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-0 Introduction

Theanmofthnspaperstorepoﬂoatbehtutmofmw
of Effective Definitions. One of the main reasons for introduci :
of programs comes from the fact that y exis

programs, e.g.
general questions such as:

(1) what properuesofagwenclmnfmmpctmﬁemmof
the resulting logic? \ o
(2) what are the limitations on the expremve poqar o lgggofmogmm?
(3) what properties such as compactaess, ’ etc. b Q
of programns? A
(4 what common methodsmightbe

LED is based on completely unstructured schemes which are better
called effecme defmtcm rather than programs. The oaly primitive
relation in LED is roral equivalence between schemes — many other
interesting notions are derivable from (expressible using) the primitive ones.
The extremely simple structure of effective definitions tugethet with the
simplicity of LED formulas make model-theoretic methods easier to apply when
attacking problems (1) - (4). On the other hand, manay logics of programs can
be retrieved as fragments of LED (cf. Section 5) via the standard wnfolding '
procedure applied to the programs on which the logic is based.

Weemphaaubexethatthroughoutthupaperweeomderonly
deterministic programs. There are no problems in formulating a
non-deterministic version of LED. However, there are confusingly many open
}quesnonscmwermngdetermmnucpro;rmtadthwhpa. This situation
suggests, mtheauthasop:m,awdfwmmmofﬂn
phenomena arising in the deterministic case before passing to nondeterminism.

Theresultsptewntedmth:spaperarewlymaedvmhm
itself. However, the open problems formulated in Section 5 are orieated
mmammmatumamw
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To keep the paper a reasonable size,: we.give only brief sketches of
proofs of results which appear elsewhere. Actually, there are three new
results stated in;this paper (3.5:5; 4.2.6, xad:£31.6)—they e mainly
improvements. of: ﬂ&«mrhmam. kﬂn mww prod‘s are giun

The first version of LED (m [31]) wu{fwéfxa mm
logic — the third truth value in this logic corresponded to divergence. A
completengss..theoregy: formawiﬁ[ﬁ%%wmﬁ of LED
based lwnna}nerelg two truth: values js “Mg Wilsittraduce-LED .in- this
paper in essentially.the same. oy ap s LR = - oo s . f o <o

gy n §

I would like to thank Professor Albert R. Meyer for many
valuable Gonversations, for Auis {rvitful eommedis: anthe: enslier :nishlli ot' |
LED, ﬁand @amm mw .
| editing this 10 f“
iting this paper. &

in Aachenforamy.ymputhemtdm
there in 1978/79, whenmoftheideuud,mdu speented in thi
. were fmhu \ , *_2 YR E : g%xh ok AN N ; |
Finally; Mm aueawandy Frignet aému.x.? monm for
Computer Sciepce for. txng.th&m o e e -
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1. Prelmim Notions. m Deﬁnim

hihsmmmﬂmmmwdﬂmm
logic. We concentrate here muinly. on: notation: rathor:than on costplete -
dcﬁmtxonsofstandardeoncepu-—thelatmmbefomdinanytexton
megc(&g‘B,?})‘ ol iy T
, ll utudem&emm %Aﬂauu
+ efgual wﬂnﬂdﬂfmﬁmgl 2,45).  We'use o wduue ﬂle“
set o - {0} Afm&a@dntikmwﬁ&ﬂﬂtﬂ
ordmlssmallertlunn.

g mzs»u-«mwm*u-m md#
calledt-vxtmm Aﬁﬂh WWM%Wi‘ Fufevay

« A -aind 'for- overyw < ¢4 ‘u i 4 -tk bl ""&‘u,it.
a, = a(n).
Where it toes ot M to confoon wi Heatify, (66, k ¢ , the
‘et‘ Aa x xk#& Sk I ; IEry \g :-;i«: k RS AN P SR

. 1.2 Byafdlguagel.wemeanmorderedpm )
L = <L, pp>, where L = LCULFULRsanmouofpurwue

disjoint sets Ly, Ly, Ly oalied theset,of consiam yanbals;. fiunctios:

symbols, and predicate symbols, At ,E?ﬁp"’ U‘Lki‘ii‘..‘ Tk
is a function called the arity function.

1.3 Letl.bealanguageandlet)(:{xn n < @} be a set

disjoint from L. ThesetXwillbeﬁxedthronghoutﬂnm Elements of X
are called individual variables.

LetT(L)denotethesetofalltermsofl.mthmublecfromx
and L _(L) the set of all first-order formulas over L augmeated by the

equahty symbol with variables from X. Finally, let OFR(L) denote the set of
all open (i.e. quantifier-free) formulas from L well)

For t € T(L), Var(t) is the set of all variables which occur in t.
‘For @ € L__(L), Var(a) is the set of all variables which occur free
in @. For every n ¢ w we define
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TL, n) = n:m::vms(x,‘uni}, *
Lo, o ={a€L (L) Vlt(a):{xl l(n,],/ d
OF(L, n) = ORL) AL_ tt,
TheelemeaaofL (L mmmlbdm

FortGT(L) mt)(t)lstheleutn(omchthat
t € TL, n). Similarly, for @ € L_ (L), arity(a) is the least
n<wsuch thate € L__(L, n). :

. 1.4 Let L be a language. By an L-structure % we mean a set
A called the carrier of ¥, and an interpretation of symbols in L (i.c. a

functions*s',forstl.)whichuﬁlﬁuﬁefdoviueonditiow
141 if c € Lg then ¥ € A;
142 if £ € L and y (0 = n, then ¥: AB » A,
143 if r € Ly and oy () = n, thea r¥ ¢ AR,

An arbitrary t € T(L) determines in an L-structure ¥ a
function t¥ : A® -+ A which is defined inductively in the obvious way
(t'nssaldtobethemmngoftml) The value of this function on
a given a € A% depends only on the first arity(t) components of s.
Thereforewe:haumﬁmumﬁemwt‘(d,vhueatAkmd

arity(t) < k, vnemngt'(n)uthevalueoft'oamyex&nnonof:
to an e-vector over A.

For an L-structure %, a € A®, and « € Lo
<M, &> F « means a is true of A under the valuation of variables a. Just
as for terms, the truth of « in <X, 2> depends only oa the first n components

of a, where n = arity(a). Foramy(c:)SknduGAk % & af2] means
<, a*)haforanyemmona*ofatomo-vectoromA

We shall write W E g if for every a € A®, (M, D k a. If
¥ F a then ¥ is said to be a mode! for a. Wemtebanfforevery
L-structure %, % k& a.

Weextendtheabovedeﬁniﬁonstoseﬁofformulas.lf!:
L“(L)andlisanL-structuretheuwewritelhzifforemy
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a €I, N F « holds. If this is-the case: theg ¥ is:smid 0 be a model
for Z. Wewntet:zlfeveryl.-structureluamoddfot!

Fmally,nf!::l. (L)IndaEL (l.) thenwe
wntethanfeverymodelfortsafnoﬂfga

1.5 Formryﬁm&hnm&i.mdqntsmﬂdd?‘
codmgfortheexplmm'l'(l.)ldﬂﬂl.)(d fam[ﬂ)
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2. Friedman's Effective 'Deﬁnilion&

The notion of effective definition is due to H. Friedman ([12]). In
section 2.1 we will define effective definitional schemes over a finite
language L. They will be semantically equivalent (in all total
interpretations) to Friedman's effective definitions over L augmented by =, a
binary predicate symbol which is always interpreted as equality. We defer
until later a full discussion of the appropriateness of our definition, but one
pragmatic motivation is that we want our Logic of Effective Definitions to be
similar to Deterministic Dynamic Logic, where tests for equality are allowed.
(cf. 5.2).

Friedman's effective definitions are known to be of universal
(computational) power over total interpretations (cf. [30] for discussion and
further references). Many other classes of program schemes, e.g. flowcharts
with indexed variables ([30]) or flowcharts with a stack and counters [23],
are inter-translatable with the class of effective definitions. This
phenomenon provides a system of finite descriptions which is semantically
equivalent to effective definitions, the latter being infinite objects. We
have decided not to introduce finitary descriptions since they tend to be
distracting. For example, many of our proofs involve constructing a new scheme
from a given one. This construction is often easily described in English, but
a formal description of the construct tends to be complex. Since our entire
development depends only on the schemes involved and not on how they are
described, there is certainly no harm in omitting such a system of finite
descriptions.

2.1 Effective Definitional Schemes

Let L be a finite language and let n € . By an effective
definitional scheme (eds) S (over L) with variables among {x; : i < n} we
mean a recursive function S : @ » OFL, n) x T(L, n) (S is recursive
with respect to the codings fixed in 1.5). The set of all effective
" definitional schemes over L with variables in {x; ¢ i < n} is denoted by
ED(L, n). The set of all eds’s over L is denoted by ED(L) and is equal
to U e, EDL, n).

We adopt the following useful notation. If S € ED(L) and m € w,
then @S m is the first component and tSm is the second

component of the pair S(m), i.e. S(m) = <@g m tsm> For
5 € ED(L) we define arity(S) to be the least n < @ such that S € ED(L, n).



Let % be an L-structure and let.8 € EBXL., n):for some n € w.

TheschemeSdeﬁnesmlapamalfuncth' At A which is
deﬁnedmtbefabwmgw

Nw) = tiw whereifchthehtehnem* |
R iathencanc. l’kv_;

| Wﬁwsmmkn. R
Wem&ﬁ&&mﬁm&&fﬁ'nﬁa&ﬂ&

- with V being the output variable.

Jmnw%%nwﬂ’%“tbmﬂm ;,
S¥(a), where a € AY aag arityl® S k. This, shanid net lead to

confusion, since the sesit S¥ on & depends. an, 2t ment, the Giesk arityt®)
components of a. , o EETT

~ An eds § € EDIL; o) is. s2id to be: determinisgic if for every
LM!M&:M:&A’ hmﬁ-fmrt&m
has at most one elemest. ‘

Themxtde&umnuobvmm&themda
et‘fectwedefinmomlmhem. ‘
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2.1.1  Recursively Enumerable Tree-schemes

Let L be a finite language and let n € @. We describe here r.e.
trees which compute n-ary functions in L-structures. (cf. [17]).

The input variables are {x; : i < n}, there is one output variable
z, and a countable set {v; : i € v} of auxiliary variables. We assume
that z £ {x; : i <} U fv; : i € o).

Test conditions are arbitrary first-order open formulas over L
(with equality) with variables in f;:ic<nj Uy :ie€e)

Assignment statements are expressions of the form y: = t, where
ye€f{xi:i<n}U{v,:i€ew}and tisaterm over L with variables
in {x; : i < n} U{v,:i€w] The variable y is called the left side
expression of the assignment y: = t. : .

Halt statements are expressions of the form STO(z: = t), where t is
a term over L with variables in {x; : i < n} U {v;ri €o}. ‘

Consider countable rooted trees with the property that every vertex has
at most two successors. Each vertex with two successors is labeled by a test
condition, each vertex with exactly one successor is labeled by an assignment
statement, and each leaf is labeled by a halt statement. Moreover we add a
technical condition: for each path x leading from the root to a vertex labeled
by a test condition & (resp. an assignment statement y: = t or a halt
statement §TOP(z: = 1)) if an auxiliary variable v; occurs in'a (or in the
term t in the case of assignment/halt statement), then there is a subpath »'
of w leading from the root to a vertex labeled by an assignment statement with
v; on the left side. '

Let T be a tree satisfying the above-mentioned,conditions. For any
path » in T let e, be a formal concatenation of all expressions which
label vertices on that path (in the order in which they occur). Call T a
recursively enumerable tree-scheme if the set {Cegy ®> : w leads in T
from the root to a leaf} is a r.e. set.

Let % be an L-structure and let T be a r.e. tree-scheme over L
with input variables in {x; : i <n}. The computation of T in ¥ for input

value a € A" is defined naturally. It starts with a being substituted for
the input variables. Then the assignment statements are performed in the
obvious way. If the computation reaches a test condition a (along a path w)
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then the next instruction to.be- executed is:-the indtruction dabeling: the: vertex
reached either by »0 or by »l, dependmonwhemerotnotthetesta is

false at this stage in the computation:: When: thy-sbmputition-tedches: a halt
statement then it-stops. with- the ostpst-computed: from-the term on-the right

hand side of the statement. Letr':AhAbememfucﬁog
computed"bg'!’m!

Letl.beaﬁmtemmdb!s&g.

(D For every eds § € EDIL, n)tmresadetmmmﬁeedthBm.n)
such that. umylw-ml;n'rgl

(id) Fmemr&mmtmlwmnh‘u(n)
there is an § € ED(L, n) such that in every-L stiuéfalé W 'f‘fS'f.

Proof: Fhe-prevf of - is obwicus. : | s % 3 piEth ig T |
the root to a halt statbmént.: iﬂée;r &W oliéatbantion of
expressnomoccumngonthatpcm Bymgf

scamamkuu. Dﬁ&n#’# cmfny: o
‘ m‘ aﬂ fﬁf i(n s hess L wTe oDy 0 3%
‘ T ey o a gk

Ap eds S € Bm.} is said to be m mix gqngm <y &u
equat to S0, ~ Finite eds's carrespond 10 sraight-line po \

byanA OKT

22 Resiriion-theoretié nofons relative 10 a. given, structure

Let L be a finite langusge, let ¥, be an |-structure, and ot 0 C o,
A partial functiod 1 A¥ > A s said t0.be Wecompuieble 1 heve 8 .
anedsSGE[Xl. n) with f = 5%, MW;A‘kytobe
N-semicomputible ’W%iﬁtmﬁ‘fg -Cotiiptable fanction,
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Let S, Q € ED(L, n), and let % be a L-structure. Define a
subset (S¥ = Q¥) ¢ AP, by

s¥ = Q¥) = fa € A" : §¥(a)s, Q¥(a)s, and S¥%(a) = Q¥(a)},
2.2.1  Proposition [33])

Let L be a finite language and let n < . Let S, Q € ED(L, n).
Then there exist Py, Py, Py € ED(L, n) which can be effectively

found from indices for S and Q, such that for every L-structure % and for
every a € AR

($)) ae(s¥: QY) iff Pq(a)*;

(ii) s¥(a)+ and Q'(a)* iff P%(a)*;

(i) Either $(a)e or Q¥(a)+ iff P¥(a)e.

Proof:

(1 By 2.1.2i) we may assume that S and Q are deterministic. Let
0:02+0

be a pairing function (i.e. a recursive one-to-one mapping of wl
onto w; cf. [28]. Then

P((m, k)) = <as A aQ k A tSm = tQ,k tSm for m, k < w,
is an eds with the requlred properties.

(i) Again we may assume S and Q are deterministic. Let
Pyllm, 1) = (ag i A e t5,0)-
Then clearly P%(a)* iff S%(a)¢ and Q'(a)*.

'(iii) Is obvious. N |
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2.2.2 Coroliary

For arbxtrary eds’s S, Q and for an atbltmry L-ttructure o,

s¥ = Q'su-xmwm Moreover
sets are closed under finite unions and intersections.

223 Example

Let n:«,&au:mmxmﬁms

successor and:a constagt 0 € e MﬁWWm
precuely the partial recursive functions.
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3. Logic of Effective Definitions
3.1  Syntax-and Semanties
Let L be a finite language. Let LED(L):be ¢ie lesst set of
expressions satisfying 311- 3l3below BlemudLEle.)mcalled
LED formulu Sog Ee e
3.1.1 IfS, Q € ED(L) then S5 Q € LEB(L). = =~

3.1.2 Ifa,atLED(l)thm*a,(cAﬂ),md(c Vﬂ)
belong to LED(L).

3I3€; lf.et'gm)ﬂﬂdx ‘xum vmblethen
Ix,« and Vlw helen& to. Lﬂm.) e e e

3.1.1 and 3lf
Wmm(“)dounotoccurma

Wt m thé fdm mif«%fa‘mﬁlu

u»ﬂ*%med*!or‘h g
aof lsmefl,,fm (q,,-'ﬂ) Mﬂ -'a)

IfaELED(L)andlflnsal.-stmctu(eandasA“ then
<M, ® F a means that "« is true in ¥ under v "?l“l‘l DEais
deﬁnedbymduct:onqutheeomplemyofc,ufm ~

a, ohuffae@&égl

3.1.5 Ifais 1 then = sy

R AT 500 T
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3.1.6 Ifaisfy ApBy then
<M, 2> F a iff both (N, DIy -and-ll; i py
KB W ,lfq;&! ¥ sz } 5 |
o <' a)hclffa&a'(l a)hﬂlord 0"’2" '

3.1.8 If ais "ﬁh TSRS TR - AL
“d  F a iff for. all o' € AY such that, -
' =tk"forl¥i <&, 35 = § holds.
3.1.9, lf-uax“ﬂthend 0halffma,0h¥xn1

Just as in the first order logic, we seé-thit the i of 640 =~
™, odepegdsoalyouﬁefuuacwa?..? : d’.p,!;hgnis
the gremtéit ww X1 0CEurs (et in Q&

ki3

n, where A B M ' b
We write ¥k o if for every 2 € A%, @ammwb
case W is said to be a model for . Mwm#utfam
L-structure ¥, !ka,hﬂmm&mm‘im
3.2 mwmm C
321 rowm o
Itfollom'

LBDmbemudu:: '

: - For 8, Q € EDX(L), let $ & Q be an shbrevintion: of: the LED formuls
(858 V Q< Q) »8<Q. Itis easy to check that for an L-structure ¥,
WieSaQiff S¥: QY. Therefore k55 Qiff S and Q are

strongly equivaleat (cf. [14]).
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' 3.2.3  .Wedk Equivalence

For §, Q € EDIL), let § ~ Q be an abbrevistion of the LED formula
(S=SAQ Q ~»85=Q. Ifltmytoleethatforanl.-mtun! :

AES~ QlffbothS'andQ'mbewut?w
function. Therefore = S ~ Q iff S and Q afé ‘weikh

(cf [14])
32.4. - Tewmination Pnp’min

memSGEﬂki&&myh#MhSew :
the property thatStermam,u.fo;‘ JAeestrapture ¥, - §5 8 iff.
s¥ is total. mmmnmmmwmwm
$= 8. Wcahown;e&ifor'@a&. P

- 3.2.5.° First-ordé Proverties = = °
Fnrst-order logic L _(L) is naturally m‘&tpreuﬁe in

gode.of) « such that

. , < L-stmctt;ge ! and for am'y . ik‘A‘?,mﬂ; aHu: tﬁ
M, Dk v. W e

»
¥

Foranopgatogmdaai'ﬂumdefﬁi t0be S ¢ S,
where S_ € ED(L) is a finite eds defined by&(kh(a xyfnal&
k<w

Ifa €L (L) is an arbitrary formula then first we take the
prenex normal fo?al of «; say {<Ja*; where £] . asblock: of ‘quantifiers
and a* is an open formula. Thm wem p. t0. F['bu* :

| Thereforewemymmthlt*-“&)&mmm
i.e. if a first-order formulaaoecunuawwigg ession 8.
which is intended to be a LED formula thea corresponding
formuhv.ducnbedtbove YT Ag e

3. 2.6 Representation of Tvms

lftGT(L)thenthef'uuteedsStfml.)daﬁnedby
S{(m) = <t=t, O for m Cw; WWmf ie.*’exuéﬂythem
individual van&léwwcur in t and St, lnd fq‘ every L-struc

every a € A% t'(a) S't(a)
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If S € ED(L) and t{, t) € T(L) then 8% 5, ty ¥ §; snd
tl= t2 are abbrevmbomoftbeLEDfomdsss s‘l"‘ S

8, 78 and 5, %
- 327 Pa'ﬂalCormm
Iztl.beaf'mmlmgmae lﬂStmgmaa(wm
leta € L (L, n) and # € L_ (L, n+l) be arbi

first-order foanulu TheLED mw-ﬁhﬁi -vahxpim

the partial correctness of §>with respett 15 'the ‘input condiiion & and t[le
output condition & tef. [ 143, e for:amy-Essteuctare % amd"fir 4 €
A%, O, 2k a o Vx (S5 x) + 0) iff whinewtr Bk afag ., %, 1]

and $%(ag, ..., 8, ;) terminates with resvit b ¢ A, thoa. 3. Alag, ..., 2, 1, b).
3.2.8 Talal erecnm L

Forl.Sa,puabon(mJIJ)ﬁaeLBDfomuh
« » 3x (8 x, Kﬂwmmdmdsﬁ&mpectwdﬁemput
condmon-audthawmﬁﬁuﬁcfmwfﬁaylm
W and for any 2a € A%, W, © F a » I (84 x A B) iff whenever”
¥k afag, . ,.‘,,},ms'ﬁo, .,a,,_ﬁmmm
b€ A and %k #ag, .., '8, (i B |

3.29 Relanontol.. t

Forammkiul..i'(nm&ﬂd

allformulasoverl.ofﬁltml- (et T16]. "
Ly (L) diffors from £, L) M we Wiow eovaable’

WenowshowthatLEDformnlumtrmeL.l'
formulas. The only thing we have to de:is:to show: lew: to- triinsiate -2 formula
of the form S= Q,whereSmdeedt's,mtamL

B o
formula. First, obuem: that 8= Q

. is: seynagticall ‘m Ge.
equnvalentmalll’.-ttmctwp)mmm iuncti

wherepUtMefpé-%thtSm&thi-&q,an
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the j-th step and both give the samé: result, d:e.- 'i'

"‘m«"'S,m’ A “‘m"‘oﬁ A "S.i A "U,J
t5,i = ',

Wemﬂmkm&mmwmawmm o

Ll in:later sectidns. -

33 Normal-form Results far LED Fomwlc .

The following question arises naturaily: Wha grepemes of programs
are exprnd:lthimm &MW%W *ﬁd&l o
answer mhm?g e ;5 v oglisagd mwie po s5uine mwﬂa k , »n ‘

3.3.1 mm([m) R
Sl e pand

Letl.beaﬁamhuum

SR TSN SRS a0

() For evety: uwm@mmmum
S € ED(L), whnhmbefmammmmoﬂm&u

: SR S ChodgLaper Fwoevgy ue“' :
Cluaogsge TmwTonaast ooty Ry oL WaEpgTvur, Y Rhesn RS & B R
EEER S SR AROL TR * & ’Q‘& [ED ¥ i

wIRIRY W

(2) Foreveryopenfomulaattﬂll.)tbreeutn(amded;
QlGED(L)forl-l,.,nsuchth:tu,Hi |(n),n§‘ﬁ)« i(n}anbe
effectnre!y l!ld foupd fm a llld O T R I S

TR Ak,,(s- Q)

(3) ForeveryopenformuhaCLElXL)thueewa(omdeds‘
S;, Q; € ED(L) for;(gA

which a3, be W?@S‘& B wuch that
R T o

(4) For every open forfmia a ¢ LEDIK) there:twists & recursively
enumerable set (sm m < w} of eds'l in Em.)(lée. the Godel numbers of

the S, form an r:e. m)w«m for evegy et j” ’ﬁﬁ emy
a€ AU . : : ,,;,;:;f‘f ‘:;jf‘ff%}%taz

G ahctfffetmya:(e;a whs ¥

Proof: (1) follows from Proposmon 221 (3) follom from (l) by using
conjunctive normal form for open formulss. (2) follows from (3); i ie
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S¢ - Q¢ can casily be expressed as S¢ ¥ Qq: for some f{effectively
found) eds’s Sx, Qx. Fmﬂly(@%fmt&%&%@‘mh :
easllyexpressedasl\m(.l’m*forlnrc.set{?m m < w} of eds’s. 8

It is_perhaps interesting: to. mote that isiganersl theé:a:in {2 orin
(3) cannot be bounded by any integer. T&Mfm&emmﬁ, '

due to J. Bergstra.
3.3.2 Tkeam([ﬂ)

mmamm&aamxmu
fwemyn(o&ueembmmmctwmﬁlﬂa

arbitrary eds’s Sy, ..., Sy-10 Qg - Qn_lmwu.!‘

WkaoA (guoqaamm -
Theproofoftheaboveresultumastmctmmwhcheds’:defmeparmlly
eompuubgg mmmwmm

Thenextremltuprovedmthemmnﬁembpumlt(ne.
thepremmmalform)fuﬁmmm.

Letl.beaﬁmtelangmge. Faewatmmm
ax € LED(L) such that .

@ Eaeay

o o of the forsi Qy .0, 3 _ye, where exh @
is either ¥ or 3, and ¢ is an opem LEDML} forieuls. - -

34 S&rwwﬂmndymbm

It t‘oilows fmgn 315 that fm_ xiyre. is, u f, ely definable:
(up to ism) By ‘a"single Eﬁcg%rmnh‘( rresponding t

formula). Here we investigate the following problem: what structures are” -
uniquely axiomatizable by a single LED formula? We give a complete
characterization of:struetures which are usiquely atiomatizable by opea LED(L)
formulas, mthecaethatl.eonmatuouew
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Let us start -with the following example. .
3.4.1 Example

LetLC-{O},LpslS},pL(Shl LR 0 Def'meaueds
QCED(L l)byQ(n! m x&zgafulﬂa(q

Itismytoseethatlfam
Q*A(S(xo) ﬂxl)-’xosxl)/\(“ﬂxd 0

then for every L-structure %, [ AT 2 s Y, 8 O, ivhereSls
mterpreted ag successor. ;

Anl.—structurellusndtobemwdydc nablcbxagetzof ‘

- LED(L)-formulas if- % is ;the ronly “siodef ( gorphism) of Z. Since LED
formulas express program properties (cf. 3 2 aad 3.3), structures unig

defined in LED can be viewed as those which are nmqudy desctibable by thelr

algorithmic properties. For example, STACK can be eqted a5 a cerfain ‘
structure (cf. [29]) whith can"thén' be ol Ad° e defiiable.” More generally,
it follows from Propontaon 3.4.2 below that Abstract M (cf [13]) cag be

viewed as structurfés upiquety. defiiable LD~ TN alib 1 tﬁerin;,of
integers, the field of rationals, mmmamqﬁutm

3.4.2  Proposition ([4])

Letl.beafmltelanguagemthl.c(! Let!beln o :
L-structure. The following conditions are equivdent:

(1) % is uniquely definable h, et efm Lmuﬁfm

(2) !luumquelydeﬁmhlebyaset&*hiil}ﬁfmﬁm
predicates, where each § ¥ Eul.), :

(3) lﬁnsubpropermhctnmuru,le.fongnryatAthqcm )
teTL, Owiha=" . o O p

Proof: (1) =+ (3) and (2) » (1).are obvieus: ‘For-(3) »:(2); we show that =~
the property of having no proper substructures can be expressed.by. one famnh
of the form S¢ and thenweaddformuluducﬁhm;thdqmu(ue, e.;.,

(7] for a definition) of M. B .
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' For an arbitrary finite janguage L :the following ansloguc of 3.4.2 can
" be proved. '
| 3.4.3 ‘Pmposi'zion )

Forauarbntnryf'mltelanmgg lflnM'B .
unnquelydeﬁnablebyautofopenlwm&ealhumproper

substructures, i.e. for every substructure l&ot;l with '&‘.‘.’%?!6 =¥
holds.

Proof Let ¥ beuniqudydeﬁntbkbya:ct!ofopéhl.-!ilil) formulas.

Each substructure Wg of W satisfies:Z-ay well,:s0 W ¥ M. Since’¥ -

has finitely generated substructures (which must be isomorphic to W), we
ooncludethatlmelfafwtdy'ewawd. lfgouam o

substructufe ofl m“mnﬂm%&l, adl.-mmmhthaf

3

it foreveryn(o,! uamMmdlml,

| (iii) for every n < o, theu u ag ;_ i £ Wy > Moy

Then 9% = U ¥ is not finitely generatbd: and* s not

isomorphic to ¥. Ontheothethand bottl*udlg?pwxﬂnmwen
LED(L) formulas. - ™ 8 |

bty Lawnlies of

In order to give a charactenzat:onofstmctm» 1 deﬁnable by

a smgle LED formuin: we 'k

Letl.beaﬁmhmgeiuhl:ciﬁfﬂkialfnr '
ity - 1y} with g (r) = n; for i ¢ o' ‘fmi*&ﬁ '

L-structure without proper su ‘me‘
recursive cotfirig fiked ‘in 1°5.’ ﬁf’mam&’fa!tobe; oLmﬁ:gn=
(dro, ), .. qu-l’ %), Q=, 4D of relations in ‘w,

- dr;, %) ;gn‘fq i< kand Ot~ ¥) g.l'm m Ferig, 1T

@ fori<k and my .., m, p € ot
<mg, .., my_y> € Olry, W) iff <glmn), ..., sim,_p> € ¥
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(i)  for cmg mp €0, e
O R G

P, x .o x P x. Mo beithe set wmwm
<Co --» Cpup:Ed-of colations inmssuill t@t@@ol{” «
coding (mthesemeof(li) above) of an g oe i
structure T(L, 0) has only operations and coms: :
in a natural way), and foreveryi(kw{u‘nﬂm, pe

ol
. if (mj, pj’ € E for every j < n1 thea m ¢ Ci ;ff . % c

®...a. . ME! am%"u‘ sl 3T ‘,:’*‘,‘
‘ substructures, Tt ainy w0 obieive Yhat i8iedsl a7’

corresponds in a natural way (Qfac :Gm%‘? “Kind
m”"d!b for evary, . §¢ thees, evists ¥g. %mm% 40

A subsét X €0 1) x ﬂ}*gf‘ffl«%q w0be

Hgifthenemuarecum(ne.ARfm&t; oy T ,xo.x)

such that <Cy, ..., Cy i, B)Gthfooixma "ck—l'ﬁ"o"l]
_utruemthestmdardmodelofmthm.

& T cs ROV

A subclass X5 < ¥ is Y- aﬁuueuwsgﬁg“
set. Obcerveﬂut(def‘medaboveuaﬂ?ntmﬂtgw

J44 ﬂnomn([ﬂ)

I.etlbéafimtelanguagemthl.cflindm;!ﬁheau
L-structure. The followmg oondim are equmlentz

(i lnsumquelydeﬁnabiebyaun;hfmhot‘theform&fora
certain S € ED(L)

(ii) ¥ is uniquely definable by a recursivély- M set:.
{a; : i < @} of open LED(L) forramlas = . - 5oe . ;e

(i) W has no proper substructures and ¥ is ngmm

Proof: () -+ (ii) is obvious. For (i) = (i) we apply Theorem 3.3.1(4)
and transform {a; : i < @} into the semantically equivalent r.e. set
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[S;%: i < @} with §; € ED(L) for i ¢ w. Then from A, S+ we get a 1§

condition defining l To prove (iii) - (ﬂ sssentially reverse q,eg‘wf
of (i) - (iid), applymgarecurmé ‘ofgtheﬁnieeleq‘uenﬁaof
posltlve ultegers. T e -

In themmmuezphdth“ wemadem32.9
aboutmerem:eaefwnhi...,&m“mm o

R s A
- 35 Cmpm M e

ThepurposeofthusecuonstoptmtafomalpmafsysmformD
and to prmjg’ e 210504 il RERR g 84 4 ‘ 3

3.5.1> ‘We first heed & traaiforinat *‘?« m ‘the pegation

inside”. LetaGLEml)(tbchW[.lﬂnd; roughout, the section).
Thenthefoi'mdaif fively: :
(84 Q)u-(s:m. | ’ |
T(a)' s e, ' 5

(a Vﬂ) l'. A’, e
("Aﬂ) ','Y‘,
ana"svx («,

;(ani)'bhnf‘l') |
Nowwearemapoummwthem
35.2 Axtom:

Wehavethefollowmgmomcchuna,wbereatwqumdxmdy
areanymdmdﬁiﬁrﬁbb.

Al Everytautobgyofﬁmhrypropouﬂoaﬂkmc.

A.2 “a e e,

where n C @, and §, Q € ED(L).
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A.4 an - a(x/t)) ’
: where t € TIL), t is free for x in @, and a(x/t) is
obtained by replacing each free occurrence of x in @ by t.
AS x=x
A6 x=y-sy=x
AT  (a At=1x » alx/t)
3.5.3 - Rules of Inference

In the rules below, a, 8 € LED(L) and x is any individual
variable.

Rl a asf

[}

R2 a=8
a-+VYxf

where x does not occur free in a.

R3  fa =+ ~S"= QN :n< o)
a -+ Sz Q)

where S, Q € ED(L).

Let T ¢ LED(L) and let « € LED(L). Then a is said to be
provable from Z, in symbols I "LED(L) a, if a belongs to the least

set of LED(L) formulas which contains Z, all the axioms obtained from schemes
A.l1 - A7, and which is closed under the rules of inference R.1 - R.3. We
write T E a if every model for T is a model for a.

3.5.4  LED Over Arbitrary Languages

Our proof of the completeness of the above formal system will require
us to work with countable languages rather than with finite ones, so we define
here LED(L) for an arbitrary language L to be ULED(Ly : Ly s L
and Ly is finite]. Observe that all the notions introduced in section 3.5

make sense for arbitrary languages, in particular the notion of provability in
the formal system (3.5.2, 3.5.3).
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The result below has been proved (in [32]) for:a three-valued-logic of
programs, but only for finite sets Z. - &h&dlo W (in [33])
to LED, but agamonb»fa finite et 3.

3.5.5 Theorem

' Letl.beacountablelanguzge. Famtcbﬁﬂﬂaﬁ“fo‘r

ToproveJSSweﬁrstprovﬂeamdforcoustmcungmodehofLBD
formulas, the Model Existence Theorem, an anslogovs:result 45 that for

L"l"’ Thuﬂmemuwedmthemofam;va 4
“The reader may comgare the conslitency properly ot LED with the

corresponding property for L"l" (cf. [16]).
3.5.6 Consistency Property

Let L be a countable language. LetL*denoteth«e» -
obtained from L by adding a countable set C of constant gysgils. Let U be a

set of countable subsets of LEDILY). U is said to have the consistency
property iff for each u € U and for arbitrary @, # < LEDIL>); all the -
following hold.

C.1  (Consistency Rule) Either e € uor wfu.
C2 (- Rule) If"aGutheauU(c').GU,.

C3 (A - Rule) u(.nncuﬁuaug.;;uud |
,uuﬂtﬂ 7 A .

C4 (¥ -Ru ﬂ@ﬁudtwwf«ﬁctc,
T T |

CS5 (V-Rud lf(cvmtutheneuheruUMGUOE,
uU s eU. ‘

- C6 (3 - Rule) Ifﬁxudtn&enformctc
wUfalx /€U |

~ C7  (Convergence Rule) Fas;otm‘i ﬂ'mo;cu

"'tﬁenﬁarmn(o,uﬁﬂ*?ﬁta
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C38  (Divergence Ruk) For 8, Q € EDIL™, if
~8:= Q)Guthenforlﬂn,o,“ ' |
uU (s glahy ey,

By a basic term we mean ei mstant symbol or a term. of the
form fc, .. ,cn) wherefGLF p(Qan,,aﬂ%,.,.,cntc. .

C.9  (Equality Rules) m:usmmmmuc
uey _

If(c=d)¢uthenuU(d=c}€U.
If ¢4 t, o{x/t) € u.thea y U jolx/cl € U.
For some ¢ € GuU i g el

357 Haddmm'ﬂmm :
HUM&WMNUGU Muhaamodel. )

Proof: Theproofueuenhaﬂytheumeuthatofthendmmultfor
Lyt OI6D. - & g

3.5.8  Proposition BT

Kr Sml)“ﬂﬁmmrfm‘,ﬂﬂ
PFWQ : ‘ :

Proof: Supposel‘l-ﬂmLED(l. ). SrnceproofsmLEDarepnmcular
instances of proofs in L, e it follows. from-cut-eliminarion for -

”l" (cf. [20]) that there is a proof of # from L‘WLM‘)
whnch uses no constant symbols from C. Therefore l‘ l- ﬂ in LBD(L) n

_ 3r59 Nowwaremp&ni&dioWeHS ﬂ‘zt-cmLBlXL)
then obviously £ = . Now suppose Z ¥ a in L ), - Let 0¥ bethe set of
all umversal closures of formulas in Z. Obviously ¥ ain LEIXL) Let .

= {z¥ U u : uis o-finite set ‘of sehtences ‘i LEORL™}, ind - o
2 “LED(L ) (Agey®) By 338, U e U

Since L is countable, every element of U.is also ¢
checktha{Uhasthe' isistency pmpeﬂy

£* U (e} haa model. @ N

hy 351

Remark: We essentisily needed the cut elimination ‘theorem in the proof of
3.5.8 only for the case where there are only ﬁmtely many mdtmual variables
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which do not occur (free og bound) in the fosmulas. of T hpamcuhr this
proofdoesnotusecntehmmanoawlgnl‘am oy

3.6 The Hanf Number of LED

In this section we investigate the Lbweaheim.Skoly
; ‘thedrem i true fori.

Because the dowmward- -
(cf. [16]), it semains trwe-for LED (ef 32.9). Herweigt
3.6.1  Theorem

Foreveryfmi&haguptﬁﬁlfnremy!ﬁf.ﬁm if T has
an mﬁmtemodelthen!thalc“tﬁmdd.

We have already seen in 3.4.1- that the upwasd Idwenbeim-Skolem Theorem
fails for LED. Let L be a finite language. The Hanf number of LEDXL) (cf. [16])
is the least cardinal x_such that. for.cach-¢ .6 LEDR) #f poines © |
moddo(powuknﬂsenphaubﬁuryh;em

Thecardmak:.,foraano:dml,mdefmdmdmmdyx

S0 @ 30 =270, 3, = Up Dy when e it » Mol

An ordinsl & is-said to be-a: recwidive ordinaf &f. [28])-if- there
uarecumvebtnuytﬂmksszwchMRnQMdW
«. Let Fxbethefiutm-mvem

The main result of this vectioi is
362  Theorem (33D

: Letlbeafmhngnagemnhummmqmbd,
twouaazyfuacumtyabeh.aadmewmm Théntiel-M

nmbaeefIMuﬂ‘g.

Proof: w.mmwmwdm Mmdﬂv&u
.s:.Fx Let LCK ummmmm

enummbkdismmﬂow(cf[lﬁj) Rsmgm&m&
snnterprmbk(asmiz.ﬂmf.c}, Bythkindey-mm

(cf. [16], Thm. 22), which says that the Hanf nwmber nfLC§P sa g.,

it follows « <'3 wfK- mmequmy:.f:xs.foumfmtuemtm
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3.6.3  Proposition ([33])

Let L be a language as in 3.6.2. Then for every recursive ordinal a
there is a ¢ € LED(L) which has a model of size =, and has no model of

size > :a'

Proof: We modify the example due to Morley (cf. [16], p. 70) of a sentence ¢
in L"’l o With the required properties. Details are given in [33]. |
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4. Correctness Theories vs. Program Equbighedbe . - <"

.. ~1g this mmwmmw&m
mtroducw in 321 32.2 32.3 32,7ld w that this

wthamidwlﬁetomm&&yu vhw&gw 4wy

investigation.
&1 Geserat Relatiomthips ., .

We first introduce some notation. Let L be a finite language. Let
Of be a class of L-structures. Recall that for « € LED(L),
Of E a means that every % € ¥ is 2 model for «. I 2 ¢ LED(L),
thenbyModﬂwedMethechudﬂMf«z.

Let S € ED(L, n). By the partiol correciness theory of S with
respect to Of we mean the set POS, X) = s {a, €L (L, n)
X Lotk n¢1): X @ » Vx (8 x -+ )] (this set is
denoted in [6] as MPC.y(5).

: By the rotal correctness theory of 8 with respect to ¥ we mean the
set TOS, ) = (<o, € L (M, 1} x L&, D) : Xk & + I (85 x, A )]
(thusetsdenotedm[é}smw.

4.1.1 Theorem

For an arbitrary finite language L, n< e, 8, Q € ED(L, n), and a
class O of L-structures, all of the following hold.

(@ If ok S5 Q then TOS, ) = TAQ, X).
(i TOS, )= TOQ, X¥) iff XxS Q.

(i) KOk S=Q thea POS, ) = POQ, X).
(iv)  If POS, ) = POQ, X) then 'k § ~ Q.

Proof: Straightforward. |

4.1.2 We now consider the converses of (i), (ii) and (iv) of
4.1.1. Let LOOP be an eds defined by LOOP(m) = <{xg = xg), %>

for m < w. Obviously in every L-structure %, LOOPY = ». Now, if
%#ﬂthenthenmplmtmnm(i)canmtbemudfamml
reasons — clearly TOILOOP, o) = TALOOP, X)) but

OF LOOP = LOOP. For (iv) it is enough to observe that for every § €
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ED(L, 1), 2 LOOP ~ § but <xp =X Ymy = xgh € PO, X)) iff

2E LOOP & §. This observation gives rise to many counter‘examples The
subsections 4.2 through 4.5 are devoted to i te ion:
what classes 2¢ can the implication in (i) be reversed to hold for arbitrary

S, Q € EDIL)? In 4.2.we shall dee thint it gollérat' (i) chnaof be feversed.
On the othes. hand,: in' 4.3 we. s6e that-if:we aliow wmw co
express partial correctnes:ondistions then (iid ens boivesorsadfor an > *
arbitrary (first-order) elementary class . Finally, 4.4 shows that for the

class of all L-structures "partial correatnéss dederniiies the semantics™.

A class OF of, L-steyctures wmnwmna
arbitrary S, Q € EUI;L mwnma&w
xl"S‘f‘Q

4.2 Determinateness on Elmamry C'lm
R TR EI TP TE L S s
Achs%dl.—ﬂmctumuuidtobedmafaynfform
Z<L (L),“’:M}) In this subsection we iioditigatethe -

question: whenuapmehmentuychedu—m Theﬁ(struult

421 Theorem Q6

thfmmlc “1! ﬂiﬂt

oL = o (®= 1. ~Then the cwxcmw s pilixg)): & w
is not edt-complete.

(‘& B

Proof: Take S to compute the two argumeat pro)ectloa functnon

Sxgr X)) = Xy LetuQ €ED(L;2) be st eds thit wfeimw .given
two arguments, it checks whether the firy u;m tes a finite
subalgebra, or the second argumeént genetatt ‘ fa, o the first

it diverges.

<a, ﬂ>¢P0(Q,al’)-Pas ﬂm@@n
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HEla A "ﬂ(leqi) -#Q'M

.'X’lﬁa-'“&z/xg)

Let ¥ iluﬂqalnﬁliMmA

’mamwnmmw p&?}nﬁnda
model % exmmmuuﬁawm

L m :a-ﬁm&ﬁumﬂ

and the subalgehras gensrated bya, b, care *mﬂm
disjoint. Then from the spacification 6F-OF it Tollowd thet' -~ -

there is an automorphism h : W + ¥ such that h{a) = 2 and hb) = ¢ Mﬁm
contradicts (*). B :

-..-: s Lo g

Themmmultofdxawhnc&nuthem

Let fktwm&nﬂim For
S, Q € ED(L), if POS, ¥) = PQQ..‘X’)&QMM:WIG:Y
mchthatﬁhS!Q AT e

Proof: Let §; Qi EDIL) Mmaumiﬂf@nﬁfu?ﬁhf
sets of opea first-cuder fosmmslan:iti L (L)Y Wﬂ‘oﬁm AR

'“"'s,mv"“s.m ,n))AcQ,nzm(o},

: ,lfzms =&'~@,¢4¥‘1t9,&= w 5‘@,""“”- Lo
;L“ ¢ L...(I-lbe m M.’lf- m ST

Proposition A

Let:fanﬂ!btag,ab(m. R;Qiml«m W(**
Z.l)thenthefoﬂomngoﬁhoaam quivaieat;-. . , g
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(i) PAS, ) = PAQ, ).
(i)  For every n < w, T locally omits .
Proposition B

Let o be an L-structure. If §, Q € ED(L) are deterministic then
the following conditions are equivalent:

(i ¥YES=Q
(iig)  For every n < w, ¥ omits

Now 4.2.2 follows from 2.1.2(i), propositions A and B, and the
Omitting Types Theorem (cf. [7], Thm. 2.2.15). [ |

In the rest of this subsection we derive some corollaries from 4.2.2.

Call an elementary class 5 of L-structures complete if any two
elements of Jf satisfy exactly the same sentences in L, L)

4.2.3  Corollary ([6))

Let 2¢'be a nonempty complete elementary class of L-structures.
The following conditions are equivalent for arbitrary S, Q € ED(L).

(i) PC(S, 2¢) = PAQ, 2X).
(ii) For some countable % € ¢, % £ § = Q.
(ii)  -For some countable ¥ € 2¢ PC(S, {A})) = PCIQ, {¥).
Proof: By 4.2.2 and 4.1.1, (i) - (ii) and (ii) - (ii) hold (we have not
yet used the assumption that 2f'is complete). Implication (iii) - (i)
follows from the following easy fact. If 2¢'is a complete elementary class of

L-structures then for every S € ED(L) and for every % € ¢
PC(S, oX) = PC(S, (M). |
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4.2.4  Corollary ([6])

Letﬂf’beann—cawmrmeﬁu&
L-structures (i.e. 2 mmmammuel-mwwm
countable elements of JF are isomorphic). Then ¥ is eds-comiplete.
Proof: Follows immediately froi 423 m 3.6.1 B

Caﬂaclas&feftﬂmmen@m{ﬂm

of Of have the same termination properties, i.c. ﬁxmyi‘M)
and for arbitrary %;, W) € /W, b S+ iff §) k- 84,

4.2.5 Corollary

L"f“'wydmamydudm xwr-
LED_complete then X'is eds- o |

Proof: Follows from 4.2.2 and 3.3.14.. - B. . .

| An L-structure W is said to be algorithmically srival if for
every S € ED(L), if % k= S+ thea for some a < o Wim-§ 2gfR)
Algorithmically trivial structures have been investigated by many authors (cf.

(10, 17, 18, 19, 34} Euxmdm*numaa,ﬂw
reader should consult (34}, =

mmmtmamﬂw’d&m’
classes among all clementary complete ones.

42,6 *m

Fmamphudmmdnx’ﬂ&efmmm
‘equivalent: |

1] :Y-edr-eaaplete.

@ o PYED complete.

(i  Every % € 2¥'is algorithmically trivial.

Proof: The only interesting case is when s a class of infinite
m i
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() -+ (ii). If % € X is not algorithmically trivial then there
exists m with 0 < m < e, and § € ED(L, m) such that % k= S+ but for
n < o, S0 Without loss of generslity;’S cani'be thosehi s that
ntcomputesapartitipropeuouontﬁe’ eomponeut. ‘Let ' -
Qxg, -y Xpyp-1) = X be a total eds wlnch 9omputa ghu pro;ectlon Since
S is not vaﬁnttou oﬁbﬁnite 8 ta
compact:ezrargument t?i{re‘k B .‘f‘zg ﬂm.% is not total on U Here
wegetacontradichonnncelhSlQ.loby36llmkmwuedtobe
countable. Then by 4.1.1(ii) PCO(S, (W] = POIQ, {W)), and by 4.2.3
PC(S, X) = PGQ, .‘X’), NXEH'QQ_M, mpletspess and B . § 5 Q, a
contnd:étm.‘ :

(nii)-'(li m:!;mm
(i) = () follows from 4.2.5. B

: Belowweglvetwoeumpluwhwhmmwydeﬁvnblefmmdza
For an L-structure W, Thifl)-isi jw.€: PRI G gz e E

427 Let C be the ﬁeldofcomplexnumhen: 'l'lmle=l= ModTliC))
is not edt—;:om)kk mmmm&-ﬁmﬁmvwm& not

 algorithmically: seivial, -+ .

428 Letlj)eanl.-stmcwew#tou u ;
Mo TH®)) is not oy ‘ts*yuz not algorithmic
trivial).

4.3 Determinateness via nguagc Extensions =~

anthmetlc, ie. Np*if-{& ﬁ' ‘T,ﬁw,i * *&W q ! L
NG = {0} Assume that L and N are disjolit dd'let -

L(N) be the extension of L by N. is ofl.-‘_ﬂ
let 27 (N) be the class of i lﬁ’éﬂﬁ %?( F‘ﬁm

mm.‘Y

Theamofthsiﬁhacﬁonhfbsk&cbhpmofofthefdlowmg
result, whwhhubmmwwegdyaqdamm”mm[ﬂ

and [223.

EEANN



4.3.1 Theorem ({6, 22]

Let.’)l’bcanarlntraryclasofmmﬂal.m ‘Thea for .
arbitrary S, Q € EDXL), frqs,xfw)smofxmma’hsne. -

Proof: Amomentofreﬂectnonupon&ll(u)lhoqnhltmotdutom
4311tlssufﬁclentﬁndmry)toptmh*

4.3.2  Theorem

m:xfbeauarhmduofmublet-strm Thenif .
S € ED(L, n)fonomen(u,andnfformltx’udformaGA“,

<, ® k= St then there exists a formula.g €L _@N), n).such: -
that

4 .’X’(N)hv-'SO

(1i) { vucomutentukﬂ’(m;ichm
® < XMN), B K 330, 0.

ST

o Fnst wewtredummetmw An LN structare LI
sandtobe:tmda'dlfmreductmmﬂ-muctmsthewf” - S
of arithmetic (i.e. Wl = <w, 0, 8, +, 9). Form(o,lasan

abbreviation : fbrdltﬁémm mnextl'mhilﬁle
proof of 4.3.2." '

4.3.3 Lemma @s, 22])

Let {a,, : m < w} ¢ OHAL, n) be & recursively
formulas. Thentheremuami Wl:@ﬂi
formula y € L weLN), mf) such th;t - ey me

@ ¥ istrie in”aﬂ'shndld" dat uﬁ ;jﬁ;,

(ii) | Fo:mhm(-{,h&*(a

Proof: Thepmofofﬁﬂclemmauanadamﬁonoﬁhemdproofofﬂle
representation of recursive functions in arithmetic. Det& are omitted.

Proof of 4.3.2: Let S € ED(L, n). Apﬂy&‘.%ltothere.let
{fagm : m Cw}. Let ¢ and v be formulas obtained from 4.3.3. Then

*I\Vxn'yutuﬁes(i)and(li)of432 |
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To relate 4.3.1 to arbitzary elementary Clll&‘e state the following

auxiliary result.
4.3.4  Proposition

| Leti’(/beau~ ‘ d&dl«MwMeonwma
countable structure, M%hmm&dmmm

D€ Then for an: arbitessy: 8¢ BIXL),. POXS, ) = POIS, x.
Proof: Follows from 3.61. & . -

4.1.5 Comllcry ({6], [22])

Let.%’beanelementaryclmo“.—;tmctum. Then for arbitrary
S, Q ©BBAY I PO NN = POQ; *maris-o |

Onemqukﬁmdirqmﬁumtom:nIYQ 43fﬂl’ PR
definitional schemes which need not to-%¢ effaeﬁiﬁ,‘f’e. the deffnition in~
2.1 the function § is arbitrary. It turns out m:t,all results of 4.1 m;d,42
carry over to this more general ibtion ‘With‘uBchang “proofs. Hd

' ‘methodofprowng435euenmllydependsoaeffect:vemofagtven scheme.

The next result shows that 4.3.5 is no longer true for arbitrary deﬁnﬁional
schemes, even for an elementary class which i (cf. sul :
4.4). Let-F e thoRhite 'sbticme in PO, 1 the deriti

Kn) = <xq = xq, xp for n < . Foufipmhwl.,let&mcﬁl.)
be the class of all L-structures,. =~ '

y Le.

636" Theorem
Let L be a finite language mtthg* o (..1}.
Lg = lrg - llforcomem,n(u LeanMyoneoftbe

foﬂomn;muiatnom ‘. e | 4
@ z“n,,,(fg 22,00 ..

(D Zypp() 2 1 and zm.,_ug 2T

M&WMQM&MWMWSWL

suchthatforaulrbmatyextenﬂonl.:l. the following two
conditions hold"
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™ POS, StruclL®) = PO, Straea™).
(**)  For some ¥ € Struct(L), ¥ & IxgSt.
Proof: We sketch here a proof of 4.3.6 fortheasewberel. con_tams two
unary function symbols'f and 5. Tbeﬁodferu&hrm' ‘ in(i)
(ii) is essentinlly: the same. Eet S:be x-6éheiié Sifiged ‘i follows '’
S(n) = <a,, X for & Cw; where: o s 5 = fap) aiid-ferin ¢ o,

Mxp) = xg), Epylm)s. oo

]

~gMNxg) = f(xd) :fv,,(n» o

g e C
p ;:z, .J?ﬂ? | R

where,nuthen—thmalmfm&;' NGY

To prove.(*) let mukean;exml. sL Jig{p.bi
PCiS, smﬂ-"» ) them.

;j," m; o : . ‘a b H

e

U3ID.for e N € e ';’.}
T W A WL

Extend L* by a new constant symbol c. Letvbetl&lulm
alc) A ~8(c, ¢c). Thus v is consistent and

(439 h«y-*u(c)formyai’-"‘;_
LetThniv)bethentofﬂlthewemdedudﬂefrmm %ywtlh
completenestheomn,"-(c)t'l'huiv)foremyn<o Let
IF={gfYc) =c:n<e VU g = fc) : n(cfvf‘ﬁd*a}
Obviously I' N Thmlv) is a recussively enug
(a0 : n(o};l‘ﬂTlmﬁ),aﬁﬁi» 2
aswell byatb;
(**)uobhous.
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4.4 StruckL) is eds-complete

In this subsection we briefly sketch a proof of the followmg
result (cf. [6]; a similar result appears in [22]). =

4.4.1 Theorem

Let L be an arbitrary finite language o)“her thm the one where
LF = ‘ﬂ, pL(n H l LR {‘, and for all r € E‘, ﬂl‘wi 1.
Then Struct(L) is eds—complete

Proof: The proofuqmetechmﬂymm Hewweomyskud:themaia*
ideas behind the proof - the details can be. found in {6} ;In [6] these is.a
complete proof of 4.4.1 for the languagesl.mth LR'O(:E 'foralgebmc
signatures), and the netiioe Wiﬂ{df“‘mbeeaﬁty adiptedtoill
languages except the case mentioned in the Ilyma% 41, :

* The proof is essentially divided into two parts-weddrding to the cases -
the language L utuﬁes

(D g+ d, LF"" m, pl_(ﬂ » 1.

(I (Rmmn; caes} {Emptm mc}
Actually, for case (D) a stronger result can be proved (Note that

Theorem 4:2.f shows that the result Below Tadls for L containing two unary.
function symbols).

4.4.2 Theorem ([6))

Letl.bealanguagesatufymg(l) Thenguegyclassxof
L-structures which is closed under si tures 5 eds-eomplete.

Proof. There are fio tricks iivolved, But sotie ‘work needs to be done. See
[6] for details. [ | A :

Proof of 4.4.1 (contmued)

The main difficulties are found in case {ID.: n this case we
proceedasfollows.
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We first prove an auxiliary resuit (the Localisation Lemma in [6]) which
makesnpombletoresmctmmmtadodd&

Localtzalm I.anm

Let L be a finite language and let 2 be an arbiteary class of
l.-stmet\ua. mmmuw

) ﬁ/hm

(i)  For all finite extensions of L by constants to L€ and for
cach § € EBLS,: G, if % i S* for some @ ©:'RS), ‘then there is
2 sentence ¢ € L (L, O which has = modef in' (LS snd
fth*c*s'(m.fmﬁgth;&md
structures in Of to'kSstruetaren). o

Proof See[6} fordetis. B

Let L be a language satisfying (ID, and let L® be any finite
extemofl.bymu. We expand: LE: to:2 1wpsomved [onguage
L¢* by adding to L a new sort calied SETS, aad renaming as DOM the
sort of L. We also add €; & bisiaey relitibn off SETS S0P and MAP, 2
binary relation on SETS x DOM. L (L“udeﬁged-

mﬂ, :ths m txpuofmaﬁs‘mt@e Jiag

Every four-tuple of formulas t = (Qn,cs,lplu?&
(L (LS, 2 x (L LS »ﬂmam ,
HE of L (Lc*)mtmft'ima;;v‘f;;f :

_mnymfatumofuumm;

Lemma A
Let o GL“(chQMkthuu' .,d

conditions:

()  for every S € ED(LS, O if there is aa LC-structure ¥
suchthat!ksethmthuemuul.cmﬂm
8I=1AS*
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(*%)  for every sentence ¢ € L‘.ﬂ. v, fyA¢

has a model (in Struct(L°*))thenH'(v A ¥) has & model (in

Then given any stSeEuLc mwmd‘ on. SN
LC-structure, there exists a pentenee g € wc M rtain
has & model n StructL) such ‘ﬂ”‘ Btruci ), S

Now, the proof of 4.4.1, wi follow g@q& emmd A and the Losalizat
Lemma-orice ‘We show tﬁ’t for ‘_"; ) Jaoguage LE we. ga, Gind:a.seatence - qux!an
interpretation HY which umfy mmmmmmm for detaib)i’.

- For the proof of Lemma A we. ficsh oxtand 4, :byidbe; lasguags of
arithmetic N. Let § ¢ Eul.c 0 bnae ot Whijok: diveeges-en a2l v o

certain LC-structure. Theaweapply'l’m43.2toptalenmv €

L, (LN), O which is consistent with Mﬁﬁ%ﬁm e

that Struc(L® (N Je @' 2.8%, . < 5. coopra i e
ToehmsmtetbesymbohofNinpweme1audHtfromthec )

hypmhuuofLemmAnadapplythfolmwmultmnﬂomwcnt
theory.

Lemma B

Letl..beafimtelluguagemdletptL L, 0.

Thenthereemtaseuwncepoftheﬁmmmofhmeb-ﬁmkd
set theory, L(ZF) and a formula p(x) of L(ZF) such that

(0 ZF + p.

(id) If 8 k pthen for b € 8, Bl-p'[b]nffbuuomorpblc
to an L-structure which satisfies the sentence . |

This completes the sketch of the proof of 4.4.1. The method described
above does not work in the exceptional case mentioned in 4.4.1. We leave as an
open problem (cf. Section 5) the question of ede-completences of Struct(L) for
lnnguagal.whnchmuoteoveredby44l
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4.5 Arithmetic Programs - -
In this subsection we provide a partial muwnmhumomu by

the following question: is rhe class of all madd: PoA af Peano
Amlnneac ed:-compkré' - :

~ Let L be a langn ““wnu_c p;,r,l, ko . ],
LR = (<) op(® = 1, pfls) =p{(Q =2 LM 7

,0,8, 3, ,_)bethevstandardmoddofm tic, Lot Paf be the
dass ol“'nilnio&ehol";rf : e g4

Ly (k- true as’ thestanded m‘i

" used. We refﬂ' “m n&s ““‘ g "

) A.S.l m({‘p A \,:( ,?t«di e E iff;;"-: [ U w .

For arbitrary 8, Q € ED(L), PCIS, 91)*-:!'0(0. ?J)mphu
an:s-o

gt
.."'"



-on regular pr¢
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s. Open Problems

~ Below we list some msﬂuﬁ “Mmmted mth topua_
we have discussed in the paper, :

: :5.1 Frqgrgam af LED

Let ./ be a clas of program schemeu e.g. sm@t-hne programs, or
flowcharts, or recursive procedures, over-pigingh ldnguege L. :One can-add
.f’asanaddmonalpanmeminthedefm(l!)ofLBtheremJll

schemes § and Q are. asstied 'to smngy: ovér o, *Thé diedditeg 'of = (toital
equivalence) remai unchanged. ; fin-this' way weobiaidl ' Wigic LED.” L) "
whtchcanbewewedasafnmatofmufuulutrwuhkmto
ED(L). There:is: a:teadency {cf: PIOT:ts-1idn 90
schemuasthoseofmmmalcompumiand Tmfreaonable
LED &“si"”v ERGTET e LR T

C 5 e {TUEIRY et ot Con
Let LEDI and LED, be two ftagmemt of LBI!I.) for a fimte language
L. LED; is said:to bekisirpreiablo i LEDY iPfof cvéty & € EED| there
exists a 8 € LED, such that o «p WLED is interpretablednte, LER; . .
then we-write: " L ) agd s tha ng; S LED, pﬁd
LED, < LEB]. - Fj oeais LF A LED), . LED,
LED, is said 5 b5 mmﬁcclly q«tmfm to Laoz if wo, ~ LED,.

FRP A S 2 -—'f":‘ VPR ) ‘&3

| For example, LED based upon st;aght-hne programs is semantwﬂy
equivalent to first. with. J&Q beaed wpon.:flowchasts
(with-ifity Tad & éﬁ%ﬂ, to Alpseishmis liegicowith . -:

individual and iteration quantifiers (cf. [ l] aul t2$] for the necessary

deﬁ“‘“om)u“ vell g{m‘m

iif* b

Jmtumfﬁiogia,mmwmmdmofmmwhemu(ﬁ 09,
14, 23, 30)). We write. /3 <. 7 if g o toapplptable Yol 1/ s
above /| ~' zlgeam,ﬁ $ -@m»fgasaff. #d»af;s&fgm ,

v»««

ﬁ'iie nuttinll;:
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7| < S implies LED(/}) < LEDI/,)!

‘2. Is it possible to-fisd two olassés ol program’ schemes such that
S < ./2, flowcharts are translatable into /], W,)‘%f.mfz)‘!

3. Is the full LED semantically equivalaitt: 8- tiy of its fragments
LED(.”") with ﬂowchamtndatabie mo/nd J(BD! .

52 mmdwmaym

lnschematd@ x;nmt wﬂym*ﬁtmm
can Wwﬁmm‘ﬁiﬁk&%ﬁ%’“’ m

Thmfore m:dmm“nuwmw

Fa;;mdudfdmmkf desote tb* :

chad/-whmwwﬁemm What is the
rehttonslup betm LEH/ ) lad LE!I/F)?

knmmmnwamw;m |
Remark: lf.fs Y chu ammm# ‘ :h
among its ‘basic relati ? Q ususily cannos. Ve replaced by the: -
mmd-m&? ion 22,10 falle).

5.3 On—ud-c-bdf-Order LED

(D . Iw « b

(ID LED mmmmam

of /schemes:.. !amﬁmw g‘*‘-‘*“s‘i o
is a formula of LED® true in ED, aadthemkus.z“uystlnthufumh

neednottobetmem./forachs/o(mc N withowt the  :
equality predicate. To take another e, ormuls
-mamm-s :

VS| V5, 35(S;+ V §9) » 53¢ This forn
but s mor trée in the class of.all ..

in the class of all fiow
flowcharts augmented by ome stack.
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Problems
6. Given a class ./ of program schemes compare LED(./ ) and LED*(.”").

7. Call two classes /|, /) of program schemes :irmla' if for every

sentence a in LBD® ;- '« i tree in 41?"&‘#6&% ./2 "k the class
of all flowcharts similar to Eﬁ’ .

8. Given a class ./ of program lctpmu, mvutipte the daqdabnhty of
the setof all LED® ‘senitbicss ‘true in /7

9. Given a class ./ of program tchemu mvempte the anommubahty
oftheletofallLED mmauf e

" In fhere & 'class /' nﬁ#mmm i waiquely defianble (“P

to semantnc mter—tmulaubnhtxj by LBD : troe in /7

i Y*‘zf:,fg“f H

54 - &mm aid Unigwe Definabilily

11. Let ./} and/zbecm?fmlmnhemawchthat
LED(/j) LED(/Y). 1 it always powsible jo find a strwpture which is-
uniquely definable in- LEIX/z) by a single sentamon it WM in -

LED(/})) by any set of LED(.”}) sentences? by a single LED(./]) sentence?

5.5 Unique Definability

12. Characterize structures which are uniquely definable by a
single open LED formula over a language without constants.

13. Characterize structures which are uniquely definable by a
single LED formula.

14, Characterize structures which are uniquely definable by a set
of LED formulas.

15. Are there any reasomble results concerning unique definability
of structures in fragments of LED (eg. for flowcharts)?

5.6 The Ilanf Number for Fragments of LED

16. Isthereaclass./ofprogmnlchemamchthatLElX/)(
LED, andbothLE[X./)lndLEDluvethemHanfmben?
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17. Compute Hanf numbers for various well-behaving fragments of LED
(eg. for ﬂowcharts recursive proeedures, flowcharts with eouuteu)

5.7 Eds-Complete Clas.m e

18. LetL beafimte language nhsfmﬂufolbwm;
conditions: Lg'= {f}, Ly ¥ ¢, sy (0 = 1, and forall r € Lp,
pp(n) = 1. Istbeclasofalll.-stmctumedu—eom

19, Bﬂ;eclmofaﬂmod&of&aoﬁmu;g,

5.8 Tools 1o Construct Models .. . . »
20.  In this paper we have d- W0 résults {(Thieorems 3.5.7 and
4.2.2) which can be viewed as tools to construct mode

the second from theOmlttluTypuTbeom t Aretheumymulu

specific to LED which also. provide. tools.to canstrnos:
3.5.7 and 4.2.27 ’

Thuquaﬂonmtoh;w .
tools to construct modéls some of dw R
standard Mm i
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