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ABSTRACT 

The representation ot decimal numbers in the binary 

system and the processes ot binary arithmetic are explained. 
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THE' BIllARY, SYSTBil OF NUMBERS 

I. REPREsbTATIOll OF NUMBERS' 

The decimal system takes its name from the fact that it is based 
on ten digit8 (0,.'1, • • • • • 9) and all' n~ber8 ~e composed ot those . 
10 digits. The binary sysiiem., analogously,· takes it. name from t~e tact 
that i:t is based on 2 digit8J...:,,(O~t~li·r.QciJiU.li;ilUlllbHeiDlthe:b~:.pt_l.1ar~ 

, _de 'up':ot thoa8::,2?aigita. The decimal system has a base ot 10; the binary' 
system has a, base of .2. " 

DeQimal BinarY 
.~ystem Equivalence ,System Equivalence 

·1 1x100 1 
0 

l lx20 
2 2x100 10 1x21 .+ Ox20 
3 3x100 11 2 1x21 + lx20 
4 4xlOo 100 1x22 + Ox21 + Ox20 
5 5x100 101 1x22 + 0%21 + 1x20 
6 0 110 6x10 lx22 + 1x21 + Ox20 
7 ;. .... , 7x100 111 3 1x22 + 1x21 + 1x2 
8 8x100 1000 1x23 + Ox22 + Ox21 '+ OX2~ 
9 9x100 1001 lx23 + Ox22 + Ox21 + 1x20 

10 1X10i + Ox10~ 1010 1x23 + Ox22 + 1x21 + Ox20 
11 1xl01 ,+ 1x10 1011 1x23 + Ox22 + lx2l + 1x20 
12. lxl01 + 2x100 1100 1x23 + 1x22 + 0%21 + Ox20 
13 1xl01 .+ 3x100 1101 lx23 + 1x22 + 0%21 + 1~20 
14 lxl01.+ 4x100 1110 1x23 + 1x22 + 1x21 + Ox20 
15 lxlO + 5x100 1111 1x2 + 1x2 + lx2 + lx2 
16 lXlOi + 6X10~ 10000 1x2

4 
+ Ox2~ + Ox2~ + Ox2i + Qx2~ 

17 lx101" + 7x10 0 10001 1X2: + Ox23 + Ox22 + Ox2l + 1x2 
.~<~ axlO, .+ 0!x:10 10100 1x2 + Ox2 '+ lx2 + Ox2 + Ox2° 

." 
I,~:' ~·:'~~Y. ..t 

Decima1'~Umber~, sinoe they have a base of 10, may be broken up into 
pO*ers ot 10: ' . 

. 2 1 o· -1 -2 -3 e.g. 305'.798 = 3x10 + OxlO + 5x10. + 7xlO . + 9xlO + 8xlO 

In' the same way, b~ary numbers, since they have a base ot 2, may be broken 
up into powers or 2: 

e.g. 101.011 = lx22 + Ox21.+ 1x2° + Ox2-1 + lx2-2 + lx2-3 

It oan be seen from. this arrangemenii of the powers ot the bases j 'that the . 
, ' ."deciinaJ."p1a.oes .,,( units., tens ". hundr.eds, tenths, .. hundr.edths, thous andths, etc.,) 

have a definite relation to the powers or the base 10 in the decimal system. 
They are numbered qtt consecutively trom lett; to right, trom + 00 to -!>O, 
these numbers corresponding exaot1y with the powers ot the base 10; the decimal 
point is p1ac~d be~een the units (O) plaoe and the tenths (-I) place. 

!he binary places (unit~, twos, tours, eights, sixteens, halves, 
fourths, eight~, etc.) are also numbered exactly according to the powers ot 
the bas, 2J the binary point is plaoed between the units (0) place and the 
halves (-1') plaoe. . Thererore , the place and point ar:rangement is the same 
in both decimal and binary systems. 

= 1 
= 2 
= .3 
= 4 
= 5 
= .6 
= 7 
= 8 
= 9 
= 10 
= 11 
= 12 
= 13 
= 14 
= 15 
= 16. 
= 17 
= 20 
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e.g. Deoimal Plaoeand 
Binary P1aoe No. +00. . • 3, 2, 1, O. -1, -2, -3, • • . - 00 

305.798 3 0 5. 7 9 8 

101.011 1 0 1. 0 1 1 

II. CaRVERS ION OF DECIMAL NU14BERS TO BINARY NUMBERS 

- In order to oonvert a uumberfrom. the decimal system to the binary system, 
the number must be ohanged from powers of 10 to powers of 2; therefore, the powers 
of 2 are taken out Qt the decimal number" They may be taken out as tollows in 
a brute-foroe manner, or more s~p1y aQ shawn later in an a1gorism. Follow the 
work sheet at the end of the examples. 

a. .Integers. 

Example 1 Given: 

To Find: 

Method: 

18 

Binary Equivalent (First Method) 

Extraotion of Powers of 2. 

Take o~t ot the d~oimal number, 18, the highest power ot 
2, = 16 = 2. A 1 is now plaoed in binary plaoe No.4, corre­
sponding to the power of 2 found. .S~btraoting 16 from 18 leaves 
2. -The highest power ot 2 in 2 is 2 = 2; therefore, put a 1 in 
biriaryplaoe No. 1. Subt~'acting 2 from 2 leaves 0, so the oon­
version is oompleted. Sllncer.C!i:.tili.i·i':nc:.wters>itlleHonql.p,OVl.ers.:.<of: 2 in the. 
LIWen~.1num.ber j ai~s.,*ppear- ro:gl:v 'Jin'"b~nar~cplaQe, c~ M~,J,. !:_l1.h~>l@oeffic l.ents 
()£ thernon"~"ppe~ing~.;powers must have been zero, 80 zeros are entered 
under all the other binary plaoe numbers. 

Ex'ample 2 Given: 730 

~o Find: BinarY '.Equi valent (First Method) 

Method: Extraotion of Powers of 2. 

The highest power· ot 2 in 730 is 29 = 512, so a 1 goes in No. ·9 
730 - ,612 = 218 

The highest power ot 2 in 218 is 27 = 128, n n ft n II No. 7 
218 - 128 = 90 

The highest power of 2 in 90 is 2
6 = 64, It It n n " No. 6 

90 - 64 =26 

The highest power of 2 in 26 is 24 = 116, n n n n " No. 4 
26 - 16 = 10 

The highest power ot 2 in 10 is 23 :!:: 8, n n n n n No. 3 
10 - 8 =2 

The highest power ot 2in 2 is 21 == 2, n n " n n }lo. 1 

No other powers ot 2 appear so their ooefficients must be zero. 
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Place Bo. I 

~ 10 9 8 7 6 5 4 3 2 1 o. "~.,.,.~:~2 -3 -4 -5 -6 -7 -8 
I 

18 0 0 0 O· 0 0 1 0 0 1 o. 0 0 0 0 0 0 0 0 

.730 0 1 0 1 .1 0 1 1 0; 1 o. 0 0 0 0 0 o· 0 0 
I 

0.147 0 0 '0 0 0 0 0 0 0 0 o. 0 0 i. 0 0 '1 0 

" 

A simpler method of conTeraion of decimal integers to binary integers 
is" 'shown' in' the following algorism. ·Powers of 2 are taken out of the decimal 
number by sucoessive divisions by the base 2~ The remainders after sucoessive 
divisions of the number (and its quotients, resulting from successive divisions 
by 2) indicate the co~f.!.!g~~!I:)ot(·.the.ipOW'ersoqt·Gthe~ base. 

, , . . j' 

Using the same examples: 

Deoimal Number 18' Given. 

To Find. 

Method. 

Binary Equivalent (Simpler Method) 

Algorism' 
.. , 0 

If'there.i~ a O's power of 2\(2 ) .oontained in the number, its 
presence will be indicated by a remainder after the first division of 
the given number by 2. If there is a'l t s power of 2:: (21) contained 
~n the number, its presenoe wili be indioated by a remainder after 
the first division of the resulting quotient by 2. If there is a 
22 contained in the number its presence will be indicated qy a 
r~~i~der after the next division of the resultant quotient by 2, 
etc '. That is, the coefficients of the powers of 2 are the remainders 
after successive divisions. 

2U&. 
2~ 

2L.i. 
2~ 

2Ll. 
o 

dividend 

quotient 

quotient 

quotient 

quotient 

quotient 

o re~inder = coefficient Ox2° 

1 remainder.= coefficient lx2l 

o remainder = coefficient Ox22 

. 0 re~inder .= ooefficient 0%23 

i 'rem~inder = coefficient lx24 

This same algorism may be applied to the conversion of the 
decimal number 730 to a binary number: 

2 730 

2 365 
.... ,,' 0 

/~ f)· .. x·2, 

182 1 21 x / 
22 / 

27 91 Ox 2 1 x 
46 1 x 23 

1 o x 28 

22 1 x 24 0 1 x 29 

11 0 x 25 

x26 ,/ 1011011010 •. = 730. 
5 1 ,. 

'2 
L ""i',, ,.// 
··l~ . .~ 

,.v. 

1 
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b: FraotiOJls 

Given: 

To Pind,' 

lIethod, 

Page 4 

.147 I' 
Binary Equivalent 

I 

Extraotion otPawer8 ot 2 
", '-3 
!hehishest~pawer ot 2 in .147 i. 2 = .125 80 a 1 goes in _0.-3 
.147 - .125 =.022 

, -4 
The next power ot 2 in order is 2 ' = .0625, but this power ot 2 
'i8 not oontained in .022, so ooefficient of the (-4) place = O. 

2-5 = .03125; not in'-.-oz2, 80 O' in:Bo. (-5). 

2,-6= .016626; i8 in .022, 80 1 in 110. ·(-6). 
, .022 - .015625 =;' .006376 , . ' 7 ': ,- • ' ; : ~. '.' ,- .' , .. 
2-' = .0078125, not in .006376, so 0 in Bo. (-1), etc. 

That'methoc:l of c,onverting a deoima1 to the binary system always 
worka, buti~ ,i8 laborious and ofters JD.8.DY chances for mistakes in the 
div~8ion and' oubtraction ot such long numbers. 

There i~ another methocl b~ed on the s~e principle ot taking out 
p~ers of 2, whioh, however, is muoh s~ler. Given a decimal: -- by the 
tor.mer method, it it is 1arger'than 2-1 (=.5), a 1 goes in the -1 place; 
if the number (or the remainder atter subtraotioDot .6) is greater than or equal 
to ,.26 (=2-2), a l goes in the -2 place.' However, it is the same thing to say 
it twice 'the given decimal is larger than 2 x 2-1 (=l), a 1 is put in the 
-1 p1aoe; it 4 t~es the given decimal i.' larger than 4 x 2-2 {=l),a 1 is put 

" in the -2 place. ,It 8 t~es the given dec~a1, is larger than 8 x 2-3 (=1), 
a 1 is put in the -3 place • This is the same thiilg as doubling the number 
'(or its remainder atter a' power 'ot 2 is taken out) at each step and oomparing 
1:t; with 1. It the result becomes greater than 1,,. a 1 is taken out, and the 
doubling process starts again on the re.m~nder. 

Given: .1.' 
To FiDd. Binary Equivalent 

Method: .i.;,#gori,sm.:: -

,The tormer method started out by asking: 

is .147 ~ .51 (It so; a 1 goes in'No. -1) 

is .147 Z .26'1 ( " n n n n " 10. ,-2; 

is .147 ~ .125'1 ( It'. n II, n n II lio. -3; 

it not, 
II n 

II n 

a 0 goes 
II n n 

It n II 

in -1.) 

II -2.) 

II -3 w) 
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This method starts out by asking: 

is 2( .147) '2:. 1,,/ (If so a 1 goes in No. -1; if' not, a 0 goes in -1.) 

is 2x2 (.147) :::> 1? en n " n II n No. -2; n .. n n n n -2.,) 

is 2x2x2(0147) ~1? ( n n n n n n No. -3 .. 1 
n n n " " If -3.) 

'2(.147) = 0294:!:" 1, therefore, 0 in No. -1 
2 x 2{oI4r) = 0588 ~1, " 0 n No. -i 
2 x 2 x 2{0147} = 1.176 >:1, .. 1 n No. -3 

(1.176 - 1.000 = 0176) 

2{.176) = ,.352 
tX.2(.176) - .104 
2 x '2 x 2{oI76) = 1.408 

(i.408 - 1.000 = .408) 

~ 1, *-1, 
71, 

therefore, 0 in No. -4 
II 0 n No.-..:-:-5 
n, 1 n Noo -6 

2'( .408) = .816 "* 1, therefore, 0 in No. -7 
2 x 2(.408) = 1.632 ~ 1, " 1 tI No. -8, etc. 

This result checks with that shawn in detail above. It can also, be)shawn 
that if' a dedimal repeats itself in the decimal system, 'it also repeats itself 
in the binary system. This method is shown more compactly below: 

0.147 
0.294 
0.588 
'1.176 
0.352 
0.704 
1.408 
0.816 
1.632 
10264 
0.528 
1.056 
0.112 

.0 
o 
1 
o 
o 
1 
o 
1 
1 
o 
1 
o 

III. CONVERSION OF BINARY NUMBERS TO THE DECIMAL SYSTEM 

Given a number in the binary system, it is always a simple matter 
to convert it to the decimal system. ' The converted number is simply the sum 
of the powers of' 2 whose presence in the given number is indicated b.r l's in 
the corresponding binary places. 

Binary Decimal 
Place 5 4 3 2 1 o. -1 -2 -3 -4 E uiva1ent 

1 0 1 1 0 1. 0 1 0 1 5 3 2 0-2. -4 1x2 + lx2 + lx2 + lx2 . + lx2 + 1x2 = 
3i + 8 + 4 + 1 + .25 

45.3125 

The coeffioients of the other powers of 2 are zero, so they do not 
contribute to the converted number. 

+ .0625 = 
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. IV. ARITBME:rrc 

a •. Additiop 

Sil10e 1 is the largest digit in th~ binary 'system, it is evident that 
au.y Bum larger than 1 must be represented with the aid ot carryovers, Therefore, 
no matte~ how many 1 ':s' ·are added up in one column, -:the r~sult under that column 
mus't be a 0 or a I, the rest ot the sum is carried over .in its binary notation 

, ~d set up at the head of the.adjacent columns t~ ,the.' 'lett . as carryover tigures • 
. Thus, it a sum ot 1 t S ,in a column adds up to, 6 (whioh",is 110 in the binary 
not~tion) a 0 i& put at t~e bo~,ot!;:,thecco~ 8.rid:;'thettwo::'1~~si.",.are::p.ut·atl.:the 
head at adjacent columns ·to the left as, carryovers. Thisls the . same as 
,adding the 1 's in binary tashion at each step otthe columnar addition. 

(1 + 1 = 10; 10 + 1 = 11; 11.+ 1 = 100;100 ... 1 ~ 101; 101+ 1 = 110 = 6) 

I 
' .. I 

1: .. , • • • • , I I , 
e.g. 1 11 1.;)10 2 11 3 III 7 111011 59 

1 1 1 1 1 1 101 5 110111 ·55 --
10 2 11 3 100 4 1100 12 1110010 114 

(The 'small numbers 'above the examples' are carry-over tigures put in tor ease 
in tollowing the addition procedure,.) 

,I: fo or, more ea~ilYI . ,t , 1', 

i~l • e.g. 7 III 7 III 7 111 7 Addends 
all 3 110 6 011 _3_ 110 6 
101 5 011 3 1010 10 11r91 13; 
001 1 III 7 101 5 011 3 
100 4 010 2 1111 15 10000 16 
III 7 100 --L Om1 1 111:L _7_ 

11011 27 11101 29 
10000 16 10111 23 

100 4 Olaf 2 
10100 20 11001 25 

III 7 100 4 '- -----11011 27 11101 29 Sum 

b. Subtraction 

Subtraction" is based on the folloWing rules: 

o trom 1 always gives 1, and'l fran O.alw_y.s gives 1, but the latter requires 
tlborr~ing" from the first column to the left. A 1 in thef1rst co1~ to the 
lett is' reduoed to a by borrowing; a a in the first column to the left is 
reduced to 1, causing the digit in the second column over to be reduced~ etc. 

0 0, Olt 0 O. 10 0 

10 21 " 100 4 
, 1000 ,1,8 ).'} .'j 1110 J14(.- 1. ~.1001010"· ·"1.74r"! Minuend .. \) 

--±.. -1 . --=l-=L -1 -1 -1 -1 -0111101 -61 Subtrahend 

1 1 011 3 ·0111 7 1101 13 0001101 13 Remainder 
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',' . 
~e ,amall nUllberl show how the digits are c~&lJged bf borr.owing.:' ,See a1s 0 

'Subtraction under",Comp1eme~t8 n ~ 

c., KU~tip1ication " 

" Jlult1p'lic,ation in 'the' binary, system i8 dolle exactly as in, ~he decimal 
'ayat .. 'and' i, 'based on' the :mt1tip1ica~ioDt"b1e"O x 1 = 0, 1 x 1=,1, 0 x, '0'= o. 

101011 'or 101011 '43' '~25+ £l + 2.1 '-t, 20~ 'Kultip1i'cEU1d 
,,1'01110 101110 46 == '25 + '23 + 22 +~:~1 lIu1tip1ier 
000000 ,1010110 258 ! 

101011 ' ' ~ 'iOlOll ,'172, ' 
, 101011 1000000~O ' ,1978 Product 
101011 10101i ", 

, OpOOOO , 1001011010 
101Q11 1010110 

, 11110111010' 11110111010 .' . .... 

d. ' Divis ion 

DiviSion :iU the binary system, in carried out exaotly as in the 
. I . . 

decimal system. ' 

'1)' 1,; = 1 " 1) 

0111.1100100001011001 
1(111)10110011.0000000000000000 

',101i1 
'0101011 

10111 
0101001 

10111 
0100100 

10111 
0011010 

10111 
'00011000 

10111 
0000100000 

: 110111 
00100100 

10111 
0011010 

10111 
11000 
10111 

0001 

o = 0 

7~782608 

23) 179.000000 
161 ' 

180 
tS1 

190; 
184 

6Q 
, ,46 ,,' 

140 
138 

200 
184 
16 

Check on,Quotient 

2
2 ,+ 21 +2~1' = 7,_ 

2 -2 ,:;:: .5 
2 ' = .25' 
-5 

2_10 = .031250 
2_12 = .000976 
2 = .000244 
2-:-13 

= .000122 
, 2,~16 '_ .000015 

7.782607 

'\It'should be Dot.d'that in order to 'get the decimal ~quiva1ent at the 
binary quctient to equal the deoima1 quotient t,o 5 deoimal places, the binary 
division had to be oarried to 16 binary plaoes., 
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e. Complements 
I 

The ordinar,y complement of a number in the decimal system is 
obtained by ~ubtracting the number from the next higher power of 10: e.g .• 
complement of 18 = 100 - 18 = 82. The ordinary complem~nt of 8. number in the 
binary, system is obtained by subtracting the'number from. the next higher' power 
ot 21 e.g 0 oompleml3nt of 5 = ,23 - 5 = 8,.- 6 = 3. It oan be shown that the 
ordinary, complement of a power .of 2 is that power' of 2 itself. S,e Example 3,. 

An9ther kind of complement of a number is 'obtained by subtracting 
the number from any higher power of 2. 'Notice its use under. tlComp1ements, 
(Subtraction Using Co~p1ements) • 

GivenJ: . 

.. 
'. '('" ,),1 \: '1 ' 
! 100101 

~ \ i. "I \ {2} ,~,~ , 

101010 

To Find: Binary Complements 

(5S'.'.' '" 
100000 

. Method: Subtract from next higher power of 2. 

(1) 1000000 64 
-100101 -37 

0011011 27 

(2) 1000000 64 
-101010 -42 

::)0010110 22 

(3) 1000000,64 
-100000 -32 

0100000 32 

Another method for finding the ordinary complement of a number 
in the binary system is to interchange all 'O's and l's and add 1. 

Giyen: 

To Find: 

Method: 

(1) . 
100101 

(2) 
101010. 

.(3 ) 
100000 

Binary Complements 

Interchange 0' s and l's and add 1. 

(1) No. 100101 number 

(2) No. 

(3) No. 

011010,' interchange O's and l's 
__ -=l~ add 1 
011011 o omp1 ement 

101010 
010101 n 

1 
010'1111> 

100000 
011111 n 

1 
10000P 

These results check with those above. 
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r.. Subtraction Using Complements 

. Instead of subtract~g one number from another, it is possible ~o 
take a oomplement of the subtrahend and add that oomp1ement to the minuend, 
provided' the power of' 2 whioh 1f'as. added td the subtrallend in order to get 
aoomp1ement is subtraoted from the answer • Practically, subtraoting out the 
added p.ower of 2 means dropping the 1 :tn the .last bin~y p1aoe on the left, 
if the pawer of 2 us~d in gett~g the oomp1 ementis greater than that contained 
in either number. If: not, then the power of 2 must be subtraot~d out qy the 
usua18ubtractionmethod. 

Regular Subtraotion 

1011100 
. -:jOl101 Number 

1901001. Answer 

Number 
Complement 

" 
" 

-10011 
= 01101 
= 1101101 

.:::: 1111101101 

Subtraotion by ~Addition of Complements 

·1011100 
Oi101 Complement 

1101001 S'um 

.-100000 26. 
1001001 'Answer 

1011100 
1101101 

11001001 

-10000000 
01001001 

·1011100 
1111101101 

10001001001 

-10000000000 211 
00001001001 

Notioe that in the two examples on the right, dropping the last 1 on 
the left in the sum gives the same result as subtraot~g out the power of 2 
added to get a complement, .because the power of 2 added was greater than that 
oontained in either· number. 

l4FM: has: om 
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