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Abstract

Minimum execution time scheduling of task systems with resources has been the subject of several
papers over the past few years. The model used for much of this work assumes that the resources in the
system arc continyous. That is, there is one unit of cach resource, and a task may requirc any portion of
that unit during its exccution. While this is a reasonable assumption for certain bin packing applications,
it is intuitively unreasonable for certain other applications. In particular, the resources associated with
computer systems - readers, printers, disk drives - arc not "continuous” resources. We present an
alternative model of task systems with resources in which the resources are discretc. That is, there are a
specific number of indivisible units of each resource and a task may require only integral numbers of
those units.  Scveral results involving the worst case performance of list scheduling and critical path
scheduling with respect to this modecl are given. A new result on critical path scheduling of task systems
with continuous resources is also given. Finally, a comparison will be made between corresponding
bounds for the continuous and discrete models. '
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Chapter 1: Task Systems

Over the past fifteen years one of the most active areas of computer scieneeand industrial
engmeenng rescarch has been the scheduhng of large systems 'Ihrs rcseanch has been motivated both by
the existence of large industrial scheduling problems and by the exlstence of hlgh Speed dxgrtal
computers to solve those problems. Moreover, the models uscd to study these schcdulrng prohlems have
attracted great theoretical interest, and as a result, an immense qn'nntityfof rescareh hns ‘heen ddne on
them. o

In general, a scheduling problem is of the followmg form: Grven a sct of tasks which need to be
completed, produce a schedulc of minimum lcngth for comp!ctmg those tasks Oﬂen there are a
number of constraints placed upon the form that the schedule may take For example some tasks may
need to be completed before others can be started, or there may be a limit on the number of tasks that
can be "in progress” at any given Ume or some tasks may requlrc longer to completc than others Many
types of constraints are possible.

It should be apparent, even from the informai description given ahove, mat the seheduling of
systems of tasks is not trivial, and that ad-hoc methods have almost noehanee or‘ producing even near
optimal schedules, much less optimal schedules. Thc obvnous approach then is to fon'nulate a standard
set of rules (hopefully, a good sct) for producing schedulcs Indeed the dcsrgn and analysrs of g]g(_)mhm
for scheduling has been the primary arca of rcsearch concentration. For some classes of task systcms, fast
algorithms have been developed which produce optimal schedules for those systcrns.ﬁ For other classcs of
task systems, it has been shown that ﬁndrng algorithms which produce opdmal schedules in a reasonable
amount of time is unhkcly For thesc classes of task Systcms, the researeh has focuscd on producing
good, polynomial time, hcuristic algorithms. That is, algonthms which, in a reasonable amount of time,

produce good, though not nccessarily optimal, schedules. In conjunction with this, the perfonnancc of
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various simple and/or fast scheduling. algorithms has been analyzed, so as to provide a performance
“benchmark” that more complicated algorithms can be compared to.

In this ehapter we det‘me the notions of a taslt system of a sehedule and ’of a number. of related
concepts that we wrll use t.hroughout this thcsns We also glve a summary of the major results pertammg
to the basic task system modcl whtch we desenbe here - |
1.1 The basic task system model |
A task system is a system § = <T, <, m> where:

1. T= {Tl’ U } is a set of tasks - assocnated wrth T isa posmve mtegral cxecuuon ume T

2. <isa pamal order specrfymg mmgdgmg mnmm between the tasks.

3. Therearem rdentrcal proeeesors. | o |
With respect to_the preccdence constraints, we have the followmg deﬁmtrons If T { 'l‘.| then TJ isa
successor of Tr and T isa gm_dggssg_[ of T We wrll rem‘esent the pamal order by a dlrected acychc
graph (dag) with one nodc for each task and one arc for eaeh relatmn in the pamal order We assume that
there are no transitive edges in the dag. Two examples of task systems are gwcn in Figure 1 1- one isa
fully gencral task system and the other isa task system in whtch all of the tmks have an execution time of
one. - |
A_a_lldsgh_du]gforatask system S, tsamappmgo T— (N {0})suchﬂm.

l Forallle(N {0}).m> I{T € T'c(T) <I< c('l') + T l}l.

2 lfT- (T- then a( DT -1<o(T-)
These two condmons eorrespond to our mtumve notion of what constrtutcs a sehedulc that the tasks be
executed onm processors subject to the precedcncc constraints. More mlﬁcally, thc f' rst condltron
cnsures that at most m processors are in usc at any rgrvcn trme The seeond condltron cnsurcs that the
precedence eonstramts arc not violated. That is, if T; < Tj. then T must have eomyplcted execution before ’

Tj can begin exccution.




Figure 1.1: Basic task systems

31‘\ 1B
1C 21‘)L v m=3§m
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b) A task system with 2 processors and 13 tasks. Each task has an execution time of one.

Figure 1.2: Valid schedules

Schedule: AJA|JAJC|E]E
BiG|G]G|GIG ,
ASIBEEE

Time unit: 17'213%74151617138

a) A valid schedule for the task system given in Figure 1.1a. Cross-hatching is used to indicate idle
processors. The mapping o is not given explicitly.

: B

Schedule: [ATBTETJC ,G 1TK]
IMP DI H] 4-1
Time unit: 1 T KRR ANAR 1

b) A valid schedule for the task sytem given in Figure 1.1b,

wie|m
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Given a valid schedule, we define for each i € (N - {0}), thesetB; = {T€ T: ofT j) <i< ‘e("l'-)+
" 1}. Also, Jet w = min{i : (Nj> 1){B = &]}. The schedule has]mgbw, and consnsts of the w time
units By, ... e For each time umt E lf IB | <m, then B; has m - }Bij ﬂlﬁ processors. lntumvely, we

7

assume that the processors are numbered from 1 to m, and that procesorsl thmagh IBLhave tasks

"

executing on them and that processors [B;] + 1 through m are idle. Examples of vahd schedules for the
task systems in Figure L1 arc given in Figure 12, | )

Finally, we note that there are a number of criterion for determining the "goodness” of a schedule.
The most widely used, and in many scnses the most natural ‘is that of mlmmlzmg the schedule length,
This criterion is refered to as the mininum cxegation m Qﬂﬂgﬁ_{ ﬁm nmg critefion. 'fhls is the
measure of optimality that we use throughout this l'.hess. )
1.2 Common submodels |

The model of task systems preeented above provides a“‘starting po;mt for virtually aii tl;eoretical
scheduling research. This model has proven” fowever, to be extmneiydifﬁcuit o deal with in its fufl
generality.  Moreover, many practical applications are most effectively analyzed using various
submodels of the model given above. Most of the rescarch has focused on Mpamcu!arwbmdelsof
the basic task system model. These submodels are: =~~~ ~ 70

1. Task systems where < is cmpty. That is, thcre mmmmts in the system.

2. Task systems where all of the task exccution tamcs arc ldemmal ln :hls case we assume without

los;ofgenemhty that cach v; = 1. Thesc mmmmnﬁmm(ﬂﬁ'ﬂmlm

With the cxccpuon of Chapter 7, we will deal cxcluswely wnth UET task systems in th:s thesis,

In this scction we describe the three types of schéduk:s whidl we wm uﬂﬁzé

List schedules are the most basic of the schedules which we will cxamine. They arc of particular
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interest not only because of their simplicity, but also because most intetesting scheduling algorithms
produce schedulcs which form a subclass of the list schedules. Intuitively, a list schedule is formed as
follows: Consider any (ordered) list L, of the tasks in 7. ‘!hetasks are acheduied as. follows: Whenever a
processor becomes idle, the list L is mstantancously scatmed from its: bcﬁlmmg until a task T (if any) is
found all of whose predecessors have completed execution. Task T is assigned to the idle processor and is
removed from L. |

More formally, a task Ti is ready at time [ if for every lJ such that T i (T}, o(T j) + T 1 </I. A list
schedulg is a valid schedule which is generated as follows:

1. Initially, L is an (ordered) list of the tasks in Tand /is1.
2. While L is nonempty perform this step
a. Letk = [{T; ¢ L : o(T) SISa(Ti)+ -1}
b. For each of the first m - k (or less, if there aren’t m - k) ready tasks Ti,' on L at time [, let
o(T. i) = | and remove Ti from L. |
c. Let/=1+ min{a(T) + 7,-1:T; ¢ Landaﬂ')i—f -flj;I}.
Figure 1.3 shows an example of a list schedule for the UET mksysaem m;cnm Figure L.1b.

List schedules are particularly attractive when dealing with UET task systems. ”In this case the
restriction that only list schedules (and subclasscs of list schedules) bc cons;fdgrc& as possible .schcdules for
the task system causes no loss of generality. To sce this, cqns!dcr any sehédulc for a UET task system,
and assume that schedule consists of time units Bl' - ll A scheduk wnth length no more than w
results from the list consisting of the tasks in By, followed by the tasks in B,, followed by the tasks in B;,
and so on, cnding with the tasks in Bw. Figure 1.4 shows that it is not gencrally truc for non-UET task
systems that there is always a list schedule of minimum length among all schedules for the system.

Finally, for list schedules, notc that given a list 1., the corresponding schedule (i.e. the mapping o)is

uniquely determinced. For this reason, it is common practice when dealing with list schedules to simply
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~ Figure 1.3 A list schedule for the task system in Figure 1.1b.

List - ML KJ I ABCDETFGH
Schedule:

' Time unit:

2B

Task execution times are given beside the tasks.

An optimal schedule: KTECIB B
‘ V/AD |E | B
Timeunitt ‘1127374
A list schedule: ‘
list (AB CDE P
Schedule: A[CIDIE]F]
B B/////m
Timeunits: ‘17273 % 's

In fact, o(B) = 1 in every list schedule for this system.
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give the list L, along with an informal description of the underlying:achedule. The mapping o is tot
formally specrﬁed because it tends to obscure, rather than nlummate the nature of the schedule,
Throughout thrs thesis we will follow the practice of spec§yrng on”lythe list aad net the mapping o.

L3.2 Critical path schedules |

Critical path schedulcs are one of the most wrdely studieﬂ subclassos of hst schedulcs. Intuitively,
these are schedules in which the tasks are ordered within thejm accordmgto thcrr drstance from a leaf of
the dag which represents the precedence structure (a leeg iS}i node thhno suecessom) The idea is that
tasks far from the leaves should be executed ﬁrst. o _ |

More formally, the lgvel of a task in the precedence structure may be deﬁned as follows If T; has
no successors, then level(T;) = 1; otherwise, leveKT D= 1 + m{leuelﬂ‘j)f T ( Tx}; A mmal mth
schedule is a list schedule derived from a list having the property that ﬁ)r any two tasks T and S lf
level(T) > level(S), then T precedes S on the list. Because fhe list contams the tasks ordered accordmg to
their levels, these schedules are also called Jevel mmgs An example of a cntrcal path schedule is glven
in Figure 1.5. » |

As noted above,, critical, path schedules have Men studted extenswely, They are of substantral
practical and theoretical interest for three reasons: Frm theﬂféthod is mtuntrvely appealmg. Seeond,
the method is applicable to any system havmg pfecedence constralm Thrr‘, these sch“Cdum areeasyto
construct - using breadth first search the list can bc constructed in time hnear with the number of edges in
the dag rcprcscntmg the preccdemefonstraints. V o - o o
L.3.3 Coffman-Graham scheduling

Coffman-Graham schedules are the third class of scheduhsm nuhae 'fhcsc x:hcdules arc a.

subclass of critical path schedules in which the tasks of caehlevelaee ordered i pamcular way.
Specifically, Q)__manﬁ_ab_a_m schedules arc a class of list schedules for which the list is formed according

to the following rules: Each task is assigned a label as follows:
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 Figure 1.5: Critical path schedules

iv.l

%@ —O
£

] 1l
The numbers beside the tasks are the levels of the tasks.

Criticalpathlistt (AB C E D F G HI J KL M)

Schedule:  [A [C|DIFIH]T K]
Time unit: 1'2'3'4°'5°'6 7" ..

Figure 1.6 Coﬂ‘man—Graham schedules

M = ZProcessors

M1
The numbers beside the tasks are the Coffman-Graham labels of the tasks. . .
Coffman-Grahamlis: (B A D E C H G F I }] K L:M_

7

Schedule: [B[DICIGIT]
JA|E H#F J
Timeunit: 71 12 131415

K
L
6
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1. Select a task which has no successors and ‘assign label 1 o that task. -
2. Assume that labels 1, ..., i - 1, have already been assigned. For each unlabeled task T, atl of
whose successors have. been labeled, form a kst (in decxeasins order) of the labels of T's
immediate successors. Assign label i to the task whose list:is lexicagraphically the smallest. . -
’Ihe list used to do the scheduling contains the tasks in decreasing order of their labels.  An example of a
Coffman-Graham labeling and the corresponding schedule are given ia Figure 1.6.

These schedules were first investigated by Coffinan and Grabam [CG] in conjunction with UET
task systems where m=2. As we note-in the next section, Coffinan-Grabam schedules ase guaranteed to
 be optimal in this limited case, while list and critical path schedules are not. Since. the initial work of

Coffinan and Graham, these schedules have been imvestigated by several other researchers, including
Lam and Sethi, Goyal, Leung and Jaffe [LS, Go, Le, Ja]. In general, the mathematical properties of
Coffman-Graham schedules make them easier to analyze than the more general case of critical nath
schedules. However, because Coffman-Graham schedules are a subclass-of critical:path schedules, certain
results about Coffman-Graham schedules - in particular, lower bounds on worst case perfosmance - can
be applied to critical path schedules as well. We will make use of this relationship in Chapter 5.

14 A survey of major results -

In the remainder of this chap;cr we survey the major mlts,pemi-;-xing,;'e ;me,minin;um execution
time scheduling problem for the basic task system model and to the three types of schedules which we
utilize. -.,Thése results are basically -of two kinds: cither they are NP~completencss. results, - therefore

-implying that fiading algorithms which producc. optimal schedyles.in.a reasonable amount of Aime is
unlikely; or they afc bounds on the worst case performance. of list, eritical path: or.Coffman-Graham
schcduli{ig. We first bricfly review the notioas of NP-completencss. . -

1.4.1 NP concepts

Throughout this thesis a recurrent concept is the notion of a problem being NP-complete or
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NP-hard. In this section we give a bricf 'descﬁptbn'of these ideas. The reader is refered to the book by
Garey and Johnson [GJ79] for a detailed discussion.
The’set NP consists of all languages which can be recognized by a nondeterministic Turing machine
in polynomial time. Similarly, the set P consists of all languages which ‘can be recognized by a
-deterministic Turing machinc in polynomial time. It is not known Ma?bpropeﬂy contained in NP,
A language L ; in NP is NP-gomplete is the follewing condition is satisfied: ~ -

‘Given -a deterministic algorithm of time complexity T(n) > n for recognizing L, for each
language L in NP, there is an cffective way- to find a deterministic algorithm of time complexity
T(p(n)) for recognizing L, where p is a polynomial dependmgon L.

Clearly, if any NP-complete language is in P, then P = NP. “The usual method of showing that a
language L is NP-complete Is to show that:
L L, isin NP
2. There exists an NP-complete language L, which is redueible to L, in- deterrinistic polynomial
A languagc for which the second condition can be shown, but mmﬁmsm The recognition of
such languages is at least as hard as the recognition of NP-complete langhiages. -~
'Finally, we note that it is widely believed that P % NP. This-belief springs from the fact that there
has been an immensc amount of time and cnergy deévowed to:finding ‘a polymomial time algorithm for
'NP-minpfet‘e problems. Morcover, it is generally acknéwiodgod tﬁat;’dbtaming‘ lower bounds on'ﬁfmé
* complexity arc among the hardest types of results to obtain. This may help to cxplain why no one has
been-able to Show P-# NP, even though most rescarchers betiove that i - the case. ‘Thus, there is-strong
evidence that polynomial time algorithms for obtaining sofations to NP-compicte problems do not exist.

This leaves us to concentrate on the performance of heuristic algorithms for these problems.
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142 NP results

There are two important NP-completeness results pertaining to finding -minimum length schedules
for task systems.

For UET task systems with m processoss, Ullman [U73, U7S; U76] has shown that finding
mipimum length schedules is NP-complete. ng\stm and Kan [LK] have shown the same result using a
different construction. A major open problem is whether this result is true for any fixed m 2 3. ‘That is,
whether, for any fixed number of proce@rs m > 3, finding minimum. length schedules for UET task
systems with m processors is NP-complete. - As mentioned earlier, when m. = 2, there j§ a polynomial
' timé algorithm for finding minimum length schedules. Also, if the precedence constraints are restricted
to a forest, then there is a polynomial time scheduling algorithm. Both of these results are given in the
next section.

For task systems with unrestricted task execution times and no.precedence coastraints, Bruno,
Coffman and Scthi [BCS] have shown that finding minimum length; schedules is NP-hard even for
systems with just two processors.

Finally, both Ullman [U73, U75, U76] and Lenstra and Kan [LK}have shown the following: That
finding minimum exccution time schedules for task systems with two processors, precedence constraints,
and task exccution times restricted to be cither 1 or 2, is NP-complete. - |
14.J Performance results

As evidenced by the NP-completeness results given-in: the previous. section, for most intetesting
scheduling problems it is unlikcly that pelynomial tim.e»algozimm cxist . which produce optimal
schedules. For th:s reason, most of the. research: attcntion has boen. on analyzing the performance of
- various heuristic scheduling methods. Almest all of these results involve worst case pesformance. That is,
an ypper bound is given for the ratio of the length of a-schedule of a particular type (for instance, a list

- schedule) to the length of an optimal schedule for the samc task system. In this:survey we restrict our
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attention to the worst case performance of list, critical path and Coffiman-Graham schedules. ‘Again we
“note that most useful scheduling algorithms can be formulated: as algoridhms which produce schedules
v)hich are a subclass of the list schedules, and that ‘critical path and Coffman-Graham: schedules: have
- properties which make them particularly attractive, bothx theoretically and practically.

* Many of the-results-which we cite ar¢ also the best pmsiﬁtnﬁl& “Fhis means that the result is
both an upper and fower bound on the worst case ratio betweon the length of schedule of the particular
typc and the length of an optimal schedule. That is, thereexists-a task systewy, a:schedule of the particular
type and an optimal schedulé for that task system; such that thiratio of the schedule lengths is arbitrarily
close to the upper bound. -

Throughout this thesis, given a task system S, we use the : follewing four values when citing various

results:

OPT is the length of an optimal'schedule for S -

LIST is the maximum length of any list schedule for §

CPATH is the maximum length of any critical path schedule for § = -

€G is the maximum length of any Coffinan:‘Graham schedule for S -
Before -actually giving any results, we note that there are ‘two excelient: ‘references for the 'interested
reader. Most of the major results cited in this and the. previous section are given a full tréstment,
including proofs, in the book by Coffiman [C]. Secondly, a ncar exhaustive listing of scheduling results
for many kinds of task systems and scheduling algorithms s gives in JGLLK].

" The most extensive rescarch with regard to the schedules that we arc eonsidering has been done for
UET task systems. Some of the carliest work was - done by-Grahiim [G66] who showed that LIST/OPT
< 2- 1/m, and that this is the best possible result. Chen {Chi has shown that CPATH/O0PT € 4/3ifm
= 2 and that CPATH/OPT < 2- 1/(m - 1}if m > 3. Each portion of this bownd is the best possible.

This result shows that critical path schedules- have - slightly better warst ‘case behavior than do list
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schiedules in the gencral UET case. If the precedence. structure.is restricted o a tree, Hu [H] shows that
critical path schedules arc optimal.

With rega;'d» to Coffnan-Graham schedules and the UET case, there.ate two major results. If m =
2, then Coffiman and Graham [CG] have shown that - these schedules-are optimal. - If m 2 2, then Lam
and Scthi [LS] have shown that CG/OPT < 2 - 2/m, and that 4his: is the best: possibic. result. ~ An
alternative method of producing optimal schedules when m = 2. &8 given by Fujii, Kasami and Ninomiya
[FKN]. This method is based on maximal matchings and has not been generalized for systems with more:
than two processors. -

With respect to task systems with no precedence constraints-and arbiktary execution times; there are
several intcresting results pertaining to- list scheduling. -Grabam [G66):has shewn that.in this instance,
LIST/QPT < 2 - 1/m, and.that this is the best possible result.  This.is exactly .the same bound as was
given for LIST/OPT in the UET case. In fact, Graham [G66] has shown that this same bound:diokds; -
even for task systems with both precedence constraints and unrestricted task exccution times. Graham
[G69] has also shown the following result.which explicitly incorporates the task execution times:
LIST/OPT<1 + (m- Dimax{r; : T; € 7}]/(21}6 7 7;)- Note that both Coffman-Graham and critical
path schedules are equivalent to list schedules in this context becausc there are no precedence constraints.
There are, however, a number of other types of schedules which have been studied for this submodel.
Most of thesg arc subclasses of list schedules in which the tasks are ordered in the list based on the task
execution times. Again the rcader is refered to [C] and [GLLK] for a thorough n'caunént
L. Extensions

For many préctical applications the basic task system model presented here has proven to be
insufficient. Fof this rcason, and out of theorctical curiosity, a number of extensions to the basic task
system model have been investigated.

One major area of rcscarch in this regard has been the study of preemptivc’ scheduling. In this
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.extension, a task may be interrupted duringits execution and then continued later in the schedule. For
UET systems, this produces no new results, however for systems wheremmuﬂonmm not
resu'icteci, this is an interesting and powerful extension, A large numbér of resufts have been obtained on
preemptive scheduling, many of them analogous to the results cited in the previous seetion. Most of these
results may be found in [C] and [GLLK]. | ‘

Other extensions to the basic model include the: following: Liu and Liu {Li] and Jém,- {Ja] have
investigated task systems with processors of diffcrent types - each task speiffes the fype of processor that
it must execute on. Ibarra and Kim [IK], Kafura and Shen [KS] and iaffe [Ja] have mvatiga&edtask |
systems where the processors have different speeds. Lioyd hassnidied UET task systems where éach task
" may require more than one processor during its execution. These results are presented in Chapter 8.
Finally, a number of researchers have investigated task systems with resoirces. These systems are the

main focus of this thesis.



For many practical schcduhng problems the basic task system model presented in Chapter lis
madequate For these problems, the performance bounds for the basnc modcl are netther accurate nor
informative. Intuitively, the basic model docs not takc enough ol‘ the parameters of t.hesc problems into
consideration to provide good bounds. For instance, consuder the followmg three scheduhng problems

1. A computer system has associated with it, in addmon to proccsors several types of resources.
including memory, disk drives and printers. In general there is a set of Jobs to be executed on the
system, and, dependmg on the circumstances, there may or may not be precedence constraints
associated with these jObS Each jOb has certain requtrements wuh rcspect to the resources of the

' system For example, a jOb may rcquire 20!( of memory, two dtsk drives and a pnnter The |

problem is to produce a schedule for 'exccuung tlns set of jobsm avmmlmum amount of time. |
Clearly, for such a schedule to be vahd the‘ demand of the jObS executmg at any grven ttme for
each resource, should not exceed the avanlable quanttty of the resource

2. A large construction company possesses a certain amount of equrpment hulldozers, trucks, cranes,
etc. In addition, the company has a number of cmployees Together the equlpment and the .
employees constitute the resources of the company ln general there is a sct of constructmn
‘prOJects for the company to complete Each pro_|ect ’rcqulres certam plcces of equlpment and
numbers of people. Herc again, the problcm is to produce a schedule for completing the pro:ects
in a minimum period of time, given the resources of the company 57

3. Anidcalized bin packmg problem is the followmg lecn aset of ng_ms and a sct of b_ms pack the
items mto a minimum number of bms l‘he ltems arc of rdcntrcal sue and shapc. although they

may vary in other parameters for instance, in welght and cost. l‘hc bms are ldcnt1cal m all

respects. In addition to having a fi xed siz¢ and shapc the bms have ﬁxcd capacmcs with respect to
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the other parameters of the items. Foréxample, ﬂtesemay be limits on the total weight and total
cost of the items packed into any smgle bin. In addmon, thcrc may or may not be a limit on the
total number of items that can be packcd into any srngle bm ‘The problcm is to pack the items
mto a’mrmmum number of bins wrthout vrolatmg the capacrty constramts of the bins. -
The outstandmg feature of each of these problems is the presence of a. mmg constraint. These ,
constraints are sufficiently powerful that it is unrcasonablc to expect that usmg the basrc task system
model for analyztng thc pcrformancc of schcdulmg alognthms for these problems wrll prowdc useful
results l‘he power-of these constraints cap, however, be capturcd by cxtcndmg the basxc task system
model to mclude a set of resources. Each task may requtre some or all of the resources dunng its
exccution. Such a task systcm with resources can be uscd to etfcctrvely model each of the threc problems
outlined above although for problcm 2and possrbly for problem 3 there is no processor constraint, We
will retum to the auestion of processor constramts ina later section. | B
ln the remaindcr of this thesis we deal exclusively with task systcms with resources. Depending on
the exact naturc of the problem under considcration. there are tﬁro alternative forrnal modcls of task
systems with resourccs that may be utilizcd In the next two scctions we ertamlne thosc two models.
21 Iasksxstgmsmthmnuuuousmm -
ln this scction we examine task systems wrth contmuous resources. Thts model has been used to
obtain almost all performancc bounds for the schcdulmg of task systcms wrth resources to date

Auhlustsmgmuuhmnummusmmmsystcms— <7‘ <, m, s>where

L. T= {Tl } is a set of tasks - assoctatcd wrth Tiisa ptmtwc mtegral exccution time T
2. <isa parual order spccrfymg preccdcncc constraints bctween thc tasts.
3 'l‘hcre arcm tdenttcal Processors.

4. s is the number of different resources. It is assumed that s > 1, that there is cxactly onc unit of
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each resource, and that each task may require any portion of Mm_e uni; for each resource.
For each task T; and each resource v, R(T) € [0, 1] specifies:the portion offesoume v:required by task
- Ty during its éxccution. Because a task may require any portion Vof: each resource (all, none, 1/2, or
000001, for instance) we say that the resources argmm
| A yalid schedule for a task system with continuous resoumes-S,,isa manpmg a:F =N - {0}) such
that:
1 Forallle (N-{0}). m > [{T; € T: o(T) < ISa(F)+ o-1H. - -
2 IfT;< Tj, then o(T}) + ;- 1< a(Tj).
3. Forallle(N-{0}),andv,1 <v<s 12> Z Rv('l' i) summing over all Tirsuch that
o(T) SIS o(T) + 7;- 1. e |
This definition is identical to the one for basic task systems, except for.condition 3. This last condition
insures that at any given time unit, the currently. executing.tasks do not: fequire. mofc than one unit of
cach resource,
Inwitively, a list schedule for a task system with continuous resources may be constructed. as :
follows: Initially, let L be.any (ordered)- list of the tasks in 7. The tasks are scheduled as: follows:
Whenever a processor becomes idle, the list L is instantaneously scanned. from.its beginning and the first:

e N

task T (if any) which meets the following criteria is removed from L and assigned to the

[Each task Tj such m;t Tj < T, has.completed execution-and *Z.dfékg..; «-§) vepresants the total-respurce
rcquigcmc,n& of all currently cxecuting tasks, then for each tesource v, 1, + Ry(T) < L This last
requirement guarantees-that the currently executing tasks do not require masc than atotal-of oncuw for:. -
any resource, Muré formally, axt}lﬂ;m&*fa a 1ask-System - with gontinuous resources is a valid:-

schedule which is gonerated as follows: . - TR IS (LR SR
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1. Initially, L is an (ordered) list of the tasksin T'and /is 1.
2. While L is nonempty perform this siep
a Letk = {T;¢L:o(T) </<o(T)+7-1}]
b. Foreachv,1 <v <s, letr, = T R (T;) summing over all Tlsudl that
o) SI<e(T) + 73-1
¢. Let L' be a list of the ready tasks on L at time / the tasks in the same orderon L. ason L. - |
d. While L' is noncmpty and k < m-perform dhis step
i. Let T be the first task on L
ii. Ifforeachv,1<v<sr +R (M1,
then let o(T) = , letk = k+1, for each v, letr, ﬁ.r¢‘+‘R«v('l‘),éndrcmOVeTfrom L
iii. Remove T fromL' -
e. Let/=1+ min{o(T)) +7;-1: Tj¢ Lando(T) +7;-12 8
An example of a task system with continuous resources and a list schedule; for that system i$ given in-
Figure 2.1 - - |

We note that critical path and Coffman-Graham schedules retalri their original definitions of being
particular subclasses of list schedules. |
21.2 Shorcomings

There are two major shortcomings of the task system with continuous resources model.

First, the assumption that the resources are “continuous™ is not an accurate refloction of efther
existing computcr systems or of many industrial scheduling probleriis. In thosc instances, resources are
much more "discretc” in nature tham they are "continuous”™. Fer:instance; computing resources such as
tape drives and line printers are generally available only in small quantiies ‘and a task can require only
whole units of them. Morcover, while memory may be thought of as being continuous due to its large

size, it is debatable whether memory should cven be viewed as a limiting resource in terms of practical
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Figg re 2.1: Example of a task system with continuous resources
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computation.

Second the performance bounds that have been obtained for various hcunsch with respect to the
continuous resourccs model, depend on the number of dlfferem rcsaurces but not on. thc aetual number
of discrete units of each resource. For systems in whnch the avaﬂable quaxmﬁes of the resources are small,
the actual worst casc performance of various heunsncs may be much better than these bounds indicate.
2.2 Task systems with discrete resources R

~To try to overcome the perceived shortcomings of the tasl‘tzsystgms with continyous resources model,
we consider a model of task systems with discrete resources - there 1s a ﬁxed number of indivisible units
' ofei\ch resource which tasks may require during cxecution. A RS o
221 The model
A task system with discrete resources is a system S = <7, <, m, s> where:

1. T={T},. ,T,}isasetof tasks - associated with T; is  positive integral execution time ;.

2. {is a partial ordcr specifying ‘pMmc constraints between the tasks.

3. There are m identical processors. | |

4. s is the number of different resources. Itis assumed thats > 1, that there are r; indivisible units of

resource i, and that a task may require only integral numbers of these units for each resource.

For cach task T; and cach resource v, R (T;) specifics the number of units of resource v required by task
T; during its execution. Becausc a task may require only integral numbers of units of each resource, we
say that the t"csources are discrete. | v

A valid schedule for a task system with discrete resources .S is a mapping o:T — (N - {0}) such
that: |

L Forall/e (N-{0}).m 2> {T;€ T: o(T}) <!So(T) + 7;-1}.
2. IfT; <Tj. then o(T)) + 7; - 1< a(Tj).

3. Forall /€ (N-{0}),and v, 1 <v <5, 1, 2> Z R (T,) summing over all T; such that




O.(Ti) <IL U(Ti) + 7 1

This definition is identical to the one for basic task systems, except for c&ndiﬁc-)n 3. This l;lst condition
insures that at z;ny given time unit, the cﬁﬁendy executing lasks do not require m;)rg than the existing
number of units of each resoume | h B

Intitively, a list schedule for a task system with discrztc,:rés?oui’ccsl rﬁay be constructed as follows:
Initially, let L be any (ordered) list of the tasks in 7. The tasks are scheduled as follows: . Whenever a
processor becomes idle, the list L is instantancously scanned from its bcginning and the first task T (if
any) which meets the following criteria is removed ;‘rom L and ;&signcd to the idk processor: 1. Each

J J
requirements of all currently executing tasks, then for etehmree G;Jf:, + RYT) S r,. More

task T; such that T; < T, has completed exccution and 2, lﬂfiv.-i..; , r;] rcpresents the total resource
formally, a Jjst schedule for a task system with discrete resources is a valid schedule which is generated as
follows:
1. Initially, L is an (ordercd) list of the tasks in T'and /is 1.
. 2. While L is nonempty perform this step
a. Letk = [{T;¢L:o(T;) /< o(T) + 7;-1}}
b. Foi' eachv,1<v<s let r", = X R (T;) summing over all T; such that
U(Ti)SISU(Ti)'*' fi'l
c. LetL’ be a list of the ready tasks on L at time /, the tasks in the same orderon L* ason L.
d. While L' is nonempty and k < m perform this step
i. Let T be the first task on L'
i Ifforeachv, 1 S v < s 1) + RYD <,
then let o(T) = [ letk = k+1, for cach v, It r; = r;+Rv(T):md remove T from L

iii. Remove T fromL"

e. Let/=1+ min {o(T)) + 7;-1: T;¢ Land o(T) + ;- 1> 1}
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Figure 2.2: Example of a task system with discrete resources
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An cxample of a task system with discrete resources and alist schedule for that system is given in Figure
22 |

We note that critical path and Coffman-Graham schedules retain their original definitions of being
particular subclasscs of list schedules.

We are not the first to consider task systems with discrete resources. ‘The eriginal formulation of
task systems with resources by Garcy and Graham [GG73, GG75) involved discréte resources. Morcover,
an NP-completeness result of Ullman [U76] involves discrete resources. However, as far as performance
* bounds are ceoncerned, almost all of the previous work hasbeen dene for systems with continuous
resources. The only resuits pertaining to the discrete modcl are some ﬁ:{a:ieed}esuits oFGéyal [Go] and
Leung [Le] involving systems with 0-1 resources. These are systems with exactly one indivisible unit of
cach resource. A task either requires all of a resource of none of it

As noted earlier, the discretc resources approach is ‘designed 10 overcome the mmgg
shortcomings of the continuous resources approach. ‘The petformance bounds for systems with discrete
resources will incorporate the values 1y, ... , I (these are the number of units of each resourcc). This
means that the performance bounds will distinguish between task systems with different aumbers of the
same resource, unlike in the continuous resources case. They will also bé able to indicate the effect on
performance, if additional units of an cxisting resource are added to the system.-

In the fcmaindcr of this chapter, we survey the NP-completeness results involving task systems with
resources (discrete and continuous) and discuss the role of processors in this model, - -

In our discussion of basic task systems i the previous chapter we mentioned several
NP-completeness results regarding the minimum execution time scheduling of those systems. As might

be expected, much the same results cxist: for task systems with. resources: < In this ease ‘howcever, the results
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are more definitive than for basic task systems. Ullman [U76] has shown that finding minimum
exccution time schedules for UET task systems with discrete resources is NP-complete, even for systems
Vwil:h only two processors, onc discrete resource with one unit (and arbitrary precedence constraints). For
continuous resources, Garey and Johnson [GJ74] show that finding ninimum-execution time schedules i
NP-complete for UET task systems with threc proccssors, one continuous resource, and-ne- precédence
contraints, They also show [GJ74] that fmdipg minimum execution time schedules is an NP-complete
problem for UET task systcms with two processors, onie continuous resource and precedence: constraints
restricted to a forest.

From the above results we can conclude that for virtually all interesting scheduling broblemsfor’r
task systems with resources, it is. unlikely that polynomial time alogrithms exist: which: produce optimal
schedules. This lcaves the study of heuristic. algorithms for scheduling. -In this thesis we cxamine list and
critical path schcdulés. As noted in Chapter 1, these are the two si’mﬁlese aad most intuitive scheduling
heuristics for UET systems. We will not be particularly concerned with »Cofﬁnaurgraham scheduling,
except in one instance where we use it to get a lower bound on the wotstcase peffomélancej of critical
path scheduling. The reason for this:lack of intense interest in Coffman-Graham scheduling is that,
particularly when dcaling with cxtensiens of the basic task system model, expericnce has shown that the
difference in the worst case performance of critical path and Coffman-Graham scheduling is very small
relative to the worst case bound. Because this_diffcrence is so.small; the analysis eﬁd\cfpcrfonﬁance of
" both critca path scheduls and Coffman-Graham schedulesis oflite or 60 practial interest

In both of the models of task systems with resources we study, there is a sct of m'processors. The
role that these processors should play in this model is a scrious question,” both theofctically and
practically. There arc two distinct schools of theught on this issue.

- One approach is to assume that the processors play no-rele in. constraining the schedule. In this
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case, ii is assumed that the number of processors is at lcast as large as the number of tasks in the system
(i.e. m > n = |T)). This assumption means that given any time unitS"Bi, Bj with j > i, and any task T € Bj,
the reason:that T did not execute in B; is due to cither a resource constraint or a precedence constraint. It
is not the case that B; was "full”, which would mean that there was “no reom” for T in B;. As faras
quomance bounds arc concerned under this assumption, it is as if processors never appeared in the
model at all. The quantity m plays no role in the bounds for task systems with no processor constraint.
For certain applications, this is a recasonable assumption - for msbamc. applications 2 and 3 that were
discussed at the beginning of tlﬂs chapter: In the scheduling. preblem: for a construction company given
' thcre, therc was nothing corresponding to a processor constraint. ‘In the bim packing problem it was noted
that there may or may not be a limit on the number-0£étcm§ placed into-any single bin (such a limit
corresponds to a processor constraint). Much of the previous work on performance bounds for:task
systems with resources has been on systems without a processor constraint.

The second approach to the role of processors in the task system with resources model is that the
processors are vital in determining worst case performance, and that many applications demand a model
_ involving processors. Even so, rit} can be argued that no generality is lost l;y using a "no processor
‘constraint” approach, since processors can be treated as just another rcsource. That is, given a
performance bound for systems with no processor constraint, and a task system with s resources and a
processor constraint, simply apply the bound as if the system had s+1 resources. However, from an
intuitive vichoinL this approach is suspect, since processors are not “just another resource”. The
Processor resource [possesses certain characteristics that arc not sharcd by resources in general. In
particular, every (ésk requires ¢xactly onc unit of the processor resource - no more and no less,
Furthermore, with respect to task systems with continuous resources, the processor resource is unique in
that a task may not require just any portion of the resource, as was assumed for continuous resources in

general. At least intuitively, there is no reason to belicve that treating the processors as an  additional
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kind of resource will result in meaningful worst case bounds.
2.5 The problems to be studied o
In this thesis we study minimum execution time 'scheduling of UET task systems with resources. We
examine the following four models:

UET task systems. with continuous resources and no processor constraint

UET task systems with continuous resources and a processor constraint

UET task systems with discrete resources and no processor constraint -

UET task systems with discrete resources and a processor constraint
We investigate the worst case performance of list and eritical path: scheduling for. cach of these models.
We also compare the bounds for the four models-and try 1o delincate the relationships between those

bounds.
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Chapter 3 - List Scheduling

In this chapter we study the list scheduling of UET task systems with resources. As noted in the last
chapter, list schedules are the fundamental type of schedule which we consider, and ‘most scheduling
algorithms produce classes of schedules which are subclasses of the list schedules. Moreover, no
- generality is lost by restricting our attention to list schedules when dealing with UET task systems,
because there is always a list schedule of optimal length.

For comparison purposcs, we again mention the following two results on the worst casc performance
~ of list scheduling for basic UET task systems (i.e. systems without any resources). If there is no processor
constraint (m 2> n) then all list schedules are optimal. That is, LIST/OPT = 1. If there is a vprocessor
constraint (m > 2) then LIST/OPT < 2 - 1/m, and this is the best possible result [G66].

3.1 Continuous resources

The major work on list scheduling for UET task systems with continuous resources is by Garey,
et.al. [GGJY]. They show for a system with no processor constraint (m > n), that LIST/OPT < s‘OPT/2
+ s/2 + 1, and that systems exist for which LIST/OPT > s'OPT/2 + s/2 + 1 - 2s/OPT. This upper
bound can be compared to the corresponding result for UET task systemns with no resources. That
comparison shows that adding even a single continuous resource to a‘ UE'f task systcrﬁ results in a
tremendous degradation of the worst case behavior of list scheduling. That is, for a UET task system
without resources, list schedules are always optimal, whereas the addition of a single continuous resource
can result in list schedules having length quadratic in the length of an optimal schedule. This comparison
confirms our carlicr comments that performance bounds bdscd on the basic model arc probably not good
indicators of performance for problems involving resources.

For UET task systems with continuous resources and a processor constraint, there are no tight upper

bounds. There are, however, two partial results. First, is the result of Garey, ct.al. [GGJY] cited above,
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using s+1 resources instead of s - the extra resource accounting for the existence of the processor
constraint. This yields LIST/OPT < (s+l) 0P’I‘/2 + 8/2 + 3/2. Second Yao [Y] has shown that
LIST/OPT < mm{m (m 1)s° OPT/(Zm) + 7(m-1)s/(2m) + 1} As mentloned above nelther of these
results is best possible. | |

In this sectmn we statc and prove worst case performance bounds for the hst scheduhng of UEI‘
task systems with discrete resources. The only prevrous work for thcse systems is by Goyal [Go] and
Leung [Le). Goyal mvestrgated UET task systems wrth one dascrete resource, where rl = 1 (there is
exactly one umt of that one resource, 5o each task erther requmes all of the resource or none of rt) He
shows for systems with no processor constramt (m 2 n) that LlS’I‘ /0!71' 5 2, and for systems \vrth
processor constramts (m 2 2), that LlST/OPT < 3 Z/m Moreover both of these results are the best
possrble Comparmg these bounds to those for UFT task systems wnthout resources. we note that the
addmon of one umt of one dlscrete resource eaused the worst case ratro of LIST to OPT to mcrease by 1
in the no processor constramt case, and by 1 - l/m for systcms wnth a processor constmmt. Leung
mvestrgated UET task systems wrth drscrete resources in whrch each 5 -1 undcr the rcstncuon that each |
task may require at most one unit of resource (1 e. for each task T, Zs_ Ri('l') < 1) He showed that
LIS’ 1 /OP'I‘ mm{m (2-1/m) + s(l 1/m)} and that this is the best possrblc result. Our results
gencralize the results of Goyal and Leung. »

Wc prove the followmg two results about the worst case performance of hst scheduhng for UET task
sysicms with drscrete resources: | B !

“Theorem 3.1: If m > n (no processor constramt) then LIST/OPT <1+, where t = 2?:_1 .

Morcover, this bound is the best powble.
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Theorem 32: If m > 2 (a processor constraint), then LIST/OPT < min{m, (2-1/m) + r(1-1/m)},
‘wherer = X}_ | r;, Moreover, this botind-is tié best possible:
These results 'an; proven iﬁ the next two sections. - Before doingso, however, there are several remarks to
be made about these two theorems.

First, note the surprising role played by the resources in determining the worst case bound. The
relevant quantity is not the number of different resources, but rather is the sum total of all the units of all
the resources in the system. The number of different resources and ‘the: distiibution of the r units of
resource among those different: resources is no factor. This ‘means- that the worst case bound for
' LIST/OP’I‘ is the same for a system with 1000 units of one resource as it is for a system with one unit of

each of 1000 resources. This contrasts sharply with the results for UET task systems with continuous
resources, wherc the key parameter is s, the number of different resources.

Second, these bounds indicate that for each ‘unit of (any) resourge added to'a UET task system, the

worst case ratio of LIST to OPT increases by 1 in the no processor constraint case, and'by 1 - 1/m in the

processor constraint case. This follows, because for r = 0, our results are identical to those cited in the
introduction to this chapter as the best pessible bounds for LIST/OPT for basic UET task ‘systems (i.c.
without resources). These results provide a clear mdlcatmof the role: of the. resources in determining
worst case behavior.

Third, unlike the situation for UET task systems with centinuous resources, there is a tight upper
bound for UET task systems with discrete resources and a processor constraint. For that result, we note
that the bound of m holds for every r > m - 1.. This indicates the point at which the processor constraint
dominates the resoufcc constraint with respect to the worst casc performarice of st scheduling. - -

3.2.2 The upper bounds |
In this section and the next we prove Theorems 3.1 and 3.2 - the upper bounds in this section and

the lower bounds in the next. In both scctions we concentrate on the proofof Theorem 3.2 - the result for
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systems with a processor.constraint. We do this because those results are slightly more complicated (due
to the presence of the processor constraint) than. those: for Theorent 3.1, At the end of each section we
.bricﬂy indicate how to modify those resultmobmme,mmqm 1O PrOCESSOF constraint case.
Lemma 3.]: If m 2> 2 (a processor constraint), then LIST/OPT < min{m; (2-1/m) +:1{1-1/m)},. where
r=ZHo1h o
Proof
Assume that a UET task system with discrete resources is givem. We prove:the result by obtaining a-
lower bound on OPT, and an upper bound on LIST. Combining these bounds gives an upper bound
for LIST/OPT. . . B

We make use of the following notation tiwoughout the praof: Let k be the length of a critical
path in a directed acyclic graph W&c precedence constraints; and for cach resource §, Jet x;
= Z Ry(T;) swmming over all Tj € T. That i, x; i the total demand for.resource' among all of the
tasks in the system.

Consider an optimal schedule for the system. : Three: observations: can . be made:  First; an.
optimal schedule can be no shorter than k, the Jength of a critical path Second, an optimal schedule
can.do o better than to have tasks executing on each-of the processors during each time unit. Third, -‘
for cach resource, an optimal schedule can do no beter than to have all units of that reseuree utilized -
during each time unit. Thus, OPT > max{k, n/m, Xpfeq, Xl

| Now consider an arbitragy list schedule for the system. Sadxfa:schedukconsistsoﬁt&o types of
time units: Those in which.all processors-have tasks exccuting on-them, and those i which at least one -
processor is,idlc. The number. of umcunas with .idle processars ariay be beunded above as follows:
Whenever a processor is idle during a time unit, each unexccuted task, T, is prevented from-executing
‘on that processor for anc of two reasons: Fither a prodecessor of T has not-yet cxecuted, or, for some

resource j, the demand for resource j by tasks epecuting during that time - unit, together with the -
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~demand for resource j by task T, exceeds it It is well known that there can be at most k time units in
which bnly the first constraint prevents tasks from exocuting. Moreover, at each time unit where the
second constraint prevents some task from executing, at least - one unit of some resource must be
required by some task executing in that time unit. Hence, there are at most 2f= 1 X; time units-in
_ which there is an idle processor due, in part, to the second constraint. Thus,

LIST Sk + Z{_p 5 + (vk-25_ ) x)/m = n/m + lmk + 1-1/m)Ef_ px;

" LIST/OPT < [n/m + (1-1/m)k + (1-1/m)E§_ ) x;]/ max{k, n/m, x,/r;, ..., x/r}

SQVUm)+ (- VmEf_ g
=(2-/m) + r(1-l/m) »

Finally, note that for all m, LIST/OPT < m, since

LA list schedule cannot have a time unit in which all processors are idle uniess the schedule has

completed.

2. There are at most m"OPT tasks in the entire task system.

.. LIST/OPT £ min{m, (2-1/m) + r(1-1/m)} : : s
Lemma 3.2: If m > n (no processor constraint), then LIST/OPT < 1 + r, where r = o
Proof

First note that since m > n, each time unit of any schedule can be treated as having at least one idle
processor. Then, analogously to the proof of .emma 31 we can:show that
OPT > max{k, x)/1y, .../} and LIST <k + 5§ _y xp

" LIST/OPT < [k + 2 _ ) x;]/ max{k, xy/ry; . xg/r)

| <1+ 3_ iy

=]+r ‘ : . ' a



323 Ths lower bouads
In this section we prove that the upper bounds for LIST/OPT given in the previous section are the
best possible upper bounds for the worst case performance of ist scheduling for UET task systems with
Lemma 33: 1fm > 2 (a processor constraint), then LIST/OPT < min{nt; (2:1/m) + r(1-1/m)}, whre
r = 33_, 1, is the best possible bound. -
Proof
| We show that for any number of processors m, and any distribution of r units of resource, that
the ratio LIST/OPT can be arbitrarily close to min{m, (2~i¥i'n)3-‘+ rﬂ-i}m)} Weletr = 2%= 1%
where r; is the number of unifs of resource i. Wesasume-thit:each r; is nofzero, and that r does not
“exceed m - 1. Now,.let z be a multiple of m and mamm consisting of the following
tasks: :
L Tasks Aj . ... A p.1), Where each A; requires no resources,
2. Tasks By, .., B, where B; < B; ,; for 1 < i 'z~ 1 and whese each B} mquires one anit of
resource s and 0 usits of all other resources. |
3. For cach resource v, 1 < v < s, there are tasks DY, ... , D‘,’v, each of which requires all the units
of all resources, andl tasks C; for I < i S 1, and 1< j < z, éich of which requires one unit of
resource v and 0 uaits of all other resources. Phe exception kmmscﬁrl - Cp

require no resources. Fuﬁhcnnorg.- for cach-vand i1 <¥'< rv,D‘l' < C?f < C‘l'z € C‘l'z

Such a sequence of tasks will be referred to as the DY chain, -
An cxampie of such a task system for the case of s = 1 is shown in Figuee 3.1
An optimal schedule for this UET task system with discrete resoum has length OPT = z + 1.
In this schedule the D-tasks execute in the first r timc units, and the C-tasks, B-tasks and A-tasks

exccute in the next z time units. During each of these z time units, r C-tasks, one B-task and m-r-1
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Figure 3.1: Task system used in Lemma 3.3,
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A-tasks execute. Moreover, all units of each resource are used during ‘each of these z time units.
Figure 1.2 shows an optimal schedute for the tasbws&emﬁvenin Figure"}‘lﬁvs ‘Note ﬂlat*an optimal
schedule can be generated from the llst (D-tasks, C-tasks, B-tasks, A tafks) Such a hst schedule will
be identical to the one described hcre except that some of the A-tasks *wnll execute w1th the D-tasks
instead of with the B-tasks and C-tasks. | | o |

Now consider the list (A-tasks, B-tasks, D{-cham Dfl{l-cham. Dz-dlam DR -cham) In thls

- schedule, the A-tasks execute in the first (m- r-l)z/m tnnc units. All m processors are utilnzed durmg
these time units. The B-tasks execute in the next z Umai units. Since cach D-task mqulreg all the umtsi
of each resonrce, none of the D-tasks or C~tasksaet;ute with the MS. Finally, the DY-chains
execute, one chain at a time. The execution og cacbchgnrglulres ;+1 tuneumts. Thus, this
schedule has length LIST = (m-r-1)2/m + z + (z+1r = @-1/m + r(1-1/m§); + r. Figure 33
shows such a list schedule formetasksystcmgiven inF'gureJl. S

. LIST/OPT = [(Z-llm + r(l llm))z + r] /(z + t)
" limit, o I:IST/OPT*“ Q2:1/m) rF I(I-Unf)
Finally, if r>m - 1 then the bound ofm for IZIST/OFI' can be @pma:hed by eonstdenng a system
wnthmesamesctofusisasifr—m 1, wxﬁlff)esamemm{eqmmmas}fl=m L 0
Lemma 34: 1fm > n (no processor constraint), then LISTAOPT <1 + 1, “wherer = 2§ 1y is the
best possible bound. | ) -
m.

We show that for any distribution of r units of resources that‘the ratio LIST/OPT-can be -
arbmarﬂydosem 141, asnmugﬂmmmsnommorm Weltr = = =1 Tj where

1 is the numbcr ofmiﬁofmmc i Wc mnneMench r xsnoa;ero,.wl‘loy,let zbean arbm'ary

integer and consider a task system consastmg of the followmg tasks:
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1. Tasks By, .., B, where B; < B; ) for1 £ i < 21 and wherc each B; requires one unit of
resource s and 0 units of all other resources.

2. For «;:ach resource v, 1 < v < s, there are tasks DY, . , D¥v. each of which requires all the units
of all resources, and tasks Ci} for1<i<r, and l < jv 517.. each of whicj:h requires one unit of-
resource v and 0 units of all other resources. 'Iheiexceptivonci‘s that tasks C’;’ b .'Cﬁ 2
require no resources. Furthermore for cach v andr 1<i<r, Dv { Crl { C12 . £ C"

This task system is identical to the task system descnbcd in the prcrrsf of Lcmma, 3.3, except that there
are no A- tasks Similarly to that result, an optlmal schcdulc for this UE'I‘ task system with discrete |
resources can be gcnerated from the list (DD-tasks, C-tasks, B-tasks) Thrs schedule has leng(h OPT =
z + 1. Also similarly to the proof of Lemma 33, consrder the lrst (B-tasks Dl-cham DR -chain,
D}-chain, ... . D ~hain) The schedule generated from his it has length LIST = 2 + (2 + Dr =
Q+z+r |

L LIST/OPT=[1+ )z + 1]/ + 1)

limit, _, oo LIST/OPT =1 +r. | - o
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Chapter 4 - mmm Cnnﬂmkmm

In this chapter we study gu_uggl p_am sgbgg_u_mg of UET (ask systems wrth contmuous resources. As
purposes we agam menuan the followmg two rcsults on the worst case performance of crmcal path
schcdulmg for basrc UET task systcms (1c systems thhout any resources) If there is Do processor
constramt (m 2> n) then cntlcal path schedules are optrmal 'I‘hat is CPATH/OPI‘ =1 If there isa

processor constramt (m> 2) thcn CPA'l H/OPI‘ 5 4/3 lf m= 2 and CPATH/OPT 5 2 l/(m 1) lf m

2 3. Thcse are the best possible bounds[Ch].
41 Ngnmmmnmam

The major work to date on crmcal parll schedullng for UEl‘ nrsk systerrrs wrth coratlnuous resouﬂ,:es
is by Garey, et.al [GGJY] They show for a systcm wrth no processor constram(s, that CPATH/OPT 5 1
+ 175/10, and that this is the best possible result. This result can be comparcd to thc conzespondmg
result for UET task systems with no resources (that result is CPA fH/OP'If = 1) That companson shows -
that for every continuous resource added to a UET task system, the worst case bound for CPATH/OPT
increascs by 17/10. This result can also be compared to that for list scheduling of UET task systems with
continuous resources and no processor constraint. That comparison shows that the worst casc behavior of
critical path schedules is far better than that of list schcdules for these systems - in the worst case,
CPATH grows lincarly with OPT, while LIST grows quadratically with OPT. This contrasts srlarply with
the relationship between LIST and CPATH for UET task systems without resources and no processor
constraints, where both types of schedules are always optimal.
4.2 A processor constraint

For critical path scheduling of UET task systems with continuous resources and a processor

constraint, there arc only two limited results (aside from our work). First, Yao [Y] has shown that
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CPATH/OP’I‘ < min{m,2 + 2s-(2s+1)/m }. Second, the result of Garey, et.al. [GGIY] given in the
previous section can be applied using s+1 resources (the extra resource accountihg for the processor
const,raim)fyiek'iing' CPATH/OPT £ 27/10 + 17s/10. In-general, neither of thesc réétdts is the best
possible. In the remainder of this section we prove the following result about critical path scheduling of -
UET task systems with continuous resources:
Theorem 4.1:.Ifm > 2 (a processor constraint), then
CPATH/OPT € m if 2€més+1
(s+m+l)/2  if s+1<m<2s+1
(4s+m+3)/4 if 28+1<m<8s/3+1
(14s+m+9)/10 if8/34+1<m<B+1
2+17s/10-(3s+1)/m if 3s + kS mandm > 10
2+55/3(8s/3+1)/m if 33 + 1 £ mand m< 10
Moreover, each portion of this bound is the best possible.
4.2.1 An interpretation
Because the bound given in Theorem 4.1 is somewhat imposing, it is useful to obtain an intuition
about the nature of that bound. In this section we try to provide this.intuition from:the point of view of
the "lower bound”. That is, we discuss the principles behind the construction:of task:systems for which
critical schedules exist which achicve vari;;us portions of the-bound.: We will concentrate on the middle
four portions of the bound. The other two portiuns ‘arise mainly from "boundary” constraints. . In
particular, the first portién (2 € m (s + 1) is the: situation wherc the: ptocessor constraint dominates
WOrst ¢asc bchavior; The final portion (3s+1 < m < 10) arises because' s and m-are both small. We -
ignore these two protions of the bound in the rest of this discussion. .
The key to understanding the middle four portions of the :bound is the fonowing: When

constructing a task system for which a "bad” critical path schodule exists, there are three kinds of
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‘constraints to dcal with: precedence ‘constraims; processor constraints - and resource constraints.
Morcover, there are actually s kinds of resource constraints - one constraint fot €ach continuous resource.
A task system with a "bad" critical path schedule (presumably) exploits cath: of these constraints to the
fullest. Now' consider the bound 2+ 173/10 - (3s+ 1)/m. 'Fhe various ‘terms of that bound can be -
interpreted as follows: The term 17s/10 arises from the exploRation: of: the: resource constrainits. -There -
are 3s'OPT tasks involved in this. A term of 1 arises from:the exploitation of the |preccdence consttaints..
There arc OPT tasks involvgd in this. Finally, the term 1 - (3s+1)/m arigcs froin thie exploitation of the
~ processor constraints. All: of -the remaining tasks in theé" system ‘arc involved in this. Similar
interpretations exist for the other three portions of the bound: However, inn those cases, only the resource
and precedence constraints ‘are cxploited and not the processof constraints. Only when m > 3s+1is it
"profitable” to exploit the proccssor constrints. St

This interpretation can be seen:-‘meore clearly, if we assume that s is fixed, and that m and
CPATH/OPT are expressed as functions of s (Figure 4.1 shows: the plot ‘of such a function). Initially,
assume that m=s+1 and that we have a UET task system with continuous resources S;:.sich:that a criical .
path schedule exists for S, with CPATHAOPT arbitrarily closc to s+ Y. I S; thvere are OPT tasks devoted
to exploiting the precedence consuaints, and. for each continuwous:resource, there afe-OPT tasks deveted
to exploiting; the constraint imposed by that rcsource. ‘The processbr constraints:are 10t being exploited
at all. Now consider how S is inedifiéd as m is increased; one processor at a- time, from s+1 %0 2s+1.
Each Umc m:is increased, sevoral tasks ar¢ uddedao:S: Thoe:purpede of addimg these tasks' i to mere fully
cxplait-the resource constraints.. Each time m increases: by’-m;eéﬁmccssm;’ ‘thé worst ease bound increases
by aamsmnt.ammnt (namcly, 1/2).duc to the addition of thosc tasks. Atm=2s+- 1, there arc OP Paasks ™
devoted 10 exploiting the precedence constraints, and fdféxh contineous: resourt e, there are 20PT tisks
devoted to exploiting: the constraint imposed by-that resoarce. Now ‘considet the (similar) situation as i

is increased, ome processor.at a time from 25-+1:10 88/3%1. Again tasks-are addod to § each timem
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Figure 4.1: Graph of the upper bound as a function of s

CPATH/OPT (as a function of §)
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143872 =
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1+§ =
] l l |
S+1 25+1 8s/3+1 3s+1

m as a function of s, m 2> 10
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vincrcases. Now, however, the worst case bound increases by only 174 each time m increases. For a third
time, consider the (similar) situation as m is increased one processor at a time, from 88/3+1 to 3s+1.
Again tasks are addcd to- S each time m mcreases. In this instance, the worst case bound rncreascs by only
| 1710 each time m increases. At m=23s+1, there are OPT tasks devoted to exploiting the pnededenee
constraints, and :3S'OPF< tasks devoted to exploiting the resource constraints - for each oonunuous
resource, there are 3'0PT msks”cxploiting the constraint imposcd by that resource. At this .E’;point, the
prcccdence and resource constraints are fully cxplolwd. Finally, as m is increascd beyond Ss+1, yet
more tasks are addcd to S. These tasks exploit the: processor constraint. Note howevcr that (hc bound
increases only so slightly in this range, and that in faﬁ, it converges to 2 + 17s/10 as m approaches
infinity. |
4.2.2 A comparison o

Although Theorem 4.1 provides (in contrast to varous rcsuhs) a tight upper bound for the worst
case performance of critical path schcduhng of UET task systems w,lth continuous resources and a
processor constraint, there is a qucstron of how much that result really mprovcs over prcvnous results,
That is, consider the bounds (cited earlier) of Yao [Y} and Garey, ct.al. [GGP(] as they apply to UET
task systems with continuous resources and a processor constraint. Those resulrs-foan be-cornbined to
yield the following composite bound: |

_CPATH/OPT < min{m, 2 + 25 - 25+ 1}4m, 27710 + 17/10}

ﬁc quostion whicn anses, is whether this composue boundrs much worse than the bcst possible
bound (our Theorem 4.1). The answer to this question is yes. For instance, if s> 6and m = 1.8s + 2,
the composite bound indicates that CPATH/OPT < 17s/10 + 27/10. The bound that we give shows
tnat CPATH/OPT < 14s/10 + 3/2. 'The differcnce between the two bounds is 3s/10 + 6/5 -- a value
which grows lincarly with s. In percentages, the composite bound in this casc is too large by over 21

percent. Table 4.1 shows both the composite bound and our best possible bound for several specific



A comparison betwecn the composite bound [Yao,GGJY] and the best possible bound | _

s m composite best error in composite
2 4 4 35 14%
s 5 4 25% -
6 517 425 2%
7 529 443 19%
8 537 454 18%
0 6 54 _ 11%
8 10 10 9.5 . 5%
15 15 12 - 25%
20 16.3 13.75 19%
25 16.3 14.6 12%
30 16.3 14.77 10%
o0 - 163 156 o A%
15 20 20 18 ' 11%
25 25 2.5 2%
35 282 24.5 15%
40 282 2875 . . M0
45 282 T %4 - 1% -
S0 282 26.58 . 6%
) 282 215 3%

The above values have been rounded o two decimal places.
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éombinations of sand m. That table also shows the percentage error in the composiu; bound relative to
the best possible bound for cach such combination of s andm.

Note from Table 4.1 that although our results improve upon the composite result whenever m >
s+1, the improvement is usually most significant when the number of processors is small relative to the
number of continuous rcsoum
4.2.3 The upper bound

In the next two sectibns we prove Theorem 4.1, The upper bound is given in this section and the
lower bound is given in the scction 4.2.4.

4231 Preliminari
Before beginning the proof of the upper bound, we require scveral definitions.

With respect to the. usage of the resources in the system, we have the following definitions:
Ripax(T) = max {R(T):<1<v<s}. Given task T, R(T) is thé R,-value of T and Ry, (T) is the
Rppax-value of T. This notatlon is extended to a set of tasks B, @RV(B) = ZR(T)overall T € Band
Rpnac(®) = =Ry, (Doverall T € B. For completeness, if B is empty, let R (B) = 0. Finally, a et
of tasks B, is a lcgal set of tasks if for each resource v, RMB<L

With respcct to the precedence constraints, we remind the rcader of the dcfinition of the level of a
task: If T; has no successors then level(T;) = 1; otherwisc, lcvcl(_'ri) = 1+ max{levcl(’l’,-): T; < Tj}.
This notion can bc extended to a sct of tasks B, by letting level(B) = max{level(T D! Ti € B}.

4232 Proof outline

Consider any éritical path schedule for a task system S. The time units of that schedule may be
divided into three scts: those time units where the final task of each level executes, those where all of the
Processors aré utilized and those where at cast onc processor is idle due solely to resource constraints.
Call these path. full and ICsource time units respectively. 'I'he proof follows by bounding the number of

time units of cach type. The number of path time units is bounded by the length of an optimal schedule.
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The humbcr of full time units can be bounded using the length of an optimal schedule and-the number
of tasks executed in resource and path time units. The number ofrcsoun:e tinmve units can bounded by
the usc of a "w;ighting function”.

A wejghting function W, is a mapping from the interval 10, 1} to an imcrvél [0, x],’ where the x
depends on the particular weighting function. We cxtend the functional *Mtion to tasks and let W(T)
= W(Rmax(T ). Moreover, if B is a set of tasks, then W(B) =X W(T) over all T € B. (Our use of
weighting functions is motivated by, ,al}d draws upon, the work of Garey, etal. {[GGJY]). Given a
| particular weighting function and a set of resource.time umits, the average weight associated with cach of
those time units can be bounded below (this lower bound will be 1). Moreover; by cxamining an optimal
schedule, the total weight associated with all tasks executing in resource:timc units can be bounded above,
Combining these two bounds gives an upper bound on' the number of resource time units. The result
then follows from the upper bounds on the numbers of path, full and resource time uiits.
4.2.3.3 Two important properties

In this section we introduce two propertics of weighting functions.
ngu_g_qu Wcighting function W has Property A, ift
Given atask T' and a nonempty sct of tasks B such that:
Rmax(T) 2 Ry, (T*) foreach T € B and Ryax(T)>1- R nax(B)
then W(B) > 1.
Definition: Weighting function W has Property B, if
Given a sct of time units {By;..B}witht > land Y = U%:l B;, such that:
For every task TeB,1<i<t, and everyj. I <j<i, Roax(D>1- Rmaxmj)' .
then there exists a task T* € Y, such that WY -{T*h 2> ¢1.
Intuitivcly‘, Property A states that given a sct of n tasks in which the total resource requirements of the

tasks excceds one, then the total weight of the largest n-] tasks is at dcast one. Property B will be used to
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obtain a lower bound on the average weight associated with & resource time unit. -
Lemma 4.1: If W is a weighting function which has Property A, thea W also has Property B.
Proof
Assume that W is a weighting function which has Property A, and let {By, .., B;} be a sot of time
units with Y = U%:l B, such that forevery task T€ B, 1<i S t, and every j, 1 <j <1, Ry ax(M>1-
' Rm(Bj). We want to show. that there exists a task T* € Y such that W(Y-{T*}) > t-1. Without loss
of generality, assume that W(B;) <1 for each-time unit B, 1 <i <t The proof s py induction on t.
Ift = 1 the lemma is immediate, 5o suppose that ¢ >-2: Consider time units B .pand B, LetX
be any task in B, Then R, (X) > 1 - Rnax(Bi-1)- ‘Morcover, forany task T € (B,,) U {X}),
Rpnax(M > 1-Rp o (B y U {X} - {T}). In particular, let Zbe a task in (B_; U {X}) vnth a minimal
R pax-value. From Property A, it follows that W(B,_; U {X}-{Z}) 2> 1.
Now consider the set of time units {B1, ..., B;_;}, where B, = B,for1 <i < t-2,andB, ; =
{Z}. LetY' = Uf=% B;. By induction, therc exists a T* € Y', such that W(Y'-{T*}) > -2,
Thus, W(Y -{T*H 2 W(Y' - {T*}) + WB_U{X}-{Z) 22 +1=¢tL o O
4.2.3.4 The weighting functions
Three weighting functions arc used in the proof of the main theorem. Thrce functions are used, as
opposcd to just one, duc to varying requirements with respect to the weights assigned in various parts of
that proof. Weighting function W, has the property that if a; + a5 < 1, then Wy(ayg) + Wi(ay) <
1.5. Morcovcr. values of a 1 and a; cxist such that wl("‘l) + ,w,(:az) = 1.5. A similar statecment can be
made about weighting function Wy and the valuc 1.6. Weighting fanction *‘WJ ‘Thas the property that if a;
+ o+ an. < 1, then Wiap) + ... + Wy(a,) < 1.7. Thesc propertics play a critical role in
cstablishing various segments of the upper bound.
For cach of the three weighting functions which we introduce, we give two major results. First, we

give an upper bound on the weight of a legal set of tasks. As a cofollary to this result we give an upper -
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bound on the weight of any set of tasks drawn from the task syStcm which we are considering. Both of
- thesc bounds depend upon the cardinality of the.set.of tasks being considered. Thesc results will allow us
to bound the total weight of the tasks executing in resource time wnits. Secondly, we show that the
weighting function has Property B. -
42,341 The first weighting function

Definition: Wy(a)=- 0 if a=0
V4 if ae(01/4]
12 if ae(1/4,172)
1 if ae(/2,1]]
Lemma4.2: If Bis alegal set of tasks, then W;(B) < min{ (|B{+s)/2 (|B|+4s)/4}

mr .

Recall that Bis a ]_gg_l set of tasks if for each resource v, the total usage of v by the tasks in B does not

exceed one, ” ‘

Part1: LetX = {T e B: Rpax(T > 172} and let x = IXI Since for cach rrcsourc-e v, thcre is at most
one T € B, such that R (T) > 172, it must be that x 5 S. Moreovcr 1f Rmax»(T) > 1/2 then Wl(T)
= 1.-Eachtask T € (B X)hasR .. (T) < 1/2 hence Wl('[') < 1/2 Thus WI(B) is bounded

~ above by max{x + (|B|-x)/2] such that x <s. Thls maxnmum occurs at X =s. _Thereforc WI(B)
<s+ (IBI-s)/2 (B]+s)/2. 7

Part2: LetX = {TeB: Ripnax(M> 172}, letx = in letY = {T ¢ B; 1/74<R . (T) £1/2} and let
y= IYI Slmllarly to Casel we deduce thatx <'s and y < 3s 2x Moreovcr if RM(T) > 12
then Wi(T) = 1andif 174 < Rpax(D < < 1/2 thcn Wl(T) = 1/2 Each task Te@®- X Y) has

max(T) 1/4 and Wl(T) < 1/4, Thus WI(B) is bounded above by max[x + y/2 +
(IB|-x-y)/4] such that x 5 sandy < 3s - 2x. ThlS maximum occurs atx = y = s, so WiB) <s
+ s/2 + (|B]-2s)/4 = (|B|+4s)/4. 4D

Corollary 4.1: Given a set of tasks Y C 7, then W;(Y) < min{ (|Y]+5sOPT)/2, (Y| +4S'OP’I‘)/4 }



Proof
Let By, ... Bopr be the time units of an_optimal schedule restricted 10 the tasks in Y. Then, Y =
UOPT B and Wy(v) = 9PTw,). "

Part 1: By Lemma 4.2, each W)(B;) < (JBy|+5)/2. Thus, W(Y) < EQPT(m /2= soPT/2
+29PT B2 = qv)+s0PTIN2. R
Part 2: By Lemma 42, each W(B)) < (I|+4s)/4. Thus, w (Y) X z?_PT B +4si4 -
(IY}+4sOPT)I/4. e o

Lemma 4.3: Weighting function W) has Property B. | |
By Lemma 4.1, it is sufficient to show that W has Property A Consndcr a task T and a nonemp;y
setoftasksB such thatRmax(T)> R (T )foreach'l‘e Band Rmax(T ))1 Rm(B) We
want to show that W(B) > 1. | o |

max(T) > 1/2 for any T € B, then the !cmma is unmcdtate. so suppose Rmﬂ‘) 5 1/2 for
each TeB. IFR, . (T') = Othen Rmax(B)Z 1, hcncer(B)> L sosupposc Roaa(T)>0.

Case J: Ry (T €O 1rd]) S N

 ‘TheaR max(B) > 3/4. Since for each TeB,0< Rma;('l') < 1/2, we ﬁavc that IBI > 2 Morcover,
forTe B, W(T) is either 174 or 172. llel > 4 then thc lcmma is 1mmedwtc IleI = Jthen at v
least one of the tasks has an R maxValue cxcecdmg 1/4 hcncc it has a wclght of 172. Thc other
two tasks have wcnghts of at least 1/4. Thus Wl(ll) 2 1 lfIBI 2. lhcn both of the tasks in B
must have R ax~Values cxcccdmg 1/4 hcncc thcy have wc:ghts of ]/2 and W I(B) =L

Case 2: Rmax(T )e (174,172 . |

Then R (B)) 172. chcc IB| > 2, since Rmax(r) < 1/2 for cach T€ B. Since for cachTe€B,

max(T) 2 Ry (T*), we have:  Ryag(T) € 14, 1/2]and wlm = 1/2 for T€ B. Thus, Wy(B)

=By2>1 n]
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42,342 The second weighting function

Definition: Wo(@) = 0 if a=10"
- 107100 if a€(0,.092)
15/100 if a«€(.092,.136]
20/100 if a €(.136,.182)
257100 if a €(.182,.204]
307100 if a €(.204,.250]
40/100 if a €(.250,.296]
45/100 if a €(.296,.318)
507100 if a €(.318,.364]
55/100 if a €(.364, .408]
607100 if a €(.408,.500)
1 if a€(500,1]
We have the following facts which follow from the definition of szﬂ

Fact 1: If a € (.092, .500), then Wy(a) < (1.64)a.
Fact 2: If|B| = 3and R (B) < |, then WH(R(B)) < 17/10.
Fact 3: If|B| = 2and R (B) < 1, then WaR (D) < 16/10..
Fact 4: If|B| = 2 and R (B) < .500, then WoR,(B) < 7/10.
The following claim is uscful in proving Lemma 4.4;
Claim A: If B is a set of tasks such ﬂiat RB)<1land |B| 2> 2 then WQ(R,;(B» < (|B|+ 14)/10.
If |B} 5‘3 then the claim _fpllowsfrom{ Facts 2 and 3, 50, assume that [B} > 4. Define the following
two sets of tésks: |
Y = {T€B: R (T)>.500}
X={Te ‘B: 092< R (T) < .500}
Clearly, Wo(R (B)) = WaR(Y) + Wy(R (X)) + sz(%v(B-X;%Y))gaNOtc that if T € Y, then
WH(R\(T) = Land if le B—X-Y tlzl,c‘n_wzng('rl‘)) < 10/7100. Thus, -

Wo(R (B)) < IY] + Wy(R (X)) + (IB] - [X] - [Y])/10.



Cae I [Y] =0
Then, Wy(R (B)) = W,(R, (X)) + (B - [XD/10, o
IFIX] < 2, then since for each T ¢ X, WoR (1) < 69_/1.00; we have yz(m» < (60/100)] +
(BHXD/10 = SXI/10 + [BY/10< ([B}-+ 14)/10. R
IF1XI> 2, then by Fact 1, W(R (%) < 164, hence Wo(R (B) < 164 -+ Qi - X/10 <
1.64 + [|B} - 3/10< (B} + 14)/10, o R
Case2:[¥] =1
Note that R (X) < .500 and e N
WRB) <1+ WyR 00+ [BHXHVIE — @
mx} = 0, then from (1), Wx(R (B < 1 + (JBI-1/10< (1B]+14)/10.
IF X} = 1, then W(R (X)) < 60/100, so from (D, W(RAB) < 1 + 60/100 + (BI-2/10 =
(IB}+14)/70, | S
H[X} = 2, then by Fact 4, Wy(R (X)) < 7710, s0 from (T), ~
WyR (B) < 1+ 7/10 + (1B-3)/10 = (Bf+ 14710,
IFIX] = 3, then let max,(X) = max{R (T): T € X}.
If max,(X) > 318 then'the other two tasks in X have R.-values totaling less than .182, since
R\(X) €500, Then at least one of these other two tasks must have an R, -value less than 091,
But, by definition, cach task in X has an R,-value excecding 093, Thus, max (X) < .318. |
If max (X) € (250, 318}, then W(max (X)) < 457100. The other two tasks in X have
R,-valucs not exceeding .136 and .182 ~respectively, hence they have a total weight not

cxceeding 35/100. Thus, W(R (X)) < 80/100.

If max (X) € (092, 250 then W,y(max (X)) <. HV100. The other two tasks in X have

R-valucs not cxceeding 204, hence they have a total weight not excceding 507100, Thus,

WoR (X)) < 80/100.
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Thus, if [X] = 3 then Wo(R(X)) < 80/100, hence Wo(R (B)) < 1 + 807100 + [IB-4)/10 =
(IB] +14)/10.
If [X] 2> 4 then from Fact 1, Wx(R\(X)) < L64R (X) < .82. Then from (I), Wo(R (B)) <1 +
82 + [IBHX|-1)/10 < 182 + HBI-S])IO(([BHM)/IO. 1 : a
Lemma 44: If Bis ékgal sct of tasks, then Wo(B) < ({B] +145)/10. |
ot ,
Partition the tasks in B into s sets Dl' s Ds' where T € Dviif;’“d only if v is the minimum index such
that R(T) = Ry (T). Clearly, Wy(B) = 35_ | W,(R (D,)). Now -partiion the resources into
sets Zg, ..., Zn' according to the sizes of thc respective D, sets. That is, i‘esoun:‘e v is placed into set
Zp,j (Figure 42). Thus, Wy(B) = o ( Zvez, wzgkv(éé));‘ ).' Clearly, for cach v € Zo
Wz(Rv(Dv)) = 0 and from the definition of W2 lt f9llows"ﬂiat for each"v € Zl WZ(RV(DV» <L
Moreover, from Claim A, it follows that for each jv > 2 andecachv € Z-, WZ(RZ;(DV)) < ( + 1410
nd Zyez WZ(R Dy) = [G+14/1017]. Thus, wz(n) Syl + 20500+ 19100 =
Z0_1iZ10 + EP_ | 1MZI10- 12172, But, the ;s are a pamuon of the resources, so Ty
IZjI < 's. Morcover, that partition is based on a partition of the tasks such that 2'-'= 11 IZjl < |B}.
Also, |Z,| > o.
S WaB) SIBYI0 + 145/10-0/10 = (Bf + Msy/10 O
Corollary 4.2: Given asetoftasks Y C T, then Wy(Y) < (|Y|+ I4S'0F’T)IIO |
Let Bl » Bop be the time units of an optimal schedule rcsmcted to thc tasks in Y. By Lemma 4.4,
cach Wy(B) < (Bl + 1451710, Thus, Wo(Y) = =9 2{" wyB) < =9PT ) + 14910 =
145OPT/10 + zOP PTingr10 = qv + 1soPTI/N0. - o
lLcmma 4.5: Weighting function W, has Property B.
Proof

By Lemma 4.1 it is sufficient to show that W, has Property A. Consider a task T' and a



' Figure 4.2: Partitioning the resources.

e - - @ - - -
Ty | - .. T 6)
T I - . . - @ B T ]
Teg [ - - . . @ 1 - ]
L @ T - - - .
Te [ - . - - , . -]
T [ - - - @ .- . 2]
Tg - - 1 . . -]
L N R
Tm:_ [ - - @ . - 4 -]
Ty [ - - . - @ - -]

These are the resource requirements for the tasks in a system \v:th 11 tasks and 7 resources. A zer0
mqmtement is shown asadash, The largest requircment of eachlask&e&cled.

B={TyTp T3 Ty Ts T Ty Ty T Thge Tu}

2 > 7, = {6}
D = = {37}
L

‘r’/‘

Dz‘ {Ts T, 7_,_3"1: 24}

D, = {1, Ty}

Ds

4= 2
Dy = {T,, T, Te Ty} —— 2, = {5} '
Ig= =By =B
Task partition Resource partition
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*nonempty set of tasks B such that Ry (T) > Ry (T") for T € B, and R (T")> 1-R___ (B)
We want to show that W(B) > 1.

IFB| = 1, the result follows immediately from the defifittion of“Wz, $0 assume that IBI >2 Let -
min(B) = -min{R . (T): T € B}. If there.is only one ;esource in the task System then mm(B) is the
smallest resource requirement of any task in B Given a time unit B, it is- posslblc to computc alower
bound for W2(B) bascd on IBI mm(B) ‘and Rmax(B) In pamcular, Table 4,2 gives various
combinations of |B), min(B) and Rpnax (B qach of wh;c'h lmphcs that Wy(B) > 1. These values were
verified using the MACSYMA system of the MIT Laboratory for Computet Sc;enpe. The program
uscd to do the venﬁcanon is shown in Figure 4.3,

Now consider the possible values of W(T"). If Wo(T* )2 50/100, then for each T € B, Wy(T) ‘
2 50/100. Since |B] > 2, we have Wo(B) > 1. ¥ WI(T ') = 10/100, then 0 < Rpax(T') < 092,
But this implics that R .., (B) > 908 and min(B) > 0 hence from Table 42, W,(B) > L. IfR__ (T)
= 0. then R (B) 2 1, hence W(B) > 1. " .

There are six remaining possibilities for WAT"): 157100, 20/100: 25/ 100,‘ 30/100 40/100, 5nd
45/100. Associated with cach of these weights there is a range (ay, ay]in which"k‘max;("i‘f ) must lie. |
Morcover, in cach instance it follows mat'iniﬁ(B) > }x 1 and d}a& Rmax(m> 1- ai, .Fovr each (al‘.azlr
pair, an examination of mc’;';elg\((ant" cnmcs in Té;)le 4.2,ésh9ws that )b,\!;,;(B) 2 bin allinstances, A
guide to the "relevant” enu-i‘cs bf Téble 4.2 is given in Table 4.3. In Table 4.3, for cach of the six
possible .values of Wz(T '), we give the values ay, a;. the subsequent lower bounds (;n min(B) and
R ax(B) and the entrics of Table 4.2 that need to be examined. Note that entries érc not listed for
cach size of |B| in every case. In particular, for cach Wz([ ') possibility, only onc entry of thé form
(B}, min(B), 0) is given. Such an cntry implics that WZ(B) > 8 Wz(min(B)) 2 1. ‘Thus, for any
larger |B}, we also have Wo(B) > L : ' 1

For example, when Wy(T') = 25/100, Rmax('l") € (.182, .204). Thus, min(B) > .182 and



‘ Table 4.2 L
Bl min(B) Rpgy(B) (B min(B)  Ryy(B) B min(B) Ry, (B)
2 0 750 4 0 . 8% .10 - 368
2 250 704 4 136 = 318 T 092 0
2 29 682 4 AR 0 , )
3 0 818 5 0 864 8 09 o
3 182 750 5 . .13 0 ST
3 25 0 : 9 0 372
6 0 366 9 M 0
6 092 862 .. S
6 .136 0 w oo 0
An entry (i, x,y)mthns(ableasmterpretedasﬁ)llows. lfBisasetoftaskssuchthat

IB=i, min(B) > x, and Ry 0 (B) > y, then Wo(B)> L.

" Table43
WiT)  (apay)  min(B) Ry (B Relevant Entries
157100 = (092,.136]  .092 864  (2.0,.750), (3,0, 318).(4 0, G, 0..864). :
(6, .092, 862), (7, .092, 0) B

20/100  (.136,.182]
257100  (182,.204)
307100 (204, 250)
407100 (250, .296]
45100 - - (296, 318] : -

818 (2._04 -750):(3,0, 818).(4,.136, 818), (5, .136, 0)
196 2,0, .750). (3..182,.750),(4.-.182, 0).

750 (2,0 750) (3 182,,750), (4 182, 0)

704 (2 .25, mc 20,0

682 (2..296 682),(3 .250.0) B

3 REREE
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Figure 4.3: MACSYMA program used to verify the values in Table 4.2,

The function CALC takes three inputs: B, MINB, and RMAXB, and computes the minimum total
weight of the tasks in a time unit where:

B is the number of tasks in the time unit

MINB is a lower bound on the resource requirement of each task in the time unit.
That is, for each task T, Rmaxm >MINB.

RMAXB is alower bound on the total resource requnrement of all the tasks in the
time unit. That is, R, (B) > RMAXB.

CALC finds the minimum total weight by doing an exhausUVe search of the possible values for the
resource requirements.of the tasks in the time unit. For convcnicnce, Wclghts are multiphed by 100 and
resource requirements are multiplied by 1000. :

- Sample ouput of the program is: CALC(2, 296, 682)$ (input to MACSYMA)

2 296 682 100 - (MACSYMA output - the fourth
value is the minimum weight)

CALC(B, MINB, RMAXB) :=(MINWT : 100,
FOR J FROM 0 THRU'9 DO
(IF MINB = RES; THEN BOT : J-+1),

HELPCALC(B; 0,0), -
PRlNT(B MINB, RMAXB, MINWT))

HELPCALC(COUNT, CURWT, CURRES)": =
IF COUNT =0 |
THEN (IF CURWT< MINWE AND.CURRES > RMAXB -
THEN MINWT : CURWT),
ELSE (IF CURWT + WTSpgr * COUNT < MINWT

THEN FOR I FROM BOT THRU I0DO
HELPCALC(COUNT -1, CURWT + WTS], CURRRES +RESI))

The values of the WTS and RES arrays are as follows:
| o 1 2 3 4 5

6 8
wrs | 0 10 15 20 25 30 40 45 S0 60
RES | 0 92 136 182 204 250 296 318 364 408 500
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Rpa(B) > 1-.204 = 79. If |B] > 4, it follows from [B} and min(B) > .182 that fwz(n) >4
Wo(min(B)) > 4 (25/100) = 1. - If |B| <4, the entries (2, 0, 57;0) ind '-(3; .182,’ .750) in Table 4.2
iudica.te that wz(a)z L | B o

42343 mm_mmmm

Definition: Wy(@) = (6/5)a  if a €[0, 1/6]
(9/5)a-1/10 if ac(1/6,1/3)
(6/5)a + /10 if a€(1/3,172]

6/5)a + 4710 if a«€(1/2,1] ;
This is the weighting function defined in Garey, etal{GGJY): In-that paper the ﬁ)ilowmg coroﬂary and

lcmma about W3 are proven,
anﬂauﬂ Givenaset oftasks Y C 7, then W4(Y) < 17OPT/10.

Lemina 4.6 Civcn 0 < a<1/2,and aset of tasks B = {Tj, ... ,Tn} with n > 2, such that R . (T}) 2>
Ronaa(T2)> @ a0d 2 1- Ry (B). then Wy 2 1. -
A straight-forward consequence of Lemma 46 and the dcﬁnkiol of W3 (used to handle |B} = 1 and

Ryax(T') 2 172) is that W3hastDeﬂYA,henoe
Lcemma 4,7: Weighting function W3 has Property B.

In this section we complete the pfoof of the uppcrbound./\ssume that a UET task system with
continuous resources S <T, {,m, s> is given. Let CPATH be asct contammg the time units of a critical
path schedule and lct OPT be a sct containing the time units of an opumdl schcdulc for thls systcm As
usual, we atso Tet CPATH and*OP'f‘ be the lengths Gf these schcdules whcn ap;irépriatc The time umts
in CPATH arc partitioncd into the following three sets:

P = {B; € CPATH: (Vj > iflcvel(B) > lcvcl(Bj)]}
F = {B; ¢ CPATH : B} = mand Bi(P}

= {B, € CPATH: |B,/<m and B; ¢ P}
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The time units in P are path time units, those in F arc full time units, and those in H are resource time
units. Clearly, CPATH = |P| + |F| + [H].
LetQ = .{’I‘ €T:TeBjand B, e H} (ie. Q consists of afl tasks exccuting in resource time units of
CPATH). Clearly, [P| < OPT and |F] < OPT - [P}/m - |Q}/m. The number of resource timeunits JH)
can be bounded by use of the following lemma (adaptch from a lemma given by Garey, ct.al[GGJY)).

Lemma 4.8: If W is a weighting function which has Property B, then there cxists a set of tasks Q CT
with |Q'| = |Q]} such that |H| < W(Q ).
Proof

Assume that W is a weighting function which has Propény‘ B. Lct k be the-maximum level of any task
inT. For each level I 1 < I <k, there is one time unit BjeP thh Icvel(B,) =1 Let TIbe any task
inB ; with level(TI) = [. Moreover, foreach levet] 1 </<Kk, dcﬂnc the followmg two sets:
A= {Bi € H:level(B)) = [} |
= {T:level(T) = /and (3B, € A;)[TE B} U {E.
Thus, A; contains all of the resource time units where:the highest level of any task cxecuting in the
time unit is L Likewise, I.jcontains task T;and.all level # tasks: executing in-a resource time unit
where  the highest level of any task executing in the time unit is I Figure 4:4 shows the
correspondence between 1. p Tjand A F
Consider any sct Az We claim that there cxists a task X 1 € L.ysuch that W(L;- {X}) > A ll
IFIA = O then the result i immediate, so assume that JAd > 1. Let By. .., By  be the time
units in A, For cach B; € Ay, let B; = B; N L There is one B: for cach By, and cach B;
contains at lcast one task. Also, let B [Af+1 ={T - Note that UI f'+ B ; = L; Morcover,
each Bi contains only level / tasks.

Now consider any B; and B ; with j <i. l.ct T be any task in B ; When T was scheduled, all

J

tasks with levels larger than / must have alrcady been scheduled in timé units prior to Bj.
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Figure 44: An example of the sets Ajand L, and the task T

Assume that Bg has a level of  and is a path time unit. This mecans that the task in Bé of the highest
level has level /, and that all tasks executing in time units after By have levelslessthan L .

Some number of time units immediately preceding By also have a level of /. Assume that these are time

units B, B, B, and B,. The set A, consists of these 4 time units. The set Ljconsists of all of the level /
tasks which execute in these 4 time units, along with task T} '

A = {B, By B, B} levelBy) = I fori =4,56,7,8 -

By is By in this instance
//l levelllmks
: R

B 71 B

\\ tasksofleVellsothermanl/,_/ ’

B,. B, B¢ and B, are resource time units and By is a path time unit

NE

.7\\\\\ \

Ly= {T: levelT) = /and Tisinatimeunitin A} U {T}

The tasks in the non-shaded portions of By, By, By, B, and By are the tasks in Ly
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Moreover, the only tasks alrcady scheduled in time unit Bj wereulev;el'l tasks.. Thus, T was not
scheduled to execute in Bj due solely to resource constraints imppsed by the level [ tasks in Bj.
This me.;ms that for T € By, R, (T)>1- R-m(Bj: )forall j<i. Thus, the B}s form a set of
time units for which the conditions given in the definition. of Property. B hold. Then, since
weighting function W has Property B, therc exists a task X; € L {since L; = U:: {Hl B;) such
that W(LI- {XI}) > IAII, and the claimis provedi.. = . . : -4
Finally, let Q' = QU {T;:1</<k}- X111 k}. Clearly, [Q*| = IQ}.
co = T I S 3L WA (XD S WeQtsioce Uy (- XD S Q. o
'_ From Lemma 4.8, it follows that given a particular weighting function. W* . which has Property B, there
exists a set of tasks Q' € T'such-that |Q'| = |Q] and [H} < W*Q*).
Thus, CPATH = |P| + |F| + [H| < [P + (OPT-]Pl/mr-jQVm). + W*Q"), and with a rcordering of
terms,
CPATH < OPT +[Pll-l/m)- [Q/m '+ W*Q*). (1)
There are six cases to consider based en the relative values of sand m.
Cascl:2< m<s+1
| Then CPATH < m OPT since at least one task must execute: during each time anit of CPATH. .
Case2:s+1 < m<2s+1
Let W, be the weighting function W*. By Corollary 4.1, WiQ') £ [Q'|+sOPT)2 =
[IQI+sOPT)/2. Thus from (H), CPATH < OPT 4 [Piir1/m) - JQI/m + [QI+sOPTW2 =-(1 +
s/2)OPT + {PKl-1/m) + iQIf1/2:- 1/m]. But, 1/2 = 1/m-2:0 and:|Q}: < -mOPf - |P|. Hence,
CPATH < (1#5/2)'Olll'~ + |PI1-1/m) + (mOPT - {PP1/2 - V/m} = [(s+m)/2yOPT + |72 £
[(s+m+1)/72]-OPT, since |P} < OPT.

.".CPATH/OPT < (s+m+ 1)/2.



Case3: 25+1 <m<8s/3 + 1
First assume ti\z;t m24 let Wl be the weighting function W*. Then by Corollary 4.1, WI(Q') <
{{Qf l-;~4S’OPﬂ/4. Similm“ly'te Case 2, we derive from (11) that CPATH/OPT < (4s+m+3)/4.

Now assume that m < 4. The only combination of s and mi to fie in this rangeis s=1 and m=3. l§ut,
from Case 2 (since the assumption that m < 2s+1 was not used in' that proof), CPATH/OPT <
(s+n.x+1)/2 = (4s+m+3)/4 whens=1 andm=3.

Case4:85/3 + 1 <m<(3s+1 |
First assume that m > 10, Let W, be the weighting fiinction W*. Thén by Corollary 4.2, Wx(Q") <
[Q' |+ 145OPTI/10. Similarly to Casc 2 we derive from (i) that ‘CPA':I'H/OFf < (14s+m+9)/10.
Now assume that m < 10. The only combination of s and m (o lic in this range-is s=3-and xﬁ=9. But,
from Casc 3, CPATH/OPT < (4s+m+3)/4 = (145+m+9)/10 when s=3 and m=9. -

CaseS:s+1<mandm> 10
First assume that |Qf > 3sOPT. Let W3 be the Qveigﬁting function W*. Then by Corollary 4.3,
W3(Q') < 17OPT/10. ‘Thus, from (i), CPATH < OPT + [P1 - 1/m) - Q¥m + 17SOPT/I0,
But -jQ} < -3s’OPT and |P| < OPT, so CPATH < OPT + OPT(1-1/m) - 3sOPT/m + 17sOPT/10
= OPT{2 + 17s/10 - (3s+ 1)/m].
Now assume that |Q| < 3sOPT. Let W, be the weighting function W*. Then by Corollary 4.2,
WAQ') < [IQ'|+14s0PTV10 = IO+ 14sOPTY10. ‘Thus from (), CPATH < OPT +
IPK1-1/m) - [Qi/m + [IQl+ 4sOPIY/10 = OPT{1+14s/16] + |PK1-1/m) +.|QE1710 - 1/m}. But
1710 - I/m >0, jQf < 35OPT and |P| < OPT. Hence, CPATH <IOPF{1+ 145/10] + OPTY(1-1/m)
+ 3SOPT{I/10 -1/m} = OPT{2 + 175710 . (3s+1)/m}. Thus, CPATH7OPT < 2 + 175/10 -
(Gs+1)Y/m.

Casc6: 3s+1 <mandm<10

First assume that |Q| 2 (8s/3)OPT. lLect W, be the weighting function W*. Then, by Corollary 4.2,
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WH(Q") <I1IQ'[ + 14sOPT)/10. Similarly to Case 5, we derive from:(ll) that CPATH/OPT < 2 +
5s/3 - (8s/3+1)/m.
Now assume that |Q} < (8s/3)OPT. Let W be the weighling function. W*. Then by Corollary 4.1,
W1@Q') < [IQ'[+4sOPT)4. Similarly to Case 35, we derive from (If) that CPATH/OPT < 2 +
5s/3 - (8s/3 + 1)/m.
This completes the proof of the upper bound for Theorem4.1. - : - a
4.24 The lower bound
In this section we prove that the upper bound for CPATH/OPT given in- Thcorem 4.1 is the best
possible upper bbund, completing the proof of that result.
For cach possible combination of s and-m, we cxhibit.a UET tagkisysﬁn with continuous resources,
§ = <T, <, m, », acritical path schedule for that system, and an optimsal schedule for that system such
that the ratio CPATH/OPT is arbitrarily close to thew app:gpriate upper bound. “As in the 'prodf of the
upper bound, there arc six cases to consider based on the reatioaship: between s and m.  The
constructions that we use in the six cases are similar, but not identical. They make usc of task.systems
which differ primarily in the resource usages of certain tasks in the system. ‘The overall precedence
structures of these systems are the same, as are the resource: lmgaef sevcral of the tasks. Thus, ‘before |
proving cach of the lemmas, this general task system structure is introduced. - The aspects of the system
which arc the same in all cases are specified. We indicate which parameters will bcspeafnd within the
p(oofs of tt;c Jindividual lemmas. We also sketch optimal and critical path schedulcs for this general
system. The exact. nature. of these schedules will, of course, depend upon the values -assigned to. the
unspecificd parameters within the proefs.of the individual lommas, - .
42.4.1 A general task syston siructure
Assumc that s 2> 1 and m 2 2, with m > s+ 1, are given (in the nextsection we will- indicate how to

handle the case of m < ). Intcgers x and z are to be specified later; s is e, 2 positive constant. Consider



~ atask system S* with the following tasks:
L Dj for1 < i< x, such that Ry(D;) = eand R(D;) = 0forv# 1.
~ 2. Bysuch that Ry(By) = 1land'R {By) = O for v # 1. |
3. Bjfor1 Si<s,suchthat Ry(B)) = 1and Ry(B) = Oforv# i
4. C fof 1 € i <'s. These tasks require nb resources.
5. A} for1 <i<sandl<j<z Forvei R\?,(A}) = 0. The ursage of resource i by each task
A} (its R-value) will be specified latcr (it will be a non-zero requircment). - Tasks A, .. AL
o ‘arecalled.Ai_-m'
This task system has the following precedence constraints:
L Forl Si<a1,Dy <D ;. Moreover,D,<Cp. 5> =7~
2. For0<i<sl,B<B, andB,< aji'“ frl<j<z
3Forl<i<slandl€i<aAl¢C ).
4. For1 Si<s1,C<Cpyp
The precedence structure of this system is shown in'Figure 45, .

«Assﬁming that the constants x, z and e have been specified; coitsider the following schedule for $*
-(Figure 4.6a): -In the first s+1 time -units exccute the B-tasks. -Tn the ‘next x time units exccute the
Drtasks an processor m, and exccute all of the A-tasks onthe other a1 processors.” In the final 4 time
units execute the C-tasks. Such a schedufe has fength x + 2 & 1. The asswnption that the A-tasks can
alt be éw:utcd in time units s+2 through x +s4-1 depends only off thé:smber of A-tasks (which is sz)
and on the resource requirements'of the A-tasks - no precedonce constraints are involved since after task
B exccutes iﬁ time unit s+ 1, all of the A-tasks are available for exccution: Ty cach of the Tesults using
this general task system, the value z and the resource rcqunrcmcu&oﬂkc%mksmwcd so the
A-tasks can indced be cxeauted in just: x time units (m m-Y. pivecssors and o the total requirement for

resource 1 during each of those x time units docs not exceed I =7¢.” This fast coadition is nceded since
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Figure 4.5: The general task system structure used for the lower bounds.

\\\

\ Als\ AZS .\ AZS

The non-zero resource requirements of these tasks are:
Each D-task requires € of resource 1

B, requires all of resource 1

B requires all of resource i, i>0

Each Al-task requires a non-zero portion of resource i




' Figure 4.6: Two schedules for the general task system structure
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b) A critical path schedule -- length = x +s+1+s G(A)




each of the D-tasks requires ¢ of resource 1.

Now consider the critical path schedule for $* generated from the following list: (D-tasks, By Gy,
Al-tasks, B, c2 A2-tasks, .., Byp, C, A™tasks, By). In this. schedule, (Figure 4.6b) the D-tasks
executc in the first x time units, then By and C, execute in the next time unit, followed by the execution
of the Al-tasks. After those tasks have cxccuted, B; and sz execute, followed by the execution of the
Az-msks, and so on. Eventually, B} and Cs execute, followed by the cxccution of the AS-tasks. In the
final time unit By executes.  Assuming that the Airm:ks arc assagnedthcsamc Fesource requirements for
resource i, as the Al-taslgs arc assigned for resource 1 and that they are scheduled identically to the
* Al-tasks, this schedule has length CPATH = x + s + 1 + sG(AL), where G(A]) is the length of the
schedule for the Al-tasks. ‘ o r

In the individual proofs which follow, several things are done. = First, the values of x, z and ¢ are
specified, and the remaining resource roquirements for the. A-tasks.are given. We then show that the
A-tasks can be executed on m-1 processors in x time -units with the total requirement for resource 1 by
the A-tasks, in each of those x time units, not exceeding 1 - 6. ‘This establishes that-OPT-< x + 28 + 1.
The value of G(A!) is then derived by analyzing a particular list schedule for the Al-tasks, establishing
that CPATH 2 x + 5 + 1 + sG(A]). The lower :bound for the worst case of CPATH/OPT is then
obtained by  combining the bounds for OPT and CPATH,

Lemma 49: 172 € m<s + 1, then CPATH/OPT can be acbitrarily close to m.

er .
Assume that Lhcire are only. m:1 resources, That is, assume s = m-l. (i.¢, in the task system used to
show that the upper bound of m may be approached arbitrasily. closaly, the fasks toquire oaly the-first
m-1 resources). The next lemma shows that in this case (i.c.m.2 s+.1), that CPATH/OPT can be

arbitrarily close to (3+m+1)72. But, ifm = s+} then (s+m+ )2 =m. = B = |
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Lemma 410: 1fs + 1 <m<2s + 1 then CPATH/OPT can be arbitrarily close to (s+m+1)/2.
ot |
Let ¢ = (m-s-1)/5. Let x be a positive intcger such that x = Q mod 2s, fet'z = [1+cjx and let ¢ <
1712. Now consider the task system 5* as speeified in the previous section, using these values of X, z
and e. The remaining resource requirements of the A-tasksare: |
‘Foreachi,1 €i<s, “
x of the Abasks have an Rpvalue of /24 ¢
cx of the Al-tasks have an R;-valueof 172 - 2e. B

Note that for each i, we have specified resource requirements for exactly x + cx = [l+ck = z
Al-tasks. As desired, in total there are zs = (m-1)x A-tasks. |

As noted in the previous section, OPT < x + 25+ 1 provided all of the A-tasks can be
executed on m-1 processors in just x timc units, with the ‘tofal retjuirement for resource 1 by ‘the
A-tasks in each time unit not exceeding 1~ e. This can be dome by éxccuting the following tasks at
each of those x time units (Figure 4.7a): For cach i, } < <8, an Altask with ari R.-valuc of 1/2 + -
e executes. This utilizes s processors at cach time unit. Moreover, for cs = m-s-] values of, an °
Al-task with an Ry-valuc of 1/2 - 2¢ executes. - $ince i1 A-tasks extcute per time unit, all of the
A-tasks can be executed in x time units. Note that for each i, there are (1-<c)x time units in wlﬁch one
Al-task cxecutes and therc are cx time units in which two Al-tasks exccute.” Moreover, the total -
reéuimmcnt for cach resource during each time unit docs notcxccc&l - ¢. Therefore, OPT < x+ 28
+1

Also as noted in the provious section, for critical path schedules; CPATH >x+s+1+
sG(AY), where G(Al) is the length of a particular list schicdic which we are about to specify) for the
Al-tasks. Consider the following schedule for the Al-tasks (Figure 4.7b): In'the first cx/2 timc units

two Al-tasks with Rj-valucs of 1/2 - 2¢ cxecute. These time units are foflowed by x time units in
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Figure 4.7: The schedules used in Lemnma 4.11.

1 Al-task 2 Al-tasks
% +e “B+e

18 -2
(ex cx

a) A{l optimal schedule -- for cach other resource v, AY-tasks execute (in a similar manner) with these
A'-tasks.

2 Al-tasks 1 Al-task
1 -2e % +e

14 -2e

cx/2 X

b) The schedule used for G(A!) -- these tasks exccute alone.

In each of the above figures, the values inside of the boxes indicate the R,-values of the the tasks

exccuting in thosc time units. The values under the boxes indicate the number of time units where tasks
with those particular R;-values cxecute.
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which one Al-task with an Ry-valueof 1/2 + e executes per time unit. - Noté that in cach of the first
cx/2 tme units the total rcquireinem for resoun;:e.l is2(1/72-2¢) =1- 4;,; During the execution of
these time units the smallest resource requxtcmcnt.of any t.mexecutetfﬁtI task Ts 172 - 2e, a value
which exceeds 4e. This means that none of the Agl tasks which execmc later m the schedule can

B g o e

exccute in these time units. This assures that the schedule we have described hcre is a valid list
schedule. Thus, G(Al) = ¢cx/2 + x,and CPATH 2x+5s+ 1+ sfex/2 -:x‘] gzx(m+s+ 1)72.
.. CPATH/OPT 2 (x(m+s+1)/2)/(x+28+1):
limit, _, oo CPATH/OPT = (m+s+1)/2. : a
Lemma 4.11: If2s + 1 < m<8s/3 + 1, then CPATH/OPT can be arbitrarily close to (45 +m-+3V/4.
Letc = (m-2s-1)/s. Note that 0 < ¢ < 2/3. Also, lct‘q== 0ifc <172 and'iktﬁq" —Hos I(1<)7(2-3)1
if ¢ > 172, Let x be an integer such that x = Omodszq etz = [2+c]x andletY ko +
(1-c)29°%, -1 (The origin of Y will be explamcd a llttlc later in the proof) bet c = ‘0 = 110912,
Also for1 <k <q,let & = 10ek .1- Now consider thc task system S* using thesc values of x, z and
¢. The remaining resource rcqmremcnts of the A-tasks are B o -
Foreachn.lSnSs. o
1. (1-c)x of the Al-tasks have an R;-value of 1/2 + g
(1c)x 6f the Ai-tasks have an Ri-valuc of 172 - 2eo.
.2. For0 <k <q-l,
(l-c)x/Zk of the Ai-msks have an Ri-valuc of 172 + ey
(1-cyx/2% of the Al-tasks have an R;-value of 174 + 2e,.
(1-c)x/2X of the Al-tasks have an R;-valuc of 1/4 - ey

3. Yx of the Ai-tasks have an Ri-valuc of 172 4+ eq.

Yx of the Ai-tasks have an Ri-valuc of 174 + 2¢q.
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Yx of the Al-tasks have aﬁ R;-value of 1/4 - 4eq.
There are two cases to be considered here:
1. Ifq = 0, then no tasks are assigned resource rcquiremem_s in part 2 of the above specifications. In
this instance Y = c.
2. If g > 0, then some tasks are assigned resource requircments ixi part 2 of the specifications. Note
that Y 2> 0, since q< 1 + log [(1-c)/(2-3¢c)}. | |
In both cascs, resource requirements are specified for exactly z Ai-‘tasks. Thc constant Y was chosen
so that this was the vcase. Intuitively, in part 2 of the spcéiﬁcatior;s, wc assign Ri-values to the tasks in
a series of sets of tasks. The number of tasks in each set is onc half the number of tasks in the
preceding set. Since there are only [2+clx =z Ai-tasks, thesenes must be terminated at an
appropriate point. In ‘fthiskinstance, that is aﬁgr q sets. 'l"hc} value 3Vx is the number of | Ai-tasks
whose R;-valu has nd been specified when the éerias is terminated. These 3Yx tasks are the tasks
assigned R;-values in part 3 of the specifications.

As before, OPT <x + 25 + 1 pn;vided all of the A-tasks can be executed in x time units with
the total requirement for resource 1 by the A-tasks in each time unit not excecding 1 - &, This can be
donc by executing the following tasks at each of those x time units (Figure 4.8a); For cachi, 1 < i <
s, cither 2 or 3 Ai-tasks execute at each of the x time units. _ Morec specifically, for (1<c)s = 354m+1
values of i, two Ai-tasks exccute. They have Ri-valucs of 112 + ) and 172 - 2c0. For the gther cs
= m-Zs-i values of i, three Ai-tasks cxecute. They have R;-valucs of 172 +. &y 174 + Zek and 174 -
4ey, for some k, 0 € k. < q. Since at cach time unit 2(l-§)s + 3cs = ml tasks exccute, all of the

-A-tasks can be cxecuted in x time units. Note that for cach zi, there are kl-c)i tirﬁc units in which two
Al-tasks cxccute and there are cx time units in which three Ai-,tqsl_:s, c*cc!ute. Morcover, since ey >
g = ¢ for— 0 <k < q. the total rcqhircmcnt for any rcséurce during each time unit docs not exceed

1 - g. Thus, the A-tasks can be cxccuted in just x time units, and OPT <x + 25 + L.



Figure 4.8: The schedules used in Lemma 4.12. -

2 Alasts 3 Alasks 3 Aluasks
R ‘+v°o Bte | % f,_‘i‘;:?
2 4+ ey %+ 2
% '“k . . “‘_“q,
(1o (1c)x/2k RV T
0<k<ql

a) A{l optimal schedule -- for each other msourcev AV-tasks exccute (in a similar ﬁ{ah:ier) with these

4 Al-tasks 2 Al-mks, 2 51"35“ 1 A_lf‘f’*s
%-’4807 o ‘%-2%‘ %-2‘0 . % + ¢
‘i‘("“o  %+‘2¢0 - “’_zco“ SR R B
% -4e
- cx/4 - Q3nr? s

b) The schedule used for G(A!) when g = 0. Thesc tasks execute alone.: -

4 Altasks 4 Altasks . 3 Altasks 3 Altasks 2 Altasks lk“Al-task |
U deq Wotega| [W2eg| [Wvoe| [z NED
%-4¢q %-4eq_1 H‘A‘-4cq-1 | %'“k-l - ‘K+2¢o | o
- de, ey | |U-degy| |W-de| |

Wodeg | | deg, .

Y [1o/l-2Yp/a Yx Gk e x

¢) The schedule used for G(AT) when q > 0. These tasks cxecute alone.
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For critical path schedules, CPATH > x + s +1 + sG(Al). . There are two cascs to congider‘
based on the value of q (i.e.q = 0 and q>0).

Ifq = 0, consider the following schedule for the Alﬂtasks (Figurc 4.8b); In the first cx/4 time
units, four Al-tasks with R;-values of 1/4 - 4e0‘e;ecute im each time unit. Next there are cx time
_ units in which two Al-tasks execute during each time unit. These tasks have R;-values of 172 - 2e0
and 174 + 2eq. Thirdly, there are (1-2¢)x/2 time units in which two Almka each with an Ri-value
of 172 - 2e0, execute. Finally, there are x time units in which one Al-task with an R;-value of 1/2 +
€( executes per time unit. Note that in cach of the first cx/4 time units the total requirement for
resource 1 is 4(1/4 - 4eg) = 1- 16e;. During the execution of these time units the smalicst resource
requircment of any unexecuted Al-task is 1/4 - 460, a value which excceds 16s0. This mecans that
none of the Al-tasks which execute later in the schedule can cxecute in these time units. Similar
remarks can be made about cach of the other time .inits in this schedule. This assures that the
schedule we have described here is a valid list schedule. Thus, G(Al ) =cx/4 4+ cx + (1-2c)x/2 + x
= [3/2 + c/4x.

If q > 0, consider the following schedule for the Al-tasks (Figure 4.8c): In the first Yx/4 time

units four Al-tasks with Rl-values of 1/4 - 4¢_ execute in cach time unit. Next, there are [(l-c)lzq’1

q
-2Yx/4 time units in which four A]-tasks withv Rl-valucs of 1/4.- 4’q‘l execute per time unit (since
q 2 logf(1-c)/(2-3c)] this quantity is non-ncgative). In the next Yx time units, three Al-tasks cxecute
per time ‘unit: these tasks have Ry-values of 1/4 + 2cq. 174 - 4eq_1, and 174 - 4eq_1. Similarly, in the
RCXL (l-c)xlzq'.1 time units three Al-tasks exccute per time unit. These tasks have R -valucs of 174

+ 2¢ 174 - 4eq,2. and 1/4 - 4eq_2. Generally, fork, q-1 2 k 21 thck are (l~c)x/2k time units

ql
with three Al-tasks exccuting per time unit. These tasks have Ry-valucs of 1/4 + 2¢, 174 - 4¢ 5,
and 1/4 - 4e; . Following these time units there are (1-c)x time units with two Al-tasks exccuting

per time unit: These tasks have Ry-values of 1/2 - 2eg and 174 + 2. Finally, there are x time units
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in which one Al-task exccutes per time unit. Each of these tasks has an Ry-value exceeding 1/2.
Note that in each of the first Yx/4 time units the total requirement for resouroe 1 is4(1/4- 4e ) = 1-
| l6eq; During the exccution of these time" units the smallest resource: requircmém of any unexccuted
q? vaiue which exceeds 16¢q. This meansthatmneof the Al-tasks which execute
later in‘the schedule can executc in these time units. -Similar remarks-car' be made about each of the

Altask is 174 - de

other time wnis in this schedule. "This assures that the schedle we have described here is a valid list
schedule. Thus, G(AY) = [Y/4 + @271 - 29y + Y + Bl ok + 00 + 1k = B2
+ c/4x.
.". In both cases, G(A}) = [3/2 + ¢/4}x and CPATH > x '+ s + 1 + 372 + c/4h >
x(4s+m+3)/4.
.. CPATH/OPT > (xf4s+m+3)/4)/(x + 23 + 1)
fimit, _, oo CPATH/OPT = (4s+m+ 34, - o
424.3 A uschul sct of independent tasks
In the next two lemmas, wé make usc of a sct of tasks originally described by Johnson,
cLal JDUGG]. We have modified this set of tasks slightly to better suit our purposes. |
Given some resource (say, resource 1) and an integer y, we will describe a set of 3y - 1 independent
tasks. FEach task requires some non-zcro portion of the resource. These tasks can be grouped into three
sets of tasks: In the first st all- of the tasks have R-values of approximately 1/6; in the second set the
tasks t;ave Ry-values of ,approx_imatcly 1/3; and in the third set the tasks have stvillue’s-"ex'ceédiﬁg 172.
Within cach set the tasks differ slightly in their mrcemquircmts. For instance; in the ﬁrst sct some
of the tasks have resource requirements cxcceding 1/6 and some have requirements loss than'1/6, There
arc y tasks in cach of the first twe scts and y - 1 tasks in the third.
‘More formally, assume that an integer y, with y =0 mod 10 is given. Let § be such that 0 < 8 «

18Y/10, Atso, let 8, = 81810~ i for 1 <i < y/10. Consider the fellowing three scs of tasks:
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1. The first set contains y tasks, T}; for 0 < j < 9 and 1 < i < y/10. These tasks have the following
resource requirements for 1 < i < y/10:
Ry(T) = 1/6 + 33;
Ry(T}) = /6 -33;
Ry(T) = Ry(Th) = /6 - 78
Ry(T1) = 176 -135;
Ry(rL) = 176 + 98,
Ry(Tg) = Ry(T7) = Ry(T) = Ry(T§) = 1/6-28;
2. The second set contains y tasks, T}i for0 < j < 9and 1 < i< y/10. These tasks have the
following resource requirements forl < i < y/10:
R)(Tg) = /3 + 468,
R(T}) = 1/3- 48,
Ry(13) = Ry(T3) = 1/3 + 63
Ry(T2) = I/3 + 125,
Ry(T2) = 13- msi'
RyCTE) = Ry(T) = Ry(Th) = Ry(T) = 1/3 + 4,
3. The third set contains y - 1 tasks, T3 for } < i <'y-1. Bach task requires 172 + § of resource 1.
An optimal schedule for these 3y-1 tasks has length y. It consists of timve units with the folowing tasks:
L For2 <j<9and1<i < y/10, a T3-task and T}i and T}i
2. For1 <i < y/10,aT>task and T and T,
3. Forl <i<y/10,a13task and Thand T, 1
4. T} ,/10and T
Now consider the list (1, . T§1. T v T e T /100 -+ T y710- T = T By 100

.T% y/10 Ti‘, ,'1‘3_ l)' This list results in a schedule with length 17y/10 - 1. This follows casily from
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the results in JDUGG). We give an informal description of the schedule here. The schedule has y/5
time units in which S tasks from the first set executc per time unit and in:which the total resource
'requirement in each of the time units exceeds 5/6; y/2 time units iﬁ which 2 -tasks from: the-second set
execute per time unit and in which the total resource requirement in each of-the-time units exceeds 2/3;
and,y- 1 time units in which onc task from the third sct exemite# per ﬁmeumt. i

Now assume that y is fixed. Since cach task in the system requisés.a non-zero portion of the
resource, and since (in both of the schedules given abovc) each time unit has 5 orfower executing tasks,
there exists a By > 0, such that the resource requircménuof every. taskmhe teduwdby ﬂy without
changing either of the two schiedules. - Moreover, m:simphes éﬂm&e M?mme usage during any
single time unit in these two schedules does not exceed 1 ~ ﬁ*y.

In the next result, some Al-tasks are assigned R;-values in a manner: m:hrw&hese assxgned in
previous lemmas, and some are‘ assigned Ri-va§m similar to the resource requirements of the J-tasks.

4,244 The remaining cases
Lemma 4.12: If8s/3 + 1 < m< 3s + 1, then CPATH/OPT can be arbitrafily close~so(l4s;f-m+9)/10.

Proof

Letc = (m-2s-1)/s and let q > 0 be an arbitrary integer: Note that /3 S ¢< L. Letx = 20s29°) let 2
=+ - Landlet Y = 302+ (1)2%). The value Y will seove s purposc in this rosule similar to
what it served in the previous result.  Also similarly (o the previous result, ot & = ‘g << min{ By,
171092 } and for 1 S k < q,lete, = 10¢, ;. Nowieonsider thic tagk systone % using these values
of x, z, and e. The remaining resource requirements ofﬂukmksms‘fom ‘ |
For cach i,'l <i<Ls,

L (1-0)x of the A™tasks have an R;-value of 1/2 + ¢4,

(1-c)x of the Al-tasks have an R;-value of 1/2 - 2e;,

2 For0<k <gl,
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(1-(:))(/2k of the Al-tasks have an Ri-value:ot’ 172 + 8.
_ (/2K of the Al-tasks have an Ry-value of 1/4 + 2¢y.

(1-c)x/2 of the Al-tasks have an R;-value of 1/4 - dey.
3.3Yx - 1 of the Ai-tasks are assigned R;-values cqual to the Ry-values of the tasks in a set of 3Yx -1
© Jtasks. These Al-tasks will be called fype ] Al-tasks.

- An optimal schedule for this task system has a similar form for the cxecution of the A-tasks as

the optimal schedules. in the previous lemma. As-before, OPT < x + 25 + 1 provided all of the
A-tasks can be executed in x time units on m-1 processors. This-can be done by exccuting the

following tasks at each of those x time uaits: For (1-¢)s = Jsm 1 values of i, two Al-tasks execute:

- these tasks have R;-values of 1/2 + g and 1/2- 2¢4. For the giher cs = m-2s-1 values of i, either:

1. Three Al-tasks execute having R;-values of 1/2 + ey, 1/4 + 2ey, and 1/4 - 4¢ for some k, 0 <k
5¢Lm»

2. Two or three type J tasks exccute (as noted in section 4.3, three type J tasks execute in alt but one of
these time units).

Note that at cach time unit no.more than 2(1-c)s + 3cs = m-1:tasks-execute. Also, for each i, there

are cx time units in which three Ai-tasks execute and there are ¢(1-¢)x time units in which two Al-tasks

execute. Thus, the A-tasks can be executed in just x time units and the total requirement for - any

single resource during each time unit docs not exceed 1 - €. Thus, OPF <x+ 25 + 1.

Thé exccution of the Al-tasks is also similar to that in the.previous lemma. In that lemma (for g
>0), there were cssentially four types of time  umits: those with 4, 3, 2 or 1-tasks. .Let T4, T3, T2 and
T1 designate all of the time u’nits of each type. Each ofithese types of - time:units will also occur here,
In addition, in this proof, we have time units where only type § Al::asks exccute. As indicated in our
discussion in the previous scction, there will be three types of time units where type J Al-tasks

execute.  These time units contain 5, 2 and 1 Laéks,- and will be referred to-as J5, J2 and J1,
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respectively. The schedule used to derive G(AL) consists all of these time.units in the following order:
T4, 15, T3, T2, J2, 11 and TL. That is, first all of the T4 time units executc, then all of the JS time
units execute, and so on.
. More formally, consider the following schedule for the Al-tasks (Figure 49): In the first
[(1-c)x/2q'1]/4 time units four Al-tasks, each with an Ry-value of 1/4 - 4eq,1, execute in each time
: uéit. Next, there are Yx/5 time  units in which five type J tasks execute ~ as noted in the ‘previous
section, cach of these tasks has an R -value of approximately 116 “Next, similarly to: the critical path
schedule described in Lemma 4.11, for g-1 > k > 1, there arc (1-c)x/2* tinie units with three tasks
executing per time unit. These tasks have R)-values of 174 + 2tk'; 174 - 4¢; ,, and 1/4-.- dey 1.
Following these time units there are (1-c)x time ’unﬁs with two Al-tasks excouting per fime unit.
These tasks have R)-values of 1/2 - 2c0 and /4 + 2e0. Next, there are Yx/2 time units with two
type J tasks e-ecuting per time unit - as noted in the previous section, these tasks have‘Rl-valua of
approximately 1/3. Finally, there are x-1 time units in which one A1~usk executes per time unit.
Each of these tasks has an Rl-valt.ne exceeding 1/2. Notc that in each of the first [(:lhc)ﬂq'llx/4‘time
units the total requirement for resource 1 is 4(1/4 - 4eg.;) = 1- 16e,.)." During the exccution of
these time units the smallest resource requirement of any uncxocuted Al-task is approximately 1/6
(actually, just a little lcss than 1/6). But, eg-1 was chosen such that 176 >) l6eq_i. This means that
none of the Al-tasks which execute fater in the schedule can cxecute in these time units, Similar
remarks can be made about each of the ether time units in:this schedule:: This assurcs that the
schedule we have described here is a valid list scheduie. Thus, G(AY) = @< 114 + Y75 +
- laont + (o) + Y22 4 Dr- 1 = (0646710 - (120 29°Yx - 1. Hence, CPATH >
+5+ 1+ sf(16+c)1/10 - (120 29 1)} -5 But, x = 20297 50 CPATH > xis(16+c)/10 + 1] -
.

.'.CPATH/OPT > (x[s(16+c)/10 + 1]- s)/(x+28+1)




Figure 49: The schedule used for G(AL) in Lema 4.13.
4 Altasks = S Altasks 3 Altasks 2 AlMtasks  2Altasks 1 Alask
%-deq,| [Eachisa Y% + 2ep %-2e, | |‘Bachisa’ >% |
type J task , type J task
V‘ - 4eq-1 With an % - 4£k_1 % +280 . with an
R,-value Rl-'\'(alue' |
Y-deq.| fofabout | [U-dey | }ofabout -
1/6 173
1% - deg- | , ,‘ b
[(1-cx/29Y4  Yx/5 aork gox . Y2 - . ox1
¢l2k21

These tasks execute alone
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limit, _, oo CPATH/OPT > (145+m 4-9)/10. ‘ | O
Lemma413: If3s + 1 < mand m > 10, then CPATH/OPT can be arbitrarily close to
2 + 17s/10 - (3s+1)/m.
Proof
Let x = 0 mod 10m letz=3x-landlcte = ,BX. Consider the task system S* using these
values of x, zand e. Foreachi, 1 <Li 5 s, the Aijtasks arc assigned Ri-\}alﬁcs cqual to the Ry-values
of the tasks in a set of z J-tasks. ’ln addition to the usual tasks in S* the following tasks arc-added to
S*:
1. G, a task which requires no mburces.
2. Fj for1 <j< (m-3s-1)x.‘ These tasks require no resources.
3.EwithRi(E) =1for1 <i<s.
The following precedence constraints are also added to the system
1.Forlsjsz,A§<G.
2.B;<G,and C < G.
3. Forl <j < (m-3s-1)x,E< Fj.
The precedence structure of this task system is shown in Figure 4.10.
An optimal schedule for this system is: In the first s42 time units execute the B-tasks and task
E. In the next x time units the A-tasks, D-tasks and F-tasks arc cxecuted (1 D-task, m-3s-1 F-tasks
and no more than 3s A-tasks per time unit). For each i, there are x-1 time units where three Ai-tasks
cxccute and there is one time unit where two Al-tasks cxecute. In the final s+ 1 time units exccute the
C-tasks followed by task G. ThusOPT <s+2+x+s+1=x+2+ 3.
Now consider the following critical path schedule: Execute the [)-tasks and tasks Bgand C; in

the first x+1 time units. In the next 17x/10 - 1 time units exccute the Al-tasks. Then, exccute Bl

and Cz. followed by the Az-tasks in the next 17x/10 - 1 time units, and so on, until Bs exccutes. Then
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Figure 4.10: The task system used in Lemma 4.14,

‘asw

The non-zero resource requirements of thesé tasks are:

Each D-task requires e of resource 1

B, requires all of resource 1

B, requires all of resourced, i>0

Each Al-task requires a non-zero portion of resource i . -
E requires all of the resources

G, the C-tasks and the F-tasks require no resources
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exccute Eand G. In the final (m-3s-1)x/m time units execute the F-tasks. Thus; CPATH 2x+1+ |
17xs/10 + 1 + (m-3s-1)x/m >x[2 + 175/10 - (3s+1)/m].
.".CPATH/OPT > 1[2 + 17s/10 - (3s+1)/m}/(x + 28 + 3)
limit, _, oo CPATH/OPT = 2 + 175/10- (38+ 1)/m. | ]
Lemma 4.14: If 3s + 1 < mand m < 10, then CPATH/OPT can be arbitrarily close to
2+ 58/3- (83/3e+ 1)/m.
M . Lo X
The task system we describe here coml-;ines vanfoui aspeets of the syslemsuscdm Lemmas{.ll
and 4.13. We use the task systcmstmcture ﬂ'em Lemm#IB (;e,, wsdnbeaddedjasks) and weasdgn
the A-tasks resource requmemems as was done in- bemm4 11, / B
More formally, assume san& m are gtven. Let¢€ (1/2; 2#3) and let q= r log[(l-c)/(z k)i'!
Let x be an integer such that X = Omodstq letz = [2+c]x and let Y 32 + (lzc)lzg'l Tete
= g = 1/109%2 Also, for 1 Sk < g, letey = 10¢,;. Consider the task sysiem S* using these
values of x, zandz S | | |
Foreachi, 1 i <s:
1. (1-c)x of the Al-tasks have an Rj-value of 172 + ¢
(1-0x of the Al-tasks have an R.-value of V2-2
2 For0<k<ql, | |
(1-c)x/2k of the Ai-lasks have an R;-value of 172 + eg. -
(1-)/2¥ of the Al-tasks have an R;-value of 1/4 + 265,
(1)/2 of the Al-tasks have an Ry-value of 1/4- 4.
3. Yx of the A™tasks have an Ry-value of 1/2 + g,
Yx of the Al-tasks have an R;-value of 174 + 2.

Yx of the Ai-tasks have an Ri-value of 174 - 4¢q.
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These are exactly the same specifications for thé:R‘f-'valuﬁ of the Al-tasks'as given in Lemma 4.12.
In addition to the usual tasks in S*, the following tasks are added to $*: |
1. G, a task which requires no resources.
2 Fj for1 <€ j S (m{2+cls-1)x. These tasks require'no resources.
3.EwithR(E) = 1for1 Si<s.
The following precedence constraints are also added to the system:
1.Forl sjsuq((i.
2.B,< G, and C; < G.
3.Forl1 <j<{m-3s1)}x E< Fj.

An optimal schedule for this system is similar to that for the system used in the proof of the -
previous lemma. The B-tasks and task E are executed in the first s+ 2 time units. In the next x time
units the A-ta-ks, D-tasks and F-tasks are executed. In'each of those x timic units, [2+cs A-tasks, 1
D-task and (m42+c}1) F-tasks exccute. For cach i, therc are (1-cjx time units where two Al-tasks:
execute and therc are cx time units where three Al-tasks exccuse; In the final s time units the C-t;sks
are executed. Thus, OPT <x + 28+ 2.

Now consider the following critical path schedule: Exccute the D:tasks -and tasks By and C; in
the first x+1 time units. In the next [3/2 + c/4]x time units ciccute the Al-tasks (this folkﬁvs.from
the proof of Lemma 4.13, where G(Al) = [3/2 + c/4]x). Then exceute B and C,, followed by the '
A2-tasks in the next [3/2 + c/4 time units, and so o, unt By executes. Next cxecutc Eand G.
Finally, exccute the F-tasks in the final (m-{2+c}s-1)x/m time units. Thus, CPATH Zx + 14372
+ c/4x + 1)s + 1 + (m-[2+c]s-1)x/m > x[2 + 3s/2- (2s+1)/m + esfl/4- 1/m)}.

".CPATH/OPT 2 x[2 + 35/2- 2+ 1)/m + cs(1/4 - Vm)/(x + 25 + 2)
limit, _, 5,3 CPATH/OPT > x[2 + 5/3- (8s/3 + 1)/m}/(x ruty

limit, _, oo CPATH/OPT =2 + 5s/3- (8s/3 + 1)/m ’ a
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In tl.lis chapter we study critical path scheduling of UET task systems with discrete resousces - both
with and without processor constraints. Unfortunately, there are no resits for this problem per se. It is
possible, however, to make some conclusions about this problem based on results for Coffman+Graham
scheduling of UET task systens with @-1 resources. These are UET: task systems: with discrete resources
in which cach r;=1-- that is, there is exactly one unit of cach resource, hencoa task cither requires all of a
resource or none of it. Because Coffman-Graham schedules are a subclass of:the critical path schedules,
any lower bound on CG/OPT for UET task systems with 0-1 resousces, is also a lower bound on
CPATH/OPT for UET task systems with discrete resources. This foliows. because systems with 0-1
respurccs .are a subclass of the systems with discrete resources. Aitheugh-at first glance, it appears that
any lower bound on CPATH/OPT abtained in this manner would be fairly weak, we will, in fact. (in
scction 5.2) be able to. use such a lower bound to make seme fairly strong statements about critical path
scheduling of UET task systems with discrete reseurces. Before doingso, however, we present two results
on Coffman-Graham scheduling of UET task systems with 0-1 résousces. - -

3.1 Coffman-Graham scheduling of systems with0-1 resources -

Coffman-Graham scheduling of UET task-systems with 0] resources has been studicd by Goyal
[Gol for the limited case of onc resource. He shows that for:m = 2, OG/OPT < 3/2, and that this is the
best possible result. This type of scheduling is also mentoned by Loung [} He conjocturcs that for
UET .task systems with -1 - resources, Coffman-Graham schedules -provide substandially better
performance ﬁ\an do list schedules.

For purposes of comparison, we note that the results of Chapter 3 can be -applied to UET task
systems with 0-1 resources giving the results LIST/OPT < 1 + s if there is no processor constraint, and

LIST/OPT < min{m, (2-1/m) + s(1-1/m)} if there is a processor conmstraint, - Morcover, both of these



reshlt§ are the best possible bounds.
In this scction we prove the following two results on Coffman-Grahar ‘scheduling of UET task
systcms with s 0-1 resources when s > 0: |
Theorem 5.1: If m > n (no processor comstraint) then CGZOPT < 14 s. Moreover, this is the best
possible result.
Theorem 5.2: If m 2> 2 (a processor constraint).thea
CG/OPT < m i s>m .
m-1/2  iffs=m-1
(2-2/m) + s(1-1/m) if s<m-2
Morcover, this is the bost possible result.
These rc§ults show that Leung% conjecture about the relationship betweea Coffihan-Graham scheduling
and Hstschedulingisvwr_qng: - Coffman-Graham scheduling doés»ngr»pm;vﬂe'mbstmﬁaﬁr better worst
case performance than list scheduling for UET task systems with 0-1 resources. In fact; for systems with
no processer constraints, Coffiman-Graham scheduting has exactly the same worst case performunee as fist
scheduling. We will prove these two theorems, and then, in section 5.2, we willdiscuss how these results
apply to critical path scheduling of UET task systems with discrete resources.
Lemma 5.1: 1fm > n(no precessor constraint), then CG/OPT <1 +s.
This result is trivial bocause Coffman-Graham schedules are a sabclass of list schodules and as noted
above, it follows from Theorem 3.1, for UEF task systemis witl 8-1-rosources and no processor

constraint that EIST/OPT <1 + s F R TR : 0
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Lemma 5.2: If m > 2 (a processor constraint), then
CG/OPT £ m - if s2m
m-1/2 if s=m--l 
(2-2/m) + (1-1/m) - if s € m-2

2.1.1.1 Proof Qutline

Wec prove the upper bound in two stages. Initially, we show -that. given a Coffman-Graham
schedule, some of the tasks can be placed into sets Wy, ... Wp (called scgmesits) such that given tasks T €
W;and S€ W, , it must be that T < §, where < s the transitive closure of the precedence relation.
. This property implies that all the tasks in scgment W; must.execute before any of the tasks in Wi
cxecute. This allows us to examine each scgmcent individually, and obtain a worst case bound for the
length of the portion of the Ceffman-Graham schedule where the tasks in the scgment cxecute, to the
length of an optimal schedule for the tasks in the segment.- This we do in the second stage of the proof. A
portion of this proof is largely a modification {(to accomodate resource tasks) of a proef by Lam and Sethi
[LS]. In particular, most of the first stage of the proof and the sccond half of the second stage of the proof
are drawn from their work. |
2.1.1.2 Scements

Before beginning, we make the following assumption about how tasks are assigned to processors
when using list schedules (our formal definition did not mention which tasks exccute on which
proccséors). Since we are dealing with UET task systems, this assignment is relatively simple: If Ty, ...
T, with x < m, are the tasks cxecuting in a particular time unit; with LABEL(T}) > LABEL(T) > ... >
LABEI(T,), thca task T; exceutes on processor i Here LABEL(TY) refers to the labcl assigned o T;
using the Coffman-Graham labcling algorithm. Note that in the hst used W deo the scheduling, T;
appcars before T,, which appears before T, and soon.

Finally, a task T with RM(T) = 0 is a pon-resoyrce task, and a task T with Rmax('l‘))()isa



resource task.

Now coas:der any Coffman-Graham sehedule As- usual we. let CG m&r to both the set of tlmc
units comprising the Coffman-Graham schedule and the lcngth of that schcdule As notcd above. we wﬂl
form sets of tasks called segments. This is done in two- stages.z, Flrgt;"wc form blocks of tasks, and then
combine those blocks to form segments. Blocks are form?d fronfme Coffman-Graham schedule as
follows: | |
Definiton: Form blocks X . Xo. . «.., X, for some q >0, as follows:

1. Uy is the task exccuted on ?rocessor one in time unit BCG
2. Fori2> 1, 'U- is the task éx@cuted On processor one in themaximai ame unit BA where:
a. A non-resource cask executes on procesor one ufBA 7‘
b. (VT=U)TeBy = LABEL(']‘) < [ABEL(UH)]
3. Forq2i2 1, X ={T:e(U)<a(T) < o(Uy)) and LABEL(T) 2 LABEL(U; )}
X ={T:0(N < o(U )and LABEL(T) > LABFL(U )}
An cxample is shown in Flgure 5.1. Note that' notcvcry tas!t bclongs toa biock ‘such-a task is callcd an
extra task. The last time unit of each block cither eontams an extra: task or it has an idle processor. Also,
for block X a(X ) = min{o(T): T € X } That is, o(X ) is the carlicst time at which a task of block X’
executes.
The following lemma about blocks is uscful:
Lemma 5&2. Forq 2> i> 0, task U; is a predecessor of cach task i“n block X; 1.
proof _ :
Consider any Ui and black Xi'l' Thrce things should be noicd:.
1. Uj is a non-resource task
2. Each task in Xi- 1 has a label at lcast as large as I.ABF.L(Ui_l). -

3. Each task cxccuted in the same time unit as Ui has a label smaller than LABEL(Ui_l).
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Figure 5.1: Example of the division of a Coffman-Graham schedule into blocks.
Consider a task system with 3 processors and one 0-1 resource. The precedence structure is given

below. The iy are the:Caffman=Grahain labels GF the tasks. Thoise mumbers will bo-used to refer
to the tasks. Circled tasks requlrc the moume

'.: N e \O i ot

Schedule:

Time units
Blocks are outlined in the above schedule.

Figure 5.2: Example of the division of a Coffman-Graham schedule into segments,
The task system given in Figure 5.1 is used: I

Schedule:

Time units

Segments are outlined in the above schedule,
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'Now consider ahy task T € X;_; which has no predecessors in X1 th didn’t T execute in the same
~ time unit as U;? Because: LABEL(T) exceeds the: labe] of‘each task-cxecuting with U;, and U; is a
non-resource task, it follows that U; < T. Thus, Uj; is a predecessor of every task in Xy, O
Segments are composed of blocks and a few extra tasks: :Specifically, segments WO" iy Wp, for some p >
0, are formed as follows: '
L Initially, et Wy = Xq, leti = 0andletj = q-L
2. Whilej 2 0do
if(VT € WXVT' € XIT <+ T°)
then W; is complete
CletWip =X deti =i+ Landletj=j-1 |
else . let G = {E ¢ W; : LABEL(E) > LABEL(U))and (3T € W{T < * El}
MW, = WiUXjUGandletj =j-1
3.letp =i, and Wp is complete.
An cxample showing scgments is given in Figure 5.2, Intuitively, scgmenits are formed from left to right
by combining successive blocks until a block is encountered,-all of whose tasks are successors of all the
tasks already in the scgman At this point the scgment is complete and 4 new :'scgm'ent is starsed Extra
tasks are added to the scgment for accounting purposcs which arise in the second stage of the proof.
Extra tasks which arc placed into a scgment are called Jatecomers.
Lemma54: For0 <i<p,ifTeW;andT* € W, | then T<* T,
Proof
Consider any Wi and W, _ ; forsome i, 0 < i <p. Assume that scgment W, + 1 consists of blocks X .,
. Xc-k' for some k > 0, along with some latccomers: It follows from the construction of scgments,
forcach T € W;and T* € X, that T < + T, Ifk = 0, it also follows that there are no latecomers in

W; ;1. so the lemma holds. Thus, assume k > 0. From Lemma 5.3, for-alt j, ¢ 2§ > ck, task Uj
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precedes each task in xj-l' Then by transitivity, each task T € W;; precedes cach task in X, UX. 1V
U xc-k' The only other tasks in W; 41 8rc latecomers. The first latecomer added to Wi pis by
definition, a successor of a task in X... Each sybsequent latccomer to Wippisa successor- of either a
task in some block of Wi +10° of a latccomer already in Wi ¥ l In cither-case; by transitivity, each T
€ W, precedes each latecomer in W; | ;. et Qg
Because of the preceding lemma, we are free to treat each. sogsent mdmdmlfy with fespect to obtaining
an upper bound. That is, because each task in scgment W; must exccute before any task in Wi:{-l can
execute, we have that OPT > E?= 0 OPTP where OPT is the length of as optimal schodule f8¢ the entire
task system, and OPT; is the length of an optimal schedule for a task system comsisting of #ve tasks in Wi.
(and the precedence constraints restricted to those tasks). Morcover, OG = z‘i’- =0'CGy, where CG is the
length of a Coffman-Graham schedule for the i:mim task system, and cg; is the length of the portion of
the Coffman-Graham schedule under consideration regtricted to the tasks in Wi.' The equality follows
because at least one task from each time unit belongs to some segment. “In the next section we show that
for each i, 0 < i < p, CG/OPT; < b, where b depends on the relationship of s and m. It follows that,
given a particular relationship between s and m, CG/OPT < b.: Thus, in the remainder of the proof we
assume that the Coffman-Graham schedule consists of a single segment W. That sogment. consists of
blocks Xq. - » Xg- and-some number of latccomers. We let OPT be an optimal schedule for the tasks in
w.
5.L13 The individual bounds
In this section we complete the proof of the upper bound. As. .nntc;i prcviously,‘m is a trivial upper
bound on CG/OP'I This handles the case of s > m. Maoreover, Geyal [Go] has shown that CG/OPT <
3/2ifs=1and m=2, and it has been shown [CG,1.S] that CG/OPT <2 - 2/mif s=0and m > 2. Thus,

we assume that s > 1 and m 2 3 in the remainder of this proof.

- The following lemma about scgments is useful:
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Qmma 5.5: If W contains blocks Xq, s XO' then there arc at least g Tatocemers:in W. - -
Eroof
; | We consider the procedure by which scgments are formied; -and: show that each time the
elsc-clause in step 2 of that procedure is exccuted, at least one Iatccomeor: 8 added to W. Since the
elsc-clause is exccuted for-cach block added to W texeept the first block), the lewima foliows.

Assume. that blocks Xq.-... XJ 41 are already-in :W: (along witht latccomers) and that there are
tasks T € W and T* € X; such that T <* T is false. Choose T so that it has no successors in W and
T so that it has no predecessors in Xj. Letl = {T€ Xj: T has no wredecessors»inij}.» Clearly, T' €
I. Now consider Uj +1° By definition Uj +1€ W. From -Letmna:s.:&,”:Uj- +1 is & predecessor of each
task in Xj. It follows from there being no:transitive cdges-in:the dag for £, that when labeling U_' +1
the largest ]I labels of its successors are the labels of the tasks.in I. Now consider task T. By
definition, LABEL(T) > LABEI.(Uj +1). Since T has no successors in W, and THT is false, it
follows that there is a task E ¢ W such-that LABEL(E) > LABFi:(:l;lj)zandz.&(E) < c(xj). Intuitively,
the first condition helds because LABEL(E) must cxceed the label of some task in 1, since LABEI(T)
> LABEL(UJ- + 1). The sccond condition holds since E is not in Xj, - Therefore, e?ch time the
elsc-clause is executed in the procedure defining segmients, at least-one lateccomeris addedto W. - 0

3LL3) Thecases=m:1
Given a scgment W, let g be the number of resource tasks in'W and let d be the aumber of time
units in the Coffman-Graham schedule having a resource task exccuting on processor one.
Lemma$,6: CG <(mOPT + a + 1)72
.M v
From the constructions of blocks and segments it follows that for each ’time unit B € CG, not having a

resource task executing on processor onc, that ane-of the following holds::



1. Bis the last time-unit in W,
2. Bis not the final time unit of any block. This means that there are at least two tasks of W-which
- are not latecomers and exccate in B. |
3. Biis-the final time:unit of block X;, for some-i-# 0 (iie. not the last'bleck):  This means that at
least onc latecomer was placed into'W-when block X; i wasadded o W.
Notc that there are CG - d time units not having d resource :ask ~exq;{iiin§-6ﬁ processor ene, and for
- only onc of these time uaits éan item 1 (above)hold. Thus,d + 4CG-d-1] + 1 = 20G-d-lisa
lower bound on the number of tasks in W.' Since m OPT is an upperbound on'the number of tasks in
W, we have m OPT > 2CG -d - 1.. |
Clearlyd = a -k forsome k > 0, hence, mOPT > 2CG-fa~-k]-1. -
.CG L (MOPT + a + 1)/2-k/2
SMOPT+a+1n2 : - . - s
“Fhree corollarics foHow directly from the proof of the above lemima:
Corollary 5.1: If a resousce task cxecutes on any processor-other than processor one, then
CG < (mOPT + a)/2.
Coroliary 3.2: Ifm OPT > 2 CG - d, then OG. < (m OPT +-a)/2.
Corollary 5.3: If any time unit with a resource task executing on processor one, has a task T €W,
exccuting on.processor two, and T is not a latecomer, then CG < (m OPT + a)/2.
’l‘ocorﬁplctc the proof for s = m - 1 there are three casesito consider:
Case 1: A resource task cxecutes on a processor other than pmccssorone |
From Corbllary 5.1, it follows that CG/OPT < (m OPT + a)/(2 OPT). Buta < (m - 1)OPT, since
there are only m - 1 units of resource available at cach time unit of OPT,
.. CG/OPT £ (mOPT + (m-1)OPI)/QOPT) - .

=m-1/2



-97-
Case 2: Each resource task exccutes on processor one and 3 < (m - 1) OPT - 1.
From Lemma 5.6, CG/QPT < (m OPT + a + 1)/(2 OPT).
< (m OPT + (m - 1) OPT)/(2 OPT)
 =m-12
Case 3: Each resource task executes on processor onc and-a = (m - 1).OPT.
These conditions mean that in each time unit of OPT, m-~ 1 tasks roquire a.resopufce, and that each
resource task requires exactly one unit of one resource. In particular, consider the ﬁrsgtime unit of
OPT. Sin};e m 2 3, (hence s > 2), there are at least two resource m;ks cxécutimg in that time unit.
Let T} and T, be two such tasks. In the Coffman-Graha&l schedule, T} and T, both ‘cxecute on
pfocessor onc. Without loss of gencrality, assume. that Ty qxacueas:bcﬁ;rer 'an -There are only three
possible reasons why T did not cxecute with Ty in the Coffipan-Graham schedule: <

1. Due to processor constraints. That is, when T2 was scheduled, the only:reason that it was not

- scheduled to exccute with T, was that the time unit.whese T exceutes already contained m
tasks. Let Ty be the task which exccutes-on processor two. - It follows that LABEL(TI) >
LABEL(T3) > LABEL(T,), and that o(T}) < o(T3) ( o(T,). From:Lemma 5.3, since Ty and
T have no predecessors in W, it follows'that Ty and T ‘are in.block X . Then, from the
definition of blacks, Ty € Xq, hence T3 € W. Thus, the time unit where T, exccutes has a
resource task cxecuting on processor one and a task Ty € W on processor two. Since T;is not a
latecomer, from Corollary 5.3, CG < (m OPT + a)/2, Asiin Casc 1, OG/OPT < m - 172,

2. Duc to precedence constraints. That is, some task Ty:4 Ty had:not executed prior to time unit
a(Tl) ini the Coffman-Graham schedule, ' It follows that LABEL(T 1) > LAIIIiIﬂ'})‘ >
LABEL(T,) and that o(T}) < o(T3) < o(F,). As aboﬁc. it foltows that Tyisin W. But this is
a contradiction, since T must execute before T, in OFY and Ty cxocutes in the first time unit

of OPT.
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3. Due to resource constraints. That is, some task- Ty cxecutes in the same time unit of the
Coffman-Graham schedule as Ty and requires the ‘same” resource as T,. Tt follows that
LABEL(T)) > LABEL(T) > LABEL(T,) and ‘that a(T})'S o(T3) < o(Ty). As above, it
follows that Ty is in W. But this is a contradiction: Sice T is a resource task, and it doesn’t
execute on processor one:

'This completes the proof for lhc;cases = m-l, . S S
&L132 TheeasesSm:-2
Given .a segment W, the time units of the Coffiman-Graham schedule can be «partiti;med into the
following three sets:

- F={BeCG:|B|=mand(VTe BT ¢ Wand T isnot»ahwmd}

H = {Bc CG: B ¢ Fand (3T € BT € W and T'is not a latecomer arid T is a resouroe task]}

P=CG-F-H | ‘

It follows that for each B ¢ P, cither B has an idle processor or there is -’a:;*exm task in B (this extra task

may or may not be a latecomer). The time units in'F are Rl time units, those in H are resource time units

and those in Paremmammgunm.i»

Lemma 3.7: If the first ime unit of CG is either a full or resource time unit, then OPT > [P} + 1.

Proof
Consider the partial time units of W and number them (left to right) from 1 to [P|. For 1 < i< [P}, let
Y; be the task exccuted on prooessor one in the time unit immediately following partial ime unit i,
Let T* be the task executed on processor one in partial time unit 1. - ‘There arc two obscrvations to be
made:

L T* < V. Tosce that this is so, consider the time unit where T* exccutes. Since this is a partial

| time unit, any extra tasks in this time unit have a label smaller than I;ABEL(VI). Since Vi

executes after time unit o(T*), for some task T executing in that time unit, T < Vl' Suppose T
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# T* Since LABEL(T*) > LABELm,s‘and'Vl‘i is-the task withi the highest label that either T

or T* can preccde, it must be that T* < V.
2. Forl 5 7S IP|-1, every T-€ W, such that LABEL(T) > LABEL(V), precedes atask R € W,
such tha( LABEL(R) > LABEL(Vj +1:)z' To see:that ‘this is so; consider any task T with
- LABEI(T) > LABEL(VJ-). “IfFTL Vj +1 the claim holds, so assume not. Let T' be thé task
executed:on:processor oue in pastial time unit i+ 1. Similarly to the previdus observation, T' <

J
LABEL(T) > LABEL(T"). Since T* < Vj +1 anﬁf'r?'dmn’tﬁii‘mmwceedewm{msk R with

Vi1 It follows from LABEI(T) 2 I.ABF.L(Vj) and LABEL(V,-)"_)_)LABEL(T'), that

LABEL(R) > LABEL(Vj 4+1)- All that remalris is 1o show that R-€ ;'w;%:lt?’-R is in some-block
then it is in W, so assumc that R is an extra task. H o(R) < 6(Xg); then'R s a latecomer toW:
(it is added no later than when block X is added tﬁ=W).i‘“!ﬁb(R)<§”a(Xo)‘men R¢ Xo,smce
Vi1 € Xgand LABEL(R) > LABEL(V; , ;). This ¥ a contradiction since R is'an extra task.
Thus,R € W. |

From the above two observations, it follows that task T* and every task T €W with LABEI(T) >

LA BF,L(T"),‘ precedes a chain of at least P} - 1 tasks'(with each task of thatchain a member of W).

Now consider the first time unit By of W. There are two-cases:-

Case 1: Bl is a resource time unit.

If some task T € (B; N W) precedes task T* then T procedes a chain of at least [P tasks, each
of which is in W, hence OPT > |P| + 1. Thus suppose that there is ne such-task T. Since
there is cither an idle processor or an cxtra task inBl (which'must fave a lower label than T*),
when T* was scheduled there was: still room in By for it. . Since T* couldn’t have been
prevented from exccuting there duc to resource constraints: (F* roquires no resources), there
must cxist a task Q such that_Q {T*. Morcover, Q € W since T* € W and T* is in the first

partial time unit of W (i.c. Q cannot be an extra task). Hence; Q precedes a chain of at least |P|



tasks, each of which is in W, hence OPT 2P} + 1.
Casc 2: By isa full time unit.
Let Ay, .., Am be the:tasks exccuting in By..If each A, has.a label exceeding LABEL(T®) then
there are at least m+1 tasks in W, cach pmcedmg a'chain of at least [P tasks, each of which is
in W. It follows that OPT > |P|+1. Il;us‘-asswne that :for some  A;,: LABEL(A)) < |
- LABEL(T*). Then, identically to Casc. 1;: there éxists a:task Q € W, such that Q.< T*, hence
OPT> Pl +1 S T _ n]
Now we: complcte the proef of the upper bound fqr s < m-- 2. Note that it follows:from previous
arguments, that there arcat leastm|F| + [H] + 2 [P}- 1 tasks.in W.. Again there are two casts tb consider
bascd on time unit B of the Coffiman-Graham schedule: -
| Case 1: By is a full orresource time unit |
First note that OPT 2 |Hi/s, m OPT 2 m |F| + R} + 2 [P} - } and that OPT > [P} + 1 (from
Lemma 5.7). Morcover, CG = |F| + [H| + [P}, so - |
- mCG = [m{F] + H| + 2P| - 1] + [m- 2P} + D} + Km - L)}HE-m + 3
SmOPT +(m-2)OPT + (m-~ )SOPT -(m - 3)
=[2m-2 + s(m-1)]OPT -(m - 3)
<[2m-2 + s(m - 1)] OPT, since m > 3.
.".CG/OPT £ (2-2/m) + (1 - /m).
] m 2 B, is a partial time unit.
Since By is the first time unit of the schedule, there are no latccomers in B;. Morcover, because it
isa parﬁal time unit, there must cither be an extra.task or an idic: peocessor in Bl. hence lBl N wj
< m- 1. Siacc none of the tasks in By MW requires.a resource, it follows that cach task in Xq -
~ B, has a predecessor in B; N W. From Lemma $:3 and the masner in which latecomers arc added

to W, it follows that cach task in W - Xq has a prcdeeessork:Xq. Then by transitivity, cach task in
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w- B, has a predecessor in By M W. Now consider an optimal sehiedule: for W. Such a'schedule’

must have an idle processor in its first time umt. since thc only tasks that can execute there are

those in Bl N W. Thus, m OPT >mlF + H| + 2 IPI From thepmofﬁf'[&mma 57 it follows

that OPT > [P]. Moreover OPT 2 [Hl/s. Thus, '

= [m [F| + |H] + 2{P]} + m - 1) IHl] + ((m Rl
SmOPT +(m-1)sOP'l‘+(m-2)OP’I‘
= [2m-i + s(m - 1)] OPT
*. CG/OPT £ (2 2/m) + (1 -1/m)
" This completes the proof of the upper bound.
2.1.2 The lower bounds
In this section we prove that the upper bounds given in Theorems 5.1 and 5.2 arc the best possible
bounds. We concentrate on proving that the bound given in Theorem 5.2 - the processor constraint case -
is the best possible result. At the end of the section we indicate how to modify that proof to show that ﬁe
upper bound given in Theorem 5.1 - the no-processor constraint case - is the best possible result.
Lemma 5.8: If m > 2 (a processor constraint), the upper bound given in fIhcprng.Z is the best possible
result. o o
The task systems we will use to prove this lo'wervbvound wilt consnstofvanous éombil;ations of the
following two sets of tasks (Figure 5.3): | -
Definition: An RES,-structure consists of:
1. The following tasks:
A forl<v < s, where A requires only resource v

ij for1 < v<s,1<j<z where B . requires only resource v

v

C, for1 < v <'s, where C, requires only resource v
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- Figure 5.3: Two useful structures
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2. The following precedence constraints:

A VA8 C < Cyyforl Sv S5

Av<Bv+lJfor15v<s-1and151$z

B,; <Cv+1for15v <s-1and1 <j<Lz

Definition: A PRECx‘y-strucmre consists of:

1. The following tasks:

D forl1 <j 5x where D, requnresnoresources

J

Ejk for x- y<35x -1, 15k5m whercFJkrcqulresnoresoum

Fj forl < j < x, where Fj requires no resources
2.'The following precedence constraints;

D <D landF <F s1for1 <jsx1

D] 4 E 1kforx~y-1 <j <x-2and15k5m

ij 1forx-y<15x1andl$k$m

For1<v < s, we will refer to tasks B yIr = B , a8 B, -tasks, and-for x-y 5,35*-1 we willrefér to tasks
Ejp - By as Fptasks. | |
These two structures can be combined by the use of the following precedence relations:
1. RES, < PRECx'y means that A<D, o
By <F forlSk <z

C < Fy

2. PRECx‘y < RES, means that D, <A
D, <Bjforl <k <z
F, <Gy
These precedence relations are shown in Figure 5.4.

Now consider possible Coffman-Graham labelings of these structures:
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- Figure 5.4: Precedence relations between the structures

Remaindcr of RI?.Sz

NN, L
Py

| I

Remainder of PRECx’y

2)RES, < PREC, ,

Figure 3.5: Bad CG labelings

a) A bad CG labeling of RES, when's = 3. b) AM}CG labelmgof PRE.C‘%lwhenm =2,

Labels are given beside the tasks.



Definition:
1. A Coffinan-Graham labeling of a RES,-structure is a bad mmlmg if:
label(B,; ) > label(A ) for1 S v< sand1 <k < z
labcl(Cv) >label(A)) forl Sv<s
label(C,) > labekB, ) forl S v < sand 1Sk <z
2. A Coffman-Graham labeling of a PRECx'y-structure isa mgg labeling if"
label(Ejk) > label (Dj) forx-y<jS<xlandl1<k<m :
label(Fj) > labcI(Dj) forl<j<x
label(F;) > label(Ejk) forx-y<j<xlandl<k<m
Figure 5.5 shows examples of bad CG labelings. |
Proof of Lemma 5.8
Assumc that s > 1 and m > 2 are given. Letg, x, y and zbe integcljs to be specified later. Consider a
task systom S* consisting of q+1 RES, structurcs: RES;, .., RES3*1, and q PREC, -structures:

PREC! . PRF,C‘,“l y Intuitively, we arrange thcsc structures in a stack, alternating

Xy
RESstructurcs and PREC, y-siructures, with a RES, structure on the top and on the bottom o the
stack (Figure 56). Formally, m?si < PREC]  for1 <i<aqmd PREC] , < RESi+lfor1 <i<q,
Now consider a Coffman-Graham labeling of S“ in wh(iéh, each . RES,-structure and each
PRECx’y-structurc has a bad CG labeling. To sce that such a iabeling exists; consider thé point in the
labcling broccss when labels have been assigned to the tasks in RESi"' 1 As#ﬁmc, that this is a bad
CG labeling. Now, PREC,i(,y can have a bad CG labchng éuly if the 'labcliéng algorithm assigns a
smaller label to D,i‘ than it docs to F)i‘. But, this is preciscly what the labeling algorithm does since
RES; 1 has a bad CG labcling, hence label(C] +1) > labei(A] +1) and label] +1) > tabet(B] )

for 1 <k <z A similar obscrvation can be made about a bad CG labeling of RES%. given that

PREC,i‘ y has already been assigned a bad CG labeling. Thus, a Coffman-Graham labeling of $* in



Figure 5.6: The task system S*
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Figure 5.7: The Coffman-Graham schedule - exccution of RES!, and PRECY, . after C') has executed.
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- which cach of the structures has a bad CG labeling does exist.
The initial portion of the list (uséd to schedule $*) which-is formed as a result of this labeling is:

1 pleae al ol ol 1 1 ol 1l nlglpl o owl ol ol
(C , Bl-tasks, Al’ C2, Bz'taSkS, Az, w, C s B -tasks, A F3, Dl' }‘2, Dj5; ... ,.Fx_y_l, Dx_y-_-l, FX‘Y"

Ex.ytasks, DL .. FL . B} -tasks, DL} FL DL €2, ). Beginning with CF the pattern repeats
2 2 3 53 andin
for RES; and PRF,CX v then for RES; and PRECi'y,-and $0 on.

 The Coffiman-Graham schedule produced from this fist is as follows: Exccute task C} in the

first time unit, followed by the remainder gf RES}L and taskF}in the next (z+1)s ti;ne units (each
BYy exccutes alone, since label(BL,) > labeHAL) and'Al precodes all of the tasks that migit cxecute
with lelk)' lq the next x+y time units exccute the remainder of PREE%J and task C% This consists
of x time units in which two tasks execute per time uait and y time units In which fn of the El-tasks
exccute per time unit. In the next (z+ 1)s time units execute the remainder of RES% and task F%. And
so on. The pattern ‘r-epcatsl(Figure 5.7) until RES%"' 1 exccutes in the finial (z+1)s time units. This
Coffman-Graham schedule has length
CG =1+ (z+Ds +x + y)g+ (z+1)s. )

Now we want to get an upper bound on the length of an optimal: schedule for this system.
There are three cases to consider based on the three parts of the lower bound given in the statement
of Theorem 5.2.

Cael:s2m

Without ‘loss of gencrality assume s = m. Let z be an arbitrary intcgerand Jetx =y = q = 0. The
task system §* consists just of RES). From(I);CG =1+ (z+Ds =5z +5 + L.

Consider the following schedule for this task system: - In the first's-time units cxecute the Al-tasks. In
the next z time units, exccute all of the Bl-msks; ‘with s tasks: executing per time unit - one task
requiring cach resource.  Finally, exccute the Cltasks in the last s'time units. This schedule has

length z + 2s, hence OPT <z + 2s.
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..CG/OPT 2> (sz + s + 1)/(z + 2)
limit, _, oo CG/OPT >'s = m.
, Cases land s S mrl
Consider the following condition: ’
Condition 1: For 2 £ i < q, if the D'"!-tasks, the Al-tasks and the tasks in RES}™! have exccuted,
then all of the following tasks can be exccuted in. the next z-time units; the Bltasks, the D'-tasks,
 the E"-tasks and the Fi"1-tasks,
Whether or not this condition holds depcnds upon the rela&vehgalnes ofs,m, x,yand z. Also, if the
condition holds nonvacuously (i.c. q 2 2), then the following also held:
L If the Al-tasks have been exccuted, then the B)-tasks and D!-tasks can be executed in just z
time units. |
2. If the "-tasks, the A9+ -tasks and the tasks in RESY have been cxccuted, then all of the
following tasks can be cxccuted in the next z time units: the B3 1-tasks, the ES-tasks and the
FA-tasks. ‘ |
Lemma3.9: Ifs = m-landx 2 72,‘withq = x,z.= 2x and y = 0, thea Condition 1 holds.
Proof
First observe that y = 0 mcans that there are no ELtasks for any i-l. The Bi-tfasis;’Di-tasRs and
» Fi'l-tasks can be exccuted in just z ﬁmc units as follows (Figure 5.8): In time unit k, execute
tasks Bl ..., Biy. Since s = m-L, this utilizes m-1 processors in cach of the 7 time wnits. ‘The
Di-tasks and F"l-tasks exccute on the unused processor: the D-tasks cxecuting in the first /2
(=x) ﬁhc units and the FI"1-tasks executing in the second 2/2 { =x) time units. 0
Lemma $.10: Ifs <m-2and x is an imcgcr'suchum'x 2 2and (x-1) =0modm, withz = x,q = x

and y = (m-s-2)(x-1)/m, then Condition 1 holds, .
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Figure 5.8: Execution of the tasks - Lemma 5.9.
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Figure 5.9: Execution of the tasks - Lemrha 5.10
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Figure 5.10: A "good" schedule.
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Proof

First obscrve that y is an integer and that there are (m-s-2)(x-1) of the E"L-tasks. The B-tasks,

Di-tasks, E"1-tasks and Fi"l-tasks, can be exccuted in just zvfﬁme ﬁnits as follows (Figure 5.9): In

time unit k, exccute tasks B{k, . B;k Divan'd F;'l’; Phis utilizes S+2 processofs, icaving m-s-z

processors at each time unit to cxccute the F.i'l-tasks on. These tasks are executed in tunc units 1

thru z-1 (=x-1), with m-s-2 of the E!"L-tasks executing per time uait. ‘ o
To complete the proof of the lower bound we assgmé that q, x, y apd z are ch_ogcn such that
Condition 1 holds. Consider the fol!owiég schedulc‘ for the task system (Figure 5.10): In the first s
time units execute the Al-tasks. Exccute the Bl-tasks and D1-tasks m m‘é’vpcxt 2time units. Thisis
possible since Condition 1 holds. In the next s+1 time units exccute ihe Cl-tasks and the A2-tasks.
Now execute the Bz-tasks, Dz-tasks; El-tasks and Fl-tasks in the next z time units. This is possible
since Condition 1 holds. In the next s+1 time units execute the Cz-task-s and the A3-tasks. Now
execute the B3-tasks, Ds-tasks, E-tasks and F2-tasks in the next z Ume units. And so on. This
pattern continues until the CY-tasks and Aq+1~tasks execute. Then exccute the B3t l-tasks,
E9-tasks and FO-tasks in the next z time units. Again, this is possible since Condition 1 holds.
Finally, execute the 9+ Ltasks in the last s time units. This schcdule»h;aﬁ length 5+z+1)q 4+ z +
2s. Thus, given s and m, provided q, x, z and y are spcﬁﬁod SO Condition. 1 holds, we have:

OPT<(s+z+1)g+z + 2. (H))

Case 2 : completion: s = m - 1

Let x be an arbitrary integer with q = x,z = 2xand y = 0. By L.emma 5.9, Condition 1 holds,

and frdm an, oPT < (s+2x+1)x + 2x + 25 = ul + (s+3n .+ 2. Fom(I),CG =1 +

x+1s + 0% + x+Ds = Qs+Ix2 + Isx +5 + L.

Codimity |, oo CG/OPT = s+ D2 =5+ 1/2=(m-]) + 1/2=m- 1/2.
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Cage J - completion: s <m -2
Let x be an integer such that x->.s and (x-1) = O mod m, with z = x, q = x, and y =
(mvs-ZXz;-l)/m. By Lemma 5.10, Condition 1 holds and from (). OPT < (s+x+1Dx +x + 25
=x2 4+ (s+2x + 2s. From(l), CG =1+ ((x+1)s + x + (m*s-Z)(xﬁl-}/;m)x# x+1)»s =
(@Um)+ Aot + Qs- s DM ks AL e
. limit, _, o CG/OPT 2> (2-2/m) + 5(1 - 14m)
This concludes the proof of Lemma 5.8, showing that the botmd given in Theorem 5.2 is the best
possible bound. : Cn N 0
' Lemma S.11: Ifm > n (no processor constraint) then the upper-hound given in Theorem 5.1 s the best
- possible upper bound.
Proof
Consider a task system S* as described in the previous proof, with x an it;teger.-x 22, z=x, q=x 1nd
y=0. It follows from that broof (cquation 1) that there exists a. Coffman-Graham schedule for $*.of
length |
CG =1+ (x+1)5s + 0% + (x+1)s = (+Dx% + 2% +5+ L.
From the proof of Lemma 5.10, it follows that Condition 1 holds given thesc values of x, z, q and y.
This in turn implies that equation 11 given there holds; m:&cm.QM-a~(wtimd) schedule for S*
of length
OPT < G+x+Dx + x + 25 = x2 + (s+2x + 28,
.. CG/OPT < [s+Im? + 2% +5 + W2 + (s+2)x + 25}
limit, _, oo CG/OPT =1+ 5 | o
5.2 The implication for eritical path scheduling |
Now we consider the implication of the above results for critical path scheduling of UET task

systems with discrete resources. Because Coffman-Graham scheduling is a subclass of critical path
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scheduling and UET task systems with 0-1 resources are a subclass-of UET task systems with discrete
resources, we have the following two lower bound results for UET task systems with discrete resources:
]hm'm: If m 2 n (no processor constraint) then, in the worst ease; CPATH/OPT can be arbitrarily
closetol + 3.
Theorem 5.4: If m > 2 (a processor constraint) then, in the worst case, CPATH/OPT ean be arbitrarily
coseto  m  if s>m |
m-1/2 if s=m-1
(2-2/m) + s(1-1/m) if s<m-2
In the remainder of this section we concentrate on critieal path- scheduling of systems without processor
constraints. Similar remarks apply for critical path scheduling of systems: with processor constraints,
except that they are complicated by the fact that the lower bound has three portions.
The result in mw $.3 can be mparedtoﬂaehuﬂtofﬁmy et.al. {GG}Y}, for critical path
‘scheduling of UET task systems: with continuous resources. That résult is CPATH/OPT <1+ 17/10.
If we let s, 1}, - , Ig) be the best possible worst case bound for critical path scheduling of UET task
systems with discrete resources, we have: |
1+5 S fsrp,...r) S1+17/10 @y’
" Several remarks can be made about equation 11,
First, regardless of the actual values of T o Tg the function f is cssentially a linear function in s.

The valucs of r), ..., 15 (i.c. the distribution of units of resource among the various resources) are
relatively unimportant in determining the worst case bound on CPAFH/OP’T . This is in sharp contrast to
the situation forlist scheduling of UET task systems with discrete resources. In that instance, the bound
was LIST/OPT < 1 + rwhere r = X}_ | . There, the number of differest resources didn't matter at
all - only the total number of units of resource of any kind in the task systom.

Sccond, relatively little additional information about the worst case performance of critical path
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scheduling for UET task systems with resources is to be gained by explicitly obtaining the function f.
That is, the results on the worst case performance of critical path scheduling provided by the continuous
model arc going to be relatively close to those provided by the discrete model. These bounds are related
by a constant - both are bounded by linear functions of s. Again this contfasts éharply with lthe results of
Chapter 3 on list scheduling. In that chapter, we saw that the list scheduling results based on the discrete
model had a much higher information content than those based on the continuous model. Here, they do

not.
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ﬁ.lSummm

In thc past several chapters we have studned hst and cnueal path schedulmg of UET task systems’
with resources. Thc formal model of task systems thh resources used in most prevnous work involving
the analysns of schedulmg hcunsucs for thesc types of systcms mvolvcs mnnnugus rcsoun:es That is,
there is one unit of each resource and a task may require any portion of that one unit. We noted that
there are some serious questions about the appropriatencss of that model in regard to cprtain application‘)s.
In particular, the assumption that resources are continuous sccms inappropriate for applications where
the available quantities of cach resource are small. To try to overcome thcse perccived shortcomings of
the model with continuous resources, we introduced UET task systems with discrete resources. In that
model, there are a specific number of units of cach resource, and a task may require only integral
numbers of those units. Our hope was that performance bounds bascd on this model with discrete
resources would provide substantially more information than bounds based on thc model with
continuous resources. In particular, information about thc affect on performance of increasing or
decrcasing the available units of resource in the system. Morcover, we noted that depending upon the
particular application, the presence of processor constraints was or was not apprbpria(c. Thuﬁ. we
investigated the worst case performance of list and critical path scheduling for four models: those with
discrete or continuous resources and with or without processor constraiﬁts. A summary of the major
results now known about these problems is given in Table 6;1. Of the results given there, we note that the
two results for UET task systems with continuous rcsbun:cs and no processor constraints arc due to
Garéy. ctal. [GGJY]}, and that the rest of the results are given in this thesis.

Finally, to reiteratc the remarks made in the last chapter about the relationship between the models

with discrete and continuous resources, we found that our expectation that bounds based on the model
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Figure 6.1: Summary of the results for UET task systems with resources - -
LIST/OPT CPATH/OPT -
Continuous | No GGIY] I
b GGIY] [GGHY]
constraint SOPT/2+s/2+1 1+17s/10
almosl"bestposlble . best possible
Processor 11 .
constraint [GGY] ) : - m Sl 2dmds+l
min{m, (s + 1)OPT/2+5s/2+3/2} s+m+1)/2 ifs+1{m{2s+1
(4s+m+3)/4 if2s+1<{m<8s/3+1
I . [Yao} v :-(ldﬂ‘vm{-%m “if8s/3+ 1€ m{3s+1
min{m, 2+17s/10-(354+ 1)/m if3s+1<{m m2x10
(m-1)sOPT/(2m)+ Hm-1)s/(2m) + 1} 2+55/3-(8s/3+1yY/m  ifds+1<m m<10
Discrete No ‘ 1+r ->l+s
processor best possible
constraint
Processor (2-1/m) + r(1-1/m) m ifsam
constraint " best possible -20v1/2 if$ = ml
2(2-2/m) + dl—l/m) ifs{m-2

Unless otherwxsc noted, each of the above results isan upper bound.
Except where notc-1, all of these resuits are given in this thesis,
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Wiﬂl discrete resources would have a much higher information content than bounds based on the model
with continuous resources, was both right and wrong. For list scheduling, this was certainly the case - the
results were particularly strong fdr the modcl with discrete resources aﬁd wcre%i;arti;:ulaﬂy weak Afor the
modcl with continuous resources. For critical path schc_c‘inilinﬁ. we found that while bounds based on the
modcl with discrete resources should have a slightly higher in’fénﬂ%tion »contetrlt ihan bounds based on the
model with continuous resources, the additional useful information is ;not nearly as great as for list
scheduling. For this reason, obtaining tight bounds fprqi_ti:cal path kngduling of UET task systems with
discrete resources does not appear to be a particularly important problem. -

6.2 Open Problems

There are obviously a large number of questions which remain unanswered as a result of this
rescarch. We mention only a few of the problems which we fecl arc the most firhbomhthene.

First, is to analyze the worst case performance of other schcduhngaigorithms with respect to the
task system model with discrete resources. In particular, the performance of‘ the resource decreasing
algorithm. This is a list scheduling algorithm in which the tasks arc ordered in the list according to their
Rmax-Values -- tasks with the largest R nax-values coming first in the list. This algorithm has been
analyzed by Garey, ctal. [GGJY] for UET task systems with continuous resources and no processor
constraints. For that modc! they show ihat RDEC/OPI‘S 1 + 17s/10, and that task systems and
resource decreasing schedules for those systems cxist, such that RDEC/OPT > 1 + 1.69s (where
RDF.C)OP'I‘ is the worst casc ratio of the length of a resource decreasing schedule for a task system to the
length of an optimal schedule for that task system). Note that this is the samc upper bound as that for
CPATH/QOPT. An intcresting question which might be answered via the model with discrete resources, is
whether or not resource decreasing schedules and cﬁtkal path schedules are as comparable as they appear
bascd on the worst case performance bounds for UET task systems with continuous resources and no

processor constraints.
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Second, is to find algorithms which have a worst case porformance bound substantially better than
O(s). Consider, for instance, the scheduling of UET task systems with 0-1 resources and no processor
constréints. Ali of the scheduling alogrithrﬁé th;u we have cxéminéd - list; critcal path, Coffman-Graham
- as well as the resource decreasing algorithm (and simple variations of it), have a worst casc.performance
bqund'(v)f 1 + s when applicd to these systéms. An élgorithm which had any kindAof sublinear (in s) worst
case performance would be a significant advance. Prcsumably, such an algorithm for UET task systcms
with 0-1 resources could be extended to provide a sublmcar algonthm for more general UE l" task systems
with resources - either continuous or discrete.

Third, is the analysis of scheduling algorithms with réspect to the model w_ith discrcte resources in
other contexts. For instance, in a mbdcl with no precedence cmsuaipﬁ. but‘ where task exccution times
are not restricted. In Chapter 7 we give two results on the worbst‘ case pcrﬁ;r;nance of list scheduling for

that particular model.
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Chapter 7 - Nen-UET resuits

In this chapter we investigate list schedulmg of task systems Qnm resources wherc no prccedence
constraints exist and where task execution timcs are not restncted. As notcd prcwously. thxs submodcl is
one of the two major submodcls used to mvesugate schcduhng algonthms Also as menuoncd earlxer. we
note that there is not always alist schcdulc of opumal lcngth for such task systcms. Dcsplle that, because
list schedules are intuitively s:mple and are casy to construct. they provnde the basns for most schedulmg
algomhms for task systems of the type we study hcre ln dus chaptcr we deal exclus:vely with hstr
scheduling. For companson purposcs, we note that Graham [066] has shown that |f m 2 2(a prooessor
constramt) thcn LIST/OPT < 2 - 1/m and that this is thc best possable msult. We also note that lf m >
n (no processor constramt), then LIST/OPT =L k
1.1 Continuous resources |

‘The only two significant results for list scheduling of task systems with continuoﬁ;r’esoulrfce"s a;d no-
precedence constraints, are by Garey and Graham. They show [GG73, GG7S] that if m > n (no
processor constraint), then LIST/OPT < 1 + s and, [GG7S), if m > 2 (a processor constraint), then
LIST/OPT < min{(m+1)/2, s+2 - (2s+1)/m}. Morcover, they show that both of these bounds are the
pest possible.

1.2 Discrete resources

There are no previous results about the schcduling‘of task systems with discrete resources and no

precedence constraints. In this section we prove the following two results about such systems:
| Theorem 7,1: Ifm > nand s=1, then LIST/OPT < 2 - llrl. Morcover, this result is the best possible.

Theorem 7.2: If m 2> n, s=2, and ry=1, then LIST/OPT < 2 - l/rl. Morcover, this result is the best

possible.
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There are three things to be noted about these resul{s. )

First, and most obvious, is that given a system with a single type of resource, the addition of a single
unit of a second type of resource has pg affect on the worst case performance of list scheduhng “This is
somewhat surprising, and the qucstIon arises whcther this is a general phcnomenon That is, can single
units of a third resource, a fourth respurce, and s0 on, bc addcd to the system wnthout affecting thc worst
case performance of list scheduling? Not surprisingly; the answer is no. Figurc 7.1 shows an example of a
system where the addition of a single unit of a third type of resource results in a worst casc bound
exceeding2 - 1/ry. A |

Second, it is interesting to note that for the special case ;)f rl =1 = .1, list schedules are optimal.
As the example in Figure 7.1 shows, this phenomenon does not generalize.

Third, we can compare “these results to those for task systems wnh continuous resources. For
systcms with s = 1, the results for continuous resources inékatt that LM/OPT < 2 Our results show
that LIST/OPT < 2 - 1/1r;. Obviously, for systems with a small number of units of resource, our result
provides a somewhat better indication of the worst case performance of list scheduling. For systéms with
s = 2, our results show how significant the difference can be between the discrete and continuous bounds
when small quantities of resources are involved. For example, if r) = 2andry =1, our bound shows that
LIST/OPT < 3/2. The bound bascd on systems with continuous resources is LIST/OPT < 3.
Morcover, if rp = r, = 1, then our bound indicates that list scheduling is optimal.  Again the bound
based on systems with continuous resources is LIST/OPT < 3.

122 Upper bounds

In this scction we prove the two upper bounds associated witﬁ Theorems 7.1 and 7.2. In the next

scc_;ion we show that those two bounds are the best possible upper bounds.

Note that we can prove both of the upper bounds, mercly by proving the upper bound for the case
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Consider a task sytem with 4 tasks and 3 resources:
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0 1
1 0
10
01

Resource i

0]
0 ]
1]
1]



-121 -
ofs = 2andry = 1 (Theorem 7.2). From such a proof it follows immediately that the-same bound holds
for s = 1 (Theorem 7.1). Similarly, if we show that the upper bound is aéhigvéble for the case ofs =1
(Theorem 7.1), then the bound is achicvable for the case of's. = 2 and-ry = 1 (Theorem 7.2). Before
proving these results, we have the following mathematical fact:
Claim7.1: If X < D, and B> AC, with A, B, €, D, X all non-negative, then
(X + A/(CX + B) S (D + ACD + B).
Proof
Assume X < Dand B > AC. Then B-AC > 0, so
(B-AO)X < (B-AC)D
= BX + ACD < BD + ACX
= CDX + BX + ACD + AB < CDX + BD + ACX + AB
= (CD + BXX + A) S(CX + BXD + A)
= (X+A)/CX+B<(D+A/CD+B) T a
Lemmall: Ifm > n, s=2and = 1, then UST/OI’F <2- llrl.
Proof
Consider any task system with two discrete resources, where ry 2 landry= 1. Let LIST be any list
schedule for that system. Similarly to an earlier proof, for each time gﬁiat B of LIST, we lct Ri(B) =X
Ri(T) summed over all TeB, and Ri(L]ST) =2 Ri(B)lsummcd over 4&_!“-1 time units B in LIST. There
are scvcrél cases to consider based on the resource usage in various time units of LIST.
Case 1: In each time unit Bof LIST, Ry«(B) = 1.
Since ro = 1, this means that LIST = OPT, hence LIST/OPT = 1<2- ).
Case 2: In each time unit B of LIST, RI(B) >/
Since Rl(B) > r1/2, we have RI(B) 2 (rl + 1)/2. Then RJ(LIST) > (ry + DEIST/2. But, OPT

2 Ry(LIST)/r}. Tt follows that OPT 2 [(ry + DLIST/2)/1;.
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-+ LIST/OPT € 2ry/(ry +1) = 2- (| + 1) €2~ U/ny.
Case 3: In some time unit B of LIST, Rl(B):S' /2 and-Rz(B) =0, -
Lét F = {B € LIST: Ry(B) £ ry/2 an‘d'Rz(B) = 0} and let B* € F, be a time unit such- that
Ry(B*) = min{R(B): B¢ F}. Lets = max{e(T):T'€ B*} and let £ = max{o(T) +77-1: T€
B*}. That is, s is the latest starting time of any task in B* and f is-th¢ Tatest finishing time of any
task in B*. Notc that at least onc task in B* has an exocution time.at/least asdarge as £ - s + 1 (in
particular, cach task which finishs at time unit f).

Now consider any time unit B;, 1 < i<s. There is at least one task T* in B* which did not
cxecute in B; (in particular, a task starting at time unit s). Task F*'shugt havo been prevented from
executing in B; by the resource constraints. In particular, sine R5(F*) = 0, it was prevented from
doing so by the constraint imposcd by resource 1. Thus, R{(B;) + R (T*) > r}, hence, Ry(B)) +
Ry(B*)> 1.

Similarly, consider any time unit Bi,"f <i < LISF and any task T-€ Bi' Task T did not
exccute in time unit B* due to the constraint imposed by resource 1. Thus, Ry(T) + R,(B%) > 1y,
hence, Ry(B) + Ry(B*)>ry.

Finally, letd = R (B*)
e= min{Rl(Bi): 1<i<sorf<i <LIST}
x=f-s+1
y = LIST-x
As noted carlicr, at least onc task cxccutes for at least x time units. For cach of the x time units, B,
s<i _<__ FERi(B) 2 Ry(B*). Also,y = (s- 1) + (LIS - and LIST = x + y. Morcover, from
the arguments given above ¢ 2 ) - d + 1. The situation isshown in Figure 7.2a,
.. OPT 2 max{x,[dx + ey}/r;}

2 max{x,[dx +(r; -d + Dyyr}
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Figure 7.2: Resource usages in a list schedule

Schematic: ' y time units I X time units
RyB)>r,-d +1 R,(B) > d
(FDfr 2 x]

a) The situation in case 3.

Schematic: y timc units I X time units
RiB)>r -d+1 R,(B)>d
R,B) =1

b) The situation in case 4.
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Intuitively, OPT is at least as long as the time it takes to ex;e-cute)-:any" task (and some task has an
exccution ﬁmé of at least x), and is at least as long as a schedule in which resource 1 is fully utilized
at éach time unit. There are two subcascs ta consider: - B
Subcase 1: x > [dx + (ry -d + 1)vl7r1 |
It follows that x > (ry - d + Dy/(r; - d) and that LIST/OPT < (x + y¥/x = 1 + y/x. Ifd =
0,theny =0, hencc. LIST/OPT = 1, so assume thatd > 0. Then, shbstituting for x,
LIST/OPT <1 + (r}-d)Ar;-d + 1)
=2-U-d+l)
<2-Un since >0,
Subcase 2: x <[dx + (rl -d + l)y]/rl
It follows that x < (ry - d + 1y/(ry - d) and that LIST/OPT < (x + ydx/ty + (r;-d +
Dy/r;} Morcover, since d < r}/2, it follows that (ry-d + /ey >d/r.
Using Clanim 71, withA =y,C = d/r),B=(ry-d+ y/ry,and D = (r} -d + l)y/(rl -d)
we have
LIST/OPT < [(ry d + Dy/(ry - d) + yVI(d/r)Xry -d + Dy/(ry -d) + (5 - d + Dy/ry]
=2-1(r;-d +1) |
<2-1/rysinced>0.
Case 4: In cach time unit B of LIST, either R l(B) >r/2or Rz(B) =1
'Let F = {B € LIST: Ry(B) = 1}. Also, let B* € F, be a time unit such that Ry(B*) = min{R(B):
B € F}. Note that Rj(B*) < r/2, since otherwise every B € LIST has R 13> r1/2. This was
handléd incase 2.
Now consider any time unit B, preceding B* in LIST such that RZ(Bi) = 0. Since Rz(B‘) =
1, there is at least onc task T* in B* which does not exccute in B;. The reason that it does not

exccute in B, is because of the constraint imposed by resource 1. Thus, RyB) + R(T*) >y,
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‘hence Ry(B) + Ry(B*)> r.
Similarly, consider any time unit B; following B* such that Ry(B;) = 0. There must be a task
T in Bi which does not execute in B*. - This follows becausc RI(B*) < rl/2 and r1/2< Rl(Bi)'
The constraint imposed by resource 1 is the reason that T docs not execute in B*. Thus, Rl(T) +
Ry(B*) > 1y, 50 Ry(B) + Ry(B*)>r;.
Finally, letd = RI(B*)
e = min {R;(B) : R«(B) = 0}
x = |{B e LIST: Ry(B) = 1}
y = LIST -x
Note thaty = |{B: Ry(B) = 0}] and that LIST = x + y. Morcover, by the argument given above,
e 2 ry -d + 1. Thesituation is shown in Figure 7.2b.
.". OPT > max{x, [dx + ey)/r; }
2 max{x, [dx+(ry-d+ 1)yl/ry}
As in Casc 3, it follows that LIST/OPT < 2 - 1/1y. o a
12.3 Lower bounds
In this section we show:
Lemma72: Ifm > nands=1, then the bound LIST/OPT <2 -1/ r. is the best possible bound.
Proof
Considef a task system consisting of the following tasks:
L A, withty =rjand RI(A) =1
2. B;forl i< ry(r - 1), with -rBi = land Ry(B) = L
There are, of course, no precedence constraints. The system is shown in Figure 7.3a. Consider a
schedule for this system gencrated from the list: (Bl' Bz, s Brl(rl - 1y A). Such a schedule (Figure

7.3b) consists of r - 1 time units with r B-tasks executing in cach time unit, followed by the
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~ Figure 7.3: The bound is achievable

At 1y =1 B, .- Brl(rl_l): 'rBi =1

R,A) =1 CRB) =1

a) The task system with s = 1 and r, units of that resource.

A list schedule:
List (B;B, «-- Brl(rl-l) A)»‘
Schedule: ; A N .
B-tasks | ‘
T; per time unit A
Time units: Nl n 1
b) List schedule
An optimal schedule: A
. B-tasks
r, - 1 per time unit
Time units: T - length=r1)

¢) An optimal schedule

* length = 2r; - 1



-127 -
exccution of task A. This requires an additional n time units. Thus, LIST = (rl -1) + n = 2r1 - 1
Now consider a schedule for this task system generated from the list; (A, Bl’ Bz, s Brl(rl i} 1)). Such
a schedule (Figure 7.3¢) consists of ry time units. In cach time unit, task A is exccuting on the first
processor, and ry - 1 B-tasks are cxecuting on the other processors. Thus, OPT = 1.

.. LIST/OPT = (2['1 - 1)/rl =2- 1/['1 0



In this chapter we investigate an extension of thé Basic! task system modcl that was discussed in
Chapter 1. This extension allows tasks to rcﬁuire more than one prbéemt;r’ lat each step of theif éxecution.
8.1 The model B o - |
A task svstem with concurrency i a system S = <T, <, m, C> where:

L T={Ty, ..., T,} is aset of tasks - associated with T; is a positive integral execution time ;.

2. { is a partial order specifying precedence constraints between the tasks.

3. There arc m identical processors.

4, CC{l1,2,...,m}. The elements of C are degrees of concurrency.
Associated with each task T, is a degrec of concurrency q; € C. Intuitively, task T, must execute for T
time units, and requires q; processors for each of those time units. Task Ti is said to require 195
Progessor units to execute. When convenient, we let qy represent the dggrec of concurrency of task X.

A yalid schedule for a task system with concurrency Sis a mapping ¢:7 — (N - {0}) such that:

1. Forall /¢ (N - {0}), QI < m, where Q; = X q; summing over all T; such that o(T i) I

o(T i) + 7" 1

2 If T; < T, then o(T;) + 7;- 1< o(T).
As far as performance bounds are concerned, we restrict our attcntion to list schedules.  Intuitively, for
task systems with concurrency, a list schedule is onc where, if m - k processors are available, the first
uncxecuted task on the list, all of whose prcdeccssofs have completed and whosc degree of concurrency
docs not exceed m - k, is executed. More formally, a task ']"j is‘m at tﬁne Lif for c;'ery T; such that T;
< 'l‘j, o(T;) + 7, - 1</ A list schedule is a valid schedule which is generated as follows:

1. Initially, L is an (ordcred) list of the tasks in Tand /is 1.

2. While L is nonempty perform this step
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a. Letk = X q; summed over all T, € L such that o) i< o(Ty+7-1
b. Let L' be a list of the ready tasks on L at time /, the tasks in the same¢ orderon L' ason L.
c. Wl.ﬁle L* is nonempty and k < m perform this step |

i. LetT be the firsttask on L,

ii. Ifqp <m-k,

thenlet o(1) = [ letk = k + qpand remove T from L.

iii. Remove T from L.*. '
d. Let/= 1+ min {o(T}) + 7;-1: T;¢ Land o(T}) + fi‘- 1> 0.
' Examples of a concurrent task systelﬁ and a list schedule for that system are given in Figure 8.1.

A task system with concurrency in which all tasks; have the sﬁnic executi(;n ﬁtﬁe (whkll is assumed
to be one) is a congurrent UET task system. All of our rcsulism‘eawaconcurrcnt UET task systems.
As with the basic UET task system model, no generality is lost by resmcting our attention to list
schedules when dealing with concurrent UET task systems, since there is always a list schedule which is
an optimal schedule.

The task systems with concurrency model arises from scveral sources. A situation where one
processor is to monitor another processor on a particular sct of jobs is an cxample of a tflsk explicitly
requiring more than one processor. Morcover, with the current interest in parallel processing, the
development of algorithms which require several processors to be simultancously devoted to a single task
scems incvitable. Apart from computer applications, task systems with concurrency model certain
practical situations more preciscly than standard task systems. For example, a construction company may
want to allocate its supply of men to complete some system of jobs. They know the number of men and
the number of hours required to complete cach job and are interested in completing the system of jobs as

soon as possible. This problem is naturally modcled as a scheduling problem for a task system  with

concurrency.
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Figure 8.1: An cxample of a task system with concurrency
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As is the case with scveral other extensions of the standard model a task system with concurrency
can be viewed as a restricted type of task system with: resotirces. ‘That is, given a task system with
concurrency S, consider a task system with onc discrete resource and no processor constraint. -
Furthermore, suppose there are m (the number of processots in: ). units of that resource available and
each task requires a units of the resource where a € C. This restricted type of task system with discmte_
resources is equivalent to a task system with concurrency. In as much as this rclationship exists, our
rcsulﬁ can be viewed as results for this restricted type of task system with-resources. However, we feel
that the approach through the resource model is an unnatural one for the p&blcms wé have described
| and that the task systems with- concurrency. approach . is more instructive. We know of no-results about
task systems with concurrency other thén those prescnted here. .
8.2 The complexity of concurrens UET scheduling
In this scction we give two NP-completeness results involving concurrent UET task systems. In
subscquent sections other aspects of the problem are examined, bascd on the probable non-existence of
polynomial time ajgorithms for finding optimal schedules for such:systems.
Consider the following decision problem:
CONCURRENCY: Given a dcadline d’, and a concurrent UET task system in which m is arbitrary, - -
< is empty (i.c. there arc no precedence coastraints) and C = {1, ..., m}does there exist a schedule
for the §ystcm with length not exceeding d*? T »
CONCURRENCY is stated as a decision problem, rather than as an - optimization:problem, so that it is
casily scen to be in NP Note that any dcgree of concursency up to the number of processors is allowed.
Theorem §.1: - CONCURRENCY is NP-complete.
Proof
Garcy and Johnson [GJ79] have noted that the preblem: of seheduling task systems with arbitrary
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exccution times and no precedence constraints to meet a deadline d ot p processors is NP-complete,
That problem reduces to CONCURRENCY by exchanging eac¢h execution timé for an cqual degree
of concurrency and lettingd' = pandm =d. T BT o ‘ O
Consider the following decision problem: =~ -
 2CONCURRENCY: Given a deadiine d", and a concurment UET ek system in which there are 3
' processors; < * is arbitrary and € = {1,2}; does there exist‘a schedule for-the Systern withlength not
exceeding d'? | |
It has been shown by Ullman [U75] that the following problem is'NP-cortiplete:
NOIDLE: Given a deadline d, such that n: = dm;»andtBE!"ta;kvsym &T, <, m>in whichm and <
are arbitrary, and T = {Tj, ..., T}, does there-éxist a schédulc fof ithe ‘systom with' Jength not'
exceeding d?
Intuitively, NOIDLE asks if the specified tasksymm can be scheduled so that no idic time exists in the
schedule. The remainder of this section i devoted ' o showing that ‘1200NCURRENCY &
‘NP-complete. The reduction given herc is an adaptation of a construction developed by Uliman [U76].
Theorem 8.2: 12CONCURRENCY is NP-complete,
Proof
Let a UET task system S = <7, £, m> and a' deadline d, sach that n = dm, be an instance of
NOIDLE. Consider the following instance of 12CONCURRENCY:
1. Letd' = 2md,and ket $* =<7, <*,3, {1.2P.
2. For cach task T; € T, there arc two tasks T; and T} in T*. Edch has an cxecution time of onc. Let
q; = 2.9} = L,and T} <" T;. Morcover, if the relation V < T; exists in S, then the relation V <
T}isinS'. Call tasks T;and T} regular tasks-

3. ‘There are 2md tasks X;, for 1 < i < 2md. For each i, 1 < i < 2md - 1, the precedence constraint
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X;<' Xj41isinS'. Furthermore, if 0 < (i - 1 mod 2m) < 'm-1then qxi =2, ot,hcrwiseqxi
= 1. Call each X; acontour tagk. -
Notc that a schedule for S' mecting the deadline d*, can have no idle time, since the schedule for §
mecting deadline d is to have no idle time.
Claim: Ifaschedule of kength d exists for S, then a schedule.of -length d' exists for S'.
Proof
Consider a sc,hgdulc of length d for S. Consider -any«timc unit / in that schedule; and let TII' s
Tlm be the tasks executed in that time unit. Then, in the schedule for S, in time unit 2m(/- 1)+i -
exccute tasks sz( I-1) +jand T)i. and in time unit 2m(/ - 1)4+m++1i execute tasks XZm(I .
+m+i and T’i for I € i € m. This producesa schedule for §' in-which no.idle time exists. All
that remains is to verify that no- precedence constraints are vwlatcd. Clearly v;mne of the
constraints between .thc contour tasks are violated and none.of the constraints of theform T* <' T
-are. violated. Consider-any constraint of the form V<' T'. Thismeansthat V< Tin §,soVis
exccuted before T in the schedule for S. Then in our constructed schedule for S*, V executes
before both T' and T. Hence, none of the precedence constraints is violated and a valid schedule
. of length d* exists for S’ : ‘ o
Claim: [If aschedule of length d' exists for S', then a schedule of length d exists for S.
Proof
Considcr a schedule of fength d° for §*. Since d' = 2dm, contour task Xi must: exccute in time
unit i of the schedule. The regular tasks must thcn exceute in the processor units not being used
by the contour tasks. These remaining processor units have a very particular distribution. The
first m time units of the schedule cach has one processor - unit available for regular tasks, the
second |;1 tisne units cach has two processor units avaﬂéblc for regular tasks, the third m time units

cach has onc processor unit available for regular tasks, and so on. The-paticrn of m time units
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with one processor unit available and then m time units with two processor: units available repeats
itself d times. We will call the ith set of m time units band i . This pattern and the no idle time
obscrvation combine to force the "primed” regular tasks to:execute only during time units when
one processor unit is available, and the "unprimed” regular ?tasksto»exocutk{ only - during time
units when two processor units afe available, This is shown:in: Figure $.2.
‘Therefore, the schedule for S is as follows: In time unit / of the schedule, exccute the tasks
corresponding to the m (unprimed) regular tasks cxecuted in band 2/ of the schedule for S*. This
" schedule clcarly mects the deadiine of d and since.each task in 7 cofresponds to an unprirpcd task
in T', each task in T is exocuted at some time unit of the schedule. All that remains is to verify
that the precedence constraints are not: violated. Consider any precedence relation V { Tin S.
The relations V<* T* and T* <* Tarcin §". Suppose V.and T-wereexecutad in the same band in
the schedule for S'. Then T' would also be exeruted i that-band. But primncd regular tasks
must be executed in bands with only one processor ‘unit available.per time unit. -Contradiction.
- Thus, in the schedule for S*, V is executed in some band before the band that T is-executed in,
hence V is executed before T in the schedule for S. Therefore, a.valid schedule exists for S O
Finally, we note that 22CONCURRENCY is obviously in NP, hence itis NP-domplete. -~ = = [
We conclude this scction by noting that by using a straight-forward modification of the contour tasks, it
| can be shown that I2CONCURRENCY is NP-complcte for any fixed number of processorsm 2> 3.
8.3 Worst case bounds
In this section we show that for cencurrent UET task: systems, the ratio of the length of an arbitrary
list schedule fur the system to the length of an optimal schedule is bounded above by (2m-r)/(m-r+1),
where r is the maximum degree of concurrency. As noted carlicr, when r = 1 these systems become
basic UET task systems. In this instance, our bound becomes 2 - 1/m, which: is the corresponding bound

for basic systems as given by Graham [G66L. In this scction we also show that concurrent UET task
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Figure 8.2: The schedule produced by the contour tasks and deadline 2dm.

Band '
1 2 2d
Xj) 2t Xm | Xm1] o0 Xom Xadm-m+1f *** |X2dm
L, , /
1 m m+1l 2m
Time unit

Regular tasks must execute in the cross-hatched tlme units -- pnmed tasks in odd numbered bands and
unprimed tasks in cven numbercd bands. . o S
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systems exist for which the ratio of the length of a Hst schicdule for this systen t6 the length of an optimal
scheduleis L(2m-r)/(m-r+1)J.

831 Annnmtbsmnd
Inmrgmﬂ LetS‘ <T ( m C>be a concurrent UETtasksxstemwhcrcristhemaxmum degreeof‘

-~

concurrcncy inC MUSI[DPT € Qm=n/(m-t+1). -

Proof
Let OPT be the lcngth of an opumal schcdule for S and lct LIST bc the lcngth of an arbltrary hst

schcdulc for S. First we glvc a lower bound on the lcngth of avrbpﬁtmﬂ schedule Lcth e the fength
of a critical path in the dag for , and ket a = = q; such that T; € 7. This is the total number of
processor units required for the actual cxecution of tasks in 7. An optimal schedule must be at least as
long as the length of a critical path for the system and must be at least as long as a schedule with no
idle time for a task system requiring a processor units. Thus, OPT > max(h, a/m).

Next we give an upper bound on the length of an arbitrary list schedule. Cdnsidcr any time unit /
of the schedule which has more than r - 1 idlc processors. Becausc there are at least r idle processors in
that time unit, all unexccuted tasks must be successors of the tasks exccuting in that time unit. Letk be -
the highest level which has a task executing in time unit /. Since a task is only a predecessor of tasks at
lower levels then the task’s own level, time unit / must be the last time unit during which tasks at level
k are executed. Thercfore, there are at most h time units in which more,than r - 1 processors are idle.
At all other time units at lcast m-r+1 processors must be exccuting tasks. Hence, LIST <
h+(a-h)/(m-r+1).

" LIST/0PT < [h+(a-h)/(m-r+ 1)}/max(h,a/m), which, by a simple case analysis, reduces to
LIST/OPT < (2m-1)/(m-r+1). o u]

8.3.2 Alower bound

The remainder of this scction is devoted to showing that concurrent UET task systems cxist for
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which there are list schedules such that the ratio of the Tength of the sché&u!e tf) the length of an optimal
schedule asymptotically approaches L(2m-r)/(m-r+1)J1. While this is not exactly .the bound derived
above, the difference is Iess than one.
Assume that m, the number of processors, and'r, the maximum degree of concurrency are given.
L¢t n be any positive integer. The following three sets of tasks Will be used to construct the desired task
systems:

An A-structurg consists of: Tasks Aij forlSi<mr+landl <j<n, whereq A 1

i =
Aij { A3J+1 for1 <j< q-l and1 <iSmr+l,
A B-structure consists of: An A-structure.
TasksB;, for]l <i< Fm{rJ. wiQ1 qBi =T
Bi< Ay forl <i< Lm/rdandl Sjgmrtl,
A C-structure consists of: Tasks Ci-,for 1€ i< Lm/rd, with in =, |
Tasks Dj for1 < j <n, with qu =1
Ci<Dyforl <i<Llm/rd
These three structures arc shown in Figure 8.3
Next we give the specifications for a task system for which a list schedule with the desired length
relative to an optimal schedule exists. We Ietb = Lm/(m-r+1)J. There arc two cases to consider.
Casc 1: m/(m-r+1)is an integer, hence b = m/(m-r-’F 1).

Coﬁsidcr the following task system S = <7, {, m, O, where r is the maximum degree of
concurrency in C. T and < consist of the tasks and associated precedence constraints from one
A-structure and.b-l B-structures. ‘This system ls shown in Figurc 8.4a. The system consists of (b-1)
Lm/rd independent tasks cach with concuh‘cncy r, and n(m-r+.l")b = nm tasks cach with

concurrency 1. Note that these tasks with concurrency 1 form m independent chains of n tasks each,

and that an optimal schedule requircs at least n time units after the last task with concurrency ris
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Figure 8.3: Sets of tasks used to construct task systems

‘l\u Ay Am-r+11
'i‘u Aza Am-r+12
Al.n Ai,n o Am-H:;l.n

a) An A-structure - all of these tasks ha;ve cdnéurrency 1

B, _Bz ‘BLm/fJ»

Ayy e T m-r+1.1
| S
l I
Ain Am-r+1,n

b) A B-structure - the B-tasks have concurrency r, and the A-tasks have concurrency 1

G

¢) A C-structure - the C-tasks have concurrency r, and the D-tasks have concurrency 1
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Figure 8.4: A task system and two schedules - case 1

/B’1 IiLm/r.l
0 8 i).< 8]
"\1.1 iAm~r+1.1 *'\1.1 ‘l\mr+11
| | I !
A Ln A? m-r+1,n A La A m-r+1n
A-structure 1<i<b1
B-structures
a) The task system
1 3 ™
B B B1b 1 ;
S I R R B
. - ]
1 2
B m/r B m/r Bm/r
Time units; bl ' n

To simplify the figure it is assumed that m/r is an integer. The m chams, each with n tasks with
concurrency 1, execute in the final n time units.

b) An optimal schedule

Au A
’iom-r+11 “'\ Aom-r+1.n te
ez

Time units:

To simplify the figure it is assumed that m/r is an intcger.
.¢) A "bad" schedule
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executed.

The following is-an optnmai schedule: In the first b-1 time units execute all of the tasks with
concurrency r by exaccuting Lm/rJ 1asks with concurrency r at cach time unit (and allowing any
processor units not used by those tasks to be used to exccute any avaxlablc tasks with concurrency 1).
Complete the vschcdulg by execunng:;he remaining tasks wnhcomui‘;ency lin thq%ljﬂal n time units.
The schedule is shown in Figure 8.4b. An optimal schedule thus has length b+g-1. Call this value
orr. Lt o ,

Now consider the following schedule. In the first n time units exccute the tasks in the
A- structure. . Then exccute the tasks thh.conmnmucy .xfrom. ope of xhcﬂmfolbwcd by the
tasks in the A- structure asoclated with thpt B-stmcturc This t!equmes n4:1 time ums. Continue by
executing the other B-stmcturcs, one ata ameﬁ the same manhcr ungl all tasks arecxocutcd. The
schedule is shown in Figure 8.4c. The lcng:h of the schcdule 1s a+(br-l)(n+ 1) bn+b~l~. Call:this
value LIST. ‘ | .
*. LIST/OPT = (bn+b-1)/(n+b;1) and limit, _, o LIST/OPT = b. Furthermore,

b = m/(m-r+1) which is an integer. Thus, b = m/(m-r+1)+L(m-)/(m-r+1)J =
L(m+(m-c))l(m-r+ l)J = L(Mer)l(tn-ﬂ- ny. e

'. lxmntn = 00 LIS l‘/OP'I‘ L(2m-r)/(m-r+ 1)4. |

Casg 2: ml(m-r-t-’l)xsnotanmwger R
Consxdcr the. followmg task systcm S =<T.X, m o, whcre ris the maxnnum dcgroc of concurrency
inC. Tand < consist of the tasks and associated constraings from ong A-structure, b - 1 B-structures
and onc C-structure. This is shown in Figure 8.5a. Similarly to Case 1, an optimal achedule first.
cxccutes the tasks with concurrency r and then completes the execution of the tasks with concurrency
1. This is shown in Figure 8.5b. An optimal schedule has length OPT = b+n. Also, there is a list

schedule which first exccutes the tasks in the A-structure, then cxccutes the tasks in each of the
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Figure 8.5: A task system and two schedules - case 2

i i
/S N/
A® A0 ALY “al ) D
| 11 | m-r+1,1 | 11 | m-r+11 | 1
E ) 3 E * 80 :' ;
l | | |, |
A in A m-r+1n A 1Ln A m-r+1.n Dn
A-structure 1<i<b 1 C-structure
B-structures
a) The task system
- i
B B B, G
'Y : . . : A'taSkS
B! B go? | D D
m/r m/r m/r Cm/r 1 e n_
Time units: b L n

To simplify the figure it is assumed that m/r is an integer. The m chains, cach with n tasks with

time may exist in the final n time units.

concurrency 1, execute in the final n time units. Depending on the relative valucs of m and r, some idle

b) An optimal schedule

?0"1 Al By A {Ala G, [Dyf+ee Dy
H sas |3 . . . .ae '. . //
0 0 . b Y » /
A'nr+11 A m-r+in| ** . Alm-r+1.1 Am-r+1,u * //
7
/ y ‘ (Em’/r ///
n n+l n+1
1<i<b-1 ‘

To simplify the ﬁgufc it is assumed that m/r is an intcger.

c) A "bad”

schedule
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B-structures, and finally executes the tasks in the C-struetuire. - This schédule i shown'in Figure 8.5c.
-~ Rt has Iength LIST = n+b(n+1) = n(b+l)+b |
. LIST/OPT = (n(b+ l)+b)/(b +n) and hmun — 00 LIST/OPT b+1 But m/(m-r+1) is not
an integer. Thus, b+1 = Lml(m r+1)d+1 = L(m 1)Y/(m-r+ l)J+1 = }
L((m-1)+(m-r+ 1))/(1:1-;-{- 1)3;: L(2m-r)/(mrr+ DJA.
" limity, _, oo LIST/OPT =’ L(zn;-r)/(n%;rﬂ- ISJ. ca O
84 Arcstricted problem e
We examine concurrent UET task systems in which C = {1,2}. As shown ea;rlie;, for any fixed
number of processors excceeding 2, the schcdulmg of such systems is NPmmnleic In this section we
give a polynomial.time -algorithm which produces opumal schcdulc; on two processors ’I‘hls algorithm is

a moduﬁcaﬂon of the algorithm gwen by Coffman and Graham [CG] whlch produc&s opumal schedules

forbasncUETtask syaemsontwo procﬁsms.
Assume that § = <7, <, m, {1,2})> is a concurrent UBT task system. The algorithm is as follows:
1. Add all transitive edges to the dag mprcéén;ing <. R
2. Remove all tasks with concurrency two from this system along with anywprccevden.ce constraints
directly involving them. This yields a basic UET task system (i.e.» without fzoncurren;y) S =
<, < m. Callmistheunmm. o R
| 3. Remove all transitive edges ﬁ'om the dag represewns L
4, Usc the Coffman-Graham algomhm to pmduec a lis&yhlehcan be usad to schedule S'.
5. Appcnd (in any order) the tasks with coni:urtcmyv'two to the front of the list. This new list can be
used to schedue 5.
Esscntially, the tasks with concurrency two arc removed from the original system, a schcdulc is found ﬁ;r

the underlying system and then cach task with concurrency two is fit into that schedule as soon as all of its

predecessors have been exccuted.
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Theorem 8.4: The algorithm given above produces optimal schedules for concurrent UET task systems
(in which each task has concurrency 1 or 2) on two processors,
oot ;
Supposc the schedule produced by this algorithm is not optimal, Let OPT be. an optimal schedule,
Because there are only two processors, if a task with concurrency two is executed at some time unit,
then no other vlask can be executed at diat nmc unit. :"‘Ir‘his means that the- tasks with concurrency two
can be removed from OPT, 5nd the schedule compressed to get a schedute for ﬁe»nadedyhg system,
Two things should be noted about this schedule for the underlyins system
1. Itis a valid schcdule sinceV{' Tin S’ ifand only |f there exists a (possxbly empty) sequence
of tasks Py, ... . P, suchthatV<P1< (Pk<TInS
2. It is necessarily shorter than the schedule produced for the undarlying system in step 4 of the
algorithm. | o
But an optimal schedule for the underlying syste resuls from the Jist which was produced in step 4,

hence a contradiction. O
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