function matching lcrminals in T(l,m),uf ;v~~ "O'' k> tefJllinals with 

higher index in T(l,m) and of value "I". i.e. matching paths to the left and right 'fhe function is fonnally 

defined as a one-to-one pantal functiOfl from lU~). ~ JrpJf~ thaUf rny1{i) = j, then VT(i) = 0, 

Vf(j) = 1, and j > i. Define mv8 similarly. For a panicular VT and VB, let M vr be the maximum over all 
.-., ~) J ' ' 

matching functions mVl, ofJrangc(mv-r>I• i.e. Mv-rjs the ~illl\llD nu~ of~tchcsamong T(l,m) for 

a given VT. Parameter Mve is dofincd simitatly. 

We will reduce our routing problem to a problem of assigning "O"s and "l"s to maximize 

MV1. + M vo· This is justified by the following Je.mma: 

Lemma 5.1: Given a TOp-Rottom Routing Problem with' lotaJ connections represented by value 

functions VT 0 and VBO' the pfoblem of finding VT rand VBrw:tder wflidl:~ll d.irec"°'& are dctlncd and 

for which the vertical dimension of the circumscribing rectangle is minimized is equivalent to the 
;;! 

problem of finding VT rand VRr such that Mwr + Mv.,. is,~~ oycr aUN.f and VB which map T 

and B to {0.1} and are consistent with vr0 and Vffo. 

Proor: 'fhe matching function mvr corresponds to determining which hori1.ontal scsmcnts above the top 
r 

side wi11 share the same channel. If mvr (i)=j. then in some channel the segment ending (going.left to 
f 

right) at terminal i is followed directly by the segment which startS at terminal j. Each channel begins ... 
·J 
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with a scsmtnt running·from the top left•«aseamCnitbr wftidl Vf~t)~O-iind''p(i)eR(t.n)'ot p('i)::•) 

or wkb a segment ·whicft ·~at a t~~uea ii~ffiinafihi&'il"u~ under1rivr .. The riahtmo8t 
r 

!legmCnt ih eidl thaitflcf is ~~tit nmittn& 'ta~ "'1t •(VT~ f anti p(f)(.1.h) od>(i)::i"} 

0r a scgtnent ending·at a &'vafUed·tehninaJ'1'1\ic!ffi$1~~im..if'~ ·'~FC"~.2 inustrates 
r 

pmsablc oonftgi;Fatk>ns. 'fire dtmliiefs~ bC ii·ilfty~- 11'&: ~. we h3ve found 'aft 

mgnmcnt of segments to channels for each mvr. The argument cJlilt)Cl~ ;tO, duit we'. 611~f a 
r 

tftatclring 'for ea mgmhent .,. dlamtai · ~;;iS'* ~i~nttcndrbCt'wecli channel 

---i-n 

,. 

number of channels used ::::: number of segments goina to left ccJae + number of unmatched "l"s 

·= ~rtJf~bM;atfij Wt ttjii~:~;~~uruttiltclled·"O"f ·· 

This gives: toral vertical d~ corresPondi~ k.
1

~~ ~~-~' al1d .:i~. 
. ·. r .. 

::: htof·nmngte:(~'li)iit'l'~atlOp~"#'_.ai._ ,. " 

= h + # topscgmcntsaoingtoleftedac + # unm.~;r;l~~,. ih · ·• 

+ # buUf>111 segmCf!ts aoina to r!8ht. + #~heel Ta at boUonl 
. , ., : - < ,,~ : . ·--,,-_s.:~--- '":- ;.,-; rrt~;~f~!-r-rt d~'-.. ;:~ -=::::::::.to .. :."':;:;·;=~ "I' 'vii, 

No&cthat: :#"~"s .• top,9-- #.'WJ~11>¥tta•~•*•·•~aeinato~ldlc 

.,# i ~- - ~-:' +: • ~~<- -~-·1: ~·-· ··)~ -~.; ,~c-,{,.ji-J·: 0-~'~ : 

This Jives: minimum total ~ertical dimeftsiOO oVCr .n-... ftlacUons fOr Yfrand vn, 
= I\ +-#'mp~'+''-'*'--~ j -~;¥Mi¥!:. k'\li :C ·"<Mvrr + Mv~/'-

__ )~ / l:dH; ,,-i\;- ttis ,;;(.;·~~-~ _,· -·--- ~··· .:?· 1 ~ f •.'· ~' ·_. 
Where C = ( # local connections top and bottom) + '1{ # top-bOuom CGMeCtions) is a COnslant for any 

~of~_~problcar~-~•••,fll,,._•~•mawi""*8 >. " 

- Cl: 

- . 

. We now present the various phases of the algoiiwn which finds value fbnctions vr f anc1 · vn, 



fiaure 5.2: Possihle co11fi&urations "hen ftUina channels. 

p(i) =. p(j) = B(k} 
channel 

I 
Vf(i) = 0 VT(j) = l 

~ 
mVI(i) = j 

p(i) ~ j 

I C_ I 
Vl'(i):;::: 1 VJ'o> = o vnk> = t vnq> = o I 

channel 

\ .'---/ l 
unmatched ' mvr(j) • l unmatched 

p(i) = B(u) p(j) :: k 

I I 
channel 

Vf(i} = 0 VfO> = 1 YJ'(lt) = 0 Vf(q) = l 

"--/ "--/' 
m~l) =J mVI(t) = q 
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maximizing (MVI. + Mv8 ). r r 

S.3 Dcfmina Reaions 

The following description will be in tcnns of T. An analoi<>uS' development is assumed for B. 

Let T(x,y) denote the terminals from x lo y inclusive. Jn an)' left intem&l. T(l.i). for aoy iSrn. we would 
. i 

like to maintain the propcny that no morothan half the tcnninals are I-valued. This propeny must hold 

if every I-valued terminal in (J,i) is to be matched to a 0-valued tcnninaJ with smaller index. If more that 

half the terminals in a left interval are I-valued; some of these I-valued tcnninals cannot be matched 

under any mvr If at least half the terminals are I-valued, any ?-valued lenninals in the interval should 

become 0-valucd if we are to maxhnizc the number of matches. Siinffarly, we want no more than half 
.,_.- ·-

0-valucd terminals in any right interval to insure that these 0-valued ~n.m.nats «;an be matched Because 

of the local connection~ it is not always possible to maintail}: dlesc propcn.ics on any left or right interval.· 

Instead. we define regions within which ~ ~~ hold. Withil\ .~. ~ons matching can be 

localized. 

For a given value function, VT, Jct ZEROSVl(S) = {i€SIVJ'(i)=0}; ONfSy-r(S) = 

{iESjVf(i)= l}; UNDF.T Vl~S) = {i€SIVT(i)=?} where st;T. Oefine the property ~K-l(Vf ,x,y) 

(similarly OK-0) which is true if and ooly if JONE.Sw~~J)LS .. ~ IA(y7~+ l)~~. (W~ us the notation 
' "'"'~- I t 

"ONFS~x.y)" rather than. "ONF.Svi(Jlx,y))") Also define PQll·l(Vf,1.~) (similarly Full-0) which is 

true if and only if fONESyc<x,y)J ~. P,.(y-x + 1)1.. Property FµU7"J>~(~.x.y) is true when at least half 

the terminals in T(x,y) have value "b" under Vf. Note that Futl·l(Vf.x.y) and OK·l(Vf .x.y) can be 

simultaneously true only if IONFSVl.(x,y)I = 1A(y-x + 1). an integer. Full-l(Vf, l.i) indicates that the 

terminals in UN Dfff v·i~ l ,i) should become 6-valucd if we arc to maximize the number of matches. 

We will now define the regions ofT within which matching can be localized. Left-regions under 

vr arc formed scanning T from l to m. A new region begins when the previous region ·has at 1cast half 
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"l"s.. Similarly, rlallt·ft1ions under vr are inten:akof'T ICaflllint ftom m.to 1 and counting "O"s. 

/~l) = 1 

lvrCi> = i if Full-l(Vl',l~l-1),i· l) 

/Vl~i-1) otherwise, for i > 1 

rvr<m> = m 

r VI.(j) = j if Full-O(VI',i + l,r ~i + 1)) 

r vr<i + 1) otherwile, for j < m 

The ft.motion 'v-t· induces• equivalence•ntll&km oft., TO~mJ\Jndcr which two· terminals i and j 

are equivalent if and only if lvt<i) = lvr<J). The resulting equivalenc•daaseiMire mtervals of T(l,m); the 

lowest element of each is an cleMllt of: the raqae ,of, lvi .. 1ltcse oqwvalerite clas&Cs arc called left-regions 

under VI'. A new region beains when the previoua NP>n haa at leMt half "l "s. Similarly, rV:I. induces 

right-r~gions under Vf which are intervall1whosc hilhcJl&elcmcnt is,1urek;montof.the nmge of rvr 

Lemma 5.2: (a)OK-l(Vl',/~i).i)unlcss lvt<O=i and Vf(i)=l 

(b)OK-()(Vf,i,rv.1{i)) unleu r~i)=i and Vf(l)=O. 

Proof: We wiH prove(a). Theprooffor(bl•aaaJOaeut 

If lvi.(O=i and Vl'(i)•l. then lONES#IM•-O•L\6(M+ l»J and OK·l(Vf,i,i). ff lvi(i)<~ 

then not(Full-l(Vf,/vt<H),i-1)). In this case /~i)=lyi{l-l)and 
I' 

IONF.S~/VI{i),i)I S IONESvi,(lvrCi· l),i· l)I + 1 < f 1A(i·lvrCi))1 + l = L 11'(1-/Vl.(i)+ l)J + 1 

and OK-l(VT,lVl.(i),i). a 

On alt the left-regions except possibly the la$. at least ha!f the tenninals arc I-valued. Such 

regions arc called fall left-regions. We define a delimiter for the full regions. Let Lvr=m if 
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interval of overlap are Oil ·valued. 

l.emma S.3: If Lvr > Rvf' then IUNDin: VI{Ryplw)I = 0, i.e. all directions arc known on (RVf'Lvr>· 

Proof: Assume Lvr > Rvr. The proof counts the number of "O"s and .. l "s necessarily in (Ryr I Yr) 

using the definitions of Rvr and 1--vr 
- . ~' ' . ' --~· . 

Case 1: IONESVI(RvrLvr>I > IZEROSy1{Rvrlvr>f· Suppose Lvr is in rangc(rvr>· Then .. 
. . ·r; ~ ', 

(RvrLVT) is a set of right-regions of T. Since Full-() is true for any right~rcgion of terminals greater than 

Rvr- il must be that ft"ull-O(Vf.Rvr-Lvrl- However.---....--. tllfN~•Jeast. as many "l "s 

as "O"s 1n <Rvrl-vr). Thiaama 

and no elerrnmts af (RVT'Lyy) have value 'T' wider Yf •.. 

We now. supposeLyy is not in the raaae~rvr. Thea 

IZEROSVl{Lvr+ l,rvre•~+ 1))1 < r~(rvr<IYI.+ 1)-(1-vr.+ l)+ 1)1 
.. ,, , , . ; .~·c ;: ; ~ ; - - 4 ;· :: 

and 

rvr<LvT+ l)=rVI(l,vr>. Interval (Rvrrvi{Lvr)) is a set of,right-rcgions...;d Full-0 holds. 'Ibis gives: 
" ·, { ~ ·,~ :· ·; 1,.) . l ; .~ .. 1 ~~' · .. }1: f ~ ;. ' ·.; ~ <. F. ! ' . 

IZEROSvi{RvrLvr>f = IZEROSy1{RVl"r~Lvr>>l • IZfJtOSvr(LVJ'+ Lrvr<Lvr>>I 
IZEROSvrCRvrLvr)I > r ~(r ~LVT)-Rvr +i)14·1'tr#flW4TYl :~ .:L\t(l~f-lvr~l)J · ~' le. 

hlH)(Vf.R;wLVl'> .aai•~ no-elctnefttl.r~~>,_ ..._ .. ,.,. ~vr. 

Case 2: IONESy1{RvrlvT>I < IZHROSyy(RvrLvr>I This case is proven in the same manner as~ 1 
---: .\~?·-.!-~:-r).t~ 1~ •• \.~_\';"'._~:r:.:·y~.1)~_. __ :. .. .r~: 

with the roles of lvr and left-regions interchanged with the roles of Rv~ and riaht-l'Cliona: 0 

The matching within the full left-regions .'l·Lvi·> or the full f'ilht ~ns (Ryrml can be 
:~ .. ,, • •• :; ~. .:! • ;.-· 

maximized independent of the rest of T. Our aflorithm uses this property to break up the problem. 
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l"heo,.. 5.1: Let Vl0 be a aiven initial value function deftnlna Rvr and Lvr. . For every VT consistent 
. .. . ..o . e 

with VT 0 and every matchina ft.inctlon mvr there is a matching functio~ m' VT aarecina with mvr on 

0-valucd terminals In (I~. + 1.m) but. matching each 0-vatued terminal in (l,Lvr ) to a I ·valued 
0 0 

terMinal in (l.L~r ): an4 such that lraltlC(m\;.rlt ~ ftattle<ntvrlf. 'AnatoaOtttly. there is a matching 
0 

fbncdoft m"vrBll'ftinl with mvr Ort l .. vQlucd tenniAils m (1,RvT -i) bitt matching each l·valued 
0 

termiftaHn <llvr ,M) to a 0-vatued tel'lninal in (Rvr .m>•d·Whtwle raate·IS at Jea ufarlc. 
0 0 

;, 

Proof: We witJ onl.y prove the existence of m'vr· The proof of the existence of,m"vr is similar. The 

proof is by induction on the number of left-regions in <U-vrJ: 

Oasis: (l,LvT ) contains at most one region. 
0 

If Lvr =O, then (U.vr) is empty. If Lvr = l. then Vf o(l)= I and (1,Lvr) does not contain 
0 0 0 0 

any "O"s. In eidMr cate, dM·t.heomn iftrivialJ.y trie. 

If 1-vr > 1, · Chen lvr O~vr )= 1. 'ffteiciJAI, OK•l(Vf 0'1,Lvr ). We also have 
0 0 0 0 

FulH(VTO'l.Lvr) and en c:onckicfe JOHP.Svr fl,LVl. )f :a: 'Af..vr·. ·For any·vafue function, a 
0 . 0 0 0 

maximum nlatcitilll·caR be tbund by cannfna T troM l ·to m. F.ach .tfme a "l" is eftct>uotcred, it is 

matched ao dte lowest numbered yet unmached "I". A• tofta • there: arc no more "l "s than "O"s in an 

interval (l,t), there· will be an yot umnatd\ed "O" in (l.i-lHomacch a 1 ~valued terminal· I. Jn the ·cue we 

are considering, OK·I(V10,1,i) holds for every iSL .. Therefore every l·valued tenninat' can be . --vio 

matched to a Cl-valued terminal if all ?·valued tem\inata tn f U'VT l~ fHaltied. Since there are 
0 

'ALVI. I-valued terminals in (l,Lvt) under vr0, sud\ a matchma Amrtion woofd match all 0-valued 
0 0 

terminals in (l.LVT ). For each 0-vatued or ?·valuod tenninahmder vr 0 in (lJ.vr ), we can associate the 
0 0 

I-valued tcnninal to which it would 1'!atch under the above mafchtng. Given any value function Vf 

consistent with vr0 and any matching function; mvr, · the desired tfiatehin& function m' vr can be 
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created by matching each 0-valued terminal t..:(1.l"Vf. H.ct daeJht ... l":v8k•hcnniftal Jt ts aaociated· with 
0 

and using the matching defined by mvr for 0-val~ tcnninals in (l-vr .m). Since m' VT matches at least· 
' ' ' ',j _,•;, ' '. .fl·' ' ,,,, . '' :.. , ' :· " ' 

as many "O"s as mvr lranac(m' vrJI is at least as large as lranae(mvr>I· (Reca11.that matchina functions 
. - ; ~ ',~.f O A ,t '' ', ' 

arc one-to-of1e so that the domain of a matching function is' the ~ si1.C as its ranae-> 

consider the ~ins teimjAM&.as a new ~ . The ~of ihe maai!l;ina ..-niaals n 
,, 

unchanged. and we apply the inductive aswmption. The desired m'vT uses the matching of "O"i in the 
.. ' 

; . ' .• ,' ~ ~-· ;.'".._,,:;-='\:: .. ··-: ·-·~~.. ·~ 

first left-region to "l "s in the first left-region and the matching of -0 .. s in the remaining full left-regions 
.,.,. '· : . ; ~ 

to "l"s in the remaining full left-regions obtained by the inductive 8111tJ1nPtion· a 

S.4 Assipmeat within Reafoes 

wflicll •gn 1111 ?·valued tcllllilnfi ile (l,i.n )the ValU4 ,~'f" Walt ''l·valiltd terminal$ in (Rvr ,m) 1be 
' ' 0 ' ' '. " , ', ' : 0 

value "l ". ~.- hold$ for vu. ; 'fheorem s.~ saatcs. *11 lbmuiQr. ,;{he .ritbln.IQ( .aasi&rrial: .... 

begins by assipiq these val41es w the Pfi&inaJW. t-~ .......,.._. tlleir. :paifa..: Wilen- a conAict 

arises, i.e. T(i)€(1.l"Vf
0
) -1 BO) : p(T{i})E{RylloJI) .Df ll.i:KQ\V'1')··•UiQ .w1,pffli))E(lJ:-v90). 

either choice caa bf:~ We choote.tiufdint'dle .._... IQ;thlt ~·- JIJlde a tM 

1. Mate all:?~valued tenntaall illOJ"vT )a their~~ •lf81bed. . ' Ylo 

2.Mateall?·~ .... fsin(Rvr )n)Md~--·--~valued. 
' 9 ' 

3. Make all ?-valued ~in th4\)Jllld lbeir 1DP',_kaluecL 

4.M•c all '!·valued tenninall ill (Rv8n.o> ltlcl. their., f)lbB l·¥alued. 

This order jives a prcfeRUlee k> llli&mnenll~_,_. the top..-., ~each d 1 

-------- --
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throlJlh 4 4cflnes new functiona VJ:11,1,tVB which ••ttnd Vfc.IUld VS.• which may be extended to 

value .fVnctions acbievi111 die ~ ~ (Mw, t "4va/F· Thcte new functions may induce 

new teft·reaion• and tjaht·reai@~ The aprtthm rwe~ computes new Lvr RVl., Lv8, and Rvir 

and appliC$ one of~ through 4, qch iJ) lltm. until there.,. •fbll ~C91ltainina ?·valued terminals. 

Theorem 5.1: Let VT and VB ~ any pair of value functions consistent with Vl'
0
, VB

0
• and the pairina 

function. p. If there are ?·va1ued terminals under vro In Cl.lyr ). then there arc functions VT' and VB' 
0 . -

' ' 
consistent with VT O' V00, and p. such that all ?-valued tenninals ·in O.Lvr ) under Vf 0 arc 0--valued 

- 0' 

un'der VI'', and Mvr' + Mvo' ;:? MVl.+ Mvir SimiiArly, .rhere arc value fttnctions assigning ?·valued 

tcnnlnals in <Rvr
0
,m). (1,Lv11o>· or (RVfto'1t) the values •'t", ;'O", or"l" respectively, without decreasing 

the sum of the marchinas on T and B. 

Proef: We wilt only prove the statemen' (or &e4 v•.• (~Ln/ Prqc»$ for the other intervals are 

anal~ous. Suppo1e there are ?-v.atued terminals in (l.~) under Vf &' lf ttiese M:m.h1als arc 0-valuod 

under Yf. we arc done .. Suppo!IO dlere are S\JCh ~· w~,are JJQt.8-vfdue4 under vr. Define 
' 

value function VI" to aatee with Vf on~ +1,m),but· .... cadl ?·YCJI~ Jenniualuader VT0 in 

(l.LVT
0
) the value "O". Let mvr be a maximum matchU:la ~nc~ll fol: Yr wll4c1Hl~~tchel each 0-valued 

terminal in (l.l~r. ) under vr to • l-valued terminal in Cl.Lvr ). ' Dy 1\corem $.1. IU(fh a ,mvr must 
0 0 

exist. Let ll'lyr' be a matchina functiop for IT·w~--- widl mvr:Qfl.,(lvr
0 

+I.JP) aad matqbee 

each 0-valucd terminal io (l,Lvr
0
) tipdef Vf' to a I ·valued tennina1 in (I.Ly...,>- Apin, mVJ" ii 

guaranteed ,to exist by 1beorem S.l. 'lllen. 

lran&e<mvr'>l- lranacfmvrM = IZEROS•r(lLvr
0
M- IZF--ROSyr(l.Lvr

0
>1 = d. 

But. MVT• ~ lrafl8c{mvr·>f and Wvr = Irani'(~. ~ Mvr' -Mv.r ~ d. 1be CQrrcspondiaa 

VB' differs from VB by chanain&-1 ~ d "?"s or "l "s to "O"~ This cao ~.at most d ranae valuea 

a 
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It remains to 8Sltp Oil values to anj 1-vatued':tCntlfnatS of· TCLvr + l.kVT ·l) and 
. e e 

D(Lv8 + l,Rv8 ·l)~ where VT
1 

and VBe ate dlC 1aatextensioni.o1Vt0 and Vft0.0btaincd by the abOve 
e e 

. . \ . 

asSigitmcnts. lntetVals T(J.,T + l,RVT -l)and Bn.y8 +ttv8'~t) maybe empty: Given Theorem S.l, 
· e e · e e . 

we can maximize the sum t>fma1ChCs within TfLvr '+f,ltvi·;t) and :rw1~8 + t;Rv8 ;.l11ndCperidenfof 
e e e e 

the full regions. We remove the full regions afld define a new T and ltwntain,igg only t)l~ remaining 
., • - - .: • • ":.~-"£ ;f! . f ·'. 'i: ; . ' . - . . ·": ' . ·. -~ -· ~ 

terminals. We get a problem on vectors 1U.m')and B(l,n') with new pairing function, p'. ;md new initial 
• •• • ~ > '. • + ~ . • 

value functions. Vr'0 and V8'0• such ~ · 

m' = RVT ·Lvr ·1 and n' = Rvp ·•·ve ·J, 
;~ J! ,;e .. •, 

vr'0(1) = vr.<Lvr, +i) and VB'0(i~ = ~~.<Lva,+i). _ 

The pairing function, p', corresponds to the the old pairing function whc~ both terminals of a pair are 
.. ·-;5 ,_' . ' ' 

within (Lvr + l,RVl. · l) and <Lve + l,Rv8 • l). If a terminal within one of~ intervals was originally 
e e e e 

paired with a terminal outside the intervals, then the new function pairs this terminal with • (don't care) .. 

Any tcnninal originaUy paired with a tennitull ootsidc these'lntetvlfS is.0-valucd or l·velued umter Vf 8 

or VDe. Since the pairing function is only needc,ffbr ?•valued tenriJiiati·tluingiq'the patrlna of such a 

terminal to • does· not change Ille probtcm. The new value~ function&. vf 0 and VB' 0• lnduCe exactly one 

left-region and one right·rcgkm ·on each of T(l,m') and D(t,n'}. 'None ~ftheSC ~ns is ftJll. • 

The mianmci1t to .the new vectors iS made using procedilre' SCAN·A"SSfobt ,'f'he procedure is 

called with fnput5 (Jll.m~;8(l;n'),p':VT'0.VB'"O). .iw pfuceaure · 8cans· die· iop ~Mr, feaaigning 

~bottom pairs of ?·valued tenmnals die value "()" ·w~ tbis· ...,nm~t --.,<JU14 nOt create a 

bottom right interval. D(s.n), with more that halfO-valued termfft81s. ~ sud'l an Friitrvat:woUld·rault. 

SCAN-ASSIGN tries to reassign the terminall·ate;valiie "t", ;'lrttitl writild·tteallfcf top left interval. 

1lJ,q), with morc1han half I·valued tcnnhrdts', the procedure stops Md morns "FAn~·. The proCedure 

which called SCAN·ASSION must handle the failure; If no failure~ SCAN·ASSfON contlnllea 

assigning until there is a fuJt top ript-~ion. i.e. a ri&ht interval with at ·1ea1t half JO"s. Any .JCmainlq 
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?-valued terminals are assigned the value 'T'. The procedure SCAJ+.ASSJON is defined in Figure S.3. 

The followina two lemmas . and theorem prove the correctness of 

SCAN-ASSION(T(l,m),8(1,n),p,VTO' VBo> when it succeeds in assigning "O"s or 'T's to all ?-valued 

terminals in T(l,m) and 0(1,n). 

Lemma 5.4: Let Vl'i and VD1 be the value functions lafUmed by variables VT and VB after considering 

tenninal T(i) in either the ftrst or ~nd FOR loop during the execution of 

SCAN·ASSIGN('f(l,m),8(1,m),p,Vl~ .Vftg). ·lfV10 anlVfto do not define any full regions on Tor B, 

then fur any i, lSiSm. vri and VB1 llltisfY tllofbll&wkifproperdea: 

For alt k, l:S;k:S;m, OK-l(VTi'l,t) 

For all k, I:S;tSn. OK-o('tBi~·nt 

Furthermore, if SCAN-ASSION(T(l.m),8(1,m),p,Vf0,VBo> enten the tiecoftd FOR loop, then for all 

value functions Vlj and VBi' where r(j) is considered in this loop, jZEROSvTJO.mM = fl.tm 1. 

Proof: We first prove the properties fi:>r functions defined in the first FOR loop by induction on i. 

Basis: 'Ille properties arc true for vr 0 and V80 by hypothesis. 

Induction: By inductive assumption, the properties are true after considering terminal T(i-1), ie. 

after the (i- l)th execution of the loop. Function Vfi differs from VT1~ 1 at most for T(i). For this to affect 

OK·_l(Vf1,l.k) for some k, the fbHowina must hold: jONESVTi-1(1,k)l=UUJ, k~i, Vfi_1(i)=?, and 

Vf1(1) = 1. However, if IONESVT. (l,t)I = L 'AtJ, then Vfi(I) is not assigned "l". Therefore, for aH k, 
1-1 

OK· l(VTi,l,k) holds. For OK-O(VDi.k,n) not to hold for some t, it must be that: IZEROSvei-l (t,n)I = 
L'A(n-k+ l)J, kSp(i), VllH(p(i))=?, and VBi(p(i))=O. However, if IZEROSy8H(t,n)f=L'.t(n-k+ l)J, 

then VTi(i) and VR1(p(i)) arc not assigned "O''. TilCreforc, OK-O(VB1,k,n) must hold for all t. 

If SCAN-ASSIGN enters the second FOR loop, let h be the first value of j considered ·in this 

loop. faecution of the first FOR loop is completed because FulH)(Vrh-l'q,m) holds for some q. We 
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SCAN-ASSIGN(T( l.m),8(1,n).p. Vf 00 V8t) 

/Assigns Oil to ?-valued tenninals in Tand B where Lvt-
0 

=O. Rvr
0 

:::m+l, Lvlo =~· RYBo =n+l. ~ 
no region i$ full.I · · · · . · 

VI':= Vf0 and VB:= VBo .. . . .. 
FOR i = J STEP l UNTii. (3q)FuD-~.q.m); 

IF Vlli)=?THEN . . . . 
. IF (ls) p(i)€8(s.n)and.(ZEROSv,.(s.a)f =L~n-s+ l)J THEN 

. IF (3qH~qSip • IONF.Sv:1(l~~~~ THEN 
RETlJRN (FAIL i,V'f,VB) 

ELSE VJ'~):,:;lahd~~B(p(i))::.=;l 
El .SE Vf(i): = 0 an(i VB(p(i)): =0 

END ·~, 
FOR j = i STFJ> l THROUGH m 

IF Vl'ij) =?THEN Vf(j): = 1 and YJ)jp(j)t-~ l · 
END 
RfffURN (S~.Vf,VB) 

END SCAN-ASSIGN 
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kn~ daat h~l aad q<h .. Vf11--1..-. .with Vfo on ·--ta) and lbr no k does FuA-o(Vf 0,k,m)·hold. 

If Cl'*l. we know OK·J(VT,_1,l,ftl} holds·~ the .ftNt pan of dtls ·proof; This implies that 

IZFJ{OSVTh-1(1,q-l)f ;c:i: r•,.(q-1)1'shlceno tmniaals ia.'fll,b..il)are ?·valuedunder.VTh-r Then 

IZEROSVJ, (l,m)f ~ r'.4(q·l)1+r•,.(m-q+1)1 ~ r~ml. 
h·l . . . 

However. IZEROSvr (l,m)f < rt.tm1; otherwise, the ftnt loop would not have been repeated for h-1. 
h-2. , ' 

Therefore. IZEROSVT (l.mM = ntm1. The second FOR Joop docs not assign any "O"s. Therefore, 
h-1 , , ' . . . 

for all VTJ' h:S,;Sm. IZEROSvr(l,m)f = r•,.m1. Also, since OK-O(VBn_1,k,m) holds for any k, 
j 

OK-O(VBj,k,m) holds for any t. 

It remains to show that OK·l(Vfj'l,k) holds for all k. Since any Vfj agrees with VTh-l on 
" . . 

T(l,h-1), OK-l(VfJ,l,k) must hold for t<h. Suppose &bat for same te?!h and some J~_h, OK-l(~TJ,1,t) 

does not hold. Since the number of I ·valued terminals incrc*5, on each iteration._ OK-l(Vf m,l,k) must 

also not hold. Sinf;e no tenninal is ?-valued under VT m• IZEROSvr (l,m)f = P,.m 1 implies 
. , . . . , . m 

IONESvr (1,m)I = L 1AmJ; therefoftJ k;tm. 
m 

For any i~h. fZEROSw (i,m)f = fZEROSw (i,m)I < P.4(m-i + 1)1. 
m 0 . · 

This implies IONESvr (k + l,m)f > L "'(m-(k + l)+ l)J . .. 
lb en fQNBS~r . (l,k)f < L IAmJ - L IA(m-t)J, 

II\ . 

giving IONESVT (l,k)f < r1Akl, contradicting our assumption. that OK-l(VT .l.t) does not hold. a 
m . . 11' .• , · , ·, 

Lemma 5.5: For any caU to SCAN .. ASSION • m Lem• S;.f, the first FOR loop is completed with iSm. 

Proof: If the lemma does not hold, then after i = m in the first FOR loop: 

IZEROSvr (l,mM < rtAm1. 
m 

However, by Lemma ,S.4.IONfBVr (1,m)f ~ LIAmJ,'irnplfinafZEROSw (l,111) ~ r'iim1. a 
m m 



'llleorm 5~: l.et VI'&-_.. Vflo be initial -.C fUadiotls .wllidJ~ n&MI JGgieM OCl T and B.- If 

SCAN"'.AS$1GN(T(l,m). B(uk ,,. vr.,. VI\) •turaa ·csvcm& rtin;VBm); ·tJlell vr .. ancf vu. 

Proof: Since OK-l(Vf m.1.k) holds fur lStSm and fONFSvr (l.m)f = L~mJ. Mv:r = l 1AmJ. the 
' ' ' '. ' " :: c' ' - ' ., • ' ''· ''· ... '"Ill 

maximum possible. Since 0K-6(VB .t.n) holds mr l;Sl:Sn. each 0-valued bOttom terminal can be 
. ID . . . . . • . .' , 

t ; -: ,;t'" ': 
. ~ 

matched. and Mv8 = IZEROSvr (l.n)f. If Mva = L linJ, then nt>. larger mittcl'ting is possible and 
m m • .. · •· · 

< • • ' -

we arc done. Suppose Mva < UinJ. Let Mva =~linrA, A>O. let Vf and VB be any other value 
'In Rt : :.·" :' 

functions consistent with p, VI'& and Vl\y We must show that 

MVT + MvB s MVT + Mva = l'4nJ-A+lhJ. 
11 ' • • 

Since the initially ?-valued terminals are Biped Oil values in top-bottom pain, we have: 

tZEROSVT8(1.m)f-(ZF.ROSy8t(l.n)f = ~osvr.~I-~)t-IZEROS~a.o.n>& 
= r"m"l-t.~n.J+.4 and 

.:. ' 

IZEROSyr<I.m)I - f7..F..R:C>Svr
0 
(I.mll = tzEROSvJl.a• · tz17~0Sv9t (1,n)J. 

' < • c ~ - ' - • • • ~ , 

Let lZF.ROSvrU.m)f = f ,,.ml+ 7.. where z is any imsgcr. Tben: 

IZEROSvafl.nJI = IZER05vr'I.m)t-(fZPJlOS~~.~)f-JZEROSy8e(l.n)I) 
- - ·. . . , ~·- . ~~ 

= f1iml+z1.f~1-l~a.f+A)= L~a.J+Z"A. 

~ I: z<O. Then MVT + Mva S IZPRO&y.H.m)l + IZEROS,8(1,aj 

~ rhl+z+t.\inJ+~A:,<:UuiO+thJ-A. 

Case 2: O;Sz. Then Mvr + MVB < lONF.Svrf l.mlt + IZEROSJl.al 
-' . :. ;r: ti~~-:; . . ~ , 

~ l"mJ-1+L~11J+z-A = L141RJ+L\inJ-A. · 0 

handled. we prove that tor certain value fimctions. the value of a tmninal can be twitched f'rom one of 
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initial value functiou used as inpur to SCAN·ASSION and miaft only "O''s and ''l''s. They assign an 
- . 

imbalance of "O"s and "l "s in some left or~ interval. We will uae this ability to change the values of· . . 

tenninals to prove that the value function returned by SCAN-ASSIGN do not assign too many or too 

few "O"s and "l "s to achieve an optimal matchiaa-

1.emma S.6: Let Vf 0 and VBo be initial value functions which define no full regions on T and 0. Let Vf 

and VR be any function consistent with Vf O' VBo. and p under which no terminal is ?·va1ucd. 

A) For any x, l~xSm. if IONF.Svifl.xM · tiERO&~~·l,1'}f ~ 1, then there is a terminal i in 

T(l,x) such that Vl'Ji)=T, Vt'(i)= I, and the functiont VT' and VO' obtained by chanaina the \'alues of i 

and p(i) to "0'1 
are sl.ICf:l that t.fvr•+ Mva' C!: Mvr + Mw· 

B) For any y, l~ySn. if )ZF.R'Osv8b.n)f· lONF~~y,n)I > I, then there is a terminal i in 

D(y,n) such that VB0(i)=?, VB(i)=O, and the functlOftl VT' and VB' obtained by chanaing the values of i 

and p(i)to "l" are suc;h that Mvr•+Mv8·~Mvr+MVB. 

Proof: We wiH only prove A. The proof fur 8 is analogous. Since fONESw<I,x)l·IZEROSVIO.•>l>l. 

there are at least two "l "sin T(l,x) unmatched under any matchina,Amction for Vf. ; 
.r 

Let there be a mat.Chin. fttnctiott achitvJna ~vt for which.the terminal oflowor.indcx amon1 

two unmatched "l"s is ?·valued under VT er We--will show by contradiction that~ a matching function 

must exist. Given such a matching function, change the value ~f the termi~at of lower index to "O". 

chanaing the value of its bottom pair as welt. Thia defines vr and VB'. The new "O" can match the 

second unmatched "l", aiving Mvr=Mvr+l. In B(l,n). at most-one range value of any matchina 

function has been destroyed; thcrefure, Mv8·~Mv8·l.. It tbllows that Mvr'+ Mvo' ~ Mvr+Mva· 

We now show that the matchlna function detCribed above must exist Flaure S.4 illustrates. 

Suppose that for any matching function achieving MVf' at most one I-valued tenninal in T(l,x)°which 

' . 
was initially ?-valued (i.e. under Vl'o) is unmatched, and that if there ii such a tenninal, it is the termina1 



, ,~,~~""*~'1!~~~~"',;~,~~~~---•·JlllN.Q,mt#IJ!IJt~lRJZWlf~•-t1.3 J1"··~,!t!JltWl~@A;j.,.~,.._"~~,. 
,,.. - . - - - . - . - . ' - ~ - . 

. ~--
Fipre S.4: The proof of Leaaa 5.6. 

Claim exists: 

T: •l~---~~~~~~~--~~~--'~--~~~~~-e m 
"I" 

unmatched 
?-valued under VT 0 

Otherwise: 

"l" 
unmatched 

any I-valued terminal under Vl() is matched to a 0.valucd terminal here 
T: 1 -~t , ·_ .. -~ . . m 

an I-valued tcnninals under VT are also I-val~ u~r Vf 0 . . . . 
- L~many "l"sundcrVfo 

all 0-valued terminals arc malehcd tQ I-val~ tcrmioalsbereJ 
' . - - . . '- ' ~ f 

Fi&ure 5.S: Definition of C. 

T: 
1 k q m 

set c includes ad "1 ·s 
assigned by SCAN-ASSION 

. ' ,,__ < 



·•· 
of highest indel amoR1 aft Utunatched "1'"1 in T(l,x). Then, for any matching functton achieving hfvr 

there is at least one 1 ·valucd terminal uRder yt0 which is unmatched. Consider all matching functions 

achieving Mw for which a maximum number of !·valued terminals in T(b) arc matched. Among these, 

consider only those functions fur which a maiimum number of originally ?·valued, now 1 ·valued 

terminals in T(l,x) are unmatched (either iero or one such terminals). For each of these. note the indices 
' , ~ ' 

of any terminals in T(l,x) which are unmatched and are I-valued under vr0. Choose the matching 

function for which the highest index. say u, is obtained. No initially ?·valued terminal in T(l,u· l) which 

is 1-valucdunder Vf iS unmatched. Bach 0.-valued tc~iaal ~ T(l,u-1) must match an initially !·valued 

terminal in T(l,u· 1). Otherwise, the matching function could be modified so that the offending 0-valued 

terminal matched u. ff the off'ending&vatued terminal had been unmatched, this would produce a larger 
I 

"~ ' " _, 
': '~ , . ' -

matching; if it had matched a terminal in T(x + l,m), dtis would produce a matching under which more 

!-valued terminals in T(l,x) are matched. If thcotfcndina terminal had matched an initially ?·valued 

"" 

terminal in T(l,x), matchina it to u would produce a matchina with a larger number of unmatched 
,· 

, I-valued terminals which are ?-valued under vr0; if k had malehed a terminal in T(u+l,x) which is 
~. , ... ' ; :) ,,, 

I-valued under VT 0, this would produce a malehing with an unmatched terminal which is I-valued under 
~~ . ' t 

VT0 and of higher index than u. Any of these possibilities contradict our choice of matching function. 

There can be no matched I-valued terminals in T(l,u·l) which are initially ?·valued nor any unmatched 

terminals of this type. All l·vatued terminals in T(l,u·l) are initially l·valued. Since afl 0-valued 

terminals in T(l,u·l) must match l·valued terminals in T(l.u· l), we have: 

IZEROSv10,u·lM ~ fONF.Svr<I.u·l)I = fONESvr (1.u·l)I 
. - ,,_- 0 -

Since no terminals arc ?-valued under Vr. this implies fONF..SVI. (l,u·l)I ~ r'ii(u·l)l, contradictina the 
0 

hypothesis that there arc no full regions under vrO" a 
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' ' ~ ' - --·~ : 

Let us suppose that SCAN·A$SION returns (FAIL t~vr. VB)., We will now dacribe what is 
_ • - , : ._, , • - .. •• 0 ·~ 3 ;1~.-:. :~·""i.~f: ~.:.~-r:.:.:- : ;t·,,.':-~> .. -,: '. ,,-~~- ,_.---. ~~ 

known about T, 8, and their value functions after SCAN·ASSION returns. We wm USC this infurmatioD 
. :-1 --.,. ,, 

to handle the failure. Procedure SCAN· ASSIGN returns the. value. t. of k)()P,. v~riable ~ when 
- - ' • .. ~r ,, , • ··~,...-· :~-_.-('!_~·~·J ~Y)4 /·~{)f:-' ,·- .,,~" · · i; ('':>.- " 

SCAN-ASSIGN encountered the failure. Therefore we know lhal vr,.1 ·~ VBH. a~ the val~ 
. , · -~ -,-_. _ ' . .;:.~ ·.•,: · --~- jh_ ·_.,.~->'>-~¥:~ ' _ ·--~_,.;~1·c·: · L ! j r:· --~-~" ..... , · 

functions returned. There is a q>k such_ that IC)NF..Sw (l,q)f = L~qJ. We_wiH ~~smallest~ 
·~ ·• - _ _; ;:'-~ :;i .1r-··:lt4-:;·~~- :· ,~---< ,. 3~~::~,: "-.--. :·:.· -· ,.i L.i~·, ·- > -~ 

q;. There is an s_ satis~yin~,,~c fotlo,~ng ~rec.~~- Y>. ; p(l~~.~i'(-~i~ -~~R~VA\.1(~nM = 

L 1ti(n·s+ l)J, and (iii) each tenninal in T(l,t~l) which has beeA' assiped the value "l" by 
: 'i:: -.-: -~:~~·Ji;'-·~-=- .. ·~~--,,_-·;.· . .-~~; .· ' ~ :· ' ' . -'.·' 

SCAN-ASSIGN is _pailed with a ~rminat in B(s.,~~·:i·~·-~~~!!"e,t,~~~~;~cNt~I>,SI>(~~~)). 
. . I .· . , 

1bis last property follows trom the fact that SCAN--A~IO~. onl~ assips Vf(i)= I when. at the time, 
, "i ,.- 0 ~·7 ~ -~-;-jj \'.~·,.ii t-· ~}-~ fi' ~';:.Ui ~'.>~ L" 

(3s)(p(i)€B(s.n) and fZEROSv8(s,n)f = L t,t(n-s+ l)J. · ·~. we can *>elate an 8i with each. 
- . • - · _::.- .;'-·;·:< :. ·~. r: i-'. ·r~:<·~:· -~· .. !; .· t ~ • .~ ,·. - -- - ·.. -

?-valued ~(i) made l~v~lued. Once I~~~~:~. ~' L ~~~-+})J ~:~}V~·,.~ ~ ,~,-~•. • 

in the interval docs not chanae in later itcradons. Therefolt. choosing the smallest of any such 5i and the 
1 .~ • • '. · • · :. :_ ... :..; ,<:. ·=' ~~ ·~ -._.·1 ~l ,t;::,.t.J,f~,_, .... f :-r~r. {:·.~jn··~~ ~·:: ~-_ .. ~-: !,,·.· t :· 

5t associated with the failure. we have fUl index, s. _which satislies aU tbree. (JfOpCrtieL fl~·.~ we ~ ,lhe 
~ ' . • .f,·.T.' ·' ,':i•• ~:·<~':\_~:---~~cr~:::-· ·:~ ':·~•;,,, • "•'.' .. ("' ... ~;, ~ 

largest s ~hich satisties all th~ pr~ Note~. VT ~-.l~k)~,Y~~,l~p(t)):==~· w~ ~lso ~!~ ... ,' 
; ~ :. ... . . ,_ .. . - . - :·~.:;.,,'t ,. ::- .. ,~!,.(". ::~ _i1,'.'":--·~!1 '°l,} \~\.f'l. ~:cl}:.~·- : ' . '~· ·' '-

terminal in B(s.n) which is assigned a "O" or a "l" value by SCAN·ASSION mutt be paired with a 
• :

1 ·)~ •• ~ .. ~ " : :·,~ ' :.~~·.,,_-!-~ }:J~ ~j-'_,.,iJ.~f;: ~ . ~J~ .. ~ <' :&~ 'l ... :' ·._ 

tcnninaJ in T(l,k-1), since no initially ?·valued terminals in 1lt.m) or lheir bottom ~ have been 
- • ;_ , ~~ . f ~ 1-·~-:;.~ ~;/,·~(. . : ~~·_:.:·_· t'; -;.~_:,' > ... 

Let C be the set of initially ?~valued.,._ in T(l,q)~,~- in ~'n) (f"..-S.s). 
~, 1 -;_: : ~ _ ,~· ,, :~:: ~ >~ ( ~i ::_ ·!f ~ ,. d, r .; ~:~:;!:¥:1f. '°'2: ~ L-~f;_--l7:~>i-~~: f~() ~~l~f:-< ! , 

For an optimal &ipment at the top~ all redtaiflina ?-valued tcrmmall·ia T(IA)slKMJld 1*ome "O"s. ·~. 
· ,~ ~ • ::.~::,_'· 7 ·.:..-_ •·• ;~ .• '_: )i~1>c,··-: ;;- . 'S i~,;~~1 "''(\! CJ-.--;t:;;1;;·h't>i.~~~r~~-t :-:r-t~ >!E·1 ;:, ·1.~ ~-·ff~ ,·, 

an optimal assignment at the bottom. ail'~ ?-valued tcmainall ta ll(s.a) lhould become "t•a. 
,-~·! \/ ·f~;frf ,-r~;;:-~~1'1 ~t~?~'{,;ft f/hJ :'_.~i".~f;~ ~c.,£1i ,_;--·~;[j·;~ ' 
., 

Obviously, on C these are confticting goals. We wish to Jiftd Oil ........ A>r dMt ~na ?-valuecl 

tenninals in C (including k) for which ~extension will a.ilieve the madmum sum Qf maEbes. To do 

this, we first prove that we need only consider value functions which.-... a number of Ts or "I "s in C 



within a ccrt1tin r,aqe. Ltt: 
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~1 ;;; .l01!l6Sy,t~t'C)I 

C- :;:; llERnR..---, JQ . .,, """""TI' H 

c,::: fUNPffl'vrll-t(Cl 

To simplify the statement of die lemma to lbllow, Jet "~me the standard state after 

SCAN·ASSION returns 'FAIL"' mean: "Assumina vr0 and VB0 are initial value functions which define 

no full rcaions on T and 8, let SCAN·ASSIGN(T(l.m). DO.n). p, Vt0, Vllo> return (FAIL 'k, vrH, 
' ,. 

arbitrary value functions contl~ wkh VT er Vflo. an,4tt u•r:wJtjcb lhore are no ?·~alucd terminals. If 

c1> 1. then for ¥IY x, lSxScf 1, there are v-1.,c t\J~ Vf' •.\lb.' also ~stent with Vf 0. VJlo. aad 

p under which there are no ?·valued terminals mcll that: 

Mvr• + Mva' ~ Mvr + Mv8 aid ION~!(Clt = 'i· + 1 . 

If c1:;: 1, there arc such functions VT' and VB' for which c1 ~ IONESwl{O)f ~ ei_+ 1. 

•' 

Proof: Ifs> l, letDbc the set of initially ?·valued terminals in T(l.q) whose pairs are in D(l,s-1). 
' ' 

Then: IONESvrCI.qM = fONESvrCC>I + fONESvi{DM + fONESw (l,q)f 
0 

. , . -

Note that IONESvr (l,q)I = IONESw (1,qM + fONESw (CH = L ~qJ 
H 0 · k·l . . 

. case 1 IONESvi{C)I ~ c1 + x, where if c, = 1, x ::a 1. 

We use induction on IONESvrCCM + IONF.SVl{DJI. 

Basis: IONESyc(C)I + fONESvrCD)f = c1 + 1. Then fONESvrCC>I = c1 + 1 as desired. 

Induction: Assume that the lemma holds if: 

c1+x ~ IONESyc(CM + IONESy1{D)J<c1+x+i, i>O. 

When IONESy1{C)I + IONESvrCD>t = c1+1 + i. then: 



IONES~l.Q)I = c1 + x + i + IONESw (l.q)I = l ~qJ + x + I~ l t,tqJ + 2 · 
0 

lffONESvr<C>t = c1 + x, we are done. OtberwHe,\vtnne LemmaS.6-A. 

IONES~l.q)l • IZERMVJ.<l,qf~L%qJ + 2-(r~q1·2) ~ 3 

Therefore, by Lemma S.6-A, there arc Vl~ctn4Ytrs0th1hat Mvr' + Mve' ~ MVT + Mv8 and 

By inductive assumption, there arc vr• and VR" such that Mvr" + Mve" .~ Mvr' + Mva' Jtnd 
' ' ;. . ~ . , - -· 

fONESw·r(C)I = c1 + x. 

Case 2 IONF.SVJ(C)I S c1 +x, where ifc.,= l, x=O. 

lbcn IZEROS~C)I > c0 + c1 + c., ·(c1 + x)) = c0 + c1 • x. If q < m, let E be the set of initially 

?-valued terminals on 8(9.n)whose pairs' arc in T(q+ l~m). f:ct p(C) denote1he botton'l pairsofC. 

IZHROSvo<~tt)f = fZFJlOSy9(p(C)}I + IZEROSva<Elt + fZEROSv11oCs.n)I 

We know fZEROSvn. (s,nM = IZEROSvn. (p(C)lf·+ f1.EROSv0Js.n)f = L~(n-s+l)J. 
-.:-1 . -1-1 . ,, 

We use induction on IZEROSy8(p(C))I + IZEROSy9(1!)f. ·· 

Basis: IZEROSy8(p(C))I + IZEROSvJEJf = c0 +ep-x. Then tzHROSVu(p(C)}I = c0 +c.,-x. implyina 

IONESvJP<C>>I = <:1 +1 •delired. 

Induction: Assume the lemma holds lbr. 

c0+cfx S IZEROSy8(p(C))I + tZEROSva(E)f<~+~·x+i.fori>_O. 
,_.,,. . " . . . . ' 

Wh~n IZEROSy8(p(C))I + IZEROSva(E>I = tq+c.,-x+i! . 

fZEROSy8(s.n)f = tct+~·x+i+IZEROSvle(s,n)f = L~n-s+l)J+cfx+.i ~ L~{ll-stl)J+2. 
If IZEROSy8(p(C))I = c0+c.,·x, then fONESytCC)f = c1+x as dcsirect Otherwise. we uae 

Lemma S.6·8. 

IZEROSy8(s.n)l • IONESv8(s.nM ~ l 'h(n-s+ l)J + 2-(r ~~-s+ 1)1-2) -~ 3. 

By Lemma S.6-B, there are vr and VB' such that Mya' + ¥vs' 2:. Mva + Mva and 

IZEROSvurCp(C))I + IZEROSvarCE)f = IZEROSyg(p(C)~: +JZER~va<E>I · 1. , 

-------- ---------
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By inductive 881Uft1fttloa, &htfe are vr: and VB" ·uh that" Mvr" + Mva" ~ Mvr· + Mve' and 

a 

We now kaow that there at'e Valoo' ~ •tm .. the rnaimum sum of matches which 

alflip at least • ·maaf "l"t la C • SCAN~NBllONlW •rane.t ReWever.' we do flOt kirow if the 

particular choites .A>r hvatued tennlftats witf leld to aarepttntalaelU1i>n. Wt: wiH ndw show that except 

tOr possibly ooo tonniMI wtddl-we can ~ ftlult·ttAM-~MlGHbas ~aoed ehoica Nme that 

the discinctien J1lldo ~c,~l'•c,>l •'hl t.AfMM8Atf ,'~1:·Wliflt t~J; tqarfltcss of die 

e1tensions of VT0 and Vflo bcifta contktertd, there are eaf>U8h necessarily unmatched ''l''s in T(l,q) or 

unmatched "O''s in O(s,n) to that we,.« trade off top mas1"'t--- lutrom matches. When c?= 1, we .. 

on B(s.akHewever. wetauot-* dttae'tllliwst ..... IMlraute wheiit a"O'" is unmatched inD(s;n), 

theewa"'l"htT(l.q)may ~att·t''M~q+l,m~. ~lft.9.tta~l" inB(~n)Ma)'niatch a "O" 

in 0(1,s"l). The algorithm must try both choict11 ·- leavina one unmatched "I" in T(l,q) or one 

unmatched "O .. in B(a,n). 

'lbc tennlllal which may have been incorrectly assianed is the smallest numbered I-valued 
,.,. 

terminal in D(s.n) which is T·v~ under VB0• AllUme this ii terminal i. Oiven two tc~inals, u and v, 

with u < v in T and p(u) < p(v) in B, aas.ianina "O" to u and "I" to v is always preferable tD asslgnina "I" 

p(u), respectively, can match when they are 0-valued; any terminal which can·tw maa:hed to u or Jl(u) 

when .Ibey ail l1alued. can be matdled to v er p(v}.-~. '#llell'_,, • 1 .. vatee.t. Therefore, 

aslipina "0" unnmcl p(u) and ~l" w V'.....,ftt¥~ 1i•atlbait·as'...., 8itriatctltfta·o1Hath ofT aftd Bat 

the opposite allipment. '11\crein., if tltl'MillM htlftt frl pair 11\f nahr·DUmMIVd' than p(l) and t, 

respectively, &hen It ii beltcr to·~ mrminel i '6-vahtfld and 40mtlMI 1r kaJued than vice versa. 



- UM-

functions which maintain the important pra,.rties of Vfk-1 and VJ\.1• hut:,alfow, tile pref~ 

assignment 

Defmition(sec FiBUre 5.6): Assume the standard &rate after SCAN-A&SIONretums '~FAIL". Let i be the 

tenninal of smallest index in D(s.n) whidl is ?·valucd•Ufl4cr VJ\yatHI l•vafued under VJ\-r Ceitaialy, 

p(i)<k. If i<p(t), Jct h = i: otherwile. let b = p(k). Qy .~.of It. tll J .. ufae<lc ~nniDlls ill C are 

pair~d with terminals in ll(h.n), Ucfine Vf rx and VU,
1 

as tonows.• If h ::r:; Jl(t), then VT ri = vrt-l and 

where: 

VTrz(t) = 1 

vo,
1
(p(k)) == 1 

vr,.(f(h}) = ? 

V:~)·•? 

Note that OK-l(VTrx.l.x) hoJds for all x. IS-i~q. and OK-o(VIJ-rt.YJl).~ror-all y. •SYSn. 'fhe 

"standard state after SCAN-ASSIGN re(Utftli 'FAIL'" will oor.y illclude>h,· Vf rs• aad VBft as just defined. 

W c will now prove that Vf ra and VBr. arc satisfactory extensions of VT 0 and VI\,. i.e. they will 

lead to a pair of value functions which achieve the maximum matching MVT + My8 . Lemma 5.8 gives 
. .. .. . ' . : r . . 

properties of cxtensio~s of vr fi and VBr
1 

which wilt be needed to prove that it is sufficient to consider 

only these extensions. 

extensions of Vf & aacl VB,.. 

A. If thefe is a ?·valued tenllinal in T(p(ll).q) upder Vf Ii whir:h ts 1-valu~tundet vt that. fut · 

any 1-valued terminal, i .. m T(l,q) wader Vf. d1cro il.t ~ Utdkmrtnwadlievq Mvr-whm 

matches ca 0-valued terminal in lll.q) toal-valutdterna1Utt~lAl•Ueaveshm1B1fd1ed.· 

B. If there is a ?-valued terminal in D(U~ under Vllrs which1il 0-.valuQCI un4cr VB. then. for_, 

0-vaJucd tcrmioal,j. in D(s.n) under VB, there iJa.~l\lncftio1u..,.~naMv11 which makhel. 



Figure 5.6: Definition of h. 

Case 1: h = i 
T: 

1 

D: 

Case 2: h = p(k) 
T: 

1 

1 
B: 

p(i) 

p(i) 
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m 

~ 
all ''l''s in here after SCAN-ASSIGN arc 'T's 
under vn0 

q m 

s p(k} n 

~c after SCAN-ASSIGN are 'T's 
under vn0 



each 1-valued tcnninal in B<s.n) to a 0-valucd terminal in B(s.n) and leaves j Ult~ 

Pruof of A: If suffices to show~ tZEROSVl(J,q)f < IONES~~qJlfOr an-1 in T(l,q). If this is true, 

then we can produce a matching on T(l,q) wbidl matches each "O" in T(J,q) to a "1" in T(l,q) and docs 
•. · 

not match a given 1-valucd terminal i. We define d>ematdtina function by scanning T(l,q) from q to 1 . . . .. . ' 

- ~ . . 

and matching each "O" eaeoitntered to a yet u~~"l" Qfhiaher indcJ. other.than L 'the fact that 

rtEROSvi{x,q)t < fONESvr<~qM guanm.tees lflat we wiH find such an unmatched "I" for each "tr. This 

matching can be extended to a matching which achieves Mvr by letting the matching agree with any 

matching fuoc1ion achieving Mvr on "O"s in T(q+ l,m). 

than half the tenninals in T(1,q) arc I-valued un<luVf. SllPP«)le 1 S x S p(h}. ·Then. by hypothesis: 

IONESv1{x,q)f ~ IONF.Svr (1.iof + 1. 
rx 

For x :::: 1, fONES\IT fl (l .qM :::: L 1..iqJ. For J. ? l;,"'1c k~ that OK-l(Yfrx~!?: • 1 ~ ho!ds. ~~fore, 

· ,fONJ§vr rx (XA)I k"-~Jr i~<i-l)J ~ l 1'(q-1 + l)J and 

fONF.Sy1{x..q)f ~ L IA(q-1 + l)J + 1, as desired 

Suppose p(h} < x S q. We claim that IONESvr (l.i-l)f < L 14(1-l)J. If true. this gives: 
h 

IONES~x.qM ~ IONF.Svr rx (1,q)f > L \iqJ ~ l 1A(1· l)J ~ L 'A(q-x + l)J as desired. 

lfx > k, then IONF.SVI. (1,1-l}f = IONESvr (l,1·l>I < L~1-l)J. Otherwise, we would have cholen 
· k H 

x-1 as Q, but 1 < q. lfx ~ t. then since x > p(b), p(h)ttk. In this cme, 

IONESvr (1.1-HI = toNBSvr (l.x-I)l ·I 
fl t-1 

since Vftx(p(h))=? and VT t·l(p(h))= I and the value functions aaree everywhere c1sc on T(l,t· l). Since 

OK-l(Vf t-1' 1.x-1) holds. IONBSvr (l,x-I)f < L '4(x· l)J. 
& 

Proof or B: It suffices to show that IONP-SyJs.y)f < fZEROSy8(s,y)I for all y in D(s.n) so that all 

1-valucd tcnninals in ll(s.n) can be matched to 0-valucd tenninals in B(u) without Usina j. -Produce the 
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Olatehifl& ~) scunmaffl)Ql. ao ••.. '" ja,Jbe pntol of A.. wt pnwe that ·more Ulan half the tenninals in 

B(s.y) are 0-valued. For y ~ h. by hypothesis: .. 

IZ~OSv8<a.y)I ~ tzFllOSva,. (s.y)t + 1.' ' 

V:e know IZEROSva,}s.p,>t. :;:: L.t.t<~~t ~>~.·~ tf~. < ~::P~11CY.~r+l,p), ,h9Ja,., :1;~.(:.refb~: . 

IZER0~8ra (SJ~~ L~(":-t+U~.'j~.~!\1f:tl-t:f-UJ ~ l,t,t(y~Ji+l)J ~d 

IZERos,...c'1Y>f ~ L~r1t.UJ +,h"~·; 

For y < h. Dbtltn) conta,ina:f(~),a~,~ .alJ. ltv~.~f'!lft~ls in C.~~r Vf\-r Therefore, if 

IZBROSvlti.1(~+1,n)f = L'A(q->'µ~ we wQUld.1:'8ve c~:!"t~ ~~ ~µt ~ ~ ~· _'gle~: . 

IWROSva,_(yt l.,~ :;:; ~JW~~t(f 1)~~~.~'~(I}")')~ ,~ . , .. 

IZEROSvs<s.y)f ~ IZEROSv811 (aiy)I >l~~JtU~.; .L 1'1(n·y)J ~1',.(y-a+ l)~. tJ 

Now that we llave Lemma s;a, we can pm\tia two part:~ ~hW\; ~hen' combined with 

temma ~.7, provet that In:~ sdatctt. ft>r alt ·~·'p&ir;~f vii~ ~~ it tl\~'tftcient k)' consider 

only value functions conllstent with extensions of vr l'l and VBa;: If c1 > 1, the .. ~~tensions &ive all 

in these interval• whole values are not filed. 
! , • ' ,· .. : ' l } i; ~ ~ :' ...... 

Deoresn 5.4·A: Assume the standard state after 'scAN-A§tON returris "FAIL". Let VT and VD be 

value f\lncdont cordiatent With VT O' Vlfo. ~d, ~- for 'w6idl' "mf terminal ~"?-va1ued and such that 

IONBSvrCCJt. =, c1 +c;· l.. There are n~"VJ'11· and VB~\ nf VTr.· ~na VBri ~nt with p and 

such dtat: 

(i) no terminals are ?-valued 

(fl) all ?-valued termtn81i in T(J ,q) under VTrx ~ith pairs' in B(t,s~ 1) are 0-vatue<f under vr ex 

(iii) all ?·Wttucd terminals in B(s,n) underVDr. witb'~rs iil T(q+f,m) are 1-vil~d under vn. 
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(iv) if c7 ) l. all ?-valued tenniaals inC:under vTtiet~1'(h.arei·valucct:underVf ex·(c_,•lof 

them), and Vf ei(p(b)=O 

(v) MvT + Mva ~ MVT + Mvs· 
e1 ex 

Proof: Properties (ii) through (ivf dcfine atJ valued ofVf ex and -VB es on T(l.q) and D(s,n) except those 

of p(h) and h when c, = 1. If c, = l, we will begin by tctti~a:Vr ~ iP<tt» :::::; VB (h) = 0. 'Ibis may be 
. . Cl Cl 

changed. The values of terminals in T(q + l,m) and D(lil) wbosc patts '~.in ·nis.n) and T( l,q) arc also 

defined by ii and iii. Note that ii. iii, and iv deal with diSjoinf sct5 of tcnninals .so no conflicts arise. 

Figure 5.7 illustrates. We stiff must specify the values under VT ex and VBel of terminaJ pairs with one 

terminal of each pair in T(q + l,m) and the other In D(l:~-1)~· for ?-valued tearrinals urider vr fl and VBrx 

of this type, Vf ex and VB ex agree with VT and VB. 

We prove MVTei + ~vrex ~ MVT + Mvu by c;omparing the m,aximum matchinp in various 

intervals and combining. Let mva be _a matching fwlctiop acbie':'lna M,VJI an4 fllvr be a rna~h.ina 

function achieving MVT' 

I. Consider B(l,s-1). Let S1 be the set of?·valucd terminals in B(l,s:. l) un<lcr VA0 with pairs in T(l.q) 

which are I-valued under VD. The only terminals in 8(1,s·l) whiCh are ?-valucc.funder VB0 and I-valued 

under VBei arc those which are ?·valued uncter VBli: with pairs in T(q + l,m). This follows,from the filCl 

that any ?-valued tcnni11al under VB0 which is ,!·valued under V8a is.~ ll(s.1,1). a11d ~Y ?·valued 

terminal under VBr. with a pair in T(l,q) is 0-valucd undef v~ .... Fun,ct~ VD._ and VB.~ oq all 

?-valued terminals in B(l,s-1) under VBo with pairs in T(q+ l,m). ~etefore, every I-valued tennioal ip 

8(1,s· 1) under VB
6 

is 1 ·valued under VB. F.ach of these terminals wh~ ~ matclled u~r ID,:va can be 

matched to the ~e 0-valued terminal under a matf;hing fu~o~ fo~. VJ} •• , l .cl mva. be a matchina 

function for VB ex which matches "1 "sin 0(1,s-l) as lflvs does. ~e tnatcflina. under my8 . on D(s,n) will 
. ' . 

be defined later. We have: 



\_/ 

T: 
1 

"?"sunder Vl'tx 
"O"a under VJ' · 

' ·. .. 

. -1• 

"?"s under VDn 
~ 1 ''sunder VDex 

1 s n 
Q; · 4•• .. • ......... ~.t~P~""!'~J•.•.•~•,~v•L•;1•,*•~~ .. •.1•H~i•·•A~-,•~4•,.~•t•@f•;f•5 •j""1t•.•:i.111!!!3.~-1-.4 •;•)11111!1t1• ..... , ...... . 

m 
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fmatchcd"l"sinB(l,s·l)undermVB I= 
.r: .. ··'-~"· .· <· -~·.;,. "'"' 

lmatched "l"s in B(l,s-1) u~f,mv.J - fmatchcd "J "s ~ -81 under mval 

fmatchcd "J "sin B(l,s-1) under mys-· 1 ~ lmatched .. ! "1...iJrfJ(l,s-1) under mvJ -1811. 
ex .. 

II. Consider T(q + l ,m). Let So ~ the se~ of ?·taluett tcrmillP under VT 0 in T(q + l.m) witb pain in 

B(s.n) which are 0-vakted undct Vr. &ch t-vahled_Wfninil i• T(q+ l,m) un4« VT ex iS' 0-valued under 

Vf 0 or is ?·valued under Yr d an4 VT rx and is paired ~-ilh a tcnninalin. IJ( l.s-1 ). 'lbcrefore: every 
. ~ 

0-valued terminal in T(q + l,lll) under Vf ex 'is 0-valucd under Vf. Every such "G,'..i Which is matched 

under mvr can be matched to tbe same .. t" undela lnatcfi11fft..IK:uon ·ror V'r~. ··we tet m~ rbe suctt a 
Cl . 

matching function on T(q + I,m). 

!matched "O"s in T(q+l.m) under mvr I = 
II 

fmatched "O"s in T(q+ l,m) under my~· lmatched "O"s in S0 under mVI~ 

,. !matched "O"s in T(q+ I,m)undermvr I~ fmaached "0"1 in T(q+ l,tn) under mvrl- lSol· 
a 

IH. Consider B(s.n). Since VB
11

(h) =_ 0, l..emma S.8-B bolds. Under VB •• each I-valued terminal in 

B(s,n) can be matched to a 0-valucd terminal in B(s.n) while leaving any. panicular 0-valued terminal 

unmatched. Complete the matching niy8 definGd on B(I,s-1) in I by such a matching on B(s.n) which 
• 

leaves h unmatched. We know &hat: 

fONESvrCC)I = IONESvr (C)f = c1+c,·I and 
• 

II ·valued terminals in B(s,n) under VB• which are ?Mvalued under VBo and have pain in T(q + l.m)I 

= ftcrminals in D(s.n) which are ?·valued under VBo and have pain in T(q+ 1.m)f 

= II-valued terminals in D(s.n) under VB which arc ?Mvalued under VBo and have pairs in T(q+ l,m)I 

+IS~ 

Then. !matched "l"s in B(s.n) under mvr I = IONF.Sy8 (s,n)f = IONESvefs.n)f + ISol 
el • 

~ fmatched "r's in B(s,n) undermval + fSoJ. 
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IV. Consider T(l.q). We,,_,~C,•l -1-q!)l-~ 

For c,>l. there..,._,.. ... :l,a·UNDJ:!ftr~(~)'Hskle·h"· Th~,Jcrminals must lie in 

T(k + l,q), since no terminal except h in 111~ ... J~v~ ~Yf.. ~i,a k~P.(lt) and these tenninals 
- _l" ~:}: 

are I-valued under vr •. L.emntaSJ·A applifll. ~iYTru~•HrJOO .. Un lll~q)eaa•tlle-atatched to a 

'T' in T(l,q). Complete the matchina;nawii .._.,.. ft~l.M)iAU widuuctu matching on T(l,q). 

We knQW lbat: 

tZfJlOSv.'C>I ~ :l~aJ~ .. cc~ -.:; + lt. . 

~v11lued~s U. 1'0.JJ) unfiltt.VJ.-.wh~ aro.t-_"9ttdJUMiet vr0 ind-have paits:ia 0(1~· 1)1 

=,f?·v~ued tcrmio• m ;ro,N~'. \q:••J>li"1fl l(l;rlll . · 

=;= lQ:-vaJ,uecUerm.Ua.at ifJ .T( J,Q) un4tr VJ' wb~IHn , .. __. uader vt0 and hm!~pairs in ft(l~· I)f 

+ 15il· 

Then [matched "O"a in T(!.q) under °'vf I :;r. fZijRO&w _; :(l.1)1 ~ fZERaSvrO.iJ)f + 1811 
8ll . • 

~ lmarchcd "O"sin 1{MJ)JU~°'vt-i.t1S1•· 

Combinina I through IV aives: 

Mvr• +. Mv•e. ~ Jranae(mVT• >I:+ 1fa81e(nt,va.1'~ Jraflu<mvtl+ ~s>I =Mn·+ MVB. 

For c?= J, since all 1~~ team• m, '.'lll4. under vrr. are •Vakaed under VT •• 

ONFSVT 
8 

(l,q) = ONESvrl'l (l.q}. '~ ~~ l(VT l!l.1.1.) Mldlt ._ ell l iJt ~l~t all L ~qJ "1 "a in 

T(l.q) can be matched to ''8"s in· T(l.q} U8(ler vr.. The doftaitkin of mvr on T(l,q) is such a -
!matched "O"s OQ T(L,q) uador IDw l :: LJiqJ =:: IZF.ROSyr (l.q)t: !" (r \iql-t.\iqJ) 

• • 
~ IZE~l.q)I+ IS1I ~(f .. q'H.\iqJ) 

~, tmatdled "O"s in 'f(lA) .under rnwJ'. +· -~ -(r'liq 1-t ~J). 

(i) If q is even, the above implies, with I tbrDtwh.111.,M Mw + My8 ~ Mvr + MVB • -
fll ti 

desired. 
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(ii) If any of the inequaliticsdoduoecUn t ~ l\f. ts Wfl!;:wdtiefe 
\-' 

My,.. + ·Mv.S ~ My,.i+· M\tl ·eclhi~ ,. 
ea • 

Assume.ii)&lld(ii)doiltoth8kl •. lflSit=·- tMiftij'' ..... 

. L1'qJ =·~~'f~•f(t~;.iT ::d ;it>:' .;;; , ... 

It follows that under mvr more than half the tcnninals in T(l,q)are ~ "O"s. 'lllisdN-OftlY!be·flue 

If an element of ZEROSvrCl,q) matches an ~Of'. ~l+ f~~ mw- F.ach 1-valuod 
. . 

tcnninal io 'f(<t+'l,m) under Vf'.111~~-'Vfei/~Jaij·~ ~nmnatm T(Q'4'1Jn) 
. . 

matched under mvr is matched ro # ~ Iii 1'(4+1,ii}'~··it ~Jtc{~ ~·~'DY mvr 
a . 

Therefore. theft mustbc an U~·l"VatUecf tMtfhif.ttnttei~lfttt '~itfft(q'f':t,MJ. we tan elteftd 
.el 

mvr so that the unmatched "O" in T(l,q)matc~this "1". Then,· 
el 

I 

lnmtchcd "fl':'s in T(l,q) uftder. mVr • • t = f!Ml1*Mt ·irs ilt 'lll.Q) under mvJ · aDd 
. . . 

we· now suppose that 1811 > 9. We tnow that 

'Jina~ ··1~sinB(i,.-1J ~ mv1r f ;:d ~'"*· B<l~l~·mvBt -:Jl~i Also . · · 
Cl "•· . .... . . . :. 

fZB<>Sva. (l,s-J)f ;: 17.BROSva(I,s-I)I + • 1l ·:~ 

;IZfilOSw 0 ... 1 ... ~:"J"t'flfBi(ll.--1l'Ulidet~nli..;.1 f'd' · II ...•• 

IZBR<>lvatl~l)f ~ JS~ 1,.,.... T.tm Qfl~ Uftdef"1\;8l +ts1f2l.-; 
I 

There must be an unmatched "O" in 8(1,s-l) under mva , since no "O" in B(l.s-1) matchesia •t"'1n 
ea . . 

B(s,n) u"'r this llUltdtinl ftitlcdM, ,When. m\IJf W#delWM 01\-;1(1.tt)lfd m. iiW..M wunatched. 
. • :M .. . . 

Modify Vfex and VBex so that Vfes.(~ =· VDeath)'= J;· Q{~:.~~""(lf+l,m), mvr is 
• • • 

unchanged. On T(l,q), Lcm11ta· 5.8·A ndw applici_.~ '4eftaie~)·· MitM•aiJt).yaluccf tenninak 
• 

oo T(~arc matched lP J-valuocttmntdalioo1.0• · ·· 

lmatched "O"s in T(J ,q) under mvr I = l. "'qJ •before. 
e& 
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On ZEROSva,H·•~ll.,Jnva-' •• ..._ .• ,_.._._ Jlfhiolllf.matched'"O•'.is matched to h. On 
' . . 

ZF.R~w· "'9n),fllva ._..,.-.,~- .... :,,, 
... Cl 

Mvr + ·Mvtt· ~;lfage(lll\rf :>f +.~w-· ........ ~ + fl'llll&¥v9>l:: MVT + MVB. 
G ft • ·. . - • 

Note that we have changed Vf ct and VB• so that p(b) and hare 1-valued. C 

Now that we have Theorem S.4-A, we know hOw to handle "failures" when c;> l. By 
"; ~ ~ ·>: : f;~'-' ~· ·L ~ .. ;,· : .. <-..: · 

Lemma S.7, there arc value ft.tnctions Vl'r and VBr conaisf.ent with p, Vf0 and Vflo for which 
~~·• ~;~-;;._r,·l'"'~,-~ 1. ~-_,-i~ • · 

IONESvr r'C>I = c1 + c?-1 and whktt achieve lbe maiimuln of MVT + Mvu over all func• consistent 

with p, V10 and VB0. Given these ftmctions. we apply ·~15.4-~ ~.deducp;tf¥lt thelfi"VC, extensions 
;'-s 'l . ., · ' ff ~ ~:: : : ; · · ; · ' -

of VTr
1 

and VB0 consistent with p and satisfying (i) throuah (iv) of 'lbcorem 5.4-A which achieve 

MVT + Mvs. if1crdhre; tbr alftennftliJB wllttt,JedJ~~H~i~atiJcd'iln~r vT,
1 

and VBrx, we~ 
f f 

ftx theit values lo be tllose· undefvrh id~vir~~):;ili-'ir'm..\naa'~bak'
1

v~ruesare' dlCtated by {il) 

through (iv) of Theorem S.4-A, we can fix their values as dictated. We now have new initial value 

functions under which no terminal in T(l.q) or D(s.n) it ?·valued. We !fC fl8!8".~e~ ~l th~re eve· vlllue 
.:· ~- -.,o: '\,, _._ c,, .. > t, " ·.. f . • 

· functions which achieve MVTr + Mva, and which are consistent;~~ ~~~w i~tial v8:1ue ~tjons. 

Some tenninals within T(g + l,m) and B(l.s· l) .1,'04Y have acqLJired Oil values under the ~w iQltial value 
• •.,' . ) ~ -., . . ; >+·. ;: ?. •· •. ., .. 

functions. We can recursively apply the .~m. ~r~iJ.ll :witJt com~t$n of lcft~re'1<»lJ -.n<t 
- ' ' ·- • ...... ' -

right-regions, to find extensions of the new initial value functions wl!k~~Qni~e the swn of~~ Qll 
.:: ... ,. :· _;":_._. i !;· ·- • :-

T(l,m) and B(l,n). The number of ?·valued tenninalt, • dee~ since at Je• h and p(h) have 
. '· . -: : ~ -' ~ d ._ -.. (_ ~ ~ ;-, - ' P'~ -. :,; ;~ - . .;~ ' - : • 

chan&ed from ?·valued to 0-valqed. 

When c.,= 1, we f!rst need ... modified ve~ of~5.4·A. w_hen c,=l, Lemma S.7 only 
. , . ''; - . - . .- .· . 

~arantees that there arc functions achieving the maximum matchina. MVl.r + Mva; with IONESvr ,cci 

equal to c1 orc1+1. ThcOrem S:4-A can blllfbe ai>pJIOd'if'tr)Nl.3VI-,ttf = 'cr:thererore, we prove a 

modified version, Theorem 5.4-B. rur the case that IONESvr,<C~ =cl+ 1. 
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Theorem 5.+B: Assume the s&andard state after SCAN-ASSIGN ~. "FAii!'. Let~= I. Let VT 

and VB be value functions consistent with vr 0, V8@ Mel ·p ·1ltt wldduu't' :tellfti~al I& ?-valued and-S8ch 

that IONES,,.CC)I :;:;: ·ct+l. Then: are~ VJ.11 'ancl'VBex ~VT r1 aad·V~ coosistcnt widl p 

. and such that: 

(i) no tenninals are ?·valued, 

(ii) all ?-valued terminals in T(l,q) under Vf rx with pairs in D(l,s-1) arc 0-valucd under vr •. 
, • I , . ~ .- • 

(iii) all ?-valued tcnninals in D(s,n) under VBri with pairs in T(q+ l,m) are I-valued u~der 
•. - , . ' ' - ' ' ' ~ "'- . 

VB ex, . . 

Proof: We need to modify J)lc proof w Theorem 5.4-A .so that ttJC {<)lCS of jptcfV;ds T(l;q) and B(s,n) are 
- ' . ~-- '. ~ . .. - . , - . ': - . ~ . ~ '' . - . ' ( 

interchanged. Functions VT a and .vn. arc dcfiqed • be~ C~Of>t rb~t we begin witb. vr.<OC:b)) c 

VB.(b) = 1. 

I. In B(l,s~l}. as for Theorem S.4-A. 

Jf.·1n T(q + l.m), a8 for~ S.4-A. · 
. . 

III. In B(s,n). Lemma s.s.:n does not hold, but ZRROSyB (s,n) = ZF..ROSVB (s.n). Therefore, 
• . h 

OK-()(VBex,y,n) hOlds tor alf yin D(S.0). Ail'L "'<n-s+.l)J "trs in B(~n) ~n be ~ate~ to "1 "sin B{s,n) 
-·-·1 

under VBex. As in the pro0f of Theorem S.4-A: 

IONES~9(s.n)f + ISol = IONESVB (s,~)I aDd 
• 

jmatchcd 'T's on D(s.n) under mVB f = IONESv8 (s,n)f- (f 'A(n-s+ l)1-t'.14(n:s+ l)J) 
a • 

> fmatchecf"I"soo 8{1,n)u0clermv8I + tsJ~ cr"cn-si.t)i:L\i(n1+I)J) 

---------- ----· ·-
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lmatchcd "O"son T(l.q} under,mvr I= JZEWSvr (l.t>I • • • 
= IZEROSy.1{1.Q)I + fS11 ~i~ "O"sjn '.f(l,q) ~mvrf + ts11 

We have MVTcx + ~v•. <:: Mvr + Mv8 -(f'.t(J\·S+l)l-L~n-s~l)J). Ifn-s+l is even or 

any of the incquali~ in J,throup IV are strict, ~ M,vc ~~e<tresull. Assume nol If JSol = 0, then 

l~(n-s+l)J +I :;::.ft11atched "l"sqnJl($il\)·un4ermveJ. 

1bere must be a 0-valued terminal in 8(1,s-I) which matc'"''4 l"'V~ ~minal in ll(&.n) undqr. mve· 

This 0-vttlue(l terminal un®r VB i•·also 0-valucd 4:1• ¥11_ and ~matched ~oder my8 • We can 
. - ex 

m~ify mv8 SQ tllalthc.unma.-W"l" in-~10~-:·o·\&Willl ex . 

Mw ex + Mvl\s i:? ~VT +, M\ilr 

lflS~ > 0, we modify vr. and VPa· We have: 

IONESvr Cq+ l,m)I- liuatched "O"s iA T(qt .4ml under mvr I 
a u 

= IONESvrCq+ l,m)i + ~: ~ed "O"s in '.f(q+l,m~under mvrl ·IS~)~ 2 

We conclude that there js ~Qunmatchc4 hvalucd ~1111in8' i~ T(q.+; l~m) .un4er IJ'Vf . Let VT ex(p(h)) = 
ex 

VB
8

(h) = O. Now p(h) can~ the uwmttlled l:.y~uc4;~iDaljn T(q+ l,m) and iraqp()nvr )I is 
u. 

increased by I. In B(s.~). Le,mma S.8-B now ~~cw;\,we _.1.~ve 

!matched "l "sin ll(.s.n) under mw .l= t.~n-s+ l)J 
• 

We conclude that Mvr . + Mvo ~ Mvr + Mvr 
ei ex · 

a 

Given Theorem S.4-B in addition to Theorem S.4·A, we can deduce that there are value 

functions consistent with Vrrx and VOil and ~tisfyina (ii) and (iii) of Theorem S.4-A/8 which achieve 

' 
the maximum of MVT + Mv8 over alt functions consistent with p, Vf 0 and VBo. However, we do not 

know what the value of p(h) and h should be. If the terminal pair is assigned "O". there is an extra "O" at 

the top which may be matched to some terminal i11T(q+1,m), but one 0-valued terminal in B(s,n) _wilt be 

unmatched. If the pair is assigned "1 ". the opposite is true. Therefore, we do not know which to choose 

until we have completed assignments within T(q + 1,m) and ll(l,s-1). Since p(h) and h may be the only 
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?-valued tenninals in T(l.q) and JJ(s.n) under VT0. af'VDo- -..e caqnot me·a rec\Jrsive application of the 

algorithm. Therefi>re. the alaoridlm ftlUSt try .both posii&il'itid tor fi •~p(h). If we were to apply the 

algorithm recursively for each· dlOice; the tunning ttme·eookt be;exponcottat in the number ·or tcnninals. 

Therefore. we use a modification of the pmtedttres weilave~. fitr'.: Tbc main procedure, which 

given Vf 0 and Vflo finds Vf ·aDct VB Whic1Mnaiimiie Mvr + 'Mv&·1s talfcd MA~ -MATCH. The 

modified version iscalWBETffiR-MAl'CH. 

Wben we arc trying value ·T· fdr h and p(h). we wiH rccum\icfy apply .MAX~MATCH. 

beginning with the computatiotl ofleft...-egions and~ on 1ftm)•amfD(l.n) for initial vatue 

functions which extend Vl'rx and VD1
1 

as 4~ ~1 pri)pcrtiea-.(ir) aad (iii) of Theorem S.4-A/B and 

under which p(h) and h are I-valued. When we are' trying vatue .'? for b and p(h). we use iniftat valued 

functions which are the same as l6r ~ first Choiet except that pfhf Dd· h ~ ~"fa1uett' However. in this 

case, BElTER-MATCH is used. Pi'acCdurc Bf!rr.ER~MATtff daft not tOOt tor a pair of value 

functions eonsislent with die new inftiaf value- tbilctidris md · Whidl 'ma'linims Mvr + My8 over all 

consistent function pairs. Rather. the procedure loots rot a fJair nf ~t 1bncdoni which maximizes 

MVT + My8 over all consistent functiOn'pain·:ana ~8'~ malaftng than any tooctiOnnpair 

consistent with the initial value functiOnt when pfb),afl~fh att 11l.vl1uett ~all function pairs 

wllich maximize the sum of matchinp on T and B over.ti ~t 'wJ.11 p/vT& aatd '11l&., ti 

under one of these.hand p(h) are 1-valucd. then a ft!nttion pair achievin• ~better matching with p(b) 
-~-- /'" ,--.- . ' 

and h 0-valued does not exist. Looking only for beUer matchinp ~ us tc> boµpd the search spate of 
- - ~ - "'. ;, , . ! '.,:'. -~,.;; ... <? (,·!~ ,, }i~· • >~'..<./; ' ~"; ,_, 

the algorithm so that exponential runnina time is avoided. Note chat we could equally. well hav~ chosen 
' . ..: -'»-·;:'. •'"''' ·,:'.l:· ::- r.::'" ' .. ·';; ,_· '·. . 

to look for maximizing matchinp under the "G" choice and better matdlinp under the "I•• choice. 
.-· ' . --;. ' ... -· ' - . : . ',~ : ' :~ ~ . '. ·- ' 

Lemma S.9 is used to bound the tcan:b. 
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Lemma S.9 (see Fiaure S.8): Alaume the standard stateder8CAflh\SSIGN returns "FAit". Let,=l. 

Let vr ex0 and VD110 be value functi~nt ~~~t wttb vr rx· VBrx· p, and (ii) and (iii) of 

Theorem S.4-A/D under which p(h) and hare &-valued. ~funder some·match~ng function mv8ex
0 

which 
. ·~ ~. 

achieves My8 • there is an unmatched "O" in 8(1,s-l), then &here are valued functions Vf exl and VBexl 
· exO 

consistent with all of the above and under which p(h) and h arc !·valued such that 

'.-; 

Proof: Let vr.1 and VBed aarett witlt Vf exo and VB810 everywhere except at p(h) and h, where 

Vf111(p(h)) = VDu1(h) = 1. Define myr to assign exactly those matches which •. ~cl: by 
ell 

mvr and do not involve p(h), w~ mvr achieves MVT . Then: 
110 ; .... ;. , exO . 

MVl.81 ~ lra~mvr.1>f ~ lranae(~ .. J~l ~~Xtae-1 
Since VBuo is an extension of VBrx and Vf)~h)~O. Lemma 5.8-8 applies. Let m' VB be a 

uO 

matchina function for VBexo which agrees with mve for each range value in B(l,s-1) but matches each 
exO 

.. 1 .. in B(s.n) to a "O" in B(s,n) while· Jeavtng It unmatched;- Any 110@in·fl(l.rl)· which was unmatched 

under mv8 is unmatched under m' VB • 
exo 110 

tranae(m' vs )I = fmatched "l's on B(l,s-1) under mv8 I + IONESv8 (s,n)I 
mt exO · uO 

:::;; lranae<mv8 )I = Mva ao .o 
Let mva be a matching function for VB111 which assians all matches that m'v8 assians. and, in 

111 exO 

addition, matches h to an unmatched 0-valued terminal in B(l,s·l). Then 

Mv8 ~ tranae(mv8 )f = lranae<m'vo M+ 1 = Mva + 1 and 
ed al aO UO 

. Mvr + MvB ~ MVT + Mva 
ul ed exO uO 

a 

Lemma 5.9 allows us to modify the assignment procedures described so far while pursuina the 

0-valucd choice for p(h) and h. While pursuing this choice, suppose that MAX-MATCH would make an 

assignment giving a new pair of value functions, either after computing left-regions and right-regions or 
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Figure 5.8: Configuration in proof of Lemma 5.9. 

If: 

T: 1 

l 
B: 

matched to something 
VTexO(p(h)) = 0 ~ 

p(h) / q - "l" 

't 
unmatched "O" 

s 

VBexo(h) = 0 
"'-unmatched 

Then becomes: 

unmatched unmatched 

m 

n 

VTexl(p(h)) = l '-· p(h) q "l" J/ 
T: l -------;1--------.1----·----m 

~ VBexl(h) = 1 
matches 
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after processing a return of"FAIL" from a call ofSCAN·ASSION. Supppse we can deduce that there is 

a pair of value functions, Vf ff> and VB_. consistent with pairing function p and the new value functions, · 

which maximizes Mvr+ Mva over all such consistent functions but for which a matching function 
;.i -

achievina Mva leav~ a "O" in e(I,s·l) unmatehed. Then BETl'E~·MATCH need not consider any 
m . 

pair of functions consistent with the new value functions. NOH will iOAtucc better i:natchinas than the 
; 

applied to Vf IO and VBm to give functions yiektlna Iii .-Kt' a'SUm of matchings under which h and p(h) 

If the pair of new value functions whictt:hM 1-on ·fejadcd is orte of two choices after a call on 

to pursue two choices. If the pair of new v4tuo ~ iJ ~tined b~ •1nment to left-regions and 
1: . - , .. ' ' ~ f • - ' 

right·rcaions, then by Theorem S.2, any pair of value functiol\S, ~ifl8 Myp+ Mve over value 
t~ . 

function&~nsistent with p and the new vaJue·~tlons ~ inUiitit~es Mv:r+ Mv8 over value functions 
' ·j' . 

consistent with p and the old value function&. Since there is such a fqnction under ~hich a "O" in 8(1,s-1) 
. . ' . . : . ' ~ 

t; 

can be left unmatched, no function consistent with &he old valued function will produce a sum of 
. . . 

matchinp better that that produced under the !~valued choice. for h and p(h). Procedure 

DE"ITER-MA TCH need not pursue functions conaist~nt. with tJae ()Id: v•, ft.u1Q.io111 either. Therefore, 

: - -:.' ,- .-- -i_: ' -

BEITER-MATCH return& "(Qutl,nulJ)", indicatina that',tbe (}-valued chojce for hand p(h) will not yield 
- . :• _..;·.: !' - i·' ,-

a laraer sum of matchinp lh4tt the !·valued~. For1')e 5ame reaton. DEITI:.R-MATCH returns 
~- - . . ·- ,' . .' 

"(null,null)" if o/1 when SCAN-ASSIGN returns''1iAJt'";' 

The main procedure, MAX-MATCH, is prcsellWitfPlatfrt'S.9. Our original routing problem 
,_ '! 

is solved by calling MAX-MATCH(T(l,m).D(l,n).p,Vfij.Vfto). ·•.re,vr0 and VR0 represent the local 

connections. The modified protedure, DE'ITER-MAreH~ used when processing a (}-valued choke for 

p(h) and h, is presented in Figure.S.10. SupJJOIC DHl'fER-MATCH(llJ,m),B(I,nip,VJ'O' VBo> returns 



~·4'J!J'1J!Jtll~l9~~f!l't?l'JJ~~ltft.11,;~~,-~.C:!lh-l/,1!J#fil4111,.,! ... !.,~J,ff1J.AJ,t~.h .. M¥;4+J4.A·'~ 
~ . - . . . . . ~ 
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MAX-MATCH(T(l,m),H(l,n),p,VTO' VBo> 

/Finds extensions of Vf 0 and VB0 which maximizeMvr+ Mvs,ov~~ a,Jt ;~bextenstions/ 
• 0 .. '. ,· • • T ~} • ' • • • 

Vf:=Vf0 and VB:=VB0 . 

Compute Lvr Lv8·' ftvr ab<t1lVB 

DO W~ILE, the~"'~ a?y ?-\i~U~:~'111,i,~1siP,l<~.'f~-¥J:), '.I'(~). 1)(1,J'.'V.J.and O(R_.n) 
FOR. each ?-valued terminal x in T(l,l..n) 00 . · 

Vf(i-): -.: () ~od _\IIJ'61(U):F:0 ·.· ·. .· 
END 
Compute RIT and RVB /assigning "O"s only affects ~om! 
FOR each ?-valued terminal x in T(Rvr81) DO 

vr11 ); ; t anct VJl(f(x»:'=i:l , ·· · 
END 
Olmputc J.y..ancU"vri. . ··· :JaMipitrai!!rs0nly atrectstcft-region/ 

FOR each ?·valued tcrmina) y in ~l.l-y,_}00, . 
Vll(y): =Oaild Vr(p(yJ):::::O · . . 

END 
Compute RVI., amrty8 .· 

FOR ~h ?-valued tcnru,~.f i,,,~~vtr11l ~ 
VB(y): = 1 and vr(tJ6)j: = r 

END . 

Compute Lvr and Lvs 
END . ··;._ , 
IF there are any ?-valued terminals in T(Lvr+ 1.Rvf l) and B(Ly8 + l.RYll l) THEN DO 

m': = Rn·Lvr-l · · 
n':= Rva·I-va-1 
VT'1sSbdlthat Vf?'(x)· = VT(Lyffl)· 

VB' is such that VB'= V'1(Ly +1) . . . · .. . . 
p''mainrains'J)ail'S~na~l6 ~~Oder i> ~both terminals of the pair are 

in T(l m') and lt(l n '\ F other in!llt. ill T{l ~ •nil DU '.). ' • '.'*" 
(STATOs.'vt•,. VBr>=~·-~A:~-A.rfrm\8<i:':WwY'1~' .... 
IF STATUS= "FAii. k" 1'Nlf.Nqllc, , : . , / .~ · ; · 

VJ":= Vf and VB':= VB . r r 
Calcp~ ~l\~c:,, ... , ·., , i·. ~" · ·• :, 

IF p'(h);tk THEN Vl.;(t): = l and Vlr(p'(k)): = 1 
FOil allx iltT(d.q)iodJef tf*,l!OJt;dlOO: , 

END 

IF Vl"(x)=? THEN 
IF p~)·it it-'-1.ltllTHBt 

Vf'(x): ::::f) and VB~p'(x)): =O 
Et.SH Vf'Wz,.;J'anfll'V~))r,z:l. 



END 

• 121-

FOR all y in D(s,n!) 00 

END 

IF VD'(y)::;;? and p'(y) is in T(q + 1, m') THEN 
VB'(y): :;;,,I; IQ4VF':(p'(J)J: = 1 · 

1Fc1> 1 THENOO 
VB~(t\): •6 and Vf;'.(p'fh)): ;:o 
(Vf r' VBr);• <MAJ('•MATCH{l'(l.m~ .. 8(1,n'),p',Vf',VB')) 

BND 
1Fc7 = 1THEN00 

VB'(h): = 1 and Vr'(p'(lt)): = 1 
(Vl~l'VBr1):~MAX~MATCHfr(l';Rl!),ll(l,n').p',VT';VD')) 
Vll'(h):=Oand Vr'(~:i-0 . . . 
(Vr..,NBtf));? Bb1:1'f.lt~*'l'GM(lll.m').D(l.n').s*l,p!,VT',VB')) 

IFVI'.o=nuH OR Mvr +Mvn': '~·'My,. +Mva THEN 
. , ,, .. , ~ . '.d>. . ,,L rl , 

. .. (VftV,D,,)! '=;(\'TrJ; .V,B,J . . 
ELSE(Vf r' Vllr): =(V1' .o,VB.o) 

END , , . 

FOR each x in T(LVT+ l,RVT·l) 00 

Vf(x): = vr (x~Lvr> 
.· r .. 

END 
FOR each yin 8(1~\Qt+ l,Rv1fl) 00 

VD(x): = VDr(x·Lv.J 
END 

END 
RETURN(VT,VB) 

END MAX-MATCH 
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J<igure 5.10: The DICMlifaetl procedure for 0-valuecf dlelea 

BEITER-MATCH(f(l,m),B(l~a).d,p. Vf&¥8u) 

/If can guarantee that a pair of extensions of VT0 an4Vlg wtrida maximize Mvi.+ Mv8 over all such 
pairs of extensions allow an unrnafChed •valUcd tenniRal i11;D(l,d) under a maximum matching. then 
returns (tndl.nutl). .. Otherwise. ntums a.pairOfa&ensiQriliQfYJ0 and VJ\r If d < n, it is assumed that 
B(d+l,n) has no ?-valued terminals under Vfio and that matchiaaii~ B(d+l,n) and ll(l,d) can.\be 
maximized independent of each other.I · · ·, · i 

VT:=Vf0 aodV8t:z::'V8e · 

Compute Lvr Lve· Rvf' andff.vD' 
IF there is a dglll-repm in 8(1,d) cuntainina exatdN oat terminal THEN 

. RfffUkN(nuU.nal) . . ' • · . .. · 
00 WH IUHherc are'any ?-valuCd tc.~Jla\S ~~ T(l,tvi.), 1lRy1..m), D(l.1-v.J. and RCRvB'n) 

FOR each ?-•alue<ftcmiinal~ f"{;t:<I.1tvr)W1 
IF p(x) iS in ~Rv8,d) THP.N RF.TURN (~!Uttl) 
ELSE Vl'(x): =0 and VB(p(1.)): =-0 

END 

\ 

END 
Compute RVT' and Rvs . . 
IF there is a right-region in H(l.d) coritalning exactly one temlinal ·mEN 

Rl:ffURN(nuU.nuU) . _ . . 
FOR each ?-valued tcnninal x in f(~~m) ~ . 

Vl'(x ): = 1 and VB(p(x)): = l· · · 
END 
Compute Lvr and Lve 
FOR each ?-valued terminal yin B(U,..J DO 

Vll(y): =Oaod Yllp(y)):=O 
END 
Compute Rvr and Ry8 
IF there .is a right-region in D(l.d) containing exacdy one tcnninal THF..N 

RETURN(null.nuH) 
FOR each ?-valued tenninal y in DOtve·R) DO 

VB(y): = l and VT(p(y)): =I 
END 
Compute Lvr and Lve 

IF there arc any ?-valued terminals in T(LVT + l.Rvr" l) and BO-va + l.Rv8 • l) THHN 00 

m':= Rvflvr"l 
n': = Rva·Lva-1 
VJ" is such that VT'(x) = VT(l'Vf + x) 
VB' is such that VB'(l) = VB(~a+x) 
p' maintains pairs corresponding to those under p when both tcnninals of the pair are 

in T( l,m') and 11(1,n'). t:or other tcrmi~ in T(l,m') and D(l.n'), p' assigns"•" 
(STATUS, Vf r' VBr): = SCAN-ASSION(lll.m').B(l,n').p', vr, VB') 
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IF STATtJS, •· "F.\lL·k~ lllSilDO . 
vr:= vrr-.S Vl'::os var cm.ta• ....... a, 
IF c, > 1 THEN RETURN (aul~null) 
IF~= l1'fff!Nb)< :,· ' 

. JiND. 
END 

f9R alh in TQ.~ DO , ; 
. IF vrco=? THEN 

END 

It' p'(x) is in B(l,s-1) THEN 
Vr'(x):.=0 and VR'{p'(x)): =0 

· lttSEYrCI>:'= l a~d'Vll'(p'(x)): = 1 
.(Only t and p'(k) 41re,.assjpied by, the ELSE statemq'qV 
! _, ~ ! ' . • c • • ' ' 

ro~ ·~ )~~~{~'r~a p'(yJ 1s in T<q + i.01111-liiN 
. V,lfty);;;; l JU)d yr'(p'(y)):::;:: 1 

END ' '-,·. · .. ~.. . .· 

(Vft, VBr):::: OMi•:roa,~MATCffiT(l.m'),llU.n'),n' .p'.vr'. VU'}) 
1Fvr; = nuirtf.ltiN'aifl'tJRN(nuH.nult) - . 

FOR•ll.• hl'f(h-rt l.ltn·U;QO · 
VT(x): = Vf r«.x-Ly,.) 

END 
FOR each y in B(lvB + l,Rvn · l) 00 

VD(~);• VB~rLyj) ·. 
END 

END 
RETURN(VT,VB) 

END BE'ITER-MATCH 
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Vfrand VBrwhich are not "null". Functions Vffand ~J\ntay ~'~at~<Mvr+MVB over alt value 
•' ... ,, : - ..._"1 _: :-- • 

functions consistent with p, vr0 and VB0. However, ifMvr,·+Mvs &.belier that the maximum sum of 
. . . : .:: r .-H . r . 

matches for the I-valued choice, then Mvr r + MvBr doe& maahnite: ~ +.ldvs· Lemma 5.10 states the 
··, 

Lemma 5.10: Let VD0 and d be such dlat if d < n, no terminal in. B(d+ l,n) is ?-valued, 

IZEROSVBo(d+J,n)I = l'..t(n-d)J+l, and ror any_ 0-valued;tc~inal j in B(d+l,n), each 1-valued 

tcnninal in 8(4+ 1.n) can be matched to a 0-valued term,inafffiDtd+ l.n) while tcavingj unmatched. If 
·"" . - . : : , ·., . . . " 

BEITER-MATCH(T(l.m).Jl(l,n),d,p,VT0,VBo> returns "(n~l)", then there is a pair of value 

functions consistent with p; vr0 and VBQ.~Jniz~M~+Mva;over all SUCh consistent functions and 

for which there is a matching function achieving the maximum ~fChiOj'Ort B W:~ich does not match all 

"O"s in B(l,d). lf BbTIER-MATCH(f(l,m),B(Ur).d:p.Vf~VBQ) :setuttil' "<Vl'rVB~ti. with Vf 1and VBr 
I . ~ ; -.J . ; ', - . 

not "null", rhen there are no ?-valued terminals under VTr and VBr and if.thme are VT and VB 
~ . -~ ~ . :£ . )ct { ; 

consistent with p, VT0 and Vfto for which MVT + Mv8 ~ MVT+ Mva and under which .,...mafehing 
I I _. , .. _' . 

function achieving Mve leaves a "O" in B(l,d) unmatched. 
I 

Proof: By induction on the number of recursive calls to BE'ITER-MATCH before the call being 

considered returns. 

Basis: no recursive calls.. By Theomn S.2, any CJ.tensions of VT 0 and VS., defined in tbe 

WHILE loop, which mians within full rqions. can be extended to functions maximiring Mvr+ Mva 

over an functions consistent with p, Vf 0 and VBcr We know that if d < n, d + 1 muat be ~ end ot a Adi 

right-region. Otherwise, we wou1d have: 

fZEROSVl\J (d+ l,r(d+ l))f < r\i(r(d+ 1)-d)l, which implies 

IONESVBo (d+ l,r(d+ J))f) L l,i(r(d+ 1)-d)J. 
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Jn this ca$C. not alt"l''s in B(d+ l.at4+1 ))eould be malF:l\od 'to T•' ilt D(d+ l,n), contradicting part of 

die hypothesil. It follows that 4 ~ RvBo. f.et VB ·aafl,Vf bf lqUif:w VB0 and Vf 0 or extensions of VB0 

and Vf 0 defined ~n the WHILE loop. U under-VD d\erwll a.ftlhN'eaian c&nfait1ing eucdy one terminal, 

say j. then: 

IZEROSVB(j,d)I = lZEROSveO+ l.d)I+ l :t!': r~(d-j)l+ l = L "'<<h.f+ l)J+ 1 

For any extenaion ofVIJ\ dlere will be a matcblna.~ maimiiin, the matching on n:which matches 

all ''l''s in D(cl + l~Al to ''O"s in Bfcl+ l.n) and wblclt· ..._ a V' ift B(j~d} unmatChed. 1'herefore, 

If under some VT defined as above thok ii a ,.. ....... ienriinal ia TOJ~r> with its pair in 

8(Rv0,d). then by Thoorem 5.2, there are extenliem. n' 
11 

and Wu, ot'VlNtild Vf which assian this 

tenn;nat tho value "O'' and ~irtliu dle. IUM of ~hiaal on T• 8 over aH extensions of VT anti VB. 

Then: 

There is a matching Amctionachievin&Mve. wh~h;matchesaU "r's in IJ(d+l,n) to "O''s in B(d+l,n) 

and leaves a "O" in B(Rv8,d) unmatched. Therefore, "( null,null)" if :tetumed conteetly. 

Let VT w and VBw be the final eltefttiou ofWTn an& VB0 Up(m·exiting the WHILE loop. If no 

u:nninals in T(LVT + 1.Rvr • l) anct. B(l;yB + 1.Rva • l) ~ 1-¥8kted. then. vr w and VBW muimiJe 
w w . w w 

MVT + Mvo over al futlCtions oonsistcnt with p, VT 0 8ftd VBo> 111erc are oo, A.u1ctltu1t·consistent with p, 

Vf0 and VBo fur which Mvr+Mv8>Mv-r' +My11 , U<HVfw'V&~) iscerrecdy returned. ff there are 
w w 

when renumbered. Let VT~ and VD'~ be &he·1•idiuM·ef n •. aftd VBw to·fhcse intervals. Let vr, 

and. VBr be a pair of valued functions which maximiza~esumofmatttJin&son T(l.m') and B(l,n')over 

all functions consistent wilh p'. vr; OAd VB~. ThcoremS.J-guamntces that the ftmctron pair·which 



. ~1·[~. J K •• ~~#)ifJi!SMlA142AAfb4¥·4QJJ!L~h ~tQ,W,'!:,.,t:~*~~• ,,,. J@)@c.SJ@.'.'# Ai§l}.QAJ 43£ x;g;;g;.JJ&UPtt@MFf*" 
. . 

dscwhere ~imizesthe SUOloflJlaldliapoeaTaacl:lmarall ~conal!itenLwidl ~ vr •. and 

VB.,.- Whal SCAN~ASSIQN:"*llW (succaLVl'Jct~..J..Vf.e:ad. Vf\e··maunia·:tbe·tuat or· 

matda. on. T(l,m.') .an4. BO.a') .-S .. 4o ,aos: 11tare: lllY· fel'iliiQatJ';'b-.Yllual ··-~ 

If SCAbh\SSlON "'"""· (fAJL~W .. VBae)Lad ·c;.M. =filed• 1bJ -~S.1· aMl 

TheolxHn•S.4·A. there ii a tcrRliaal •and •"'*of ~t VT r• V8ri-.dtidl IBitlifniles die sum 'of 

matchings oa.T(l.m') and.J)(l_.>~•..._. eern'.-·9ib:p;;'Vf~••H'B~·alh Wildt 

IZFJlOSv•(-.a).~ . .t.~',...+UJ+l..· , · . · · 
r 

~Y malChin&.~ncQon fOr vat leavau T ~·IWs.tt~),UftlD....,,;Tbc lanctieaum lll.na)aocU)(lJl) 

whidugiee with VfraRd V-Droo T(~ +Law. ·1)8*1~·,+L~ -l)an4_.-widl VT•and 
w w w . w 

VBw elsewhere muimize Mvr+Mve over an ftmdions conaistent w.kh p. vr0 and VS.,. Given dwa · 

functions. there is a 11131imum matching oa·1f1~ l ~- ~Jt'" ~··~ .n) to a "O" in .• ~· w 

B(RVB ,p) {jaYQkia& ~ S.l) ancUeaie1.t ~"8"ct1rB(at~.&ft' );~.BUA ....... ·Ja tllk 
w ,.., w • 

case. "(nuU.nuU)" iu•IMll~- .. 

J~ Let Yli·•,v>1 .... llfl!C;~.fhe;ut11on;•ot:;Vfi -.,,n" ....... wllell c,=l 

ltfM>lltae retaRl of SCANit\U~J:.m!UWl.4').t.W~~.._... R~Cl)_~.wllere YriW~» 
•J _ -~"'! ' ·)_' ·:,,. 

= Vl\(IU ::;i«?, IM Vl',."'4,V ... ,Mdk\fl• tRi1~\f\-*Df •1w.ie'p'_., ladthO-v.Wd 

VTd~VBit1 1-ttaeeiawe1i9"'Jl .. .._~11Y ... '1~,....~---~rtitre~ 
"' ;; 

to BE'l"fflll~MAWJ,are Y'fxt ~vs ... - •--A.t~!!TboOJ'ru16A:A IDdtS.Hl.;~ ..... 

s*r..-~Mvt+"-,t'••:all~canlitu••1'. ~.-)'Bi m1ianiaiMyr+MW 

over all f\Jactioas eomillellt willl p'. Vf~IQd -'VJi.i, • .Faf.•,.fttaGdoll.Jllllrt1111 Uiltcat:wida·JV'fiie _. 

Vl\o-.~ •L"<n'1+UJ+l T•• 8(-..').~'•.:ii,~----....,_.._;,._ 
SCAN-ASSION muras "FAIL"~ Ouetu:h T nat-1111~~-...,... · 
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ffdle NCUnive-altmaet~l'E!it-MATCH utifta1'(1.m1. B(l,n~. n', p', vrxl and VB11 remms 

"(nuU,nuU)", then by inductive ..um~1he,.Jt'a'*'·bfvab&xi 1ftfftcuons which maximizes the sum 
l J. ' ~ 

- ;• " - - . - -- ' - ' 

of matddaga 'Oil T(l,m') ad JntD'.) ever• Al .... ~ witfi p', VT xi and VDxl alid for which a 

ma&i111Um·madUnf-Of:ltflJ1') febel a ? tn Dff.fiir~. ··Effher this pair of functions also 

'mutm~"Myt+Mv8 .Wtrall ,_.;.pails ccinllatttU widt p41
, Vf~" aAd :VB

1 
or a function pair for 

:whidl·p~h) aftCl •·are G-'Yah.led nm.,,. Mvr+M~a ov"1')"*9. fttl\CliollL l~cetther case, there is a 

value function pair which maximizes Mvr + Mv8 over all funcdons consistent with p', VJ'~ and VB~ and 

for~a ''&"in -..n') is-~ unaet·some~'nattdtlngfotl't(l,n'). As fbr the case when 

c, >Lin the prdof of the bask above, "(tiuH;l.tMJ• 11:·~y··rerumed by the original call 'to 

"' •• ·-- ,J. ,_-· 

·Suppole the ~f'SM ctR to ... l'FHk·MATCff'~ vrr.and VB{which are not "null". 

Those ftmctiont aroC8119ianrwid\· vr; anti VB! ~nc.;VF~!arid VB~1 are conltttcnt with vt~ and 

VB~. Given any pair of value functions on T(l.m') and 8(1.n'), let the expansions of these fbnctions 

denote those functions on T(l.m). - . Btl,n)..· wilkh ., .,.., ·. witlt : 'the pen . functions on 

T<Lvr + l,Rvr -1) Md BO..y8 + t,Rve -t) aad.,.. 'Mfdtvrw arid vow eliewhere. The-original catt 
w w w w 

to BETTER-MATCH returns Vf raMt ¥Bf wMtlt altthf et...-M of Vf rand VB,.- Since no teririinal 

is ?-valued under Vf r ~nd VBr, none is ?-valued und~r yr(,~· ~~r .. Su~ th~re is a pair of functions, 

vr and VB. consiltent with p, vr0 and VB0 for which MV1'_+My8 > M.vt +MVB. By Theorem S.2. 
, . . . . , ,_ · f,_ r ... . 

there are functions vr1 and VB1 consistent with p, VJ'w and VBw fur which Mvr
1 
+Mv8i ~ 

Mvr+MV&. Since pain Vf1~ VBi_ and·YrrVBr are·bOtH·c:OnliStent•with Vfw and Vow, we can uii 

n.eor.m S.l to deduce· that the restrictions "of" ._ 'ftJncttOns to T(I~ + 1.Rvr -1) and 
w w 

D(lvn + l,Rv8 ·J)ntUSt be StJCfi ·duit 
w w 

Mvr' + Mva' > M~ + Mva, 
1 I r r 

where VI'i and VBi are the restrictions ofVf1 and VBr By Lemma S:7 and Theorems 5.4-A and 5.4-~ 
' . . "'" ' ' 
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there are functions, Vf i and. V82, consistent w~ p'. V'f 1 an6 VJli '84 atWnina l10 "?"s such that: 

Mwi+Mv82 ~ Mvri + MvaJ:> Mv1f~;Mvar' , 

Case I: Suppose Vfi and Vii,~ ~JU. w~ VIx0ate V8x0· .... For VB}. there. is an 

urunatched "O" under an1 matching tQn,ction on B(l.st '). Let vr i and VI} beth" e~ oi Vfi and 

VBi. Then MvT2 +M~ ~ Mvrl+.~. ·.n4··~ ii,~;,. ... ~-~lnl-~ .... 

leaves a "O" in D(LyB +l.Rva.·1) ~ 8(1.d) u~~~!J<~ VJ:2,.-.·V~ aJC'l~ desired·Vf1 • w . ; 

andVB
1
. 

C~ _2: Suppose ,YTi .and V82 aN ~nt \\'jdJ .¥811 aaKl VB11• By irufµctive assumption. 

there are functions vr~ an4 VB~ ~nt w~p' .. ¥811 ~ Vllu for·whkh Mvr~~Mv8~ · ~ 

MvT;+Mv8i and under which some matching function achieving Mve' Jcavet'a "O"'· iQ'· 8(1.a') 

• 
unmatched. Since VB11 and VB11 are extensions.of VJ'~ and ~,Vfi all4,VDi:11re ~with vr ~ 

and VB~. Let Vf1 and VB1 be the e~pansiQl1$ofVf~$lcl,)'D~./fh~,are~lwitll Vf<t.~VI\,.. 

We have: 

Mn
1
+Mv .. ~Mvt2+M~~ Mvr1+.~., •.. 

U_nder VB1, there is a ~iltg4\mctioe Qiev~,Mv.1 ~··_*"J"~tzmJ.t(ly8_.+1.R"8.r·J~ a 

su'*'ofJKl.d),urunatched. 'fhus. Vf1.~.VB •. ~~~~-. D 

Lemma S.10 ·completes the techn~I; de~ment ··~ 'tO verify the correctness of the 
,e~:~ -y\ ~' .t:· .• 1· ~.~;j·'f ... 1' i n .. 

aiaontfun: TheorentS.S states the correctneSS ~f the 111a~ 9~~~. MAX-MATCH. 

Theorem5.5: LetVJ'0 andVflobe~Ju~-~·~n1~P:llld-~:tl»at~ 
' > • ·,, • 

only ?·valued. tcnnina1$, are JtlCmbe11 of~~ pain.,:,"'.fhelti~·M4'l'QIO\l.11UDQ#AI • 

vrO' VBo> returns functions Vfr and vo, consistent with p, vr0 a~# .. twt}icla-... ian~ MVl'+':fw 

over all such consistent ftmctiom. 

Proof: The corrcctn~ follows rrom the development presented in this chapter. The fi>rma1 argument la . 



by induction. on &tac. ....,.QI' AJ9ufli¥e calla; k ii •tJaNt> Mlitld. in provina Lemma s~10 except that 

verifying the correct return of "(nuH,nutl)" is l_10l neceaary. We only present the argument used whetl. 

c?=l after a call to SCAN·AISIOJi. It ii uodlr ~;·~:that BETTHR-MATCH is called by 

MAX-MATCH ancl_Lemma.$.lOis ~in~ .. · 
. . . 

Assumetl1' sa.ndaffl._ .... CllltfO~iAUlON in MAX,.MATCH returns "FAIL". 

Let vrx and VB
1 

be the extelllions of the functMll ..... •-SCAN'l'ASSION under which all 

terminal5" in T(l,q) -4 '*"') ~ .1' Md ~It)~: ~or }-.va}ud. I.et Vfxo and VBxo extend 

vrraid vs~ so;tbat p'(h) anf&<li-.4>-v~ • vrll•41Wlxi •ad them so that p'<h•and hme 

1-vah.Je.d., By ~ve allt.MRRdJan.,._ ft.l..-;Vft1 Md,¥ft11.:ttturnod '1-M,AX-MATCH(Ttl,111'), 

8(1,n'),p', VT xl' VBxl) mad•nin Mw+Mw pqt. alMwt.i•HH••urith p'. VT xi and VBxr 

Suppose BEITER-MA TCH(f(l,m').8(1,nf).s-l.p', Vf di' VBxo> returns "{null,null)". Then 
~:; ' 

there is a pair of functions vr exO and VBuO consistent with· VT xo and VBxo maximizing Mvr + Mv8 over 

all fu~oaaconsislent. with p', VT10.tV~fpr Which.llltroila;matdtina.ilnctieoadtievi111 Mv8ex
0 

wlHdt doe.$,ll<>* ~.ill "O"so,ln )(~1~- ~ LlmmlY"..,.,•Yaluefuncttiells vrexi ad "lBe.i 

consistellt with p'. VT d an4 VJ\1 JUC:ll ... Mvr +.Mya . ~ Mvr + Mva . Then: 
· al al •O exO 

Mvr + Mva ~ Mvr +MVB' ~ Mrt +~ ' 
rl rl ell exl exO exo 

and VTrl and VBrl Jllalimkt Mv£+~·0veJ1 all ~~ with p', VTx and VBx. The 

elJ>lllSioDS of VT ii! ud VBri·~ilA· Mtr+ Mva t,Wer all ~oonaistent with P. VT0 and Vl\,­

Suppose BEITFJt.-PtlATCH(f(l,,..').B(l.a').l'l.J>'. vr1o-VB.o)-returni VT r0 and VBr0 wh~ are 

not "null". Suppose vr '°and VJ\t 4o QO( ~ Mvr+M¥B O¥er'all fmlcdons consistont with p'. 

vr.8 and VDxo· Let Vfadand V8-o:be value MictkJ•~ with p', vrxO and VBxo which do 

maximize Mvr+Mve over all such functions. Then, MVT . +Mva· > Mvr +Mv8 . By 
exo exo r0 r0 

Lemma S.10, thef.C ~ functioos Vf iand VB1 conti!lktfttwith p', Yf xe and VJlxO fur which Mvr + MVB 
I I , . 

~ Mvr + Mve and for which a matching functioa achievma. Mva • leaves a "O" in B(l,a-l) 
~ exO I 
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uamarclled. By Lem111a S.9, there are·\181ue fundioM vral and VB&l COhlistent With p', vrd and VBd 

s.uch that:. 

Mvr + Mvs ~ Mvr +Mva ~ MV1' +Mw j'fhetetore, 
&l 11 I I uO GO 

Mvr + MvB > Mvr + MVB ~ Mrt +Mva·")Mvf +Mw • 
rl r1 &l aI aO e.C> rO rO. 

Functions vr rl and VB,1 maailniZe ·Mvr{f;M~ <>fer ilt 1tatiofd~:eon1itellt Witli P~' vr. and vs. and 

are correctly apandedan4 n:tarae<Ht'Y M~·MATCH. · · · ... ' 

If vr '°and VB.o do tnMimizeM.vr+Mvs &ver • ~;eensistftt With p'~ vr •1 and V8~1• 

then the maximum of Mvr +Mva :aft4 Mvr +Mv11< max~tJitn+'M\,9 ;bver al ~ 
rO ~ rt rt 

consistent will p', YT :and .¥8. · 'Jhe .w~of fubCtiGM ......... ~ ~maimufti'(witb tieS. bmltn in I. I ,,_.. . . . _,._.,Ria . 

c 

s.6 Ruunin1 Tune of the Af&oridua 

We wiR find-an upper•ncl oo rhefUlllliftl timo:,f-cMalatJfdlm wlihauf mltfrtg ~ 

aboutthtdeWls 0f•;dlfa~-Oldto.~ lie~ :~1riifasl!IUlne'dtat each of die 

foUowing takes one '.step: ad<lfion to.a COuater. ~the. ·vMut4 ii -w· vaiiattle. dd lissig111neat to a · 
-~. ~- -

scalar variabte.1 AISignment to a ftJldon v~ ~tP lleA .. aa.,ritto °"8'baar variable Car 
~:··r··· '>·' 't.~} · '-:~· ·: :~ 

each domain value ot dac filneliOIYt · ... ....._ .. ~•~*PwtuMPd'liftiW'nw;' tHe~'tlunlber at· 

stepsttiltbJ.tJHtalgdritla,Ml,beme11U•edat-..... ~-~bf,---(ni+nl•cn'ht· .. ., . ' 

number.of ?·wtluedteJ'lniull·.-·.u•tfWidldat_. ....... HJt-.WtfitWilpdbit'asauna 

thataUf.valuedtenninlkn....._9'"~1*'Utu~·~·~piilt1.·· · 

~•SO,.K-ASSION4atis110ttnif·~~~~-tdimlf.·· 
..... •{ 

; ,pt·' t - • 

l. _lbiS follows dtc unit cQ&Jfltoltet f9i ...,.,~~ lf~&K)/fMPt~ *1clt.1flm8n fA~ 
ThC logarillmic cost model, which takes into accounuhe nunibet of bits ~uited to represent a nu..,._~ 
wotlklmltiplf'IRYinawin&~ly~~n•'' · · .. i.,J.w ,,, .; '.·", : • ;· 
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.~the~ of, .. of-O--value4 ~n~~l-~ ~lil811 an<lmake fm.~nt.when possible. 

If the sefl are recomp1ned fbre~ ?·val'"4 te~ ~ ~~n~r of~ ~d to prqccas one 

?·valued tconinal is aJ, JnQSt kWl.t Q) ~ ~ .~ ~ :!lw ~ rc..t:of.~ fir$ FORJoop must 

also be computed, but only when an lllSipment has been mack. This test also ·requires computini. the 

size of a set gf. tenmqals. Let ~\IN ~~Jhe . ~~ J?:Ull\ber of stepi taken by 

SCAN·~~JON 08,Uj.m ¥>It·~ aaclll~tm-.iR~~ wltb uJ;v~u¢ ienpinal pai ... WheD \ 

?-valued :termillrus ~are ,•..-;l~y;S(A~·As.$1~ .~ 

SC(m,n,u..a,) S k1(a.+ lXm + n). for some constant kl' 

If a,<u. ~AN~.t\.S~N ~rns,"f~lf:..".~~~(~~:t,~>.'Jlf~,~~~~:?·vaJ~ terminal pain 

consi•re(l. LetBC(m.n.u).~ d1e, ~iffl• ~~r;~~·r~·~ ~N'l-A~JQN oQ.anY ~ 

SC(m,n.td S rna,&iG}~ over al1~$a.~~'™1-W $J1'~1 J~!Jl:+ o),.:::;: ~qi+ n)). 

Procedure BEITER-MATCH may Qle ~ ~~-~8'f9.N and~ ~vc call to itself. 

First BE1TER ·MATCH ~P,Qtes .~ full left:~ ~ ~--ons ~4, .,... to ?~v.iuo,cl 

terminals within ttaem. Thit is doae .. Ui . .itc WJ:JILE,toop. 4, ... ~ng ~tJljn au of (l,Lvr). (Rvrm). 

Cl.Lva). and (RvarB). some rqienun~ be reeompu~ •.. ~ ta_k,~, ~.t •> step&.. Once regiou aic 

c~ ~ .. ~ Jhe ~tiQOI ~r .which "(mdl,.,ull}".is -..~.Jakes QlllY a constant aumber 

of steps. S~ ~ initial)¥ ?·valued tcnninals .art ~:Gil v~ in ~ WliIL~ loop. Then its 

cxecution,includin~ the initial computatien befi:>re ~n~_,aJt, tH.Gll•·~ ki<aw;+l)(111+n) ~.for 
. . . 

some a>Rltant kt· 
After the WHlLB loop if,eompl•d. if JOY ,1-v41ued ~rs ~.,SCAN·ASSJON is called. 

Preparation for calling SCAN-ASSION takes O(m' +n') steps to assian to Vr', VB', and p'. If 

SCAN-ASSIGN returns "SUCCf,S~", then mcrgipg the :~lions that SiC~N-~JQN returns with the 
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functions on the fuft regions tD create the fbnctiOns retumoo by DmYER·MA'rcH tat~ O(rn' +n~ 

steps. ff SCAN-ASSION·retnms '"FAIL"\ it tates·~m· +n')stePs1<fa.tan lb·vr and VB' artd tatcU•re· 

q, s, ·h, and~ If~= l, DETl'ER.-MATCH is cattcdniutlivetY. rcnitmng funciions ot "n01t"s. ff~ 

recursive cilt returns ftmctions, then tfle pfuccssing reqwetf-to retuhi' their cipansions tatcs ~m· + n') 

I.et B(m;n,u)be ~maximum nlttribcrtJfstepttatc1fl~y'any·ean ai;BP.rfl!R~MATCH with m 

top tcnnlnats. n bottom tdmina~ and u initially 7:.va'ttfedpdfts. · SUdf a·ta110'BP.T1tR;;MAltH'under 

which aw initially ?-valued pairs arc. assiancd in the \\tf:t~B·l<Ki():.ati(I· 8-
5 

p.tn; are asSitned by 

SCAN-ASSIGN tatesat moil 

t 2(a.,. + l)(m +n) + SC(m',n'.u-a.,;a.> + · D(m';n·.o-aw.;81"f) + · tjm~n") steps 

for some COnstant tl' 'Where B(m,n,-n=o by definition fbr afty'tn aha n. USingthe bollnd for SC 8fVes: 

s; tiCaw + l)(m+n) + t 1(a5 
+l)(m'+n') + tlm~+ttt+ B(m'~n~u"a~ -a

1
:.t)srcps. 

We know I Sm' Sm and lSn's;n. fbr t 4 ~l1 +t1+t;r dleilUmtier«•k'oouMectlltiove by 

t..<aw+•
1
+1Xm+n>+ B(m'.n'; .... ~~~.il). "" · · .· · expression! 

Then B(m,n.u) s; (maximum oYet a1f m' $m. n'~~ Intl i>sa_ +a
1
Sli oi'-elPteslk>n 1) • 

Order an triples (m,J(u). fbt m~I. ft~ t; ·atMf u~: ien:oa~~ . We' prove by indUctlon 

on this ordering thatibt an·&ueh tripks. B(m.n;Uf~ ts'(U+l)(iN-'n)!'~1omeConst.antt5• 'Theltasii. 

(1-J,O). ts triviat. Por any trijde, (ntn,tt}, 8(n\1dJt~ t4(11l+1'>. t6·ls!'k~1mf1Ees:Lutd\e'prrip0iltl0n'be 

true fOr any triple bkographiai1fy srn81lCi''tlili~m~iiJ1) ·~ 11}0~ We1~6it t!tlft~:gi11-~ 

ISn'~tfwhenevCt Bh'1TER'"MATCH'is·nx?ursivllt·taidl (;,Wtl'-&;;;+•,·~u. osu•**•-ilSlfil~'­

we can use the inductive assumption. When •w +a,=u. u-a.;a.-1 = .;1 but ts(u.;a.-a,Kiti'+'ni =tis 

stiff an upper bom1<fo1d11e c0ntr1bt1tion orihd .~ tat'ti·1trrr8k~l.tAmt~ ••no recursive 

ca11 is made. Therem: 



· W· 

expression 1 :S ts<a. +a.+ lXm+n) + ks(u·aw·aJ<m+n) • ... .,~k4 •mJ+ttf ~ M+n 

s ~· 1•+•)', 
and D(m.n.u) ~ ts(u+ l)(m+n) ci:·Dfu(•+•)). 

We now tum.to MAX-MATCH. The bound on the numberofsteps·.utNHtmthe·WHILEJoop is 

of the same order as that for BETI'ER·MATCH, by the same arpment. Procedure MAX·MATCH does 
, 

not do the testing to return "(null.null)" which BETI'ER·MATCH does, but this only adds a constant per 

BEITER.·MATCH. However. if SCAN~ASSKJN~,...,... !PAD..". a recursive call ro MAX·MATCH 

and pouibly a call to BEITER-MATCH are U1t<L · ~-pn:i(a1•in1 and ·pc11l·processinB· for thett c6 

with mtoptenn~allottolntes•lll. an4.uinitinl)' 7·valued:pain. ·U..tftroonitaft'tS~ and·k, 

M(m.a,u) ~ maimum·over aU m·~. ·tts;n.· aRd ~--+ai~u of 

~('w + l)(m+n) +.S(M',••••l_. .. a) +·l(a'.n',u-a_.a;l) 

+ M(111',11',u._w"\0!l)+ k1(m'+n'l 

We aow prove by induaioo on the orderingeftripletdlat 

M(m,n.u) S ta<u + 1)2<m + n) for some COllltlllt ks· 

The basis and cases where u = 0 are ltraightforward if ta~·~+ t,. Suppote the proposition is true for all 

triples le1icographically lea than (m,n,u) where u > 0. Then 

expression i S t 6(aw + IXm+n) + t 1(a1 
+ IXm' +n') + t 5(u·a.-aJ<m' +n') 

+ ta<u·aw·a/(m'+n') + t.,<m'+n') 
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Letting kg > ~ we have 

expression 2 ~ka(u2+u+,l)fm+n) £tfu.+1i(m+n) 

and M(m,n,u) ~ k8(u+1>2<m+n) = O(u'(m+n))::i::·~+•r> :. 

We have shown that our algorithm runs in a n._.. of:Step&' •wont propmtjonal to the cube 

ofthc nu~ oftcnniulL 

S. 7 Summacy 

wires are on separate layc.s and uses minimum.area. Tlw . .pmldem ii;~ fO'att.miplftent proMent 

on vectors. Procedwe MAX-MATCH sohts': die' problcln'· oa .. · veccors .using- ~"* 

BETI'ER-MA TCH and SCAN-ASSION. •' Protcdurca SCAN-ASSIOH an,r BmTER·MAreH have 

O((m+n)2) runsq ,time aPd ·MAX·MAtcH ha O((m+~ltlllmina ~:,PraeeduleMAX·MA.TCH 

predetermined manner. A•ing .. tbe, 1-aJ·. connec.tipas _. ~t)~tation ltepS,· where tis the 

number~ terminals on the redaA8lt. ~Bach e41t t& MAX-lfA"ICH mes O(t1) 9tepS. Therefore, given a 

rectangular component with t terminaltaR>UJld:its·boun<WJ~ lllC,...._,:.p,.1ated4lr Secdoal··'5.l can be 

solved in polynomial rime O(t3). 



The notation uaed in Chapter S is listed here. with definitions. in order of appearance. 

T(l.m) denotes tDp tenninals 1 throup m. 

8(1,n) denotes bottom terminals 1 throulh n. 

vr: T(l,m) .... {0,1,?} and VB: D(l.n) -+ {6.1,?} indic~' llW di~pes .. Qf ~,n~tions from top and 

bottom tcnninals. respcctively, aa fbllows: · ....... 1:; 

Vf I VIHU:: O if dte.di~i9Jl Qf&tte P.~~-~"91~~ ~i!S~~l51">Jfte4eft 
1 if it iltocite rjpt. ; " 

? if it is undetennined 

p:T(l,m)UB(l,n) .... T(l,m)UB(l,n)U{*} is the p;drina function lndicatina what tenninals should be 

~ .. ,.,·'··.i_,,,· 

.For the fulk>wing definitions, there are anatoaous definitions for Band VB: 

mvr: T - T and is the function matcbiq terminals in T(l,m) of value "O" to ""1iuals w;d\~ .. 
in T(l.m) and of value "l ", Jiven value function VT. lf my~i) = j, then VT(i) = 0, VT(j) = 1, and i < j; 

~ ~·, ' ' 

Mvr is the maximum over all matchina f\Jnctions. mVT' fur a value function VT, of1ranae(mvr>I· 

ZEROSVI{S) = {iESIVT(i)=O} for a value function Vf and ScT . 
.. . -

ONESV1{S) = {i€SIVT(i)= l} for a value function Vf and SC T. 

UNDET vrtS) = {iESfVf(i) = ?} for a value function VT~ 'sC't., : 
. . . : r-. ~ 

ONP.Svr<x,y) is simplified notation for ONESvifflx.y)). *· 

Full-l(Vf,x,y) (similarly Full-0) is true. if and only if IONBSyi(x,y)I (!: f 'A(y-1+1)1.' 
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lvr:T-T and rvr:T- Tare used to define left-regions and riaht-regfOld on T undel' a ·given'vatue 

function vr: 
Ivt<l) = l 
Lvr<i) = i ifFuD-l(Vf,/vt<i·l).H) 

'vc<i-1) otherwise. for i) l 

rvr<m>;:::: m 

rVI.(j) = j-iffulHJ(VT,i+ l.rvr<J+l))· 

r VI{ i + l )-Otherwise. for j < m 

Le/I-regions are dcftncd as the eqoivalenC:edasses:ilt~'by me'eqUivaknce relatiolt 6n T(l,in) under 

which two tenninals i andj are equivalent if and only if lvr<i)·~'1\rr(i>~· 

Right-regions arc the equivalence classes induced by the equivalence relation using rvr 

. . 

Lvr is defined to equal m if Full-l(Vf,/vr<m),m) and to equal 1vr(m)-I otherwise. (l.lv£) ~ dlc·IWI 

left-regions ofT under Vf. 

. 
Rvr is defined to equal 1 if Full-()(Vf,l,rvr<I)) and to equal ryt(l)+ 1 otherwise. (RV'l"m) arc the fuU 

rigbt.;rcP:>RsofTundctV'r. "·. ri> · 

The following definitions are made after SCAN-ASSIGN returns "(FAIL t. Vf k-1' VJ\ .. 1)": 

q is the smaDcst i~ t such that IONF.Svr (l,i>I = l IAiJ. 
ld . 
~ - ;- ' ~ ' ; t '-

s is the smallest j satisfying die following three properties: 

(i) p(t) ~J: 
' . . ' ·: - ; . ' . - : ! '': . - .. ~ - ~ ,._-

(ii)IZEROSV\_10.n>l=L\i(n·J+})~~-. ''·' ... · .. _ . L ":J; • .: ., 

(iii) each terminal :in T(l.t-1) which has been ·assipcd dte. value "1• by SCAN-ASSION is 

paired with a tenninal in B(j,n}. 

c1 = IONESvr (CM. 
k-1 
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c? = IUNDETVT (C)I. 
. k-1 

h is defined as follows: Let i be the terminal of smallest index in 13(s,n) which is ?-valued under VB0 and 

1-valued under VBk-1" Certainly, p(i)<k. If i<p(k), then h = i; otherwise, h = p(k). 

VT fx and VBfx arc defined as follows: If h = p(k), then VT fx = VTk-l and VBfx = V13k_ 1. If h -:t; p(k), 

then vrfx and VBfx agree with VTk-l and Vl\_1 except at h, k, p(h), and p(k), where: 

VTf (k) = 1 VTf (p(h)) = ? x x 

VBfx(p(k)) = 1 VBr/h) = ?. 



6.1 Remmflaa Aaanlption1 

In this chapter we mate some ~tvations abou._ the: algorithm we h~ve just prcscn_tcd. The 
- . i • •,' " ' . 

the algorithm. Only one choice is oonsidercd for local con~ For top-bottom and left-right 

conncttions. the procedure MAX-MATCH makes the decision. 1llrcc assumptions are crucial to the 

working of the algorithm: (1) only pairs of tennina1s need to be c:onnectcd~(2) there are only four routina 

areas - one parallel to each side of the rcct~ugle; (3) the segments trom each terminal to the routing area 

(perpendicular to the routing direction in this area} cannot COlltlict regardless of dicir lengths. 

We do nor n~rily need to have terminals around the Outside of one rectangle as tong as the 

above assumptions are satisfied. In fact, tcnninals may also lie alona a rectangular boundary· 

circumscribing the rectangular component. i.e. on the opposite sick of the routing area, as long as -these 

terminals can be projected on the rectangle to obtain an instance of the Ofiainal problem (sec Figure 6.1.). 

1bis configuration might be found when c0nRCCting temlinals of a functional cornpon.ent or set of 

functional components to bonding pads. The bOnding pads lie atong the ou~ edges of the chip, and 

the routina reaions lie bctw~ these pads and the rest of the inicarate<f circUit.. Minimizing the area used 

for the inte~onnections minimizes the si1.c of the chip. 

When the third assumption above is l'Clll()\'Cd. we ~ve already seen· in Chapter 4 ,that the 

resulting routing problem is NP'"CORlplctc even for one routing chahncl with tenninals akml Its side. 

When either of assumptions (l) or (2) is rcm()ved. our division int.o local eonncctions and opposite ·aide 

· connections no longer limits lhc choice of directions for. each rormcction, ·CoJllidt>r the probfetn.for Ofte 

rectangular component when it may br necessary to intc.roonncct three or more terminals. When duel 

temlinals are in volvcd, there are throe Choices instead ttf' two thr the type of path UleCf to iAterconncct dte 
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Figure 6.1: Alternate configuration of terminals for our algorithm. 

cannot be ~ 
tenninal here _ 7 - - ~ 

_....., 

I 

---

-cannot be~ 
terminal here 

'-------4----------------------,~------------~ 

• indicates a tcnninal 
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tenninals. This can be &een by dividing the boundary of the rectangle into Jhree pieces -- each piece FC=S 

between adjacent tenninals as the bouftdary is tramsed. ADJ path which fbllows two adjacent pieces of 

the boundary can ~ used to connect the terminals. When Che terminals are Oil; three different sides, two 

of the possible pa\11 type$ use morc sides 1hat dle dUn1 How;;, ;;·~not elfminatc these possibiUdea. 
' . . I .;. 

" % 

It is not lfi4C that Che' d\ird choice is alw•JI as aood as d1e .. "'<t f"llUre 6.2-A lives a 

counterexample. Conneftifta these tmninals in\lollCS duce sicks of .cM · rectaalgle. ThcrelDre. we have 
~. ' t . 

~. ~ .· ~' .. 
lost the independence of the two dimensions wh1ctt we bad Wilen~-~· $itftel~ 

" 
conn«tions. If~ teminals arc only on two sides. even the path tnfe U&iot aU fuur sides canaot be 

' ~ 

eliminated. 'Otis a slM>Wfl in f"tgUrc 6.2-B. It is •open prublem.wheiacr.._ one COl11J>OflCl1l ~ 
~ . . ~ ' 

probJcm can be solved in :pojyROllltaf time when .C. ;,,-~--or PIOOt',~~ ~ to '3e 
~ < ! ~ ' • • ~ : > 

interconnected. 
:i-··· 

terminals to lie on one of two m;tanauJar compoacnts which are plaood. side by side. lgnpre for. tbc 

that paths can take a "short cut" duouah the ..- becweca die two iect!IJllles. However, this option 

adds many choices of paths to be ued to intefm8Met ...... The top and bottom sides are ne loft8CI' 

independent of the left and riaht tides. Fjpre 6~3 · ..,_die ....... ~ by the lhort cut. 

The cumplexily of dlis routina ........ ., opea. 

1bc procedure MAX-MATCH, with Jts ~· solves :die optimizldon ~ 

cleftned in Sedion S.2. We now PfOfG daat .- Ill ........ • 7 _,.Cll _., dlc iai&ial' .value 
. 

ftmctioos. thcR is always an 1fanment uf' Ts aacl .. J-1 tue:h ._die ... .,,. ... .._ .. _,... ii 
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Flpn: 6.2: The One Ca .. Haat .... ProllltlR tritla..,. dNlll two tennillals la nets. 
'- )' • ·~ - - < , , 

Tenninals with tbe same mDntJot should bi~, 

A: Three tenninals on.three lidcs- dwe clloica. 

1 

REST OF 
THE THREE 

1 

path uses 4 sides 

2 

routing addcs 2 unit t.o heiaht--------
:2 units t.o width l : 

:2 

1 

l ·• 

B: Three tenninals on two Jtda ~Uno m-... 

:r 
1 1 

prefermt .. It< 111'"1 h 

1 2 l 1 
:J I -y [ . J 

1 
2· 

1 

1 

; patll mes • sides 
ruuttna adds 3 unit& to h~ight 

3 unit to width 

path~l.W. 
routma ~ J uruts &QJ:teipt 

l units to widdl 

1 2 2 I 

..,..._ ___ w ___ ___. 

(2 + h)(2 + w) = 4+2w+2h+hw::: ua 

(3 + hXl + w) = l+Jw+h+hw =area 

1 

1 2 2 1 
1 ~ TI 
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Fipre. 6.3: Extending the routin& proWem of Claapter 5 to ~1'9 cop1ponent1. 
~ -" -~ -.. - , .,., ' . . - ' . : ' , . '~- .. ,. :: ·- ;:~ '. : - •': 

1 
1 21-

pdrred 
forw<h 

2 1--

-'.C_ 

,_.... 
J ;,, 

L-1 3 

1 
l 

area= (2+w)(h+3) 
=6+2h+3w+hw 

but: 

l 
1 

2 ...... 
. always 
prefelJed· : .. . 1 ........ 

.. , 

. 

l 
, 

•.. 

l 
area = (2 + wX2 +II) 

1 

'"" 

3 
b 

j 3 
., 

1 

L~ . . w.' .. 

.. = (l+w)(l-•11) ' l ' '. ' 

== 6+3h+2w+hw 

1 ' ' 2 ' 

2 

1 

.a= (l+w)(3+1') 
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Lemma 6.1 Let vr 0 and VI\, assip ''?"a to all terminals in T and 8. lbcn 
; , , ; ~ .-;: 

MAX-MATCH('lll,m),8(1,m),p~Vr0,VBo>retum1 vrrand VRrsllch ttmiMvT +Mvn ~ m-1. 
. ' . . ·~ • . . • . . : l " !': j . . . ~ . ·. . • . f f . 

Proof: ln~tutHy, there arf no tUH ~ an4 SCA,...AUIQN; ia called. If SCAN-ASSIGN returns 

'SUCCESS.Yft,VIJr). then fi4ml·ttf1ftiaall at:e:O--vat.tjfa Mltu(l' ..ia.: .W\l know:OK-O{VU1-.l;1t1) 

holds. Ttaorefore, m ill even .. 'fht ...-..;live Mw. :tV.. • h + ~m = RL' 
· r r 

. · Suppo1e.SCAN·ASSIQN ,,.._ (Ft\lf.r~V.l\t-. ,.,..4-r&. ,h, and·c,: I.le as defined in 

Chapter S. AU tcrminalt in T(k.tn) .-e ?·vakle4·~ YT r' -~lbfe.· q ::i: .t. ~- :r l, and k'.is odd. We 

know: 

IONESvr (l,k·JM;.s: IONHSy8 (s,rnlt-~ t\itJ .~ ,'A(t·l) 
r · , r . 

and L ',t(m·s+ l)J = IZER~iuft,.~, lUJlQSv-r (l,k .. l)l·:oi: ·'M:t·l) (a) 
r r 

Also, L 1"(m~+ l)J + '4<k· l) ~; IZSROSw W.~+ JON~v.at (s,m)f S tm-s+ 1)-1 
r , r 

imply ma 14(k·l) ~ rAt{s-s+l)l -1 (_,. 

Combinin& (a) and (b) gives: 

L'A<rn·s+l)J ;::: \t(,n-s) = '1t(t·1) aAd. tvalOSva{•.m.>t= lZEROSw(l,k-1)1. 
r r 

than s. In either of the two possible cases. s:: h. 

Let Vl'xl and V8xl be the value ftu1ctions-Oetlftcd wl\4ln the 'T' val~'iUried for h. We know 



a set of full ri&ht-regionl With no ,.,vaf•Uermtn*'5. q\lf ·t,t(J\M) ~"s M ff(s+l,m) can be matched. 

Unless s = 1 • s = 2, iatmat ft(l.Q ~ • teft~ --~~. neidlCr of which are 

· full. Since fONF.Svr· (l,ktf = r \tt1 ·and OK•;l(.Vf 1·,t~¥) tlntck· h 1111<1 in 11 tk-1), 1lU:) is a 9Cr 'of 
d I 

k = m. we have 

MVl. + Mv8 = 1i(m·l) + 'Mm-1) :: m-1 
•l . ' .• ~· ; . , ; . 

and the desired result follows. Wben s > l, "Ilk+ l.m) contains one left-region and one rigtlt-region. 

nclthcrofwhidl are full. Ifs =··2, R(l,2)isaful~·~lJil~.undcrV.B11; "fonnillaJs 

. B(l) aftd p(ft(l))·= ·~m) are~ rhe value·-ir'bfthe'Nattlive catl. toMAX.,MJ\'f'Cff. Terminal 

8(1) can match Jt(.2), but 'f(m)'· is \Wtla~ nw·:Jelllllina:•inafkmrm matchitili sum· to 

1i!(m·2)+ l+ ~m-2) = m'l asdcsifOd. (fs:> ?, tcf"ll~m")M'fhe'~:of~t+IJW)•' Procedure 

SCAN·ASSION ilcallcdA>rT(l.m')anclB(l.s)usiftlH~Ratc~MofVf~1 Md VB11 •. 

If the second call to SCAN-ASSJON returns (SUCCESS. VJ'rl' VB rt), then 

IZEROSVR (l.s)I = IZEROSvr (J,tn1f ~ r~m~ ••vr'Jlt'V"* ,; ::_i.'.Ul'J "t ftAm., = m'. 
rl rl rl · rl · 

Combining this with dte matthintsflli'litiMI ~-:· ' ; · 

- My..fl +M~ = m' + ~•'"<$) +'"<l~l) =•-t -t t,;l = m+ 

where VT n and VBn are the expansions of Yl'rl and NQ.,t W111CfliaireeiwifltYl'11 and VB11 on ··4j);a1Kt 

B(s+l,m). 

If the second cal tu SC\N-ASSfON m•u•'(FAlb tti\lt",V~), lot q', ~~and b' be the special 

ttf'fninals fbr thil'call. Uadm"'the 1nitial- Vahie :~ ratiMmR l&:lllAN~K. dlf1~ in 

·1~1.m')aritt an tennihak kt B(l,t" 1) m 'Millued aDd sis'l~alae4., ~fl' .;:t il'~·t' •~Md: · 

IONF.Sy8>(s',s-IM = IONP.Sv1.l(l,t'-l)I ll; *f\'.'4J 

17r:ttOSy8.,'~sM = L "'11~+ t)J · s:f!M~t.t>'•t • 11:;. "<k'"l). 

Alie, IONF.Sv8.f1';s)I + IZf.ROSva.fs'.41 = ,~t' .. l>tJ..fL\tfH~l)J !S~+t)-11. 
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Fipre 6.4: The One Componeat Rovtina ProWena with no local couectiORI. 

Tennioals labeled with die sinne numl>er-shouta be~ 

f· ~ 'r• w< ·' :; :- I'!~ -<1, ,, ~J'-'.1J!.'1.~lf, .t .': •; 

1 2 3 4 S 6 7 B 9 W 

W 9 8 7 6 S 4 3 l I 
. ,_: 

. .L .·. · . 
...... -·rl'l"!!l·.I!". •"""ile!""!lli\"'Aol' .... ..i' ...... ;...· "· !!ll!-..!l"' ... 111, ...... !Jr .. ~•<Q·'f! .• !l!! .. ~lllfloo~"""' 

..;... 

• 0 -,-""! 

·::-t, 
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k> overlap. (See Fipire &S) la this _,.~fi Qllt modilf tltf MVtina 119 'l"at'there is ooly enc hOtir.ofttal 

qmentheach CMMcdoe. 'fllis.~Mtllt'le'alibWl't'etenninahWtennimtls to which it needs to 

be conneoted since· IOftlC llellMnt ~Y dil alut·9bginanf4ui.-e not beeft·sh&rtened, just, merged. 

The vertical scgmontt 'wbidt connect to tetMfltR tan ·M 1ildef Oil tht' ¥MafJl•Ytf: Al!lo. after the 

modification haboe1t'1'idttJ:ear:hlide'.'~..-'IRDil;~af'tM cnraersdm be~ 

or shortened k• do SC) without~: a 

This upper bound lHl the amount of height ad<k..~ by using separate layers for the two directions 

is actually achievable for a very simple routing problem shown in P°l&Uf'C 6.6. 

aft wim are eidier ~ndieUlat .. or it8fllleHo•'Bide,: .. ,_. ot*iitrluy ~'elte~:ftbm 

different terminals perpendicular to the side will not intencct. and~ •hi:1'frun pa;allef t91Me side 

can be extended at the ends· of the side with~-~~ ~~''· ,~ay, ft~·~·~f terminals .C.U ~ 
interconnected, not only pain. 

I• QS;nowGlltiidet~~ RObtii1RolMM~~·81'e'lil«e tiutft·tW>11yen 

fbr intemonntcl.lotL TctllH--.dftM:..,_.WllJlt: ......... ~_, b0tt1!Mtalilftd 

Yeltical·wi~telJMftlS.'-.O·..,._..~iMlt'·lt~flh~-,,tl,_,..:::'1'1W~~tidit~Of 

~~di ..... ttayaiihdblfertrMat''tihewlWCtiQttlNtlGW111bt11t~Jlffllt~IK> 

·lepnelt ~-··fte.~fMJlnl'-.IW'Oft'MJj.,_,.,_.r._tljrldi'flf;'flWe;~ 

-..... w111tour•·ttllaW~•· ... /l'he&M ....... l#'~'~ ii 
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Fipre 6.S: Construction for U... U 

A. Splitting positions. 

---------. -----
becomes 

n. Merging segments for one connection. 

fur layer coaneetifta 

-
after splittina: 

rightofl -

- riahtof2 

after merging: 

- rightof2 

rightofl -

o!1e channel, two layers 

two channels 

( for vertical connection 

- -riahtofl 

• 
• 
• 

rightof2 - -

rightof2 - -

• 

• 

• 

- - rightofl 
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Fi&ure 6.6: Instance of One Component Routina Problem realiziq upper bound of Lemma 6.2. 

When one layer for horizontal segments and one layer for vertiCat seamelltS: 

' -- ,_, 
-< 

I ·~ ... "' ;..~, <'M' .,;r _, ~ ~;~ '" 

I I I I n channels used 
I • I I 

I I 
i I 

1 2 n n 2 1 

When no restriction on dlC direction of segments in either layer: 

r- - - - -, ]nn::-h------ I 

1 2 n-1' n n D'"l 2 1 

layer 1 - - - layer2 
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' 
M two-..,. Wt wtll Ill •••1••P• ..,..:._ b'-Mfl...a:-.wntt anct aH even numbered 

layers be lbr vtfticat ~ .• ~,""ii~~·~ ID_:~ c~nt.ainin~-\Vlres in the other direction.· 

Let '"trlet" .._ •. ••ttlM" .,_ ,.a;,f;t!•~•L, ........ •.tr.:~ ljwer for each direction, the 
,-_. . ' . 

UICd. W.... dtere IN M--k~••••• In ... ~the num.,.r of channels required is as little 
- ,,,. -- :. ,.,.~_ -~~· --·--·,·-~·-' - - - '~ 

I . 

as l/H of me ....... , ol ~ ~ MoN ._ • number of chan,,ell may be needed to allow 

seamonts to COftWt ateonw.:p.+et11. The connection1 at comers place constraipts on the layers used. 

All layers in a channel mar nll!ie..... It it ........ tll ublorvc that there is no longer guaranteed to 
~ ~ - . f "' ' ' . 

. . ~. ~~ ·~ ; ·, . . , ' 

be an optimal routina icl ~ ~ -~-~-ltt* ·OM -ament '1lmnlna alona each aide of the 

rectanaular COl'ftpeant. Pe~ a ... to - more ••ooe seament.atonl a side allows the path to 
~ • > •• 

~ ... } t. : ; . ,, 

dlaap layen. la thil way, layen litay he belor utililttl. ·ptpre 6.7 Illustrates. 

Let us..,,_ •-•~wW. t&·.-ict-tlte ~•._-.me .. atoq each side per path. We 

caa chocJle whi?h ••ttnta wm _.. the ume trac:~ e.a. Ul"'8 the matchina fanf:Uon of Chapter S. 
' . ; . 

Oiven any IUdl ehoa. we l9tllt .... _, r.tltiJtt ICtl of seament1 to chann~ls ~-layers in the 

chawll ao &bit &llcc..,a•,M'-' ll ...... are pmperly tllldt. A tepl asstanment m,inimi~na the area of 

lhen la ooty oae llrer fbr each dillctioe. tile *ORcf part of dlis problem is trivial -- any assianment will 

do. 

If we require that all pain of connectlna seamentilJlF oif if<Uacent layers. then we can model the 
•• , . .ot' 

(· ~ ~ <:" { 

constraints impOled by the connections betweea ........ Ullls a dilated graph. The araph contains 

one node fbr each let of ICllMnfl lharine attack. I ..et a node ~nti"' a sot of RC"'1Cnts above the 

top or the component be culled a toJi notk. '1milafly, the tern "°''°"' node. /toft node, and riahi nodt 

denote nodes repNIORtina sets ofseament1 otCdle~SldCI. fAaere is an edge between two nodes 
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It is no longer true that one channc1 per street for each .net is always optimal. 

Given 4 layers, no mignmcnt oflaycn'uscs only ontchannd oircach side. 
One attempt is shown. 

---- ~llyer 3 
,..-___,..,.._--'ll~.~~-... -~i~Ci--.-.~·y,rl 

layer 2 

layer 

1 

1 

2 3 

4 3 2 
~ :' ', . ? -

layer 1-t 
layer J-t 

Venus a successful assignment 

layer2 --... ........ 
. layc.-.-4 ' 

layer 1-t 

1 

l 

l 

r ~. 

't 

J 4 

J 2 

laycr3 ....... ~----....... ----....-,_..--~. ' ~· ........ --.--_..~ 

Graph representation of track connections for first tract assignmcnJ 

tlayer l ,.... 
"" 

. .. 
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..._ ... ol•l•• •P•fl•d'- Che noilet-tdltlllt, ..... dt\41·Whkh must be connected at a 

comer; edp. - ~. ··- .AlluM.•~• OO&te ., •• ft node. N1H'C9Cntlna a connection in the 

top tefhonltl'; a. a lea node tn•·--M taClillt. ~a eoonactioo ill1he bottom left comer; 

·fmM a boUont. aodl ta a ,... .,. ,.,.,,.. .. • ... ect.1an In tlftt bottom ri8ht comer; from a right 

node k> a UJP node. ,._..._ ..• conilim• • ... _, fllttt ecner.' The graph consists of disjoint 

chains IDd cycles.· F.ieufe ••flllews dMt arapll h U.. Wpneftfl. of dlat eiample. Since connections .are 

always between adj..c layen. it:.fldl'ice t> determkle'fhe layer fur each set of segments. The actual 

channel usedby-each1etol1Clf*MScan M.amkraril~ .. ~jUaaa.the, could~rtmly·twolayers. The 

only fllUic:tkm i. lbal thtfteeonir'Gntlltuf....,naion eadrlaytr tn any<lhannet. Thcr-eforc, we with 

to aai11u layer flUmber to each node of1M:lflllh• • 1tft att<hiaht Radel have add numbers antt top 

ana «>uom aodel hMt even llumbtll. AdjleeM_.. kl •tlie lftit'Jlt' must· ho· numbered with adjaeent 

numlten. For aoy pven side, tlldl esuntrice o#a lllftber wftf tMf ia·a dit'ferent channel. We wish to 

find anumberina which miUmir.elldlo· ... efdlc ~layouL 

.Llf \II now COll&ider .,... consildq only Gfdiljbtlt qrcles. We resttic.1 our attention to these 

grapblto illustrate how qctlc ~- c:aa lM: ...... ,WldrGut •~'about arapht ~ith ditl'erent 

numben ohracboa.diffenmt .._ wtaidt can «1C:ur,ff ....... 1ft ,..._ A method ofassignins tayers 

eo nodes in a graph-~ Giiiy llf-cyda ilc • fbfloWt. Chooat tOille qiele~ betin wich some top node 

. of dB cycle; Allip layer. 1 to dti1. node. Mo., ia bedl dtteetionl ·away from thhl node, assign the 

nodes alona the cycle •• one node in each direction at each • ~·d• the tbHowint pattern. CJoing in the 

diroctioa of the cctacs (clockwise), 'l>elfUina wilb i==l; lllllip in conlecutive steps: i+ 1 to the next left 

node; i to the next boet811U•dc; t+ 1 te 4he aeat fiatlt node! i+ )to die 1telt top node. fncrase i by two 

and repeat the pattern. Goins •11-0lise to 1M difC!CtiM· Mme edtel·(oounterclOckwllle), be&innina widl 

i = 1, in consecutive steps assign: i+ I to lhe next npt node; i to tlte Mil bottom node; i + l to the next 

left aede; i+ltD the Mil top node. lncreas.tttlf. two·an4 repeitthe.J'attern. 'Ille ftnt node reached by 



the same ltep, die qde ii~ PllP.erlr. lf,dle._.., • .,,QM • •"ftaht.:nodedecftile ..ta 

left oode ~ii...._. befift· dl8 CJclt il:lr'nbted.; a·-- of clmamdiag·DUMhea ii 

used. For ckdwise. ~:wia i-=all--1.,Mlip: Jto lbe.apt rop .acle;. i-:1 ID tile PCKt teft.nodc;.i to 

tbe ne•t boUoln node; i-1 fO thft ,,_t ri8IM ..._ ·lllc11111 Jllf: Mo:ad:.,...a.; Fbr conterclocbile. 

aode: H «;> tile nat let\ aocle. naaa. i '>' twe::•-rqte&:~:W;illt 11ep illil•i•':uo • Ailbt 

aode cluckwise _..a left. "'* ~Wi$e -ia:RaGtttd ~ tt.,eyde J&·~ die -Ofitlinal 

. 
demasina.numbors~.: •e,ek« ani lileQB''-'-'-*ll. 6SaeBIUlo'Mi.'.·Akshe .._qde:.is 

fmished. a 1CCOR4-cycle can be W>OWbeainai1111·_,.dle'RUUt•ofidte paltefla which_....., a top 

or bottom node. If $e nat *' wlldl .... t&t1t1eoltlae,._ti1111 ..... e atop llOdco*-·an 

arbitrary tDp node oft.he new cyceil~---- ......... u-..., .... toaboUom .... 

... r~·"*'*'* ~1-;a~. .. . .. : '." , · ,,. •• u.1 

.whcJe ntcyclc) is tlle.a..t>ef ef ll'DUllll .,,._, ... iltJllc.~ -~·wllod • ...,... coetid' of 

Geb CJClel. itCCPtatsnfhew......,ot.-.tir•tldLm.1&21·~11r1Joa-l·il..-l-ta· 

... r ••,+ ik•11••~i.1Jl,'.;·< ., , .. -; , , '· · ·:.· . 
. 

~•,is the nw'1crof ..... .,_.. •. l'lle•••u.t.duuiltm .. f • ._..._._ • .._ Jiii 
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the mignment technique to the the number of channels used on a side by an optimal assignment is ai 

most 4H/2H-l + 4H/n
1

. For 2 S H < 111281' this ratio is less than lhree: It is reasonable to expect n1 to 

be muCh larger that H. since we do expect to baveJnaay Jll9Jl' interconnections. and therefore, .segments, 

than layers for interoonnect. 

1be alptchln pR:ICllted in Chapter S minimizes the number of ttacb usect in fOtRins_..nd a ·. 

rectangle. Th4falgorithmproduccs the sets of segments which will~ tracks. ~llcda-~king oft.he 

segments. 1-fOwever;: dleJ>aCking may not lead to a minimum area routing. An alterhate pcding of the 

segments may allow &nOJIC layen l<> be uaed in some channels, rcsultin& in less channels~. used. Even 

the distribution of tracb to the top and bottom or left and right may not be optimal ~ alsorid11m for 

top-bottom routin1 does not try to optimize the distribution of top tracb and bottonurara used. It only 

minimizes their sum. The "wrong" distribution might result in half-utilized cha~ In addition, our 

original choice of paths for local connections a no longer su~ient to find • ~ routing. Figure 6.9 
"' 

componeat. 

6.4SununuJ 

lbe aJaorithm presented in Chapter S finds an optimal l1>Utina when certain restrictions -. 

placed on rhe problem and on the allowed routing palhs. In tills chapter, we have dilcuaied. the 

repercussions of removing some of theae restrictions. When .we ~·IOlueionl which UIC only two layers 

but allow horimnta1 . and vertical scaments on both layers or Which me men than two layen. the 

algorithm no longer always finds an optimal solution. In these cases. the afaoriOun may be COMideled a 

heuristic aJaorilhm. The algorithm ltmitl the ranae of IOlutiona lt tonlidm but .ftntb an ..._ sOlutioa 

within this limited set When two layen are used lbr both borim1Ma1 aad YCl'tical qments. we hl¥c 
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Fi•re 6.t: The On• Co•P1111nt·1.-..'PIHfeia ifMl.,.tfnltttwlaye11. 

Connection for S aoes arounl 4 sides. 

Bb'TfER 

3 3 

Connection for' aoes aroontt 2 jides. 

s 1 2 

.. 

4 

l 3 

-- horiwntal layer 1 
I I I horiwntal layer 2 

vertical layer 1 
vertical layer 2 

2 
l 

adds 2 units to hodzontaJ dimension 
• ·'Ii . . ' 

adds 2 units tO vertical dimension 

adds 3 units to horizontal dimension 
adds 3 units to vertical dimension 

5 1----"' 
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algorithm is never more that twice that added by the optimal rootin• When acwate la¥cn ~ uaed for 

hori1.0ntal and vertical scamcnts but thent k ~ tlian one layer fof each. diredion. the algorithm 

minimi1.es the number of tracb used in each, diRldion. However, a new problem is encC>untcred. F.ach 

set of segrncms sharing a tract mmt be- asatped to a channel and _'4yer $0 that con~tioAs at comers can 
- : __:_,_<,· : . ~ i. ,- - _, -

~ made properly and the area of the multlna layout in minimi!ed. Given se6 'O( scamcnts to. be 

assigned, we do not know an algorithm to find an uptimat assignment. Also, given a collection of 

segments, we do not know how to pack them into tracks s-0 that the resulting area. rather than the 

resulting number of tracks, ls minimized. Finally, given a One,~·111 RO,Utina Pr~~ we do not 
-

know how to choose directions for oonnection paths 8(} that the resulting atea. rather than the resu~ting 
: . '-·\"'; -- >--·~--... ~ -, J, ; 

number of tracks used. is min.imiz.ed. 
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In dais dMllia, wt have aa11ia1d probl1M11lc1;-... in c~it layout from the perspective of 

complexity theory. Our .W "- IMea ID Ilia better unclentandina of the problems and discover better 
; ' '": .. ' ·~:.··. ~ ,~; 

tecbniciues ft>r taeir tolutiue: We ha~ prtllMtd t1tn.. ,,_,. of NP-completeness -- one for .an 
·,,,' 

ortboaonal layout proMem with ........ Ullftll'I*• of artritrary size, one for the channel assignment 
. ' 

problem in a street. aacl oM ft>r the illtcrstion channel aaipme~t proble~. i.e. channel assignment 
-' . . . ; ~ ,;; . - ' - . . 

over all streets and intel'llCtionl. We allo have analyaod a common heuristic algorithm for channel 

aaipnlent within a stnet. Thil ...,... lbowl k *' ralio of the number of channels used in the 

llOlution productcl by the aflorithln to dW optimal number is not bounded by any constant This 

alaoridlln and its anatYsw providl a rehncc polat ~~ whtdt .r ~rlthms can be compared. The 
,_-. ,., . { :, . . ~ ·: ... ~'., -~ "~\"•.'" :~J4;J._ ;_:"·. ___..- ,;~ .-· -

develripment of t>euer •taorkbms lbr chanMJ auipmtnt femalnt a topic for mearch. 
' ·,: .• • . -_1 {:,.:.. J ;·~;). it . . ) ' ~ . 

The proof of NP-completeno. of the chanMI aalpnaent problem holds only when each net ii 
tl(. '. ~ ' 

required. to Ult at lllOlt one chtnnel. Lt. channel a.lpment without~ 1be complexity of the channel 
d., : -~~t .,· '--,: .~;:;·~d1';J_~ . 

.......... problem wkh joel Nlllai• opea. The author coajectures dial dle problem ii NP-complete. 

la practice, jop -· allowod ••. ~ '~. me .•••. of known channel assignment 

lower hounds Oft opUaal chlnnel ••ian 1telltl without jop do not apply when jop are allowed. Analysis 

e>fllOludont wlletljopare altowi.l Ii ntt:•••~,to determ~ U.ft11 ~bounds. 
' : ~ - ; - . ., ' 

In Otapter s. we have presented an alaorithm which finds the optimal channel routina for a 
.. -

special me of &be layuut problem in polJnomial time. AmonS·othef, requirements, the layout problem 

must involve only one rectaftlUlar component. and all nets 1ftUlt contain exacdy two terminals. We have 

lltowa in Chapter 6 chat when any restrictions on lhe problem are removed, the alaorithm is no tonaer 

tyal'lllteed to find .. opdmal ~· A81Umptions about satisfactory routing paths no longer hold. 

>' '· I 

When nea are allowed to have more than two terminals but all other restrictions of Chapter S hold, the 
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completely different algoridun may fiad an optimal solution in polynomial lime. The author has been · 

unable lo ftnd such an algorithm or produce a proof of NP-hardness. An akemate relaxation of the 
. .· ~ ' ' '~ , 

- ~ ' : .' ,· ';;' 

restrictions allows two components which lie side by side, but does not allow tenninals on the .adjacent 
- • ; ~- : 0 ·" '. - • - •• •. : c ·,, -

sides. lbe restriction to two terminal nets is retained. The ability of padls lo run between the. two 
• .... •• ~ J • 

. ,l. ~. ~ -

rectangles is added. This venion of the problem has al&ctdefled analya More generally, the techniques 
. . ~, ~· --~ ,- ··' :'··· -·~ ' -~ - . . 

used in the algorithm may be used as heuristics tOr the &eneral ~DI problem. Further resean:h ii 
, '.. .... -· ' ; -·~ 

necessary to determine the quality of these techniques as heurilticL 
. . . 

An interesting combinalOrial pmb1em is ....-S by .the toutiDg ~fem of 01aplel' S . 
. - ;1' ~-;-'~ ',:; ·.~< !:::· -- - ' 

Circular arc coloring and routifta around ·a rectaaale mentble each other .acept. that. tbr the rectan&le. 
~· "\ -,_ . ; .. ; ; .. ;~~~:·--~· ~- ;·".:' J:;~ : ~~1~ ·-~: ·~ ' 

paths can ao one of two ways around the rectaaaie and padll can change "color" at any corner. SuPIM* 

we extend circular arc coJotiq so lhat "arcs" can go around the citde in eilher dkecdon. Moft pR'dldy. · 
- - • '. ) • ' t _: Jt -.; . 'r ~ - . : ;~.~: 1:: ': ---" ' . 

is to choose one of che two an:s 4cmniined by each pair m.MI color die cbmm a.a so dW the number tJf 
•' '; · • • '. ~ " ' ·.t·t;_ f: ' ~ ' . ~ ~-c,.~ ~< ~ > • ,·' ~ : •• • '-" 

colon Ulled is minimized. Since dlQllar arc colorifta.il NP-complde. we MpO£t ~ dtil modiflcat.ioa ii 
_ • : +· ~:~- _:: • _.,._ - ••• - ?_'<~~:~.::-'. ,- _·_:f~'-· --t ':....,,··~,v;_r ~~ .· --~ >·: .:.!,~ • , ;-. ~ .... 

We have chOICm lo use a model wbidt . ....-nu CGlllp08eD•• ~ad wiaa • °*'* 
-. ~·--~ J~, ~··... .-_: ~ ·:· ··,, -. : ._ •• : ,,_'.•' i_~;,._.__.. -}_~°f"::~!t:~·i· : ... ,··.,: - ?~.i·.·;~z~rL -~.ii~·~·~-:.'":~;_-.-, - ;·.·:'.1 ,. --. . 

with unitbnn width .. uaibm ~ ~ ~ .. Nia ror.••••ma.m .... ~ 
· ., "~ ·~.;:-;;_t_: .;_,;>~2:~~.: 0·.<~n -:;;;~·iF;,&.;;~4~··; .;.:; ~:-:;~~'t;"tlii~~ ·.-:~~ ~(_-:t; ~~~r·;;= - :;r;';_·f:, 

n IB<ft complic8d. Widfhaaad If IC ... YllltJ. hm la)rer toiaJer •. UIMler ibe.-*i we-.·dle widat 
·; J ~ ·: __ ,;•·- •• :~;.·. • ~- :~ .-}.".~· '."-· ~ '~,· ] - "J,.~ • ·3.; . .-.. ~:f. :~:"I-~~~-·/'':~::..:.;_~-~ ~~f;'J~~: -~ ... ; .·~ ":$1-"10~;. \ :~'l . 

of lhe ""IUired widths. and spldnp must. be use. Tbil . ..,..._ ,...,.. the ........ ti. 
·. : . , .. ·<'· - ~= ... :·. '.·1-:- ~.:u_.,~· · ~!~~__::- ~t.i.'.;n.i:~s.;1~~:->,1· .. _: :_'1}' :.!.i·~-a--:\ ·-u."'-·"<-~~· ~~·-~_;..". ~:-"- ··:~~~··..s:~ -

particular~ m. die ~·and~ ...... of fl!" 1ar- ......... ~ 
·:;: • •, : ~~ • 

0

1° J" ~- ::"::: ... · . .::.~:: ·-:_~c-'"< ~~.~- ".:·n~ J~·~:};(;(ftfl·t~: .. ,; ~f;.:·fiWl>:t:,_t ~~~!~,: \-~-~~:· ~-\ • ~·-. "·• 

which vary sipificaady ftun our model, uh •power and.~ wiai1'1.·~ .................. 
-· , . ·., · · -,; __ ,' >·~ ·"-,·~· ~;~J :_~!~~·;~~ >1~-~-·-"):;. ~:J- '.~·::.-:·L'"- ,-~~~ '.~ -~ _ ·--~~> .. ;? ~<~-- ·f:_>'~ .:,~ 

We aaume Chat no topOloaical id>nnafima .bcJUt die delllNd .... a Jiwm ~. die. pr0bt1• 
" ~ ' : J·1. -~ :·:- '~----~' ~ - ~ ~~~ ... ; . . ~\. < ! >: .::_. } '· r:· . : ~"- [;; l ~-- ', << 
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.. topoloaical U,fbnnadoa 11 pwto(tho;iaP,ut.. .. Bodl ~~~e; ~ foon4 wseful itl pril'ticc.; but lead 

.. l9, dift~"" ~• .. lbe·_. pf~ Wt°J1~,~~,h\·ttltunaw approaches to· 

layouttf~Ulat.indtis..,_.ac\ . .-~~ 

lo Chapter .l. -.~. &o P""'BtiPJ ibe ~ WI ~Jt~d, .WC <liscu~ a araph theoR?tic 

mQdel for ~yout. 'fhilptph ~ ~lJiait ft0¥'R ~ ~NUn.oblaining bounda·oii.~ area 

required by intcrtonnectkm patterns represented by various classes of graphs.. T~ce are man}' open 

woblc~.in Jht..~~ of~. }'!Q,~ t>f~1~~(~ ~r.,an~·lQ·~~iiw·tiatlt upper and 

tower bo"nds 01), the area ~w~~41l:~~r.~~~•:ar •. an4·Pfl fhc,jtllla,~ to embed a 

shume exC;flanae araph lleill;tJ. (lllO). Na ~ttl.eost. ~.-,~~ Rf_."d if! Chap\er J Qa5 

recently bce11 p.ropQICd by ~lQ~i:,IS*)j. lle, ~.lnl~ "1~ .. fi1P-~00..pf,.opt*'1ally .~.a 

·araph In the.arid both wi~r .•. cQ&l.~.,.in.C:~..)..i,~ his--i. .. 

In the problems we.~.~t'ed. pl~~~n~t~ 4tft' ~~to·be ortaoaonal. 

Resqarcft is needed on the CUit t>f d.\tJ ~~ion. tJow . .-~ ~Jost by aUQWifll ooly horii~ 

and veftkal wires? Ht>w mvd\ i$ aai~d b¥ .addllla ·a.thJfd 4ifection fqr. ~~·:e-1· 4.S degree wires. 

T~pa £J:'o80J hal ~ll M ~.oue .,-.~~._,J>etb .. .ucllithat allco1tnecHoas 

are of the fomt "connect the fh t,eJJninal on ,uoc aiAA Mi tho lth tenniaal QB U. secend ll!ide", the optiiQJal 

rouUna uses al'tS of cirolcs •wire path$.· W~ hav~ alip,~,thlt ~z9Alal an4 ~~ wiies lie~ 

different layers. We have indicated how much this assumption costs for the problem of Chapters • .How 

interconnect. runninJ two wires in ~rallcl. one on top of the, ~. oo · soparaic ~ acros a chlp 

separates the two sides of the chip. Thia suagesti that .-.icPAI • layer. w ·Wires in one direction is 

desirable. 

At present, most intcar8'Cd circuit designs arc duoe .wiah only two layers for .intcrcoonect 

However. in the future, more laym may be available.. When ,mprc than two laycni arc available 
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in approximately the saJlle lllMinl-JBIY bo ......... ·~ethet:tbaa dieoptimit.atioacriteria 

may \le used to choolc ~ ~. soll.tUons. · .. folt .. ple. .fht ·alpitlun of ClYptet S ··ii biased 

towards assigniog "O"s to left top terminala, . A dual venioft· of-.. alaQridlm biased. towards .aB&nina 

"l "s to botWm right tefaUJaals qht.,*° be nua tQ fta4 an~ IOlutiGn. Compledt)' .W,.Scan 

assist is .the developmcQt of~ ~ tor laJOQt ~ , However~ the UtlbititJ of an 

algorithm must al&o:be~ mev•tiei.Qel¥.4llaqri\b"9,fiH'laJ<M..._ 

~ : . . -



In lhi1 theal. the e•M• tit ...... theory will hqufttty be Ultd ~ dncribe problems. All 

dcftnitions can be fbuncl in fUUUt. We fivtew ..._ ..... 

A ,,.,,. 0 • · (V ,I!). Cftia'• of a ftnite llt et ,.,,., (or M"titn), V, and a aet of edges, E. F.ach 

edle. e = (vi· v ~· ii a p.ir of ROda Bdjt e ii llid 'to be lttcidtnt ~ vertices v 1 and v 2: vertices v 1 and v2 
. ' ·' ' ' ~·~ ' . . . ' ; . : : ! ':'.: t i ' 

are the ,,...,.. of.. Vertkea '1 ... Vi .... ""I &Ml to elch other. If the cdaes arc ordered pain, the 

· araph ii dlm:tal, oth.~i.l.·il ii ~1.t.·in a h.tlraPh. an edae (v1,;2) aoes ftom (or out o/J v1 

to (or /Itta) v2• If a node Ml 4 ......... to it. ~·the node ii of •am d. 

A ~tit in a ll'IPh ii a .... of eclln: 

~ ' : ; . ·~ . ' 

The nodes on the pallt are Ille_.. v1• '1' •.. , 'n+ l' The path ii of lenath n. Nodes v1 and vn+ 1 are the 
' . ; : .· I 

endpoints of dle padl; the ,_ ii>ll hen v 1 a> v n+ r If no node appears in the sequence of' edaa more 

dlaft ~the Path ii llict m'be .,,,,,,,. flt wiU mways man 1~Sunple path" when we say "path". A path 
• 1. ~~ •• 

ii a e~lf if v1 • v •+ 1• A .... cycle is a padt on which only v 1 = v • + 1 appea11 more than once. A 

araph ii acyclic if ......... no eydes in . the afaPh. . An acyclic undirected araph ii caUed a trn. A 

...,.,,. S = (V 1.f.s>. of a ....... O == (V 0 ,f.o>. is a ·lflPh whole ICt of nodes, V 5, ii a sublet of V 0 and 

wholl eet of edatl, Es· ii a sublet of Ea containina ~Y edaa whole endpoints aN in V 1• 

A arapb, 0, ii planar if dlm ia a mappifta ft'om the nodes of 0 to points in the plane and ft'Olll 

(1) The endpoints of llM curve cormponcliaa to an ldF are the m.,... of dle endpoint of tile 

edp; 

(2) No two curves intonect at any point other than their endpoints; 

(3) A curve does not in~t the imap of a node unless that node ii an endpoint of the edae 
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An m by n two-dimensional ""'a¥ is an undirected araph with node set: 
c . ·: ' l . 

V = {(ij) Ii and j n positive inteacn. l;Si:s;m and l:Sl:Sn} 
- . ·' - ·~ 

and edse set: 

E = {(vl'v2)f v1 = (iJ) ~ v2 =(ij+1) ~ lSiSm and lSj:Sn-1 

or v1 = (ij) and v2 = (i+ lJ) for l:SiSm~.1 and lSj;Sn}. 
. - ; ' : ~ . _' ' 

To indicate the growth rate of functions w~en ~ussina the ~.~ of an alforithm. we 

need the fullowing notation. Given real-valued functions f and·g on the same do~in, f is O(&) if there ii -· . ~ - ' 

a positive constant. c. such that fbr aU but a ftnite number of domain values. f(x) :S ca(x). The 0 notation 
- ; - :I"';_ 

is used when discussing upper bounds on a function. A statement of the form "the running time ii 
. . 

O(g(n))" gives an upper bound on the running time. When dilcussing lower bounds, the 0 notation ii 

used. Given real-valued functions f and a on the same domain, f is O(a) if there is a positive constant, c.· . . 

such that for all but a finite number of domain valuea. 1{1) ~ c~1). Then '"the iunnins time is O(a(n))" ii 

stating a lower bound on the runnina tia. 
," 

The above deftnitioas are of Ille conceptS mosc frequently used in this thesis. other deftnitioM 

a~ presented u needed. 

.. ~-



• 167. 

Annotated BiMioanplar 

(Ab72] Abel. Luther C .• "On ~ .Onlcfina,of Connectkml ft>f .Automatic Wire Routing,'' IEEE 
Transactions on Computers, Vol. C-2.f~'*~·U~ ~Y.J,72,pp. 1227-1233 .. 

Presents CXJ>Ari~ f~P '*.the 9IJCOlfl .of routing one connection at a time 
(poinl-to-ffPitlt) oo '* ~r ,using ,a ••.router is .independent of the order in which 
connections arc attempted. Performance is mcasurl4;Jn .tor.JM.of the total of the rectilinear 
distances between the endpoints of the connections successfully completed. 'Ille maze router 
incl~,. ~riedc la ,avf>i4·,~ina a . .-:MJtnto1a l!tlW ofiterrninats and blocking aH ·lhe 
terminals. . .. t · . 

. ' . 
(Abs80J Abelson, H.; Andreae, P., "Information Transfer and Arca-Time Tradeoffs for VLSI 

Multip~atiun,'' Cm1,ff1~.H'a~.q{llte 4(Att .~al. lt No. i. Jaa. 198@, PP-~2l~ 

[Agu77) Aguie, R.J.: Lesser. J.D.: Ruchti, A.E.; Wolff, P;K. Sr., "An Experimental System for 
Powerfl'iming Qptimir.ati,it>W Uff-~titJM," ·P~ittllrtftlte EOlfr1ttnth Design Automation 
Cmiference, IEEE, June 1977, pp. 147-152. 

Presents (with (Ru77)) a system to produce layouts of integrated circuits when power 
and tiQ'liq are C(,)nsi~ ,Q.i~n-4.t;i~1*'Ja)!Oqt minhniiiRS th~ total power Tcquired to 
drive the citcuit whileadlfyiq tMni•a~con ..... iul1irod. , , · ·. · 

, 1 ~ • 

· (Ah74J . Abo, A.; Hopcrpft. J.; l;Jlhnan.J..; fl#, ~ ;,flltd Anal)!ais of Computer Algorilhms. 
Addison-Wesley Publi .... ~,.lead'81.:~;llU.· · , ·· · 

A aood text on the analysis of al&Orimma. 
'"-

[Ay79) Ayres.. R~ "~~,q.mp~ ~-; ~ Hiewc~;{he,uf PLAA"; Procet!iliJ11So/ the Sixteenth 
Design .Automation Colfference, IEEE. June 1979. pp. 314·326. 

~fltl.~"'''c~,pr ettn.v.,qrtilla a ~~fa ftt~R in synchronous logic (a 
high level 1' ... ) io~.ill"'*~ of .. ,~. a1hip umasone or.more PLAs. 

' '!·,·. _,. 

(Ba79] 8'lkec, 8.S.~ C~~ .f"!G. Jr.; Rivesi,. ~.L... "°'*"Q8Qllill Paciiag in· Two Dimensions," 
Dc1>1rtawnt ufEt«~ F.~1'&;~4,~r:Scionco[TA.£879'-l, U. of California at 
Santa Bafbara (also lo appear in SIAM J. on Computing). · · 

Pte5C1U1 ,~,~-0f14l Reurisdcalaoritl1tn•fot a rcstric«ed·placemcnt problem fbr 
rectangles. Rectangles~ a procletenniacd.tlrieotadon. 

, . , r ' . ~ 

[Ile66] Berge. C •• The Tll4oryqf<ilwp/u ""'-#• Aw/kpjioft~ .Whft Wiley&. Sons, Inc., Now York, 1966. 

(Dr76] Brinkmann, Mlynski, "Computer-Aided Chip Minimi~~n f~r IC-Layout", Proceedings of the 
11,!l!E lnll:t;HaliOfltl/ S)'IN;/lfJJilfn• fHl C•;11•S)'llems. l\RJil 197~ pp.6i0-6Sl. 

· Prcscnfs a anethoti pfphdng~~ttl• ~,on:a.·IOCtaft8fe. 'fbc goat is to 
minimi1.c unt1sed ~· ;Tbe ~is tt~ a• ~~·le iMo,smaller rectangles, and 
modify the small rcc~tQ.tboair.e-0flho ~~· 

-i'··' 

(Ch77} Cho, Y.E.; Korenjak, A.J.; Stockton, D.E., "Floss: An Approach to Automated Layout for 
High-Volumn Designs..", P~inft of the f°"'1eeuth .Design A111omation Co1ifere11ce, IEmE. 
June 1977, pp. 138-141. . , , 

Describes FLOSS.. a program fur the automat:ie pPeking of the hand sketch of a circuit 
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layout 

fDcs721. Design .4111omation of Digitaf Systt'rU,' Yolumn'I: Tltto,,,-mul ·Techniques, MclVin 8teuer, ed.· 
Prentice-Hatt. Inc. -F.nglewodtCli#s'. NJ •. ;t971 

ROOcw& iyari0u5 ~f\vithin~ ~~l \f-.oglc's,.nthesis, simulation and 
test generation anrammtd as ftlt· as··111rp11ase9 d1aYtM. ·11,gotW! iiftmductiOn, hot addresses 
primarily priarcfcinnlit:la)10Ul .:• · •· -~-· · · · '· ·; t"i • '· · .! 

IDeu76j Doutsdl, J).;N., "t\•Oogtog' ChantdRo..ter:• ~Of~'Pfttfttt11Th /Jesign Automation 
Co11jere11ce, IEEE. 1976, pp. 425-433. · · · · · 

Describes a channel assignment algorithm when jop are allowed. 
,· - ·- t . 

~: ;;. • J ,_.. - •>. 

' (Fc76] Feller, A., ~ AuttHftalic l..ayoo( -0t t~bst ~~~ Ra~-'t:olic ~custom I.SI 
Devices." Proceedings ofthe Tltinttnlh Dnign AUlollfaliOll Cmifm>nce, lt:P.E, June 1976, J1P. 
19--85.·, · t/. . ~-: '!· L~-- , L;~.L ~ .i..z. · ' ··of.• ; ,. ,·. ~ -/-- \ ···~ . 

Prcsencs &~standard octt1tppr0ich meefby ll€A~ ~-Cal~ eclfs·arc plated 
in rows. · .. • -~ 

. r - .. - ~ .-; , . ~ -

(Gar79) OaRy,. MR..: ·Wlnloa, D.S.., C~ tllltl ·ltttr0ctililllly: .A Gfliik to tire Theory of 
.NP-Complete11ess, W.H. PRlililaJf~flftff!t~ 19f93·: ·· . _ 

{Gar) 

Gives a good presentation of the theory ofN~ _Techniques ror.pa:ov;itll 
pmhlmlsNP~~Brdl!'alintiWllf~~-rutt~.·:A 
list of over JOO NP-complete ptotiltulMli,.W4"•• 1fdlil;,iL.'.' · • ·:, : 

/")• -. ::·.:;;.~ ·~,-~'. :->i~=<<,,fl/, .)1~; ~~' {y·.-j ;, . 

Garcy, M.R.; JOOnson. D.S.; MiHer, O.L; .P_apadimitriou, C.H .. "1~ ~om~ity of Coloring 
Cirou•Aa:s • ChOrdi"" •• SIAMMMtilw ,.,,_f!liiiile..,,1Nctttt:lhi"'1dt to :appear. ' 

{1£ ;";,. \·• ,:·-0~ .-i~:_i_ ~.t·~~-;.: :·_,.·,;~~~'l."-?;".>:1\~'.: j -~\~.~~ \-·~: 1··~· ·;.:-·< -:: 

(Gav72t-Gam1, F .• ·~ *-'''lifflAimunt CGfntill; 1M~·~;:>Midimum Covering by 
Cliques, ......... MdtpMltitt .. iofil~. ~'~'bfComp111U.,. 

{Oi761 

Vol. I, No. 2, June 1972, pp.188-187. . . . . . . . . . . • . : 
. ..·' Tbe.S4dl ... ;wM;hs.~~ttf'.iifteMif~ .~«ef ·~ 
undercertaift~ ........ - .... ~~~.' 

. \ \~c.J:,t<:~::- ; ;Jr~~< ~-:.,(.r~·.--n~ '-::,:r~ .. :. 1;.., :~Ji.t~~J~:- r·-_:r.J-~;,~· ~; '· ;r ~ 

Oihson. D.t-~,I.; "SIX...,,S,_.,.:~~-:~• froceedingsoflM 
Thirlttlllh Design Aut.omatio#Qa-#Ui·ff!IM{-'M(-lltlPr,: "'t' . ::; . . 

Presents a system under which ...-muse~-·~..,_ -~'A 
dcsip. spceiftat~ ~·-... .-............. "r)\ 'SJ~ d!iin''la 
automatically transformed iato a M FQlllClfric spedfk._; , 

·- .. ~ •.:.,·c· · .; --.-J, ;·_:_.:-. ~n:i-,-~;.~ .:_,;~·!'"·'.> ~~~;l·.~~t_---~_;fH~~;f?s/;·0~-_; :_:\~-::.._~r.--<tr·ti'" ~.: 
j' '. 

(Gu79J Gupta. lJ~t;~•D.f t.a.ai J-4' ~--dlttlidid&rtVW~~w~f'Problem", 
· .. IBlfE 7,....,l#dlartlf'd:utp._ Wl~fF.Iti.~ilfj;--

, .•• ~ ......... f ............ l.,~,lie~'~ 
problem when thcR-a.-MRe_. • ..,. ............. ~-~--~a1pridvn 
is generalized to solve a two-dimeasioaal _....._ .. 

t· ... -~ }. f~~ .-··~ (} .H(:;·;ry . L /\ 

lffu72) ~ M:;·K ..... t&',J .. "'A·....,Dftlie ....... 'jftd~-~~,Problems." 
SIAM .Rttiew, V-OI. M. No. 2. April 1912. J11L Df-JCt _ f ~q '':' ; '!': , " '~ · 

A· te¥tew ;gt: ....... ·twWfiicM:MY'if;MC~fiNm·'fi,~ some ftmction 



and a speeial case. called lhe quadratic assignment problem. A summary of experiments done 
with 80lne propama ii pea. 

(Han761 Hanan. M.: Woltf. P.L; Acufe{DJi,:'!SonwEi.pdrhncntal Resuk& on Placement Techniques," 
Procmlilrgs,qfllte Thineentlt-IJnip Aut~COlffm-11tt, tt+.Aif., June 1976, pp. 2!4-224. 

Presents the results of an empiracat study of placement algorithm!f lllnh raftdom and 
constructive inicial!plaatmonts are.'comhiMthvfltl vark>Us'lterativc improvement techniques. 

(Has71) Hashimoto, A.; Stevens. J., "Wire R~ting By Optimizing Channel Assignment within Large 
Apertures," Prvctttlintl of Jlte h'ighll1 lhsig4.Altl1Jwition Worbhop,-IEEE, 'l9M, pp. 155-169. 

'flris paper introduced me channel mutiDf tc!cminiquc. 'lbe aencrat mcthod is outlined 
and an algorithm for channel assignment when there arc no constl'attttldll'e U). terminals is given. 

(He78) Heller, W.: Mikhail W.; Donath, W .. "Prediction of Wiring Space Requirements for LSI," 
Joumal of Desig11 Automalion and Fault· Toltronl Computing, Vol. 2, 1978, pp. 117-144. 

Pmoncs a ~of cstimafJri&Jbt ... ~ed foF wWin8 ustng a Arid and an array 
of loca&iou. A t&ochaltic.modd iaUlld: ·- ,_ · 

(H i69) Hightower, David. "A . Solution to: Une-llou&inf, Jlreblems en the Continuous Plane", 
PtVi·tedi11gs of the SiJc1h Desi111 Au101nt1tion Workshop, SHARE, ACM, and IEEE, 1969, 
pp.l .. l4. ' 

'Ibis paper intmducertllie:escape liflettdaiqUc fbt Jlndfna•a path·bctwecn two points. 

(Hi74) Hightower, David. ''The ·Jntareonnection: Prebtetn: A "rutorial,° Compuler, VrA.7, No.4, April 
1974, pp.18-32. 

A survey 4f the ,RJUtl1$ problem• primarily·for ;rintod drcuit boards. Diseusses pin 
a~ignmcmt. wint ljst detcnnibation, la.ycting; ordcdn&.'•IMt "wm?:tay0ttt" (routing as we have 
discu~d it). Includes a good summary· of the major' ·rowcing algarimms. Has a large 
bibliography. 

[Hit69J Hitchcock, R.B •• "Ceffular W-irina and the Cellular Modeling.Technique", Proceedi11gs of the 
Six1h Design Automation Workshop, SHARE, ACM, and IEEE, 1969,-pp.?S>.ft 

Introduces the cellular approach to ruutiDlo 

[Hs79) Hsueh. Min· Yu; Pederson, Donald, "Computcr-Aidectl.aYDUt of LSf Circuit Uuikting·Dlocks", 
Procttdings of tire IEEE lnlemaliotral Symposium on Circuits amt Splelns (ISCA!i), 1979, 
PP.474-477. 

This paper describes CABBAGE. a proaram wl\kh convetts a schematic stick 
representation of an integrated circuit laytlut··iato-1'-'AJD; geometric representation. Once a 
aet>mctric rvpracntation is obtained, the program aMnpactS the circlifit layout. 

(Hw78) Hwang, F.K .. "'lbc Rectilinear Steiner Problem," Journal of Design Aulomstion and 
Faul1-Tolera111 Computing, Vol. 2, No. 4, Oct 1978. pp. 303-31-0. 

Presents a rcv4cw of results oo the Rectilinear S1Chlct Problem. 

[Jo79) Johannsen, D., "Bristle Blocks: A Silicon Compiler", Pl'ottedi11gJ' of the Sixteenth Design 
Automation Co11fere11ce, IEEE, Junc.1979, pp. JW-313. 



-170-

Presents a $)'Stem· fortlie desjpof I.SI dnmits base-On a partlcular chip architecture. 
A hierarchical design approach is used. A number of rcprcscntationa~.ei91oite_d. 

[Ka79) Kawamoto, T.;. K.i;itani. Y.. "The . Minimum Widdl RriuCing of a 2-Row 2·Layer· 
PolyceU-1..ayout". ProettdingstJ/t~ SixltM#hDl!sip·AW<lltfali9n,C~~ IF.EE, June 1979, 
pp. 29(). 296t ~. ~ --

llresoots a polynomial time afaoridun to find a' minimum: channel assipmcnt when 
jogs arc allowed anywhere. i.e. when the street length can expand. 

··- .· 

[Kcl17) Kelly, Micilatl; SmithAlobcrt. "Analytk:aland F.apertmcntal A_.ofRoutingA1gorithms". 
Proceedi~ fJ.{1hr Bkvtiullt.MiiBmtN:Cmf{etrUC~ on:·GJratia SystPlllJ. Olld Compu1ers, IEEE. 
Nov. 1977,pp~l69. ,· <· • • 

Presents an empirical study of ma7.e, line search, and channel routcB. Data is difficult 
to intctprct. 

(Ker73) Kcrniclwl. B.; Schweikert. D.; RcrsQ. G., "AA Optimal €bannet·Rooting Algorithm for 
Potyccll LayoulS -0f Integrated Circuits." Proc .... q/· lbe' cTe11th ~ A111om~lion 
Workshop, IEEE, l97l, pp. SO-S9. . 

Presents an algorithm which finds an optimal channel assignment. The algorithm 
searches through all pollib.lc:'soluti(lnsatl h. expo1ladial'nmnft11dme. . · · 

(Ko69] Kodrcs, U.R., "l.ogic Circuit Layout," Proceeding1 oftheJoinl Cmifere11ce on Mathemtiticaland 
Compu.Jer AUb 10. ~-sig11, ACMl.SIAW!Efif.;~~1969~~ ~191, ' , 

A survey paper which ~ a graph lheoretic model · for circuit la)'()ut Other . 
subproblems of Ute layout; prublcnt iaaddiden>-te.,._.ntlHid'itiUtinl,art <lil£ulled. 

[Ku79) Kuh, RS.~ Kasbiwabara. ,}'.~·Fujisawa.·J:...' "Qa ... ;Sintlfo-Ruw Routing," IEEE 
Tra#IJtlffitJllS on Cir£uitst1n4Sys1en;s... Yel C:AS~l6; No. 6. ltlnc-lt79;pp;-361--368•. · 

Sec·e&UJ fOJ(So'14.l. ;, .. ;. . . . '. ·, 

p.a79) Lauther, Ulrich, "A Min-Cut Plaeemcnt Algorithm for Gcnerat Cell Assemblies Based on a 
Graph .. RcprcaentatiOll". ~- #: lhe·SiX181111t ·IMigli ,AfltoltlOIUiri Gonfomia, IERB. 
June 19~PP,l-lil · > • · , > -; .- . ·· · · 

Describes a method of plaeaocnt·-Of rcr&aM dar'eomponcMl·otarbilrary sil.e. A 
square of the same area as the tot.at area'af the components is pan.itiOncd in«> piccct of the same 
arci\ as d1c ~l COQtpenefltL ·latbil W8J'• the fttlatiWi ~?Ofithe~ ia the · 
layoqt~~ ! • • . • ' ~. ·• • .. ", 

(Lce61] l.ee, C. Y •• "Aa AfaoritMt for·ff#J\.CQD1*t:i0aililll4 fls·J\ppli:altOflil, J•E TransactlonJ on 
Elei;1ro11ic.CtWfl'UlfnS, YF.(:,;lt.~1 .. l ........ ": '' \C ,;, : •. >·'. .... 

Ptwa• -~,lor!&nctma'flic~btuv•trtwopointina.lfllPh~na 
any of several optimality criteria. this ·alaori1hm · is the. fOU,ndation of ·t11e maze· fOUtil'8 
tcclul-ique. , _._ · .. ,, -~ ;. .· ~;·'.·F7·~..- ,,,·-,';-f · ·';. t -- f . -

. .. 

{J .ei80) Lciscrson, Charles, ''Area-Bftldent Onipb;~,U9f .. VIBI)' • appmrio Procttdfngt of llv 
TM>enly--Firsl A1111UQ/ Sympos(um on F011ndatio1u oj'Ctinqluler .~ 03-HH, Oct. ll-U.1980. 

Presenl11 QP:PCf'Mnds. ae:U.:atca~.to ..._ --~ftc trtt:J,.,lbOUlllt.; 
arc for graphs belonging to classes wilh ~ ·~ ,-. · · .·. ,-.·. 
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(Liu6J) Uu. C.L .• lntmduc1ift1«, #Csm~ M~.t;MGOIR'.fifilt,,Baok Ct>., New York, 1968. 
A.P~m--Ahoo~colldJ* cabe fouactllere. 

[Lo79J Loosemore, K.J., "Automatic Layout for Integrated Circuits", Proceedings of lhe IEEE 
lntmtRtiOMlli)lllf posilBn flltCiMlttl mrtbS"""8. l.919if>p.66H68. · · · 

ThiS pajter'destfibeAa,~4aJOOt tptent~leped· for the OAHUC design 
automatiol\ 1y-.., .. £ompon..- .are---v~ -~- They·.are placed in horizontal 
regions (more fte1iWtthat .f0"'5), wtf.'1,1sttefHI; for mutins ·in rhtfWeen. The; components can be 
placed.above the routinaarea-iftdcpcndently;a..._aroaiswa&kd.' · 

[Melt). · Me<JG. Carver; Conway, I.ymi, ltt1mdllc1ia1No Ml,S/,SJ•stems,Atldis'On'-Wcsley Publishing Co., 
Reading, Maa.,.1911&. · · ·: ·. · . 

'fftis, teJt pracn(Sid\e f\tndamelttala ul designiftg digiial· systems in .nMOS technology. 
A systems approach rather than an electronics ~h is taken. ·mis is a1uru:0Uent.rcfcrcnce 
for anyone who wim.••amd•,w'.to~daip ...... ;;: 

(Na78) Nan. N.: Feuer. ·M..'•A Mi:ched for~IM:~,Wiftag Qft.sI Chips," Proceedings of 1he 
IEtW humtflliolWl/:~ma.Cmitl-.i~s. kfaJ·l9-784 pt>::U-!16. 

Uacll·thct,dlanntl:mutitlf~ ..... of ~tinallttD1iOblf and Jeca1 problems. 
,:;:,.·~:i!''C•. ,!% 1 "·'';.·~:~/ 

(No76J Noto, .llichard; w...-.. Ba~ ''£~ide!lilcsian-· for !Compte" Circuits", US Anny 
FJcctronics Research and Developme1tt~TchmeaUwpott DELE'f .. 'fR·76· B98-F. 

Presents a proaram which contains a method for placina and routing critical paths, 
. whose delay mtt8l.beminimia¢, l:lte,~~upatpm delaychanctcristlcs aawell 

asa layout · ,, , '.' · '.',, 

[Pcr73J Persky, O.; Oummel, H.K., "Orafos -- A Symbolic Routing Lansuaae," Proceedings of the 
Tenlh Design All/flmafi01tWorbllflsdEHE. l91l,:.pp.d,7S~lll: '' · 

·· Pt\?$entsa-...e fur.~ .. ._, 11le dc§igtlersymbolltalty represents a 
routing as a program spCc;ifying what line seamentJ should be drawn between what points. The 
prugraouealilCScdlt ~~, _, ;; . · ·1 · • ' 

[Per77} Persky, O.; Deutsch, D.N.; Schweikert. D;G;., lfl..TIC ~- A Minmnputer-Bascd System For 
Automated LSI Layout", Joumal of Design Automation and Fault-Toleralll Computing, Vol. 1, 
No . .J. May 1977-.fP. •2l7~2S5~ 

Prestn&a' Bell:~·rs spten1 .for·~ cirouit _.,Using. standard cells. 
Many ~ ~ haYC been dcY4tfQped fbr. this .system~. They are outlined in this 
paper. ., 

[Pi771 Pippcnaer. N •• "Supc~" SIAM.Antmal • Con1putiq. Vol~ 6, No. 2~ June 1911. 
pp. 298-304. 

[Po79) Porter, F.dwin, "An Automatic-Layout System tOr Vl;SI", hocndi•of 1he Eithteenth IEEE 
Ct>1n,.,1er Socfftly In1ema1ional c•re1ire(CfJAl.p(;'ON). llifiH. ~ 19'79, pp. 9-14. 

Describes the DIAL system. a system inrcnded for VLSI 1ayoul The system is 
desiancd to be ct>111Jildcly automatic. i:e. to preduec Vt31·farouts wi&boot human assistance. 

(Pr78) Preas, B.T.; Gwyn, C.W., "Methods for Hierarchical Automatic Layout of Custom LSI Circuit 



• 172-

Masks." Procttdilrgs of the Fifteendt Dnip Al1l<lmlllioft:€mt{mtlce. J\me 1978, pP. 206-212~ 
Presents a layout system wttm wttrts: _. .·CX>inponelttS which arc rectangles of 

arbitrary size. A hierarchical approach to circuit desip is used. 

[Pr79) Preas, 8.T.; vanCleemput. W.M.; "Ptacment Algorithms ,lf>r Arbitrarily Shaped Blocks." 
Pr«et'dings oflltt Si.rkellllt Dni111 Alllomttliolt Co11,fm!11t:e~ ltiEF., ~-1979. pp. 474-480. 

Describes a mcthud-Of cdaaustivety ~ fbfnm e.,tilftlt'ptaccment of ·rectangles 
uf art>iUary·. size. . .Ano p.,.ru a heurittic' : inw.t · .:plill:tl11ent ·algorithm;• · · An Iterative 
improvement alpid)m isdilcuslecltirieft.J.: · r;, J · ~ ·. :-. : :: 

(AsC) Pr9Crt>tiinp of Ike bilomar CcJffertntts,cm Ciml#s. Sysieml, flhd· Computen, ii1th'(l9.12) 
th rough thirteenth (1979). (Formerly Asilomar C otffell"Mt on Cilitiiils mid ~)'lmlllt first (1967) 
lhruUgb fifth•t~ll}.)'·1961. •9ni·.l971~lltff'..; ..... ·cgpywritcs by A..Ulomar 
Cmtferonce. ., . 

lllcsc conferences contain Sl'lllion$on desip ~ 
. ' 

[DAC} Proeeetlltigs of tht Besfp ~·C•femtct~ tft'tweivill"(l97$t•thmugh-scventeeth 
0980). <Fonncd.r ..,De.,~ w~ ~or~ tl965) throush · 
dewath'(lWJ~.-1a1JAc.)•.~·f)J~~-1tfmUt1ff~PV Jointsponsorship 
of ACM with SHARF. and/or IEEE t'ronJ 1967 thFouatt lJIO.. ·· .• . . 

(CASI 

[Run) 

Major coafonmcc.n*511n Mttu1nade21 ,,_.,Udlniques. Many eiamptts Of 
wortmgdesigbatomaOOo~ean-·foubdr> . "' ..•. ; '., 

Proctttlitt# oj"iJlte,/b,'liE ~ S~fi>n Cbiuitt~rmttSYs#ilis. 1974 through 1980 
(furmcrly l111erna1wnal Symposium{)n Cirtuil TheJHy) •. lflP.E. · 

lbesc symposia usually rontain several SC$Sions· on design automation. 

Ruehli. A.E.; Wolff, P.K.:Sl.:()W Q .... ihfill,....*r.taniW&-Optimmtf&a.Tcchnique 
fOr {)igi&al ~~,;~ngs;oJtita'~' ...... rc~rence, IEEE. June 
1971,.pp .. 141--*. > ., . '·o ,.,,1, r .. " < .. 

Presents (with fAgu77D a system to produc~~~wflen-portet 
and timing arc considered. Given a circuit. a la.YOUt ~midag ·the total power required· to 
driVt;fU;tircait:while-lidsfying tlRliftl ~i$-ecf{ :. ,. . - . •. . ' 

(Sah80) sabni, S.; Bhatt. A., "The C~ity Qf Jlesian .. A91Cl ..... ~·.,~ of tlw 
· ;Snot1~Dll!Si1Pl.._ .. ~~.ffil!ll,..~h ; 

.. ,~ .,.._ :® Nf-~,,.., ... t~i-.. ~--·&··'1\e layout 
problems discussed use a point model lbt~ · · · ' ·) --

(Seih?.6}' .Sahai,.&; 6~Twt.!!H..pleto~~'T'~#llf1:1'1(;"#, Ve/;~. 
No. 3. July 1976, pp. SSS.-S6S. . .. ::w . 

It ii sbo.Wn lhat. fortcvctal N~ opdmi1.llit>n·problcms. n0 polyaamliHime 
afgoti~·ftll 1f_.lalntim\s Wiidf ati em 1"*°4·•~~~ .-willtiil·a: 

· conatant'btUIUJ*_..QfHlilhlll,\fidC'll!W*:f'r;...,_. :i1111i ftuaat--1Jftl¥prbbicms. 

[Sav79) Savage. J.F..;; "Area-Time 'fntdeolfs fbt ~,~~-;~~in VI.SI 
Models." Brown University l)epartmcnt of Cumputer Sdcncc 'l'echnical Report No. CS·SO, 
1979. . .. ' .. ,, « :, • . \~ .. : :, . l ~ ~i ~:: ·, ·: ~ ' • • f. -: . , i : 1 



[Sc76) 

[So74) 

' -~: ..... _,._ :,-<:- ' - .,_:~-ti-~~..;,-.\"'0 i""'-;C~~:"· · -~·-·_,_ ,·-,"--e. ..... ..:-~· 

- 1!73 -

Schweikert. Daatel~ "A·l~Dimensional Plae81nont. ~m ·for lhe layout of Electrical 
Circuits," Procttdings of tire Thirlee"'lt, l>agli Automation C01ifere11ce, IEEE. 1976, 
pp.4( .. U6. ; , . , 

The alaorilhnl presented ,. ~ 'iniliat placement and ,improvement by 
pairwise exchaftp. 

So, H.C .. "Some 'lbcorctical Results on the Routing of Multilayer, Printed-Wiring Boards," 
Procetidinpofthe IHEE I~ $J~M~OrtUJtsilrfd ,\)•s1eit1s. 1974,pp.296· 303. 

~a~~'.tJfifbe._..,...._,kmtUtl#layerprinted circuit boards. 
j . . . - • ~ 

resulting in several instances of a rout~ng Jil••-m·h omr;row·ef.points -- the single-row, 
singe-layer routing problem. In: this ptobtcm. space on either side of the row and in between lhe 
poim.~.be ~~Y ~-;~. ·Sdlc-~tJor rOO&attility of a ooUcction of net~ arc 
studied. · l'hC9Mical ~ -0n -: .. row~ 'sin9te-layer mutina problem has been 
continued by several people; See {Kun. Ti76, tnl; Ts79J. 

(St80) Storer, J.A ., '11le Node Coll Measure lJr 11mheddiftl Graphs oa the Planar Grid," Proceedings 
of the Twrl/lh AIUfuaf ACM~ On f'lttrWyo/'(}•plltiug, 1980, pp. 201-210. 

(Su73) Sutherland, Ivan; Oestreicher, Donald. ,.How Dig Should a Printed Cii'cuit Board Be?" IEEE 
TrallSQdio.111onC01~May}913.pp31'"SQ · 

Presents an theory fot predkt.int what sile printed circuit boards should be for 
SUCCest$ful dlCUi~ .layqul: " 

Cfi78) Tina,. B.S.; Kuh, E.S., "An Approach to 'the Rou~ of Multilayer Printed Circuit Boards," 
Proceedings of lhe IEEE lntemaliona/ Symposium Oil CJirouits am/ S)'llmU. May 1978, 
pp.902-911. 

Pments an method whkh is an atanlion of.tltat of 89 (So74). 

ffi79J Ting.; B.S.; Kuh, E.S.; Sqio¥aMi-V1-Cfttelli, A.. ''Via· Assignment Problem in Multilayaer 
Priatcd-Cire,uit ..... ds." 11',,'EE TmnlQCtio111p11Cin:1d1aand&jsMw, Vut CAS-26, No. 4, April 
1979. pp. 261-271. ' 

Formalizes the via assignment problem resulting from the approach of So [So74). 1be 
NP-completeness of the formalized problem is proven. Heuristics are discussed. 

[fi76) Ting, B.S.; Kuh, E.S.; Shirakawa. J., "'lbe Multilayer Routing Problem: Algorithms and 
Necessary and Sutf1eicnt Conditions for the Single-Row SinaJe-Layer Case," IEEE Transaclions 
on Circuits anct SySlems, Vol. CAS-23, No. 12, Dec. 1976, pp. 768-778. 

See entry for(So74). 

[fh80) Thompson, C.D., "A Complexity Theory for VLSI," Ph.D. thesis, Department of Computer 
Science, Carnegie-Mellon University, 1980. 

Presents a new measure of the complexity of a function in terms of the chip area and 
computing time of a VLSI realization of the function. This thesis has initiated a large amount of 
research using the measure. 

ffo80) Tompa, Martin, "An Optima.I Solution to a Wire-Routing Problem," Proceedings of the Twelfth 
Annual ACM Symposium 011TheoryofComputi11g,1980, pp. 161-176. 

Addre~ the problem of connecting tenninals in order across a street. i.e. the leftmost 
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tcnninal on one side is connected to the Jelbnost on the other side, etc. · 

frs79] Tsukiyama. S.; Kuh, E.S.; Shirakawa, I., "An Algorithm -for Singie'-'Row,Routing with 
Pmcribed Street Congestion," ~is oflhe JUE lnteniil#Oltal Symposium on Circuits 
and Systems, 1919, pp. 466-469. 

See entry for (So74]. 

(Val75) V~nt. L., "On Noa-Linear Lower Bounds in Computational Complexity;' Proceedings of the 
Sevenlb A1mual .ACM 'Symposillm l1lf Th«Jry a/COlltfllllilf& 191SJ pp. i6-S3. 

lntroduccuupam-=entralorL1 · · · ·· 

{Val79) Valiant, L, ''Univetsality Qmsi4ctatioodn, '11.SICilWita." rcsu1ts· prcsented .. at the IEEE 
ln~ional Gmfcr~ 11q .. fnfi>1mat•tll\cory, ~~ italy,; Jtih6·8-29, l979, ~ 

• , -. ·_! 
·-; Oo --; ;. 

(van76J · van Cleemput, W.M .• "Mathematical Models for the Circuit Layout Problem," IEEE 
T ransac#il>IU'mt CitnlilSanli SystfffllY Vot. CAS·l'lf.ltkJIJl' Dee t976, ·pp. 7S9~767. · . 

Contaifti a brief smrimary· of: Various,...,. Of~'~ gi8phs. A model 
developed by the author is presented. 

[van) van Clccmput, W.M. Computer Aidt!d Oe$iglref1'igikl.ls,,,tems ..._A Ribllogtttphy, Computer 
Science Press. inc.. V<il.s I and U,(1976); VtJLUt(lt71): • " 

/\ large bibliOjraphy of papers on any topic related td ... ~ion. Or&anized by 
topics. Includes author and k~yword indiceS. Vol. I covers publications through Dec. 1974; Vol 
IJ. covers Jan. 1976' throush Ma}!- 1976VVdJ,,:Jtl•CM« May ~Ch,Y,usf\i-bat:"tm3 1be 
biblioglaphy is not 8BllOtate4. ' . ' ' ' . ' 

(Wi77) Williams. J.D., '"STICKS -A New Appmacfl140.;f'Srt~,"MlS;'~,Dcpt. of Electrical 
Engineering and Computer Science, Mamachusetts lnstitutc ofTechfteJosy. June 1917. 

Plestn&um'WUJPam to convdid1~tt1alld ... ~~f~into llyoutl 
whid\ salisfy;~fMIG.· .. la)luuls are also1~wlth&ii; ..... ~-~ of 
components. ' r - ' "': \' t' c: '{' ~· i 
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Bloan,hlcal Note 

The author was born on June 26, 1952 in Middletown, Connecticut, where she spent her 

childhood. Following her. graduation from Middletown High School, she attended Cornell University, 

enrolling in the College of Arts and Sciences. She received her A.B. degree cum laudc in physics and 

with distinction in all subjects from Cornell in June 1974. In the foUowing September, she began her 

graduate work in the Department of Electrical Enaineerins and Computer Science at Massachusetts 

Institute of Technology. She joined the Theory of Computation research group in the Laboratory for 

Computer Science, where she worked under the supervision of Ronald Rivest. She completed her M.S. 

and E.E degrees in June 1?77. 

The author is married to Michael Upkowitz. She will continue her residence in Massachusetts 

while joining the Computer Science faculty of Brown University as a visiting assistant professor . 
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