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2.2 Progreas Reporta
2. GRADUATE SCHOOL RESEARCH
MULTIPLE PREDICTION THEORY

2.1 Index to Reports

During the last quarter some work on pred

Page This work was stimulated by twe of the project semin

Title and theory of prediction was presented by Frofessor
of the Meteorology Department and Profesaor Norbert

Multiple Prediction Theory T seminars and the ensuing discussions will be reported
demic Program. The work outlined in thila pre
) 3 Wiener and will be presented in detall in one of
Counting Structures of Finite Relations 9

The theory of the beat linear prediction
Multiple Scattering of Waves from a Spatlal Array of Spherical Scatterers 10 developed simultaneously in Russaia and the United
The men chielly responsible for this work were A,

prie was
£ (1, 2].
Kolmogor The essen-
tial foundations for the prediction of more than one

- . 1 been made
Energy Bands in Graphite & available and this is to be found in Professor Wiene [3] . Most
of the resulta reported here are essentially the matrix fac the exp
Variational Determination of Atomic Wave Functions 18 language of prediction theory.
" & ° . N ., ¢ Suppose that two simultanecus Serles of meaBurem
Seattering of Slow Electrons from Atomic Oxygen 19 time and suppose that these two series are the measured va
belonging to the same physical system. Thus, as ti
Neutron-Deuteron Scattering 20 physleal system from state to state, the measured

tem will change. It 18 the Job of the ther or

of thelr past

” " thepe parameters at some speciflled i
; Well 21 of I
Elgenvdlues fon & Spheraidel Nel history up to and including the pregent, do this prediction
) preclsely and under all clrcumstances, e mathematiclan to
A Self-Conaslstent Determination of the Nyclear Radius 23 saet down those criteria for a good predic 1 and those whieh prediction
becomes posslible with our present state of knowledge I the
Dynamic Benavior of Shear Wall Testing Machine 24 are also Justified In most ceses where we desire lee
The state of the system at any p
Analysis of a Two-Story Steel Frame Building Under Dynamic Loading 24 a random variable and, without loss of genera
random variable taking values on the inte 1 i
itesponse of a Five-Story Frame Bullding to Dynamic lLoading 24 It s sleo astuged that the gystem 1B conssyvatt

system from one 8tate, o, at time gzero,
be represented a®s a measure-preserving pol
Machine Solution of the Diffusion Equation 25 and 1is such that T(a) = «’, In general, dur

ssesges an inverse
wamics will carry the

point ® into the point T‘h[d)
Evaluation of the Explicit Difference Formula for a Parabolie A1 ww s o P
Differential Equation 29 Now let f, and I‘,z be two parameters depending on the system so that at time n
£, = 0 (1%), 'r2 =1,
Stability of Thin, Shallow, Elastic Shells 31 2 >
If the series of values of the two parameters measured at time zero, one unit in the past,
Steepest Descent Analysia of Resistivity Date 2 two units in the-past, ete,, are written:

£ la)s 200 ) 23007 %0) 0

1
£, (), £(17 ), £,(17%0, ...

Then a "good" linear prediction of the value f‘if\'[‘r'«‘J; 1 =1, 2; m>0 will be that linear

combination
L{m (@) = 3 Y7 (1 wel® e, gy
J=1,2 N

n=0
such that i
'
(1) f[rlf'r”mj - :.Em}cu}] do
18 a minimum, The minimum value expression ) mean-square-error for the indicated
prediction, where the averaging Laken ¢ T 18 ense e of egll possible states of the sys-

1 = X
tem., The criterion for "goodneas" 1 es a8 & solutlon to the predietion problem that

llnear combination whose mean-square-error 18 leaat.

The assumption that
both time series are statlonar
assumptlion that must be made for

ving 1s equivalent to the assumption that
[ owing solutlon poasit A second
utlon 18 equivalent to asking that the time

e e ——
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GRADUATE SCHOOL RESEARCH

GRADUATE 'HOOL RESEARCH

'ERING OF WAVES FROM A SPATIAL ARRAY OF SPHERICAL SCATTERERS

over the central spherical surface and over the cell a
product GY, the integral over the cell surface vanlst
oF

ilation - The task of devising an electronic wave function in a periodic lattice ShEEREX

Imar that of Jolning smoothly a eentral-force solutlion, appropriate lor the almost - ; 2, : A=
3p>sr Cﬂ”.‘r symmetric atomic intepiors, to & p].ane wave solution, appropriate for the almost (51 ¥(r) = (a“/v) {T(QOJ{BG Som,) - r )] 42
tnteratomie reglona. The work of Slater [1], Korringa [2], and others ] indi- ) . . )
henever 1t 15 allowable to simplify the pr‘oblem by saying that inside a sphere of where dQ) 13 he element of aul_!d angle sin 9 d& dg, and 8 c 8, of d ot
& effective potential is spherically symmetric and outslde this sphere, ocut to Elven by 9 ? Setting 'Ir = & leada to an infegfal®equatT®n ¢ ,f
cell boundaries, the effective potentlal !s zero, then a technique of Joining at sphere, whifh Is the equatTon We deslre. Using Equations (1) and
surfaces r = a will produce the eppr‘opriau- solutton. Several forms of Jolning 2£+‘ £ e i
ittons can be derived; the important thing !8 to find a form which can be easily manipulated (o) Fug = ® L——L{f!/f (o) [b- a {alu )
r ealculation. The present paper dlscusses a modificatlon of the forms glven earlier, which mrht ('°-+m
appears qQulte promlsing. ) o y
- + a(QUEN_ Q&L\)]"P“\?.-.'“"_-’ Giel :D”J» ¥

To assume that the effective potential is spherically symmetric inslde the sphere

r=a and 18 zero in the interspaces is to maike the problem identical with the acoustical which 18 the fundamental homogeneous equation determining the ¥'s and K in terms of K.

of the tran sion of sound waves through a regular array of spherlical scatterers,

cases we need not know the detalls of the wave Bolutlon inside the apheres in order Since Equatlon (6) is a homogeneoua Integral
the solutlon in the interspace; all that !s needed 18 the value of the logarith- for only certaln discrete values of k for a given T
es, At surface r = a, of the interior radial factors for each apherical We can find thils relationship by a variat

1 other words, if the wave functlon at the aurface r = a ls se we can solve the implicit set of simultaneous

sen K, since the F_,'s converge quite rapidiy.
- ﬂ:f ¥ J
(1) O Z Fop¥g(¥,0) (r=a)

To put Equation (6) in useable form, we

are the usual spher .l,a. harmonlecs 4,then all we need to know about the interior, Green's functlon (for a¢rg HL‘-J

the value A varjous g's, defl ncd in the equation . 1K
. . - GK__,_(EHG} = (1k/4w) z_‘ e
o b Tal 1 4 & o > D
(2) /ar) = - f.s)z EgF Y7 (r=a) :

< : = le {2£+:)+—r +

Knowing values of the problem 18 essentially one of finding allowed values of the "y
F'as for of spheres, subfect to 3 'quit‘?mcn. that, as one goes from the mk
zero!'tt 11 in the lattlce, the wave 18 mul ltiplied by the factor exp(lK.R_ ), 22,
whape wave number vector '*na"acfﬁri?‘rg the particular solutlon and R_ {8 the dTa-p + E ! £141) g}

placement v or from the Zero'th to the p'th cell, Knowing the F'a it 1is, ofP course, easy
then to Cind the wave solutl inaide the spheres, 1if thia is needed. t‘.quat.‘cm (2) ‘s alao
the sppreprilate form for acoustical waves In a lattice of spherical scatterers; in the Z

acoustical case the g's may be complex numbers.

)

rn

The solu in the fleld-free interspace can, of course, be expreased in terms of .
plane waves where Qp are the spherlical angies for R, and where the 1'a gre the Gaunt factoras,
Z derinedPby Phe equations P
(3) ¥(r) = B exp [1(K +K).r {outside spheres = it . Mt -
] < 7 [ o ] P ) (7) Y?[S,mj\’i‘(s,m) - Z ;l![l!l£!n;l£|}\-: ml,'&.q:j
K, 1s the vector from the origin to the p'th point Iln the reclprocal lattice, and the n
| ng eqancrs can be aet up in terms of the B's Instead of the F's. However, in actual . : ¥ - " " P o i
practice serles (3} con r‘g,ra much more slowly than series (1) so it 1s usually better to We also need the g factors for the Spherical Beasel fun
solve first r the F's, then for the B's, a [s] i AR |
(8) gxt.(a) = ~[a _,ﬂ[ri&)][d,,g[-{&)'dﬁ]7 rar.[‘l‘gt.:a}_}
equatlon for the F's in terms of the g's 18 most easily obtalned by use of the L ) P A . e il e P -
Green's (u on appropriate for the lattlce, corresponding to a point source in each cell, would be the.values of ""'"'.';5 8 lor Equatlon (2) he e lve potentigl inside r = a
at the polnt r_+ R_, the source In the zero'th cell having unlt amplitude and that in the were zero. Tables of oy are avallable [
p'th cell havifg amplitude exp(1K I{ ] .
] Substituting all this in Equatlon (6) we obtaln
() a, _lr")z() = [exp{l!{.ﬁ + Lflr‘-]" -R|)]/|p-r.-R o
W= o = ="=0 s == } = ka Jylk 1 - 1p{ka)F
E g_’_a P P |=-zg P] (9) aF_ s a Jyl al{ (gp-8plhy(ka)F ,
oF= E' 2 £-m)! . f »
= (Uw/¥) E . [exs LK #K) . (2-r )] / [IK +£lz-*2] + 11 21-851) g (ica) [”“”l FoN Z T (mb wr1bv]).
v mede n
volume of one cell. These are, of course, conditlonally convergent series; 1 LK. R
their use will lie In the convergence of the Integrals involving them. 2, ™y Mg g Je = Ip n (kR .J] Fovi
2 5 p#0 - 2 - :
the parameter K measures the energy of the electron or the frequency of the sound " . y At ' e J 1 This 1 t
wave, 81incg we aBSuUmE ln the fleld-free i{nterspace the homogeneous equation for ¥ or G for each cholee of K, k la adjusted to maike J = 1. This 15 a compac
1 VE + K t form for use in computatlons. The 1 square hracuke [+

= 0. The Joinlng equations for r = a must, of course, give us the relatlonship

y in addlition to determining the F's.

cel interliors and may b
lnterlor only comes in wliin

répace between spheres 1s lated to phase angles for sca

creasing £ and in many
¥(r) = {;.-"'hW]f[Gmiz pau&a,--ansy - *‘(35}(30-,,

go rapidly to zero [«
T 1 four place computat ‘nu of k
£'s may be add: , If desired.

The Integral equation for ¥ in the {ir

.,-"ana}]d.s and of the F's, The first-order effects of higher

: P
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1
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| I 4 B

| 0

Pl
i ! E : W Fa (7, 658D
z = | | ( n
3 I - y
I__'.‘“ ) Al 4 ] +2 . ge o, 4 we havy
elpre lattice, uy,
1 34 2 cell. We have but the task
ease 1In mputatlion; it 11l be added separately. Figure 1.
= e : : poles of rme for the
= 0 distributed source must then be subtracted off. This is nearest two po yolated to obtain
zero except

he second part of M is intermedlate values.

T alsc that M9 for
+ (Z4na,) equals M2 for

(12) M Tr
mn = “>nmc{;|1'.l1

1 Properties pf

We note that oni; 4
I (mf|mf) = (E+rr-§ i
t8m in the curly brac
also, from the formula

(15) -ka(gy-gp

o
K

where Pg(z) = tun_]I—znf(:] "f. SJ

nally the difference between the waves, at r = 0, due to the actual @ Tabl P e itahe .
! ) he es, D, due to the o) and to the sub- ables of hxye-aehpubiiianed ’
stituted @(B) has to be added, The p! term of this correction neriﬂzs(ia)s : [ 1

W T
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0.4

-0.2

Table I Directon I, K = & K
= x

{; S8ilmple Cut

Values of zﬂg '(Z_ié—) [;E%;f . {_,_":,__]'E' _-_::_

Z=0

-T712
-.T110
- . 0467
- <5775
-.5023
-.4196
-.3270
-.2214
-.0971
+.0l45T

o

Values of ?.2

-.03619
3897
h222
L0k

-.05000

5629

333

[+

e
&

Blihi

-.10132

0.1

L7758
LT1loH
L6530
5850
5113
L4306
L3409
2393

1211

L0124

L0294 4
3168
3529
337
.04102

ek

5047

0.2
-.T795
-.72006
-.6580
-.5909
-.51485
- 4395

-.3520

Ting of 29 1
Values of z ME .{e_w,a.] {..2 . 4

-.03619
3897
4222
4606

-.05066
56249
6333
7237
Bl

-.10132

Z = (bK/r);

- 03416

T3
hool
L4T9
L0k
5628
BhLS
7518
8906
+11070

-.0372
1 - 2
(1-2)° - =
-.0224g -.01524
2422 1644
2625 1785
2867 1956
-.03151 02156
3503 2407
Jakz 2720
450t 3142
3708
-.06319 oks1T
A (1-2)° - =

-.03226 -, 03065
3521 3349
3660 3682
L286 Y077
LOhB10 -.04553
5426 5136
Gezk 5865
7278 6798
Broy 803
-.10712 -.0974T

z = (bk/w).

"

Latilece spacing 2bn.

0.3

T823
-.T238

-.601T

GRADUATE

-, 00771

|

Bx=
*lal 5}

995

01099

1232
b1
1625

1932

02376

DZN'\:‘
3227
3544
3916

04359
hdaz
55T
6365
7415

OBBUG

SCHOOI

TEAE

-, D49

0583

02953
3230
3552
3330

04378
k915
5570
6381
T4ob

08787
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apl lat ! M's ar ow belng I I
{ ) M.
[:] ] ¢ 51 & (193T)
[2] 4 3, 392 (1947)
[*] W. Kohn and N. i (1ask)
L4 Morse and Feahbach, "M da hedret!ca " MeGraw- ] npany ,

1467,

sxample, "
N.D.R
Phys

might call these functions Ewald or Madelung

" T 107 [1945)
» of, 107 [1945).

1
8] P. P. Ewald, Pi
]

P. M. Morse, Rev. Mod. Phys. 4, 580 (1932).

RGY BANDS IN GRAPHITE

In an earlier repo
nsional graphite mod
for certaln values of
awn that the cause of the
third nearest-nelghbors.
B more elaborate matrix generat
carest-nelghbor integrais In b
eration program,
ve the correct interpretation of
lon 18 being made to determine the

termi-

ed 1in
necessar

An additional test ha8 &ls:
neglected § integrals
g of the energy e 1

wes computed w
mates made of tf
fore it appears

included in

epr-space in

d for

1 (4). _The

relat 15\11)[11] At the present ;

relation Lhe lti-center integral

axpanding all wave

one-center integral

8 procedure are

e previous two-

r'unctions).




GRADUATE

An initisl guess (A) of
then proceed along the gradient line untll we reach an extremum (A
culate the gradient and move in its direction to (B}. Starti
line parallel to AA' unt
reach (E')

necessar;
taking

above procedure glves satisfactory results.
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eci of & large part of the numerical

rnand I. Corbato

sular Theory Group,

lorse-
tiogn af

al caleculations for t
A thorough recalcu
al new states such as

WOrKe VE

1 is no
indicated sch

sry well as long as
satisfied for atates

in Figure

: ma ne in

i ing to reach the
indirect and

lengthy.

To remedy this program has been modifled in a manner 111

» rated in Figure 2.
best parameter values 18 made and the gradie

is calculated. We
At (A') we again cal-
ing at (B), we then move along a
nd. Finall move along A'B' until we
ximate imum pol -] oceas may be lterated if
iterpolation of derlvatlves obtalned by

extremum (B') 18 [
which ia taken as the app
The varlous minima are
t differences.

] -
| @aa (13"?.3"‘2;\5'113 the

When appllied to atates with

Tond Burc

Bl &

s ¥

An effort 18 now being made to improve the wave lunctionas
The most attention is belng Eiven to the 18 and 2p
ted are

meters.,
investiga

£
ls A = N (e /8T 4 pe~o8F)

a 2. -How - Je 0
2p Jy = Ny(Foe or Ly BrReo0ry,; J(cosg)

values of B and J have been calculated for the helium isopelec
ped that thees will hold for any configuration contalning two

Arnold

“RING OF SLOW ELECTRONS FROM ATOMIC OXYGEN

reports ey can be summed up as ar
tinuous state problem. Mathematically the prc
differential equations. The equations are of the form

- X
a2y g (k) u =
X , C y ) Ju( dx') = (
- r{x Jul(x) + g(x, C plxrju(xr)axr) 0
dx o
1

p{x') 18 a known funetion. The constants ’J“" are integrals from 0 toge over the unknown
funetion: w0

Ix":'p{x“,l_[x')dx'

o

solve these equatlions, the pr ..'dl}‘!:' s to
ir theae guessf_-:[‘. Aalues for the 'C-"-).

the integral C and use this as a next
whieh presumably wlll converge.

guesn; ive procedure

The equations sclved thus far
apin of incoming electron opposi .
integrationa make the integral part of
nary differential equation.

8-wave equatlons the total S = 1/2 case
= ] spin of atom). In thils case Bngular
equation vanlah and the equation 1s Jjust an ordi-

2
d—x-;—+ u {{aoﬁ]a - .‘_";El.l(x]} =0

G(x) 1s a known, tabulated furction which depends on
for the oxygen atom; {ﬁ |() is proportional to
phase shifts and these Rave been computed by Wni

function
ated in the

(in radians) (a k) Energy (in e.v.)
-3.11 . | + 180
-3.,09 + B2
-3.07 3
-%.07 o 2.
-3.07 3.1
-3,08 o
Aaron Temikin

rious valuesa of the energy:
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T T Tm—— EIGENVALUES FOR A SPHEROIDAL W
; 4 § { ‘4t e gensltive to tne In order to compute the matrix ele t v .
i deuts Wa 1 leved to be the case. it is necessary to computeé the logarithmic der w RN
. f1ay 3 the integral expresslon tions Je ,(h,a) he ,(1g,a). As before, we have
& ] (19) ! mi mb
/ i 4 ; ~ [
( Ja‘_f { (= @) T(wy -4 (¢-T)7 QL. > h? + g% = w%; w8 = g%
vige [ 149 ‘ : Fr ’
J
g . . where d 18 the focal length of the (prolate) apherol W w 18
n, & ) ( &y g1 1,3 4 the value of the radial parameter the boundary [ fu !
6 ¢ L7 4 &t 8 = + 1 and behaves asymptotic as & sphe 1 a ) -
i on ip at 8 = 1 and has the asymptotlc benaviour of oy in
Wi w M v ie T ( anid @ il and of argument 1ga.
ay ing 's s : a s
farm Now it can be Bhown that Lhe may be | 1 5 11 ica
Bessel functions as |1 S
(1) Jeme(ha)= (52 ) bw) Jan g msp (ha)
of p=0 for (€-m) even
w,, Dy W the exact p =1 for (£-m) odd
®oh e ! 1d i
{ ahd rtgn-nana sides o i .8 RO SR Gk a by e, 7
= i o e s Corba¥ and Dr, J. D, C. L1 was ed

) ar 11 2T B
:‘ ;lqlaa'ltil;m("t[]jsg) out by the method described
'ma added do not in-
regpect to varla-
tical in the

By examining t
ne prolate spheroidal |
i _Eg.!ai. Although tF
EqMition (1) (with the
converge very slowly o
for computing this func

caleulations 1s of

A Buggestlion as to a posal
of the he function. Suppose we

and a val

. 4 5 1 e the lon of the
Lesiation to mint- fhar s slE Jov 100 g vt m s o ion of 1
ding energy which :t_r(ld\ = dy Syl T ) f 1;.‘-' r Ay J T : 35 Zal
Ll e Pus (1) = (o/28) L1k (5,020 =22 o, ()
Now he_,(g,1z) not only behaves as a decreas! & ufflciently large values of

On the other hand.

8 TEnge.
mptotica as e‘l/(x

olng as

which !s not stattona the use of (3) as a deuteron

z, but 1t must be a monatonic decreasing
* s x
about 20 per cent between the left and rlght-hand sldes, "v*;%{?ﬂ(

g,iz) must increase monotonical

The reason

oy sufficiently ial watlon for the
‘ is mainly that L turna cut te involve the correlation radigl Diqﬁg??gingr.:grd ;'I-;m ; ;r': a, ta "--'fr!-”'-’ r we can get
be tweern Ll and large valuds of the argument. At large distances to & high d;gwee‘c.f‘ acouracy UHat
the wava a fact which does not greatly affect the binding o LB EeRE : il
energy. Fo (4) = J,luc'___, {g,éd)
he a res : ey eent difference {2), we find that the Phe(a) x &I
variatlional principles results wh! Various plausi- * . at ‘Am b areat 3
_ I e 1 t nly ve of he_, tha 8 of interest, the value
ATEUMeT e ad e that & ta m put are nol completely con- '(_‘_'I_"[‘ S;HE? 1.: U,I e e Cmk
in. an effort. /e the uncer v has been declded Lo redo the calculations the constant.a; 18 ¢ h
f‘l ore accurate deuteron functlen. Chrlatian and Gammel 'LZ} glve a deuteron functlon This scheme 18 now In use for comput functton, The constants 2
- : in use f | 2 - - 57
‘ 2 2 goqglz Y, @ 4{z_ ) are so chosen that thel t = -g which guarantees that a“/a,
Fir) = €®" 4 ¢.aPT 4 e e T u”_"{’! Be smg'{l Po begin with. By using a s ' cess with an Increment
) e Az determined sc that ghz = .025 ant , 1t was found tha
teh approximates the exact :\n:l_jn lon within three per -*»'.;nl and leads to a differe-ice of only [ frz Ia ﬁi"”n \"l’,f"}j, 2
y tween the two sldes of Equation (2) &) should therefor y A 7 ~ a ti - f "
2l q ( (&) shou erefore be completely ade Soiid be et Had WitH AD erpoD &5 LRET @ \ree i a time of about Fifteen
Beconds,
ge of (4) as & deuteron wave .roduces no lntrinsic |
ue i L ¢ complications in ~ 1 a1 Bunestanst [0
does, however, increase the nunm of terms to be evs.tua:.cdp.snd will re- I1. Computation of Spherical Bessel Funcilons |2
programming and machline time, relutive ease with which the 1 ! L kd
: relatlve S— '] y nn functlona of order bey the equation
was found using wave function (3) that the additlonal machine time The ‘sphisriesl Bessel, Hanked, & o o e ) N :
be excesalve. The reprogramming is now in progress. - ] L oyt L [ § = fliheld
(1) { Xt oA ax T LT Ta
References: Leo Sartort e
r N ; e i % : % L owan n ¢ be Pound 1n 1% pa, 1578k
[3] Machine Methods of Computation, Quarter Progress Report No. 15, p. 23, March (1955). Equationa (1)-(4) may be found L3 p J
|__] A. 5. Christlan and J. L. Gemmel, Phys. v, 91, 100 (1g953).
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The !nequnllt, (6) suggests a method for computing sets of fun
ixed, n,¢ k '~n which appears to be ideally nJlu-d for a r.,g‘.-apr-m dig
J"“SL pu + the '3e- of the two integers (n,, in place of N in (6) and
less than some apecltled amount. Next 'ﬂnPE‘J x) to be any conveulent
The recursion relation (2) 18 then used to geRerate the set of numbers

equivalently, the dlffepence equa

spherical Bessel

| be convenlently is left stored in the mact and also the numbers J_( (x). Use f
last two quantitlies Lognth i the appropriate ond o quations (3) sllows us to com-
pute the normalization co L, 1/4 » 8nd, consequently, I Ix).

In the event that x (and, in consequence, N)
Lo generate many values which lie in region II in order We have seen that use

of Equation (2) in region I leads to "damping" of the round- o >duced at each step.
f the relatlon The same effect does not occur in reglon II. Instead, we should expect the successive con-
: R tributions of round-off error to add in random fashion with a resulting loss of accuracy in
the computation of the normalization conatant ol. My experlence has been that this effect is

1t wlll be neceasary

negligible for x as high as 25 (computations carried out on Whirlwind using 24, 6 arithmetlc).
In carrying out the computetions, & 8light modification of the above thod was
used. It was found that cases occur where J (x) cannot be chosen an\all 80 that
Julx) does not exceed the storage capacity of the macnine. This ¢ was avolded (and
na according to te computing time decreased) by using Equatlon (2) in the form

x ,
2a = — : [ s
(2a) Nt ™ Dri-wE )y = nn (0 7Y 0

ch region. In fact, 1t
galng (positive) func- and computing with the ratiocs throughout region I.
ive function of x. On

Uretsiy

ir of the two
are defined b

Referencesa:

[1] ®. 1. corbato and J. D. C. Little, : Met
nfr+l) Quarterly Progress Report No. 11, p. 37, Marc!

c.f. J. Melxner and F, W. Schafke, Mathlensche Funktionen and Sphaeroid Functionen,
Springer-Verlag [1954),

1@ Kriown behaviour of [?J

L:ﬁ] P. M. Morse and H. Feshbach, Methods of Theore

Mc-Oraw-Hi11l (1954),

A SELF-CONSISTEN DETERMINATION OF THE NUCLEAR RADIUS

A Hartree-Foch type of
a standard heavy nucleus of 22 =

has been set up and solved for

lusion that The purpose of the o 1 1s uclear matter
e |22 distribution and the resulting coll lve r itlal. A ".—r.Lnl.'-:ume
(5b) hy (x) w=N (N 3! forces were considered to be Wigner p1 us Ma radial dep foree being
150} LN R - I Gaussian:
hoo(x) LN+ 53/ 2 I
L sa=e5T ;
Tn order Lo mage use of these inequalilties, we define for n >N V = L3e r ﬂ
Jnpat X I JuwpghXd 4 .'..’1 Pyt (2) ] Plrr') 18 the Majorana exchange and x is the ratlo of Majorana to Wigner force. The
. A *oll utline of the method of ylution:
Jh (x) = “.-Iu‘h (x) + _f*n_ (JJJII fellowlng is an o ne .
= v oad 1 , ! | Y and > May
J,.(x) and J (x) are any two srbltrarily chosen numbers. Repeated application of .. f(a) A square we ‘,"L1'M"," - T \l et it
ar 1ol f ‘J then g,?v' a with 184 non-interacting p clea; 4o n 10, Bpin en

with spin up, 46 with spin
A
ot j (%) (1+4") . o Ty o
" n ' ) (b) The wave functlons for thila ws are used to calculiate tne density distribution
- . o f s rti
by making use of the inequalitles (5), we o the particles.
‘4 (e) The eco ntial ge ) ese 18 caleulated using the assumed |
= ; 3§ ¢ sollect i
{6) J <& r“" Medd o LN+ 3/, ._} internucleon potential.
! ) L Che aM
[ 5 . st af o is der 4 m Lt W potential, and
Table I gives a few values of n va. N with n 8o chosen that J«¢1 . = (d) A new set of wave y \ : te
T from these wave functlons a new )
Table
N = 5 0 20 25 (e) Steps (¢) and (@) are repeated entia 3 the same for two iterates. .
5 5
n =7 iy | 25 Lz 50
3
22 2
]
-




tion when X was slightly
self-consiatent

of the matter

tial is only four

+ galculations with

»8 and connecting bracing.
he two trusses and the dynamic

»ating machine and the concrete test

; elastic-plastic springs. The masses
and are composed of 1/2 of

i ts will all be assumed
ber will be composed of Just

The behavior of each mass polnt can be represented by an equation of the form:

M, = mass at Joint

1
1 in the X diregtion at time t

X ['.|_3 = dlsplace 1
i . :e8 at Joint { in the X directlion at time L"

Eirx,[-l:} = gum of

+] equations

ically integrated by use of terms through the

1]+ (-"‘-'-1::['- + OV + —?‘; + -\—E-—\; + ..]k‘l(:n}

The results will be

ch order Kutta-Gill integration procedure from
the Whirlwind subrouti

We are planning on running solutlons for & large number of loading conditliona as
well as several conditions of support.

Charles W. Johnson

ANALYSIS OF A TWO-STORY

. FRAME BUILDING UNDER DYNAMIC LOADING

_ With the program discussed in the last quarterly report, we have carried out a large
number of ecalcula ns for & wide range of resistance functions and loading conditions. We

gate another group of realstance functlions. This new program has now been written, and we
have run sclutions for most of the resistances.

Charles W, Johnson
RESPONSE OF A FIVE-STORY FRAME BUILDING TO DYNAMIC LOADING

During the last quarterly perlod, we have run a number of analyses of the building
frame using loads of verying intensity and duratio We have also checked one Whirlwind solu-
tion with a deak calculator computation. The mag ides of the amplitude of these two solu-
tiona agree very closely and there 1s only a slight phase shift between the peaks.

s

also declded to make some small modifications in the original program so that we could investi-

o

| T R ————

APPROVED FOR PUBLIC RELEASE. CASE 06-1104.

We hope to finish the analysis of this particular bul
We will then use the same program to analysis a similar bulldir

Charlea W. Johr

2.3 Final Reports
MACHINE SOLUTION OF THE DIFFUSION EQUATION

A description of this problem is glven 1n the preceed
eneral form for the analytic solution and &an outline of & num
2] using a difference equation formulation for variable spac
runs using an example have been made with the I.B.M., Card Pr
definlte coneclusicns have been made. Also, the question of
behavior of an error propogation) has been investigated and will

The general problem is
(1) 2U i[ (x) AV T K(xi>o
= 2 [k V] ,
In 0€x£L, and initlal and boundary conditions

-k ¥| ., =@ , o<t
e

G
=

v | - o<t
2% lx=L 4
Ufx,0) = © , ©C«x<l.,
The difference equation formulation (3] used is
(2) Un’nmJ' - A"‘;J Uh—l.b. ¥ -Bn,J' U"f_ = f:h)Jqu;}...
where W (ke {2k, — h ki) X
"’J hn-! hp + bt J 4 I)"r‘j -
C‘hIJ = u ‘\fl‘._kg ’ln_—i k_‘: )
wCh+ by )
and h
Vim E U(x..} Tl r..=‘Z:‘;‘.') e = mk
" P =
Ky = K(x,) i h=o12,.
The boundary conditions are now d A LS
(3) Ugm = U+ ho K,
vN—J,m * Upst,
Since the solution of (2), with varisble goefficients,
the case for constant coefficlents will be dlscussed. Tt s easily

condition for (2) together with (3) to be stable is ti
tion also be stable f

h_]. Thus, stabllity conditl
(1) Uﬂ}m.} = AU-—:,;-— * Eun_-- ¥ "'1"'--',-"
v = UV, m 'U,,_,J,,_’ Uper,m

- »
will be discussed.’ The property A+ B+ C = 1 1s to still hold.

The term stability as is used h

and consequently can be represented as Uﬁ =CL
prise the initial condition of (4). The"&¥ror
conditions which would be homogeneous a8 far as t
itselfl will have a product form of sol

(5) L;!‘.::'_ = &Ny il 1 ANa- A

m

The solution of the first equality is H-n =A . It is immediately apparent

]Al> 1, IAJ- T ].r"l.l«.‘.

] = uﬁ«f!kh*f"n' i) K6 )

is practically imposaible,
seen that a sufficient
nation coefflclent formula-

» refers to the manner In which an error propagates,
When an error of the type studled here cccurs, it would be due to round-off or Eross mistakes
3 "5] » the kronecker delta.
satisfy () together wit
e error 18 concerned. t
1 s arinam T e .
2lon. Thus, auppose .J:‘ o N.—."m' 50,

This would com-

E e —_ T ep—




T —
.
APPROVED FOR PUBLIC RELEASE. CASE 06-1104.
o NESIE CEMLEIES S
GRADUATE SCHOOL EARCH GRADUATE SCHOOL H
. ; e .3 »1a .+ dec expone 11y, respectively. The second
the error will grow expenentially, llnearly, or decay eXpol sl and similarly for U 0 U u Of course t T (
. W 5 G ; course the boundary conditlons (3)
equality tn (5) s i A are used when apprcbhl’t@’f 12, mebh 14, a6l bounda ne (3
I =
Nypr * 2 Nor 2N, - &N = o _
3 . o, ) iy one were Lo program this problem at this stage
provided C ¢ 0, Setting computer, then compare the steady state wlth the analyt
4l + 2/ cos the formulation as 1t has been set up here so far does
O - - ‘,C. of o

atate solutlon [3]! It is believed that the reason for
condition (3) which "feeds In the heat" 18 & very bad apg
temnerature since the singularity at x = - b = - 2 18 ac

e ANy SR % R difficulty [27] 1s to require the condition
" (P10 A S ' 1
where a ard b sre constants, Complex vald < are excluded. Applying ““f boundary con- (10) f U(J‘_,f;’ dx = T,
dit'ons and conslderable algebralc manipul & may be determined from the relatlen o
: 3 oy That 18 to say, bls‘ integrating over the interval (0,L) Lhe Boundary
(7 Sin N ) [eog 20 — .I (d?e 20 j =0 value 80 that (10) 1s approximately satisfied, 1 may be
\

made to converge to the proper steady
Q so a8 to obtain the proper head in-flow [3].
across the entire interval (D,L) wac used &nd sgaln there
upde LEd% L even though (10) was enforced. It ta belleved that this was e f
. N T 2 / the higher derivatives present in the truncation error assoclated with (2
the exponentially increasing h,l tended t

where d2 - ;\; Thus, o = . -_t:_

function). “Also, the cas¥

0 ad just the
lable spacing
Ivergence

31 1at in spite of
being very small,

%, ..., N1 (the value r = 0 ylelds a zero elgen-

{s snother perfectly good zero of , substlituted into (6) glves A= 1. A total of

to make them signifi
N etgenvalues are found as would Se The cmdilun (Al 2] cou be gToTed
Table II presents some of the intermediste and final results of the example problem
(8) | B + 2vAc cas .-*’,.] e fr @l o, used here. The test for the dominance of t steady state is very It will be remem-
E bered that in the analytic solution there 1B & Qt/L term 1T © a forward differ
It i8 indeed sulflicle stablllity to reguire that all coefflclents be positive ence operator with respect to.t (with aspacing constant to tf state analytic solu-
or zero and less

£t

an tion (11), there remalns the term
k| £ |CezyAc] < [ BeAtc|=1

| B + avAc

Q
still hold for all Dﬁ,‘ ht.

It will be
Likewlise,

for some values of B<0 and A« C (8) will
valuea of elther A or C are not excluded

e 2 (mik) = QUTJ'— = po= = 0178771
of convergence. Under L - 9
solution of the differen- If one applies this operator to the CPC values
this numerical value over the entire terval
steady state dominance in this example, AL m =

does the 2ld expect to gat very nearly
A complete

was used to determine the

anawer

AUy yygy = -01902, AU

{, 44 B
resulta will be described here, Let N, 44 BO

numerlical example has been
™ us adopt the rule that all coefl- whereas auo,ﬁom = 01790, al

- 895, b= 2, Q= 1 in pr
(2) are positive or zero,

Booo = |
1 { spacing in the x direction may be ) N.Boao _ |
taken according to and QUO.QIBE = ,01788, ‘“JN,-JJZ = .01787. |

Xl = En—l. Jl_l = =] The analytic steady state values [3] were calculated from
- fL+b\p L+b | (3L +2b

will satisfy the above stabllity Itioria, Table I gives the manner In which the spacing (11) = .r‘- L b‘j,&u Spe 7 | 3 e
was chosen and the resulting coeffic! s, Constant spacing was resorted to for n>7. As a L+h o.ud
direct result of thls, the | had to be decreased in order to malntaln positiveness of + Cr‘[ z - =54 g £
the coefflicients. L =

The per cent error for m = 9152 ranges

Near the \

The next atep involves comb ce equatliona "l.elrrscoplng") in such singularity the values are worst a3 wo 1 tha ht ask alL this
a way as to obtain a conavant J va Lerval (0, B895). The method for doing peint: 1Is this discrepency near the b ity of Bingulay or Lo
this 1s described !n [2]. The resul ference equatlons are of the form the variable 8pacing or both? Two ssparal » posed to answer this. One, |
with no singularity but with varlable spac a slngularlity present but the spacing !
(9) 3 3 - a8 near constant &s stabllity conditlions will allow, |
U",-"fb* - Zdn.- Viw ¥3, , n=901 b e, B .
2 I It is felt that thls method of combining dirference equations ("telescoping")
These new coefflclents are listed in [3] for n£6. It will be noted that (9) reduces to (2) holds considerable promise for varlable coeffict r 1 d . lal equat lons i
for a = 7, 8 and 9. Also, @ =0 for n27. bl Y11 pegre o Uy 6y are all readily since it can combine the higher mccura f more :
calculated from Table I. Thils: il 12, m+ coarse meshes once the coefficisnts have was I
U = A U R done with variable spaclng and it seems : sible, I
10, ms by = 1632 Ve paga t ”r&_.ﬂ.["'m}l-rj,; +* Chaza Vy w1z Various forms of the boundary conditions were &3 on and |
= (A A E " found to give much better results &ven with &8 Singulsr
LAgsa A9 30 )Urn-‘
/ ! r a1 tef Hildebrand
3 The author 18 very grateful
! (A“’lu Bz + —E“"fl 'q“‘-“ ::I Ug and Dr, F. M, Verzuh for their asslatanc C 1 able
A pot N PR " a8 Staff « I.T. for e iy coperatlion in
+ (A Cq; ; - Thanks should also go to the Statist! 2 8 P
1932 2932+ Tigma By gy + G 304452 ) Uig m the use of the CPC.
/| - .
1 ‘B".- e l:"n,N- + &, 72 5.-5 72 ) Uy, = _
+ e o Philip Fhipps
(Clon2Cpre ) Vg m
26 4
5 27
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L4238

40673828

ine Methods of Compuation and Numeri-

ine Methods of Computation and Numeri-

A Study of the Numerical Solution
v. 29, pp. 223-251 (1951}.

Ine., New York

.0 .b25
2375 . 29166667
0 + 5
45833333
4375
42708333
421875
L 20963541
31347656
43847656
0234 .28173828
LATHOZLY . 3hh23828
24902344 40673828
1240234y 46923828

Comparlison of Analytic

(m = 4480, t =

i “Il

0 ) N z g T

1 1

2 3 i 5
5 ! ¢ 119 i

i 1€ N, 410731 5. 75l30 ) g e

31 3.40331 3. 1074D 4.46130 050 .

6 63 2.49642 2. 463T¢ 3 23 ] ey

| 127 1.75301 1.8u8=1 2. Th5] 2 A1 x B66IG 3 1533k
8 e5¢ 1.24004 1.30 ' 2.50

9 383 .99078 1.0 1. ( Rl
10 511 .B5256 1 ) = o]
11 639 77625 1 y ; 4 11861
12 767 73021 1 5 3 .
13 8as i 1.7053 1 o }

EVALUATION OF THE IF EQUATION

The introdu
tion of the transient
and

The optimum values of r;, and r i’m the ¥ = 1 and de—? = - case
(case II) were shpyn to vary arolnd R . grid f1f1stons, M,
But for the ¥ - Q £= = 1 case (case II he optimum r were {ound to be

significantly lowe?‘x',nan # when Q is finite. The envelope R of

timum values, when
M-*oee, for this caae 18 shown in Figure 1.

and ¥.., cefined
)0

The corner .
of MAgnitude R such that

the earlier reéports may be viewed as an
l1al lmpulse adjustn B

or cast 1

?\'}\'J = A+ f'(0)
o
for case II ?-1,0 = F'lIL" +
" = 2 ra “(0)
and for case III !-1,0 = (At £l ]

ction The initial
se, The envelope
¢ value approaches
IT "when § -Peso,

where f(0) is the boundary input
impulse adjustment A 18 introduced
of A., when M= e _ 13 shown 1in
that"for case I when Q — 0 while

of r value
the transient
r are differen-
edurea, how=
pirical guilde
, Flgures 1 and 2

Numerical experiments, ¢
a8 defined by R In Flgure 1 wlth ti
sponse considerably when 4 ls
tlated described by the present e
ever, yleld no appreclable improvement over
on the choice of r and A values for c
are recommended.

ses un

ried on Lhe present
nant over the translent

Boundary input function of
procedures, Numerical results showed
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STABILITY OF THIN, SHALLOW ELAS

c ¢ minor ¢t on the overall reaponse, T'l1C SHELL
we i steady state error. But BG s oy -
1 e ma Y on be newhat off{set by an in- The general differential equat!

btoloidal ahell are

L 2¢ 9% e \E

( vrerE . £l = R Ly (2
with Professor S. H. (1) J‘*v dx Iy 3
N

PV ' w = — P —32c-af alw Fr o,
e x' Ayt
i where w 18 the deflection 1ir n i

ew T, Ling

these equatlons under the [

et s oot f

(a) The shell ts uniformly loaded

(b) The edges ol the shell at
free support.

(e) The edge
thelr axe
shell,

Using these conditions, & asolution of the Eguattor

(2} w=0 F=-p

To test the stabllity of thils solutlc

(CASE i @Y~

2%

(=) W=

subatlitute theae
slder two cases o

(A)
by the linear
whilech causes by
also the dlsplacen
relations. Therefc
and v must be equal

11

(B) We put no furthe

allow u and v along the edge

The boundary conditions correspon
x= gd : ar = v - & - J-’H &

(zab : @ =TT . Bres By
where analogously to (3) ha A
boundary conditions corresg ding
that the restriectlions on u and v are &

(u)

boundary conditlons, as follows:
= Lo MR Ty
o B bl s SHILE 0TS

4 b

Ay INiaL em ks
= ,!,"Eiffh"ri:ﬁér?fk (Tic]

p sier

Lk

Now in Case A the
tives of the stress |
must have the B xy 1n
conditions on § tn (4)
u and v. However, In C
80 that we may wlthout

The boundary
riatlonal form[2], |
perform the integratic
ane set of llnear algebralc

VAL ﬂrf'

|
1] In Case B the
- ticnal technigues. Ins

he buckling load, we assume serles ¢

KP = Eeio fj,,..‘ Fon WX oh kT
"

|'; “

" w ' {
me
he Lre on of
IEE T the




Doing this, we get a doubly
{dentical with

These

value problem to
1ing stress p,..
ite values ana
te the convergence
rm of the algebraic

e this system when
agonalize H. This
uares which may
ally, the Equation (6)

mputer for varlous values of
in the approximations and
s to glve qulite good

Report No. 15,

arid Molecular Theory Group, p. 15

ted using the Newton Mathod gave
the iterations carry the solu-
ally extreme overshoot. It
o ilteratlons, by reduclng
cted. Only when very near
1) was aslonally possaible
af th n solution was the
iteration. The matrix solution

=ach

or much closer to its solution).
letlons, or in asingularity with the

Apparently the Newton me
and 1t declded to investli
equations, This is de
It does not require

i extent for

thod was not too well sulted to the kinds of functions in-
epest descent solution for sets of non-linear

re data polnte than varlables, giving a least-

In addition, & way was found to compen-

gnitude of the variables, a result of

zth). This procedure was fourd superior

Reconelling the notatlon of the previous

L with that of Householder:

lables nearly equal, giving degeneracy,

't i v
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¥, = ()= F(R) = £, - &
b = 7o - 4 = 4
= ___J._,— - .l—
= I+ K; 2
P =Zy = Lfy-F)
X (§)» x(? (rendt o 5 TersTione)

Proceeding with Householder's notation
R] = XO - A i

and, in general

Xes Xy = Mgl
(El'jjld-[ . E i ’L,(u‘)"
where
s = (vg);
th (."J; )" = v.&)r

the 1 components of <gp after s 1
for a three-layer case, f] and @2,

zrations, and A 15 such as to minimize 9. In particular
y known, £y sfp Py =dp By edy

3 / / o L ;
Vg = (P8/2F) /[ X (2¥/5%) 1"

3 ‘- . . b hilhl |
V= (2905 /] :-*f_%) + (854.) "+ (29 204) ]

As mentioned previously, the dimenslonal 4
of the u, being muech larger than others. |
derivatives to be relatively 1gnored in the
are very nearly at 8 minimum. Such 15 the cas
tive--the resistivity ls virtually ignored un

L

y of the unknowns results in some
' uses the wvarlables with smaller
until those wlth larger derivatives
he second layer is thin and very r
* end of the sclution. Compensation can

be achieved by using, instead of the u, given above,
°F
U, = % 5%

This worked satisfactorily. ‘

The optimum value of L cap- be
funetion, G, 1t can be approxlimated by
exact for a higher order power serles (
not expressible in a power series exp
and successive Newton approximatior
non=integral powers appear in the

found gyactly only by trial and error. For any
or , each succeaslve approxima 1 being
lon). Howeve if the function 1a
e are not 11y valid,
inatance, he case when

n, then the a
pecome poorer,

Examination of the er:
ymmon when at some dist
always upward, The cal
%ol Bys E30 B5), the func

the minl r, |
A was handled as
was calculated, as

and

L1 ; . :
the first and second derivatives of ¥ along the gradient path. Then new trial wvald
v were calculated from s

&) e

Y= % =G (®,
fj’l = X =& f@. ¢“'_r£_(‘

(-4

Obviously w+ 18 exact for a linear functlon,
difference between these two approximatlons
error surface, as here, does n
that a linear extrapolatlon used

cons
e ol' error
tions will always
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3.1 Institute Courses and Semlnars

COURSES ON DIGITAL COMPUTER CODING ANI

. Course 06,535, Introductlon
; = { =] f of selected tople® in prog
| 3 computera, was offered by

the solution of & programming prot

Whirlwind I. Among the pr g

eous linear equations, integrat

power series, The total enrolls

enginearing and industrial managem

1
le

o The Digital Computer
< %10 was gilven once during thils quarter, I't
addressea, temporary storage, floating :
cycle countera, buffer
The text for the course 1s a pr
Group. The 26 students enrolle
o Department of Business e i
Department of Nuclear Eng
Naval Superasonic Laboratory
State and Molecular Theor:

NUMERICAL ANALY

Thia year,
in Numerical Analy
following topica
Gauss and Chebys
determination of per
rational-function approxi

MACHINE METHODS OF COMPUT!

During the laat
were completed and brought
quarter were two lectures presen
lectures Jjointly presented by t
MIT.

The guest lecturers were Dr,
spoke on "Coulomb Wave Functiona", a
project, as one can tell

and Dr. Franz Alt, Dr., Abramowitz
important to the phyalcists of t
nts on Group Activities spared for the

& " problems which as yet present
ern electronic computer.

referring t o
previous progress report., Dr,
overwhelming difficulties (stor

The Joint lectures
which are summarized in the r
above). These lectures prese
by the MIT Meteorology Depal
Wiener which should lead to
two polnts of view (ef. prot
Prediction) revealed the need a
prediction in the multiple series
series, It seemed profitable to
meetings of the probablility se
discussion group of the projec
Professor Wiener.

3 a8 depar
elow) and

3.2 QGroup Activities

NUMERICAL ANALYBIS DIS

The usual m
reports. The majority

and consegquently wer
University, Dr. Joseph G.
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atrnematics Department, MIT,

out Jointly
of Computation,

L~

PART II
Project Whirlwind

1. REVIEW AND PROBLEM INDEX

This report covers the specific period of Marc
During this time 74 problems made use of 332,8 hours of t
computer time allocated to the Scilentific and Englneering
The remaining 213,7 hours of the allocated time were used J -
and calibration, demonstrationa, tape conversions for Lincoln Lat
inter-run operations not logged to specific problems,

1

and EC) Group,
ipment testing

and variou

These problems cover some 18 different flelds of applicationa.
27 of the problems have been or will be included in academic the
sent doctorate theses, 3 eénglneering, 7 master's, and ¢ bachelor's.
problems have originated from research projects sponsored at MIT by
Research.

reaults of
19 repre-
three of the
- Office of Naval

Two tables are provided as an index to the problems for which progress reports
have been submitted, The firat table arranges thie prob ording to the [ileld of
application indicating the source of each problem and t nt of the WWI machine time
rding to the principal
etters have been added to the prob-
ademic credit and whether the problem

consumed. The second table attempts to arrange the reports acco
h. In each table
‘oblem is for

ma atical problem involved 1 1.
lem number to indicate whether the pr
is sponaored.

_ It may be seen from
used 00,01 per cent of the tot
cent used by the Digital C
and Molecular Theory Group,

tneludes 11.78 per
e Solid ate
Computation Group.

A Data Reductlon Symposliun
the Servomechaniama Laboratory. A

sponsored
thla ayr

the Digital C
posium is 1inel

puter laboratory by
ided under Froblem

Je

A routine that
in about four and one-

some 1

mputes and diapl

3 five-diglt numbera on 145 framea
minutes was used

1

Problem 2

The Whirlwi
additional terminal equlipment.

checking facilities have been expanded to 1lnclude

Reliability figure
33-week perlod beginning on 2t .
operating time between failure incidents was 10

Whirlwind computer system covering the
‘ing this period, the average uninterrupted
10Urs.
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Instruetion, rs (press

nd the instruction,ri

2 being used, both words

tlon;

modifled so that t

=
®

Lape vocabulary:

function of these words will be

to set an indicator

The
8 binary tape or a 03 Fle

Progr:

will be modified
*X0 tape haa been r *ad=-1r

unde

If the s1
ferred to the dir

indle "¢

set to

whi will 1

ferred
Recordi

The
is left reco

This
can be printed

106 C. MIT

As
tigation of
in part

rds. More

lon

luctions ma
81x months after

The prog
of the MIT Departme

brought
the flow.

reglon of

The
turbine

the

the >
preasure
"lier reports, beg

The role ¢ By o
Intimately connected w letermination of

request

a0

w
antr will e Lrans
in whier e

1 W . tum
out '
v b fout iy
]




APPROVED FOR PUBLIC RELEASE. CASE 06-1104.

WHIRLWIND CODING AND APPI T N

one-dimensional analyais of

t { 1t n of seven, nonlinear, lirat- 7 = | 1 feet)
ng bl a new Whirlwind program
i two categorles:
& ormance, and (b) those
| with atud of the various methods of

imeri 31 W By

T rate ¢ gram, A typlecal caleulation falling within )
. ¢ t ilate t supersonic 13,1
E diameter shell, Bev .
| of five 24,4
E ; 11,8
3
@ L ¢ .
J & r 1 8 by an ; ;

N ! om bsoniec .
1 duct entrance, .

11 ture icall later oscilla- ta
- LD method and re- Sk
]
R " ). 00570 f. 2

(= T nen-1 obtained a ¢ trurica

error ve. Ind
omputing the curve.

@l number of

Tne data above Indlcates that i-order
ter than elther of the other t the ranges
naidered, An unexpected result 1s that for errors on
srder Runge-Kut method. Aa the error
higher order me to t Eul method,
understood that rticular

2r one provide
with elimination

ow:

1
ly four times as
5 g e 1 t 8ix times ams fast | ! .0 be ons ative 1inc e
g ) = gyt ho ol out that the significant
method of .-llellu;:l::?“;or;. o ' - e 4 complete revision of the Ae : devel bt Bre ; il pe .r.;‘.lr- i!riufi'l‘
- 1 5 f { g 1Y and 3 y E Ascher H.
TRArp 7 e o e} enarT a t 1 & .8 of' the prob-
- 5 3l ¥ y8is ¢ ! been initiated in effort to determine the \ '.,._.‘m_'é_]“tll‘__'j ltl'kr”] i I avie Gbit S@ b 3 e D. - ke
o me t e : o 2 olnt of view of keeping the 4 : LRk et : : . f
tnvolve & cot vt . ; = x ? uracy. These studies 3, D.Cavril
e ; by 1 3 bl a iwerval using a variety of Mechanical Engineering
P Gl rs . ¢ lor the 'exsct' sglution,
: . ¥ R - : i 5 be obtalned thus far only
ik ; : een taken as 0.01
E)
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slons of gradually increaslng

K.
1id and
lacular Theory

Group

been to

using the
8. This is
guse of the
to pI‘US!'ﬂ:I

letlon.
1 cOoMm=

rvislon of

VE GUIDE

8 gectlon of the preoblem
ule., It was then de-

provlem
we and rur
ge prell gy codes are

ot

33. It arose at
vromagnetic radlo
e horizon over'a

be an inhomogeneous

Dwight
neoln Laboratory
194 B,N AN AUGMENT

minimum 1. 8 program which
=ntered crystals,

calculates

The program aa It now stands make
lnput conslsts of ti educed wave veg
BErillouln zone at energies are to
the radius of the insc s ere of
punched ape and an
added certain other
characterize an
1e Brillouin

{ of punchouts. In the first stage the
ecified integera] of the point 1in the
leculated along with the lattice constant and
erystal eell, The output consists of a

L f Informatlion punched. When to this tape is
the tape containe all the physical constants necessary to
ane wave |AFW) in ensuing caleculations st the particular point
allows the input in all other parts of the calculation to be

P

WHIRLWIND CODING AND

integers, One can regard these integers, which are pairved, aas the two 8
characterize an APW, One subscript specifies the order of neighbor in ¥
to whleh the APW belongs and the other specifies the "band" to which it b
check, one subscript 18 always taeken to be negative, the other always pos

ve
then aimple to program a check to see if a subseript has been missed,

In the next stage, parameters aespclated with the APW 1la 1
input here 1s the initial tape along with a "subseript t t 4 Pu

tape of the calculated parametera followed by a scope dlsj

The third atage 18 an assembly
assembled to form a subspace in which the
part of the input conailats of all the ta
ent AFW of the subspace desired, Theae
checks to see 1if they refer to the APW &t
tape mixups. Then a "subseript" tape 1s
guard, the program checka to see |f &al]
this "subseript" tape the order of
routine firat solves the secular eg
the subspace is exhausted. The out 0
erizes a aubspace of APW at a polnt in recipre
the particular symmetry the APW is to have,

be apeg

This latter informatlon 18 the input of the
elements and dlagonallzatlion of the secular eguatioc
integera. The firat of these apeuifies the dl
APW are to belong. The slgn of this
Three integers specify the basis of
specify the "projection” operator
if the representation or 1ta adjo
the program itself compute® the "
AFPW in the linear comblnatlion of AFW w
these {lve integers the tape from the previ
gecular equation [Ener‘gy and overlap matrioe 1
the eligenvalues and elgenvectors are displayed,

Much of the routine outlined
have been carried out at the pol
These results Indicate that for
ts quite good, The convergence {o
other "bands" should be ineluded,

above
v 1 )
0,1}

195 C, INTESTINAL MOTILITY

Problem 1€
inteatine 1ln the rabb
and Fourier transformation, beth
the MIT Servomechanisms Laboratory.

8 atudy
is be
nder

Analysis of a total of B9 motllity records has b pleted on WWI
photographic plotting of both autocorrelation and Fourlier transform. ZSeven
vet completed,

bee

Evaluation of analyzed records has

199 N, LAMINAR BOUNDARY LAYER OF A
A TUEE

In connectlion wit
of air in a round tube, 8
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boundary layer in the entrance region has been carried out. The boundary layer equgtlona
of continuity, momentum, and energy are to be uul\tm for specific entrance Mach numbers
and thermal conditlions at the tube wa

3111's method 1s used in the numerical integration of these equatlons,

st initlal conditions was run success-

A new program using CS for
fully for the solution of the first ae

Another progr ir peing prepared for the solution of the third set of differential

equations.

T.Y.Toong
Mechanical Engineering

DYNAMIC LOADING

203 D,N. RESPONSE OF A FIVE STORY FRAME BUILDING U

T

See Section 2.2 ol Part I.

204 N, EXCHANGE INTEGRALS BETW LS

{ REAL SLATER OHEI

Testing on this problem is being continued by P, Merryman of the Physics Depart-
ment of the Univeraity of Chicago,
R.K.Nesbet

Solid State and
Molecular Theory Group

212z B,N. DISPERSION CURVEE FOR SE

SMIC WAVE

MED IA

See Sectlon 2.2 of Part 1.

213 D, INDUSTRIAL PROCESS CONTROL STUDIES

These studles are beling carrled out by J.B.Reswlck snd T.P,Goodman of the MIT
Mech&énical Engineering Department under problem numbers 213 and 281,

The Machine Design Division of the Mechanical Englneering Department 1is engaged
in a project to determine the characteristics of an industrial process from the random
fluctuations in the input and output records dur!ng the normal course of operaticn of the
process. The method used 1s to compute two statistical funetlons -- the autocorrelation
of the input and the crosscorrelatlion between the Lnput and output of the process. From
these correlation functlons, the charsicteristics of the process can be determined much
more readily than from the original records (ref. 1); hence the investigation. These
computations involve a large number of succeeslve multiplications and additions, and hence
can be carried out most readlly on an asutomsti:z computer. In this ‘1n.reat\z,at.10n, correl-

ationa were performed on Whirlwind I, using programs developed at the MIT Servomechanisms
Laboratory.

The first part of this investipgation was reported in the Quarterly Report for
the last auarter of 19548 ad in reference 2,

The investigatlion has been continued in two directions:

(1) Operating records were obtained for a distillation column and a heat exchanger at the
oil refinery of the Rock Island Hefining Corporation, and correlation functions for these
records were computed on WWI. Some preliminary results have been obtained on the character-
lsties of these processes (ref. 3), and some new electronic equlpment 18 being designed 1in
order to obtain additional Information on process characteristics from the correlation
functlions. :
RE‘] As part of & program to extend these methods to processes with multi
a two-input process was simulated on an analogue computer and sub Jected
random inputs. Correlation

ple inputs (ref 3),
; to artificial
functions for the simulated process were computed on WWI.

It 18 planned to continue this investigation as addit lona
industrial processes become avallable for analysis, NORTALIng Pesorde foee

-

e
|

A=

sy b R v )\

i

-l ) i )
NO ANI ATION
Aeferences
1, T. P. OGoodmen and J, B, Reswick, "Determination of har eris
Normal Operating Records", a“'(} Paper No. 55-IRD-1,

2, C. M, Chang, "A New '[ecnnuuo of De.ehn :.'lrg Systen
Random Operating Records", Mech, Eng, Thesis, MI

3, T. P. Goodman, "Elper“;rr-e'nta} Determination of System
Correlation Measurements", S¢,D, Thesis, MIT, June, 195¢

217 N. VARIATION-PERTURBATION OF ATOMIC WAVE

See Sectlon 2.2 of

218 N. TRANSFORMATION OF INTE

A program has been
234 into the form of input dat

which are symmetric under inte
(1)), (k). These functionals
properties which cause large |
independent
these 1t is required to construct

A i; f'l - é;- {C:[ 3 [ wd ¥

The indices are divic
netions of different Sg(n-rr-m_r‘_,
.~-Ag,h1. be denoted byel, and k

When rangessand p are the same specify a t
otherwlse, there are two, blocks [aw|ap] and [-pj- (3]
selected Ln computing AKE . In order to locate & glven int
drum the indices must b “p:-r"mu‘_ed td & cano
treated &8s two-dipit numbers, The
ensures that all independe Leg
peated. If the index & than one '-"11.45.
of & follow each other on the auxiliary T
stored in a table in the core r

"FT‘J:IE L_--lldu] 3

integrals must be

| .fr]‘ror . the aux :
K

In the general cags
and B and thelr opder, so AFY

and £, but not of the palrs 'f For §
(«zL) are to be planted in order fie auxi
through all ranges of 1r‘d1ce* and some may be
same ranges in order for all velues of =, and

wever, Ilndex 4
all ranges w

In calculationa for w 1 thi yrogram is to be single
can be too long to be 1 inae ta "

arbitrary places in the
of aingle C3 numbers (or &
relatively more efficlent
drum in blocks whenever a
forced to use single d
by the CS arithmetic and &
ard to compute drum addreases.
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NTAL DIVERGENCE

for a serles of weather
ary Report No. 41.
supervision of

-

g complled, An unusual
t 15,000 five-digit
-half minutes,

W, Wolr
Meteorology

See Sectlon 2.2 of Part 1,

JLATION OF THE ATMOSPHER

IGATI VORTI

?6b D, INVE

Description of Froblem

znance of the general cipr-
" a two parameter, non-
kea use of the vorticity
8 of nonadlabatic

i the transformation
te 83 m with
and the model ia belng
two parameters used to

The phy
culatlion of the

q

the role of
clrculation.

18 planned
features of
8 red

examine

b. a heating distri

ition which takes lnto account the so-called "secondary"
heat sources and sinks which a

lee because of differences between land and sea;

cesalon of heatir
ctlon wh

C. a
time dependent
direction,

ibvutlions
B In ¢t ne

d increasing complexity leading to a

vertical as well as in the horizontal

ir
e

It is planned to lterate solution for a period days starting with observed
initial conditliona., In ac on, solutions will be for the case in which the

ini 1l conditions are gl titio BTAC *i1zed by a random dia-
t ance superlimposed on & b se solutions will be 1terated for an

extended period and t
gain some Insigh
the observed fea

e qaay-
Into the mechenism by whi
es of the general clirculat

low pettern studled in an attempt to
1

ial heating generates and maintains

The equations of the wodel are of the following form.

UG |
- H(y) 2 () 1(s , 5. y) 2h' + N(h,h', 8 &
] IL)- m I 5% (n,n', m, T A, V)

=0

e

U R i s e -

The ed above:
3 1 Bmie
4, Introduce
J e Intrnd
. Extrapolate 5! and add this value
to the of ht and 85 at the new
Ts (4) and ) to obtatl lues of h
8. and 85, iterate the sbove pro-
t ia obtailn
Numerical Procedures

had planned to solve the finlte diff ce approximations to ti
model by relaxation, using s of polnts over the hemisphere.

now testing the feaslbllity terative application of the
of the finite difference solution ap 8 wortk
the relatively high sp irlwind I 18 capable of (
45 mieroseconds)., Furthermore his method simplifies the lution for & grad

ces
In view of
roximately

net,
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specifi

e gy — = thermal
ey
n
(3a) when T = 0 g =@ =1
= effective Jc 8 W
- ~ @
when x = 1 2P -0
-] ers t or 1 a
+
W ref'ers to the web or we (5a) when v 1 Jﬂ__\ .
The heat balance equation for the skin 13 aa follows:
. P ~ @
(1) ) P 8 : - ¢ Fg T !
V1 Ps-ps ®s = (ba) =¥ G — t, 0) - A.(%, 0)f
L ] - -
a. a
e r b
. - - v [m e ;
(2) (7a) when x y o] ] L"“‘I L 0) =g l{" \JJ
he 1 ] ition 13 stat 1. : = 1
Conslder the skin x = where 1t is
(3) when t=0 T L u erstood that J o =
" 8 be divided into m erstood that k refers
The boundary conditions are formulated as follows: to the kth web element. Iet I second di
approximation 18 used for the firs X = 0, while
(k) wh .
first difference approxim forward finite difference
formulation can be summarl
L -~
Let I : and
o)
(7) when x=y=0 when ] = n

problem 1is introducing the following additional (8)

notations

=i when 1 £ J = n-1 }
(9) Pg(141,]) = N ¢ (1,]-1) 4 [L'] : ;— - 3-‘»_[ g(1,3) + N g (4, 41)

b . - when J =0

o £ 5 (10)
h J ""w - {w 2
B - P
E i 8 = J:T‘*-—- ; l—u‘-—w- [r} when k = 0
W 8 r
1 (11) A ! :
proble « 1 through Eq, can be stated in I

pare
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when 1 £ k £ m-1

(12) g, (141,k) = ; _“J g04,%) + % gw(x,x+1]
when ¥ T

(13) g, (141,m) = % - - EJ g (1,m)

Once AX and AY are asslgned
* the difference solutlofn ine matter. (See Reference 1.} For the
e equations to be Btable the increments selected for m, py, and AT muet
e following criteria are satiaried:

(14} iﬁ)_k 2 2
At , . &E
;B

oscilla
finite
be such th.u

=3
o
e

Satisfactory damping of convergent oscillations has been obtained by trial.,
The final production program is based on a thirty element physical grid (n=m=15).
Given the numerical values of the four parameters 5&. P, @ and A as well as a value of
8
AT the program computes !a,{ [ from {l.’-', -11 3 At
nondimensional temperature distribution [g'% for r}nj'-le |31:’l(\3‘ time T = {AT 18 avail-
able in high-speed storage, Whenever (1-¢) at | or \-—-, ) at k = 0 reaches 0.1,

> 0.9 at

end of each time cycle the complete

0.2,.ssp8tC,.,
at t £t tim
case there are elgh
assoclated wlth each
P, @, ) ar d &t, stor
r,)r"puu- '31.01"!-' th
tapes., m f
temperature
carried out

distrioution ﬁi
se for one
engional times
given parameiers B _,
present program, to
oducing tne output dlsplay
m la good because the basic
Jor portion of the gomputation, 18

The first output tape ylelds & total of seven scope frames Rcr case, The first
four frames plct (l-ﬂ} versus x and y for each of eighteen values of The fifth frame
is a plot of -ﬁ versus © for | = 0, 1, 2 ete,, up to 15, The aixth frame is a plot of
(1-@. ) versus t for k =0, 1, 8, ete., up to 15. The seventh
sﬂopg display of the glven quantities which deflne a

rame is an alphanumerical

ase (P, P, 9,3, and &%), the
elghteen pertlnent times for which temperature distributlons are avallavle, and the final
values of ffd,ll + The final values of [f.}.‘ ]. would serve as ipitial condition 4in the event
that it ever became necessary to carry the caleculation nearer to the steady state condition.

The second output (fp) tape displays all the information stored on the magnetlc
drum. This informaticn is displayed on the scope in decimal fraction form. Since all the
values of :lre between zero and unity the display gives all the values of @ to four dec-
imal places in numerleal, and immedlately usable, form, t should be noted that for Some
engineering applications the grapnical displays provided by the first output tape would
be sufficiently accurate,

Work on Problem II is essentlally complete, During
will continue on the over-all problem, The computation of the
which result from the temperature gradlents will be consldered,

next report period,work
nglent thermal stresses

1. Hildebrand, F.B., Methods of Applied Mathematics, Prentlce Hall, Inc., New York, 1952
P. 323-345, ' '

L.A.Schmit
Aercelastic and
Structures Research
Laboratory

238 B,N, SELPF-CONSISTE

T CALCULATIONS OF NUCLEAR MASS DEd

See Section 2.2 of Part I

239 C. GUIDANCE AND CONTROL

This problem was described
No, 41), After several test
made, A "Oeorge" coded program
eribed in previous reports under |
not tested,

241 B,N. TRANSIENTS IN

ILLATION

The study of an ideal
in its operating conditlons wi
which can be used to calculat h
position has undergone a step change
by controlling the liquid-vapor ratios
dicted values of liquid-vapor ratlocs from ins
the feed plate and the top plat
at equilibrium, Similarly pr
the column are calculated from
and the bottom plate.

From these data it is
aimpleat method for co
intermediary plate compozition in
column or the heat load to the
more than one plate compositlon in
composition together with its insts
ition together with the compeaition c

us plate compos-

Engineering

242 N, NUMBER OF STRUCTURES OF RELATIONS ON FINITE

See Section 2.2 of Part I.

2h5 N, THEORY OF NEUTHON

In the study of neutron reac
one for flnding the power serles GClJLlO.
and the other for the soli
separately. They have b
the cross sectionsz for ar

‘\ln -'-1, Ltwo progra

has been teated satisfactorily
origin arose in the first m
the program for J =

0{5) 160 for each xg . BLopping wi

Trouble of unkr
t ls p]anned t
W{.4) B4 and X
«

The problem
ment by E, Campbell and

nting Group

246 B,N., OSCATTERING FROM
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acneme

Professor J
Report No
11r

cutter
starting and

mming
must

time.
8T TiEwW

A, Slegel
D1 al Computer
Labvoratory

in some detail in

ed programs for the ERA
atandard bi-octal form

used programmers wWork-

th

in all re-
C WI coding
am {see Problem 100) A8 &
changes were 1
put functio
J. M. Frankovich solution
Digital Computer
Laboratory

of the
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10KRS

supplementary utlons are planned to complete the study.
K., Kavanagh
Dynamic Analysls
and Control
Latoratory

SQUENCY TOb FROPAGATION 2TUDY

hetween Lthe 1
the

pproximately 75 and 500 miles

e ionosphere, Under certaln
= {s capable of reflecting

long range communicatlon and

lgal structure of the lonosphere uti-

tool, For these reasons, the

reflection 18 of conalderable

The earth's atmosphe
is partially ‘0| 1’ELJ. and

58 the basis of
Also, most s

appesars to be qulte compllcated; 1t

t1 It is subject teo varlous
and vegaries in the earth's
i8 known that satiafactori-
en observed; the problem
the troposphere (lower

homogeneous,
l

1y “sceounts fo
appears to be
A '..::ine,phi—.'t‘e'] th

able to a statis-
act of the present
he lonosphere,

L ime (a. a

{ this varla-

3 an plitude and

al correlatiot

at different

ts are all impor-

lon heve been
ome of thila theory
ly reflned physical
e same 1in either case (5).
to lonospheriec studies,
=T, no thorough study of
A t-.upEL.la‘l‘ not under
. There exlists con-
The chief reason why no
of computation requlred;
fon Tunctlons would be
speed computers.

and have been :r':zu_'
tlle (Jhort rm‘n}

uideu':le ':louh. a
such study has bee
the determination of
impossible, as & pra

large
fcal

matt

The princlpal
From January through Apr
for {lve hours per
could be determined. U r‘]r-"
gqulired for a 8 latical sample, so 18 To
samples per day,) The transmission path wasa
Belvolir, Vn'ytnla, a dlﬂL&I (great circle =
Km.). The frequency employed was 542 kiloeye
from 1:00 AM to 6:00 AM (loec al time) daily,
nsist almost entirely of a "one-hop" wave
the lonosphere,

tally elose thla gap.
lected waves were made
ters mentloned above

it, about one hour 1is re-
nt to flve Independent
tmouth, Mass.,, to Fort

e) of about }éﬁ miles (620

e hours of obtservation were

8, observed signals
wown as the E reglon

T..'|".‘

The raw data ob
paper tape for proceasing
puted. It 1la felt that 2
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™
the general formulas:

/o GT, 1h474,(195
» Theory Group, MIT, Jan. 15, 1852, p. <.

FOR CRYS

- forward way of caleulating the matrix elements of the Hamiltonian (or
5Ds made up from a non-orthogonal set of one- particle functions,

ume rous minors and double minors 1s tedious even for our

The simplifying features apparent in the use of ortho-

1 ['P-J 1t that many integrals are not zero 1n our case,

z"r\ 't double minors are not, and the corresponding matrix
of two-electron integrals)give plentiful contributions to

the secular "-l ‘<" tion

configurational interactlon
and double-minors arising from
have been evaluated. It still
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Thus the myriad of 1
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by A.J,Freeman in a PhD thesis in Solld State Physics,

; see also Quarterly Progress Report, Solid
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April 15, 1953, p.4o.

35, and especlally

A.J.Freeman
Selid State and
Molecular Theory Group

several programs were set up for the use of Whirl-
analysis as carried out in the Crystallographic Laboratory
and Geophysies under the supervision of Professor M. J.

computational problems arising in crystal structure analysia can
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h &
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205 L. ELECTRON DIFFUSION IN AN ELECTR FIELD
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2 = macroscopic cross-section wiio. o

K = infinite reproduction factor g ‘

P = pesonance escape probability m.lﬁll\:r_lg'L.:llli- ; .

r = average speed of neutrons polynomi:

A = period of the reactor N4 & ng .
v = volume of the reactor 1

subseript & 1a for the slow group

. polynomial
e fast group

f 1a for ti

tr 18 for transport cross-section

sideration,
ared in terms of
ot = indicates an adjoint flux par 1

concluslon

i e formulas used were developed from perturbation theory by

26a D Dy

ICALLY CONTROLLED MILLING MACHI TURBINE

BLADE

warped surfaces on the NCMM inveolves the determination of a set of

h 18 to be approx ed by segments, These
sectlons of the surfaces wi 'he straight line
each curve lie in the plane whose intersectlon with the surface
h of the center of a cutting tool during the machinery operation
e8 between points on the normals to surface and at a dis-

al to the radlus of a ball-shaped cutting tool.
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surface
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-amer's rule, the determinant of the coefficlents, A, C, F, and 0 must equal Ao
tvial solutions. Similar equations are found for the end reflected case
¥, and Z are trigonometric and hyperbolic functiona,

zero for nor

except that X

’

‘U Py,
The solutions are then superimposed, One obtalns (in Snell's case) a fourth
ninant which must simultaneously equal zero, All physical con- 1 2
slon re fixed, leaving two variables, critical mass and the radial- €7, = =+ PRI

c1ing split, which correspond to the two determinants to be solvec,

8 to date

: as beeu the writing of the program, and the development of a
leulate ti J

Bessel functions, .J'O, J1s I._)a 11, K., and '|'21. No eritical

(0]

has yet been obtained.

1 has been written, but not tested, for calculation of the
felent, This 1s accomplished by taking a 100 x 100 mesh = thermal d
integrating the fluxes numerically. First order perturba-

t

115 study
gineering De

1 also be useful for calculation of reactivity losses due to
lditlion, plots of the radial and longltudinal fast and slow
be obtalned.

B, EVALUATION OF A B

feasible, 1t will be extended to a four-reglon reactor,

This proble
ethod exists, and it is planned to try it in the future. conventional search
urier-sine and Fourler-Bessel serles, and solving ilnate syatem,

the advantage of using three energy groups, and should lar antenna's be
ming details for b
2d will be incorporate
artment of Electrical E

1

= Fast core diffusion coefficlent

the
problem, and
University.

reflector diffusion coefficlent

fuslon coefficlent

= low reflect 1111

sion coefficlent The beam splitting probl is
pertles, and the particular sol

ore of the maximum likelinood estimatlon «
compute eatimates of a target's azimut!

“lector the dispersion of these estimates about the known p

-

coelficients The type of search radar s
radiating one or more dire: ve
Pulse widths are 1in the vicinity o n
common pulse repetition frequencles of
of the antenna has the form (Sil. Xy2
v
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aom
pattern,
a

1 {é ;1)r As the radiated beam 1lluminates
_'? 1 ] receiver over an arc length equal to

o [:g'“.:'.l.}l Kq ( \ nolse or target scintillatlon present,
L i In general, however, nolse and sclr
skewed or distorted pattern {rom wh
position by inspection., By considering
of a random variable whose probablility
estimated,

A threshold, h, 15 set
2 a complete scan into two discrete

of real buckling solutlon &= exceed the threshold level dep
’ target at the instant the pulse
ling solution .y’e antenna axis and the uth of
axis 1is always known, us it

Eh

receiving a pulse of amplitude x, , as

of reclprocal slow diffusion length noise ratio, K. If

é 1 = Analogue of reciprocal fast diffusion leng
e i
tically independent, a Joint probablllt)
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coefficients of this polynomlal and obtaining 1ts roots 18 now

3 N. ANALYSIS OF AIR SHOWER DATA

A group under the direction of
of MIT 18 engaged 1in an experimental stu
large air showera. This group
F, S3cherb, G, Clark and F.
analyasis program.

The data for this
arranged in an array 500 m,
of the shower front at e
atrikee the array. From these
the direction of arrival are dete

The data conaist

times v,, the sidereal time,
Xys¥y+ The direct

n cosines rround are deter=

mined by finding those values of k, £, and

-

20
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The program has been written and parts of 1t have been tested.

Effort will now be devoted to testing the program. When the program is succesa-
fully run, a thorough study will be made of the mccuracy and resolution of the experimental
and analysis setup using fictitious showers. Actual shower data will then be analyzed.

0. Clark
F, Scherb
Phyaics Department

274 N, MULTIPLE SCATTERING OF WAVES FROM A SPATIAL ARRAY OF SPHERICAL SCATTERERS
See Sectlon 2.2 of Part I.

275 B, BUCKLING OF SHALLOW ELASTIC SHELLS
See Section 2.2 of Part I.

27T C., HORIZONTAL STABILIZER MODES, SHAPES AND PREQUENCIES

This problem involves the determination of natural mode shapes and frequencles
of an airplane structure represented by a lumped mass dynamic model, The set of simultan-
eous linear equatlons which governs the free vibrations of the aystem i3 solved by a pro-
cese of matrix iteration to yleld the mode shapes and frequencles,

The set of simultaneous equations may be written in matrix form as:

1
[] [a} =3, (s}
The A's and w's are the modal coefficlents and the frequencie# respectively. The D matrix
{s computed by combining the deflection influence coefficlents for the dynamle model, the
constants pertalning to the mass and Eeometric properties of the aircraft structure, and
the constants for the rigid body degrees of freedom of pitching and vertical translation.

The main tape for the program consists of a set-up for computing the D matrix,
iterating for each mode shape and frequency, and a process Tor sweeping the T matrix to
eliminate each successive mode after convergence., The tape has been prepared in a general
form which limite neither the size of the D matrix nor the number of modes to be found.
However, the aize of the D matrix and the number of modes to be found are presently limited
by the high-speed storage capaclty of the computer.

-

A secondary tape, which is fed into the computer with the main tape, includes the
matrix of influence coefficlents, the constants associated with the two rigid body degrees
of freedom, and a constant equal to the number of modes to be found, If it is so deaslred,
it 18 & simple matter to eliminate either or both of the rigid body degrees of freedom and
obtain cantilever mode shapes and frequenciles.

Three problems have been solved during this period with satisfactory results.
Pirst a cantileVered beam model, consisting of three lumped masses, was run to determine
the soundness of the program, Next, a cantilever model with seven masses was run and seven
mode shapes and frequencles were obtained, Finally, a 12 x 12 matrix containing both pitch
ing and vertical translation degrees of freedom succegsfully yielded the first five mode
snhapes and frequencies.

It is contemplated 1in the future Lo run investigations on various other models.

It 1s alsp possible to use this program to solve other eigenvalue problems which arise in
other branches of engineering.

N.P.Hobbs
K.R.Wetmore
Aeroelastic and
Structures Research
Laboratory

278 M, ENERGY LEVELS OF DIATOMIC HYDRIDES (LiH)
In a Quarterly Progress Report of the Solid State and Molecular Theory Group at

MIT (Ref. 1) we considersd briefly the problem of the electronic energy of the 1ithium
hydride molecule, Using ls and 28 atomlec wave functions for the 1lithium atom, and a 18

Nl i st e

CODING AND APPLICATION:

wave functlon for hydrogen, we found that six states oce
symmetry and proposed to examine the problem of intera
function of the internuclear distance.

The specific atomic functions which we are using
2p Hartree-Fock wave functions for lithium (Ref. 2}, and,
normalized ls Slater Atomic Orbital which is expanded abou
of calculation. This procedure of expanding an orbital loecated or
center has been outlined by F.J.Corbat® (Ref. %) and is particula
form we have chosen, The Hartree-Fock wave functions are, of

t another
e analytie

el je, orth but ti
hydrogen wave functlon has not been made orthogonal to the lithi w.-'r,':- fun ;-nl '.:L,.‘]T.
the overlap integals must be evaluated,

All of the one-electron and two-elettron integrals have been obtalned lfor the
l1ithium atom taking into consideration the 1s, 23, and 2p functlons; and all of the add-
itional overlap, one-electron, and two-electron integrals for t 1 um hydride molecule
near the observed internuclear distance, using only the 1s and 2a lum functions and
the hydrogen 1s functlion, have also been calculated, With the exception of the kinetie

energy integrals the computations have been performed or
the routines developed oy F.J.Corbatd (Ref. 3)

the Whirlwind digital computer using

An intermediate calculation has been completed for the electronic ener y of the
neutral lithium atom a®s a partial cheek of our work. Using the 1s, 28, and 2p Hartree-Fock
]jU;hl_um wave functions one may construct the possible determinantal wave functions for the
23 and 2P cases; from these, I‘g-lr states may be formed which possess the “S ground state
E;,_'mmetr_v and five states with <P symmetry. determinant representing the unexcited
S Bround state gave an electironi 1r r cent o she sxperimental value,
in good agreement with that found » (Ref, 4), When the matrix of inter-
actlon of the four <5 states was diagonalized, there was an 2lmost insignificant decrease of
the electronic energy for the ground state, iz seems to indicate that the gonfiguration
interaction with the exclted states results In & negligible correction, The “P state was
similarly but slightly lowered when configuration interaction with the four other excited
gtates was included. The calculated value for the wave length of the transition between the
2P and <5 states was also within one-half per cent of that experimentally observed,

A preliminary valence bond calculation has been completed for the lithium hydride
molecule near the observed internuclear distance. The value of the electronic binding
energy for this single state was found to be about one-third of the observed value of
2.5 + 0.2 electron volte given by a linear Birge-Sponer extrapolation (Ref. 5).

Attention at the moment is centered on combining the baslc integrals which we have
obtained, to form the Hamiltonian matrix and the overlap metrix. We shall be able then to
determine the extent of configuration interaction in refining the valence bond calculation
which has been made., We are also'prepared to extend the treatment to a number of inter-
nuclear distances in the near future,
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280 B. CORRELATION FUNCTION

\ S tonary Time Series to
This problem concerns the application of the theory of Stat

Meteorology. Specifically, it 1s concerned directly with the methods and theory of Linear
Prediction as developed by Norbert Wiener which requires extensive use of harmonic analysis,

The work represents an attempt to extend the so-called factorization to more than
two series and to set up the problem of determining the predictlon operator for multiple
series on & practical computational basis, 35o far as 18 known, no one hsla as yet obtained
the prediction operator for two or more series by direct application of Wiener's theory.

The computational work can be separated as follows: obtaining ‘ccrrelatlon
functions; obtaining spectra of these correlation functlons and related functlons; factor-
1zation (which leads directly to the prediction operator)., At the present time, the first
phase 18 essentially completed, It 13 expected that the entire problem will be completed
during the next quarter.

The programming has been performed by H., E. Huschke, and B, Rankin 1s aiding in
the theoretical conaiderations of the problem.

This research 18 being undertaken as & doctoral thesis in the Department of
Meteorology, Massachusetts Institute of Technology.

F. Hanna
Meteorology

281 C. CORRELATIONS AND TRANSFORMS
See report under problem number 213 above,
2682 B. HELICOPTER BLADE FLAPPING INSTABILITY

FEquations describing the behaviour of a helicopter rotor blade having three
degrees of freedom, [lapping, bending, and torsion, were formulated. The analysis, which
took full account of reverse flow effects, led to three differential equations each of
which contained a term involving an integration pver the apan of the blade. These equat-
ifons were solved by G1l11's method, a step-bDy-step numerical integration procedure similar
to the more familliar Runge-Kutta method, A program making use of this method was drawn up
for use on Whirlwind I, G II. The program will determine, for a particular f1light con-
dition, the transient response of the blade by evaluating and recording on the oscilloscope
values of each of the degrees of freedom at fifteen degree intervals of the azimuth angle,
It was found that the computer required approximately eight seconds to compute the values
at each azimuth angle.

Huns were made to determine the effect on blade stability of a variation in each
of the following: 1) reverse flow, 2) blade weight, 3) pitch-flap coupling angle, 4) rotor
angular veloclty, and 5) inclusion of a torsion degree of freedom,

The conclusions resulting from the asbove were: 1) inclusion of reverse flow effects
lead to higher values of forward speed At which instabllity occurs than would otherwise be
found, 2) at the flight speed investigated, the heavier the blade, the more stable it is,

3) on the basis of the runs made (only two 1n number), the piteh-flap coupling angle does
not appreciably affect the damping of the flapping motion, and ) due to lack of time, the
author was not able to ohtain any results from 4) and 5) avove. However, initlal results
obtained while the "bugs" were being worked out of the tapes seem to indicate that the tor-
sion degree of freedom has an important destabllizing effect.

A complete description of this problem, including a1l Whirlwind results, 1s pre-
sented in a Master's thesls submitted to the Department of Aeronautieal Engineering.

P,J.Arcidlacono
Aeronautical Engineering

283 B. A STUDY OF ERROR-R! TION IN INFORMATION SYSTEMS
An attempt was made to simulate the error-reduction characte
) e _ rlatice of a 15-node
network by the calculatlon of several arbitrary measures of redundancy, MNetworks ueEe
chosen in which the measure of centrality as outlined by Bavelas was conatant The mini-
mum number of steps to completion of a task was also kept constant. Connecti.ona between
nodes were represented digitally as ones, no-connections es zeros. It was found

78

that networks which reduced zeros quickly (1,
nodes increased) had a high ave
horizontal connections (i.,e,, ties
lons (tles between members in ad
tion between redundancy and the r

& redundar

Heferences

1. Christie, Lee S., "Organizations and Information Handling in Task Groups" JORSA
2,2,1954, 11 n 1 roupa, . s

2. Bavelas, Alex, "Communlcation Patterns in T srted Oroupa"” countical et
of America Journal, 22, 1950, P8 IBtical woolety

285 N.

wave functions numerically on t
which the wave function remains e
mation, &8s has been polnted ocut
ably.

Since all the
some of those routines h

286 B, RESPONSE OF THE HUMAN PILOT IN A DAY SUPERIOR
PURSUIT COURSE

by Donald
( of the

Spangenberg and William Banka., Th
Instrumentation Laboratory uaing t
previous Summary Reports under Problem
order differential equations.

ione by
N algebraice

! seribed 1r
wolved solving

taneous rirst-

This problem was an attempt to study the performance of & particular [ire control
computer, replacing the humen pllot by a sultable pllot-response-function., Thia same
problem was run on a REAC with a human pilot 3 observing t pllot's res-

ponses over many HEAC runs, Spangenberg and t of pllot-
performance~function that should aimul the programming
was technically correct, the results w not

anticipated,

More time was needed in examining some of the logle usec

simulation to a digital-type. However, since theses were
carried out. The conclusions that were drawn on ti in
MIT Flight Control Laboratory rey '210-TBO, esponse

Day-Superiority Type Fighter", by Spangenberg and Banka.

C. Block
Inatrumentation
Laboratory

287 D. SAMPLED-DATA CONTACTOR AVOMECHANTEN

The problem la to det
anism which 1s disturbed by Gaus
the CGaussian nolse disturbance,
described by a list of possible
This list is called an output-d y .
points the output-distribution and/or lts va riar

The output-distribution at sampling polnta le ca leulated by the following three
general steps:
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oy BBy
do= Jol—wD) &
o

where ( }e refers to conditions in the free stream and ( )' to conditions at the wall,

These quantities may be evaluated 1if the velocity and enthalpy profiles in the
boundary layer and their relative scale, or thickness ratio, are glven. It has been found
that the various profiles occurring in the known exact solutions belong to one-parameter
families - one for velocity and one for enthalpy - and 1t 1s generally assumed that the
profiles in completely general flows belong to the same families,

Four equations are needed in general to calculate the growth of a boundary layer
with heat transfgr. Integral equations obtained from (3) and (4) describe the growth of @
and 4 Af the veloeity and enthalpy profiles are known. To obtaln the two parameters
dzrlnins the latter, two additional equations are needed. In some methods they are obtained
from the original differential equations evaluated at the wall; in others new integral equa-
tions are used, obtained by first multiplying the differential equations by u or ¥y and then
integrating.

An integral method is belng developed at the Naval Supersonic Laboratory which
involves essentlally a new specification of the one-parameter family of enthalpy profilea
as a fixed profile for all flows with isothermal walls on which a modifying profile may be
superposed for flows with non-isothermal walls. The enthalpy profile parameter is then just
the ratio in which these two profiles are combined, A new integral equation had to be devel-
oped for calculating the value of this parameter at any station along the surface from the
Biven flow conditions, Actually two such equations were obtained, multiplying equation (%)
first by u and then by y before integrating, since 1t was not known in advance which would
prove more suitable, Four new thicknesses analogous to ;c were introduced:

@ h -h
Soudd = J S )
o

o h=h
rme) = [ B R @
o

o e _o h=-h
8" 2%u e
r(m,a) = f— Sy () Ay
u (4 -
o © 3y w e

- A
u_@p !1-1\e
Titna) = -2t j L () Ay
4 ¥ g ye
o
Given either the isothermal or the modifying enthalpy profile, each of these
integrals (as well as J ) is a functicn of the veloecity profile parameter, m, and the thick-
ness ratio of the velocify and enthalpy profiles, A, For each of 10 velocity profiles, val-

ues were needed for 15 thickneas ratioa. A total of 1500 numerical integrations were requir-
ed,

These integrations were performed on the Whirlwind computer using the trapezoidal
rule. The ten velocity profilees and two enthalpy profiles were fed into the computer in
tabular form. The tabular interval of the velocity profiles was used as the interval for
integration. Since the thickness ratio wvaried, the value of the enthalpy Lln general had Lo
be interpolated in the stored table,

The integratlons have been completed and work on the integral method is proceeding.
The enthalpy profile modifying functlon was originally derived from the exact solution where
the temperature potential across the boundary layer 18 decreasing in the streamwise direct-
ion, This functlion may or may not be satisfactory for flows with inecreasing temperature

potential. If it 18 not, A& new function will be derived, requiring a further 750 integra-
tiona,

J.AF.HLLL
Naval Supersonic
Laboratory
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290 N, POLARIZABILITY EFFECTS IN ATOMS AND MOLECULES

The general problem is the caleculation of the distortion produc
wave functlons for atoms under the influence of a variety of
and the subsesquent use of this information to construct
for molecules, There have been a number of programs written f
closely on thia problem and the general aim 1s to utilize varl
programé for production runs to obtain the large amo

st

The work to date and that contemplated in the near fu
cerned with the atomic part of the problem, For this problem the most ess v
set of basis functions in which to expand the one-electron wave functions is

rA+£ o"ar YF (0,%)

arious combinmtions €
been buillt up to describe

niform field:

where A, a, m, £ ere arbitrarily chosen parameters, V
metera have been chosen and sets of basis functions h
polarization of the following atoms and ilons in a

- + o +2 . +3 +4 - - + = . +2 +3
H,HP,Li,]:'E_ y B 7, C s ¥, A

- + 2
ci”™, A, XK', and -7__'* :

Similar sets of basis functions have been set up to descr!i
nic wave function under the action of & point charge {iel

distortion of the electro-

, and B,

There are two stages in the cale
gies which require extensive numerical work. re
one- and two-electron integrals between the various

112 functions @ the

the integrals (those for the

algebraic transformation of these integrals. The o

free stom} are being obtained from Dr, R, K, N ie integral program which

been described in these Progress Reports and 1 the Solid State and Molecular
Theory Group. There are sufficiently few inte lving the perturbing field so that

these have been done by hand computation and much of this work has been carrled out by the
R.L.E, Joint Computing Group., The second part involves g transformation program written
by R.K.Nesbet (see Summary Report No. 41, p. 68, Problem 234) and the mechanization of the
Roothaan scheme programmed by Dr. A, Meckler and A.K.Nesbet (see d ription in previcus
reports). It is expected that runs using a combination of all these programs simultan-
eously will soon be made.

L,C.Allen

Solid State and
Molecular Theory
Group

291 B, DYNAMIC BUCKLING

This problem is concerned with the response of structural columna to compressive
end loadings which are applied very rapidly and which vary in time. The response may be
elastic or plastic, the latter case belng studled with the ald of WWI. The equatlons to
be solved are & Aet of coupled ordinary differential equations of second order, The depend-
ent variabies are the coefficlents of the normal modes of vibratlon of the structure, which
are coupled in the plastic case but not in the elastic case, The Kutta-Gill method 1s being
used to solve these equatlons,.

Two programs have been used 8o far, both beling of a preliminary nature. They have
served to acquaint the programmer with the machine and to define the spacing of the inde-
pendent variable which will glive sufficiently agcurate results. The second mpolution obtaln-
ed pointed out a problem of slow convergence which 1s inherent in the mathematical work.

The mathematics 18 presently being revised to correct this trouble.

R.E.Jonen

'1 i :.F 11 Enginesring
292 A, COURSE 6.535, SPRING 1955 PRACTICE

Course 6.53%, "Introduction to Digitsl Computer Coding and Logic" was given in the
Spring term of 19H;Jbv‘Mr. Dean N. Arden., FEach student was required to solve one of the
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following problems: 1. S3YSTEMS E)

1., program and code & routine for the solution of a system of simultaneous

linear equations by the Crout technique; Revisions in the Marginal Checking Procedures for the Dpum System
2. code two routines for the solution of a differential equation by different The programmed-marginal-checking facilitie: een exj )
numerical methods and compare the results; tional terminal equipment. Previously, this equl ne =
Eins during specially assigned maintenance period i 1
3. code a routine for the economization of & power series and compare the ment in the dally programmed-marginal-chee g I r
accuracy of the result with that of the power series truncated to the same marginal-checking equipment, A check prog a4l equi
order, was necessarily long compared to the 1 t "
possible to select the marginal-che hit

About 95 per cent of the students successfully completed the assignment. preset excursion for an amount of ti

A consolidated test program

293 C. ROLLING BEARINGS drum system, This program complete 1=
dance, OSpeclial care was taken 1in
The computer 18 to be used to solve the equations of motion of the rolling ele- 1ines 4n an effort to reduce the
ments. Eight transcendental equations involving elght unknowns have been derived consid- considerable reduction in time ga
ering applied thrust lead, inner ring speed, centrifugal force of rolling elements and include the program as part of ti
normal and fractional forces in the contact zone., The direction and magnitude of the containing approximately 00 cathodesz, 18 r
friction force in the contact zones are established by the relative slip, coefflclent of dally for aystem mainte ce.
friction and the local contact pressure,
Analysis of Performance Regords for the Whirlwind Computer Syatem
The program has been written and 18 1in the testing stage. Extensive use 1s made
athering and evalua

of library subroutines including those for minimizing sum of squares by the gradlent In September 1954 the proce
method, the Oauss quadrature method, and a new cube root routine, on the computer system were B3c !

sive analyses of system relis

B, Riskin A description of these pr

Digital Computer veek period ending 10 February 19%
Laboratory
Several figures are req B o adeguately » reliablilit
294 €. WIND TUNNEL DATA REDUCTION tronic syatem. In general, ay: » amount
down time required for preventive ince the
. The obJective of the program was to see how the Whirlwind computer could be used ent types of failures varies widely, the frequency of suc!

to reduce data taken in the Naval Supersonic Wind Tunnel. 1In this particular example, factor in describing system re s ¥« In the lollowl
forces and moments (3 components) were measured by strailn gsges mounted inside the model, are given. Results Tor firat eek period as reported 1In m
The strain gage output at present is measured, in millivolts, by self balancing potentio- listed along with similar data for the succeeding 3 months.
meters whose output 1n digital form 1s automatically recorded on IBM punched cards, The
data reduction process involves converting the potentiometer readings to force and moment = -
coefficlents by multiplyling by calibration constants and referring these coefficlients to 28 Sept, 1954 11 )
axes which are {ixed in space and do not move with the model. to 10 Feb, 1955 to 19 May 1955

The program was coded for the CS II computer with the output (run number, Total computer operating time, 5 hours 1923 hours
corrected angle of attack, dynamlc pressure, base pressure coefficient, balance chambter .
pressure coeffliclent, drag coefficlent, 1ift coefficlent and pitching moment coefficilent) Total lost tlme 92.7 houra 65.2 hours
recorded on magnetic tape., In addition, the machine was programmed to plot angle of attack,
drag coefficient and pltching moment coefficient all aa functions of 1ift coefficlent. The Percentage operating time usable 96.5 percent 96,6 percent
desired results were obtalned for three runa, During each run, the angle of attack varied
through about 10 values, Average uninterrupted operating time

petween fallure incldents 10.6 hours 10.9 hours

Due to the method used in feeding data to the computer, unwanted tape numbers o
appeared between each row of tabulated data and on the plots so that a different method of Fallure incidenta per 2i-hour day 2.13 2,12
storing the data would be used in future computations., COtherwise the program was Buccass- .
fully completed and indicated that the machine required about elght seconds per data point Average lost time per incldent 22.8 minutes 23. minutes
(e "data point" being 211 of the data at one angle of attack). Although more efficient 5
programning could reduce this time slightly, it should st11l be a representative figure for Aversge preventive maintenance time per day 1.25 hours 1.5 hours

more complicated pro?r—ams (more components). All of the data from a good eight-hour shift

of wind-tunnel time (about 20 runs, or 200 data points) could thus be reduced in about
twenty-five minutes,.

L. Schindel
Naval Supersonic
Laboratory




APPROVED FOR PUBLIC RELEASE. CASE 06-1104.

APPENDIX

2. PUBLICATIONS

Project Whirlwind technical reports and memoranda are r_out.lneh- distributed
to only a restricted group known to have a particular intereat in the Project, and to
ASTIA (Armed Services Technical Information Agency) Document %ervice Center, Kncslri ‘Hulld-
ing, Dayton, Ohlo. Regquests for coples of individual reports should be made to ASTIA,

The followlng 1s a liat of memoranda published by the Sclentific and Engineer-
{ng Computations Group during the past quarter.

No.
DC L= List of Memos on Programming and Coding Lolh.f5 S and EC Group
for WWI
DCL=69 & and EC Operator's Check List 4455 J. Thompson
DCL-T1 Notes on Tape Room Operating Procedure 4-29-55 M. Solomita,
H., Bello, and
F. Shaw
DCL=-73 Treatment of Flexo Coded Characters by The B=H=55 J. M. Frankovich
Comprehensive System (Revision of Table)
DEL-TG The Avallability of Floating Address Values 5-20-55 J. M. Frankovich
Following C5 Conversions
DCL-TT7 Index of Subroutines Availlable for the b6-1-55 2 and EC Group

WWI Computer

3. VISITORS

Tours of the WWI installatlon include & showing of the film "Making Electrons
frounL", a computer demonstration, and an informal discussion of the major computer com-
ponenta, During the past quarter, 9 groups totalling 188 people visited the computer
installation. Included in these groups were:

April 28 Newton High School

May 4 M.I.T. Biclogy Department

May 10 Northeastern lUniversity

May 11 Operations Research Seminar

May 26 Clasa in "Intreduction to Digital Computers =
Coding and Logic", M,I.T.

June 16 Profesger Qpegury's Summer Session class, M,I,T,

June 24 Professor Hildebrand's Summer Session class, M.1.T.

The procedure of holding Open House at the Digital Computer Laboratory on the
first Tuesday of each month has continued during this period, Three groups totalling
58 persons visited the Laboratory at the Open House demonatrations, These persons re-
presented members and friends of the M.I1.T, community, Boston Safe Deposit and Trust Co.
Raytheon, Garland Jr. College, Natick High wol, Laboratory for Insulation Research i
i-TIOhn Harllcock Life Insurance Co,, Signal Manufacturing Co., and the Massachusetts I'-‘!emo;'-ial
ospitals,

During the past quarter there were also 78 individuals who made brief tours of
the computer installation at different times. Some of the companies represented by
these individuals are Chance-Vought Alrcraft; Bridgestone Tire Co. and Oktsu Tire Co. of
Japan; Godfrey L. Cabot Co.; Institute de Statistique, Paris; British Grain and Seed Co.;
U. 8, Army Signal Corps; Whirlpool Co., Link Aviation Co,; Monsanto Chemical Co.; !

i ls]
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1.¢,I., Ltvd,, England; Gulf Research and Development Co., Allegheny Refining Co.;
Remington Rand Corp.; Westinghouse Electric; Bell Telephone Laboratories; The British
Milk Marketing Board; The British Tabulating Co,; and Philips, N.V., Holland,

1
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