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Abstract

Switch-level simulators model a metal oxide semiconductor (MOS) large scale intcgrated (LSI)
circuit as a network of transistor "switches”. They can simulate many aspects of MOS circuits which
cannot be cxpressed in the Boolean logic gate model, such as bidirectional pass transistors, dynamic
storage, and charge sharing. Furthermore, the logic network can be extracted directly from the mask
specification by a relatively straightforward computer program. Unlike analog circuit simulators,
however, the nodes are assigned discrete states 0, 1, and X (for unknown), and the transistors are assigned
discrete states "open”, “closed”, and “unknown”. As a consequence, switch-level simulators operate at
speeds comparable to logic gate:simulators. . . T ST A

In this thesis, a formal model of switch-level nctworks is developed. The networks in this model
may contain transistors of different strengths and types, as well as nodes of different sizes and types, and
hence the logical behavior of a wide variety of ratioed, complementary, and ratioless designs can be
expressed. In keeping with the concept of a logic model, however, both the transistor strengths and the
node sizes may take on only discrete values, and electrical behavior is modeled in a highly idealized way.
The operation of a network is characterized by its target state fi. ction, which for a particular state of the
network yiclds the logic states which the nodes would eventually reach if all transistors were held fixed in
their initial states. This characterization abstracts away the rate at which nodes approach their target
states and the voltages through which they pass but provides adequate detail for many simulation and
analysis techniques. The target state funetion can be ‘defined in: tesms ofian abstraction called logic
signals, where a logic signal gives a composite deéscription of 'the nétwork:.at. some node much as a
Thevenin equivalent network gives a-composite-description of a lincar network at some port.

Logic signals can be formalized into a simple, discrete algebra with operations describing the effects
of performing some elementary network transformations. A technique for finding the target state of an
arbitrary switch-level network can be derived by utilizing concepts from abstract algebra and lattice
theory. This technique leads to an algorithm for a switch-level simulator which improves on previous
algorithms in its generality, speed; and simplicity. - Furthermory, the mathdsatical formulation provides a
means for proving uscful propertics about.the smuhnon ‘metbod. and opens up further areas of
application for the switch-level model.
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1. Introduction

Recently, a new class of logic simulator has emerged specifically for simulating metal oxide
semiconductor (MOS) large scale integrated (LSI) circuits. These switch-level simulators model an MOS
design as a set of nodes connected by transistor “switches” with each node assuming a state 0, 1, or X
(unknown) and each switch a state "open", "closed”, or "unknown". Programs such as the author’s
MOSSIM [8, 9] and others [5] show remarkable accuracy and versatility in simulating such logic clements
as logic gates, pass transistor logic, busses, and both static and dynamic memory. The accuracy results
because the logic network closely matches the actual circuit, while the versatility results because
transistors form a common denominator for all LSI design techniques. Furthermore these simulators
operate at sufficient speeds to test entire LSI systems, because behavior is modeled at a logical rather than
a detailed electrical level. Unlike previous attempts at developing MOS logic simulators by adding ad hoc
extensions to gate-level simulators, switch-level simulators are based on a uniform and consistent model
which provides a powerful level of abstraction for viewing MOS designs. In this thesis the concept of
switch-level simulation is developed into a mathematical model of MOS logic networks from which
simulation algorithms and other analytic tools can be derived.

The ability to implement digital logic has progressed greatly in the past decade with circuits of
increasing size and complexity being fabricated at decreasing cost. Metal oxide semiconductor (MOS)
technology has played a major role in this "integrated circuit revolution” due to its relative simplicity in
both design and fabrication. In more recent years MOS design has become part of the university
cufriculum' in both electrical engineering and computer science. By using simplified design rules and
conservative clocking schemes, and by following systematic methodologies such as those presented by
Mead and Conway [28], the basics of MOS design can be learned in one semester. As this training
becomes widespread, we will see a new form of integrated circuit revolution in which nonspecialists

design their own custom integrated circuits rather than relying on the limited variety of commercially



available products.

With the increasing number of custom-designed integrated circuits, and with the. growing size and
complexity of commercial LSI products, the inadequacy of current LSI design techniques has become
apparent. The semicbnducl.pr industry has traditionally relied on humans to design, lay out, and ver-ify
LSI systems. Typically many man hours are spent, and several prototype chip designs are fabricated in
deyeloping a single IC design. Industry analysts have extrapolated the current design techniques and -
estimated that a 100,000 device microprocessor (the expected state of the art.in 1982) would take 60
man-years to.lay out and another 60-tp debug [41]. Rather than accepting such predictions as inevitable, a
change mdcsngn techniques is called for.

Computerized tools have becn applied to commercial LSI design, but mest of these can be viewed
as extensions of manual techniques {such, as graphical layout systems), of.#s ;experts, in a specialized
domain (such as circuit simulators,). Both kinds require clase conpesation with a hyman who undessiands
the exact capabilities aad limitations of the program. In addition, bumans are required to bridge the gaps
between programs with expertise in different domains. For example, before 2 design can be tested by a
logic simulator, the actual design typically must be. translated by hand into a description. which. can be .
understood by the simulator. This translation. process wastes manpower:in performing a rather tedious
task and also decreases the level of confidence provided by the, sxmuhtnn. B

Logic simulators form an important class of computerized taols foc LSI desiga. “Their utlity has
long been recognized for analyzing designs which by their size and complexity exceed the capability of
humans to fully understand. The usefulness of a logic simulstor depends greatly on the consistency and
my with which it can model the full range of design techniques available 1o the designer. Of course
no logic simulator can model all designs with complete accuracy, because it does ot simuylate. the detailed -
analog behavior. Nonctheless, it should provide as close a model as possible within a set of well-defined
limitations. As a furthér requirement, a logic simulator for LSI must be efficient cnough to simulate

entire systems with reasonable speed. The size of single-chip, very large scale integrated (VLSI) systems



will far exceed the small scale irlxtegrated (SSI) systems for which conventional lqggci s“i’n}pla‘tq};rs_were
designed.

A logic simulator has as its basis an abstract model of how digital systems furnction. This logical
model describes both the structure and the behavior of a system in-terrns of a'sét of primitive elements, a
set of interconnections, and a set of rules for operation. For a simulator to accurately and’ reliably
simulate a system, the logical model must reflect its actiial structure and operation.

Unfortunately, the development of logic simtators has riot Kept pace with LST technology. This
inadequacy stems in part from the lack of formal logic' models for' describing the behavior of MOS *
circuits.1 Instead, systems are designed and simulated using an ad hoc combination of Boole¢an 'géee
models, relay models, and efectronic models. Such a representation ‘inay be appropriate’ for human
designers, who can combine different modes of operation and resotve the cofifficts betwéen these models.
Computers, however, lack the intuition required to simultaneously view 4 system at sevéral different
levels. Computerized tools must be based on models which can describe alarge class-of systéms in a more
uniform way.

Most logic simulators are based on the Boolean gate model which adequately models systems built
from SSI components but fails to support the wide variety of techniques available to the LT designer,’ :
especially for MOS LSI. Many extensions of the Booléast gate model Have been attempted with the usual
result that only a stightly larger class of designs can be simulated and‘nifany sources' of unpredictable or
inaccurate behavior are introduced. This elaim will be nuppbreed by briéfly surveying the development of

logic simulators with respeet (o their support for MOS LS¥ design. -

ot

1. Brzozowski and Yoeli [10] present a logic model in which "T-elements"-provide a-simptified model of
ficld-cffect transistors. This model, however, only expresses the operatwn of static loglc gates
Furthermore, it has not received widespread attention.
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1.1 The Boolean Gate Model

The Boolean logic gate model has formed the theoretical basis for logic design ever since the advent
of electronic logic. In this model a system consists of a set of logic jatsseonnecmd:byf unidirectional,
memoryless wires. The logic gates compute Boalean functions.of their input signals and transmit these
values along the wires to the inputs of other gates. Each gate input has a unique. signal source.
Information is stored anly in the feedback paths of sequential circuits. This. modet directly implements
Boolean algebra [20] and hence has a well-defined specification which can guide. the simulator
implementation.

The Boolean gate model cannot describe many: of the techniques available to-the logic designer,
especially the MOS LSI designer. MOS pass transistor networks can implement combinational logic in
ways which more closely resemble relay contact networks than logic gate networks (see [28} or [16] for
several examples.) Dynamic memosy can store information without feedback:paths by exploiting the
capacitances of the wires and the gates of the transistors attached to them. A variety of bus structurescan -
provide multidirectional, multipoint communication. A logic simulaor which implements oaly the
Boolean gate model provides limited support to the MOS LS} designer. Mast. existing logic simulators,
however, extend the Boolean gate model in various ways. Hence, any evaluation of logic gate simulators
must consider these extensions as well.

'Many simulators extend the MO-vahJedlagtc of Boolean algebra with a.third, value to represent an
unknown or undefined logic level. This "X" level can-indicate. an- uninitiglized statc variable, a signal
hcid between the two logic thresholds, or a signal in transition between 0 and 1 or between 1 and 0. The
X logic level can be handled algebraically by changing the two-valued Boolean algebra to a three-valued

DeMorgan’s algebra [3, 11, 23, 46).1 Thus, even with this extension many of the desirable mathematical

1. A DeMorgan’s Algebra satisfies all postulates of Boolcan Algebra except. for the Law of Excluded.
Middle (A + = A = 1),
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properties of the Boolean gate motiel are preserved. Alternatively, some simulators.implement the X-_level :
by an enumeration téchnique in which the simulation is repeated with the nodes at the X level set to all

possible combinations of O.fs and 1’s [6, 45). Nodes whi&t remain at a ﬁniQue level %::t‘af all éombirttttit)ns

are set to this level, whnle all others are set X. Still dher snmulators [44] use ad hoc techmques to

implement the X level often resultmg in 1ncons1stent ot arfomatous-behavior: The ‘X”togxc level is useful in

simulating all forms of digital logic including MOS.

To'model the behavior of bus structures; some logic simulators have a fourth or "high-impedance”
logic levet f[i]. This H level corréspoﬁdé to the third state of tnstate :tog"ij(l:.‘*!'.l‘o;”sitﬁuiate abus structure |
the outpats of a number of gates are connected &' comon node. Typically all but orie output will be at
the 1 Tevél, and the Tevel of that dutput will dominate.” Unilike the X level which can be viewed as an
extension of Boolean algebra, the'H lével ‘violates a basic principle of the Booléan model, in that 2 logic
gate input no longer ﬁaﬁ.‘fi'uni’ﬁilé signal ‘source. Because the simulator is not based on a well-defined
mathematical model; it bécomes difﬁcult"ttt‘iinplémén't consxstentlyandaocuratdy 'The"VH state may be
adequaté for simulating SST désigns:n which only timifed forms of tri-siate bussés can be lmplemented.
The MOS LSI designer, on’ the otlier hand, ‘can ‘select from a v\i}'id‘e"":v%tr-iétyvo’f“bus designs, such as
pre-charge/discharge and multiple driver designs “The'H stateonlyparuaﬂy captures the behavior ot' '
these bus structures. Nonetheless, the  H logic level & scen in Simulators fof both MOS ‘anid other forms
of logic. S S

Somme sirfiufators allow a special logic gate to represent the MOS pass transistor [44]. This logic gate
models a field-effect trandiétor (FET) as a unidircctional dévics with two iputs and bne output as shown
in Figufe 11, “The simulator cannot help in cases i which fhe Bidirectionai property of the FET is

¥

important, such as in circuits whéré information may flow in either difection,! or where the design has a

1. In actual fact, the bidirectional L property of the FET is rarcly used intentionally, The author hassepn
only a few designs which have sighals propagating in ‘both directions throughga pass tranSIStor



Fig. L.1. leFETLogicGate

clock data output
clock 0 0 H
_l_ 0 1 H
] | | 1 oo
data ) output 1 111

malfunction due to a sneak path. More recent gate model simulators have implemented bidirectional
transistor models, but these transistors Mly entail a ;nuch h_igher_ computa;mnal cost, and hence their -
use must be minimized. Furthermore, few.of these simulators can simulate arbitrary combinatioaal
networks of pass transistors, because they cannot model theacnon of ppuupms;ors. Thus this extension
dqes»nptkfully capture the behavior’of the MOSFET. Like theh:gh—xgntpedance lognc level, it also lacks the
, sz;lly, some simulators model dyn_dmnc_ memory in a lum,ted fashlon [144]. A node is allowed to.
remain gt a previous logic level if the putputs of all logic gates connected to the nod,e are at the H Jevel.
This extension is very hmnted inits generahty and lts accuracy. - 1
As new types of MOS logic circuits are developed, demgners add more extensions of the Boolean .

gate model to their simulators. These extensions are doomed to failure, because they cannot correct the
fundamental mismatch between the Baolean gate model and MOS logx: circuits, MOS circuits consist of
bidjx_'eetional switching elements connected by bidirectional wires with memory (considering the
capacitive effects of the transistor gates as contributing to a wire's memory.) Instead, .the sunulaum _

become increasingly cumbersome and unreliable, because they only partially capture the behavior of the

logic technology.

1. SIMULOG introduces even greater inaccuracy by failing to diffcrcnuate between the undefined x) »
level and the high-impedance (H) level. "
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Using a gate model sirnulat;)r requires both intuition about hq\y the dggign 1s FUPPQ?Cd}Q fqr}ctigrg
and detailed knowledge of the simulator implementation. Thé ﬁser must expli;:itly idcnﬁfy the logic
gates, the signal directions thsough pass transistors, the Toestions of busses, the sites of dynamic memory,
and sometimes even the feedback -i)atl;s. ‘Often the ‘actual Jogic ‘desigh must be transformed into one
compatible with. the simulator which may not display the exiiet same behavior. “Thi$ transformation
process not only decreases the level of confidence provided: by the'simalation, it virtuafly eliminates the
possibility of automatically generating the siiniilation network from ‘some sﬁééiﬁc‘écim ‘of the actual
design. Unless we restrict our attention to-a limited-elass of design,“a very sophisticated program would
be required to analyze the-mask patterns for-an MOS laybut and cbrivert this 16 a gate-level description,
performing the necessary transformations to -provide cempatibility with'the simulator. Without: this
capability, a-logic.simulstor: cannot-be used to help verify thé correttriess of a layout’ Gate-level Togic
simulators fit into the MOS LSI design process as shown in Figure 1.2. They provide ‘mainly a

verification of the high level functionit description phas lintited verification of the actual logic design.

Fig. 1.2. Role of Logic Gate Simulators in LST Design

. Functional

Description
© Network ” Networt
Implementation Simulation
Layout Log;c Gate
Simulator -
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1.2 Analog and Hybrid Simulators

LS designers have recognized the limitations of conventional logic simulasors for modeling MOS
circuits and have at times resorted to .analog or hybrid simulators. Anajeg simulators treat the entire
design as network of analog circuit elements and try to mode! the detailed waveform at every node over
time. Simulators such as SPICE [30] and even those which use faster (and more approximate) numerical
techniques such as MOTIS [13] require very large ampunts of computation.. Some. reports claim the
amount of computation scales as the square of the network size [2). Thus they are practical only for smafl
designs or for small sections of larger. designs. Analog simulators, however, are based on. a uniform and
general abstract model and hence have been well received because. of their consistency and accuracy.
Furthermore, computer programs exist for deriving the simulation network autematically from the layeut
descriptions [2}

The amount of computation can be reduced significantly by hybrid techniques such as in SPLICE
[31] in which some sections of the design are simulated as logic gates and others are simulated as analog
circuits. Hybn'q simulation works well as long as only small, isolated sections of the design need be
simulated as analog circuits. Unfortunately, a human must.decide which portions of the network can be
modeled as logic gates, and which portions require analog simulation. Furthermore, trying to combine
analog and logic models in a single program requires rather unsatisfactory approximations at the
interfaces. For example, if an output of a section modeled as logic gates is to be interfaced to an input of
asection modeled as an analog circuit, the program must convert the logic signal into a voltage waveform.
This, of course, cannot be done with any accuracy, because much of the necessary information. is lacking.
The resultant outputs of the analog scction must then be viewed with skepticism. Similarly, if the logic
simulator were extended to include the X state, it could not be interfaced #o an analog simulator because
this state docs not represent a single voltage. Unless great care is excrcised, a hybrid simulation could

well provide the accuracy of a logic simulator at the speed of an analog simulator, rather than vice-versa.
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For this reason, a human must monitor the simulation very carefully.

1.3 Switch-Level Simulators

As an altematlve to conventlonal loglc sxmulators the author has developed the simulator MOSSIM ’
[8, 9] specxﬁcally for the loglcal srmulauon of MOS LSI WI(h MOSSIM the Boolean gate concept is
discarded altogether and replaced with a logical model whlch closely matches the structure and behavnor
of MOS circuits. A logic network consists of a set of nodes connected by a set of FET "switches™.
MOSSIM uses three loglc levels: 0, 1,and X (undeﬁned) There are three types of nodes
1. Input nodes provide a strong, externally generated signal (e.g. power lines,
clock dnvets data inputs, etc.)
2. PuIIup nodes are connected via a pullup reststor to a mhlgh‘ voltage They will
generate a 1 signal‘uniess grounded. “The output of an nMOS logic gate isan
example of a pullup node.
3. Normal nodes cannot generatc a srgnal but can store s:gnal dynarmcally
Only two types of network elements are allowed: p type and n-type ﬁeld-effect transnstors. A
transistor is a three node device which acts as a voltage-controlled swrtch thh no. assumed dmectlon of
srgnal flow as shown in thure 1 3 No dxstmctlon is made between the labels "sounce and "dram

When the gate node of a transistor is in the X state the sthch status is unknown it may be open closed,

or somewhere between The user mterface of MOSSIM allows the user to descnbe the network in terms

Fig. 1.3. The MOSSIM Traasistor Model

o p-type c n-type
drain gate effect gate effect
gate «—] 0 | closed 0 open
1 open 1 closed
source X unknown X unknown
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of transistors, logic gates, end user-defined macros, but these ere all transtated into a transistor-level
representation for the simulation. C. Termanhas developed a switch-Jqval simulator patterned after
MOSSIM [S] but differing in several respects, as is discussed at several pomts in this thesis. Researchers
at Caltech [34] also developed a swrtch-level MOS logxc slmulator but not to a degree of accuracy or
generality required in a serious des:gn tool. Researchers at other laboratones have developed thelr own
switch-level s1mulatorsbasedon these earherdengns. | R
Switch-level srmulators can simulate almost the full range of circuit deslgns available to the MOS
designer without any specral logic levels or poorly—defmed logrc elements. Both loglc gate and passf‘
transistor combinational logic arc simulated without d:fﬂcult!, as ateboth staqc and dynamnc memory. A
wide variety of bus structures can be simulated mcludmg tn-state busses, pre-charged busses, etc. Most
significantly, the user need nat teB thesumnlaw what typeofhms ;tmcm:e &mtended,only the actual

ATy

physical structure of the deugm

Switch-level srmulators have been tested on a \vlde vanety of MOS dwgns ranglng t‘rom student
homework problems to a LlSP mrcroproccssor clup codtammg over 10000 transrstors t21]. They have
proved remarkably general and accurate correctly srmulattng lognc des:gn techmques whnch were not' 7.
even antmpated in the srmulator dengu The conﬁdence in the smmlauon results rs gneatly enhamed by: |
thefactthatmeusercanseeanexxtmnespondencebemeenmexmaldcmandthemmulami
network. Moreover the srmulauon is fast enough that enttre dessns can be s;mulated For the LISP |
microprocessor chip, MOSSIM requires bétween S and 12 sécorids of CPU timie on a DEC20760 to
simulate each clock cycle. The designers were able to fully test the systen by sim:ﬂzféng 700 clock cycles.
Expenence has shown that stmulanon mevrtably uficovers fatal errors in the design.

C. Baker [4] has vmtten a program wltlch carﬂate layouts specnﬁcd in the @ltech Intermediate
Form [28] and genemte the equivalent ttansrstor level net\vork ‘Unlike a program whl:h generatcs a logic
gate description, this program needs no spccml mtultton about loglc desrgn lt need only look for

electrical connectivity and transistors in the mask patterns. The simulation network for the LISP
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microprocessor chip can be gcncra;ted with 30 minutes of CPU time on a PDP 11/70. This technique has
proved extremely valuable, uncovering errors both in the layout and the logic design. Furthermore, it
saves the duplicative effort of entering the design by hand for the two different representations.
Switch-level simulators can fit into the MOS LSI design cycle at several levels, being applied

independently to the high level description, the actual design, and the layout, as shown in Figure 1.4.
1.4 An Abstract Model for MOS LSI

The generality and accuracy of switch-level simulators suggest that a formal model of MOS based
on the switch-level concept can be devcloped. The uniformity and consistency of the switch-level
approach are precisely those properties which make a concept amenable to a mathematical treatment.
This model would serve not only as a basis for verifying the correctness of a logic simulator, but also as
the foundation for new computer tools for MOS design. One need only look at the many advances made
possible by Shannon’s development of logic models based on Boolean algebra [38, 39] to understand the

value of abstract logic models. While the expected benefits of a MOS logic model are much more

Fig. 1.4. Role of Switch-Level Simulation in LSI Design
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modest, its utility could be eigniﬁcant. Unlike traditional switching theory which was developed to help
humans analyze and synthesize networks containing small numbers of elements, we now want models
which can form the basis of computer programs to be applied‘ 0 networks eontaining thousands of
clements. This places more emphasns on the generahty and umforrmty of the model and the algonthmre
complexity with which it can be 1mplemented. )

In this thesis, a formal switch-level model of MOS logic networks:isdeyeloped. The network model
closely resembles the network model of MOSSIM but generalizes it in several respects. As with
MOSSIM, 2 logic network consisis of  set of nodes interconnected by a set of transistors. Unlike
MOSSIM however, only two types of nodes: input'ano normal are allowed. To model ranoed circuits,
transistors may have different strcngths, with‘:a stronger transrstor (such as an‘in:vcrter pulldown) bemg
able 0] overnde a weaker one (such asa pullup ioad transxstor) A third type of transrstor d-type (for
"depleuon") is mtroduced which is closed rcgardless of the gate srgnal. Tbts new model more closely
: matches the actual structure of MOS networks, because in MOS networks the relanve sizes of tmnsrstors ;
determme the logical behavror The punup node used in MOSSIM isa rather ad hoc way of representtng:
this. The new model can also describe a wider vanety of networks, mcﬁﬂmg circuits whu:h rely on
multiple levels of ranomg. i ° |

In MOSSIM, each normal node is modeled a, havmg a capaeﬁance of unknown value which can

store a signal dynamically but dannot ere ‘lhrs simal onto aaother ’nd‘&‘ ﬁr a dtfferent state,
Unfortunately this model cannot describe the behavior of many bus dwgm in )vhrch a relanvely high
capacttame bus node is connected m a lower capacttanq: node (such 2 the m-aode ofa 3-transistor
dynamic RAM cell) resulting in bdh node§ obtai'nmg the ;anleulo;; state 26 \ was ongmally .on the bus.
Our new switch-level model can model this effect by assigning each normal nodq g szze, ‘where the signal

on a larger node will predeominate when connected to a smaller nodde. )
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Our abstract model descrilbes both the time and electrical behavior of a network in a highly
idealized way. The time behavior is described by the target state function giving the logic states which the
normal nodes would reach for a particular set of input node, transistor, and initial normal node states.
For designs corn_taivning no édti;al races the lqgical bcbgvior can be modeled by repeated,application of
the target state function. To model the electrical behavior, the target state is defined in terms of the set of
steady state voltages in an "order of magnitude" electtiggl network, This class,p_f networks models the
conducting transisto;s by iinear resistors, where the conductances of the resistors for different strength
transistors differ by orders of nmagnitude.» As a consequence, any path to an input node containing only
transistors with strength greater than or equal to some value is modeled aspye[;jgixxg any path containing
a transistor with strength less than this value. Similarly, the normal nodes are modeled by capacitoﬁ
where the capacitances of the capacitors for different size nodes dnffer by orders of iﬁagnitude. . As a
resuit, th¢ target states fqrmed on a set of -nodes throygh charge sharing depends only on the state(s) of
the largest node(s) in the set. Furthermore, no attempt is made to accurately compute, the node voltages.
Instead, ﬂ_ley are classified into‘ thg three logic states 0, 1, and X. This model provides a simplified view of
ratioed circuits and charge sha;ing which adggua;e{y describes the lqgscal behavior of most MOS circuits.

Although the target state is defined in terms of an electrical model, we will find that the target state
of an arbitrary switch-level network can be computed without evaluating any electrical networks.. Instead,
by introducing an absumqon callgd_ logic signals, an,it,e,ratigev method, for computing the target state can
be developed which uses only .qperations in a simple, discrete algebra. A logic signal provides a
éorqpqsite description of a switch-level network at some node for a particular st of node and transistor
states, mucﬁ asa Thevgnin network [1;] provides a composite description of a linear network at some port
for a particular set of network parameters, However, whcrgas fmgmg the Thevenin equivalent generally
requires solging a set of simultaneous linear equations, finding the logic signal requires much less effort. .
A simple set of rules describes the logic signals created by the input-and normal nodes in their initial

states.and the effects on a node of other nodes connected through cenducting transistors. - With ‘these



A rules we can develop an eqx;aﬁon expressing a set of constraints which must be satisficd by the signal for
cach normal node in terms of the initial node signal and the signals for input nodes and for other normal
nodes connected through conducting transistors. It can then be shown that the minimum solution of this
set of equations equals the set of logic signals describing the network at each node, and the set of steady
ogic states can easily be derived from this solution. Logic signals can be formalized into simple, discrete
algebra with a domain corresponding to the signal values and operations dm:nbmg the effects of the rules
for logic signals. This algebra allows us to apply elementary concepts from abstract algebra and lattice
theory to develop techniques for computing the target state. These techniques can be further developed

into efficient simulation algorithms.
15 Relation to Relay Networks

The switch-level MOS model can be viewed 4s an extension of Shanrion's relay network model [38,
39]. The algebra of signal strengths introduced in Chapter § bears many similarities to Boolean algebra.
As Shannon observed, a relay can be viewed as a switch with conductance 1 when closed and 0 when
open.! The rules for connecting refays in series and in parallel and the methods of analyzing relay
networks are special cases of those for transistor networks.,

- MOS networks, however, have several characteristics which are riot found in relay networks, First,
relay networks are used as a current-driven logic, in which the logic state of a node is determined by the
connection between the node and the current source. Thus a simple characwnzanon 6flhe connection to
the signal source determines the state of a node. MOS networks, in contrast, are used as 2 voltage-driven
logic, where the state of a node is determined by both its connection to the supply voltage and its
connection to ground. One must characterize both the states of the signal sources and the connections to

them to determine the state of a node. Furtliermore, in a voltage-driven logic erroneous bchavior may

1. Shannon actually described the state of a relay by its hindrance, the complement of its conductance,
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result due to a short circuit betvs./een signal sources, and hence we also require the state X for logical
completeness. Second, relay networks do not allow ratioing in which one closed switch can override.
another. ’Ihus,r a Boolean characte;iza;iqn ofa cpngiuctgqqe_ igath sufﬁggs. Third, relay networks can only
store information in feedback pa}tfhlsf No modeling of dynamic memory or charge sharing is needed.
Finally, most theoretical work on relay‘netwgrks was _;gqnductqd_v ;‘bgqug the widespread availability of
digital computers. Thus, most techniques were developed to aid the hand design of small circuits. The
standards by which idea§ are measured change greaﬂy V,wl’l;eg ;hex_a;e» to, be incorporated .into

computerized tools to aid the design of very large systems.
1.6 Outline of Thesis

In the next chapter, the details of how the switch-level model describes the structure and operation.
of MOS networks is presenjed. By modeling the network structure at a trapsistor, level and by allowing
transistors of different strengths and nodes of different sizes, this model covers a large variety, of MOS
design tochniques in 8 way which closely malces the oy ireut desigas, The switch-level model can
be viewed as either a simplification, of analog uctwork models;or an extension of relay network models.
The time behavior of a network is described by the target state function, giving. the logic states toward.
wh“ich;t’h,e nodes are ‘dr‘ive‘n or chargcdgwenmecurrentnqdeandtransmwrstate& The value of this
function is defined in terms of the steady state voltages,in. lincar clectrical network that models the
transistor network. The logical behavior of many MOS networks is described by repeated applications of
their target state :ﬁmqtions. :In computing the target state, the tragslstexs are modeled with time-invariant
elcmeggt d;grgby simplifying the analysis considerably. . . . .

In Chapters 3 and 4 the electrical circuit-oriented view of the farget state function provided by the.
definition given_ in Chapter 2 is transformed into a more abstract and. Jogical view. It is shown that the
target state can be defined in terms of the steady stases of a set of }pgigal: conductance networks, where a

logical conductance network represents a switch-level network in which each. transistor is either
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nonconducting or fully c&nducting. The concept of logic signals is then developed to exbress the
behavior of logical conductance networks. With the logic signal abstraction we can derive an equation
which gives the steady state of a logical conductance network, and consequently the target state of a
switch-level network, which does not require evaluating any electrical networks,

In Chapter 5, an algebra of logic signals is developed with operations describing the effects of a set
of network transformations. This algebra aflows us to apply elemen(aryconcepss from abstract algebra
and fattice theory to the study of switch-level networks. |

In Chapter 6 the mathematical formalism presented in Chapter S is used to derive a technique for
computing the target state of a switch-level network. This development utiliz&g only the losu:spgnﬂ :
abstraction as expressed by the algebra of Chapter 5 and two equations which are derived in Chapters 3
and 4 from the analysis of the electrical model. Although we could arrive at the desired results more
directly by utilizing additional properties of the electrical model. this approach demonstrates the power of
our abstract approach. | | )

In Chapter 7, the abstract sofution technique of Chapter 6 is déveloped into an efficient algorithm
for a switch-levet simulator. By exploiting the sparseness of the netwari, the simulitor requires at most
finear time to simulate one clock cycle for almost all networks. This algorithm improves on previous
switch-level simulation algorithms in several respects. Some performance data for MOSSIM is presented
to demonstrate the perforinance characteristics of switch-level simulation and how it compares to logic

C Chapter 8, the simplified timing model of MOSSIM is investigated more closely to see for what
classes of systems it is valid. Possible methods of implementing logic s:mulaﬁorsthh other timing models
are presented. In addition, a fernary simutation algorithm is developed which uses the X state to detect
potential races in MOS networks. This algorithm is a straightforward extension of Brzozowski and Yoeli’s
algorithm for logic gate nctworks [11]. Ternary simulation requim’av‘much more accurate and efficient

implementation of the X statc than is required for functional simulation, because the X state will become
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the most prevalent state in the network. The algorithm presented in Chapter 7 provides this accuracy.and
efficiency.
Finally, in Chapter 9 some ideas for further improvements of logic simulators and for future

applications of the switch-level model are described.
1.7 Notation

In the remainder of this presentation, the following'nota;ional ,f:pnycntions are observed. Scalar
values are denoted with lower case letters (e.g. a, b); vectors with lbplt;face, lower case letters (e.g. a, b);.
and matrices with boldface, upper case letters (e.g. A, l_i).ﬂ, Mathgmatical domains, i.e. sets ,Of valpes with v
particular mathematjcal properties are denoted with scrip(, upper caseletters (eg. A, B), whi]e qrdinary‘
scts are written with italic, upper case !etters (eg. 4, B). The veixtgns"ion of a domain 9 to vectors of s'gz_e n

is denoted 9", and the extension to matrices with n rows.and m columns is denoted Snxm.
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2. The Switch-Level Network Model
2.1 Introduction

In this chapter a model of the logical structure and operation of MOS networks will be presented.
This Mel attempts to capture those aspects of an MOS circuit which affect its logical behavior, while
ignoring many of the detailed electrical properties. This network model extends the network model of
MOSSIM but in a way which provides a consistént level of abstraction. ‘Like MOSSIM the network can
be ‘extracted 'difecﬂ')r‘ from a speciﬁééﬁdn' of thé layout Thé ‘time be"héiv‘i(‘)‘i";(‘)f the network is also
described in a simplified way by the farget slale fiinction. Givehﬁeénﬂém network state, this function
yields the state toward which the nodes move without cdhsidéﬁhg the rate at which these changes occur.
This function bears a strong résemblance 10 the éxcitation function tsed in logic gaie and relay modefs, It
is assumed that the reader has a background in MOS logic design ‘comparable to thatprovndedby Mead

and Conway [28].
2.2 Network Structure

A logic network contains a set of input nodes = { TR }, a set of normal nodes
N={m,....,n; } and asetof transistors T= { 3,...,4 }.

Input nodes provide strong signals from sources external to the network, much like voltage sources
in electrical networks. Examples of input nodes include the supply (VDD) and ground (GND)
connections as well as signals supplied through input pads. Normal nodes have states determined by the
operation of the network. Each normal node n; has a size cap;, where cap; is an element in the set
K= {“1’ cens "q}' A normal node can store charge to provide dynamic memory. The size of a node

gives an approximate characterization of the amount of charge it can store, where sizes are ordered

x1<x2<...(xq.
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When normal nodes are connected together they will share charge and settle in a state dependent only on
the state(s) of the largest node(s). The values in K have no properties other than their ordering; they only
indirectly represent actual physical capacitances. This model provides a simplified view of charge sharing
which is valid for most actual circuit designs. The number of node sizes g depends on the kinds of MOS
networks to be modeled. For most networks, g = 1 will suffice. For those networks which rely on a
sharing of charge between a high capacitance node and a low capacitance node for_ their logical behavior,
g must equal 2 or more. For example, Figure 2.1 shows a three-transistor dynamic RAM circuit which
relies on the high capacitance of the bus (size "2) to override the charge on the storage node of the cell

during a write and on the drain node of the storage transistor during a read.

Fig. 2.1. Ratioless MOS Design
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A transistor is a three terminal device as shown below.

e |
source
No distinction is made‘_betwe_en the source and drain connections. Associated with each transistor & is a
strength str;, where str; isin the set T = {y},..., Y } The_strcpgmlo( a transistor gives an approximate

characterization of its conductance when turned-on, with strength values ordered

0(11(572'(...(1’-.

The strength values in T have no properties other than their ordering; they only indirectly represent
actual conductances. The number of allowable strengths p depends on the kinds of networks to be
modeled. For networks which do not rely on ratioed resistances such as CMOS designs, all transistors are
of equal strength and p = 1. Most ratioed nMOS or pMOS designs can be modeled with p = 2, where
pullup and pulldown loads have strength v} and all other transistors have strength Y,- Some designs,

including certain static RAM cells rely on multmle levels of rauomg and hence requlre a model thh P

{Pi & vt

equal to 3 or more. A transistor can be either n-type, p- type, or d-type All act as voltage-controlled

6\1,

switches as follows:
n-type p-type d-type
galesignal  effect gatesignal  effett’ gatesignal effect
0 opem 0 “closelt 0 closed
1 closed 1 opet o1 closed
X unknown X unkhown . X closed

d-type (for “depletion™) transistor can serve as either a load‘res:storfdr a depletion mode nMOS logic
gate, or a polysilicon-diffusion crossover such as is seen' in some des:gns. When a transistor is in a
"closed"” state it provides a conductance between the source and drain nbdes with value characterized by

the transistor strength. When a transistor is in an "unknown" state it provides a conductance of unknown
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value between (inclusively) the .‘conductance when "open” (i.e. 0.0) and when "closed”. This model
provides a simplified view of ratioed circuits in which a connection through a stronger transistor will
always override a connection through a weaker, as will be defined more rigorously later in this chapter. -
'Examples of a variety of MQS circuits are shown in Figure 2.2. The first three show common
nMOS and CMOS logic gates. The fourth one shows.a forceable inverter which, when connected in a

ring with another inverter, can statically store 1 bit.

Fig. 2.2. Examples of MQS Networks
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Transistors with strength Tess than v, (called weak transistors) are used in ratioed circuits, where a
stronger transistor may override a weaker one. Generally these weak transistors are configured oaly in
limited ways, such as pullup loads on logic gate outputs. At fimies we' will want fo exploit the
characteristics of metworks restricted in the use of weak ‘trasisistors 0’ simplify the mathématical
. development or to improve the efficiency of in algorithm. Tn pafticular, we define a réstricted network
follows:

In a restricted network every transistor of strength less than p has either its
source or drain connected to an input node.

All of the circuits-in Figure 2.2 are restricted networks. -An-example of an unrestricted retwork is shown
in Figure 2.3. In this example the pass transistor is assigned a streng’(hﬁ  indicate that When a siiek
path forms through the "kill” and pabsh'ansnstors with the invertef’input ffiiaf t'0; the-inverter output
will go to X, wmlemeoutputofﬁepassmsnstormngotou Almostaltg:malMOS designs can be
represented as restricted networks, because weak trangistors are used almmt t;éiuswely as pultup (for
nMOS) or pulldgwn (for pMOS) loads‘ thh one side connected @WJ@D 01: GND Unrestricted
networks seem platisible, however. 50 we wmdevelep results for this mowrge&ml ciide. We shall find

that although unrestricted netwum wqmre a more complex mathematical agjelopment, their study will

N RN bt DRGUD SRR
Fig. 2.3. Unrestricted Network Example R
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provide much insight into networks containing transistors with gate nodes in the X state.
2.3 Network Representation

The structure of a network is represented by the sets 7, N, and 7T, the vectors cap and stt (indicating

the node sizes and transistor strengths), and the following functions:

TTYPE: T—{np,d} the transistor type

GATE: T+ IUN ~thegite'node
SOURCE: T IUN the source node
DRAIN: T—+IUN T thedrainnode

2.4 Logic States

- Each normal node »; hasa-logic state y; € { 0,1,X }: In eérms of the adtiial voltage v; at node ;2

y; = 1 = vi<vi<vy

where V™ and V¥ are the logic thresholds. Note that our logic modet makes no attempt to-accurately
model these logic thresholds, and they are used here only to aid-our-iriformal discussion. Each input node -
i; has a logic state x; € { 0,1, X } with the same interpretation. Fhe values 0 and 1 corréépbnd to the -
Boolean logic levels. The value X indicates either an imknown or undefined logic level. An unknown logic
level arises when an ambiguity in the network condition prevents a unique determisation of a nodé’s logic -
level, such as from uninitialized state variables. F or example, when power is applied to a bistable device
such as a Nor gate latch, the output will obtam e; ;ralid, but unknown logic state. An unknown level
corresponds to a voltage either ;elow V or abo§c vt. An unde;ned logic k;;/el arises when the network
operation creates a voltage whiéh could lie betwe;én the two ]ogic 1!1resholds, such as due to a short circuit
or improper charge shaﬂng. f—lénce an uﬁdbﬁned level corfespén&s toaz voltage v;hich may be anywhere

between 0.0 and vdd'
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These two concepts ;liffer slightly in that an "unknewn" value satisfies the Law of Excluded
Middle, while an "undefined” value does not. For example, if y represents the state of an uninitialized
bistable device, then y + =y = 1. On the other hand, if y represents the stalé.ofa node along a shorting
path from VDDmGND.M y+ Twy=X Somedmai&mﬂpb'ﬁmeuwof&du&d»mddk
during the initial power-up sequence to assure that all feedback paths will be. initiatized to valid logic
levels. No known algorithm, however, can utilize information about "unknown” logic values in a
completely general way, except b‘y'enmnerating over all possible cmnbmauons of Bookax values. Thus,
to avoid an exponential algonthm, we shall not attempt m{hslmzulsh between ﬂb;;”mwn" and
"undefined” logic levels but instead use the single value X. | |

Each transistor 4 also has a logic state z’-e{o,i,x}, where 0 indicates "opén", 1 mdm
“closed”, and X indicates "unknown”. Although transistor states and node states,are different pbysical

phenomena, we will use the same maghematical objects to represent both.

25 Network State

At any instant in time the state of a network is givea by .the the logic states of the input nodes
xE {0,1, X}, the states of the normal nodes y € {0, 1, X }® and the states of the. transistors
ze {0, 1,x}k. Under stable coaditions, the transistor states z are fanctions of the node states. Suppose,

for example, matmdeniismegatenodeﬁxumm?lmtj(ie‘qsﬁxléﬁ(@); Mme-vdueoftjil

given by the fallowing table
']TYPE(ﬁ)
¥; a P : d
0 0 1 1
1 1 o 1
X X X 1

A similar table would result if the gate node were an input node. The functxon trans(x, y) denotes the

transistor state z resulting from the node states x and y. During the actual circuit operation, some time
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may elapse between a change in node state and the resulting change in transistor state. Hence the total

state of the network must include the transistor states as well as the node states.
2.6 The Target State Function

With the network in state (x, y, z) each normal node n; will move toward a target state ;i given by

the function
;;i = larget (X, Y, 2).

The target state of a node equals the state the node would eventually reach if the input nodes were held
fixed in state x, the transistors were held fixed in state z, and the normal nodes were initialized to state y.
As shall be seen, the target state ; is the steady state solution of a time invariant network with parameters

x and z and initial conditions y. We can view target as a vector-valued function
Y = target(xy,2). 2.1

giving the target states for all normal nodes. The state ; may never actually be reached, however,
because the transistor states will change in response to the changing node states, and the input node states
may be changed externally. The function target only describes a tendency in the network and not a
definite reality. However, it provides a basic characterization of the logical behavior of a switch-level
network. Much of the development of this thesis will be directed toward a mathematical formulation of
the target state function.

Define the function step, as
slepx(y) = target (X, Y, trans(x, y)). 2.2)

For a particular state of the input nodes step, gives the target states of the normal nodes as a function of

their initial states, assuming the transistor states are functions of the initial node states.
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During actual operatien, the network may not move through the succession of states predicted by
the function step, due to chenging transistor states and changing input conditions. However, for a large
class of networks, the ultimate behavior is cquivalent to the behaviorvmodelcq by sueeessive applications
of the function stepy as long as the input nodes remain unchanged. That xs,lf the nonnalnodes ;niﬁaily
have state y and the input nodes are held fixed in siate x, the network will eventually reach a state

phase(x. y) defined as
phaseu,y) = 1™ sep i) @3

where the superscript k indicates k applications of the. function step,. Furthermore, the networks of
interest will be guaranteed to stabilize after a bounded :number of steps.. Thus for some k<0,
step X(3) = step, X+ 1(y) = phase(x, y). Once the network arrives-at this state, it will remain there until
some input node is changed. This ignores the possibility that nodes may lose their charge due to leakage.
With current technology, in which clock speeds are measured in megahertz while leakage times are
measured in milliseconds, this assumption is appropriate. Examples of systems which can be modeled by
repeated applications of stepy include combix;aﬁohhl logic, any system free .of crmcal races, and a variety
of systers which can be modeled with unit delay logic elements. :"I‘!ie fimitations of this as.éumptioﬁ will
be discussed in Chapter 8. o

For a large class of MOS systems an equation for the function farger will lead to a description of
thie complete functional behavior of a network. In other words, the behaviof of a system can be modeled
by repeatedly freezing the states of the nodes and transistors, computing the targetstate for-each nénhéiff'
node, and then updating the node and transistor states accordingly. This techmque has obvnous

advantages over modeling the detailed voltage waveforms on each node.
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Concepts similar to the targ;et state function have been applied to the. study of both relay networks
‘and logic gatc networks. The target state function describes the excitation of a switch-level network, i.c.
the node states created in response to the current.states. Similarly, the excitation of a relay network is
defined as the states which' would Appear on the relay «coils if all .relay contacts are held fixed in their
‘current states, while the excitation of a logic gate network is defined as the outputs of the logic: gates as
functions of their current inputs. In general, the-excitation of any logic netwerk can be defined as the
logic states which would form on the nodes if all active elements (e.g. transistors, relays, or logic gates)
were held fixed in their cyrrent states

Huffiman [22] first.recognized the importance of the network: excitation as providing a basic
characterization of the dynamic behavior of a logic network, although he expressed it in the form of a
flow table-rather than a function. With this characterization much of the physital behavior is abstracted
away, such as the rate at which the nodes m_qvemwax’dﬁ through 'their exgitations and-the-analog values
through which they pass. While such a characterization cannet detect ceftain-error conditions dependent
on the detailed voltages or iiming, it provides a-useful level .of abstraction. Although logic states are
formed in switch-level networks in much different ways than in.logic gate or relay networks, these three

kinds of netwerks share much in common when viewed as systems computing logical functions.
2.7 Specification of the Target State

For both relay and logic gate networks, the excitation function for a node can be defined with a set
of Boolean functions in-a relatively straightforward way. Wi&h;swimh-]evel networks, on the other hand, a
more complex formulation is required, because the logic elements are bidirectional, and because the state
depends on the relative conductances of the pullup and pulldown paths acting on it or on the relative
‘capacitances of nodes with which it may share charge. We will define the target statc in terms of a linear
electrical model called the "order of magnitude” model. With this model the concepts bchind the

switch-level model can be expressed in relatively conventional mathematical terms. In later chapters, a



rather unconventional algebrarisl presented to express these concepts more directly and to allow the
development of efficient simulation algorithms. The order-of magnitude ¢lectrical model serves only-asa
means by which these more abstract concepts can be- motivated and desived:

Order of magnitude-networks comtain voltage sources, resistors, and capicitors where the resistor
conductances and capacitor capacitinces are specified: as powers of a ratio parameter p. Transistors in the
X state form conductances of unknown value bounded by powers of p;afd hodés i the X state form
‘usknown voltages. Hence, we must consider the set of possible:steady: state: voRages for-each node ifi an
order of magnitude network when the parameters and initial conditions ratge over sets of values. The
target state of a node in a switch-level netwotk i defined in tbrms of e 'set of possible steady state
voitages on the corresponding gode in the order of magnitude network a5 it thade: very large; such’ that
the conductances of - differont strength: transistors in the 1 stiite and the: bapacitancés ‘of ‘différent size
nodes differ by orders of magnitude.. This provides'a simplified: viow- of ratioed logic' and charge sharing
in which only the dominating effects are considered.

The order of magnitude network corresponding to:a switch-level actwork: in a ‘particular state
(x.7.2) is constructed with elements shown in’ Figure 24 Each-input niode- & is modeled by a voleage
source with megative terminal connected t0 GND and with: voltage "'xn,i»?whemr'x-*-‘:‘!}:o 13 x’ =P,
X; = Vdd‘f"J = 1, and X ranges over the set of voltages { v |00<v<\,'4d}1fx‘1 = X A normal node
nj of size k} is modeled by a capacitor with one side connected to GND and with capacitance mpk where
@ i3 an arbitrary positive constant. This capacitor is initialy charged to a volmgeyj’déﬁnéd‘in terms of
é:e logics(ate’yj in the same way x; is defined in mmasoij; A transistor with strength y; and state 1 s
modeled by a resistor of conductance ap™ where a is & arbitrary-positive constaht. A transistor with
strength v, and state X is modeled by a resistor with comductance ranging over the set
{910.0<g<<apX}, where « is the sime constant used when the transistor state is 1. The values of a
can be different for different resistors and capacitors. It will be shown later that the 'values of these

coefficients do not affect the value of the target state.
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Fig. 2.4. The Order of Magnitude Network Model
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For a particular value of p, the conductance parameters in an order of magnitude network can be

described by two matrices 6 € %X ™ and E € R X™, where % denotes the set of real numbers. Each

element 95 of G equals the sum of all conductances between nodes n; and n, while each element &jj of E

equals the sum of all conductances between node n; and the voltage source corresponding to input node

A
infinite sets:
Gmin( p)
E™*(p)

< 6
< E

IA

<

i. When the switch-level network contains transistors in the X state, these matrices may range over

6™X(p)
E™(p)

with the restriction that G be symmetric. Note that the partial order < is defined between matrices in the



usual way, i.e. A<<Bif ancli only if ajj < by for all i and j. The elements of G™" 6™ E™" and E™ are
polynomial functions of p, and hence the elements of the conductance matrices G and E are bounded by
polynemial functions of p, although they may take on arbitrary values within these ranges. With this
formulation, we are aésuming that transistors with the same gate node behave independently when that
node is in the X state. This models the possibility that transistors may have slightly different threshold
voltages, and hence when the gate node has a voltage close to one of the thresholds, the transistors méy
behave quite differently. Furthermore, as shall be shown in Chapter 3, this assumption allows us to look
only at the minimum and maximum conductance values for each transistor when computing the target
state.

The remaining parameters of an order of magnitude network are described by a vector c(p) € @0
giving the capacitances corresponding to the normal nodes, and the vector X € { v |0-0SVSVdd Jm

giving the settings of the voltage sources corresponding to the input nodes. When the switch-level

network contains input nodcs in the X state, this vector may range over an infinite set

where if xp =X, x"““i = 0.0 and x"“"‘i = V4q- The initial conditions of the order of magnitude network
are described by the vector ye {v |0.05vgvdd 1" giving the initial voltages on the capacitors
corresponding to the normal nodes. When the switch-level network contains normal nodes initially in

state X, this vector may range over an infinite set

y* <y <y~

Let vi(G, E, C(p)-, X, y) denote the steady state voltage on node n for the network with parameters
G, E, c(p), and x, and initial conditions y. Since the network contains only passive, linear clements, this
voltage must be unique. Furthermore, since the network contains no floating capacitors,'all node voltages

must lie between 0.0 and V4q- When nodes or transistors in the X state are present in a switch-level
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network, this voltage can range over a set Vj(p) where

Vp) = {vl(G E. c(p). x, y)IG 6", Gm(p)<G<G"'"(p) E"“"(p)<E<E'““(p)
X< x < X y““<_v<y“} '

S

This set is uniquely detennined by the structure and state of the switch-level network, the constant
coefficients a (which will be seen to be unimportant), and: the ratio parameter p.

The target state.of a node n;-is defined in temrsof the set ¥(p)-as. the ratio parameter p is made
very large. As this occurs, any conductance paths 10-input nodes-formed by transistors with state ‘1 and
strength greater than or. equal 1o Yt wrll dommate over paths contarpmg transrstors of strength less than
Y- Similarly, the charge on capacuances formed} ;y normal nodes of srze Kp w111 dommate over the
charge on capacxtances formed by normai nodes of lesser s11e To Form ; pro;)er lognc state (1 e. 0 orul)
there can be no conflict between the pullup and pulldown paths or between the hrgh and low charges As’
p is made very large V(p) sh&xld appfoach ertherthe“set f 00 }éomhgset{ Vg } If we take the limit as
p approaches infinity, the set V (p) should converge to one of these twp sets Thus, 1f we deﬁne the set

Voo

i as

00 _  lim
yl p— 0 V-(p),

then the target state on node n; is defined as

Vi = § 1, K =¥k -
X, else.

* In this formulation, the X mm&e set ¥;(p) converges to some val_negno_l equal to 0.0 or
V 4g- indicating erroneous behavior dué to a short circuit or improper charge shaung, or when the set
Vi(p) fails to converge to a single value, indicating an ambiguirt;y‘ inghe%teady state‘;\foltage caused by

nodes or transistors in the X state. This definition of the target state in termso'f, a limiting process

expresses in a mathematical way the concept that the switch-level model considers only the dominating



effects acting on each node, ‘either through conductance péths formed by transistors in the 1 state to input
nodes or by charge sharing betwégn nonhai nodes. When the dominating effécé conflict or when nodes
or transistors in the X state create uncertainties, the target stéte equals X.

For example, Figure 2.5 shows a switch-level model of an nMOS Nor gate and the corresponding
ordef of magnitude network. Let us see how the target states would be defined for several sets of inputs.
If ing = 1 and iny = X, then g = ayp, gy = app?, and 00<Tgy<ayp?, where a;, a,, and a; are

arbitrary positive constants. This gives a set of steady state voliages for node N

_ alv i\’s' e
e = {v l“l*‘ﬁz?“w— SZ?T?}?}'

and _therefore V-°° = {00} and ;"i = 0. Now suppose that in) = 0 and iny = X. Then g; = ayp,

=00, and00<g3<a3p This gives a set

and therefore Vl°° =‘{v|f(}.05vsvdd}and;i =R

Fig. 2.5. Example of an Order of Magnitude Network

,_—‘[3:;1 1
nj

ni




-39-

2.8 Relation to Actual Circuits

We have defined the target state in terms of an electrical network model as the ratio between the
conductances of different strength- transistors and between the capacitances of different size nodes is
made very large. It thenrfollo“‘/s that the switch-level model would correctly descrlbe an MOS circuit
containing only transistors m which the length-width ratios differ by orders of rnagnltude along with
nodes with capacitances that also differ by orders of magnitude.

In designing actual MOS circuits, of course, one does not use transistors with length-width ratios
which differ by orders of magmtude Instead, the relanve sizes of transnstors along a conducting path
from VDD to GND are set so that the node voltages w1ll lie sufﬁcnen(ly wnthm the logic thresholds.
Furthermore, transistors are sized accordmg to thelr requlred speed, power, and drlvmg capabilities. As a
result, the pullup’ load‘ in a clock driver may’ have much ;gr.eate'r conductance tllan the pullnp in an
ordinary inverter, even though both perform the same logrcal functmn - to prov:de a 1 signal in the
absence of a stronger 0 srgnal ’l‘hls transrstor smng can be v1ewed as an opurmzatlon of our order of

magnitude model to improve the electrical characteristics while, retaining the same logical behavior, In:

almost all MOS circuits the logic value formed on a node depends only on the dommatmg effects,

: Snmlarly, ‘node capacrtances span a wrde range of values, but the loglcal behawor is affected by
node sizes only in a few isolated locanons, such as in pre-charged bus Cll’CLlllS Typlcally the large
capacitance node (eg the bus) greatly exceeds the smaller capacatance node and hence our order of |
magnitude model more nearly approximates the actual circuit in this case. R

To model the logical behavror of a correctly designed MOS circuit we need only characterize
transistor and node sizes accordmg to then‘ loglcal funcnon in the netwogk “This correctness can be tested
prior to the simulation by a computer program which compares ﬁe conductance and capacitance

parameters of the circuit against the proposed logic network. Thus the simulation model can assume that

the cireuit is correctly designed in this respect and take a more abstract view of ratioed circuits and charge:



sharing.

Not all MOS digital circuits can be modeled by a switch-level network. For example, the
switch-level model cannot describe circuits in which slight variations in voltages can represent different
logic values, such as one-transistor dynamic RAM designs using sense amplifiers to detect these
variations. Furthermore, our model can only describe the behavior of ratioed circuits or charge sharing
wﬁen there is a clear precedence between the different transistor conductances and between the different
node capacitances. Other forms of MOS circuits can only be modeled with partial accuracy. For
example, the switch-level model ignores the effects of floating capacitors in "bootstrapping” node
voltages above Vdd or below 0.0. This technique, however, is used primarily to overcome the saturation
effects of the field-effect transistor, but our model ignores these effects anyhow. Thus a circuit which
utilizes bootstrapping for this purpose can be simulated with a switch-level model, but the simulation will
not check whether the bootstrapping actually occurs. -Except for these limitations, switch-level networks

provide an accurate and simple way to describe the behavior of MOS logic circuits.
2.9 Comparison to Other Switch-Level Models

The logic networks allowed by the simulator MOSSIM [8] can be described in the model using only
one node size (¢ = 1) and two transistor strengths (p = 2). Input and normal nodes in MOSSIM
networks are modeled as input and normal nodes, while pullup nodes are modeled by one of the

following circuits:

d
‘ln —| n

ni

The new model corresponds more closely to the actual circuit implementation, because transistors of
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different sizes define the behaviolr, of ratioed circuits. The pullup node of MOSSIM provides a rather
inelegant model of this and also laéks generality. All transistors in-a MOSSIM network are modeled by
transistors of strength y,. A MOSSIM network always corresponds to a restricted network in the.new
model. |

The logic networks allowed by C. Terman’s switch-level simulator {5} are-for the most part ideatical
to MOSSIM networks. A more general model of charge shasing is allowed, however, in which each
normal noderhas a real-valued. capacitance. Thls technique is applied when a set of normal nodes. is
interconnected only by transistors in the 1 state, none are connected tp input nodes, and none are in the X
state. In such a case, the program sums the. capacitances of .those nodes in state 1 as well as the -
capacitances of nodes in state 0. If one sum exceeds the other by at least a factor of 3, the nodes are all set:
to the corresponding state, and otherwise they are set to X. No attempt is made to perform this
calculation when transistors or nodes in the X s;atc,am.ﬁresennz,;lnsm the nodes are all set to X.

At first this approach might seem superior to our model of charge sharing in. which nodes are
assigned a size in the set K and the value on a larger node always.overrides the value on a smaller. Using -
real-valued capacitances more closely. matches the actual electrical behavior and utilizes only information.
easily calculated from the layout specification. However, it seems as,i;tf,,,tranisiﬂs‘tqrs in the X state cannot be-
dealt with in a consistent, way with this model. Terman has chosep not:to simulate the effects of
transistors in the X state with greét accuracy. Instead, nodes are sometimes set to X even when they would
have state 0 or 1 regardless of the conductances of transistors in the X state. For example 1f a high
capacntance node in statedl'.; 1s connected to a low capacnan‘c;‘ ;mde in state 1 by a transnstor m state x 7

both nodes are set to X even though the high capacitance node would remain in state 0 even if it shared

charge with the other node.
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Suppose that we weré to utilize real-valued capacitances in our logic model but tried to pm;ride a
more accurate model of transistors in the X state. That is, a node would be set to 0 or 1 if it\h'as this
unique state regardless of the conductances of transistors in state X, and otherwise it would be set to X.
Consider, for example, the network shown in Figure 2.7 containing a set of nodes of increasing
capacitance connected by transistors in the X state. Suppose initiafly that node n; is set to 1 and all others
are set to 0. With this model, the target states of nodes n) and n, equal X, because these nodes would
have undefined states if only they share charge. Nodes njand ng, on the other hand, would have target
states 0, because no setting of the transistor conductances could cause them to be charged above the logic
threshold. We have defined the target state as the steady state solution of'the network, and hence when
the nodes are set to their target states, the network should remain stablc ustil-a transistor or input node
changes state. if we set nodes n; and n, to X, however, the target state of node ny will become X, because
by our naive approach, we must consider the case in which the X states on nodes ny-and n, actually
represent high voltages, and these nodes share charge with just n3. - Hence, the original target state is nota
true steady state solution. Similarly, if we set node ny t0 ts new target state, the target state of node a1,
becomes X, indicating that the previous target state was also not stable.  In the final steady state solution,
the initial charge on node ny has created an undefined state on a node with 30 times greater capacitance.

Thus, this model of charge sharing yields unstable solutions and also lacks accuracy.

Fig. 2.6. Charge Sharing Anomaly
" i A g
X X X initiat 1 ] 0 /]
step 1 X X 0 0
ny _l_ ny _L ny _L ny step 2 X X X 0
I 1 L - step 3 X X X X
10 20 80 30.0
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More sophisticated approaclhes could be devised such as storing the range of possible voltages for
each node, but for any scheme there seems always to be a circuit which would be modeled incorrectly.
The problem occurs because we are trying to combine exact electrical concepts such as real-valued
capacitance with abstract logical concepts such as the X state for both nodes and transistors. With the
logic model mapping many possible conditions of the electrical network into the state X, it cannot model
behavior which depends on detailed electrical properties with sufficient acburacy or consistency. By
adopting a more absolute view of charge sharing in which a larger node can always override a smaller, we
obtain a more uniform level of abstraction leading to a more consistent modeling. Of course to describe a
design in terms of our logical model the process translating the electrical design into the logic model must
decide how the design should be viewed logically. For the network shown in Figure 2.7 this would
require some rather unsatisfying decisions. In fact this network really shoulgl be modeled as an analog
circuit, because its behavior depends too much on exact electrical properties.

This aspect of the logic model design indicates a fundamental trade-off with abstractness and
consistency on one hand and a desire to combine concepts from several different models on the other.
Since we are concerned at the moment with developing the mathematical aspects of the switch-level
model, the more consistent and abstract approach will be chosen. For other applications, a different

choice may be appropriate.
2.10 Derivation of the Switch-Level Network

Switch-level simulators have proved quite successful in simulating networks extracted by a
computer program directly from a description of the mask layouts. The combination of network

extraction and simulation provides an important check of a design.



For networks which Ican be expressed in the MOSSIM network model, this layout extraction is
relatively straightforward. The program need only follow the electrical connectivity in the nétw:ork and
find the transistors and their types. A simple set of rules allow one to transiate this node and transistor
description into a MOSSIM network. For example, in depletion load nMOS technology, any depletion
mode transistor with VDD as the drain node can be assumed to be a pullup load, while all other
transistors are generally strong transistors. If the extraction program also calculates the iengths and
widths of the transistors, it can verify that the ratioed circuit will bpemieéorréctly by determining
whether the highest resistance pulldown path can override the lowest resistance pullup path for nodes
which have independent pullup and pulldown paths. If these worst case conditions are not satisfied,
warning message can be issued. By performing these static checks of the circuits, we avoid the need to
chieck the pultup and pulldown ratios dynamically as the simulation proceeds. ‘

As we generalize the switch-level model to include multiple levels of ratioing, charge sharing, and
arbitrary use of weak transistors, the layout extraction becomes more difficult. The extraction program
can calculate transistor resistances and node capacitances without great difficulty, but no general rule can
take these parameters and assign transistor strengths and node sizes. For example, recognizing that the
forceable inverter shown in Figure 2.2 requires three different transistor strengths would require a much
more sophisticated algorithm than our rule for finding the MOSSIM petwork. “‘Similarly.'idenn‘fying ’
which nodes will be sources 6f signals during charge sharing and, which will be recipients cannot always <
be done with complete accuracy.

If we tailor the layout extraction program toward a particular class of designs and not try to utilize
the ﬁ:ﬂ generality altowed by the ‘model presented here, the extraction can be made reasonably
straightforward and reliable. For example, circuits usmg miore than two transistor strengths are relatively
rare and even then appear only in limited configurations. The extraction program can look just for these
configurations and for other portions of the design apply simple rules such as those used in deriving the

MOSSIM network. Similarly, a bus node can usually be identified by its large capacnance relative to the
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nodes with which it may share chz;rgc. Such nodes can be assigned size x5 and all others size xy for most
cases. Thus, layout extraction should still work well for this more general switch-level model.

One can see the advantage of Terman’s model from the standpoint of layout extracﬁon, where the
relation between the physicél capadmnces and the logical behavior is computed dynamically as the. need
arises. Similarly, a program could compute the relative conductances of the pgllpp and pulldown paths
dynamically to model ratioed circuits in a very direct way, almough this is more difficult than computing
the relative capacitances in charge sharing. For some applications, one may be willing to sacrifice the
accuracy and consistgncy with which the X state is modeled to gain this direct correspondence between

the elcctﬂcal parameters and the simulation model.
2.11 Summary

_Thcb,switchv-levvel model provides three major simplifications_over more detailed analog circyit

models:

1. Timing is not modeled in great detail. Instead, the "dyn'amié behavior of a
network is modeled by a sequence of target states, where each target state
represents the steady state solution of a time-invariant network.

states 0 and 1 arise during proper network operation agui thc state . x ansm‘
from an ambiguity in the Hietwork or from erroneous operation.

3. The effects of ratioed logic and charge sharing aré modeled in a simplified way
as if the conductances formed by transistors of different strength and the
capacitances of nodes of different size differ by, opdexs: W} sPhis,:

e

assumes the circuit correctly obeys the ratio rules and he exact voltages
- need not be computed during the simulation.

These assumptions lead to a uniform and consistent view of MOS logic “designs in which only those

2P TVl g vhed auh HDe MIONDLOML o0l gt Loieni
aspects which determine the logical behavior during normal operation are considered. As has been seen,
these assumptions lie in a very delicate balance. If we try to introduce greater accuracy in one area, such

as incorporating real-valued node capacitances, we can lose consistency in another,
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3. Logical Conductance Networks
3.1 Introduction

As was discussed in Chapter 2, the target state function provides a basic characterization of the
dynamic behavior of a switch-level network. The value of this fnction was defiried in terms of the set of
possible steady state voltages for each node in a linear electrical network in the fimit as the ratio
parameter p approaches infinity. This definition helps clarify the rélation ﬁefwm the switch-level model
and MOS logic circuits but provides little aid in devising efficient simulation algorithms. In this chapter
we start a transition from a circuit-oriented view of the swiich‘level model to a more abstract and logical |
view. A new form of network is introduced called logical conductance networks to focus attenuon ona.
key aspect of computing the target state. A logical conductance network repments» a switch-level

dg. ‘“The node states have values 0, 1,

network with each transistor either nonconducting or fufly co
and X, but unlike switch-level networks, the network elements are “logical” conductances which can take '
on values from a small discrete set. 'ljhe taxget s_tate of af_swixe_h-leyetl ge;work can be deﬁned in terms of
the steady states of a set of bgncal conductance naw*orks. m steady‘state:of a lopcal conductance
network is in turn, deﬁned in, termg. of the hmxung case steady state voltages in an order of magnitude
network with a unique sét of pammetets and miua! condlnons. Ldtkal wnductance networks provide an

intermediate level of absu'acnon between electrml networks md svmch level ne;work&

32 Pronertic:sji(tﬁej_ Jectrical Model

‘We have defined the target state in terms _df _:a‘clvas‘pf hnear nme-mvanant electrical dehvorks g.
containing voltage sources, capacitors with one side connected to ground, and finear resistors. The
settings of the ypltage sources are given by dle_ ,Yo.c@f x pxe capac;tances Vgre‘ g?ven by the vector ¢, and
the conductances of the rcsnsturs are glven by the mamces G and E The mmal condmons of the network

arc defined by the vector y, giving the initial voltages on the capacitors. The nodes in this network
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correspond to both the normal n(;des and input nodes in the switch-level network. Some properties of
these networks will be given here. Formal derivations of thesé properties are given in books on electrical
network theory such as Desoer and Kuh [15]. They rely only on Kirchoffs’ Current and Voltage Laws
and on Ohm’s Law. . | |

In a linear network containing only passive, linear, time-invariant resistors and capacitors, any node
connected by some conducting path to a voltage source (which has its negative terminal connected to
GND) will have a steady state voltage uniquely determined by the voltage éource settings and the resistor
conductances. Such nodes are said to be driven. When node n; is driven, its steady state voltage is a linear

function of the voltage source settings X:

v: = X & X
i ij Xj
j=1"

The coefficients a;; depend only on the resistor condyctances and obey the following properties:

8

]

pX ai- = 10.

These properties follow from the fact that for any possible set of voltage source settings given 'by the
vector X, v; is bounded below and above by the minimum and maximum elements of X, respectively.
That is, if a;; were negative for some value of j, then an oﬁt;of-.rangé volfage would be obtained by setting
Xj to a positive value and all other voltage sources to 0.0. Siréilérly;‘if,th; coefficients did not sum to 1.0,
then an out-of-range voltage would be obtained by setting all voltage sonrces to the same nonzero value.
Nodes which have no conducting paths to voltage sources are saxd to be charged. Since every node
has a nonzero capacitance and the network contains no floating capacitors, the steady: state voltage of a
charged node will be uniquely determined by the node capacitances, the resistor conductances (only

whether each conductance is zero or nonzero), and the initial node voltages. When n; is charged, its

steady state voltage is a linear function of the initial node voltages y:



n

Vi = 2 bu yj.

i=1
The cocfficients bij depend only on the resistor conductance and node capacitances and obey the

following properties; -

n
) x bij - 1.0.
i=1

These properties follow from the fact that for any possible set of initial node voltages y, the steady state
voltage on any charged node is bounded below and above by the mxmmumand maximum elements of y,
respectively.

A node is either charged or driven to ‘its steady state‘ voltage, and therefore if we adopt the
convention that a;; = 0.0 for all j when ’ii is charged and- by = 0.0 for all j when n, is driven, the two
modes can be described by a single equation:

ml - . 4 - n B
i=1 i=1

The coefTicients obey the following properties:

3 = 00, foralliandj
m n
.2 al} + 2 bii = 1:.0, foralli
i=1 i=1
m n
= alj z bij = 0.0, foralli.
i=1" j=1

We will also be interested in networks where the elements of £, 6, and:c are given by continuous
functions of the parameter p. In this case the .coefficients 8 and bij will be given by continuous
functions of p. For any positive value of p, the network described by the conductance matrices 6(p) and

E(p) and the capacitance vector ¢(p) will be a passive, linear network: with no flgating capacitors, and
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therefore the properties of the coefficients listed above must hold for all p > 0.0. Therefore, if we define

00 ., 0O
aij and bij as the values

a.RQ = Im
au - p—-ow au(p)

then

lim B S '
Vi = p3 ai- -Xx: + X b- . . 'y.l
e L R T T
. 00 00 . .
and the coefTicients ay and bij obey the following properties:

aij°°., > 00, foralliandj
b;*® = 00, foralliandj

+ ij

8
M e
b

b;® = 10, foralli

[N,
(-
Adus s

qoo = 0.0, forali

nmg ! MB
i
- 3
8
M
st
' (-2

These properties show that the linjits used ip;'me,fdeﬁgitdigp of ths: target state are mathematically

well-defined.
3.3 Simplification of the Target State Definition

When a switch-level network contains transistors or nodes in the X state, the target state of a node is
defined in terms of the set of possible steady state voltages for the node in an electri‘c;l:;;ztwbi'k as the |
network parameters and initial conditions are varied over hﬁd&uniﬁbl‘yﬁihfzinite ses. Fortunately, we need
not evaluate all of these possibilities, because we only’ wish to know "Whetl‘lé'r: each set of véltﬁges
converges cither to the set { 0.0} or the set { V.44 } as p approaches infiniy. Ifit can be determined that
suéh a convergence does not occur, the targetisthte is kX. T‘i;us weneed not find the entire sét of steady

state voltages for all possible network parameters and initial’ conditions for each node, but only certain



properties about this set.
33.1 Node Voltages

First, let us consider the effects of having the voltage sources.range over the settings X< x <x™=

and the initial node voltages range over y™*<y<y™. Let the vectors x’ and y’ be any vectors satisfying

the following requirements:
Y max min ’ -
X< x'<x™* and x“"iyé,xr Tadt aris 3¢ wn' (32

YUSYSY™, and yA P =y <K 63

The following theorem shows that we need only evaluate the network for this single set of voltages.

Theorem 3.1
For any conductance matrices 6 and E and capacitance vector ¢, if

Vi = (V{6 E c.x )| x™<x<x™, yy<y™}
thea

V; = {Vgq} ifandonlyif v(6Ec x.y) = Vgy

¥, = {00} ifandonlyif v(6 E ¢ x.y) = 00

for any x’ and y' satisfying equations 3.2 and 3.3, )

Proof of Theorem 3.1:

We have already seen that the voltage v; is given by a linear function of the elements of X and y as
shown in equation 3.1, including in the limit as p approaches infinity. Furthermore, all cocfficients are
nonnegative and sum to 1.0. Clearly, v; equals V4 if and only if X = Vgq for all j such that aiij’
and ¥ = Vgq for all j such that bii > 00 Therefore, since x'; equals Vdd if ;md only :fv

x‘*“j = x““j = Vyq and similarly for y'j, vi(6, ‘E,' c, x' y) equats Vdd if and only if vi(6,E, ¢, x, )
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equals V 44 for all x such that X" <x<x™ and y such that y""<y<{y™. The proof for ¥; = {00}
follows identically.l

This theorem shows that even though the voltage formed by an input or normal node in the X state
can range over an entire set .of values{ v | 0.0SVSVdd }. we need only evaluate networks with this node
having a unique voltage v such that 0.0< v < V4g- This single value can be used to test the sensitivity of
nodes in the network to this X state, where sensitivity is indicated by the values of the coefficients ajj and
bij' Thus we can simplify the definition of the target state from one in terms of entire sets of voltage
parameters and initial conditions to one in terms of a single set x" and y’. Furthermore, the exact values

of the voltages are unimportant, only whether they equal 0.0, Vgyg- or lie between (exclusively) 0.0 and
Vdd.

3.3.2 Conductance Matrices

When the switch-level network contains transistors in the X state, the target state is defined in terms
of the steady state node voltages as the conductance matrices range over infinite sets, G™"<<G<<G™* and
E""<E<E™*, Furthermore, while the elements of G™", G™=, E™", and E™* are functions of p, this
property does not hold for all matrices in the set, which makes it difficult to establish the limiting case
voltages. Observe, however, that rather than finding the entire set Vi(p) for each node, if we could
determine the minimum and maximum elements of the set, we would have sufficient information to find
the target state. The following lemma demonstrates an important property of clectrical networks as the

resistors vary between their minimum and maximum values.
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Lemma 3.1. :
Suppose a passive, linear, time-invariant network contains a single variable resistor with conductance h.
If v, (h) denotes the steady state voltage on node nasa function of h, then for any h, h™2, and h™ such

that 0.0 < h"'<h<h"’ cither
(™) < vi(h) < vi(h™)

vi™) < vih) < vi(h"")..

Proof of Lemma 3.1:
First, suppose that node n, is charged when h = 00, i.’e.dié‘r’e_ifnocondmﬁngpaﬂl from to a
voltage source. Then for nonzero h, n; could be connected to more charged nodes than when h = 0.0, or
discontinuity in v; as a function of h at h = 0.0. For nonzero values of h, the steady state current through
| this resistor must equal 0.0, because this resistor is ot contained inf any 166p in the network. As a result,
the value of h can have no effect on the steady state voltages, and v must rémain constant for any h > 0.0,
Therefore, either h = K™ = 0.0and v;(h*) = v;h), or h > 00 and v,(h) =v,(h"=),
The more difficult case occurs when riode n is driven for all values of h, ie. there is always a
conducting path to a voltage source. In Appendix I an equation Is derived for the node voltage v; as'a -

function of h by an analysis of multi-port networks. This equatior has the form’

vi(h) = "1(00) + (34) ,,

_ah
10+0 h
where b is nonnegative. This equation indicates that v; is approximately linear with respect to h for small
h but approaches a constant asymptote as h becomes very large. Taking the derivative with fespect toh
gives

@

dh T q10+bn)?
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which equals 0.0 only in the trivial case where a = 0.0. Therefore v; has no minimum or maximum
between h =-h™" and h = h™ unless it is a constant function, and one of the two inequalities must hold.
1

With: this lemma we cén show.thati the minimum and maximusn steady state voltages for.each node
can be determined by considering only: the’ minimmm and maximum conductance values -fof each

transistor.

Theorem 3.2.
Let E and G be the following sets of conductance mamces
E o= {Elek = g™ k“’jk"'o jk}

G = {6lgjk = 0™ or g = 9™, 204 9 = Oy}

If | |
= {v{6.E c,x )| E“SESE™, 6™<6<6™, 6 =67},
and
= {v(6.E c,x,Y)IEEE 6€G},
thén

minimum Vy = . minimum V.. , 3.5)

maximum V; = maximum V. (36)




Proof of Theorem 3.2:

Suppose some pair of conductance matrices 6 and E give a minimum value for vi(6. E,c,x, ¥).
For any element of G such that g“"‘jk < 8k < g"'jk, Lemma 3.1 shows that we could set 9ik to one of the -
values g™}, or g™ without affecting v, or else v; would .not have boen a minimum value originally.
This process can be repeated for all such 9jx until we have a matrix 6'€G such that
V6. E, ¢, x,y) = v{(6,E,c,x,y). A similar process would find a matrix E'€ E such that
vl(G, E.c.x,y)= vi(G', E', c, x, y), and therefore equation 3.5 must hold. A similar technique proves
equation 3.6. 1

This thcorem shows that aithough traasistors in the Xsmee may ‘create arbitrary conductances
within some range, we can find the minimum and maximum node voltages by considering each transistor
to be either nonconducting or fully conducting. In general, however, we must enumerate over all
combinations of these two possibilities for all transistors in the X state, because the steady state voltage on
a node can be mininiiéed or maximized wnhsome tmns:stots nonodndueﬁl;g and others fully conducting.
Furthermore, the voltages on different nodes can be minimized or maximized under different conditions.
Thus, unlike the node voltages, we must still evaluate. the network for a nember of sets of conductance
parameters, but this evaluation is now finite. Later we will show that the target state can be computed by
a more direct method. Note also that this proof assumes that the variable conductance parameters are
independent of one another, which stems from our original assamption that transistors with the same gate

node will behave independently when that node is in the X:m
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3.3.3 Revised Definition of the Target State

The results of Theorems 3.1 and 3.2 can be summarized by giving a new, but equivalent definition

of the target state. Let x’ and y’ be any vectors satisfying equations 3.2 and 3.3 and define the sets E(p)

and Glp) as
Ep) = {E| ejk = e“““jk(p) or ejk = e““‘jk(p)} EN))
Gle) = {6lgy = Qmi"jk(P) orgiy = ¢""j(p), and gy = g; }- (3.8

For any node #;, let ¥;'(p) denote the set

Vip) = {vi(G.E clp).x,y)|EE Ep), GE Glp)}.

The matrices in the sets £{(p) and G(p) have elements which are continuous functions of p. Therefore, we

can take the limit of this set of possible steady state voltages as p approaches infinity to get the set

V-'°° = {im & X
i p— @0 Vi (p)
The target state y; is then given as:
. 0, ® = {00} (39)
yl = 1, Vl'w={Vdd}
X, else.

3.4 Rationa! Functions

In the formulation of the order of magnitude network model given in Chapter 2, a fully conducting

k Similarly a normal node of

transistor of strength y} is modeled by a linear resistor of conductance ap
size Ky is modeled by a linear capacitor of capacitance apk. In both cases, a is an arbitrary positive

constant and can be different for different capacitors and resistors. Let us generalize this definition to

model a fully conducting transistor of strength Y With a resistor of conductance g(p) where g is an



arbitrary rational function of degree k such that g(p) > 0.0 for all p > 0.0. That is, g can be expressed by

an equation of the form

gp) = ﬁ:}
where N and D are both polynomial functions of p, and if N has degree n and D has degree d, then
k.= n — d. Similarly, \-ve will quel a nomal node of size ky by a capacitor of capacitance c(p) where ¢
is an arbitrary rational function of degree k such that c(p) > 0.0 for all p > 0.0.
Observe that this generaﬁi;ﬁon has no effec:t’ on our deﬁnitiox’x 6f the target state, because any

rational function a of degree k can be expressed in the form

ap) = apk + blp),

where a is a constant and b(p) is a rational function of degree less than or equal to k—1. 'Iherefore, for

any ¢ > 0.0, mereexstsaconstantpommat
(a-o)p* < alp) < (a+e)pt, forallp>pg

A rational function of degree k behaves like the function apk as p beoomes large 'I‘lns genéréliiadon
will assist our mathematical development, because' the dgmain of rational functions has many of the
properties of the domain of real nutﬂ!iem, i.e, they both fém ﬁelds‘ [27]. We can use expressions such as
"a+b" to denote "the functién of p which gives the value a(p)+ b(p)" and assume that the + operation
in this expression satisfies the usual properties of addition. We can also repheeuintemnecnon of
nesmtors by a smgle equivalent resistor in the order of magmtude model much as one can replace an
interconnection of resistors having real- -valued conductances by an eqmvalent resnstor in ordmary

clectrical networks,
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The degree of a rational function a can alsa be defined as the maximum value k such that

fim -ale) 4 g
b ok # 00

This function generalizes the usual idea of the degree of a polynomial function. Observe that
deg(0.0) = —00. All other functwns used heae have mte@{walueddem'ees For any rational function a,

we will use the notation a to denote the valﬁe

00 Iim N
a = R
p—»OOa(p)

This notation will only be used when deg(a) < 0, and hence the limit is well:defiried:
Let us deﬁne the domam ¥ as the set consxstmg of the constant functlon 0 0 along thh all rational

: funcnons a such that a(p) >0.0 for all P > 0 0 We w1ll deal mamly wnth ratmnal functlons in thls domam

Ifa,_bE‘EHhen | |
diga +) = moxdega)degt) 010

deg(a-b) = deg(a) + degb) BERT

deg(1.0/a) = —dega) - O (G1Y)

- deg(a — b) < max(deg(a), deg(®)). . (3.13)

Note that when functions are subtracted. only a weak statement.cap, be made about the degree of the
resulting function, and furthermore ¥ is not closed under tis operation. .
 Asa final nolation regarding rational functions, define the equivalence relation ~ on rational

functions as
a~b ifandonlyif deg(a) = deg(b).

The relations < and 3> are defined as

a <« b ifand only if deg(a)< deg(b)
a>» b ifandonlyif deg(a)> deg(b).



These relations are extended to vectors and matrices in the usual way, e.g.- 8 ~ b if and only if a;~b;
for all i. These relations characterize the limit of an expression which is often encountered in equations

for node voltages in ratioed circuits. For any a, b € %:

10, a>»b : (3.19)
00, aLb o
Bl lVN_'b. »

lim i =
p—® a(p)+b(p)

where a is a constant such that 0.0< a € 1.0. ‘
3.5 Equivalent Networks

We are only interested in the steady state behavwr of order of magmtude networks as p approacha
mﬁmty, and even then we nced only a parnal charactenzanon of the node voltages Thus many of the
details of the electrical network can be ignored. This idea of ignoring certain detaﬂs can be expresed in
mat.hematma] terms by defining eqqugleqce. ;elgtions such tbat networks which differ only in
Wnantmpectsareequivalem. | | -

 The equivalence relation = is defined on'elements of the set { v [0.0<v<<V, 4} as v~ v' if
v=v orif 0.0<v< V4q and 0.0<v'< V4q- This relation defines three equivalence classes: {00},

{Vgq} and { v]0:0<v < Vg }, which correspond closely to the logic tites 0, 1, and X. This relation is

extended to vectors in the usual way, ie. v ~ v’ if vy v for alf i. The folowin g lemia expresses the
fact that the exact voltages on the fodes in the order of magnitude model are Griimportant, only whether

they equal 0.0, V 44, or lie between (exclusively) 0.0 and Vad:
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Lemma 3.2,
For any conductance matrices G and E and capacitance vector ¢, if X =~ x"and y ~ y’', then

V(G E,c,x, y) =~ v(GE,c,x,y). (3.15)

The proof of this lemma clos_ely follows the proof of Theorem 3.1. Let v denote the steady state node
voltages for the vectors x and y, and v’ denote the steady state node voltages for the vectors x" and y'.
Referring to equation 3.1, v; equals V4q if and only if X; = Vdd for all j such that 8jj >0.0 and ¥j = Vdd
for all j such that bij >0.0. Therefore, since x'j (or y'j) equals V44 if and only if X; (or yj) equals V44, v
equals V44 if and only if v; equals Vdd‘ Similarly, v'i equals 0.0 if and only if v; equals 0.0, and by a
process of elimination 0.0 < v'i {V4qif and only if 0.0< vi<Vyy 1

We can also show that if the coefficients of the conductance and capacitance parameters in an order
of magnitude network are varied, the steady state voltages will be equivalent under ~ as p approaches

infinity.

Lemma 3.3
Suppose an order of magnitude network contains a single variable resistor with conductance npk. if
vi(p, 1) denotes the steady state voltage on node n; as a function of p and 7, then for any constants

1M >00

lim ~ Iim
o vi(p, mp) =~ o+ 00 vi(p, 1)

Proof of Lemma 3.3:

We have already seen that for a particular (positive) value of p, if n; is charged when 7 = 0.0, its
steady state voltage will be the same for any positive value of 5, and therefore vi(p. 17) = vilp. np)
including in the limit as p approaches infinity. If ; is driven for 4 = 0.0, then equation 3.4 can be
applicd to order of magnitude networks to give

a(p) - npX
10 + b(p) - np¥

vi(p, 7 = vi(p, 0.0) + (3.16)
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In the derivation of this equation in Appendix I it is also shown that b{p) > 0.0 for all p and that
deg(a) < deg(b)< 0. Define v;*°(y) a5
o0 - lim
vi ) = ,_.oo'i""')
and consider the following three cases.
1. deg(b) < —k.

o\ _ [
vi () = , ,—Tco vi(p.00),

which is independent of 3.
2. deg(b) > —k.
Oy . lim lim  8{p)
Vi (”) p—qui(p'w)+p—§wW)
which is also independent of .
3. deg{b) = —k.
00 . Im —n |
where '
o Bm ok
« p—ow‘b»
- Im vk
B = ’_.wb@)l’-

In this case the voltage depends on the value of 4. The derivative of this function with respect to ¥ is
given by:
Loty S
dn o +Bv*

which equals 00 only if a =00, in which case v,;*°(y) is a constant function. We know that
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0.0<y; (1))<Vdd for all values of 3, and therefore if v eo(1)1) 0.0 (or Vdd) for some value 31, then

dv;” (ﬂ)l
W y=m

in which case v;°*(y) is a constant function.

= 00,

Combining mesemreecases wecanseemgtv (1;) must enmerbeasonstaxtt ﬁmwonozelse
0.0<v; ("')<vdd foralln>00 - Therefore, theposs;hlevalueso{vi "(n). for pesitive y must be

equivalent under ~_i

:{f

Lemma 34. 3
Suppose an order of magnitude network contains wsmgle variable capacitor with capacntance npk If
vi(p, ) ‘denotes the steady state voltage on node "1 as a function of p and 7, then for any constants

11,y > 00

TR

lim ~ lim .
i oo Vil 1) = p— 00 vi(p, 1))

Proof of Lemma 3.4:

Suppose the variable capacitor is associated with node nj This parameter will aﬁ'ect only ztbe steady
state voltag&s of nodes connected by some conductmg path to n and then on*y lf iherg,s no wn&cﬂna
path from i toa voltage source. For asy such node LY

C(p)vlfp,ﬂ"ﬂ) *‘wx!j
. &p)+ k.

where ¢ equalsthewmofancapaenancesoonnecw;lhy mpathmnj when 5= 0.0. By copsidering

C vew = (3.1%)

three cases: deg(c) <k, deg(c) > k, and deg(c) ahws’- can. show that:v;. @MW be-a constant.
3 of 3,-much #sin the proofof Lemma 3.3. 0. ...«

function or else 0.0 < v; () < V 44 for all positive.va



These two leMascanbeextendedmﬂaecaseinwhihdyegonducmofﬁlQVM resistor or
the capacitance of the va&bk capacitor is given by an arbitrary sational function of degree k. To see this,
suppose the terms np¥ in equations 3.16 and 3.17 aré replaced by terms 4pX + &(p), where d is a rational
function of degree less than or equal to k-1. Then as we take the Hmit as p approaches infinity, all
mstances of d will drop out, leaving the original equatioas.

These two lemmas can be combined into a single result by defining the equivalence relation =
betweentwoordcrofwitudenetwmtsNaadN’zsNE N’ if and oaly if

“«~ €
~ ¥
~¢'

“« w a m
R
™

)
by

where the minedsymbohreﬁmﬁemk N and the primed symbolsrefer o N'.

Theorem 33,
Suppose order of magnitude elecnnalnetwmtsNandN'havemadymnenodevolmesv(p)andv(p).

respectively. Thea iFN =N,
m W) B o) - om

p-ow p—o&

The proof of this theorem follows Airécny from Lemmas 32, 33.;63.4 (when extended to arbitrary
rational functions) ‘and the transitivity of the three ‘equivalence refations. “This theorem shows that
altheugh nctwork equivalence is defined in terms-of the structireof the detwork it also implies a form of
behavioral equivalence.’ ltmmwmmm&ewEMnmofmemw
magnitude network elements can be arbitrary positive constants without affecting the value of the target

state.
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3.6 Logical Conductance

As an aid in studying switch-level networks in which all q;nsiﬁom are eithef nonconducting or fully
conducting, let us define a new type of network called logical conductance networks. Like a switch-level
network, a logical conductance network contains input nodes and normal nodes, where each normal node
hi has a size caﬁi E K={ ni, Sy }. Instead of ;:onl;ain%pg transistom however, these new networks
contain ¥9gicél :co_nductances, which may hayc valyefs m the set {O}UI‘ 5—7{0, Y1 Yp } g'_I‘he
correspondence between‘ a _‘ swi_tch~1eve1 netyyorl; ﬁith all t:ansnstoxs either noncondqcti}ng or fully
conducting and a logica] condu‘ctance‘t_xgtvwork is quite ggimp’lg: a ugnconducﬁng tr_ansis;q; fqnps a logical
conductance 0 (i.e. an open circuit), while a fully conductingrtransistor forms a logical conductanc_:g equal
to its strength. Examples of the logical condyctancg ngtwprks ‘corrcqundingﬁ to the sw_itchflevel model of
an nMOS inverter are shown in Figurey 3.1. A S\j(itclgflgvel,nemqyk wi;h no ;ragsistqrs in the X state has a
- unique correspondir;g, logical conductancg ngtwmk. ‘ thgng §yigchfleye1 network qo'ntair_x‘sj_ tra,nsxstors in
the X state, however, we must consider the logical conductapcgﬁ_gggvgka fpxjmed : for a.llpossxble
combinations of these transistors being either nonconducting or fully conducting. ‘By focusing our
, attention on logical conductance networks, we temporarﬂysetaade lssues concerning transistors in the X

state and solve a simpler problem. Once methods for analyzing logical conductance networks have been

Fig. 3.1. Examples of Logical Conductance Networks
- ' X

i
[
E]

I
[—]

Switch-Level Network




developed, we will be able to generalize these methods to handle arbitrary switch-level networks.

The steady state behavior of a logical conductance network is defined in terms of the steady state
voltages in an order of magnitude electrical network with a single set of network parameters and initial
conditions. That is, a logical ‘conductance of strength Yy is modeled by a resistor of conductance g(p).
where g is an arbitrary rational function of degree k in the set ¥. A normal node of size x} is modeled by
a capacitor of capacitance c(p) where ¢ obeys the satne‘reouiremenis as g. :Input node i- in state X; is
modeled by a voltage source with voltage Xy where x; = 00 if X = 0, x; = Vdd if x = 1 ‘and x equals

) J
some arbitrary voltage such that 0.0 < x < Vdd if xJ = X. When norma] node n; has an initial state yj, the
compondmg capacitor in the order of magnitude network is mxually charged toa vonage yj defined
. ; < . . ,
the vector y) which the normal nodes would eventually reach when started in an initial state y. That is, if
the network is modeled by an order of magmtude network with parametexs G(p), E(p) c(p), and x and

initial conditions y, and v ® is defined as

o = , o o, ViEE). E(). (o), x,9)

N 0, vr°° 00 - : 3.19)

Yi = 1, ,"x ‘vdd

0
~ X, 00(v (Vdd‘

The target state of a switch-level network can now be defined in terms’ of logxcal conductance
networks rather than order of magnitude networks. From the matnces Gand E unhe order of magnitude
model of a logncal conductance network we can deﬁne two matrices G and Eidescxibing the logical
conductances connecting the nodes in the netwfork. That is, if deg(gij) =k; ghen &; = ¥y, and if

gjj = 0.0 then g; =0, and similarly for E. Let the sets {E} and {G} equal the sets of logical
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conductance matrices corresponding to the sets of order of magnitude conductance matrices E and G
given by equations 3.7 and 3.8. These sets describe the set of logical cpnduc_:tance networks for all
possible combinations of noncpnducting and fully conducting transistors. Let ¥ (G, E) denote the steady
state of the logical conductéﬁce net;vork with logical conductance matrices G and E, with the remaining

parameters cap and x, and initial conditions y assumed implicitly. The target state can then be defined in

terms of these steady states as
) 1, 7{G.E)=1 forallGE{G}and E€ {E} G20
i Yo 746 =0ralGe{G}adEE{E}
‘ X, else.

That is, the ta;get state of a n_ode_ ,Wi‘l egudl 0or1if and vonly if it has thlS gnique, steady state regardless
of variations in the conductances created by transmtors in the X state. Note that if the switch-level
network contains no transistors in the X state the sets { G } and { E } each contain one element and the
target state equals the steady state of this unique logical condiiétance network.

If a logical conductance network can be-modeled by an order of magnitude network N then it can
also be modeled by some other network N' 1fand only if N= N'. . Thus, there is a 1-1 correspondence
between logical conductance ngfw@;‘ks andegmvalencequ of order of magnitude networks. Logical
conductance networks can be viewed as abs&acﬁons of order of magnitude networks, where those aspects
of the structure which have no important effects on the behavior are ignored, as was shown in Theorem
3.3. The logic state y provides all of the mformauon we requu'e about the steady state voltages for the

corresponding class of order of magnitude-networks.
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3.7 Properties of Logical Conductance Networks

With the analogy between logical conductance networks and classes of order of magnitude
networks, we can derive some simple rules for interconnections of logical conductances. First, if logical

conductances a and b are combined in series, then
Boeries = minta.b),

where logical conductance values are ordered

0(71<12(...(1P. -

ES

To show this, suppose logical conductances a and b are modeled by resistors of conductance a and b

where a and b are rational functions in the domain %. Then the net conductance kg is given by

g = -2b_
a+b
and applying equations 3.10, 3.11, and 3.12 gives

deg(g) = deg(a) + deglb) - max(deg(a), deglb)) = minides(a), deg(b)).

Similarty, if logical conductances a and b are combined in parallel, then equation 3.10 gives

deglg) = degla+b) = max(déi(a), deglb))

and therefore

Bparallet = max(@b).

For more complex interconnections, the net logical conductance between two nodes equals the
maximum logical conductance of all paths connecting them, where the logical conductance of a path is
defined as the minimum logical conductance in the path. To see this, suppose that for a network of
arbitrary linear resistors the net conductance between two terminals equals g. Let P denote some set of
resistors forming a path between the two terminals and C denote some set of resistors which if removed

would eliminate all paths between the two terminals. If g equals the conductance of resistor j, then
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——1‘9:1—59329,--
P |

That is g is bounded below by the senes conductance along any pam and is bounded above by the
parallel conductance through any cut-set. These inequalities can be shown by simple applications of loop
and cut-set analysis. If these resistor conductances are given by rational functions of p, then for
sufficiently large p, all conductance values will be partially ordered by the degree of their rational

functions. Therefore

min deg(gj) < deg(g) < maxdeg(gj).

This can be expressed in terms of the corresponding logical conductances as

ming; < g < maxsg,
| o

where g is the net logical conductance between the two_'terminals and & is the logical conductance
corresponding to resistor j. These inequalitiés hold for any path P and-any cut-set C. Suppose P’ is the
path of maximum logical conductance, and C''is constructéd by repeatedly removing the minimum
element in the maximum uncut path until all paths between the two terminals are efiminated. Then the
minimum element of P’ equals the maximum element of C":
mingy = g = maxg

Therefore g equals both the minimum logical conductance in the maximum path and the maximum
logical conductance in the minimum cut-set. This rule llustrates how the switch-level model describes
the operation of an MOS network in terms of only ‘the dominant effects acting on each node. It considers
only the strongest conductance path between two :noda and characterizes this path by a strength value
from a small, discrete set. Much as rules for combining nét;&k’s of linear resistors may not apply when

voltage sources are present, wé must be careful in applying these rules when input nodes are present.




We can also think of the normal nodes in a logical conductance network as forming logical
capacitances with properties much like logical conductances. Logical capacitances can take on values in

the set K ={x1,...,xq}whichareordered

0(:1(0:2( e (‘q.

When logical capacitances a and b are connected in paratel through a nonzero conductance, they form an

effective logical capacitance:
Cparallel = max( ;b); -

Other forms of interconnection cannot occur, because the capacitors have oni¢ side tied to ground. This
rule illustrates that the switch-level modet considers only the largest capacitors connected to a node and
characterizes the netcapachancebyandcmmamm,u ‘

As a final set of rules, consider the logical conductance aetwork shown in Figure 3.3, containiag
normal node #; connected by logical conductances g), g), and g3 10 input nodes in states 1, 0, and X,
respectively. The steady state ;iwmwmmemwammu

Fig. 3.2. State Formation in Ratioed Circuits




1, 8) > max(g;, 83)
Yi = 0, gy > max(g), g3)
X, else.
To*showr this-ruk., we can model the network by an order of magnitude network containing resistors of
conductance gy(p). g,{(p), and 193(;:) connected {0 voltages 'V 4., 0.0, and-some voltage V such that
0< V<V y 4 respectively. Node " willhave aseadyshtevohaga

; a 91(0) - Vg +05(p)- 00 + 95(p)- V
) 910 + 9,00 930

From equation 3.14 one can see that

Vag 91292+ 93
Vi T 300 g,»9;+0;
V', else,

where 0.0< V' Vdd‘ This rule illustrates that the logiq state 0 (or 1) is formed on a driven node only
when the connections to ipput nodes in state 0 (or 1) clearly dominate over all other connections to input
nodes. o

Similarly, if a set of normal nodes are connected such that the net logical capacitance of nodes
initially in the 1 state equals c;, of nodes initially in the 0 state equals ) and of nodes initially in the X
state equals c3, then the steady state of any node »; in the set depends on the relative values of these
logical capacitances:
1, ¢> max(cz, 03)

Yi = 0, ¢y > max(cy, c3)
X, else.

This rule illustrates that the node state 0 (or 1) is formed on a charged node only when the net

capacitance of nodes initially charged to 0 (or 1) clearly exceed the capacitance of all other nodes.
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3.8 Summary

Logical conductance networks provide an abstraction of our clectrical model of switch-level
networks. The rather intractable definition of the target state in terms of clectrical networks with
parameters and initial conditions ranging over infinite sets can be reduced to one in terms of a finite set of
logical conductance networks. The steady state of a logical conductance network is in turn defined in

terms of an clectrical network with a unique set of parameters of initial conditions.






Fig. 4.1. Thevenin-Norton Equivalent Theorem

Yhev

The Thevenin-Norton Equivalent Theorem [15], illustrated in Figure 4.1, states that for a linear
nctwork N connected to an arbitrary load L (i.e. some other network), we can replace N by its Thevenin
(or Norton) equivalent network and obtain the same behavior. The Thevenin equivalent can be found
for N without considering the nature of the load L. The voltage vy, equals the voltage across the port
whennoloadisattachedandhenoeisanwmeapcrrcimuitm. The admittance Yy, equals the
adnuﬁameacmﬂxeponwxmnoloadaumhedandmﬂun(mdependent)soummNsettozcroand
hence:scalledﬂ:ezem-staleadnuuamc Inourcmescmngaﬂsmmesmmmvolvcsm-cmumng
the voltage sources corresponding (o iaput nodes. Simeweércoonccmdon!ywiﬂ!ﬂxcstmdym
voltages we can consider the admittance to either be a conductance g, O a Capacitance ¢y, because
theconductanoevalueswmhavemeﬂ'ectonlywhenﬂ:emdeismto'msteﬁymvohage,andme
capacmncevalumwinhaveaneffectonlywhenmenodexsdlargcd. One can also see that a voltage
sourceconnectedmsenmmthaduchamedmpmrnseqmvdemwmecapacltordmdmﬂm
voltage.

Logic signals are refated to Thevenin networks in two respects; as is shown in Figure 4.2. First, a
logicsignaldescrﬂ)esme’totalbehaviqrofalogimlwndudanccatapa(ﬁmgarmdejn{ermsofaﬁnﬁe
sourceofstate,i.e.eiﬂ:eraninputnodeoranonnalnode,mdasi@emtwa‘kelmnent,i.e either a
logical conductance or a logical capacitance. Second, alogacsagnalprovsdmadlrectmodelofﬂ)e

Thevenin equxvalent of an order of magnitude network. That is, the logxc sagnal at node n‘ models the
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Fig. 4.2. Relation Between Logic Signals and Thevenin Networks

Driving Signal ' Charging Signal

Thevenin equivalent of the order of magnitude network as viewed at a port with positive terminat »; and
negative terminal GND. - Thus we can prove properties about logic ‘signals by demonstrating the
analogous effect in the ofder of magaitude model. - | k

The relation between a logic signal and the Thevenitr equivalent of an order of magnitude network
is defined as follows. For an order of magnitude network the open-circuit voltage v .y and the

zero-state conductance Othey OF capacitance Cy ., are given by rational functions of p. If we let

;oo - im
thev p__,oowthev

tﬁen the logic signal conewon&ng to an order of magni;udg Vg_eftwqu will ha;re §cate 1if Vt}.?ev. = Vdd'
state 0 if "?I?ev = 0.0, and state X if 0.0< "?l?ev {Vqq- The strength of ﬁle logic signal depends on the
degree of g0y OF Cypey- A driving signal has strength in the set T = {y;,..., Yp }. A signal of
s;rength yg corresponds to an order of magnitude network in which d"’g(gthev) = k. This strength also
equals the strength of the strongest path in the logical conductance network from the node to some input
node. A charging signal has strength in theset K = {xy,....x q }. Asignal of strength «; corresponds
to an order of magnitude network in which gy, = 0.0 and deg(Cypey) = k. This strength also equals

the size of the largest node connected by some path in the logical conductance network. A null signal
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represents an open circuit. That is, the corresponding order of magnitude network has zero-state
conductance and capacitance equal to 0.0. As a consequence, the Tﬁevcnin voltage is indeterminate and
is denoted by the logic statg 1. The null signal serves as an identity element when combining logic
signals much as the nﬁmber 0 is used in other domains of mathemam. |

Just as a Thevenin network provides a composite description of a linear network at a particular port,
a logic signal prdvides a composite description of a logical ooﬁductatxcé netwoﬂ at a particular node.
However, whereas the Thevenin equivalent bf a linear network depends on the complete structure and
exact parameters of all network elements, a logic signal dcpends only on the dominating effects at the
node. The strength of a signal depends only on the strength of the maximum logical conductance path to
aninpuxaodeorondxesizeofﬂmehtg&conmctedmnoh;mmemdep&dsmlym&e
states of input nodes connected by maximum conductance paths or the states of the largest connected
| normal nodes. As a consequence, finding the logic signal for a logical conductance network will prove

much easier than finding the Thevenin equivalent of a linear network.,
4.3 Rules for Logic Signals

A simple set of rules describe the logic signals . resulting when a logical conductance network is
constructed by a series of primitive steps. These rules will first be listed and then shown to describe

analogous effects in order ofﬁmgnimde networks.




1. Formation
a. Input node 1] forms a logic signal of strength p and state Xj:

b. Nommal node n forms a logic signal of strength cap; agd state Y

2. Coupling
A logic signal coupled through a nonzero logical conductance forms a signal with the
state of the original signal and with strength equal t0°the minimum of the original
signal strength and the conductance strength.

3. Combination

Two logic signals can be combmed mto a smgle sngnal as follows

a. A stronger sngnal will overnde a weaker, and the weaker signal
can be ignored completely. .

b. If:the signals have the same ‘stréngth and state, the resulting
sngnal has ttus strength and state

c. If the sxgnals have the same su'ength but dlﬁ‘erent states, the
resulting signal has this strength and state X. - :

4.3.1 The Formation Rule

The formation ruledo;wecnb&s ;he logic signal formedby an isola&ed input or normal node.
Comparing this rule to the Thevenin actworks gf Figure 4.2, one can see thlatlth.e logic signal formed by
ihput node zJ sonegponds to a Theveﬁin'}network ‘"m"thcv set according to thg logic state X and with
deg(gmev) = p where y ) is the maximum allowable tr#fxsistor sﬁength. This resistor was not present in
the formulation shown in Figure 2.4, but for the order of magnitude model it-wilk:ibehave just like an
infinite conductance. That is it acts as an identity element when:resistors are ?:’ombined in series and as
an annihilator when resnstors are combmed in parallel. This av:)ftis ﬁxe need m add a specxal strength to
represent an infinite conductance. The loglc signal formed by normal node " corresponds to a Thevenin
network with vyj,., set according to the logic state”y; and if cap; = «y then deg(Cype,) = k. This




combination is equivalent to a capacitor with one side connected to GND and charged to the voltage
Vmev.

4.3.2 The Coupling Rule

The coupling rule defines the effect of connecting a network described by a loglc signal through a
logical conductance to a node. Fxgure‘-.?showshow thnsmkdeeenbeuﬂ!eeﬁectm thecorrespondmg
order of magnitude network. A driving signal of strength 7k corresponds to a Thevemn network with the
passive element having conductance 91' where deg(g;) = k. As was shown in the denvauan of the series
rule for logical conductances, when thxs element is oonnected in series with a conductance g, the net
conductance has degree equal to min(deg(g 1), deg(gz))._ :;By -the ordering of signal strengths, the
connection rule describes this effect. A cbarm signal of stveng!h “k cerrelponds t0 a Thevenin network
with the passive element having capacitance ¢ where deg(c) k. 'I‘hls capacxtor in series with a resistor

of nonzero conductance will have a netconductanee of. 0.0 and a neteame of ¢. By our ordering of

Fig. 43. The Coupling Rule
Driving Signal
%1 % - min( 8,0))

GND

- GND




signal strengths, a nonzero logical conductance strength will always exceed the strength of a charging
éignal, and hence the minimum of the signal stre,ngm_ang the logxcal conductance strength equals the

signal strength.

4.3.3 Combination Rule

Fig. 4.4. The Combination Rule for Acyclic Connections
Driving-Driving

Ch ] |
AN

Driviog Chargios
WA=
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The combination rule describes the effect of connecting two networks described by logic signals to
form a single network. First, let us assume the two networks are independent. Then this rule can be
demonstrated by showing an analogous effect when ports of independent order of magnitude networks
are connected. This involves three different cases as are shown in Figure 4.4, ot counting the trivial
cases where one of the signals is a null signal.

When two driving signals are combined, this corresponds to connecting a Thevenin network with
voltage vy andconductancegl to one with volxagevzandmaductmce 92 The zero-state conductance

equals the effect of connecting the two resistors in ” md St
deg(9ypey) = uax(dgggi, ) @2

'Ihecombinationmkykﬂsaﬁumwkhmgmequdwmemofmemmdsumgﬂsm
benceconecﬂychamm:amevaheofgm 'l‘heopen-c&mmtvom:‘mby

91 + 5ehe)
‘wel? = T T

{ | mn; “3)
Yooy = AUR

avy +pv2 ‘2 g2

whemaandﬂareposiﬁveax&ams..Wheng1~92,v§evwiaeqmiw(av“)ifmdmlyifbah
v % and v,™ equal 0.0 (or V. mmmwm.mwnnmw“xma
mesmngersgnallfmemggndshand:fkmmmsﬂs,mdMnywldsmu(ml)ifmd
onlymfbothszmalshavestatea(nrt)mmembxmammkmmmemd
vm. Whenmochargmgs:gnakmmbmeithxswnespondnqmmﬁngaﬂmninm
wiﬂavohagevlandcapacitamecltomem»mkagevzandWecz. The analysis of this case

proceeds much as with the previous case. When a driving signal is combined with a charging signal, this
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corresponds to connecting a 'Thev;znin network with voltage v and-conductance g; to one with voltage
v, and capacitance c,. The rcsﬁlting network has ‘a zero-state conductance g and an open-circuit
voltage vy. Since a charging logic signal is always weaker than a driving signal, our rule correctly
describes this effect. |

We have shown that the combination rule holds when independent networks are combined. In fact
a similar rule holds for arbitrary linear networks and hence we have not yet achieved a major
simplification over more detailed electrical models. If the combination rule is applied only to
independent networks, however, it can only be used to-construct acyclic networks. In general, networks
may contain cycles, and to construct these we must create cycles by combining the logic signals describing
two nodes in the same network. This corresponds to connecting t@gether-tﬁopons of the same order of
magnitude network to form a single port. ‘With logical conductance networks, the effect of this cyclic
connection is given by simply applying the combination fule io°the twa signals.: Inother words, the port .
behavior of the order of magnitude network formed by connecting two ports of a network N is equivalent
to the port behavior of the network formed by connecting the-ports of two different copies of N, as is
depicted in Figure 4.5. This can be motivated intuitively by noting ‘that a-logic signal describes-only the

dominating effects at a node and these effects involve onty simple characterizations of acyclic paths. This

Fig. 4.5. The Combination Rule for Cyclic Connections -

I

C—)

=D
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provides a major simplification over general linear network models, because the Thevenin-Norton
Theorem applies only when the network N and the load L are independent. In general the Thevenin
equivalent of a linear network can be found only by solving a system of linear equations.

To show the cofnbinatién rule holds for cyclic connections, suppose ports 1 and 2 of an order of
magnitude network N are connected. If one of these ports is described by a driving signal while the other
is described by a charging signal, there can be no path in N between the positive terminals of the two
ports. Therefore this case is just like an acyclic connection, Similarly, if both ports are described by
charging signals, either there is no path in N between the positive terminals of the two ports, and hepoe it
is just like an acyclic connection, or there is 3 path and the aew conmection is redundant. The
combination rule correctly describes both of these possibilities. The more difficult case occurs when both
ports are described by driving signals. We must show that the new network will have a zero-state
conductance gy, which obeys equation 4.2 and a limiting case open-circuit voltage vy, Which cbeys
equation 4.3.

We can show the zero-state conductance obeys equation 4.2 using the rule derived in Chapter 3 for
finding the met logical conductance between two nodes in a logical:conductance network. This rule states
that the net logical conductance equals the strength of the strengest path between the two nodes, where:
the strength of a path equals the weakest logical conductance in the path. Given the correspondence
between the logical conductance y, and a resistor with conductance given by:a tational function of degree -
k, we can apply this rule to find the "degree” of the net conductance between twg nodes in an order of
magnitude network, ic. the degree of the rational function which gives the net conductance. The degree
of the net conductance between two nodes must equal the degree of the path with maxlmum degree,
whcremedegreeofapamequalsmedegreequeeleﬁentinmepi'aﬁl-\vithminimhmdegree.
Furthermore, we need only consider acyclic paths, because for any cxclic‘pith we can form a path with
conductance of greater or equal degree by removing the cycles. In connectmg the two ports of N, we do

not form any new acyclic paths from the positive port terminals to GND, and hence the set of acyclic
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paths across the new port equals the union of the sets of acyclic paths across ports 1 and 2 of N.

Therefore
degliper) = maxdeglay, 43)

and the combmaﬂon rule nges the correct signal strength for cyclic connections.
We can show that the hxmtmg value ot‘ the open-carcunt volmge Vihev obeys equaUOn 43 by
applying an equation for Vihev denved in Appendtx Ibyan analysxs of multi-port networks:

thev gl(l 0- kz) ¥ gz(l 0— kl)

(4.4)

All of the terms in the above equauon are ranonal functions of p. The factors kl and k2 descnbe the
strength of the connection within N between the pos:tlve tenmnals ot‘ the two ports. If both equal 00,
then there is no connection and the equauon reduces to the one for an acyclxc cormecnon If kl(p) equals
1.0, then all paths from the posmve terminal of port 2 to voltage sources pass through the posmve
terminal of port 1, and vice-versa. For values of k I(P) betwecn (excluswely) 0 0 and 1 0 some paths from
the positive terminal of port 2o voltage Sources pass though the pasiuve terminal of port 1 and some do
not. These factors obey the following properties for any positive value of p:

g2(pXk1(e) = 91(P)ko(p)
00 < kylp) < 10
00 < kyp) < 10
k)vi(0) £ valp)
ko) vyp) < vi(p).

The second and third inequalities imply that k; and ko have degree less than or equal to 0. Let us

consider 3 cases.

1Lg1>49,
Then deg(ky) = deg(gyk)/g))< 0, and hence deg(10—k,) = 0, while deg(1.0— k) < 0. Therefore




01(10—ky) > g5(L0—ky), and v, = v ©.

291<<92

An analysis similar to the previous case shows that "&oev = vzf,’p .

31~

We wish to show that for some positive constants a and 8
ygzv = avlOQ +Bvy .
Consider the following four possibilities:
2).k; < 1.0,k, <10
Then g3(1.0—k,) ~ g5(1.0~ k), and the desired result will clearly hold.
bKP=k%=10
This implies that v; ® = v,%, in which case

"ti.?ev = '1°°"= 0.5v1q°-+05v2'°°."~

C). klw < kzw =10

Then "tol?ev = vzw, and

o? = lm (giie)gt%(eynz(p» >0

p—0
Furthermore k1°°.vl°° < "g)ev _<_ vl‘oo, and fore

05k vy P +05v,® < v, < 05v;® + 05v,%.
For B = 0.5 and for some a such that 00 < 0.5k} *® < a < 0.5 the desired result must hold.

d). k2w < klw =10

The analysis of this case procceds much like the previous one.
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Therefore, when gy ~ g, vgev must depend on both v1°° and ‘~v‘2'°°. ~This completes our proof that

the combination rule correctly describes the effect of a cyclic connection.

4.4 The Steady State Signals -

Each node #; in a logical conductance network can be characterized by its steady state signal,
denoted v;, analogous to the Thevenin equivalent of the corresponding order of magnitude network at
this node once it reaches steady state. The state of this signal equals y p the steady state of the node. The
value of this signal can be found by constructing the network by a series of primitive steps according to
the three rules. This task can be difficult and tedious, however, and must be done separately for each
node. Instead, we will show that an equation can be derived which expresses the value of the steady state
signal for each node in terms of the signals formed by t:c input nodes and normal nodes in their initial
states and by the steady state signals on other nodes.

Let us first introduce some notation, much of which will be replaced by more concise notation in
Chapter 5 when the logic signal concept is formalized into an algebra of logic signals. For a nonzero
strength value s, the expressions +s, -s, and xs denote signals with strength s and states 1, 0, and X,
respectively. The null signal is denoted A. Signal-valued variables are denoted with italic characters. The
vector x denotes the signals formed by the input nodes in state x. That is x; has state x; and strength Ty
Similarly, the vector y denotes the signals formed by the normal nodes in their initial state y. That is y;
has state y; and strength cap;. The signal resultmg whgn fogic signal a is coupled through logical
conductance g is denoted cple(a, g). According to the couﬁiing rule this signal will have the same state as
a and strength‘equal to the minimum of g and the ﬁtrength of 2 We will adopt a convention that

cple(a, 0) = A, i.e. any signal coupled through a zero conductance yields a nufl signal.




The rule for combining logic signals imposes the follow. partial ordering on signal values:

X‘Yp

/N
VA

Xyp_l

/ \

“Yp1 Hp1

\

XYP_Z

X‘Yl

AW
\/

/\
\/

That is, for signals a and b, 2 << bif and only if the effect of combining @ and b equals 5. Thus, the result
of combining a set of signéls equals the least upper bound (abbreviated Lu.b.) of the set for this partial
ordering. This partial ordering will prove important in our mathematical development. It provides a

concise statement of the concept that the logic model considers only the dominating cffects acting on a
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node.

4.5 Constraints on the Steady Steady State Signals

We can use the Vrules of logic signals to deriwﬁe o‘ set of constraints which the steady state signals must
satisfy. Let N be an order of magnitude network in which node n; has capaCiténcc ci,' initial voltage y;,
and steady state voltage v Suppose we were to connect an addmonat capmtor to this node with
capacitance ¢ where ¢ ~ c;, and charged to an initial voliage y, where y = y;, giving a network N. .
Then the new network would be equivalent to the old one, ie. N == N'.. Equivalent order of magnitude
networks are represented by the same Jogical conductance network, and therefore if an analogous process
is performed with a logical conductance network, the logic signals should remain unchanged. This new
capacitor is described by a logic sigaal equal 10.y;, and: the addition of the capacitor is described by an -

application of the combigation rule to y; and v; giving

v, = Lubdiy, vi} 2 ¥

Sumlarly, suppose that N has a total conductance ;i connectmg node n1 to the voltage soume

.l
corresponding to mput node 11 ‘Thenifa conductance eis added between n; and this voltage source such
that @ ~ e;;, the new network N’ will be eQuivaient, ie. N=N". Theréfoi'e, if we perform an analogous
process with a logical conductance network, the logic signals shoulth remain unchanged. A resistor with -
order »of} magnitude conductance e is. described: by.the logical conductance.e;, and hence the effect of this -

new conductance on ; is desceibed by the signal cple(x;, ¢;;); giving
% = lub. {cple(x eu) v-} cple(i-. &p-

This result holds even if &; = 0, because cple( Q) A and v, 2_: A. By asimilar line of reasoning

v = l.u.b.{cple(v-. gij)' v} = cpldv, g“)




If v is greater than or equal to all of these signals, it must be greater than or equal to their least

upper bound:
y = h!.b-({y;} U { cple(x; e) | 1<i<m } U {cpfdw.sﬁ)tlﬁsn})-

Ifwedeﬁnemeﬁxmtionfias

fim = l.u.b.({y;} U { cpletx; e 11<i<m} U {cpre(a,gu-msgn}).

then these constraints are expressed by an equation » > f(n). If we then let f denote the function
yiekﬁngavecmxwﬁhi&dememequﬂmtheapﬁmaffim&émthcn"mesetof
comstraists for all node signals can be expressed by a single equation v > f(»).

We can show in fact that v = f(»). In other words, the steady state signal on each node equals the
1emwmamwmmmmmm»mmmmwwmm
nodes coupled through the logical conductances between: them. - To show this, let »' denote the vector
givenbyv'=f(v),andletrandr’deno&thevectorsofsigmlstrengthsfonhes’gnalvecmrsnndv’
Thaus,foranyvatueofx,r equalsthestrengthofrandr equthcsu'engthofv Supposeﬁm&at

forsomeni Hsacbargmgsngml.ne uhmstmngthr EK Thenﬁxmynssmhmagq>0,

% = 7 v 8) = cplev.8) = v
which implies that y; = ¥';. If, on the other hand, g;; = 0 for all | then node n, is completély iolated and
tlmeheg-:i—y- Next, suppose » samm&mkhﬁm:ver n'nr ‘thea
either r; >r; or w has state X and v; has state 0 or 1. wed>r, Mﬁrmaﬁm&a}nodenj,ﬂu

constraints on the logic signals mply the followmgcmstramtsnn thc sxgnal strengtht.

Therefore, 1fr =2r, theﬁrstmequahtycanho!doniylfgu<r L andlfrj< , the second inequality




can hold only if 8; < T <r;. Similarly, for any input node ij,

> midey 1= %
In other words, all logical conductanoes connected to n have strength less than rl, the strength of the
steady state signal. Therefore since any path from n1 to anifnput nodc must pass through one of these
condimmeesn wnoihavem equal wmmmwm mmmmm
that the strength. afthesttady state signal eqwsmemmm afmwﬂ‘l strengths, and ﬂmefue 5
cannot be greater than r'j. Thus we can assume that 1 r;.a"fifﬁx;a&i.:mmppﬁe ry =1'j but the state
of v; equals X and the state of .¥/;-equals 0. Fer any: node n},ifgijéfridwﬁtj = minkgyy, ry= 1
Furthem)ore,_ "’iZ cple(v, gip), and therefore v, must have state y j= o Byfmsinﬁlaﬁye of reasoning,
any node 11 for which eg eguals 5 (lt cannot be great.er) x, = 0 In other words, any node connected ton;
’byalogxcalconductanceofstrengthgreaterthanorequaltor musthavestate 0. Letuslookatwhattms

unphes in the correspondmg order of magmtude network By Klrchoﬁ"s Current Law the net curreut

ﬂowmg out from node n; equals 0.0.
' ' m n
Z (vi-xde; + T (vi-vdgp =
j.:l"lu- j=1 il

In the above.equation all terms:are rational functions-of p. Assuming fj:= .Yy, Wecan divide through by

pk and take the limit as p approaches infinity:

a:: .s
’""w 2 (vi- X)"ll + . 22 sy:t-ag e o= D
p= ji=1 P ]._

Let us look at the individual terms in this equation. For any j such m?F,Mgﬁ) <k,

lim o o8 = (... % lm S _ oo
p_,w.(vl_,vj?;g = (v ’,‘.'3 .‘fé)ﬁ—-kmj*pk = 0.

For any j such that deg(g} > &, ¥;= 0, andther’afomevj@:'ﬂ.& Furthermore, by our assumption

¥; = X and therefore v;°* >0.0. This implies that -

lim 2 00,00 m %y g0
p_'oo(v v.l)%l = (vl )p___.w"‘k > 0.0.




A similar line of reasoning shows that for any j if abﬁaij) <k,

lim -
p—»oo(v xj);'il = 00,

im .
g0’ x,);g) 00.

These results would imhly that the above summation is greater than 0.0; which is not possible. Therefore
v; cannot have state X when v has state 0, and a similar line of reasoning shows that ¥, casnot have state
X when v has state 1. This completes our proof that v = f(»).

We have shown that the rules for logic signals imply a set of constraints which must be satisfied by

memeadystatesigaalforexhnodeq:
y o= lub({yi}U{cpIe( l")ll <m}U{cPle(v-,gu)ll <n}) (4.5)

Note hotw we used the fact that the combmatmn rule holds for cychc as wen as acychc connections to
derive the constraints on the steady state signal for each normal node i m terms of the steady state sxgnals
on other normal nodes. No such set of constraints can be given for the Thevemn equtvalents at the
different ports of an arbitrary linear netWork, because cyclic combmat:om; cannot be dealt with and
because there is no analogeus partial ordering. Thus; we have taken a: major step..away from electrical

network concepts.
4.6 Specification of the Steady State Signals

The constraints on the steady state sngnals given in equanon 45 can be expressed by a recurxenoe” |
equation of the form » = f(»). This equatton in ttself however éoei not pmlde a unique specification
of the steady state signals, because it may have multiple solotions. For example, the netarorks in Figure -
4.6 contain no input nodes, and assuming the nodes have'initial state X, the steady state sigrials of the

nodes in both cases should equal xx). Suppose in the first example, however, that we let a equal +7y
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Fig. 4.6. Networks with Extraneous Solutioas

e

Y2
LY

'Ihen since g;; equals vy, and +yy = cpIe(+12, 19 the sxgnal a satisfies the recurrefice relaaon a = f(a), |
as would any signal such that xx) < < a< xyy. The second example shows a sumlar case in whlch two
nodes have mutually dependent signals, and hence any ‘solution such that x«; <aq =0 <x7y would
satisfy the recurrence relation @ = f(a). These examples demonst{gte_ q;at the eguationv a=f(a may
have solutions in which some nodes have signalsﬂgrea:ter than @e steady state sigqgls because of
extraneous cyclic dependencies- allowed by the fecur_rcncg ,relatjon. In the second_ case, a single logical
conductance creates cyclic dependencies in both dlrectlons. These extraneoussoluuals have no Vphysical
significance; they are ;'a\rtifacts of the simplified view of elect@g@l networks BFQVid‘?d by logic signals.
Fortunately, we can exclude these extrano;qus,sollutjbnsb by considering only the minimum vector
which satisfies the recurrence relation. Let ¥ ‘denote the minimum solution of the equation a = f(a).
Thatis, ¥ = f(v') and for any a such that a = f(a), ¥; < g for all i. We will show in Chapter 6 that such
a unique minimum solution must exist. The minimum solution depends oaly on the initial signals on the-
nodes and the consistency constraints unposedby ‘the recurrenée relation. Therefore, it seems quite
reasonable that the vector of steady state sxgnals v should equal the minimum solution v. By a
gencralization of the techmque used to show that v = f1 (v) we will show that » = v. This gives us a

complete specnﬁcauon of the steady state slgnals in terms of a sunple set of operanons on logic mmals.




First suppose for some node n;, v; is a charging signal. Let A equal the set of all nodes connected by

some conducting path to n;. Then v; describes the result of charging sharing between these nodes:
¥ = l.u‘b.{yjlrajEA};
We can show that v’i cannot be less than v; using this equation. For any n and ny in A such that 8k =0,
v'j > cple(gjk. Y = Y = cpldgjk, v'j) = v'j,
and therefore v, = "k For any node n € A, we can show by lnducnon on the length of the shortest

pathtonithatv —'v Furthermore v/, >}jforallnlwhlchnnpllesthat

i

v, = l.n.b.{yjl.nEA} =

Therefore v, = v'; for any charged node.

Next, let us consider dnvmg signals. Let r and r’ denote the vectors of signal strengths giving the
strengths of the elements of v and ¥, respectively. For any node "ni,Aif D> v'-:,‘either 5 > r ot v, has state X
and v'; has state 0 or 1. Ixtserequalastrengthvaluewhereforaﬂjsmhﬂlau])s, r’ but for
some i, r; = s>rl. Let A and B denote the sets

="{ni|s=ri)r’i}
B = N—-A

Then for any m; € AandlﬁGB:

>r; = mu(sd,t’)-
2 mtr(gu r‘).

Therefore, if T >s, then r'; = r; and the ﬁrst mequahty can hold only if 31; <s. Sumlarly, if 5= s, and

iTh
since n; & A, then r =T and the first mequahty can hold only lf 8jj <s. Finally, if T < s, the second

inequality can hold only if Bjj <s. Furthermore, for any input node 5
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s > 2 mh(cu,yp)z &

and therefore e;; <r;. In other words mwmmmmm nodes in A to input or normal |
nodesoutsndeofAhavestrengthlesMans,mesmengﬂaofﬂ;esmdgstateﬂgnalsforaunodesmd.
AnypathfromanodemAtoanmputnodemnstpas,dlmughogeofﬂiesecmducmmandhcwe
cannot have strength equal to the sxgnal strength but this conuadxcts the fact that the strength of the
steady state signal equals the maximum of these path strengxhs. 'ﬂterefore ﬁ)erecan be no strength value
‘ss'atlsfymg our requirement and r; = r- foralll. Next,kt;‘!équa!a?‘mm vatue where for all j such
thatr, >s,‘3 = v , but for some |, r; = s:mdv-)vl ixtdqqudenoteﬂ;efoﬂowmgsets
A = {nm]r;=s, v hasstate X, and v; has state 0 }
B = N- A

Then for any & € A and m EB!‘E,,Z f ij Zm."ggj'rl) -_-rlFﬁfﬂ'lem’y'lchfefv-,gq)’ .

g, Tor any n; € Aand any input

and therefore % rﬁust have state 'fj =9, 'Biiixfsiim’la”r Hine of reasoniri
node j for which ¢;; equals ; (it cannot be greater), %, = 0. This shows that forany noomal node in Bor
for any input node, if it is connected to a node in A by a logncal conductance of strength greater than or
equal to s, it must have state 0. Let us look at what this xmplm in the cormpondmg order of magmtude
network By chhoff‘s Current Law 1f we form a cut-set conslstmg of all branches connectmg nodes in
Ato nodes in B and to voltage sources compondmg to mput nod&s, the net current through thls cut-set
mustequalOO | R | - |
a
T 2 (vmx

t 02 Z (vi-vpgy = 00
ij T i
anAJ 1 1)91 nlEA nJEB

In the above equation, all terms are rational functions of p. Fors = 7k,wc can divide ﬂlmugh%y p Kand

take the limit as p approaches infinity,

ﬁmw A TR (vi-vj)—'lkl)
P nE 4 j=1 P mEAREBR P




Let us look at the individual terms in this equation. For any i and j such that deg(gij) <k,

lim v Oy, 0) lim 8i _
,Hoo(" v’)—u )p_m;'i‘ 00.

J
assumed that forany i, € 4, y; = X, and tberefm'e‘vim >0.0. This nnplm that

For any j such that nj-e B and deg(gij) >k ?j = 0, and therefore v.%° = 0. Furthermore, we have

lim 9 _ 00 _ 00 fim Sn
p_'m(vl vj);f = (v | )‘,_’wPk > 00.

Asinﬂlarﬁneofreasoningshowsthaifdeg(e@(k.
p_’m(v xj)—n 0.0,

and if degle;) > k,

lim ii
p_’w(v x’);n > 00.

These results would imply that the above summation is greater than 0.0, which is not possible.  Therefore

the set 4 must be empty, but a similar result holds if 4 is defined a8
= {nlr;=s whasstate X, and v"iham'i L

and hence there can be no such strength value s. For all driven nodes v, = v‘, whx:h completcs ourproof
thatthevectorot'smdystatemgna!svwillequaltheumquexmmmumvahxsansfymgmemcumme
relation » = f(»).

'fhe constraints on the steady state signals given by equation 4.5 give us a specification of the set of
steady state signals without any reference to an electrical model, as long as we consider only themmnnum
solution. This will allow us to develop a method of computmgﬁxtst&dy m&e of a logical conductance

network without evaluating any electrical networks.
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47 Signal Blocking

Iﬁfonnally; we can view a driﬁng lbgicl s:gnal as dygs_qitgingvt‘he»cqr’nb_ined effect of those input
nodes cqnnected by a path of maxianm strength. Under cenam condmons, however, this m formal view
may not be entireiy accurate, because of a phgnomenoﬁ we call ;ignél b{ogking. Coﬁsider, for examplef
nodé m in the two networks shown in F@m 4;7. In both networﬁ there lS a path of strength
mir(yy, Y1) = Y} t0 an input node in state 1, and a path of strength min(y, v1) = 71 to an input node
in state 0. Our informal view would then suggest that in both networks », = Lub.{ +y;, '471 }= xyl
and hence node m has a steady state X. W_hilg th:ns ana!ysxs yiclds »t‘hfe correct result for thg second
network, it fails for the first. In th:e first network node ni wiﬁ be driveﬁ to 0 by the signal -y and hence
n‘z“win also beédﬁven to 0 by the signal cple(~v,, 1ij = -1y This example demonstrm that when the
paths.to input nodes are not independent, some signals may be blocked-along a path by a signal of greater-
strength. Forrex‘ample the signal +y; is blocked at 7 by the signal -,, and hence node n, is unaffected
by this signal. -Our informal view does not take such a possibility into account, although our more formal
method does. Note that thjsphenomenoa can be ignored in- restricied legical conductance networks,
which are defined as networks in which any logical conductance between two normal nodes must have

strength vy . This class of networks can be used .for analyring restricted switch-level networks as were
p

Fig. 4. Signal Blocking Example
o,
1 71
m E—D’* m o F




defined in Chapter 2. In restricted networks, the strength of any path to an input nede will be
determined by the strength of the final logical conductance in the path, and hence the informal rule will
correctly describe the precedence between signal paths, -

Signal blocking creates difficulties in the formulation of a method for computing the steady state
signals, but a resolution of this problem leads to an efficient method for computing the target state of a

switch-level network.
4.8 Conclusion
mmmmwmmformmmmama@emmm
#, = Lu.n({y,} U {CPk(Ij.C@)“SiSm}U{CﬂG(Vj,Sﬁ)”S}Sn})’ @5

mmmazmmmm.mmwmm,wmmnmt Since
the steady state 'y ; equals the state of the signat ¥, this gives usa specification of the steady state for any
logical conductance network in terms of a simple set of eperatioas on logic sigaaks rather than i terms of
an clectrical model. Thus we have completed our uansition form a circuit-oriented view of the
switch-level model to a more abstract logical view. From this point onward we will deal only with these
logical concepts. The order of magnitade electrical network model has served out its useful life,

The logic signal formalism takes advantage of our simplified model of the electrical behavior of
switch-level networks. In general linear networks, the state variables (‘Le. node voltages) are to some
degree dependent on the complete nqavork structure and the exact parameters of all connected network
elements. As a consequence, computing the steady state involves sﬁlving a set of simultaneous linear
equations. With logma!conducmmrks,onmeotherhmd,thes:gndon anodegeneranydmends
onlyonmenctworkpa!ametcrsalongasmallnumberofpams,andconsequenﬂythestatembe

computed much more easily.
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Many logic simulation pmyams use values (generally called “states”) which: describe both logic

stateandrelauveprecedeme. &xhvaluescmmmdclosetymmmals Forexamplemehngh

lmpcdanceorﬂmdescnbedm(:hapterlcommondscknelytothenulls:gnalA becauseboth

represent_open circuits and, are 9;_'

by any.pther siaje. Mot mbsmmmﬁm 34, 5]

encedsbothlogacsxa:e MWMaW valug and sisylate. the ggework by forming, combining.
and PWB& these, valuesmdmgmm s&tmfnﬂes- These rules, howeyer, often do not display
meconssstency, mracy, and&ﬂnemimf required foramo:e &Walmwnt. mmlafwbglcsngmk
outlined in this clwvwon'hem hand, can be, formalized into an algebra with operations




S. An Algebra of Logic Signals
5.1 Introduction

Shannon showed ongmany that Boolean algebra could be applied t the study of refay networks,
and later this algebra was applied to logic gate networks. With MOS networks, however, Boolean algebra
does not suffice. Although the nodes assume Boolean (orminaiy)’mm the network conditions
which create these states depend on the relative sizes of conductances and capacitances. Therefore, the
conductances and capacitames‘mnot simply be characterized by Boolean valies. Furthermore, in a
voltage-driven logic, one must consider the state of ‘a signal source as well as the strength of the
conductance path to it. We will develop our own algebra based on the rules of logic signals which retains

much of the simplicity of Boolean algebra while allowing 2 more detailed description of the network
5.2 General Definitions

Let us start by defining some terminology, most of which is consistent with standard mathematical

For domains ¥ and 9’ and a MMnfﬂ — 9’ define the pointwise extension to vectors of size n,
ie. f:9" — 9™ as the vector resulting from the application of the ﬁxncﬁonbto each component of the
argument. The pointwise extension of a function with more than one argument is defined as the vector
resulting from the application of the function to the corresponding components of each argument. The
pointwise extension to matrices of size n*m is defined similarly. For example, in linear algebra matrix
addition is the pointwise extension of scalar addition. Whenever a scalar fanction is shown applied to

vector of matrix arguments, its pointwise extension is implied.




For a domain 9 a partial ordering < s extended to vectors in 9 and matrices in 9" ™ by saying
that one vector (or matrix) is < another if the asdering holds for-each pair of corresponding elements.
Observe that the pointwise extension of the least upper bound operation for some partial ordering equals
the least upper bound opereﬁm'ﬁ)rﬂreextension of the partial ordering.

For a domain 9 with partial ordering < and a domain 9’ withparﬁaloederingg'. a:function

9 — 9 is monotonic if
agb = f@STB). -

A function of more than one argument is monotonic if it is monotonic for each argument. Qne can easily
DEOENGRIL PR W R ik
see that the composition of monotonic functions must be monotonic, as is the pointwise extension of a

monotonic function.
5.3 The Algebra of Signal Strengths
Logic signals have strengths in the finite set
= {0, Kl,...,Kq.yl,.;—.;?p_}::;
which are totally ordered:
0<iy <. Sy < Ky '
Whentwosxgnalscumbine,ﬂxenmlungsignalhaﬁsh‘eﬁgmequalwﬁemaxm i umofﬁ:etw‘osmal'
strengths. Whmasmﬂmwxpled&nwghabgmimmﬂmmmma‘emmequd

to the minimum of the signal and conductance strengths The bmary operatmns T and 1 are deﬁned m

give the maximum and minimum of melr arguments, ie.

max(a, b)
min(a, b).

ath
alb
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These operations have properties similar to addition and multiplication, respectively. We will refer to the
minimum of a set of values as the product, and the maximum of a set of values as the sum. Signal
serengmscanbedwibedbymmmmem(lt,l,&?)wmmmefoﬂowing(m

exhaustive) list of pmpemes

la. (1.1,0)is amoncid:

i abcy¥= atbecy? (closed)
ii. at(tc) = @tb)tc (associative)
iii. at0 =0ta=a  (Oisthe identity)

Y (% 1. v,) is a monoid:

i aber=albey . (closed)
i, al(®lc =@lb)lc (associative)
ji. aly, = ypla=a (Y, s the identity)

¢. Ois an annihilator for |
al0o=0
2. 1 is commutative and idempotent:
i atb=0bta
i afa=a
3. | distributesover{:
al®tcd)=@lb)falc)

a1TapT ... Ta7T ... exists and is unique. Moreover, associativity,
commutativity, aad idemipotence apply 1o infinite as well as well as finite sums
(sequences of values combined with 1.)

5. lmmmamlymmmaweﬂ‘smm |




'Iheabave pwmmwﬁnmmch@edmmx 5 de;
| Hopcmﬁ.andUllmaa{lL kmmt‘mg&mm mmmm mverscsunder

the sum owmean memmmimmed not he idempatent.
 We can define vectors aa msmces ofmmwmm us to describe. the network
7 structure and signal strengths in terms of matnx equatmns. If the pomthse extenﬁon of T (J,) is apphed
to two vectors, the resultmg vector will have elements equd to the oompoucntmse maxnmum (minimum)
of the two vectors. The pointwise extension of T then has propemes s;mdar to vector and matrix addition. |

Wecandeﬁneamatnxpmducteforstrengmvamwuehsamlogmtoaddmmandlnsanalogous

tomultiplication, IfA =B-C.thes. .
ay= T(biklek,) S 6y

The properues of closed semmnge also hold for the algebra when extended to square matrm’
That is (:ru><n T ,6,1) also fomsadosed semiring, wheze :rﬂx“ denotes the setoann mam*
over.‘r Odenmsmeme whoseelementsareall() andldenotesmematnx mth ypsonthe dlagonal.
and 0’selsewhere. | | |

For any closed senurms. the closure operator, denoted is deﬁned m gwe the reﬂexlve transmve

closure of its argument. For example, if A € $0%X18,

A" =I11ATAATAAAT ... = 1 Ak (5.

0<ikKco
This operator has the property that
A" =17 A" S 63)

The closure operator will be useful for analyzing the conductance paths in a network.
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The operations T and * obey some of the properties of closed semirings even when applied to
rectangular matrices and to matrices of different dimensions. In a matrix equation, as long as T is applied
only to conformable arguments and * is applied only to arguments with the number of columns in the

first equal to the number of rows in the second, then:

1. Tand- are associative
2. 1 is commutative and idempotent

3. e distributes over .

These properties will allow us to manipulate and transform matrix equations in the strength algebra much-
as in more traditional matrix algebras.

The set ¥ with the ordering < form a complete lattice'[3S] with 1 and 1 serving as the least upper
bound and greatest lower bound operatidns. ﬁence the set 6f v_ectbrs .‘fn with fhe extension of <t
vectors also forms a complete lattice. For this lattice the pdifxtwise e;rtensioné of 1 and | serve as the least
upper bound and greatest lower bound operations, respectifrelj. As a conséﬁuenoe, both | and ‘T must be
monotonic functions, and therefore * must be as well. Only the most elementary aspects of lattice theory
will be used in this presentation.

One further function over strength values will be requimd to-express-the ability of a strohger sxgnal
to block a weaker when both signals are described by their strength values. This will prove important
when the equations in the algebra of logic signals are factored into eq;‘gtiogsrin thealgeblja of sngnal

strengths, as will be described later. Define the function block : XY — Yas follows

block(a,b) = [ & a=b | 64
ckiab) 0, a<d
We can apply the pointwise extension of this function to vector arguments. The function block is

monotonic in its first argument and antimonotonic in its second. That s, if a < b then for any ¢

block (a,c) < block (b, c)
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block(c,a) > block(c,b).

As a result, it satisfies the following properties with respect to the least upper bound operation 1:

" block(a1b,c) = block(ac) T block(b,c)
block (block (a,b),¢) = block(a.b1c)
b1block(ab) = bla

Furthermore, 0 serves as an identity element for the second argument:

block(a,0) = a,

and block is idempotent

I
®

block (a, a)

This tist of properties is by no means exhaustive. In fact all of the above properties hold for the identity
function of the first argument. However, they will allow usto manipulate and solve equations involving

the function block .

5.4 The Algebra of Signal States

The network model allows node states in the set { 0, 1, X }, with 0 and 1 representing the Boolean
logic states and with X representing an undefined or erroneous state. We have also introduced a new
value | representing a null state. This value will only be associated with the null signal which has

strength 0, indicating that this signal is devoid of state.
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The set of signal states is denoted = { L, 0,1,X } and the elements are partially ordered as

. o/,"\l
\L/ |

The least upper bound operation for this partial ordering, denoted  J, has: the following function table

xmoL [
= o |

>N O
D = D b e
3 > > > 3

The rule for combining logic signals of equal strength is that the resulting Sis;lalwill have state equal to
the original states if they were equal and state X if they were oot Assuming the value .| is only
associated with signals of strength 0, this rule is expressed by the operation LI. That is, if two signals with
equal strength and states x and y are combined, the resulting signal will have state x L1 y. The operation
Ll is termed the consistency operation, because for nonnull argumems nt gwisa“propervalue (6 0} 1;
only if the arguments are both proper and equal. Otherwise it gives,an error yalue X. .

The set ¥ with the ordering < forms a lattice. Hence the opezation. L) obeys the following.

properties:
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1. yUy=y (idempotency)
2. xUy = yUx (commutativity)
3. zuUG(xUy = zUxUy (associativity)
4 x<y = 12 Ll x < .z Uy (monotonicity)

The set of signal state vecmré 1™ along with the extension of < to vectors also forms a lat;iqe with the‘
pointwise extension of LI serving as the least upper bound operation. Hence, the pointwise extension of
LI also satisfies the properties listed above.

The lattice <%, <<> has both the structure and ‘imérpretation of the flat lattices used in denotational
semantics of programming languages [35, 40).. The “proper” values 0 and 1 are incomparable, while the
bottom element _| represents an "underdefined” or null galue and the top element X represents an

*averdefined” or erroneous value.
5.5 The Algebra of Signals
5.5.1 Signal Values

A logic signal is represented by a pair of values <s, y> where s € ‘.‘f is the strength andy€ Tis the
state with the restriction that y = __if and only if s = 0. That is, only a null signal can have a null state.

Logic signals form a set
A = {xl,...,nq,yl,...,yp}x{o,1,X} U {<0, 1>}

The null signal <0, 1> is denoted A. The expressions +s, -s, and xs denote signals with strength s and
states 1, 0, and X, respectively. The symbols +, -, and x can be viewed as denoting unary functions
mapping strength values to signals of a particular state with the convention that +0 = -0 = x0 = A.

These functions can be extended pointwise to vectors and matrices as well.
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Signal-valued variables are written with italicized characters, while strength and state-valued
variables are written with normal characters.
Let €a» denote thestateofsxgnal a and N a ¥ denote its strength. Thesesymbo!sdenote functions

<> A>T andh. I.A—-vf

5.5.2 Signal Combination

RaVDhR = Bal1BbN -

<>,  Bai>EsE
<V = & <. B5>Hah
<> U<B>, Bal=HNbL

This operation provides a formal statement of the rules that a stronger snga;! m’novemdeawmlef and
that signals of equal strength will combine to form a signal wim‘zhemmmaqgm;m,mm :
the least upper bound of the two states. Noscthatthxsopemmhasonlyadmunlamntothem

"or” operation which is sometimés denoted V.
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The operation V defines the following partial ordering among signal values:

Xyp

/ \

XKl

-x) / \ +x)
\ /

That is a << bif and only if a V b = b. With this partial ordering we must maintain a distinction between

the terms "greater” and "stronger”. The signal xs is greater than -s or +s but not stronger.
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The set of signal mﬁw A with the partial ordering << forms'a lattice with minimum element A,
maximum element XYp and with V serving as the least upper bound operation. As a consequence, V
must be idempotent, commutative, associative, and monotonic.

We have defined partial' orderings for the sets of signal strengths ¥, signal sates ¥; and signals A. In
many cases the functions from one domain to anether preserve these orderings, i.e. they are monotonic.
For example, the functions +, -, and x are monéii)njg, because signals with the same state are totally
ordered by their strengths. Similarly the functiﬂh Bt mmonotomc because signals of different strengths
are totally ordered by their strengths. The‘function {->, on’ the other hand, is nor monotonic. For
example -y < +y,, but €- N> L <+12> |

The pointwise extensions of <->, K- B, anchanbedeﬁnedandobeyaﬂofﬂ:cpmperﬂeshsted

thus far.
5.5.3 Signal Factorization

Asslmllbeseen,ﬂxealgdmofbgicsignalshcks@yofﬁ:eprope:ﬂaonemightdesireina
mamemﬁcalsystemmmhasammlordeﬁngandm;xmicityofcenainopemﬁons As a consequence,
wewilloﬁenfacwrequaionsmmealgebnofsignahmmequaﬁmminmemembkalgebmof
sxgnalstrengﬂxstoaxdmemamemaucaldevdopmm
Thedommnofbgmmgnabbmdymnﬁlwcohpkxnumbemmmngmmrmpondmgm
magnitude and state corresponding to phase. Just as almmplex number is characterized by either its
x'mgnimdeandphaseorbymreaxandmgim‘m;sigmlischamﬁzedbyeimernsmmmm
state or by its "1" and "0" parts. 'Ihefactoredformofasagmhsapalrofmngmvakm(u,d),wxﬂlu
indicating the strength with which the s:gnal w:ll pullanode toward 1, andd mdmung the strength with

which the signal will pull a node toward 0. The followmg table shows the two mpmsenmuons of a signal
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~ Signal Strength - State 1 part - 0 part

A <0, 1> ©,0
+s {3, (s,0)
-8 : C & 0% - {0,9)
XS a8 X0 (s.8)

The factored form ust either have‘boﬂi parts equalor one part equai to zero, corrésponding to the rule
that a stronger signal will ov,erride a weaker, and the weaker can be ignored. A signal with statevx' has
equal 1 and 0 parts, because X repreeents a confhct between sxgnals of equal strength pulling a node
toward 1 and 0. The null slgnal A, on the other hand, has no ablhty to pull a node toward 1 or 0:
Observe that the ordering < between sngnals is equlvalent to the extensmn of the strength ordermg < to

the factored form representauon The functlons l" 'I and L J are deﬁned to select the 1 and 0 parts of a

sagnal respecuvely

rai = fValk <>=1torx - (5:5)
0, <a»=00rlL

Lad = " %all, € =0%orX o (56)
0, <a» =1or Ll

The factored form of a signal can be viewed as describing two signals, one with state 1 (or L) and one

with state 0 (or _L ), which when combined will yield the original signal:
a4 = AV iLd o X))

'Iheslmngthofasagnalequalsﬂtemaxnnumofﬁtwopam.

var = rmm - 53)

The state of a signal can alsa be determined by combining the states of the signals represented by ifs 1

and 0 parts:
<> = <+Tai> U <-Lad>. ' .9

This identity holds, because at least onc part of a signal will equal zero unless the signal state equals X.
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For example
Gl 1> = <y PUCI = <GyPUA> = 1UL = 1.
When two signals are combined with the operation V, the resulting signal has the following factored

form:

FaV bl = bock@a11FbLBaV bl (5.10)
LaV b) = block(LalTLbLBaV bE)

In the above equations the function block pmervesthemnonthanfonepanofasxgnahslessﬂnn

theomer(oreqmvalenﬂy,umlesthanmcmmmofﬂ:et\vom) nmnstequalzem Forexample

F+y;V -y = block(y, 1 0.12) =1
L1V -1yl = Heck@f v 7 = @

'fhese:dennnesmustmehowmeﬁncnonbl«k mmmwummmemagebnmwom
Mequanonsmmesmngthabubu.

55.4 Signal Coupling

) Tocompletemesetofopaaﬁoqurrnganipw?@gMVdmwmqumammofemm
the effect of a signal coupled through a logical conductance. Our rule for signal coupling is that a signal g
wﬂbecoupledmmughabgmlwmcmceofnmm.s;bgm;ﬁfmmamgmlmthstrength
Iallls and state €a». In Chapter 4 we deﬁned the funcuon cplee AXI— A to yield the signal

resulting from an application of this rule. For our formal developinent, itstead of usthg'a function with

different types of arguments, we will express signal coupling with the binary operation © oversiml
values. The conductance s is then represented by the signal xs, indicating that it can conduct 0 and 1

signals equally well. Define © as follows:
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a°b = HfallTbN) V -(Lat|Lbl). (.11)

In other words, if two signals are represented in factored form, © is equivalent to the pointwise extension
of | applied to the corresponding parts qffm,e two signals. . The signal a coupled through a logical
conductance s then forms a signal xsea. In all cases used: heve, one argument of * will have state X (or

L) This formulation takes advantage of the fact that if we let .y denote the set:

Ax = A{"xs"l‘s“e 3},"“’

The operation ° obeys the following pmpe:ttes. |

1. (A-e xyp)lsamonond
i abed = asbed (closéd)

ii. . ac(bec) =f(a°hec . .. (associative)
iid. asxy, = xyp°a =a (xypnsthe :denuty)

2. A is an annihilator for °;
a°ix = A

Thus the algebraic system (A, V, °, A, xyp) almost obeys all of the> properties of a closed semiring. In

general, however, ° is not monotonic. For example +y; < -y,, but

L0 Nt Uln S U § Wit # it S

1

As a consequence, °© does nol distribute over V.~ For example- ;- .

1. Any operation which distributes over the leastupper beund operation for a lattice must be monotonic.
For example, suppose a < c. Ifit were the case that ° distributes over V then

beaVbec = bo(@aVe) = bec

which implies that b © a << b e c. The converse statement need not hold, unless the set is totally ordered.
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x71°(tr1 V myg) = -1y # xypoty Vrpoeyp = X7 (5-12)

This lack of distributivity expresses in mathematical terms that signal paths cannot be analyzed
independently, because weaker signals may be blocked along a path by a stronger signal with a different
state. This phenomenon was demoustrated with the networks shown in Figure 4.7, In fact the left hand
side of equation 5.12 expresses how the steady state signal:on node ny'is formed in the first example of
Figure 4.7, while the right hand side expresses how the stcady signal on node n, is formed in the second
example. This lack of distributivity will cause some difficulty in our mathematical development.

If we restrict our attention to strong transistors in the 1 and 0 state, however, distributivity (and

hence monotonicity) holds. Thatis, if b€ { A, iyp}then
beaVec) = beaV beg

and hence the algebraic system ({ A, xyp}.‘V, o A, xyp) does ﬁxm”a closed semiring. In fact, this
algebraic system is equivient’%o- the: Boolean closed smmmg({ 9.1 }. +.-.0,1). This shows that
If one of the arguments to © represents a conductance value, then © is monotonic i this argument.

Thatis, ifb,c € ¥, and b < ¢, thea
xbea < xcea .

foranya€ A
The operation ° was seen to equal to pointwise extension of | ﬁ)mefactoredrepmtaﬁonof
signals. This leads to the following identities; -

Tael = Talirs $5.1)
Laedd = Ladjldd
Bae bl = (Fa1{THT) T (LallLbI).

For the common casc where €a» or €<bY isintheset { X, 1 }:




-111-

Naobk = Radl¥bp0. - (5.14)

55.5 Matrix Operaﬁon;_

Themamxproductoperaﬂonoxsdeﬁnedméescnbemeeffectsofﬁmtcouphngasetofmgnals

throughlogmlconductaneesmdmenombmmgthm Thats ifc = Aobthen
) ci‘= Y(%Obl). ) . (515)

The operation o is closed and amaaﬁve m Aéalgebraie system (A"XM, V0, 0, 1) almost

obeys the properﬁes ofa closed scmmng, where the 1dentlty matrix / has x-yps on the diagonal and A’s

elsewhere; while the zero miatrix ﬂm'ofaﬂ A’ T gesieral, Rowever, o does not distribute over V-

andhence is not monotoaic. ) hummw Eegie 130000 ‘
Inthe spemalmwhaae A€{A, "’}nXmlm

AV = bV doc,

andformxsmcwdwoxsmonm 'Ihealgsbmsmem ({A.xy,p}“x“ V., 0, & J) then forms.

a closed semiring. Therefore. we can define the closure apeeation, for this resricted domain as:

= IV AV AoAV dodoAV ... = N 4% RN CAL N
0<k<so

Th;sc] ,s’k mm . v._..,tivec_ sl o

Ifoneoftheargumenmtoorepresentsacondnctancemamx,thenoxsmonotomcforthls

SRR S EEY 14 " n.‘h;tz e

argument. 'IhatlsnfB.CEfnx",andB<C,ﬂ1en
xBog < xCose CRY))

forany a € A™.
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The following identity follows from the properties of V/ and o
HAcbR = (FATT87) T (LAILAI). B v (5.18)

ForthecommoncasewhereeachelementofAlsetﬂleranunsxgnalorhasstatex ie. AE.A nXm

N Aokl = lAl-lu | | (.19

A matrix product can also be factored into its 1 and 0 parts:

btock‘(r;41-r51, 1 Aobl) (5.20)
block (LAILEJ, K Acd D)

F4ob
LAckd

il

The pointwise extension of the function block maintains the restriction that each part of a signal must

equal the strength of the signal or equal 0.

5.6 Summary

The concept and properties of logic sxgnals ixave been formahzed into an abstract algebra with a
domain corresponding to the sigaal vatves and with operatiois 8 to thé rules for combini ining
and coupling signals. Many of the properties of Iogic signals afe refiettid by this Algetira: e domain is a
small, discrete set, and the operations obey - maaysdesnmbh mathematical properties. Even the
complications arising from signal blocking are reﬂected by the lack of dlstrﬁutmty in the algebra emept !

N N T s I T
forarwmctedmn-
Thedomamsandﬂxﬂrmmmmdm | P




Signal Strengths

Elements:

Ordering:

Operations:

Signal States

Elements:

Ordering:

Opecrations:
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= {O,Kl,...,Kq,‘Yl,...,'Yp}

0<Ky< ... (Kq<‘Yl< (yp

T maximum (least upper bound)
! minimum (greatest lower bound)
block signal blocking
. (1 1) matrix product
*
closure

¥={1.,0,1,Xx}

0 /X\ 1
\ /

L consistency (least upper bound)
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Signals
Elements: A = { A +rp, -k, XK. p Yy xyp}

Ordering:

X‘Yp

LN,
\ /
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Operations:
\" signal combination (least upper bound)
° signal coupling
o (V °) matrix product

closure (for restricted domain only)

Functions from signals to states:

<> state of signal

Functions from signals to strengths:
h-U strength of signal
r-1 1 part

L-Jd 0 part

Functions from strengths to signals:
+ form signal with state 1 (or L)
- form signal with state 0 (or _L)

b3 form signal with state X (or _L)
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6. Computation of the Target State
6.1 Introduction

The algebra of logic signals along with the related algebras of signal strengths and signal states
provide a st of mathematical tools for further developing the switch-level abstraction. In this chapter a
method will be developed for finding the minimum solutton of the steady state mgnal equation given in
Chapter 4, which then gives us a method for ﬁndmg lhe steady state of a bgaml oonductance network.
This method is then generalized into one for ﬁndmg the target state of an arbitrary switch-level network.
This development will utilize only the logic signal abstraction as expressed by our algebras, along with
two equations which were derived from the properties of the electrical model: the definition of the target
state in terms of the steady states of a set of logical conductance networks given in equation 3.20, and the
equation for the steady state signals given in equation 4.5. While wecould arrive at the final results more
directly by utilizing additional properties of the electncal model, this approach demonstrates that the
concept of logic signals is quite powerful and self-contamed. The earlaer work thh the electrical model
was presented only to moﬁvate and justify the more abstm:t concepts. The issues of implementing these
techmqu&sthhefﬁcxemcompuwralgonﬂmuamdeferredwampm7 In particular, the matrix

notauonmmlschaptensusedonly formd:emaﬂalconvwemeaadneednotmplydlatmes:mum

algorithms involve matrix operations.
6.2 The Target State Equation

Flrst,ktusmtemedeﬁniﬁouofmetaxgetstateintennsofmesmdystatcsofasetoﬂogiml
conductance networks. The function target (x, y, z) was defined as giving the set of states ¥ which the
normal nodes would reach if the input nodes were held in state x, the transistors were held in state z, and
the normal nodes were initialized to state y. With the transistors held in state z the network of transistors

can be described by a set of logical conductance networks, where a transistor in the 1 state forms a logical
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conductance equal to its strengtﬁ, .a transistor in the 0 state forms a logical conductance of 0 (i.e. an open
circuit), and a transistor in the X state iorms a loxlcal cmductance:elther equal to its strength or to 0. We
have seen that a set of paraliel loglcal conductances can be repiaced by a smgle logncal conductance equal
to the maximum element in the set, Thus_;hg rangpof loglcaloonductance networks gonespondlgg toa
switch-level network in transxstor state z can be descnbed by four loglcal conductance matnces G" 4
G, E™, and E™, Each element g“' of G"‘"‘ equals the maxunum strength of all transistors.in the 1

state connecting normal nodes n; and nj or equnlg 0 ;f no such transnstor exists. The elements of G™*
equal the corresponding values for all transistors in either tho 1 PFV“‘F'X state. Each element e"““ij of E™* :
equals the maximom streng;h of all transistors in the lstate connectmg fno_rmal node n and input node t]

or equals 0 if no such transistor exists. The elements of E™* equal the corresponding value,s?fon transnstors ,

in the 1 or X state. More formally, if Tj; denotes the following set of transistors:

. = T .
UT penges™ =

and

=i = ey zke{lx} e @

In both equanons, the maxlmum of an empty set is deﬁned to egual 0. Bo(h G™* and G""’ are symmetric
matrices with elements in the set {0, vy,..., Yp }. In general these matrices are very sparse, because
each node is connected to only a limited number of other nodes. Similarly, if Tlij denotes the following

set of transistors:

7' = {4|(SOURCE(f)=r; and DRAIN(1)=§) or (SOURCE(4)=i; and DRAIN(4)=n)},

em = ! str 63)
' _ k)
Y tkele’Zk—l
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64

i GET' sz e{1,x}"x
E™® and E™ are nX m matrices with elements in the set { 0, Yo }. These matrices may be less
sparse than G™® and G™, because some input niodes (e.g. VDD,:GND) serve as source and drain nodes
for many transistors. The network may also contain tranSistors cohnectiné input nodes to one another,
but these have no effect on the logical behavior. To compute the target state function, we need only look
at the network of logical conductaxices described by these four matrices, without considering the
transistor configurations or states which give nse to them.
The presence of transistors in the X state implies that the actual conductance matrices G and E lie
within the ranges:
Gnh

S
IA 1A

G~ - (65
el

!
A IA

Let { G } and { E } denote the following sets of matrm

{E} = {Eley= e"'jk(p)orejk = e ix(P) }
{G} = {Glgy = ijk(P)Ql'Sjk = 8"jx(p), and g;y = g;;}.
Note that these definitions of { E} and { G } are"equivélent to those given in Chapter 4 in tefms of the
sets of order of magnitude network matrices E and G as wére defined in equations 3.7 and 3.8.
For logical conductance matrices G and E, let Y(G,E) denote the steady state of the logical
conductance network with these values of logical conductances. Equation 3.20 defines the target state of
a node in the switch-level network as |

1, Y{G.E)=1 forallGE{G}andE€ {E} ()

T Yo J6B =0 fraiGe{G}andE€ {E}
X, else.
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That is the target state equals 1 or 0 if and only if it has this unique state regardless of the conductances
formed by transistors in the X state, and otherwise it equals X. This equation can be expressed more

concisely using the consistency operation || for logic states:

y = U 5@, E. . (6.
y {G}’{E}y( E) R (6:6)

This equation shows that the target state, function for an arbitrary switch-lev,el netiwqu can be determined
by computing the steady states for the logncal conductance networks represented by all possxble matnces
G and E in the sets {G } and { E} and then comb:mng these states wnth the operatlon L. Thns reduces
the problem of computing the target‘state:equauon fbr a swltch-level network to one of computing the
steady state of a logieal conductance network: As'shall be seen Latet, the métod for computing the steady
state of a logical conductance network can be generalized into a method for directly cotnputing the target

state of a switch-level network.
6.3 The Steady State Signal Equation

Let us turn our attention to computmg the steady state y for a patttcular set of conductance,
matncesGandE. o :.

The rule for forming logic sigaats is that an-input node forms a logic signal with state equat to the -
node state and strength equal to yp.écéAs was defined in Chapter'd “the vector x denotes the sét-of signals
formed by the input nodes in statéx:

Ky =y . ‘ - 6N
Il = Yy

Similarly, a normal node forms an initial signal with state equal to the node state and strength equal to the
node size. As was defined in Chapter 4, the vector y denotes the set of signals formed by the normal

nodes in state y:
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<> =y | | (68)
Iyll = capi.

In Chapter 4 it was shown that the vector of steady state signals » must be the minimum vector

satisfying the constraints:
W= l.u.b.({yi} v {cpId 13)“ <j<m} U {cpldvj gu)ll <n}) @“5)

for all i. ’I‘hns equauon can be expresed usmg operauons in the algebra of loglc sagnals as

Y = ) V V(xej"xj) V V("sq"j)'

If the matrices E and G are defined a5 the matrices of logic signals representing the Jogical conductance
matrices E and G, i.e.

thentlnssetofequauonscanbeexprwsedbyasmglemaquanon

v'= onVyV Gov ‘ (6.10)

Unlike equations in other algebras, in which all expressigns involving. the; depeadent vaiables can be
mowe to one side af the eguality, wmmmmmﬂwwmtﬂmm :
of the left hand side. Hence the equation for the steady state signal must. e gxprossed: 85 a: recurmonge -

relation. It will be shown shortly that equation 6.10 has aunique minimum solution.

wo
Yoo
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6.4 Solution for Restricted Logical Conductance Networks

We wish to find the minimum vector v such that » = f(»), where
"f@ = EoxV yV Goa

A general technique for solving such recurrence equations is only known for monat_qpig ;_ecurrence
equations, i.e. ones in which the recurrence is expressed by a monotonic ﬁmction.mln wgener‘al, ﬁe
nonmonotonicity of the operation § 'im#lies that the funcdon f may not be monotonic, and hence this
technique does not apply. . For restricted k)gmiconductmce networks, however, ia which normal nodes
may only be interconnected by conductances of streagth v, the function. f is monotonic. Thatis, a
restricted logical couductancé network has a condugtance matrix 6 with each element-egual to 0 or Ty In

phar =3 A

this case each element of Gequals}\br XY This implies that foranygand b
Go@Vh = GoaV Gob

and therefore f is monotonic. The following theorem, a-special.case of one given by Scott [35], shows

how to solve such an equation.

Theorem 6.1.
For a monotonic function f: A" — A", the equation
el A

has a unique minimum solution given by

= N _'f'm %o 6.1)

where 0 denotes a vector of all )‘s, and t'lxe"supcfsériﬁi k’ denoteé-k’ apphcat:ons of the function f. 7‘
Furthermore, this limit will be reached for some k << n-} A |, wheee || denates set size, '
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Proof of Theorem 6.1:

Consider the following sequence

8 1O, S(O), .... /'O, ...
First we w111 prove that its limit exists. Clearly 0 < f(0), and by the‘ monotouicity of f one can prove by
induction on k that | |
o < rftle
Hence the sequence is nondecreasing. Any strictly increasing sequence in A™ would have a length of at

most 0 A |. Therefore for some j < m-{ 4|, 48 = 3+ 1(0), and then for any x>, (B = FX(0.

From this we can see that 4™ must be a solution, because
~ = o = ﬂ“(a; = ) = fu

F‘mally,supposeforsomea.a—f(c) Stam:xgw:thﬂ:ebasnsc>awempmvebymducuononkma

« = Mo > s

Therefore
' lim ko _
e> ™ o -

Thus & is the unique minimum solution of the recurrence étiation.

This theorem followsasaspecnalcaseofa meoremprovedby Soott(35]regardmg the leastﬁxed
point of a continuous function on a continugus lamce whem comamt; here is only dlstantly related toA
the contmmty of real analysls. In ﬁndmg the tmmmum solut:on of the recurrence equatwn a= f (a) we
arecomputmg the leastﬁxedpomdfﬂneﬁmcnonf Anyﬁiﬂehﬁioeﬁ‘&mam askanymonomic
funcuon on a ﬁmte lamce Scott shows that a result s:mllar to equation 6. 11 holds for any continuous
function on a continuous lattice. Finite convergence, however, may not be guaranteed for functions on

infinite lattices.
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The process ou'tlined'in'this theorem of computing the sequence f (0, o), ..., k(m, ven
until it';convergés corresponds to a stiaightfbf@é;d relaxatii}h algomhm 1t starts by setting g to A for
each node and then performmg relaxations of the form g — f; (a) until it converges, ie. any funher
relaxation steps would not change a Smce we have cxpressed the method in vector fonn, each
application of f corresponds to applying relaxation computations at all nodes simultaneously. B

For example thé logical conductance network shown in Fxgure 6.1 models an nMOS Nand gate ; and
pass transistor with all transistors in the 1 state. The extra self-loop has been added to n3 to nm:edmedu

vvvvvvv

possxblhty of extraneous solutions. Equation Glﬁmnbeexpm&c! s
{!
v = +1'1\""1'2 “2V*12 I
w =1V,
V3 = - x'{2°vl v Xy, ® v

The above equations have the charging signals y left out for simplicity. The relaxation’ mstivod gives #he -
following sequences: R
M T, M v e

a: A
g A o M M
ag: A A 0 s B O T /)
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indicating that all nodes have steady state signals -, and hence have steady states 0. Observe that an
extraneous solution never arises because at all times each value a is less than or _equal to the steady state
signal.

For this particﬁlar equation the minimum solhtion can be expressed in terms of the closure

operation.
Corollary 6.1.1.
Foramatrix G€ { A, xyp}“x“,andavpgwrbein,theequgﬁon -
a = bV Goa ' 6.12)
has a unique minimum solution given by . .
™ = Gob ) 613)

Proof of Corollary 6.1.1: o e

The function f{a) = 3V Gocismonotonic,andanexpansionoffk(mgim

= = v jo = ‘ v ) [ 3
O = IV GV GV G _) 0<j<kG , [o<,<kG ]o

ﬁ = lim fk(»» = GO& S cea: T -

k —00:

Hence

Thxsmultshowsthatfmamwdlogncalconductaneenmork d)esteadystatesngnahsgivenby

Go(onVy). L 614

As mentioned in Chapter $, the tr%nsitive ciosureoperaaon mth:s restricted case is equivalent to a
Boolean transitive closure. Element ij omeaM G equals npfifnodes n; and n; are connected by
some path of logical conductances and equals A if they are qot. Thus the matrix G partitions the
network into a set of equivalence classes, where n; and n; are in thesame class if and only if element i,j of

G equals xy. Since xy,, is the identity element for © and A is an anmhllator, computing element i of
P p
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G’ o bin this case simply involves selecting the elerhents of b for the nodes in the same class as n; and
combining them with the operation V. Thus if we let b equal the vector of signals given by Eox V y,

and node n; is in equivalence class Cy, then

w= VY b

Observe that all nodes in a class will have the same steady state sngnal If we were only concerned with
restricted switch-level networks with no transistors in the X me the computation of the target state

would be quite simple.
6.5 Solution for General Logical Conductance Networks

Unfortunately, the technique outlined for computing the steady statesignal in restricted logical

conductance networks can fail for general networks, because it may converge on some solution other than

i1 E [

the minimum. Consider how the proof 6f Theorem 6.1 relies on the ﬁ\onotonicity of the function f.
First, it-is used to show-that the sequence /X(0) is monotonic. and henie converges. In fact, it appears that
this sequence would converge for equatiens of the form of 6.}2 regardless of-the monotonicity of f, -
élmough this has not been proved formally. More importantly; howeter; the ménotonicity of f isusedto
show that @ > £X(0) for any a which satisfies the recurrence relation, and hence the limit to this sequencé
must be the minimum solution. This result. does npi hold when thé recu;ﬁnce function f is not
mohotonic.

The network shown fi Figure 6.2 resembles the network stiown ifi Figure 6.1 except that the pass
transistor has strength y;, and therefore we no longer have & resmctedlogxcal conductance network.

Equation 6.10 can be expanded as: B
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Fig. 6.2. General Logical Conductance Network Example

N =M Vomen Vi

n= Yy

B = men Vaney
The above equations have the charging signals y left out for simplicity. The minimum solution of these
equations is "= Ty nz=~-.-72;.v_andv3 = -y} giving a steady stale of 0-on alithree nodes, just asone
would expect. The relaxation method gives the sequences: -

aq: M. T M Yy .-
“ A m m om m o
O S XYy Xy -
The sequence converges with the signal xy; on node ny, which js greater than the minimum value -y,
and therefore finds an extraneous solution withstateXonnodeny. . =
This error arises due to an interplay between the effects of signal bkmhn&&mng a nonmonotonic
recurrence function), and the possibility of extraneous solutions of the equation. The network of Figure

6.2 has been contrived to cause this interplay. On the second relaxation step we introduce information

aboutthepa(hfromVDDton3insettinga3mﬂl,andmisvalueisnotllesmanorequaltoﬂ)estwdy
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state signal -y). Due to the presence of the self-loop at nj, this information will remain during further
relaxation steps. When the third relaxation step introduces information about the path from GND to ny
into a3, it combines with the old value of a3 to glve x-yl mstead of -71 Thus our relaxatic:n method does
not take the effects of s1gnal blocktng into account properly and hence may reach an extraneous solution.
While this example seems rather contnved, snmlar effects can occur wrth more reahsttc (but larger)
The steady state signal for a general logical conductance network can be found by a method of
conditioned relaxations which first computes the strength of the steady state signal and then uses this
information while computing successive relaxations.tq p;evgnt 3 node Irom being set to a nonnull signal
weaker than the steady state signal. For example suppose for the network shown in Frgure 6 2, we could
determme that the steady state sxgnals will have strength 72 on nodes "1 and n2 and wnll have strength 71\

on node ny. In generating the sequences of values on each node any tune our ortgtnal method would set

the node to a signal weaker than the steady state stgnal, we wrll mstead set it to A. This gives the

following sequences:
N S e - T / Mt /T
m: A =712 Y2 Y2 Y2 .-

The .signal +yy is weaker than mesteady state signal for node "’1 and hence the first rela:tation
computation at this node will give a value A. *As'a consequince, the signal +y{ is nevet propagated to
node ny and will never create an extraneous signal. This example shows how the conditioned relaxation
techmque prevents extraneous sagnals from artsmg by kl!hng weak srgnals before they can become

extraneous. We will now prove fonnally that thrs method produces the correct results.
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'6.5.1 Factored Equations

The method of conditioned relaxations can be derived forrnaﬂy by factoring the steady state signal
equation into its 1 and 0 parts, grvmg more tractable equatmns in the aigebra of mgnal strengths. All

elements of E and G are null signals or have state X, which nnphes by equatnon 5. 19 that

HREoxh = HEN*NxR = E-ix}
BGovl = EGH-Nyk = GeUyh.
Therefore
Bl = E-NxBTHEyRTGoNsR, (6.15)

which shows that # v § samﬁesarecurrencerelanonofﬂxe fonn | rl = h(l rl) wherethe function & is
monotonic. Recurrence relatwns fo; l'v'l and Lchanbedenvcdas\vdl.

Ml = block(E'Fx'l TPyl Gf Fﬂ, lr\l)» (6.16)
Lvl = block(E+Lx] T Lyl 1 GeLrl Nol). (6.17)

Thus, if we could determine the value of By l, we would have recurrenée relations of the form
vl = f1(Fv1) and Lvd = f(Lv.), where both f; and'f; are monotonic functions. We will show later

that ¥ v #, v, and Lyt must be the minimum solutions of their respective recurrence equations.
6.5.2 Recurrence Equations in the Strength Algebra

The minimum solution of a monotomc recurrence equanon in the strength algebra can be found by

a relaxation method similar to the one shown for the s:gnal algebra, as ts proved in the followmg theomn.
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Theorem 6.2.
For a monotonic function f:3" — ¥, the equation

= fla)

has a unique minimum soluiion given by o
™ = Iim fkm) (6.18)
k— 00

where 0 denotes a vector of all 0’s. Furthermore, this limit will be reached for some k <n| 7]

The proof of this theorem parallels the proof of Theorem 6.1. For equatwns of the form of 6.15, the

minimum soluuon can be expressed in terms of the closure operation.

Coroflary 6.2.1. ,
ForamatnxGe.‘!“xn andavectorbetf'l ﬂleequaumi

a = bTGf!-

has a unique minimum solution given by

The proof of this corollary parallels the proof of Corollary 6.1.1. bbsewe that this rgﬁult holds for
strength values in unrestricted as well as restricted networks. - |

As a conclusion to our study of recurrence equations in the strength-algebra, let us look at the
relatmn between solutions of different equauons Deﬁne the relation < between two functxons fandg
as f < g if and only if f (a) < g(a) for all a. The followmg theorem shows that thxs relauon will mcn
hold between the minimum solutions of their respective recurrence equatIons. Thxs theorem' will prove

valuable in comparing the steady state signals of different logical conductance networks.




-130-

Theorem 6.3.
If monotonic functions £:% — M and g : 5" — ¥ are ordered £ < g and 2™ and b™® are the minimum

solutions to the equations By
a = fla)
b = g)
respectively, then
, 5 < P
Proof of Theorem 6.3:

By induction on k £X(0) < ¢ ¥(0), and therefore

AU WL L

|
This theorem is also a special case of one gwen by Scott whnch states that the least fixed pomt
operator is monotonic when applied to monotomc ﬁxmtaons. o B | |
6.5.3 Solution Technique
The followmg theorem shows that the minimum solunons of equatxons 6 15 6 16 and 6 17 do

mdeed lead to the value of the steady state s:gnal. '
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Theorem 6.4.

For a matrix G € %™ and a vector b€ AP, define G as G = xG. The unique minimum solution of

the equation @ = f(a), where , ,

is given by C e e Tt Lo i S

. e = V-,

where u™ and d"* are the minimum solutions of the;equaﬁonsu = fy(@)-and d-=fg(d), respectively,

and the functions f; and f; are defined as: o
AW = bock@MTGemn L. 6o

L@ = bock@ITGed B v e 62

r= Gensn (2>

The proof of this theorem is given in Appendix IL. It serves mainly to confirm one's intuition but
requires proving ménv.wbﬂe points. Primarily it involves. showing that the signal vector, +u™*.V -
satisfies the recurrence relation @ = f(d). It is then straightforward to prove that it must be the minimum
solution. . .

If we let the vecto; bin equaﬁonvl’ 619 equal ;I:;o xV y thén we can apply Theqrem 6.4 to find the
steady state signal ». Alternatively, the Tesult of ‘this thetfent can be ‘éxpresséd in’ 4 manner ‘more
suggestive of a sequeméo‘fmdiﬁunedre’!axanoﬁsin the ‘sighial algebra. ‘Define the function

RillAX S~ Aas
kill(@b) = +block(Fa,b) V -block(Lal,b). B (9%))

In other words
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e = {21450

This function expresses our technique of killing any signal weaker than some éﬁéngth value. The

following corollary to Theorem 6.4 describes the method of conditior.cd relaxations.

Corollary 6.4.1.
For 4 matrix G € XD and a vector b€ .A“ 1fG|sdeﬁnedasG xG then the minimum solution of
the equation @ = f(a) where

S(@ = bV Goa

is given by i ‘ R
- m
N '-'}, IMm/"‘(» (6.24)
o |
@ = kill(f(a), 1), (6.25)
and

r= G <Ub

The proof of Corollary 6.4.1 is-given Appendix 1. - It proceeds by ﬁctonngthe function f* and
showing that
ro = +f1"(o) -fo"(o;

With this, one can easily see that the sequence will cmvememd‘" '

. The conditioned relaxation method stmeedswlmcthe Straj

Hhp- 2SN

reard relaxation method fails,
because the function f* is monotonic over the domain { a| @ < #* and @ = block (a, ln"" )] },Qhereqs,
the funcﬂon S may not be. Furthermore f' is closed over this domam Thus, when successive values of &
are formed by repeated apphcaﬂons of j‘ we wnll get a monotonic sequcnoe converging to a™*. This
result is given as a corollary to the main theorem, because it does not generalize to switch-1&véY networks

containing transistors in the X state while the method given in the theorem does.

-
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6.6 The Target State

Returning to the problem of compuung the target state y of a swrtch level network, where the
network may have conductance matnces in the sets { G } and { E} we saw that the target state could be
found by computing all poss:ble steady states y (G E) and then &combtmng these possrble states with the
consrstency operauon Ll Such an approach however would have exponentlal complexity if a large
number of transistors were in state x Instead, we wrll denve a method of drrectly computmg y by
generalizing the method of Theorem 6.4. B |

To determine the target state yl of node n; we need only ﬁnd the range of values y (G E) can
assume. If some setting of G and E can be found whtch gives 1 or X for.y. ,(G E), .and some athersem
umrbe found which gives 0 or X, then yi' equals X: Tf; on the other hand, either of these two attempts
fails, then y equals the state foimd by the other attempt. Deﬁne v(G E) as the vector of steady state
signals for the logrcal conductance: nawotk with: cdndaetanoe matricetG and E. Then y l(G E) equals 1
or X if and only if [y, (G, E)"l is greater than 0. SlmiIaﬂy. (G £) equals 0-er X if and only if Lv(G, E)
is greater than 0. This suggests that the target. state of a node can be found by performing two
optimization processes. The first maximizes I'v (G E)N for all possrble G and E giving a result u"’t whrle

the second maximizes Ly(G, E)J giving a result d‘?‘i. These values can be combined to give the target

state:
[ 1 vp0adg™ =0 (6.29)
Yi = 0, d°"' >0andu°"‘ =0
x ehe'

That i is, the target state will equal a proper value (0 or 1) rf and only rf the correspondmg opttnnzatton

process succeeds (obtains a nonzero value), while the other fails. This can be expreased by the following

equation:

¥i = <™ U <-d. (627



At first this optimization approach might not seem to improve on the full enumeration technique.
It seems to call for a separate set of optimizations for each node, with each involving the trial of a number
of conductance matrices. Fortunately, these difficulties do not aﬁsé Instead, tﬁe values Iy, (G E)7 will
be maximized for all nodes with one particular palr of matrices G and E, and a similar result holds for
Ly, (G E)4. Furthermore, these values can be computed w:thout ever fmdmg the pamcular values of G
and E which give rise to them. Instead, the vectmsu""andd""can bcoomputed dxrectly by sbghﬂy

modifying equations 6.20 and 6.21, as is shown in the followmg d:eonem.

Theorem 6.5.
The target state Y of a switch-level network is given by
7 = <> <, _ 628)

whereu”andd"‘ared:emunmumsolunmsoftheeqmansu~gl(a)andd ge(d) respectively,
andmeﬁmcuonsglandgn are defined as

21@) = bock(E™+TxT1 Y11 G*™=eur) . 6.29)
2@ = block(E™=-Lxl{ Lyl G=-4n), (6.30)
= GEenxh 1 Uy, , 631)

The full proof of Theorem 6.5 is given in Appendix H_ k involves showing that

G, o 6.32
{G}{E}n"( E), 6.32)

where u™ equals the minimum solution of equation 6.29, and u'“(G E) equals the minimum solutlon of

the equatmn u= fl(a) for

fi@) = Block(E*Tx11 Y11 Gou G ~(E-ix811ym)
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That is u™"(G, E) equals TG, E)1. We can see that u™ must be greater or equal to any u™*(G, E) for
any Gin { G} and E in { E } as follows. For any such G and E, G <G G™ and Emr<<E<E™, and
since block is monoténic in its first .argument and antimonotonic in its second, this implies that f1 < 8-
Therefore Theorem 6.3 shéws that u" must be greater than or equal to u™™(G, E). To complete the
proof, we need only find a matrix G € { G } and a matrix E € { E } which give ™G, E) = u”. The
following matrices satisfy this requirement, although the proof is rather tedious:

gmi“..’ . = O0oru®™. =0
J g‘““ij, u™; >0and u""‘j >0,

[ lj’ I'xj'l >0.

et Fx1=0
elj = { 1) J
Observe that these matrices are defined in terms of the solutions they lead to. Our solution technique

bypasses the search for the optimal settings of G and E and yields the optimal solution directly. By

symmetry, one can see that a similar result holds for d*.
6.7 Explanation and Example of the Solution Method

Theorem 6.5 describes an efficient technique for computing the target state of an arbitrary

switch-level network. First we compute the vector r by applying the relaxation method to the equation
r = E™ellxil TUyH T G™er, (6.33)

which gives the same result as equation 6.31. The elements of r equal the strengths of the steady state
signals in the logical conductance network formed when only transistors in the 1 state are conducting,
since the equation involves the matrices E™" and G™". For any allowable values of G and E, any signal on
node n; with strength less than r; will be blocked regardless of the conductances of transistors in the X
state and hence can be killed. We then compute the vectors u® and d™ by applying the conditioned

relaxation method to equations 6.29 and 6.30. These computations consider transistors in both the 1 and
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X state to form logical conductances equal to their strengths, giving G™= and E™* in the first argument {o
block in both equations, but any strength value on node n; less than r; is blocked. The computations are
performed scparately for the 1 and 0 signals, so that a signal (represented by a strength vatue) will not be
killed if it could be.the dominant signal-for some set of transistor conductances. Signals of state X can be
considered to have both state 1 and state G, and hence they eriter into both computations. Once these
strength values have been found, they can be combined to gﬁe&emm :

This technique requires no enurrggratign over possublc sets of transistor conductances whatsoever.
This method cannot be formulated as a mere hﬁiﬁve methol in ﬁessignal algebra, such as the method
shown in Corollary 6.4.1, because our opt_irrnizz_xtiQn technique does not correspond to the operation of any
single logical conductance network. Furﬂté&nbm,,‘hd §n1pkr method has been obtained for restricted
networks, because transistors in the X state in some ways resemble weak transistors. That is, the signal

paths in a restricted network cannot be analyzed independently when transistors in the X state are present.

Fig. 6.3. Switch-Level Network Example

" b S
ny a— "l!3
Y
2
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This method can be illustrated by the example shown in Figure 6.3, representing an nMOS Nand
gate with both inputs equal to 1 connected to a pass transistor in state X. Assume that node ny has size x
and initial state 0. The recurrence equatioh forr can be wntten as

n =7vTnin
rp = vy T (valry)
1'3 Kl.

"

The minimum solution of this set of equations is =1 =‘72, and 13 = K. The recurrence equation

for u™ can be written as
up = block(y; T (rpdup) T (raluy, vp)
uy = block(y91uy, xq).

The minimum solution of this set of equations is u™; = u®y = u™; = 0, indicating that regardless of
the conductance formed by the pass transistor, no signal with state 1 or X can form on any nodes. Even
though the i)ullup transistor provides a signal of strength +y;, our computation correctly recognizes that
this signal will be blocked by the signal -y,. The recurrence equation for @™ is

& = block((ypld) T (a1 3. 1)
dy = block(y, T (y21dy). 1)
dy = block(xl [REZY! dz), "l)‘

The minimum solution of this set of equations is d**; = d¥, = d®5 = y,. Thus, ‘sivnce these values are
all nonzero, while the values of u™ are all 0, all three nodes have a target state 0.

If the same network has initial state 1 for n3, we would find ;hat u®™y = x;, while all other
elements of u™ and ¢ have the same values as before. This gives target states y; = ;2 = 0, and

y 3=X, indicating that the unknownyconductance of the pasé transistor creates an ambiguity in the target

state of node ny.
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6.8 Properties of the Target State

Now that we have a mathematical description of the target state, several useful properties can be

demonstrated.
6.8.1 Monotonicity

Our partial ordering of signal states ranks states acgordi%;p how well defined they are. The state
L is underfined, i.e. it represents an absence of information. This state will never appear on a node jn a
switch-level network, because all nodes storerinfqmation dynamncally and hence can never be devoid of
state. The states 0 and 1 are well defined, i.e. meyaépreseﬂtaconsxstent degree of information. The state
X is overdefined, i.e. it represents conflicting infoﬁnation. The following t;heonem shows that the target
state function is monotonic for this ordering. This indicates that setting some node or transistor to X can

only lead to target states for some nodes equal to X which would etherwise equal Boolean values. -

Theorem 6.6.
Ifx<x,y<y,z<7'then

target(x,7,2) < target (x',y',7).

Proof of Theorem 6.6:
This theorem can be proved by comparing the derivation of the target state for initial values X,),2
(which will be shown with unprimed values), with the derivation for initial values x', y', 2’ (which will be

shbwh with primed values.) Compare the function
gy(w) = block(E***Tx1 1T y11 G**ur)
. ey o EEE

with the function

gl'(n) = block(E™+TxX11 Ty11 G™enr),
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where
ro= G e(E™ e jxl T Hp),

and

ro= G Em e x0T By H).

One can see from equations 6.1, 6.2, 6.3, and 6.4, that if z < 2’ then

E™ > B
G > G™
S
™ < 6™

Since the strengths of the initial stimulus signals are determined only by the node types and sizes,
HxW=NxNandlyl=H0yH Therefore r>>r". Furthermore, if x < x', then x < x' and therefore
Fx1 < Tx". Similarly, Fy1 < Ty7. Therefore gy < g, and by Theorem 6.3, u™ < v, By similar
reasoning, one can see that gy < go’ and therefore 4™ < d™. Observe that the function of b whose
value is <+b» is monotonic, and therefore. L+uy < <+ﬁ°""> and by similar reasoning

<-4 < €-d*'». Finally, by the monotonicity of L
arget(x,y,7) = <H"> L <-d"> < <> [ <-d™> = mrget(x,Y, 7). [ |

The monotonicity property then extends to the functions step, and phase.

Corollary 6.6.1.
Ifx<x'andy <y then

step(y) < step,Ay).
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Proof of Corollary 6.6.1:

One can sce from the table in Section 2.5 that trans (x, y) < trans(x', y'). Therefore

stepy(y) = target(x,y, trans(x,y)) < target (XY, trans(x,y")) = step(y"). ]

Corollary 6.6.1.
Ifx<x'andy <y then

phase(x,y) < phase(x’,y’).

Proof of Corollary 6.6.1:

By Corollary 6.6.1 and induction on k,
step X(y) < step, K(y).

Therefore

— lim k lim Koy = ' ]
phase(x, y) L s o0 1P o < L s o0 StePx (v) = phase(x',Y).

These results show that the presence of an X value on a node can only lead to new network states which

have some nodes set to X which would otherwise be set to Boolean values.
6.8.2 Stability of the Target State

The target state is claimed to be the set of states which the normal nodes would eventually reach if
the input nodes and transistor states were held in states x and z, and the normal nodes were initialized to
state y. To really prove this, we must show that once the nctwork reaches the target state, it will stay there
until some input node or transistor changes state. While this stability can readily be seen for the steady
state of a logical conductance network, it is less clear for the target state of a switch-level network. The

following theorem climinates any such doubts,
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Theorem 6.7.
If Y = target(x,y, z), then y = target (x, Y. 2).

The proof of this theorem is also given in Appendix IL. It involves showing that the terms ry1and
LyJ in equations 6.29 and 6.30 can be replaced with terms I’y and Ly where y is the vector of signals

with ith element having state equal to the target state ¥; and strength equal to the node size cap;.
6.9 Summary

Our entire development of the switch-level model so far can be summarized by three equations

ro= EMelxBTHYNT GMer (6.33)
u = block(E™+Tx11 fy11G™=eur (6.29)
d = block(E*=eLx] 1 Lyl G™=+dn. | (6.30)

By finding the minimum solution of the first equation and then “using this value in computing the
minimum solutions of the other two, we obtain two vectors of strerigth values ¥ and 4™ from which the

target state for each node can be computed as

) 1, v >0and ™ = 0 (6:26)
X, else.

Consider how far we have progressed from the electrical eircuit-oriented view of the switch-level model
provided by the original definition of the target state in Chapter 2. This new method involves only simple
operations in a discrete algebra, and the equations:can be solved by a straightforward iterative method. -
Furthermore, it finds whether nodes are sensitive to the unkniown condactances formed by transistors in-
the X state (and hence should have target state X) without enumerating over possible combinations of
transistor conductances. Thus, it can be implemented by a very efficient computer algorithm as is shown

in the next chapter.



- 142 -

7. Simulation Algorithms
7.1 Introduction

Theorem 6.5 defines a straightforward method for computing the target state function, and this
method can be implemented by an efficient e;lgoﬁthm to serve as the basis of a switch-level simulator. By
exploiting the locality of both the interconnections and the activities in the netwbrk, the program can
achieve a performance comparable to logic gate simulators. First a unit delay simulation algorithm is
presented which provides the same functionality as the program MOSSIM [9] for designs which can be
described in the MOSSIM network model. Next, it is shown that a slight modification yields a simulator
with a timing model similar to Terman’s program [5), although the functionality of the two algorithms
differ significantly. The new algorithm differs greatly in its style from both of these previous algorithms,
largely because it is based on solving equations in a well-defined mathematical domain rather than on the
intuitive ideas of the simulator designers. These simulation algorithms are compared and contrasted
toward the end of the chapter. Some performance data from MOSSIM are presented to demonstrate the
performance characteristics of switch-level simulation and how it compares to logic gate simulation. All
algorithms are presented as "Pidgin Algol" programs as defined in Aho, Hopcroft, and Ullman [1].

Before delving into the details of the simulation algorithm, let us consider its intended mode of use.
Suppose the design to be simulated will operate as a synchronous circuit with a conservative clocking
scheme. That is, some external set of clock signals will be provided through input nodes which control
the sequential operation of the circuit such that as long as these clocks run slowly enough, no timing
errors can occur. Each clock cycle can be subdivided into a set of simulation phases (called "epochs” in
Mead and Conway [37]) where during each phase, all clock and data inputs remain constant. For

example, a two-phase, nonoverlapping clock contains four such simulation phases:
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Durmg each phase the circuit has sufﬁcxent time to stabihze

To model the functlonahty of such a cn'cuit, a snmulator can snnply compute the state in which the
network would settle for each phase of each clock cycle settlng the clock and data inputs to new values
between the phases. The function phase deﬁned in Chapter 2 as phase(x y) = _’;’" stepy (y) serves
this purpose. To the user, this techmque provides the effect of a umt delay nmmg model in which
tranmstors switch one time unit (i.e. on the next computation of stepx) aﬁer their gate nodes change state.
Such a techmque provides only hmnted information about the speed of the actual c1rcu1t, but gives an
indication of the l‘unctton computed The characteristics of this and other tirmng models are discussed in
Chapter 8. o | |

This technique has been applied to simulating self-timed systems [36] as well, in which activities
may occur independently and asynchronously Each phase then corresponds to a partlcular settmg of the
input data and control s1gnals, and it is assumed that the cxrcuit wxll settle hefore the mputs are changed.

Although actual circuits may not obey these assumptions almost all can be modeled as if they did.
7.2 Complexity Model

In a switch-level network, each node could be connected to every other node by any number of
transistors, givbing an unbounded number of transistors relative to the number of nodes. In practice,
however, the number of transistors grows only linearly with the numher ot“ nodes due to the limited
connectivity allowed by a two-dimensional integrated circuit chip and to electrical and functional
considerations. To evaluate simulation algorithms, we should have a model of the complexity of
networks which more closely matches actual circuits. The following set of assumptions has been observed

to hold for a varicty of designs, although it has not been subjected to a rigorous study.
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Define the connectivity set of a node as the set of nnhsistors f‘oﬁvhlch the node serves as the source
or drain connection and the connectivity degree as the size of ms sét. The fanout set of a node is defined
as the set of transistors for which the node serves as the gate connection, and the ﬁmout degree is deﬁned
as the size of this seL An informal study of a vanety of deshgns has shown that almost all nonna! nodes
have connectrvrty degree less than 5. Excepuons mclude large busses and the output nodes of large Nor
gates1 Input nodes, especlally VDD and GND however may have nhrglr degree of connectmty A-
similar staustrc holds for fanout degree wrth the excepuon of nodes pmvrdmg ma;or control srgnals such
as clocks and reset or enabhng commands.

We wﬂl assume the network may contam 0(1) (i.e. a constant number) of mput nodes each with
O(n) fanout and connecttvnty degme where n is the number of normal nodes. An 0(1) subset of the
normal nodes may also each have O(n) fanout and connecttvnty degree but the remarmng normal nodes
must each have O(1) fanout and connectivity degree From either the fanout or the connecttvrty
assumptrons, one can see that the network can oontam only O(n) tmnsrstors. ’ - |

The sparseness ofi mterconnectxons ina logrc des:gn leads to a locahzatzon of the actrvmes. When a
node changes state, generally only a small number of nodes wxll be dlrectly affected. Funhermore in
most synchronous designs, each lomc element will be acﬂvated only a small number of trmes during each
clock cycle. That is, during a single simulation phase, information will only propagate from the outputs
of one set of storage elements through some combmattonal log:e to the mputs of other (or perhaps the
same) storage elements. Even allowmg for a small number of dynamrc hazards (transrent pulses caused
by unequal path delays), each node will ehange state only 0(1) nmes dunng each phase In fact,

experience has shown that often significantly fewer state changes occur. For example in a random access

1. Structures involving many transistors of the same strength and type connected in parallel, such as
large Nor gates could be simulated more efficiently if they were modeled by special "multi-transistors”
which have multiple gate nodes, any of which can activate the switch. A simple count of the number of
gate nodes in the X and 1 state would indicate the state of such an element.
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memory, only a small percentage of the nodes change state during each clock cycle. While this example
represents an extreme case, most networks contain only a small number of active elements at any given

time.
7.3 Sparse and Incremental Equations

Our complexity model shows that the connectivity in the network is very sparse, and that changes in
the network state occur only incrementally, i.e. a small number of nodes at a time. A well-designed
simulation a]gorithm can exploit both of these reductions in complexity and thereby achieve considerably
better performance than would a naive implementation of the matrix equations. These techniques will be
demonstrated by developing algorithms for solving sparse and incremental equations in the strength

algebra.
7.3.1 Sparse Equations

Suppose we wish to find the minimum solution of the equation a = f(a) where £:$" — " can be

expressed as
. = . T v .
F@i = b1 ne p{u“‘l’ @Y

The set P, is called the adjacency set of node »; and in our application will equal the set of normal nodes
connected to the node by transistors in the 1 or X state. We will assume that all connections are
bidirectional, i.e. n; € Pj if and only if n € P;. Furthermore the function f is assumed to be both
monotonic and passive. The general definition of passive functions is described in Appendix II, but for

the function f above implies that for all indices i and j and all strength valussss, f ij(s) <s
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As an example the function /fq defined in equation 6.20 as
/@) = block(FB11 Geu 1) . (620)

can be expressed in this form with b; = block (T b1, ri) and f ij(aj) = block (gij l 3, r;). One can see that
/3 i both monotonic and passive. This example also motivates the term "pawve" which corresponds to
the property that a signlal ;:ouplgd through a logxcal conductance can never be mcreased in strength. This
exgmple also demonstrates hmy the locality of mterconnecuons in the network lead to sparse matrix
cequations. Element ij of matrix G can:only be greater than Oxf atransnstorm ‘the 1 or X state connects
nodcs n; and . By our assumptiops about netwgg‘k ¢:onnect1v1ty,|1’i | can beO(n) for only o(1) va]ues of
i, and must be O(1) otherwise. Therefore VA mustbeO(n). )

The following program solves this equation where S denotes some data structure such as a stack in
which elements can be inserted (push) and removed (pop) in unit time. The ofder in which elements are

removed is unimportant.
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procedure SOLVEI(f):
begin
S+ @;
for i — 1 untilndo
begin
geby
push(S, n,);
dpﬂei — fa’”
end; '
while S 5 & do
begin
n; +— pop(S);
if donej = false then
begin .
donej + frue;
“foreachm € PJ do
begin
3 — f@);
done; — false;
push(S, n)
end
end v
end;
retumn(a)
end

The procedure SOLVE] resembles the relaxation method outlined in Chapter 4, except that it tn'o;s
to minimize the amount of combutation by computin‘g“ ;the effects éf a node vglué on Eadjacent nodes only
when the value changes. It starts by setting all nodes to the initial values given by b and placing thg node‘sm
in the list S. At any time, any node n in the list for which dongj equa}s false has had a new value assigned
to 3, the effect of which has not been prdf)agated ‘to:neightﬂibrin»g—:ﬁo;s: The pfocedure performs a series
of relaxations, each of which starts by selecting a node uJ from'S such that donej equals false. The effect
of the value 3 on each neighboring node in PJ ie. f ij(aj) is computed, and if this exceeds the previous
value on the neighboring node, the neighbor is updated and placed in the list with done; set to Jalse. This

may lead to duplications in the list S, because #; may already be on it. The flag done;, however, provides

a means of checking whether the effects of the node value "ovh_;'adjacent node values have already been
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computed. This technique eliminates the need to test a node for membership in S before adding it to s
These relaxations continue until all nodes are consistent with one another, i.c. any further relaxations
would have no effect. |

The correctness of the‘ procedure SOLVEI relies only on the monomi;jei;ypf f. This can be proved
by inductive assertion on the number of relaxation steps (i.e. executioh; of ﬁié}'\‘ﬁhi;lzg loop body.) Let ak
equal the value of the array a after k steps. It is claimed that for any k, b g"ak S a"" and for any j such
that done; equals true, /' ij(aj) <a for all i in I’J This cléﬁﬁ‘y hol‘ds“ at the start, because
b=al= f(0) < a™ and donej equals false for all . Now supposélmis- aﬁe;tion holds after relaxation
step k. A relaxation step involves propagating valueS»acgonim m:tihe!e}t of functions f. ji» and therefore

akSaH'lSak t f(ak), which gives
b < af <okt < akral) < ampsem) = e

Furthermore, the second part of the assertion clearly holds,{because the program sets donej to false any
time 3 has been changed and only sets it to frue once the effects of the new value i:;aye been computed.
By induction the assertion must hold when the procedure terminates with donej equal to‘lrue for all j.
This implies that for the final value of the vector a, 3> f; ij(aj) for all i and j We also know that Ga=>b;
for all i, and hence a > f(a). By the monotonicity of f and induction on k, a > s¥(a) for all k, and

therefore

lim lim _
* 2 k-o.oofk-(a) Z pe 7o =~

Combining this inequality with the inequality of the induction assertion gives a = 2™ when SOLVEI

terminates.

1. One could test the flag done; before inserting a node in S to avoid duplication in S, but the method
given here leads more naturally to our further developments.
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To analyze the complexity of this procedure, observe that a node is pushed on Sonly»when its value
is increased. Thus each node #; can only be pushed a maximum of I:ﬂ dmes; each ume causmg at most
one relaxation step requiring | P; | operatmns Therefore the algonthm has comlexlty less than or equal
to O(Z| 1 Py ) = O 112 P ) = 0( #|-n).

The following example shows that this degree of complexity can actiially be realized. Define basa

i L

vector of decreasing strength values followed by 0's, i.e.

,4 pr1op SIS
' bi =93 p+q+1 , pHILi<prq

0, - ptrgtlgisn

Let P| = {m}Py= {n,.1}, and P, = {n.n +1} for 1 <i<n. D'e'ﬁhe fij asthe identity function
for n € P,. This example corresponds to a linear chain of normal nodes with the nodes havmg initial
signals of decreasing strength. Suppose that S is rmplemented asa snack and tha mdes are selected from
each set P in order of their subscripts. SOLVEL1 will ﬁrst set all nodes " such thati > p+qto xy, and
then it will set all nodes n; such that i = p+¢1 ta ks, an d S0 0n ihrosgh all possible strength values until
finally all nodes are set to y » Thus, the worst case complexity of a SOLVEI equals O(] ¥|-n).

For most MOS networks we can assume that fis a very small set. For example, the network model
of MOSSIM can be implemented with ¥ = {0, ¥, v}, 79 }. Therefore SOLVE] provides a linear and
hence optimal solutior. Nonetheless, our )NOrst case example shows that SOLVE] can waste much effort
in propagating values which will only be overridden later. ”A slight refinement, however, leads to an
algorithm with complexity O(n). It replaces the list S with and a:ray-»ef lists B, with one list for each

possible strength value.
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procedure SOLVE2(f):
begin
- for each s € ¥ do Bfs] — @;
for i+ 1 until ndo
begin
. ae—by
push(Ba;], n);
cd:
PROPAGATE(B, a, f);

return{a)
end

In this program node n; is inserted into the stack corresponding to the initial value b;. The procedure
PROPAGATE, defined below, then spreads these values through the network.

procedure PROPAGATE(B, a, f): -
begin
S Yy
repeat
begin ,
while Bfs] 7 @ do
begin
n; + pop(BisD;
if donei = ﬁl’# then
begin
donei +— true;
[init; +— false;]
for each n, € 13 do

if fi:(3) > a; them
0

el

ond

The function pred in this procedure is the predecessor function for . That is, pred (0) =0, and fors>0,
pred (s) equals the greatest element of ¥ less than s. This function is used to enumerate the strength values ‘

in descending order. The line enclosed in square brackets is required for our next extension of the




-151-

algorithm.

The procedure SOLVE2 operates much like SOLVEL, except that a node is selected for relaxation
only if it has maximal strength of all nodes for which done; equals false. It does this by keeping the nodes
on separate lists according tb their strengths and going through these lists in decreasing order. It relies on
the passiveness of f to assure that if a node of maximal strength is selected for relaxation, no nodés will be
set to greater strength during the remainder of the computation. Therefore each node is selected for
relaxation only once, and hence the complexity of SOLVE2 equals O(] 7; [) = O(n). It is unclear whether
SOLVE2 will actually achieve a better performance than SOLVE], because the cost of implementing the
array of stacks might exceed the gain in efficiency. This depends on the details of the programming
language as well as on the networks to be simulated. Nonetheless, we shall pursue the algorithm for

SOLVE2 for further development.
7.3.2 Incremental Equations

As an extension of this technique, suppose that we have computed the minimum solution a™" of the
equation a = f(a) with f defined by equation 7.1 and now wish to find the minimum solution a™" of the
equation a = f”(a), where

[f'(a)]i = bli T "
J

GT P’ifl ij(aj)’
and f’ obeys the same restrictioﬁs as f. Furthermore, assume that b'i differs from b; for only a small
number of values of i, that f 'ij differs from f° ij for only a small number of values of i and j, and that
P # P, for only a small number of values of i.

For the example of the function f1 given earlier, the differences between b; and b'i reflect changing

input node states or changing connections to input nodes. The differences between f ij and f 'ij and

between P; and P i reflect changing connections between normal nodes.
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The differences between the functions f and f* can be regarded as perturbations of the function f.
That is node # is perturbed if bjF# b, P#P oS i #f 'ij' orf i # f i Such a perturbation can only
affect nodes in the vicinity of node n;, where nj is defined to be in the vicinity of n; if there exists some
path from j to n; in ﬂ1e graph with edges defined by the connectivity sets P’ k- Thus, the new equation
can be solved "incrementally”, by only computing new values for those nodes in the vicinity of a

perturbed node.

procedure INCR_SOLVE(f, f*, a):

begin :
E+ @;
for each i such that b, #b'; or Py P or fij ;éj“ij or fji 7éf'ji do
begin
E—EU{n}
donei + false
end;
for each s € ¥ do B[s] — &
for each n, € E such that done; = false do
begin
INITIALIZE(ni, b, a, B);
PROPAGATE(B, a, /)
end;
return(a)
end

The procedure INITIALIZE sets all nodes in the vicinity of n; to the initial values given by V', using a
depth-first scarch technique for finding all connected nodes in a graph as is described in Aho, Hopcroft,
and Ullman [1]. The flag initi is used to indicate whether the node has already been initialized. It is
assumed to equal false at the start of the program and is also set to Jalse by the procedure PROPAGATE
once the relaxations begin. The procedure also places each initialized node into the appropriate list in the

array B.
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procedure INITIALIZE(n;, b, a, B):
if inig, = false
then
begin
initi +— frue,
: a_1 — b’i;
push(Bfa], m);
for each nj € P, do
INITIALIZE(nj, b', a, B)
end

The procedure PROPAGATE has already been given. It will take the initial values set by INITIALIZE
and spread them through the network in the vicinity of the perturbation. Observe that the flag done; is
used for two purposes. It is used by the procedure INCR_SOLVE to avoid redundant computations
when two perturbed nodes are in the same vicinity. It is also used by the procedure PROPAGATE to
take care of the case where a node has been moved to a new list but has not been deleted from the old.
The complexity of the procedure INCR_SOLVE is proportional to the number of nodes in the
vicinity of a perturbed node. This can range from O(1) to O(n). In any case, the procedure is close to
optimal, because it only looks at nodes in the vicinity of perturbations. A truly optimal algorithm would

only look at a node if its value will change, but this is hard to achieve.
7.4 Unit Delay Simulation Algorithm

Theorem 6.5 shows that the target state can be computed by solving equations for r, v, and d* in
the strength algebra. We will now drop the superscripts on u and d. As the phase simulation progresses,
these values change only incrementally. Thus the techniques developed in the previous section lead
directly to ’an algorithm for a switch-level simulator. In the following programs it is assumed that the
network structure and state information as well as the vectors r, u and d are available as global variables
and need not be passed as arguments. Only an outline of the algorithm will be given here, because it

involves many details and requires further development of the proper set of data structures.



The program PHASE shown below computes the futiction .

phasetx,y) = fm szep,“(n o @3

It takes advantage of the fact that each computation of stepx mvoh&s only incremental changes to the
network state. The procedure is given a list of node-statg pmm as ana:gpment. Each element of this list
is of the form <1 x>, mdlcatmg anew settmg for an imput node or ( L v, mdlcatmg a new setting for a
fm‘)rmal node. The variable "ngwyal" represents some glgg\en;:qf thxshst. In g»;cn_gravl,'only‘ input nodes
will be changed, because in an actual circuit only these nodes are accessible externally,

procedure PHASE(A):

begin
E—@;

for each newval € A do

begin

SET_NODE(newval);

E—~EU PER'IURB_NODE(newval)

SFT. _TRANSISTORS(newval);

E—~EU PERTURB_TRANSISIQRS(pcwan

while E 3 2 do
- E+ STEP(E)
end
The procedure SET_NODE updates the node state, and mepmoedure PER'I'URB,NODE plaoes those
normal nodes perturbed by this change in the list E as well as sets the flags done, to false for these nodes.
That s, a changing input node will perturb all normal nodes connected by conducting transistors, while a
changing normal node will perturb only itself. The procedire SET_TRANSISTORS updates the state of
every transistor in the fanout set of the node, wiile the procedure PERTURB_TRANSISTORS places
each normal node for which a transistor in its connectivity set has changed state in the list E and sets the
flags done; to false for these nodes. The procedure STEP simulates the effects of the perturbations on the
nodes in E which then creates a new set of perturbations to be simulated. This process continues until a

stable state is reached, i.e. no perturbations remain.
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The procedure STEP is shown below.
procedure STEP(E):
begin
A~ @;
for each ; €. E such that done; = Jfalsedo
A — A U UPDATE(n);
E—@;
for each newval € A do
begin
SET_TRANSISTORS(newval);
E «— E U PERTURB_TRANSISTOR S(newval)
end;
return(E)
end
The procedure STEP selects a node from the list of perturbed nodes and calls the procedure UPDATE to
compute the new states of all nodes in the vicinity of the selected node. Those nodes which change state
during this process are accumulated in a list A. Once the effects of all perturbations have been simulated,
the transistors in the fanout sets of nodes in A are set to their new states. This will cause new
perturbations which are accumulated in the new list E. Observe that the procedure PERTURB_NODE
need not be called, because by Theorem 6.7. the target state will remain stable unless either an input node
or transistor changes state. By changing the transistor states only after all perturbations have been
simulated, the procedure STEP creates the effect of all node states changing simultaneously and then all
transistor states changing simultaneously. This irnplements a timing model in which transistors switch
one time unit after their gate nodes change state.

The procedure UPDATE is shown below. It applies the technique shown in the procedure

INCR_SOLVE to solve the equations

r o= E™elx T hyll T G™er (6.33)
u = block(E™<Tx11 Iyl1G™eur) (6.29)
d = block(E™+Lxl T Lyl T G™+d,n). (6.30)

From these the value of the target state is computed for each node as



1, y>0anddy =9 . S . (6.26)
Yi = 0, d;>0andy; =0
X, else.

Each node which changes state is placed in a list, along with its new valae.

procedure UPDATE(n;) N

begin ,
for each s € Bis] do Bls] — @;
INITIALIZE_R(m;, B);
PROPAGATE_R(B);

INITIALIZE_U(ni. B);
PROPAGATE_U(B);

INITIALIZE_D(n, B);
PROPAGATE_D(B);

A — UPDATE_STATE(n);

retum(A)
end

The remaining procedures will not be given.

The speed of the procedure UPDATE could be in'!pr_qyed for the case where no paths of conducting
transistors from n; to input nodes or other normal nodes contamtramlstors ‘in the X state. Suppose
furthermore that all paths from n; to other normal Anocrie_s contaig‘ only tmnsnstom pf strength vy, Then
Corollary 6.1.1 shows that the steady state s:gnal for every. node connected by some path to ny can be
found by combining the initial signals on these nodes using_ the operanonV,and the state of thlssnsnal
equals the target state of all of these nodes. The procedure INlTIALIZE_R could check whether this
particular condition exists, and if so a proceduﬁ could be called to pcrformtms computauon, and then
the nodes could be set to the state of this sign:al., This compqga{igpn invo}ve; considerably less effort than
computing r, u, and d. Considering that in most simulations the X state arises only rarely once the X’s
present at the start of the simulation have been fdjrted‘away, such an optimization could provide a

substantial spced gain. For the case where some normal nodes are connected by transistors with strength
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less than Yp (i.e. an unrestricted network) we could employ the method of Corollary 6.4.1 to find the
steady state signals and consequently the target states. This method, however, may not provide a
significant savings over the original method. |

Our network comple);ity gives a rather weak bound on the complexity of PHASE. If we assume
that each node changes state onty O(1) times, then the total number of perturbations to the network will
be proportional to the sum of the fanout degrees of all nodes, which is O(n). However, a perturbation
may require O(n) operation to simulate its effects, although such cases are rare. This gives a total
complexity of O(nz). Such complexity is achieved only by highly contrived examples, however.

Experience has shown that typical networks require at most O(n) operations per phase.
7.5 Pseudo Unit Delay Simulation Algorithm

The algorithm presented in the previous section carefully holds all transistors fixed until all
perturbations have been simulated, thereby creating the effect of all nodes changing state simultaneously
and then all transistors switching simultaneously one time unit later. If we instead switch transistors
immediately after their gate nodes change state, we obtain an algorithm with many characteristics of a
unit delay simulator but in which all events are ordered. The characteristics of this timing model are

discussed further in Chapter 8.
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procedure PHASE2(A):
begin
Eeg:
for each newval € A do
begin
SET_NODE(newval);
E — E U PERTURB_NODE(newval);
SET_TRANSISTORS(newval);
- E+— E U PERTURB_TRANSISTOR S(newval)
end;

while E #£ @ do
begin
n +— dequeue(E);
if donei = false then
begin
for each newval € A do
begin
SET_TRANSISTORS(newval);
E +— E U PERTURB_TRANSISTOR S(newval)
end
end
end
end

In this procedure, elements are removed from the list E in first-in, first-out order so that the effects of
simultaneous perturbations will be simulated before any subsequent effects are simulated. As a result, the
algorithm provides a similar timing model to the unit delay algorithm, even though the list E evolves

continuously during the simulatjon phase rather than being repeatedly filled and emptied.
7.6 Comparison to Other Switch-Level Simulators

Both MOSSIM [9] and the simulator developed by Terman [5] are designed along similar lines to

the ones described here. A comparison between these three simulators serves to highlight some issues in

simulator design.
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7.6.1 MOSSIM

For networks which can be described in the MOSSIM network model, the unit delay simulation
algorithm presented here will produce the same results as MOSSIM. The two programs, however, differ
greatly in their internal structure. |

MOSSIM precedes thé simulation by a relatively complex network analysis, primarily to partition
the network in a way which allows selective updating. At the start of this analysis each input node is
replicated to give a separate copy for each transistor in its connectivity set. Then the network is
partitioned into transistor groups with each group corresponding to a connected component in the
undirected graph with a vertex for each node and an edge between each pair of vertices corresponding to
the source and drain nodes of a transistor. This partitioning divides the network into components which

interact only through fanout connections, i.e. from a node in one group to a transistor gate in another.

Fig. 7.1. A MOSSIM Network Partitioned into Transistor Groups

% pullup node

« normal node
>—e input node
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Since we assume the gate node is electrically isolated from the source and drain, such a connection i
purely unidirectional and depends only on the state of the node srgnal and not on its strength. Thus each
transistor group can be wlewed as a loglc block w:th mputs, outputs, and mtemal state and which
communicates with other blocks only wrth lognc values 0 1 and X. An example of a MOSSIM network
partitioned into transnstor groups is shown in Flgure 71. A smnlar pamuomng method has been used by
researchers at the Nrppon Electnc Company in an analog sxmulator to achleve a locahzauon of actmtm
[42] Although our new algonthm does not requlre tlns partmonmg, s;ch a htechmque prov1des a way of
mtroducmg some degree of structure into the network Thts stmctunng has several apphcatlons that wrll
be described shordy. | S

Dunng the srmulanon a transistor group need only be srmulated when one of its mputs has
changed 'ﬂns tends to restnct the sunulauon to the actrve pomons of the network thereby achtevmg
some of the effect of the mcremental updatmg techmque used in the new algonthm. MOSSIM however
can only take advantage of the siatic locality in the network, ie. that which can be detected without
considering transistor states. The new aigesithm slso thkes:atdvantage. afidpmastic Jocalityiin which the
source and drain nodes of a transistor in the 0 state are alsoconadered electrically isolated. Thus, only
nodes connected by paths of conducting transistors to a pemn'bed node need be‘updawd. This added
selectlvely should yreld some gam m speed.

MOSSIM also uses a sagmﬂcantly different meibod bf updatmg g set of nodes followmg a
perturbatlon It exploits the ﬂlct that in 3 mstncted setwork a set of no:mal nodes connected by
uansrsmmmmelstatewmaamnmesametatgetmssmshowimmdhwﬁll MOSSIM
simulates a transistor group by par!monmg the nonnalnonm a grogp n;tn equi\ralence classes and
computing the steady state srgnal for each class, i rgnonng all transastors m tc X state. Then the effects of
transistors in the X state are srmulated by first forming a "supergraph” wrth a vemx for each equivalence

classandancdgebetweentwovcrucesnfatransnstormmexmtehasrtsnncenodemoneclassandrts

drain node in the other. This supergraph is inspected to see which classes should be set to X because of
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possible connections to classes with different state and greater or equal strength.

The MOSSIM algorithm has several drawbacks which:motivated the new: approach. First, the
initial network analysis, as well as the computatron of eqmvalence classes, supergraphs, and so on involves
a great deal of dynamic stbrage allucatron This requires much coﬂipﬁtatlonal effort and cannot be
programmed easily in kf‘_‘.g“ag“ which lack automa;ie heap smrg__‘ge;maoagement. "I‘he newvalgorit_hm, in
contrast, utilizes only reeursjy_e procedure calls and data structures such as sets and a small array of stacks.
Furthermore, the MOSSIM algorithm cannot be extended to ur_rrestxicteo networks easily. Although aset
of nodes connected by transistors with strength 1 and state 1 in an ‘urirrestrieted rxetwork will form an
equxvalence class with the same target state, the computauon of this state becomes much more drﬂ'rcult.
While almost all MOS desrgns can be descnbed as resmcted networks, ﬂ\e greater generahty of the new

algorithm gives added flexibility.
7.6.2 Terman’s Simulator

The algorithm used in Terman s sunulator provndes a mmng model snmlar to the pseudo unit delay
algonthm presented here. These two algonthms differ srgmﬁcamly m their functionality and mternal
structure, however

Terman'’s program deals only with restricted networks. For nodes connected by paths of transistors
in the 1 state, it combmes the mmal sngnals on the nodes vmh an operauon srmrlar to the operatlon Vv,
just as was suggested to improve the procedure UPDATE. As mentioned in Section 2.9, however, charge
sharing is simulated by real-valued capacitances. ‘Fol nodes conaected by transistors in the X state it
attempts to encode infomrzgtion about the _oetwork oondmon ioro edfg\itioggl“"s_tates"; and_propagare this
inforrnaﬁon much as it does the other states (whxch can be lji:l\’g_enedl Yto signals.) However, the small
number of additional states provides insufficient dcta'rl about rhe network con_dition, and this forces a
rather inaccurate simulation. Furthermore, simply adding more statcs would not correct this problem,

because it seems as if an accurate algorithm requires two passes over the sct of nodes: the first to perform
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a pre-conditioning step and the second to compute the new node states. The functionality of Terman’s

algorithm can be expressed in'the signal algebra (cxcept for:charge sharingyas: .~

. [ OG>, w(G B = WG ™)

LS B LGB o B

That is, a node is set to X unlessrthasthesamesteadystatcmalwhenaﬂtransxstorsm the X state aré
fully conducting as when they are nonconducting, Furﬂ\ermorewhencharged nodes in different states
are coninected by transistors in the X state, no attempt is made to take their relative capacitances inio
account. Instead these nodes are set to X. As was shown in Section 2.9, one has little choice in this case,
because real-valued capacxtanccs and transistor in the X state (@pmendy) cannot be dealt with
consistently. It can be shown that Terman’s algorithm 5 more conservativé than the one given here,
except when charge sharing is involved. That is, whenever it sets a node too or i ourssets the node to
the same value, but in some cases it may set a node to X when ours sets the node to 0 or 1. To see this,
recall that for a restricted network, both G™ and G™* mmtbeelementsof{o,yp}“xn, and therefore
any matrix in the set { G } must also obey this property. Let E equal any matrix in the set { E} and G
equal any matrix in the set { G }. Equation 5.17 shows that > is monotonic for argiments representing

conductance matrices. Therefore for any ¢ € AT
xE®ox V yV x6™oa < xEox V ¥V xGoa < xE™oxV yV xG™og,

and furthermore, these functions are monotonic in e A theorem similer to Theorem 6.3 then shows that
™. ™) < HG.E) < w6™ ™) .

If %(G™, E™) = v(G™,E™), then y(G,E)= y(G™ E™) for any GE{G} and EC{E}.

Therefore Yi = ¥ (G, E™), “Thus, for the cases in which Terman's simulator sets a node to 0 or 1,

ours sets it to the same value, except when charge sharing i involved.
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Fig. 7.2. Inaccuracies in Terman’s Simulator
Initial Correct Simulation
Value Result Result

% . ﬁ}__x y 0 1 X
El——x y 1 | 1 X

X yl 0 X X

1 ¥y 1 1 X
L.

C1= 10 C2= 40

As the examples in Figure 7.2 show, however, Terman’s algorithm may set a node to X when it
clearly should set it to 0 or 1. These examples are shown in the MOSSIM network model in which the
pultup resistor corresponds to a d-type transistor of strength y;, while all other transistors are n-type
~ transistors of strength y,. In the first example the node is being driven to 1 by a transistor of strength yy
in the 1 state and a transistor of strength v, in the X state. The node will have a different steady state
signal if the second transistor is conducting or nonconducting, and hence Terman’s program will set it to
x. The state of the steady state signal will be 1 in either case, and hence the node should be setto 1. The
second example shows a similar result when a normal node is initially charged to 1, and then connected
by a transistor in the X state to VDD. In the third example, if the transistor had zero conductance, node
1y would stay charged at 1, while if it has nonzero conductance, the two nodes will share charge but n
will remain above the positive logic threshold. Therefore ) has a target state of 1, but Terman’s program

sets it to X. In many other cases, however, such as in simulating logic gates with some inputs in the X
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Fig. 7.2. Inaccuracies in Terman’s Simulator
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‘As the ‘examples in Figure 7.2 show, however, Tetman’s algorithitn may set a node to X when it

cleatly should set it to 0 or 1. These examples are shown it the MOSSIM nietwork model in which the

pullup resistor corresponds to a d-type transistor of stterigthi y;, while all ‘other transistors are n-type
 transistors of strerigth yy: [n'the first example the node is befng driven to 1 by a transistor of strength v
in the ¥ state and a transistor of strength v, in the X state.” Phe node Wil have 4 different steady state
signal if the second transistor I conducting or honconducting,-and henice Terman's program will set it to
X. ‘The state of the steady state signal will be 1 in cither case; and hérice e riode should be sét to 1. The
second example shows a simitar result wheri 4 normal node i initiafly charged to 1, and then connected

3

“ had zero conductance, node

by a transistor in the X state to VDD,  In the third example, if the transist
ny would stay charged at 1, while if it has nonzero conductance, the two nodes will share charge but n
will remain above the positive logic threshold. Therefore 1, has a target state of 1, but Terman’s program

sets it to X. In many other cases, however, such as in simulating logic gates with some inputs in the X
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As a further application of mixed-level simulation, in most MOS designs certain transistor
configurations arise very often and can be replaced by their functional representations to improve the
simulator speed. For example, MOSSIM recognizes the transistor configurations corresponding to.6
different nMOS logic eleménts: inverter, Nand, Nor, and each of these logic gates with a single pass
transistor on its output. MOSSIM performs this optimization only when the configuration comprises an
entire transistor group. Since transistor groups interact with one another only through fanout
connections, each group has a clearly defined set of inputs and outputs. Hence the functionality of the
transistor configuration can be guaranteed to match the functionality of the logic gate. For example,
group G, in Figure 7.1 can only behave as an inverter, and group G4 can only behave as an inverter with
pass transistor. These optimizations affect only the speed of the simulation and not its functionality. This
cautious approach overlooks other possible optimizations but involves no guesswork. With MOSSIM
these optimizations are performed during the network analysis prior to simulation and entail little
additional effort because the network must be partitioned into transistor groups anyway. With the new
algorithm, no such partitioning is required unless the optimizations are to be performed, and hence the
added cost of applying them becomes much higher. However, for networks which will be simulated over
long sequences of inputs, the net savings can be significant.

Implementing a mixed-level simulator requires small extensions of the procedures PHASE and
STEP given earlier. In addition to maintaining the list of perturbed nodes E, we must also maintain a list
of perturbed function blocks F, i.e. those blocks for which some input has changed since the most recent
updating. When the procedure PERTURB_TRANSISTORS is called to find which nodes are perturbed
when a changing node state causes a changing transistor state, we should also call the procedure
PERTURB_BLOCKS which will add any block to the list F which is perturbed by the changing node
state. In the procedure STEP, blocks in the list F should be simulated and the nodes at their outputs
should be set to their new states. Any node which changes state is added to the list A. With this

implementation function blocks will be simulated much as they are in traditional event-driven logic gate
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simulators.
7.8 Performance of MOSSIM

~ Although the algont!ms presented in this chapter have not been implemented, their performance
should be comparable to MOSSIM. Thus we can use the performance of MOSSIM as a measure of the
speed of switch-level simulation. Furthermore, ‘since MOSSIM can' réplace transistor configurations
corresponding to certain logic gates by a gate-level representation, we cai compare the relative speeds of
switch-level and logic gate simulation.

MOSSIM is written. in the language, CLU [26]. All times were measured on a DEC 20/60. While
the program, programming language, and computer system have been. designed tgrprovide reasonable
performance, there is room for speed improvements in all three areas.

Table 7.1 lists the characteristics of six different binary counter circuits; three each of two basic
designs. Both designs have the circuit shown in Figure 7.3 for each-dit position. Data is stored
dynamically, and no initialization circuitry has been included. The chain of half adders forms a
carry-ripple adder. The two designs differ in how the half adders are implemented. The first, called
CNTR, utilizes four Nand gates and an inverter to impiement the sut and-carry legic in a conventional

way. The second, called MCNTR utilizes a pre-charged-Manchester carry chain as shown in Mead and

Program 7.1, Test Case Networks

Name Transistors® } lagk‘ Gates
CNTR10-OPT 0

CNTR10-UNOPT 200

CNTR16-OPT 0

MCNTR10-OPT 124
MCNTRI10-UNOPT 258
MCNTR16-OPT 200

rog g3

* includes depletion mode transistors
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Fig. 7.3. One Bit of Counter Circuit
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Conway [28, p.150] to implement the carry logic and a selector logic block [28, p.152] to implement the
sum logic. This design achieves high speed by pre-charging each bit position in the carry chain on each
clock cycle, so that the carry lines are never driven through load transistors.

Both designs were tried in 10 and 16 bit versions (e.g. CNTR10 and CNTR16). The suffix "OPT"
for the entries in Table 7.1 indicates that MOSSIM replaced the transistors for whatever logic gates it
could find with the logic gate representation. The suffix "UNOPT" indicates that the network . was
simulated entirely at a transistor level. As can be seen, the conventional counter design can be replaced
entirely by a gate level representation, while in the other design only 50% of the network (measured by
the number of transistors) could be replaced. Experience has shown that between 50% and 80% of typical
designs can be represented at a gate level.

Table 7.11 gives performance data for the six circuits. All times are measured in CPU milliseconds
per clock cycle. Best and worst case times were measured by finding which cases minimized or
maximized the time, while average times were measured by averaging 1024 clock cycles. The best and

worst case times could not be measured with complete accuracy for the faster circuits.
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Program 7.11. Performance Statistics
CPU milliseconds / clock cycle simulated

Circuit average best worst
CNTR10-OPT 30 30 - 70

CNTRIO-UNOPT 95 70 220
CNTR16-OPT u 30 110
MCNTRIG-OPT 300 260 320
MCNTRICG-UNOPT 400 0 440
MCNTRIG-OPT 490 - 450 530

First let us consider the data for CNTR. The transistor level simulation requires 3 times longer than
the gate level simulation. This provndes a measure of speed of a simulator which operates at a transistor
level relatwe to one which operates at a logic gate level Furthermore 1f the srmulator were deslgned only
to simulate loglc gate circuits, its speed could be 1mproved further Noneﬂxem it shows that the speed
of a switch-level simulator can approach that of a logrc gate sxmulator Observe that the best and worst
case times drffer greatly Thls mdlcates that unless the carry propagates a long way durmg a clock cycle,
large portions of the network remain macuve Thrs is also seen in the 16 brt version where the averase

time is only slightly hrgher than for the 10 bit version, but the worst case nme grows in pmporuon to the
networkm , , L et s
B The data for MCNTR indicate much different performance charactensncs for ttns desxgn than for a
conventxonal gate lmplementanon. The crrcmt requires up to 13 umes lonser (for the 16 bit versron) than
CNTR. This difference is due largely to the greater amount ofactmty in MCNTR. On every clock cycle,
all carry fines are pre-charged, and since the sum logic dopends o the carry values, the simulator will firs
comoute the sum based on the pm-eharged value and then on the final carry value. Furthermore,
transienr x states arise doe to sneak paths in drepush-pull driversfor themrry cham and the sum logic,
causing many more activities to be simulated. Thus, theamount ofacuvrty in the network is almost
independent of the length of the carry propagate. This is indicated bf the closeness of the best and worst

case times and by the fact that the simulation time grows in direct proportion to the network size. Note
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also that in replacing 50% of the network with logic gate representations, we improwe the speed by 25%,
showing that these optimizations do not provide a major performance gain.

These measurements indicate that the performance of a switch-level simulato‘r can. §a1;y widely
depending on the nature of the d@it to be simulated. For cifcuits implemented mostly with logic gates,
the activity is highly. localized and much of the design can be simulated at a gate level. For designs using
more exotic techniques such as pre<charged and pass. tramsistor logic, activity occurs throughout the
circuit and a larger portion must be simulated at the transistor level. - In either case, however, the

simulation time grows at most linearly with the.network size.
7.9 Summary |

Unlike previous switch-level simulators which were based solely on the intuitions of the designers,
the algorithms presented here are based on a mathematical theory. This pravides a framework much like
numerieal analysts have in which problems are formulated as.a set of equations, and the goal becomes to
find efficient algorithms to solvé them. In our case, the simulation algorithm relies mainly on a technique
for solving recurrence cquations in.the strength algebra. By studying this simplified and more abstract
problem, one can see more clearly the trade-offs between algorithmic complexity and simplicity of
implementation. Furthermore, the algorithms can be proved correct. The: characteristics of equations
which arise in simulating MOS networks such as sparseness and locality of changes can be exploited to
obtain an algorithm which is particularly efficient for this application,

| Once the basic unit delay algorithm has been developed, it-can be altered to provide a slightly
different timing algorithm or extended to improve the efficiency and generality of the simulator. It can
be seen that switch-level simulation can be combined with logic gate and functional simulation so that the

best features of each may be utilized.
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8. Timing Models
8.1 Introduction

The unit delay algorithm presented in Chapter 7 simulates the network as moving through a
sequence of target states. To the external viewer, this provides a timing model in which a- transistor
switches one time unit after its gate node changes state; but in which signials propagate along paths of
conducting transistors instantaneously. For commion imiplementations of inverters; Nand gates, and Nor
gates, such as those shown in Figure 2.2, this-algorithm also-simulates fogi ates as-haviag unit delay. ‘In
this chapter, the modeling of time in MOS circuits will be investigated in terms of bom s1mulatmgthe
functional behavior of a design and detecting timing errors. Example networks will be iivén ;:;);xtaining
logic gates. It is assumed that these gates are implemented in one.of the styles shewn in Figure 2.2, all of
which behave identically from a logical poiat of view.

As was mentioned in Chapter 2, switch-level networks share many commonalities with relay and
logic gate networks when viewed as systems computing logical functions. The target state provides the
basic characterization of the logical function computed by a switch-fevel network. It gives the node states
created by the network in response to the current states. Thus it desctibes the excitation of the rietwork
much as the excitation of a Boolean gate network [20] is defined as the output vatues of all logic gates as
functions of their current impﬁt values. Many of the theoretical techniques and algorithms developed for
logic gate networks (and relay networks) can be adapted to the switch-level model. In-doing so, however,
several characteristics of MOS systems must be kept in mind.

First, the sheer size of MOS LSI system imposes consraints on the practicalty and usefulness of
many techniques. Such tools as Kamaugh maps. [20] and flow tables [22, 43] require a complete
enumeration of all possible network statcs, which would grow exponentisly with the number of nodes.
Such techniques can only be applied to small sections of a design. In fact, any algorithm with nonlinear

time complexity must be viewed with skepticism for networks in which the elements number in the
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thousands. Similarly, any tool which requires "hints" from the user such as the location of feedback
paths, state variables, or delays becomes unwieldy for large networks, unless this information can be
derived algorithmically from some source such as the layout specification. This problem becomes even
greater as LSI designs are generated by automated or partially automated systems, because the designer
may not have the intimate knowledge of the network required to provide such hints. Thus the desire to
handle large networks and to implement any technique as a computer algorithm changes the standards by
which techniques are measured.

As a further point, switch-level networks differ from networks in other logic models in that the X
level can arise during normal network operation due cither to short circuits or improper charge sharing.
For example, sneak paths between input nodes in different states often arise in pass transistor logic
circuits such as the push-pull drivers used in output pads [28, p.165]. Generally these error conditions
occur transiently and have no effect on the ultimate network behavior. The presence of X states may not
indicate a badly designed circuit but only a temporary ambiguity in the network operation which must be
scrutinized to see how far it propagates. This contrasts with logic gate models in which either Boolean
behavior is assumed at all times or at least that an X value can only arise as the result of other X’s.
Techniques developed for other logic models often require modification to handle the X state.

Traditional assumptions about sources of delay in digital systems do not apply to MOS circuits,
either. Most analytic techniques for asynchronous circuits [22, 29, 43], assume that delays occur only in
logic elements (gate delay) and not in wires (line delay.) Furthermore, they assume that a logic element
will respond to all inputs simultaneously. This would require in MOS implementations of logic gates,
such as those shown in Figure 2.2, that all transistors respond to changing input signals at the same rate.
Such an assumption may not hold, because p-type and n-type devices may have different timing
characteristics, and even transistors of the same type may not behave identically due to variations in
geometry, fabrication details, and stray capacitances. A timing model for MOS circuits should allow each

transistor to have an independent switching time. With this degree of generality, however, we can also
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model line delay by incorporating it into the switching times of the transistofs with their gates attached to
the wire. Furthermore, transit delay (the time required for a signal to travel through a conducting
transistor) can usually be modeled by incorporating it into the switching time of the transistor. Thus, a
timing model whichallows arbitrary delay times for each transistor can‘model all forms of delays if 4n
MOS circuit. Given that wiring delays are predicted to dominate in future VLSI circuits [36], the ability
to model wiring delays may play an important rofe. Many of the traditional analytic tools, however,
cannot deal with this degree of generality.

As a final, and somewhat more optimistic note, much of the concern about timing-in traditional
logic ‘design need not concern the MOS designer. - Most MOS systéms: ar¢ designed to operate
synchronously with conservative clocking schemes. For example, in-a properly designed circuit with a
two-phase, nonoverlapping clocking scheme {28}, no matfénctions due to timing can arise as Iong as the
clocks run slowly enough for the circuit to settle during each time epoch, but fast enough to avoid the loss
of stored charge. These methodologies have been adopted, in fact, to compensate for the difficulty in
accurately predicting the exact time behavior of MOS cifcuits, especiatly if the design is to operate
correctly despite variations in fabrication and despite the inability to fine tune circuits once they have
been fabricated. For such systems, almost any timing model would provide sufficient accuracy to test the
functionality of a design. However, timing still remains an issue for those desigris in which relative path
delays can affect the logical behavior and for ascertaining that a design can operate at a particular

clocking rate.
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8.2 Simulation Timing Models

Much attention has been focused on timing models for logic gate simulators. Some of these

techniques will be described and their suitability for switch-level simulation will be discussed.
8.2.1 Unit Delay

To implement a unit delay model the simulator computes the excitation of the network and then
sets the node states to these values. This model has been used successfully in both logic gate and
switch-level [9] simulators. It provides the same level of accuracy as logic designers use when they analyze
timing by counting logic gate delays. This suffices to model the functionality of a a wide variety of
designs, because very few circuits rely on a path with fewer logic gates having a longer delay than a path
with more. A unit delay model, however, may deceive the logic designer who finds that a design can be
made to simulate correctly if extra delays (e.g. inverter pairs) arc inserted along some paths. Often the
actual circuit cannot be corrected so easily because of factors such as the assymetric rise and fall times of
ratioed logic gates and the inexact behavior of the circuit during transitions.

Unit delay simulators can fail to terminate, both in cases where the actual circuit would run
indefinitely, and in cases where the actual circuit would settle. For example, a simulation of an inverter
ring would not terminate, such as the one formed when the input to the network shown in Figure 8.1a is
set to 1, because the circuit would run indefinitely. More importantly, the circuit shown in Figure 8.1b
has a critical race if the input is changed to 1, but eventually the slight differences in the two Nand gate
delays would cause the conflict to be resolved (although not with a predictable outcome.) With a unit
delay simulator, however, both logic gates are simulated as having the exact same delay and the
oscillations continue indefinitely. As a practical matter, this problem has arisen only a few times out of
many siniulation runs by many users. The conditions leading to these oscillations seldom appear in real

designs. This nontermination due to perfectly matched delays can create major difficulties, however, if
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Fig. 8.1. Networks for Which Simulation May Not Terminate

a). :
0-1
b).
6-1
c).
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the simulator tries to initialize the network nodes to states other than X, because a naive choice could well
create effects similar to the example in Figure 8.1b. To prevent nonterminating simulations, the
simulation program can be designed to halt after a maximum number of unit steps, with this limit set

according to the network size.
8.2.2 Pseudo Unit Delay Simulation

A pseudo unit delay simulator proceeds by computing the excitation of a set of nodes resulting from
an event selected from an event list, where each event indicates a perturbation in the network state. These
nodes are then set to their excitations and any resulting perturbations are added as events to the end of
the event list. This process continues until the event list is empty, indicating that the network is in a stable
state. As long as the event list is maintained as a first-in, first-out queue, this simulator resembles a unit
delay simulator in that if two nodes are perturbed simultaneously, the effects of both will be simulated
before any perturbations they cause are simulated. However, activities which are modeled as occurring
simultaneously (and hence independently) in a unit delay simulator will be ordered, and hence one may
affect the other. This ordering will depend on the internal details of the simulation program and to the
user will appear unpredictable. Such a simulator would terminate for the example shown in Figure 8.1b,
although not in a predictable way, because the simulator would arbitrarily select one logic gate to simulate
before the other. The network shown in Figure 8.1c, however, has a similar form of critical race, but a
pseudo unit delay simulator would fail to terminate, because in following a FIFO discipline the simulator
would alterpate between the upper and lower chains, giving the effect of perfectly matched delays. One
should note, however, that this example is very contrived, whereas networks like that of Figure 8.1b are
quite common. It is not known whether less pathological examples would fail to terminate with a pseudo
unit delay simulation in cases where the actual circuit would reach a stable state. Circuits with
nonterminating behavior such as the inverter ring shown in Figure 8.1a will have nonterminating

simulations. Thus, a pseudo unit delay simulator partially solves the problem of unbounded oscillations,
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but at the expense of introducing some degree of unpredictability. This technique has been used

successfully in a switeh-level simulator [5}.
8.2.3 Zero Delay

To implement a zero delay model [12] all feedback paths must be_broken such that the system
becomes a combinational network, computing a t‘unctioxi from Lt:he mpl;é’and current values of the state
variables to the outputs and new values of the state variables. Each pass:through the network appears to
occur instantaneously, and hence the term "zero delay". This model assarhes the circuit is free of critical
races. With this approach an erdering can be placed on the network elements sach that each element is -
simulated at most once during a pass, thereby achieving greatér efficiency than either a unit delay or
pseudo unit delay simulator. Simulations of networks such as those shown in Figures 8.1b and 8.1¢ would
terminate, assuming that the paths in both cases are broken in only one place; although a simulation of
the network shown in Figure 8.1a- would not. Such a technique would apply to MOS.networks only if the
feedback loops could be identified automatically. Finding a minimum set:of feedback:loops is known to
be an NP-complete problem [17], but’ for most applications a set which i§ not minimum would suffice. If
an algorithm chooses to break the paths in Figures 8.1b and 8.1c in two-places, howevey, a noaterminating
simulation could result. Furthermore, the user would have little understanding of the simulation timing
unless informed of the points at which feedback paths are broken. -A zero delay model has appareatly not

been tried in a switch-level simulator,
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8.2.4 Continuous Time

Many logic gate simulators introduce a continuous time measure by allowing the user to assign
delay times to the logic elements and using a time-ordered: event list schéduler.  Some-even allow logic
gates to have different rise and fall times [44], to model logic gates mmoedcimun& Such a technique
has been proposed:for. switcﬁ-levd simulation with' the network parameters which determine the -delay
computed by a layout analyzer [5]. With MOS circuits, however, delays are%*‘aﬁéebedf%_y many ‘details |
which the switch-level model ignores, such as both the lmear and nonlmear effects of transmtors, the
threshold voltages, the capacitive loadings (whnch may change durmg oper;\UO;l) and the exact vol(age
waveforms on the nodes. As one tries to take such details into-account; it becomes.-difficult to achieve a
consistent level of detail without resorting to a full scale analog simulation. An inaccurate simulation
would create more problems than it would solve, becamise useis tentt to place great: faith in numerical
results even if they have no validity.

Perhaps the most promising approach is to find lewer and upper bounds on the circuit delay by -
applying only simplifications of the analog: behavior which can be guaranteed . either conservative er
optimistic. The user can then tighten: the bounds by increasing the level of detail at which the circuit is -
simulated, until it can shown that the required timing _condms will ‘e met~ Redent work by Glasser
[18] takes important steps in finding these-kinds of simplifications; but much::more work is required
before it becomes a practical simulation tool. This form of simulation would provide the most roliable-

verification of the ability of 4 circuit to operate at a particularclocking rage.
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8.2.5 Summary

None of the models listed above will satisfy all users at all times. : However, the unit delay and
pseudo unit delay models stand out for their simplicity, understandability, and consistency with the level
of detail which the switch-level model is intended to provide: To-cheose between: these. two, one must
compare the value of greater predictability against. the vabae of 2 greater (but niot total) immunity 1o

nonterminating simuiations,
8.3 Analysis of Timing by Ternary Simulation

Rather than introducing a continuous. time model:mlm-iexelrsimum, one might best
leave such a level of detail to analog simulators where it ‘can be handled accurately. Instead, the
switch-level simulator could be used to identify those portions of a sysiem which warrant closer timing
analysis by analog simulation or some other technique. This would allow the more powerful (but more
expensive) tools to be applied just where they are needed. For exampie; the speed of a synchronous
circuit is often limited by a single critical path, such as the carry chain of an adder. A unit delay simulator:
could generally find this path by finding which nodes changed state during the last unit step of a
simylation phase and then working backward.

A method known as ternary simulation has been developed to detect possible hazards and critical
races in logic gate circuits without introduciag a continucus time model fi1, 23,4@. This wlmqaemn
the X state to represent the ambchaasedb;anadenmfmﬂ 01o0rtto0 Temary
simulation techniques can also be applied to switch-level networks to detect possible sources of timing
errors. These parts of the circuit can then either be redesigned or analyzed by more detailed methods

such as circuit simulation.
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8.3.1 Algorithm

The algorithm for a ternary simulation of MOS networks can be described in terms of the function
phase. Suppose a switch-level network is in a stable state y, i.e. y = step,(y), and we » ish to simulate the
effects of changing the input nodes to state x'. The resulting state y' is computed as

q + phase(x LIx’y)

Y + phase(x’, @).
That is, first all nodes ij for which Xj £ x'j are set to X, and the network is simulated until it settles. Then
the input nodes are set to their final values x’ and the network is again simulated until it settles. For logic
gate networks implemented with transistor circuits such as those shown in Figure 2.2, this algorithm
reduces to the one proposed by Brzozowski and Yoeli [11] for logic gate networks. Ternary simulation
requires only slightly more effort than the unit delay simulator described earlier. Observe, however, that
the X state will now become the most prevalent state during the simulation, because every time a node
makes a transition, it must go through the state X. For the method to provide useful information, the X
state must be simulated accurately and efficiently. The algorithms presented in Chapter 7 satisfy these
requirements.

It is claimed that each node n; will have a new state y'; equal to 0 or 1 if and only if it would have
this unique state regardless of the magnitude of any delays in the circuit. Any nodes sensitive to network
delays will have y'i equal to X. This claim has not been proved formally, although it can be motivated
informally, and weaker statements have been proved.

The ternary simulation method will first be motivated informatly. In setting the input nodes to
x LI x', all inputs which may be changing simultaneously are set to X, indicating that their exact values
cannot be ascertained. In the first computation of phase, these X’s are propagated to all nodes which are
sensitive to the input node transitions, including into the feedback paths corresponding to unstable state

variables. In the second computation of phase, the final values of the input nodes are propagated to any
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nodes which are combinational functions of the inputs and of any stable state variables. If a feedback
loop has developed containing all X’s, however, these nodes and any nodes dependent on them will
remain in the X state, because the behavior of the actual circuit would depend on the exact delays in the
feedback paths. The éssumption made in our logic model that a set of transistors with the same gate node
may behave independently when the gate node is in the X state gives the effect of each transistor
responding to a transition at an independent rate. Thus a node will be set to 0 or 1 if and only if it has
this unique state regardless of the transistor switching delays in the circuit.

For example, the network shown in Figure 8.2 contains a 2-out-of-3 majority with its output fed
directly to one input and through an inverter to another, An MOS implementation of the majority gate is
shown by Seitz in Mead and Conway [37, p.255]. The output of this gate equals 1 or 0 if at least two
inputs equal 1 or 0, respectively, and equals X otherwise. The reader can also verify that an MOS
inverter in our model will have output X if its input equals X. Suppose initially that x1=0,y;=0,
¥p =1, and that we change Xy from 0 to 1. Assuming unbounded transistor switching delays (or
equivalently unbounded line delays), there will be a critical race depending on the relative delays in the

two feedback paths. A ternary simulation would first set Xq to X, and then compute the new state X for

Fig. 8.2. Tenary Simulation Example

C-clement
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beth nodes ny and n,. Thus, feedback loops have developed containing only X’s. When x; is then set to
1, both ny and ny will remain at X, indicating a critical race. This example demonstrates that a Muller
C-element {consisting. of a majority gate with-its output fed back to one of its:inputs) implemented in
MOS may malfunction if ltsfeedhack path contains an excessive delay. Iri-fact, Dennis and Patil have
shown [14] that a C-element cannot be constructed which-is gnaranteed:to function despite arbitrary line

delays.
8.3.2 Theoretical Results

Brzozowski and Yoeli [11] have proved that an algorithm similar to the one shown here will set a
node in a logic gate aetwork to 0 or 1 only ifit has ﬂﬁssuﬁiqaemfmmof logic gate delays. Some
networks which would function  properly assuming only unbounded:logic gate delays, such as the
example of Figure 8.2, however, may have nodes:set to-X. Fhese authors conjecture; ‘but do-not prove,
that their algorithm will set a node te 0 or 1 if and only if it has this unique state regardless of both gate
and Jine delays. Their proof relies primarity on the morotonicity of the excitation function for the partial
ordering 0 << X and 1 < X. Their proof also assumes that a logic network-normally contains only nodes
with Boolean logic states, but this requirement can be relaxed.. 'The excitation function for the
switch-level model is step,, and we have already seen by Theorem 66. that it is monotonic. Thus,
Brzozowski and Yoeli’s proof can be applied to show that for y' resulting from the ternary simulitien;
each element y'; will equal 0 or 1 only if it has this unique state regardiess of the transistor switching
delays, with the restriction that transistors with the same: gate node must- have he same delay.
Furthermore, a proof of their conjecture could be applied to show that each elemem-ﬂy‘i will 'e'qualfoaur 1

if and only if it has this unique state for arbitrary transistor switching delays.
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Brzozowski and Yoeli’s proof also shows that the tesnary algorithm will always terminate after a
linear number of simulation steps (in the number of nodes.) ‘For example, the simulations of all three
networks shown in Figure 8.1 will terminate; (but with the nodes in the: X: state:) -Even though such
circuits as the inverter ring shown in Figure 8.1a will rus indefinitely, their ternary. simulations wilt
terminate. Thus, the worst.case perfarmance of ternary simulation is better than that of any of the timing
models described previously. In practice, this potential gain is offset by the larger number of node

transitions and the greater cffort required to simulate the effects of the X state. \
8.3.3 Application

A ternary simulation would provide useful results for synchronous systems, because a well designed. -
synchronous system should contain no critical races-under:any delay model. Timing errors ean only arise.
as a result of insufficient-clock intervals, and these should be checked by critical path amalysis. For. -
asynchronous systems, on the other hand, Dennis.and Patil f14] have shown:that no: nontrivial sequential -
circuits can be built which will functien correctly. despite arbitrafy line delsys. - For examiple, the Muller
C-element forms the cornerstone of most speed independent circuit designs [29], and we have already
seen how it can fail with ternary simulation. A ternary simulation of most asynchronous circuits would
overwhelm the user with X’s and provide little information-about the design. Unger {43} describes how
delay-clements could bein@duoedinm a temary simulation. By inserting delay elements into carefully -
selected feedback paths, circuits can be: made to snuhe ‘in a 'reasonsble manner. This style of
asynchronous design, however, has limited application in MOS LSI, because it requires too- much

fine-tuning of the circnit,



-183-

8.4 Toward a Simulator for Self-Timed Systems

In some design disciplines, timing constraints are assumed to hold within small regions of the
circuit, but as long as these constraints are satisfied the system will function correctly regardless of the
delays in other parts of the circuit. For example, many speed-independent designs require only that the
C-elements operate properly.. Seitz has proposed a class of systems called self-timed systems [36] in which
particular timing constraints can only be assumed to hold within equipotential regions, while arbitrary
delays may be incurred by any communication between regions. This methodology allows much
flexibility in the design style, because a subsystem contained within a single equipotential region can be
implemented with a synchronous or asynchronous circuit, or recursively as a self-timed system.
Self-timed systems may also have overlapping equipotential regions, but we will not consider this
possibility. Ternary simulation would provide a useful tool for testing self-timed systems if it were
applied only to those portions which are to function correctly despite arbiirary network delays. The
simulator should only model the functionality of those portions for which particular timing conditions are
assumed to hold, thereby providing the appropriate stimulus to the portions simulated by the ternary
algorithm.,

Such a simulator would have many advantages over detecting timing errors with a continuous time
model simulator. With a continuous time simulator, numerous cases must be simulated with slight
changes in operating conditions and network parameters. Even a poorly designed circuit may simulate
acceptably due to a chance combination of input conditions, element parameters, and simulation model.
With ternaty simulation all possible forms of uncertainty due to timing are condensed into a single state
and hence a single simulation run analyzes many cases simultancously, always finding the worst case
behavior. With a self-timed system simulator, the user could isolate small regions of the design for which
particular time behavior is assumed to hold. These regions could be tested extensively be a very accurate

circuit simulation. Then the simulator tests the hypothesis that as long as these regions function correctly,
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the entire design will be insensitive to other circuit delays.

A system could be simulated in this manner if the regions of the circuit for which ternary simulation
| is to be applied were separated from those regions to be modeled with a pseudo unit delay simulation by
special network eleménts as will be described informally. These elements serve to convert between the
two modes of simulation. Regions may only be connected through fanout connections, i.e. from a node
in one region to the gate of a transistor in another.

Ramp elements convert the 0-1 and 1-0 transitions resulting from a pseudo unit delay simulation to
0-X-1 and 1-X-0 transitions for the ternary simulation. When the input to a ramp element changes, the
output is first set to X, initiating a transition event, an indication of which is placed on a special event list.
Any time a perturbatioh resulting from a transition event causes an X to propagate to a node, this change
also becomes a transition event. Events are selected from the normal event list only when the transition
event list is empty. The simulation is continued until the network settles (i.e. both event lists are
emptied), at which time the X’s will have propagated as far as possible. Then the simulator sets the
outputs of those ramp elements with output equal to X to their input values, and the effects of these
events are simulated until the network settles. It can be seen that the combination of ramp elements and
this scheduling algorithm leads to a ternary simulation of those regions with ramp elements at their
inputs.

Trigger Elements convert the 0-X-1 and 1-X-0 transitions result.ing from a ternary simulation into
0-1 and 1-0 transitions. That is, if a transition event causes the input to a trigger element to be set to X,
the output is held in its previous state. When the input is set to a new state by a normal event, the output
is set to this state. In this way, the X states arising from the ternary simulation will be blocked from

entering regions for which the simulator is only to model the functionality.



-185-

While this simulation technique has not yet been implemented, it shows great promise as a tool for

locating possible timing errors in self-timed systems.
8.5 Summary

The relatively simple unit delay and pseudo unit delay timing models have proved adequate for
modeling the functional behavior of both synchroneus and selftimed. systems. These models provide
little information about possible timing -errors, but for circuits designed with. conservative clocking
schemes, such information is net required. - A continuous time stiodel simulator would prove most useful
for verifying that a circuit can sustain a particular clocking: rate. . Such a simulator should try to plaoe
lower and upper bounds on circuit performance by: applying only. smqakfmtions which can be
guaranteed conservative or optimistic. It should-atlow the user to.tightén these bounds by increasing the
level of detail at which the circuit is modeled. Ternary and self-timed system simulators provide a
powerful tool for detecting critical races. Unlike analog simulators, witich can only verify a design for a
particular set of circuit delays, these simulators can verify a design forall possible sets of circuit delays,

except for small regions in which particular timing conditions must be assamed to hold.
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9. Conclusions
9.1 Final Thoughts

The value of the swifch-level model ‘has already been proved by extensive experience ﬁm
switch-level simulators. These slmuhlms have shown great versatility- and accuracy in modeling the
logical behavior of systems constructed using many different architectural and circuit design techniques.
Furthermore, they utilize only information about the actual: structure of -the design such as can be
obtained from the mask specifications. By operating at a logical level, switch-level simulators achieve
performances approaching those of logic gate simulators,

This thesis has demenstrated that the switch-level model can also bedeveloped into a mathematical
description of the behavior of MOS logic circuits. - This allows a rigorous derivation of equations to
express the operation of a network from which simulation algorithms can be derived and proved correct.
These new algorithms improve on previous algorithms which were based en the programmer’s intuition.

The degree of generality allowed by the switch-level mode! does not come without its costs. . As
compared to relay and logic gate medels, our mathematical model seems ‘much more complex ‘and
intractable. A long and difficult process was required to derive the basic simulation technique. This
difficulty stems partly from the novelty of the model. The switch-level model cannot be described
adequately by such well-developed concepts as Boolean and linear algebras, and hence we were forced to
develop a new abstraction and justify it in terms of an electrical model. Furthermore, the switch-level
model supports a much richer variety of circuit and architectural design techniques than do traditional
logic ’model& The Mead and Conway approach to custom LSI design differs from other approaches such
as polycells [33] and gate arrays [19] in that it allows the designer to select from the entire variety of
different design techniques and even tailor the individua! devices to provide many trade-offs between
speed, power, density, and ease of design. To provide sufficient expressive power for this level of

gcnerality,‘ a logic model must be more complex than logic gate models, but as has been shown this
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generality need not come through ad hoc extensions. -

Unlike commercial LSI designs, however,. Mead and Conway encourage the use of structured
design methodologies and simplified design techniques: This permits a heavy reliance on computerized:
design and analysis tools to. replace. the many hours of highly skuled labor used to produce commercial
LSI designs. The tools can be designed along. the lines of this methodology, thereby achieving better
performance and encouraging the user to produce.well structured designs. With the emphasis shifting
away from techniques appropriate for humans:to-those appropriate -for:.computer implementation,
techniques should be judged primarily on their ability to be implemented:as computerized tols. In this
regard switch-level simulators compare favorably with- logic gate: simulators and' greatly outperform

analog simulators.:
9.2 Suggestions for Further Research

Thus far, the switch-level model has oaly been implemented in: the form of logic simulators with
simple timing models. . Wmle!hueapplx:amm have demenstrated the value of the switch-level model, -
they represent only the. beginnings of an eatire class of tools for MOS design. - The switch-level model
helps bridge the gap between the views of an LSI design as an electrical circuit or as a piece of artwork

and the view as a system which computes a logical function... .
9.2.1 Simulation

Simulation will always play an important role ‘in: the 18I design process. Humans have a
remarkable ability to synthesize designs, often applying great cleverness in sclecting from a seceingly
- endless range of possible approaches. However, many. hours of tedieus-wark-and much self-discipline are
required to generate a totally correct design by hand. Cemputérs; in contrast; lack the kind of cleverneas.
and intuition which goes into novel and original designs but will willingly perform tasks which humans -

find impessibly dull. Thus a natural complement is formed with computers verifying the designs and .
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ideas produced by humans. Simulation provides just that form of verification. It directly tests the
functionality of a design in much less time and at fuch less cost than' the preduction of prototypes.
Furthermore, it can often provide more information than can reasonably be measured from an actual
implementation of a destgn.

Future logic simulators could provide more rigorous checks of the correctness of a design. Unlike
current simulators, which try to provide as much generality as possible; the simulator could be tailored
toward a particular design methodology to check whether the design adheres to this methodology. Maay
of these checks can be added with little additional complexity.

A slight modification of the algorithm given in Chapter 7 would yield a simulator which provides a
more rigorous test of CMOS designs. In CMOS, node voltages correspond to valid logic levels only if

they very nearly equal 0.0 or Vid- Even the threshold voltage drop resultmg fmm a s:gnal w1th state 1

s

passing through an n-type transistor or a signal with state 0 passing through a p-type trans:stor is
considered excessive. Thus, a1 signal passing through a‘conducting n-type transistor should beeeme an
X and similarly for a 0 threugh a p-type, unless the complementary transistor is connected in parafiel. A
simulator can achieve this effect by modeling a turned-on mtype transistor as Baving conductance equal -
to its strength for signals of state 0 and having am unrelinble conductance for-signals of state 1, and
conversely for p-type transistors. The techniques developed for modeling transistors in-the X.state can be
extended to describe the behavior of the network for this model with only slightly mcreased eﬂ'ort.

The self-timed system simulator described in Chapter 8 would test whether a circuit really fulfills
the requirements of seif-timed system design. It does so in 2 more rigosoas and reliable way than would
an analog simulator and with much less computational cost. The algerithm for this simulator must still be
developed in detail, however, and the design of a suitable user interface will: present many challenges. A
more formal understanding of the theory behind this simulation method is also required. Brzozowski and
Yoeli’s conjecture that a ternary simulation tests whether a design will function properly for arbitrary line
delays remains an open problem. The proposed combination of temary and pscudo unit delay
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techniques has also not been studied formally. This style of simulation could greatly assist the design of
self-timed systems.

Simulators could also be designed to provide new kinds of information. For example, whereas
existing sithulators only tell the user the state of the network, & tnore sophisticated program could also tell
how it got there. This would greatly aid the user in debugging a design. =

Simulators could also provide more information about ¢ircuit timing. Even with methodologies
such as conservative clocking schemes and tools such as ternary simulation, for some applications the user -
must know the time behavior of a circuit.  For example, if a system must function at a clock rate
determined by other chips or by the particular application, the designer must verify that this clock rate
can be sustained. Hopefully, a fult scale analog simulation can e avoided by identifying the critical path
and simulating only this part with a simplified-modet. It is befieved that a considerable-amount of detail
must be added to the switch-level model before it can medel circuit timing with the same generality and
accuracy with which it models the functionality. While the "order of magnitude™ electrical model may
describe the logical behavior adequately, it provides limited inforimation about cm:mt speed. Ideally, any
simplifications of the: electrical-behavior should be guarasteed ‘coftservative or optimistic so that the
simulator provides bounds o# the petformance. The simulator shiculd be able to apply different levels of
detail so that the bounds can be tightened until they are‘atceptable for the application. Unlike existing'
hybrid simulators in which increased accuracy is achieved only by going to a totally different (and often
incompatible) model, the simulator should allow a smooth and reliable Uansiﬁon pgtwegn the levels of
detail. - |

A switch-level simulator could also provide information about the effects of circuit faults. Unlike
the traditional methods of fault analysis, which assume: that a-fogic gate will fail by beceming "stuck-at™
some level, the switch-level model can describe the: failure of individual transistors or connections. Fo;
example, a faulty transistor can be modeled as a transistor in the X state, i.e. an unknown and unreliable

conductance. Similarly, a faulty wire can be modeled as two nodes connected by a strong transistor in the
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X state. This application of the X state has not been studied in detail.

Finally, we must consider what form of simulation will work for VLSI design. The current
implementations of switch-level simulators model the entire design as a network of transistors or at best
combine some of these transistors into simple logic gates. While the cfficiency of this technique has
proved adequate for modeling LSI systems containing up to 10,000 transistors, it will clearly fail for VLSI
systems containing 100,000 or perhaps 1 million uamisto,m.’ As with all other design.tools, the size and
complexity of VLSI systems forces a rethinking about logic simulation. Systems of this size must be
designéd hierarchically, where each level of the design involves combining subsystems designed at the
next lower level. A simulator must utilize this hierarchy to achieve the required performance and to assist
the user in maintaining the hierarchy. Switch-level simulation can provide valuable assistance at the
lower levels of this hiesarchy. It can be used to- verify that a transistor circuit implements a particular
logical function ¢ither by automatically comparing it to a functional specification or simply by allowing
the user to test the design. Once the functionality has been verificd, the simulator can replace the
switch-level representation with a functional representation for simulation at the next level of the
hierarchy. In some cases the user may also wish to simulate some portiogs-of the network at a functional
level and other portions at a switch level. As was seen earlier, 2.simulator ¢an be designed to combine
simulations at these different levels. Thus switch-level simulation will serve an important role in VLSI
design.

9.2.2 Other Design Tools

Most existing LSI design tools treat a design as a piece of artwork. For example, most layout
systems and design rule checkers view the design as a collection of geometric primitives with no
understanding of the actual or intended functionality. As a consequence, they provide only limited
assistance to the designer. The switch-level model can help introduce a greater understanding of the

functionality of a design.
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Cuﬁent design rule checkers, for example, check only the geometric features in the layout.
Experience indicates that they catch only a limited class of errors and also report many extraneous errors.
For example, if the designer omits a contact cut, no error is reported. If a wire contains a gap, it will be
reported only if the gap is ‘smaller .than-the interwire spacing tolerance. A more useful checker would
perform both the geometric. analysis and the extraction of the switchjlevel logic network. It would
produce two results: the switch-level network it believes was intended, and the design rules violated by
the layout with respect to the network. By simulating the network and checking the list of violations, a
designer would have a much greater chance of detecting most errors. Furthermore, since the checker
would have a better understanding of the electrical connectivity in the layout, it could greatly reduée the
number of extraneous errors reported. >Experience with C. Baker’s layout extraction program [4, 5] has
already demonstrated that many errors in the artwork can be detected by deriving the switch-level
network and applying several simple checks.

The switch-level logic model could also be incorporated into a design "analyzer” which detects such
features in an MOS logic design as feedback paths, sites of dynamic storage, potential race conditions and
short circuits. Many of the theoretical techniques which have been developed for the Boolean gate model
could be profitably adapted to the switch-level model.

The ultimate goal of computer-aided design is to automatically synthesize an LSI or VLSI design
from a high level functional description of the system. Current automated design systems such as Bristle
Blocks [24] still require the user to design large portions of the layout by hand and have only an
incomplete understanding of the circuit’s functionality. These tools would benefit to some degree by

adopting the uniform representation of a logic design provided by the switch-level logic model.
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9.2.3 Theoretical Developments

The mathematical developments in this thesis provide a firm foundation for switch-level simulation,
but much more theoretical work is required before the full potential of the switch-level model can bé
realized. Several areas have already been mentioned in connection with their possible applications. For
example, the exact refation between circuit timing models and both ternary and self-timed system
simulation techniques remains to be established. Similarly, research has only begun on methods for
introducing more detailed timing information in ways which can be guaranteed conservative or
optimistic. Finally, developing computer algorithms to identify feedback paths, sites of dynamic storage,
and other features of a design will require a much better theoretical understanding of the structure of
MOS logic networks. Many of these analysis problems appear to be NP-complete, but heuristic
techniques can probably be devised which will work efficiently for most real designs.

The simulation model developed in this thesis provides only an operational model of a logic
network. That is, given a particular initial state, it describes the state in which the network will ultimately
" stabilize. A more powerful model would describe the function computed by the logic network. For
example, Shannon showed how the Boolean function computed by a combinational relay network can be
derived from the structure of the network. The Boolean function for a logic gate network can generally
be derived by inspection. Work on denotational semantics of programming languages is also directed
toward deriving the function computed by a computer program. Much more work will be required to
develop a corresponding functional model of switch-level networks. At present, the conversions between
the logic states, logic signals, and signal strengths tend to obscure the function computed by the network.
Furthermore, expressing the ternary function computed by a network (i.e. including the state X) involves

considerably more effort than expressing the Boolean function.
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A functional model of switch-level networks would have many applications. For example, it could
be used to verify that a network implements a particular function. Unlike programming language models
in which this task is in general uncomputable, for logic networks we can always construct truth tables by
simulation, and hence any.design .can be verified in at most exponential time. "Furthermore, various
heuristic techniques could reduce the complexity considerably for most problems. 'Ihqufprg,: .autplri)at;ic
logic design verification may be practical. A functional model could also help make thé ;aﬁsiﬁér; ﬁom a
switch-level simulation to a functional fevel simulation: That is, if the’Rinction computed by a section of
a design could be derived automatically, the simulator could -replace the switch-level representation by a
functional represenitation. This seems especially practical if it is-applied to small sections of the design,
such as to the transistor groups used in MOSSIM. Since most desxgnscontam many instances of a
particular transistor configuration, only a small number of different configatations: would need to be:

analyzed. Thus, developing functional models for switch-level networks poses a great chalienge but

should yield many applications.



Appendix I - Multi-Port Networks

This appendix contains derivations of several equations and proofs of some properties regarding

passive linear resistor .networka.
L1 Introduction

Suppose a time-invariant network N contains only voltage somrces and passive, linear resistors in
which each voltage source has its negative terminal connected to the reference node GND and isset to a
voltage 0.0<v< V4. Assume furthermare that each node:is coanceted by some path to a volage sousce
and that voltage sources are never connected in parallel, .and heace all node voliages are well-defined.
The corresponding zero-state network Ny is defined as the network formed when all voltage sources in N
are set to 0.0, i.e. they are short-circuited. The network N contains only passive, linear resistors. .

A port in the network consists of two terminals with any node serving as the pesitive t\efmmall and
\the reference node GND serving as the negative terminal. We will be interested in networks with at most
three ports, labeled 1 through 3. The indices i and j are used to denote any of these ports. We require
only information about N and Ng which can be observed at the ports. - Otherwise the networks can be

considered "black boxes”.

1. Nodes which are the positive terminals of voltage sources in N correspond to input nodes in the
switch-level network, while other nodes correspond to normal nodes. Either kind of node can be a
positive port terminal,
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1.2 Port Parameters

The open-circuit impedance parameters are defined in terms of the voltages measured at the ports of
the zero-state network Ny when a current source is connected across ane of the ports. That s, if current

source I is connected across port i, and a voltage v'j is measured at port j, then Z;; is defined as

These parameters form a matrix 2 which in our casé has dimension 3X3.” Most presentations of
multi-port networks [15] describe the analogous 2X2 matrix for two-port fietworks. The diagonal
elements of Z are the "self‘impedance™ terms, i.e. the impedance neasured atross each port of Ny when
all other ports are left open-circuited. The off-diagonal elements ‘are the "cross-impedance™ terms
mdncatmg the degree to which the positive terminals” of the two ports'are contiéctéd: That is, 2 z; “equals
0.0 if there is no path in Ny between the positive tefminals 6f ports't and §,} or if one of these two
terminals is connected directly GND through a zero-state voltage source.’ At the other extreme, z ij . equals
z; if every path in N from the positive terminal of port i to GND passes through the positive terminal of
port . |

For a passive resistor network, the matrix Z obeys several nnportant propemes. F"lrst all elements

are nonnegative and finite. Second, since the network is rec:procal, the matnx is symmetnc

-~

2. = foralliandj.

ij Zjpr
This follows directly from the Recxptocnty Theorem [15]. Thlrd, for >£0 when a voltage source with

a positive voltage v 1s connected dlrectly across port iof NO’ whlle all other ports are left open-cm:ulted, it

will produce the same effect as a current source wnh cun'ent v/ Zj; Therefore the voltage at any portj

1. As the term "path” is used here, a path cannot contain the reference node GND or any node
connected directly to a voltage source as an intcrmediate node.
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under these conditions will be

This voltage cannot be less than 0.0 or greater than v, and therefore -

00 < z; < z; foralliandj. (ALD)

This result also holds when'z;; = 0.0, because this-case occurs only when the positive terminal of port i in
Ng is connected directly to GND by a zero-state voltage source, and hence z;; = 00.

The open-circuit voltage parameters of N are defined as the voltages v}, v, and v3 measured at
ports 1, 2, and 3 of N with all three ports open-circuited. Parameters of s nature have not.been found
in any other presentations on multi-port networks. In general, ﬂ:ese voltages will not be completely
independent of one another when the netwark cantains paths between the positive port terminak. To
derive some of their relations, suppose that a voltage source of voktage v; is comectedatros portiof N.
Then no voltages in N will be changed. Now.if all voltage sources in N are set to 0.0, the voltage at any

port j will be given by

when z;; # 0.0. Furthermore, since this voltzge was obtamed by changmg the semngs on some voltage
sources from nonnegative values toOO ltmustbelessman oreqnaltomemgmalopen-cucmtvolmof

port j in N, and therefore

Z::
b |
0.0 S lﬁ Vi

< vj foraﬂlsuchmazu#thommj. (A1)

The Thevenin eqmvalent of the networkNat pomcommnsavoltage source set to the open-circuit
portvoltageandaresxsﬁmofconductaneeequalm(henetcondtmmacroasmeportmmallsoumset
to 0.0. As long as the other ports are left open-circuited, the Thevenin equivalent of N at port i is

described by the parameters:
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Suppose the resistor conductances are given by rational functions of p with degree greater than 0.0.
Then the open-circuit parameters will also be given by rational functions:of p-with degree less than 0.

Furthermore, since 0.0"2;(p)<Czj(p) for all valucs of p:
deg(z) < deglzy) < 0 foralliandj.

Similarly, the open-circuit voltag;e‘_pafamete:vs- will be given by .ratiopal functions of p, and since

0.0<v;(p)<<V 4q for all values of p

deg(v;) < 0 foralli

1.3 The Effect of a Variable Resistor

A network containing a single variable resistor can be d@iwd:rhgga fixed network N with a
variable resistor connected across-posts-1 and 2, 'as-ﬁhewa-in Figure LL Smce the positive terminal of
port 3 can be any node in the network, the port voltage can represent t.he voltage on any node in the

network. Suppose the resistor has conductance b. and the resultmg port voltages equal v’ rY 2, and v' 3

Fig. 1.1. Multi-port Model of Netweork with Variable Resiator

_ h
1 N 2 = I 1 N 2 I
— 3 o 3
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This resistor will have the effect of injecting a current I into'port 1 of N and removing the current I from

port 2, where

I = h(V'l - V'z). )
By superposition, the voltage at any port equals the sum of the veltage crested by the sources of N, the
voltage created by the current injected into port 1, and #¥é voRage created by ‘the current removed from
port 2;

V'i = v + IZH -_ IZZi ) (A1—3)
"'i‘ = v; + "va-l __vrzxzh —tﬁ)' . g -

For ports 1 and 2, this gives two equations in the two unknowns v'; and v'y:

Vi = v+ h(v'y — v'olzy; — 1)
vy = vy + (V= Vzp - 29

This set of equations can be solved to'give
' iI” V2.
I"V2 = 15T h(zu—2zn+zn)

and this result can be substituted mtoequanon A1.3togwe o

, vy~ wlzj -2y o |
vi = V + 10 + h(lll - 2212+ Zzz) (A1'4)

In particular, the voltage at port 3 will be given by

10 + h(ll-l - 2212 +zi)22). (AL3)

V'3 = V3 +
To gain some insight into this equation, observe that for small values of h, v’} — v' ~svy — ¥,

and therefore A
Vim oy E v —vzz—z9. 0 (ALG)

In other words, the denominator in equation A1.5 approximately equals 1.0. As h becomes very large, the
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increased conductance between the two nodes will be offset by the decreased voltage difference, and

hence each node voltage in the network appmaches an asymptote

: Vi — VaRZ17 —
4 lim .v'3 = vy + ( 1 _sz 13 422' - (Al:[)
h — 00 m-4a2ntin

Thus v, is approximately a linear function of h-for:small vakieg8f h and levels off to a constant value for

large h. '

'The general form of equation ALS is

Furthermore, since L30) <zll and zZ1 <122

b=z - zz12 + z22 = (zu - zu) + (z22 ~ 212) > oo (A18)

i

Equations 3.4 and A1.8 are sufficient to prove Lemma 3.1.
We can derive further properties of eqpptianl.S.. When a positive current 1 is injected into port 1
and removed from port 2 of Ny, the positive terminal of port 1 must have the maximum node voltage in

the network and the positive terminal of port 2 must have the minimum, ’l‘hemﬁ)re

Hzpp—2p) S Uzp3—299 < 1o =219
(213~ 2) < (23— 299 < (33~ 239

The second mequahty holds when I is negauve as well From tms one can we that

|Zl3 - 223| < le - 2212 + 122 (A1.9)

If the resistor conductances are given by ‘rational funcﬁons of p, then the voltages will also be a

rational function of p and will have a general form
. - - -, - ) : . [ h R
vio. o) = (p,00) + TR,

Furthermore, since the impedance parameters all have degrees less than 0, deg(b) <0, and since equation



AL.9 holds for all values of p:
degl(v) — voXzp3 — 23) < delzyy — 29y 'S denlzyy ~ 227y + 2y9).
Therefore | -
degla). <. deg(b) < O
These results are sufficient to prove Lemma 33.
As a historical note, although equation AL5 would seem o have other 'epﬁiicé;tione in electrical

network theory, no such result has beenfoiiﬁﬂin the l&w&ure: Some presentations on sensitivity analysis

(such as [15, p.678]) derive the approximate equation Al.6 for small values of h but the more generalr

SRBGISEH ‘ H ) RV PR A

result is not given. The techmque of v1ew1ng the vanable mstor as a cument soun:e of unknown current
and then later solving snmultaneous equatmns to fmd thxs current is generally credued to Kron [25] which
he used in a method called "diakoptics". More re(#nﬂy, this kdnmue Has been apphed to solvmg‘

systems of sparse equationis by a methodcalled tearm& [7 ks
.
1.4 The Effect of Cqm?ﬁllg Two Ports N

We can determine the effects of connecting toged\er ports 1 and 2 in network N by letting the
conductance h in the prevxous development approach mﬁmty We wnll assume that z;; > 0.0 and
259> 0.0, i.e. there is no voltage source connected directly acress pons lor2 of yN.l In the limit me

vo]tages on the two ports will approach a smgle voltage v whele

’m . = v ' (Vl - VLXZII - 2212

v = h...;mvl l,x,, lu 22124‘122

By rearranging terms we get

_ (- z12)"1 + Gy - 2122_'2
2112 + ZH :

1. This restriction can be assumed, because the combination rule is never applied dircctly to the logic
signals which describe input nodes.
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If we define ky and ky a8
k1 = zp/zpy
kz = 112[122
then
_ 91(1.0— kz)vl + EL(I.O"kl)VZ
Vihev = T gibokp ¥ gyl 49

where g; and'g, are the Thevenin conductances at ports } and 2, i.e. the reciprocals of 2] and 25,
respectively, and from our assumptions both values must be positive and finite. The following properties
of the factors k; and ko can be derived from their definitions and from equations Al.1 and A1.2:

g2k = 91ky’
00 < k; < 10
00 < ky < 10

kv < vy

kyvy < vy

Equation 4.4 and the above properties of the factors k, and k, are sufficient to prove the validity of the

combination rule for cyclic connections, as is done in Chapter 4.



Appendix II - Proofs of Results in Chapter 6

This appendix comainé proofs of Theorem 6.4, Corollary 6.4.1, and Theorems 6.5 and 6.7..
I1.1 Passive Networks

The method of conditioned re!axétidns relies on the. faét that logml conductances act as passive
elements. That is, when a signal is coupled through a logical conductance, the resulting signal has
strength less than or equal to the original signal strength. Furthermore, signal combination always
ignores the weaker signal. This allows us to kill any signal on a node with strength less than the steady
state signal strength, knowing that no possible action of the network could amplify this signal into one
critical to the formation of some steady state signal. -

The passiveness of logical conductanc.es’h-hs lmponant ﬁnplkaﬁons on the recurrence equations
describing a logical conductance network. Before the éesiredvvtheorems can be proved, some general
properties of "passive” recurrence equations must be derived. For a value s € ¥ let ag denote the vector
block (a,[s], where [s] denotes a vector with each element equal to-s. Similarly, for a function
fP o jetf s denote the function f(a) = block (f(a), [sD-

A function £:¥2 — # is said to be passive iffdrany s and any a, f(a) = f(a). In other words, if
b = f(a) then any element of b greater than or equal to s can depend only on elements of a greater than
or equal to s. No element of a less than s will be amplified into a value greater than or equal to s. A
function of more than one argument is passive if it is passive for each argument. The functions 1, |, °,
block‘ and constant functions are all passive, as is any composition of passive functions. The successor
function suc, on the other hand, is not, where suc is defined as mdyp) =Yp and for any a< Ty suuc(a)

equals the least element of ¥ greater than a.
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The following lemma shows the relation between the minimum solutions of the equations a = f(a)

anda = f, s(a).

Lemma A2.1.
For a monotonic and passive function f:f® — ¥2 if a™ js-the minimum solution of the equation
a = f(a) then a™ is the minimum solution of the equation a = f(a).

Proof of Lemma A2l

We will show by induction on k that
TR O}

This clearly holds for k = 0, so assume it holds for k-1.

o = r¥lo) = sy = oo = sl

The minimum solution of a = f s(a) is given by
) ﬁ'"wfs*(m = f,’"wf"(ﬂ?s =y '
Observe that this property may not hold if the function f is not passive. For example, the minimum
solution of the equation a = suc(a) equals Yp but for any s> 0, the minimum solution of the equation
a = sucg(a) equals 0, even though the function séc is‘ monotonic o
We can now prove a lemma that expresses in a very distifled form that thc method of conditioned

relaxations will not lead to a "runt"” solution with some signals weaker than the steady state slgnnls. .



Lemma A2.2,

For a monotonic and passive function f:¥% — #8 if 3™ i5 the minimum solution of the equanon
a = f(a) then 2™ 1salsothe mlmmumsolunonofﬂzcequamaa f'(a)where

@ = block (ﬁ(a),a"').

Proof of Lemma A2.2: |

Let 8™ equal the minimum solution of the equation a = f*(a). Clearly a™ is also a solution of this
equation and therefore a™ > 2™, We will prove that the two veckoss are ia fact equal by induction on
decreasing strength values. By Lemma A2.1, 2™ and 3™ s are the minimum solutions of the equations
a=fa), and 2 —f's(a) respectively for ax;y value ofs. Thc function block obeys the following
identities

- block ﬁ:,d) 7
block (c, d) = block (c dsm(@’“

That is, unless the secondargumentisgreé‘nerﬂ’laﬂ‘ﬂaeﬁm,block behaves as an identity function of its
first argument. Therefore ‘ '

Ly @ = bock, (f(a).a"') Sy (a)

This implies that a™°
= =

— oWin — .
'!p"‘ 7}.-%&@&;"‘_”_.“’% We. will show that
e

G = SA™) = block (™), W) = block(f (8™, 8 .

We knowmata"‘"ms)s_:""s, and therefore the left hand argument of block in the above equation
must be greater than or equal to the right hand argument. This means that this application of block will

behave as an identity function of its first argument, giving

= f)



which shows that #™*'; = a™_. The set ¥ is totally ordered and finite. Hence by induction on decreasing
strength values a™' = a®*. 8 |
This result also may not hold for a function f which is not \passi\;e. For example, the equation
a = suc(a) has a minimum solut:on Tp but the equatnon a = block (suc(a) Y p) has a minimum solution 0.
The result of Lemma A2.2 can be expressed ina form closer to what is requu'ed to prove Theorem

64.

Lemma A23.
For a matrix G € ¥ X0, andavectorbe AP, define the functmnsfl and[oas
]i(u) = block(FMN 1G5w, 1)~

- So@) = block(Lé) 1. G4, 1),

where

r = Gokbh

Ifu™ and d™* are the minimum solutions of the equations w = f¢(u) and d = f(d), respectively, then

Proof of Lemma A2.3;

Define the functiong as .
g@ = block(5N1Gea, 0.

Lemma A2.2, combined with Cofollary 6.2.1 shows that r must be ﬂle mmnnum solutibn of the equation

= g(a). We will show by induction on k that

ko = ko1 L.
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Clearly this holds for k = 0. Now suppose that it holds for k-1.

@ = block@ BT GgX 0. = block (15116 KOV T /N0,
5@ = block (17 6G~£X10), 1) 1 block Lk 1651 » = £ 01 5MO.

Taking the limit of this equation gives the desired resuit.
_ lm kg _  lim lim -
s et @ = oot ke = et

I1.2 Theorem 6.4

Lemma A2.3 takes care of the most dxfﬁcult part of the proof ‘(;)f Theorem 64.

Theorem 6.4,

For a matrix G € X, and a vector b€ A", define G as G = xG The unique minimum solution of

the equation @ = f(«), where
S@y = bV Goa

meven by o CanlA VAR o
= 40 g

where u™ and ¢"* are the minimum solutions of the equations u = f;(u) and d = fy(d), respectively,

and the functionsfl andfo are defined as: ,
f1®) = block(F81 1 Gew, 1)

o = block@bl 1 Gd, 1),

r= G Bbl




Proof of Theorem 6.4:
Define the vector kas & = +u™ V -d™®, We will first show that & satisfies the recurrence relation

k = f(K). Observethat TK1 = u™* and LAJ = d°°. Lemma A2.3 then shows that
r= u™id™ = AN = lburc?l"nl = 1bV Gohl

Substituting this into the definition of fl gives

[HTR) = block(TA1 1 G*ThY, bV Gohll) = ThV Gokl

Similarly,

fythl) = LbV Gokl.

Since [ = u™, T&71 = fy(T4T), and similarly L) = fi(L&J).This shows that

h = +TK1V -Lhkdl = +TbV GoR1V -LbV Gohl = bV Gok

Therefore A satisfies the recurrence relation & = f1 (), which implies that > g™, By the monotonicity

oft K, T J,andL &

T I B | (A210)
= A1 > Ta™ (A21D)
™ = Lk > La™l, (A212)

We can now show that A must equal @™ by factoring the equation @™ = f(a™*). First we can find the |

strength of a™* as

Ha™ ) = HBV God™Nl = NBETGeNa™L
Therefore Il @' l must be greater than or equal to the nﬁnimum sblution of this recurrence relation, i.e.
BN >r=WhAH Combining this result with the inéquality of equation A2.10 shows that

Wa™ il = il AH. Now we can see that

F¢ = bV God™1 = block(TH1 1 G *Ta™* 1, Ha™ N)
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Fr&™1 = block(r11 G- l'n‘“"l, N = fi(l'a"’"l).

Therefore [a™1>u™, which when combied with: the ‘iiequality of oquation A2.11 gives

Fa™7 = w™. A similar derivation gives La™.] = d™. We can now comlete be proof with

@ = @V L) = sty e R |
11.3 Corollary 6.4.1

Corollary 6.4.1. . '
For a matrix G € " X", anid a vector § € A", if G is.defined 26 G =: x, tieni the miriimum solution of
the equation a = f(a) where A

@ = bV Goa

is given by R SRS P .
o~ = Mmoo - 6
S@ = kil (@, 1, (6.25)
and PR
1= G rh
Proof of Corollary 64.1: |
Expanding the equation for f* gives

S@ = kill(dV Goa 1) = +block(Td V Goal, 1) V -ugc_g_(g V Goal, 1).
xnmepmoform@remﬁ.-znissnownumr:u"'landmemfmﬁxanyast"
r= Na™0 = UMNT G U™t > 101 Geolal = BBV Goel.
Forany e < a™*

block(Tb ¥V Goal, 1)
block(Tb V Goal, 1)

block (block (B 1 G+Tal; 88 V Goal), 1)
block(T61 1 GTal, 1) = fi(Fa),

4



where f; is defined in equation 6.20, and a similar result holds for the 0 part with respect to the function:

fy defined in equation 6.21. Then for & <a™*

£@ = +,e) V ~fylLad). L a)
We will show by induction on k that - N
e = ovge (A219)

This clearly holds for k = 0, and assuming it:holds for k impliesthat

rrkon = fte
ko1 = pto

For u™ and ¢ defined in the staternent of Theorem 6&.{}@ <-u™® and jbk(O) < d¢=*, Therefore, by

the monotonicity of +, -, and V:
M0 = ROV RO < Wy e = e,

and equation A2.13 applies when « = /"X(@), This allows to expand £+ 1 as:

o = reto = /00 vV RUrieD
Yo = it @) v R = e v e,

which proves the induction assertion. Combiing the result of Theorem 6.4 with equation A2.14 gives
. ) S Jim e ) _Ibﬂ = mf' T K
@ = +k_’°°f;'(0) v- A k_m(«rfi“(o) A )}

and therefore |
o — k_’wf'k(m- , ]
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114 Theorem 6.5

Theorem 6.5. . :
The target state y of a switch-level network is given by

7= U, L
where o™ and d° are the minimum solutions of the equations i = gl(u) and d = g,(d), respectively,
and the functions g4 and g, are defined as

HW = Heck@E=-TA1T PAT =) = 6B

80@) = block(E™+LxJ 1 kpl T G™=+dn, (6.30)
and
T o= GUeESeaxA Uyl ©31)
Proof of Theorem 6.5;

Hm&eﬁeabehndmeoptmumﬁmmemodmbedeﬂwdﬁxrmanyﬁyﬂgebmcmmﬂpuhﬂm

= < “-rG 1V -LoG, B>
= (61 ©P = (o1t "GE’ = (GhEy ¢TGNV LGB

y <rG » -LXG, E)J>.
T = (6hiEy<TED “{c},{n} XG>

Thelaststepabovefollowsﬁ'emmeldmmyshownmequanss hneli@oamefactthatmﬂemme
state of a signal equals X, exther:ts()partontslpartmusteqmlo Furﬂxemoreobserveﬂmtthe

functxon of b whose value is €<+b> smonowmc and metefore
<+a>u<+b> = <+(aTb)>

and that a similar identity holds with -, Hence

= < T r 1 < LG, E))>. A2,
y +({G},{E} G, E)1)» U ‘({G}{E}'( E).D) (A2.15)
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Since 1 denotes the pointwise maximum operation, this equation shows that the target state for any node
n; can be computed by finding the maximum values of I'v(G, E)1and Ly(G, E)lforalGE{G}and
Ee€{E}.

Define u™*(G, E) and d“““(G, E) as the minimum solutions of the equation u = fl(u) andd = fo(d),

respectively, where

£0) = block@<Tx1T Fy11 Geu, G'«E-NxTHy).
f@ = block(E+Lxl T Lyl 1 Ged G (E-NxNtlym).

Theorem 6.4 shows that
™G, E) = 'WG,EN
"G, E) = LWG,E),
Therefore, if we can prove that
™ = Ty, A2.16
(G }T’ (E }u (G.E) (A2.16)
™ = d"(G, , A2.17
(GL{E} (G,E), (A2.17)

then comparing equation 6.28 to equation A2.15, it can be seen that the theorem will be proved.
Only the proof of equation A2.16 will be shown. Equation A2.17 follows identically. For any
Ge{GLEc{E}andues"

Erx11 Myl 1 Gou < E™elx1 1 Myl G™eu
G E-NxNThyl) > G «E™e«|xlTlyh)

Therefore, since block is monotonic in its first argument and antimonotonic in its second, A < 81

Applying Theorem 6.3 gives u™(G, E) < u*™ for any G and E in the allowed range. Therefore

T min
{G},{E}u (G.E) < u™
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To complete the proof, we need only find some setting of G.and E which gives v(G, E) = ™.
Define the matrices G’ and E' as follows:

i °"i=00ru°"" 0
{g‘"s, , ~>0andu°",>ﬂ,::s e

PE R

e rx'l 0
{e“' fxﬂ)ﬂ.

We will show that n‘ﬁ(G', B)= u""'. From these deﬁniﬁons; we can see that

Erx1 = E*=[x], (A218)
and can show that for any u << 4™
block (G'>4,v) := ‘dloek (™, 1). (A2.19)
To see this, observe that foru < u™®,

block (G’ *u,1) < block (G™ *u,1) < block(G™ +u™,1) < block (™ r).
Therefore, for u™, =0,
0 < block(G' *ul,1) < block@™,1) = 0,
and for u"‘i>0, |

block (G’ * ul, 1) = block( 5ot

u"")O

block([G“nh,rQ = block( lu’), r,):
aoék([c--uli.r) |

block (G’ * u};, )
Equauons A2.18 and A2.19 imply that u™ is a solution to the equm
w = block(E' Tx11 l'y'l i G"u,r) o (220

and furthermore any solution less than or equal to u™ must also sansfy the equation u = g4(u), and

therefore u™ is the minimum solution of equatxon A2.20, Lemma A2 then shows that u™ must also be
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the minimum solution of the equation:
u = block(E*Tx11 Ty1 1 G *n riu™).

Lets = G +(E' * N x 0 T H yW)). Itisclaimed thats = r{ u™ Clearly -
r o= GUEeE e NxiThpN) < GTE axTIyD) =

We know that s is the mipimum solution of the equation a = héa) where

Ka) = E-ixifliyl1Gea

This shows that s => u®™, because the function in the recurrence equation A2.20 is less than or equal to h.
Therefore s > r 1 u™. Next we wilt show that r T u™ = h(rT o°®), which will prove that rT u™ >'s,and

when combined with the previous inequality, shows that r T ™ = s. First observe _that
Go(rfuv™ = G™er{Gow™

This follows because if r; > u*;, then u; = 0, which implies that the ith column of G’ will equal the &h

column of G™. Similarly
Eelxd = E™efxB1ETx1.

We also know that r satisfies the recurrence relatmn

r = E™e llxlleITG"'"*r. ;

Combining these facts with equation A2.20 gives

w*ir = E+Tx1T DITGu™tr
WPTr = EeTx1 T E=«lxi 11t Ayl 1 G- u"“TG"""r
Wir = E-S281 0y8 1 G- -

u™1r

Mr T u™).
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Putting these results together, we have shown that u™ is the mitfimam solution of the equation

u = block(E“rx117y11 G, G @ ~1xu1Uy),

and therefore u™ = FW(G’, E'y1. This completes ourproofthat:

{G}{EH

Asinﬁlarreaﬂtcanbeprovedforﬂ-‘;m ich completes the proof of thie theoiem:l -

IL5 Theorem 6.7.
Theorem 6.7.. , o
Ify = target(x,y,2), then y = target (x, 5, 2).
Proof of Theorem 6.7.:
Define the vector y as the setof’signalsfo:medbymenormdnodesmstate;,m. B
<> =3 e
AXLIEN

Observe that Ny W = § 5 I = cap, and therefore for r defified in equation 6.31
G Nl T Apl) = CRoE=e g5 1Ay,

Canpared:eﬁxmtiom
5 = mk(r-rri T G"'--.r)
21®) = block(®™<Tx11 31t C=iun

Let u™ and ;“‘bememinimumwluﬁonsofmeequaﬁonsuzgl(n). andu = g,(u), respectively. We
Will show that these two vectors are equal First, 3,1 =v"™,lcap; for all i Furthermore,
u™ >block(ryl1 1), and ryd < cap; for all i, which impliesmryl‘l>block(l'y-1 1;). Therefore,
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since block is monotonic in its first argument
block Ty, 1) > block (block ("Y1, 1), 1) = block (Ty1,1),

which shows that El = &, and by Theorem 6.3, u > u™. We will now show that ese two * lues are

in fact equal by showing u™ = El(u“"). Since u® > 31> block Ty, 1),
g™ = v = uMTblock(Ty1,1) = 2q(™)7 block (My1,1),

and furthermore El(u""‘) = 84(™) = u™ = block (I'y1, 1) which gives

u°m = El(um).

Thus u™ = 2, and by a similar argument we can show that ¢ = d°*, where d°" is the minimum

solution of the equation
d = block(E™eLxl T LylJ 1 G™«d,r).

Theorem 6.5 shows that target (x, 3" z) is given by

target (x, ¥,2) = <+u®> [<-0"> = <+uP> (I <-d"> = 1warget(x,, 7). |
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