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FOREWORD 

This is a combined report for the two projects at the Massachusetts Institute of 
Technology which are sponsored by the Office of Naval Research under Contract N5ori60. 

Project on Machine Methods of Computation and Numerical Analysis 

This Project is an outgrowth of the activities of the Institute Committee on Machine 
Methods of Computation, established in November 1950. The purpose of the Project is (l) to 
Integrate the efforts of all the departments and groups at M.I.T. who are wording with modern 
computing machines and their applications, and (2) to train men in the use of these machines 
for computation and numerical analysis. 

People from several departments of the Institute are taking part in the project. 
In the Appendix will be found a list of the personnel active in this program. 

Project Whirlwind 

This Project makes use of the facilities of the Digital Computer Laboratory. The 
principal objective of the Project Is the application of an electronic digital computer of 
large capacity and very high speed (Whirlwind I) to problems in mathematics, science, engi­
neering, simulation, and control. 

The Whirlwind I Computer 

Whirlwind I is of the high-speed electronic digital type, in which quantities are 
represented as discrete numbers, and complex problems are solved by the repeated use of 
fundamental arithmetic and logical (i.e., control or selection) operations. Computations 
are executed by fractional-microsecond pulses in electronic circuits, of which the princi­
pal ones are (1) the flip-flop, a circuit containing two vacuum tubes so connected that one 

or the other is conducting, but not both; (2) the gate or coincidence circuit; (3) the 
magnetic-core memory, in which binary digits are stored as one of two directions of magnetic 
flux within ferro-magnetlc cores. 

Whirlwind I uses numbers of 16 binary digits (equivalent to about 5 decimal digits). 
This length was selected to limit the machine to a practical size, but it permits the computa­
tion of many simulation problems. Calculations requiring.greater number length are handled by 
the uee of multiple-length numbers. Rapid-access magnetic-core memory has a capacity of 
32,768 binary digits. Present speed of the computer is 40,000 single-address operations per 
second, equivalent to about 20,000 multiplications per second. 

PART I 

Machine Methods of Computation and Numerical Analysis 

1. GENERAL COMMENTS 

The summer quarter marks a turning point in the 

activities of the Project, In place of the personnel who re­

ported their final results at the end of the last quarter, new 

personnel are being introduced to the computing facilities of 

the Institute. As always, these new members have special in­

terests in various sciences and common interest in the tech­

niques of modern computing machinery. 

Most of the reports in the following pages represent 

projects that continued in progress over the summer in the 

fields of mathematics and physics. One new and one final re­

port on projects initiated in the engineering and mathematics 

departments are also included. The common objective of each 

of these is to extend the techniques of numerical analysis and 

computing into some field of application. In achieving this 

objective, the techniques themselves are enriched with useful 

sub-routines which then become available to other workers. 
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2.1 Index to Reports 

Eigenvalues In a Spheroidal Square Well 

Atomic Wave Functions and Energies 

Energy Bands in Graphite 

Coulomb Wave Functions 

Crack Growth in a Ductile Material 

Theory of Stochastic Processes 

Calculation of Numbers of Structures of 
Relations on Finite Sets 

^ 

2.2 Progress Reports 
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EIGENVALUES IN A SPHEROIDAL SQUARE WELL 

It will be recalled [l] that this problem is con­
cerned with the solution of the matrix equations 

V 
where the k^v depend upon the energy parameter h through com­
binations of spheroidal wave functions. The eigenvalues h. 
are determined by the usual condition that the infinite deter­
minant 

det huv (h) = 0. 

The procedure that was followed was to find the "eigenvalues" 
of a set of n x n determinants of increasing size in the hope 
that the successive approximations tv_ ' would converge rapidly 
as a function of n. 

The result was unexpected. It was found that for 

the well distortions of interest (£-".7 where £ = interfocal 

distance/major axis) the values of h)0' did not change by more 
(1) than a per. cent or two fdr l£n*4. Here h}*' is the i'th 

zero of the diagonal element A. . . 

Since it took better than fifteen minutes for Whirl­
wind to find a typical h£V a s contrasted with 4-5 minutes 
for the corresponding first-order approximation, I decided to 
be content with the lesser accuracy in the hundred or so 
eigenvalues which were required. 

Computations are about 80 per cent complete for a 

nucleus of A = 160, well-depth 40 mev, and nuclear radius 

1.5 A /' x 10" ' cm. Five different eccentricities are being 

used, ranging from 6 = .5 oblete to £ = .8 prolate. The 

energies thus obtained will be used to compute the variation 
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In the total energy as a function of the distortion. 

Jack L. Uret3ky 

Reference: 

[l] Machine Methods of Computation and Numerical Analysis, 
Quarterly Progress Report No. 15, March 15 (1955) P- 19. 
Also Report No. 16, June 15 (1955) P- 21. 

ATOMIC WAVE FUNCTIONS AND ENERGIES 

The program outlined In Quarterly Progress Report 

No. 16 has been abandoned and the computation of energies has 

been completed using a lengthier but more straightforward and 

accurate procedure. 

The method mentioned In the preceding Progress Report 

gives six significant figures for the first term of non-

isoelectronlc sequence but loses accuracy rapidly for the 

higher terms. The method used in its place consists simply 

of first holding "b" and "c" constant and finding the best 

value of "a" to within +0.02 and then doing similarly for "b" 

and "c" wi-th A"b" = +0.02 and A"c" = +0.003. This process 

is then iterated as many times as is necessary to give six 

significant figures. The process for one atom takes about one 

minute of machine time. The computation of the energy is 

divided up into an "a" dependent part, a "b" dependent part, 

etc. so that we need not go through the full energy evaluation 

procedure each time as we go along one of the parameter axes. 

Listed below are some results which are compared to 

previous computation done on I.B.M. W = energy in atomic units.. 

(ls22s22p2) 3P 

I.B.M. Results 

_a b c__ w 

Cj 3.51 3.18 0.965 75.256 

NIX 3.24 2.892 1.027 107.655 

°XII ? l 0 1 2'55 1.003 146.080 
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Whirlwind Results 

C I 
N I I 
° I I I 

a 

3.44 

3.20 

3.00 

b 

3.10 

2.81 

2.53 

c 

O.942 

1.007 

1.023 

The programming of the variational procedure has 
taught the writer of this report one major lesson--namely, 
that it is usually best to use the most straightforward pro­
cedure possible instead of more elaborate ones whose value 
is evident only In special cases. A glance at the previous 
progress reports on this problem will bear the above statement 
out. 

Arnold Tubis 

ENERGY BANDS IN GRAPHITE 

The tight-binding calculation of a two-dimensional 

graphite model Is being continued. As was described in a 

previous report [l] , three-center integrals were found to be 

necessary and these are being evaluated. These integrals 

are being done by the method of expanding the orbitals around 

another center and expressing the result as a series of Gegen-

bauer polynomials with numerical integrals as coefficients. 

For several cases the series were found after ten terms to 

be only moderately convergent. By empirically observing that 

the coefficients in a given series are roughly in a geometric 

progression, it is possible to greatly enhance the convergence 

by approximately summing the infinite tail of the series using 

expressions derived from the generating function of the Gegen-

bauer polynomials. To avoid numerical errors, a computer pro­

gram has been written to accomplish this latter process and is 

currently being tested. 

Fernando J. Corbato »» 
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Reference: 

[l] F. J. Corbato^ Quarterly Progress Report, Solld-State and 
Molecular Theory Group, M.I.T., July 15, 1955, P- 8. 

COULOMB WAVE FUNCTIONS 

The methods of getting the regular and Irregular 

Coulomb wave functions outlined by Abramowltz (Phys. Rev. %B, 
1955) requires a knowledge of the Irregular function gL for 

L = 0. Up to now the problem has been one of computing the 

Irregular function . 

with sufficient accuracy to be U3eful in any iterative or 

interpolatlve procedure for finding other Coulomb wave func­

tions. To this end new subroutines were written for all the 

functions which occur in the above integrand. These routines 

are accurate to 8 and 9 places for almost all relevant values 

of the argument. One additional difficulty is the fact that 

the second term in the Integrand is not well behaved as t—>1. 
It oscillates more and more rapidly In this limit, and the 

question arises, how to get a good estimate of its contribution 

to the whole integral. Dr. Abramowltz, when he was at M.I.T. 

during the summer for a week, suggested the following device, 

which we think largely eliminates this difficulty. From the 

second term of the integral (taken along the transition line 

f = 2? for convenience, and this can be done for any value of 

fi> t.nd '; ) subtract and add the limiting form of the integrand. 

10 
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The second integral can be done analytically: 

The trick is to evaluate the Integral in the above 
expression numerically, for it now has the property that its 
oscillations rapidly vanish near the end point t = 1, for 
the two sines in the integrand approach each other. Thus, 
although the above integral has a somewhat more complicated 
analytic form, it is much better behaved than the original 
integral and one should be able to get a much better numerical 
estimate of it. The integrated terms can be done once and for 
all. 

The numerical technique we have in mind is a Gaussian 
quadrature. But it must be kept in mind that all these methods 
are severely handicapped on Whirlwind where the maximum one can 
store is ten decimal digits. 

CRACK GROWTH IN A DUCTILE MATERIAL 

Zoltan Fried 
Aaron Temkin 
Arnold Tubls 

The stress pattern within a bar with an axial crack 
under torsional loading must be found as an initial 3tep in 
investigating the processes by which cracks grow in a ductile 
material. Due to the complexity of the problem because of 
the deviation from linearity in the plastic region, the use 
of a high-speed computing method is necessary. The problem is 
being studied in order that it may be presented in a form 
adaptable to the Whirlwind machine. 

Joseph B. Walsh 

li 
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THEORY OP STOCHASTIC PROCESSES 

1? 

The purpose of this report Is to present a theorem 

which has arisen In the theory of enchained stochastic processes. 

Some Ideas relating to this theorem have been presented pre­

viously In these reports [1] and have found application In the 
theory of cosmic ray showers [2,3]. 

Let (A, 'On, P) be a probability space and let (P, ̂ /->), 
( y >>y) be measurable spaces. The symbols D , i f f represent 

some general spaces made up of points co, G, g, respectively. 

For each real x,> 0, let (3^(x), ̂  (x) be measurable functions 

defined -fl t o ^ , ^ , respectively. The collections # = {(yf*>, 0* *••"* 
<3r = {?^) ;o £ ^ ^ go } will be called stochastic processes. 

In order to state the theorem of interest In this 

paper, it will be necessary to make the following assumptions: 

(1) & is a Markovian process. 

(2) The tr- fie Id of to events induced by *$• (x) is 

contained in that induced by @/(x) for all x -£ 0. 

(3) For all x, y, x ? 0, y * 0, °Y(x) = T (y) If 

and only if (§/(x) =&{y). 
(4) For all x, y, x * y £ 0, & (x) = <#(y) if and 

only if for all 1, X # z # y *0,<V(x) - <5/(z). 

(5) The space ^ to which T (x) is defined Is de-
numerable and g € JJ^for all g t y , 

(6) Corresponding to the process & there exists for 

all x, y, x > y .̂ 0, a transition function, P-](B , xjo, tt), 
such that (l) as a set function of B £• *&.,it is non-negative 
and completely additive, (2) as a point function of G 6 V it 
is measurable with respect to " p and (3) for each set Bp£ f^U 
and each x, y, x > y ? 0 , p

1(
Bp> x ' &{*\ y) Is the conditional 

probability of the event (3/(x) 6 B r given # (<j) with probability 1. 

(7) P 1(B r )x|G o0) satisfies the linear, temporally 
homogeneous diffusion equation, 

\-?^r&ix\Gi,o}*He) 
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0p f £>-,; *fctff ^ * ^oo » where 

From these assumptions it follows that there Is a 

transition function, Pg(g, x]g'i/), corresponding to the process 

f , which plays the analytical counterpart of the conditional 

probability of the event T(x) • g given^(f). The purpose 

of the theorem of this report is to establish that a certain 

condition on the function <*(G) is sufficient for insuring 

that Pg(g, x|g0, 0) has a specified analytical form. 

It is necessary to define a special stochastic 

process. This process is simply a tool for computing the 

chance that if *r" arrived at the state g for some x > 0, then 

it did so by passing through a certain specified sequence of 

points of the denumerable space / . Let ir(g) represent the 

space of all finite sequences of distinct points in / ending 

with g. That is, if f>eir(g), there is some finite sequence 

S0, g-i,..., %_i> S (where N may be different for different p) 

such that p s (gQ, gj,..., gN_1, g) . For each g ey , define 

a random variable 'P(g) such that ^(g) = p = (gQ, g-^..., 
SN-1' s^ if a n d o n l y if ^ f o r s o m e s e t W ' x2'"'' XN^' 
xk > xk-l > °» ^"O = s 0 ' ̂ ^ l ) " *!#••• " ^ N - l ) = gN-l' 

7 (xN) = g and (2) for all x, x N > x 3: 0, T ( x ) = gk for 

some k = 0, 1,.. ., N, g„ = g. In words, f^g) = p when the 

sequence of points which T has passed through in getting to 

g is p . To complete the definition it is necessary to im­

pose the normalizing condition 

Now define the process 
with the statement 

13 
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"?T(x) is thus a random variable defined to the space of all 

pairs (P, g),|"ir(g), 8 * / . < ? T 0 0 = (f,f) " the event 

that at x T(x) = g and the process T arrived at g by passing 

through the sequence p . It is clear that for all g */ 

The theorem can now be stated. In the statement of 

the theorem " # " represents the operation of convolution. 

Theorem: Suppose assumptions (l)-(7) M M * If fog each ^ * / 

*(Q) . const. = ̂ (g) for all &e g, then ^ Is Markovian and 

gN = g, where for each fixed g« (• y ; 77; («'_**> / ^ f- g 

is a probability measure over the space y . * 

Ve'^ 
<(v 

The proof of this theorem will be contained In a paper 

yet to be published entitled, "The Concept of Enchainment--A 

Relation Between Stochastic Processes." 

Bayard Rankin 

References: 
[l] Machine Methods of Computation and Numerical Analysis, 

Quarterly Progress Report No. 14, December 15 (1954), P- ̂ 5-

[2] ibid. Report No. 13, September 15 U95*)j P- W . 

[3] ibid. Report No. 14, December 15 (1954), p. 11. 

2.3 Final Reports 

CALCULATION OF NUMBERS OF STRUCTURES OF RELATIONS ON FINITE SETS 

A table of numbers of structures of dyadic relations 

has been calculated on Whirlwind I. The problem was taken up 

14 
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primarily to test a multi-register arithmetic program for manipu­

lating numbers of arbitrary length. Thus, we obtained exact 

integer answers to this problem, even though these results are 

as high as 10 . The results are given here completely written 

out, although they have primarily curiosity value. 

The problem, as described in a previous repoytf [2J , con­

cerns dyadic relationships holding among a set of n objects. 

A complete relationship is specified by an n x n matrix of l's 

and O's, a one in the ij place indicating that element 1 bears 

the relationship to element J while a zero indicates the absence 

of such a relationship. Counting the number of structures of 

relations amounts simply to counting the admissable arrays of 

l's and O's in the Incidence matrix. With no further restric­

tions, we see that the answer is 2 n , but in this figure we 

have included many "orbits" of isomorphic structures which can 

be permuted into one another by renumbering the objects of the 

set. The task at hand is to find how many orbits of non-

isomorphic structures exist. Davis [ l] has shown that this 

number is 

(1) strn = nT L »W *M 

TT 

where the summand is to be evaluated for one permutation, if, from 
each conjugate class of the symmetric group of permutations on 

n objects. Every member of a conjugate class has the same 

distinct disjoint cycle scheme specified by 

(Pp P2>---> Pn
) 

where p. is the number of cycles of length k in the permutation. 

The total number of conjugate classes is the number of partitions 

of n into integral summands. The quantity b(ir) is the redundancy, 

or number of member permutations in one conjugate class and is 

given by 

Pi p? pn v-1 
b(7r) = n!(l l px! 2

 c Pg! n Pn>') 

15 
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The quantity d(ir), known as the number of "degrees of freedom" 

connected with the permutation ir, Is defined by 

n n 

*(») = H H ph Pk ( h 'k ) 

h=l k=l 

2 Z I ph pk (h'k) + A k 
h^k k=l 

(h,k) = greatest common divisor of h,k 

Davis has developed other formulas for enumerating special 

ized classes of relation: 

Non-Isomorphic reflexive (or Irreflexlve) relations 

*. = nT E »<*> 2 ̂  

drefOr) = dOr) - £ P. 
k=l 

Non-lsomorphic symmetric relations 

syran " R7 HhW 2 

a ( 
sym 

h<k 

t lons 

16 

T) • £ p k { [ | ] + 1 + k ( P l c - i ) / 2 } 
k = l l ' 

+ E ph pk (h>*) 

[2']= greatest Integer function 

Nonlsomorphlc Irreflexlve (or reflexive) symmetric r e l a -

GRADUATE SCHOOL RESEARCH 

l r Sn=nT £ b O O > s ( 7 r ) 

f 

< W * ) = dsym - £ J pk 
k = l 

Non-lsomorphlc anti-symmetric relati 

a S y mn = nT I^*U) 3
dasym(7r) 

ons 

ir 

n 

asy>> = C pk { L^f1] + k ^ - U / z ) 

X I ph pk (h'k) 
h<k 

Incidentally, note that ref is the number of directed graphs 

on n nodes and Irs Is the number of non-directed graphs. 

All these formulas have been evaluated for n ranging up 

to 16 and the values are given in the accompanying tables. 

Asymptotic Formulae - Inspection of the various enumeration 

formulae given above shows that the dominant contribution to 

the total number of structures is due to Just one of the par­

titions. This partition is the one consisting of n 1-cycles 

and corresponds to the identity transform of the group of 

transforms of the incidence matrix. Taking this term from 

each of the formulas we have 

strn ~ 

ref ~ n 

symn ~ 

irs ~-n 

a sym ~ n 

„2 

2n/nJ 

2n(n-l)/n, 

2(n+l)f/n, 

g(n-l) 
1 /n! 
f(n-l) 
3^ ,/n! 

17 
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To show the accuracy of these approximations, we give Table VII 

as a representative table. It appears that the asymptotic 

formulae are good to about one per cent if the true structure 

number is of the order of 10 

larger structure numbers. 

References: 

[2] 
] R. L Davis, Proc. Am, 

M. D. Mcllroy, Machine Methods of Computation and Numerical 
Analysis, Quarterly Progress Report No. 15 (1955) P- 10 

TABLE I Numbers of Structures of Relationships 
(all structures 

n 

T 
2 
3 
4 

5 
6 

7 
8 

9!: 
10 ! 

11 i 
12 

13 
14 

str 

- r*-
10 

104 

3044 

2.9197 10' 

9.6929-107 

1.1228-10 

ireflexive 

ref 

11 

18 

1 
3 

16 
218 

9608 
1.5409/10 
8.8203/10 

4 .5830-10 l 4 j1 .7934 101Z 

6 .6666-10 l 8 | 1.3028-10 
3 .4939-10 2 ? i3 -4126-10 2 0 

6.6603-IO28:3.2523/102-

4.6557-1034;I.1367 10 

9 .0169 1 0 4 0 i 1 . 4 6 6 9 ' 1 0 5 7 j.4 .0540 1 0 1 7 ; 5 .0502 1 0 1 5 : 

1 . 1 5 2 1 - l O 4 8 ; 7 . 0 3 1 6 - 1 0 ^ 5 

151 4 . 1 2 3 3 - 1 0 5 5 j I . 2 5 8 3 l O 5 * : 1 . 0 2 3 1 1 0 2 4 3 .1426 1 0 1 9 

16 5 .5343 1 0 6 3 i 8 . 4 4 4 6 - 1 0 ^ 
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TABLE I I Numbers of S t r u c t u r e s of Dyadic R e l a t i o n s 

s t r 

1 
2 

3 

4 

5 
6 

7 
8 

9 

10 

11 

12 

13 

14 

15 

16 

6666 

90545 

85078 

89066 

901685 

19H7 

57604 

43236 

4 

79295 

20973 

25727 

57533 
89642 

11 

45829 

62157 

49349 

18075 

46557 
03112 

91267 

62528 

74157 
77230 

1233^ 
18834 

59863 

62971 

09620 

93721 

2 

969 

22829 
71000 

21539 

98391 
6660 

85386 

45648 

66511 
11300 

9606I 

1152 

55389 
31424 

41401 

69376 
65854 

20722 

02145 

27245 

2 

10 

104 

3044 

91968 

28992 

08928 

61728 

27936 

3493 
61856 

34219 
36288 

25869 
04256 

76041 

48096 

05015 

34617 

28672 

68606 

48648 

35136 

5534 

05192 

19348 

80352 

19 

111 
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TABLE III Numbers of Structures of Reflexive 
irreflexlve) Dyadic Relations 

(or 

ref 

1 

2 

3 
4 

5 
6 

7 
8 

9 
10 

11 

12 

13 

14 

15 

16 

13 
341260 

09385 

25400 

146 

69037 

56566 

06555 

04488 

99188 

8444 

87807 

86915 

179 

02795 

43195 

05588 

11 

57443 
69085 

09607 

15234 

97990 

12 

67281 

12349 
60738 

17815 

03432 

15 
8820 

33591 
68243 

29725 

3 
61111 

36674 

38940 

69271 
53162 

99952 

40912 

58345 
04228 

03206 

34225 

32315 

37883 

n 
1 

3 
16 

218 

9608 

40944 

33440 

92848 

99552 

80352 

25229 
97440 

54308 

04224 

29298 

20928 

7031 

13855 
17920 

26155 

58105 

83OO8 

80541 

89171 

67872 
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TABLE IV Numbers^ Structures of Symmetric Dyadic 

n 
sym 

1 

2 

3 

4 

5 

6 

7 
8 

9 
1 O 
-1 -J 

11 

12 

13 
14 
15 
16 

4 

IO230 

41788492 

405 

70568 

63423 
O3082 

1 

195 

65233 
40227 

64216 

47118 

02323 

22 

1137 
09262 

63634 

50845 
34209 

11199 
94310 

60582 

* n 

2 

6 

20 

90 
544 

5096 

79264 

08612 

43760 

27136 

35360 

92096 

96800 

63904 

54720 

29792 

20 

21 

! 
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TABLE V Numbers of S t r u c t u r e s of I r r e f l e x l v e ( o r 
r e f l e x i v e ) Symmet r i c Dyad ic R e l a t i o n s 

I r s . 

1 

2 

3 
4 

5 

6 

7 
8 

9 

10 

11 

12 

13 

14 

15 

16 

29 
31426 

640 01015 

16 

5050 

05415 

48596 

70452 

2 

120 

10189 
50911 

20313 

56572 

98043 

75578 

~" n 
1 

2 

4 

11 

34 

156 

1044 

12346 

74668 

05168 

97864 

72592 

67952 
35488 

08768 

94928 

22 
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TABLE V! J j j j g . , s , of a n U w e t r i c 

asym 
1 

2 

3 
4 

5 
6 

7 

8 

9 

10 
11 
12 

1? 

14 

15 

16 

4374 

39836 

35571 

80530 

957 

49990 

84182 

38402 

41 
81600 

40620 

93872 

22500 

300 
05349 

72686 

83757 

49161 

27902 

21 

5750 

59392 

74490 

99707 

07497 

263 

90533 
36589 

84908 

34898 

92075 

16546 

32471 

•~n 
1 

2 

7 
42 

582 

21480 

42288 

16219 

43032 
11040 

47314 

645 

39356 

77967 

73136 

61589 

93399 

11549 
81003 

8588 

12893 

44414 

? • * 
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GRADUATE SCHOOL RESEARCH 

TABLE VII Comparison of Asymptotic Structure 
Formulae with True Formulae 

n = 
approx. 
value 

str£ 1.117 10 
refn 
symn 
irs n 
asymn 

7 
true 
value 

1.125 1011 

n = 
approx. 
value 

5.495 1025 

5.411 1020 

.995 1010 

.970 107 

8.140 1014 

10 

true 
value 

5.494 

5-415 

1.095 
1.201 

8.160 

1 0 ^ 

1020 

1010 

107 

iol2> 

n = 

approx. 
value 

4.123 1 0 5 5 

1.258 1051 

1.016 1024 

3.102 1019 

9-577 1057 

15 
true 
value 

4.123 

1.258 

1.023 

3-145 

9.577 

10*5 
lO^1 

10 2 4 

101* 

10?7 

?A 

PART II 

Project Whirlwind 

1. REVIEW AND PROBLEM INDEX 

This report covers the specific period of June 13, 1955 to September 18, 1955. 
During this time, 91 problems made use or 337.3 hours of the 562.2 hours of Whirlwind I 
computer time allocated to the Scientific and Engineering Computations (S&EC) Group. The 
remaining 224.9 hours of the allocated time were used for terminal equipment testing and 
calibration, demonstrations, tape conversions for Lincoln Laboratory, and various lnter-
run operations not logged to specific problems. 

These problems cover some 22 fields of applications. The results of 18 of the 
problems have been or will be Included in academic theses. Of these, 12 represent doc­
toral theses, 1 engineering, 4 master's, and 1 bachelor's. Twenty-one of the problems 
have originated from research projects sponsored at M.I.T. by the Office of Naval Research. 

Two tables are provided as an index to the problems for which progress reports 
have been submitted. In the first table the problems are arranged according to the field 
of application, and the source and the amount of time used on WWI Is given. In Table 2-II 
the problems are listed according to the principal mathematical problem Involved In each. 
In each table, the letter after the problem number Indicates whether the problem is for 
academic credit and whether It Is sponsored. The code is explained on page 28. 
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PROBLEM INDEX 

A*rot.antic and 
St ructures Research 
Laboratory 

Description 

Transient response or a i r c r a f t s t ruc tures to aerodynamic Heating 
Horizontal s t a b i l i s e r nodes, shapes, frequencies 

Transient temperature of a box type beam 
Factoring high order polynomials 

Trajectory ca lcu la t ions for a rocket during powered n i g h t 

i Pa r t i a l ly continuous wooden beams 

Numerically control led mil l ing machine turbine blade 

Chemical Engineering Transients In d i s t i l l a t i o n columns 
Calculations for the KIT reac tor 
Heat t ranafer In turbulent now 
Cr i t i ca l mass ca lcula t ions for cyl indr ica l geometry 
Prediction of chromatographic separations 

Civ i l Engineering Dynamic buckling 

Dynamic ana lys i s of an a i r c r a f t Interceptor 

Soli tary wave generat: 

p r o b l e m 
Number 

*36 C. 
2 7 7 C. 

179 C. 
314 C . 

310 C. 

302 

267 B. 

241 B,N. 
2b6 A. 
299 C. 
2 7 0 B. 
3 0 3 C. 

891 6 . 

258 C. 

264 c . 
171 B . 

106 C. 
261 C. 

K i n , o r 
UN I •: M 

3 6 8 . 7 

4 5 . 6 
2 0 . 6 

6 0 . 5 

1 1 . 8 

1 9 0 . 5 

3 2 2 . 3 
l « T . i 

3 7 3 . " 
4 9 9 . 9 
U 7 4 . 8 

7 4 . 4 

1 7 4 . 5 

8 7 . 7 
2 1 8 . 2 

8 6 8 . 0 
3 7 2 . 9 

o r 
P r 

L. 
K, 

L. 
V. 

J . 

I 

0 . 

s. 
H 
A. 

i . 

H. 

K. 

J . 
P. 

S . 
v . 

o g r a m w e r 

S c h m i d t 
W e t m o r e 

S c h m i d t 
Howard 

P r l g g e 

W e l n a t e l 

B r o m r i e l 

D a v i s 
T r o o a t 
T u r a n o 
P o w e l l 
F i s c h e r 

J o n e s 

K a v a n a g h 

D e n n i s 
E n g e l 

S i m p s o n 
B u e r g e r 

: ; , s a l y s i s 

Lincoln Laboratory Eigenvalue problem for propagation or electromagnetic waves 
Ionosphere computation 
General Raydlst solution 
Tropospherlc propagation 
Error ana lys i s 
Radar cor re la t ion 

Plow of compressible fluids (aerothermopressor) 
Laminar boundary layer of a steady, compressible flow in the 

entrance region of a tube 

Synoptic climatology 
Computations or the f ie lds of ver t i ca l velocity and horizontal 

divergence 
Invest igat ion of the vo r t l c l ty f ie ld In the general c i rculat ion 

of the atmosphere 
Correlation function 
Spectral ana ly s i s of atmospheric data 

Se i r -cons ls ten t molecular o rb i t a l 
An augmenteo plane wave method as applied to sodium 
Exchange in t eg ra l s between real S la ter o rb l t a la 

Transformation of in tegra l s for diatomic molecules 
Neutron-deuteron sca t te r ing 
Atomic in teg ra l s 
Theory of neutron react ions 
Appllcstion of the APW method to body- and face-centered iron 
Energy leve l s of diatomic hydrides 
Evaluation or two-center molecular Integrals 
Electron diffusion in an electromagnetic field 
Analysis of a i r shower data 
Multiple s ca t t e r ing of waves from a spat ia l array of 

spherical s c a t t e r e r s 
Energy levels oC diatomic hydrides L1H 
Augmented plane wave method as applied to c rys ta l chromium 
Atomic wave runctlons 
Electronic energy of the helium molecular Ion 
R e l a t l v i s t l c atomic wavefunctlons 
Pure and Impure KC1 crys ta l 
Data reduction program, polynomial 1'lttlng 
Subroutines ror the numerically controlled mil l ing machine 

Comprehensive system or service routines 
S ft EC subroutine study 
Ultrasonic delay lines 
Comparleon of simplex and re laxat ion methods in l inea r 

programming 
whirlwind I - ERA 1103 t r ans l a t i on program 
Course 6.25 
Frequency ana lys i s of aperiodic functions 
Routines for course 6.601 

244 C. 
2 9 6 C . 

• 

2 5 9 L. 
272 L. 
300 L. 
312 L. 

120 B,N. 

196 N . 

155 N . 

224 N. 

226 D. 
280 B. 
3 0 6 D. 

297 B . 
307 C . 

U * N. 
194 B , N . 
204 N. 

2 1 8 N. 
225 B.N. 
234 N. 
2 4 5 N. 
2 5 3 N. 
2 6 0 N. 
2 6 2 N. 
2b>_ L. 
2 7 3 N. 

•7s. N. 
2 7 8 N. 
2 8 b N. 
2 8 6 N. 
298 A. 
304 N. 
309 B,N. 
i 2 b C. 
132 D. 

1 0 0 , 
1 4 1 . 

2 1 9 . 
2 5 6 C . 
30b B. 
308 A. 
3 1 3 D. 

23*4.9 
7 . 4 

2 0 9 . 1 

2 2 3 . 2 
3 0 4 9 . 2 

2 8 2 . 1 
2 5 5 . 8 

1 2 . 9 

8 3 7 . 0 

1 1 0 . 3 

2 4 6 . 9 

4 0 3 . 3 

3 8 2 . 6 
• • 

4 3 . 9 

3 7 1 . 4 
3 9 . 1 

6 O . 9 
2 7 7 . 6 

1 4 . 7 

1 7 1 . 4 
2 2 . 4 

1 0 6 2 . 8 

2 1 8 . 7 
3 7 8 . 2 

8 1 . 6 
1 9 3 . 2 

8 1 . 6 
4 1 1 . 9 

5 2 . 9 
8 0 6 . 7 

3 6 . 5 
9 1 8 . 3 

7 4 . 3 

2 5 8 4 . 2 
9 7 8 . 9 

8 0 . 2 

2 6 8 . 1 
5 3 6 . 9 

9 1 . 9 
3 2 . 6 

J . 
J . 

w. 
H. 

ft, 
M. 
H. 
I . 

n, 
A. 

T. 

E . 

J . 

H. 
P . 
B . 

J . 
J . 

R. 
N . 
P . 

L a n l n g 
S t a r k 
K e h l 

D w l g h t 
B r e n n a n 
R o t e n b e r g 
D w l g h t 
S h a p i r o 
W e i n s t e l n 

E r l c k s o n 

T o o n g 

K e l l a y 

A u s t i n 

S a l t z m a n 

B a r o n 

N e s b e t 
S a f f r e n 
Mer ryman o f 

U n i v . o r C h i c a g o 
R. 
L. 
R. 
E . 
J . 
A. 
H. 
D. 
0 . 

M. 
0 . 
M 
R. 
B. 
C. 
L. 
D. 
J 

F 
S 
R 

E 
J 
H 
J 
A 

N e s b e t 
S a r t o r l 
N e s b e t 
Campbe11 
Wood 

A g h a j a n l a n 

C l a r k 

K o s t e r 

N e s b e t 
M o l s e l w l t s c h 
S c h w a r t z 

Rosa 
H .Runyon 

H e l w l g 
k EC G r o u p 

B i s h o p 

R a i r f a 
P r a n k o v l c h 
E c c l e s 

S i e g e 1 

Table 2-1 Current Problems Arranged According to Field of Application 
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FKUBLKM INDEX 

Mathematical Problem 
1. Matrix algebra and equations 

Matrix multiplication, addition, dlagonallzatlon 
OrthonormalIzatlon 
Root of a determlnantal equation 
Linear equations 
Simultaneous equations 
Eigenvalues 
Eigenvalues 
Eigenvalues 
Inversion 

2. Ordinary differential equations 
Seven nonlinear first order 
System 
Set of first order equations 
Set or nonlinear flrat order 
Wave equation 
Set of eight flrat order 
Second order 
System or ordinary differential equations 
Nonlinear differential equations 
Nonlinear differential equations 
Second order 
Second order nonlinear differential equations 

3. Partial differential equations 
Second order parabolic 
First order system 
First order system 
Second order 
Simultaneous partial differential equations 
Second order hyperbolic partial 

*. Integration 
Integral evaluation 
Stationary point of a variational 
Overlap Integrals 
Integration 
Integra] transformation 
Overlap integral 
Integration 
Integration 
Integrals 
Presnal integral 

5. Statistics 
Multiple time series 
Calculation of the coefficients of a multiple 

regression system 
Multiple time series 

Maximum likelihood estimation 
Multiple time series 

6. Transcendental equations 
Nonlinear equations 
Nonlinear equations 
Curve fitting 

/. Data reduction 
Data reduction 
Surface fitting 
Misa distribution 

9. Croup theory 
Generation of projection operators 

9. Complex algebra 
Complex roots and function evaluation 

10. Pourler series 
Fourier synthesis 
Summing series 
Pourler synthesis 

11. Linear programming 

Linear programming 

Linear programming 

Linear programming 

12. Factorization of Polynomials 

13. Algebraic equations 

Baalc o p e r a t l o n a 
Schmidt p r o c e s s 
I t e r a t i o n 
C r o u t ' s method 
I t e r a t i o n 
D i a g o n a l I r a t I o n 
D l a g o n a l l z a t l o n 
D l a g o n a l l z a t l o n 
C r o u t ' a method 

Fourth o r d e r K u t t a - Q i l l 
0111 'a method 
Olll'a method 
Second order Kutta-Olll 
Milne prediction-corrector formula 
Olll'a method 
Oauss-Jackson method 
Difference equations 
Olll'a method 
0111'a method 
Gill's method 
Olll's method 

14* N. 

2b6 A. 
270 B. 

278 N. 

288 N. 
312 L. 

120 B.N. 
I 

• 

241 B,N. 
N 

M B C. 

. 
291 B. 
296 C. 
297 B. 
310 C. 
265 L. 

Explicit finite differences 236 C. 
Finite differences 224 N 
Finite differences 226 t>. 
Finite differences 299 C. 
Finite differences 303 B! 
Finite differences 179 Q'. 

Oausolan quadratic 204 N. 
Simj-Son'a rule ;>2b B N 
Evaluation of analytic rorms 260 u'. 
Simpson's rule 
Algebraic recursion formula 234 N* 
Evaluation of analytic forma 262 N. 
Trapezoidal rule 304 A. 
Gauss quadrature 312 L.* 
Barnett ft Couison expansion method 309 B. 
Conversion power series with a 

complex agreement 300 L. 

Prediction by linear operators 106 C. 

Inner products j N 
Correlations, means, frequency 

distribution 
Means, weighted sums, etc. 
Correlation and transforms 

Steepest descent 
Iteration 
Least squares 

Polynomial ritting, etc. 
Polynomial fitting, etc. 
Arithmetic operations 

Machine generation 

Iteration 

Direct evaluation 
Direct evaluation 
Direct evaluation 

Simplex method and relaxation 
method 

Simpiex method and relaxation 
method 

Simplex method and relaxation 

flic I I H M 

Hitchcock's method 

Newton-Raphson 

259 L. 
271 B. 
280 B. 

264 c. 
272 L. 
273 N. 

126 C. 
267 B. 
244 C. 

2 6 ] 

| 0 £ 

•'1 * 

Ufi 

1 i t 

114 

)07 

c. 
N. 
D. 

L . 

C . 

C . 

0. 

Table 2-II Current Problems Arranged According to the Mathematics Involved 
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2. WHIRLWIND CODING AND APPLICATIONS 

2.1 Introduction 

Progress reports as submitted by the various programmers are presented In numerl 
cal order In Section 2.2. Since this summary report presents the combined efforts of DIC 
Projects 63'*5 and 6915, reports on problems undertaken by members of the Machine Methods 
of Computation (MMC) Group have been omitted from Section 2.2 of Part II to avoid duplica­
tion of Part I. For reference purposes, a list of the MMC Group problems appears on 
page 68. 

Letters have been added to the problem numbers to Indicate whether the problem 
is for academic credit and whether It is sponsored. The letters have the following sig­
nificance: 

A 

B 

C 

D 

H 

1, 

Implies 

Implies 

implies 

Implies 

implies 

Implies 

the 

the 

the 

the 

the 

the 

problem 

problem 

problem 

problem 

problem 

problem 

La 

22 
Li 

U 

i s 

i s 

NOT for academic credi t , is UNsponsored. 

for academic credi t , is UNsponsored. 

NOT for academic credi t , IS sponsored. 

for academic credi t , IS sponsored. 

sponsored by the Office of Naval Research 

sponsored by Lincoln Laboratory. 

e of a letter indicates that the problem originated within the S and EC Group. 

WHIRLWIND CODING AND APPLICATIONS 

2.2 Problems Being Solved 

100. COMPREHENSIVE SYSTEM OF SERVICE ROUTINES 

The modifications proposed In the preceding Summary Report were made and tested 
during the past quarter and are now part of the working system. 

Work Is presently proceeding on a manual which will descrlte In some detail the structure of the comprehensive system. 

F. C. Helwig 
Digital Computer Laboratory 

106 C. MIT SEISMIC PROJECT 

As discussed In various previous reports. Problem 106 is concerned with the In­
vestigation of the use of statistical analysis techniques to seismic record interpretations, 
and in particular with the separation of "reflections" from background interference on 
these records. More complete descriptions of the problem and the approaches used are con­
tained in the Digital Computer Laboratory Biweekly Report of June 15, 1953, and in "Detec­
tion of Reflections on Seismic Records by Linear Operators". (Wadsworth, Robinson, Bryan, 
and Hurley--GEOPHYSICS, Vol. 18. No. 3, July 1953). 

The reader is referred to the March 25, 1955 quarterly report (Summary Report 
No. ^l) for our recent approaches to the problem. During the last quarter we have con­
centrated on the following problem: the examination of a split spread multitrace sels-
mogram for possible reflection signals, where the time position of the signal on each 
trace may vary due to both dip of reflector and finite curvature of the wave front, and 
the conversion of these results directly into structural Information about the earth. 

A program which has been developed for this purpose averages, for each small 
Increment of time, cross-correlations across the record, along curves on which we would 
expect a reflection to fall for various trial dip angles, according to any given velocity 
function. (Actually it averages along two straight line segments, one on the upper half 
traces, one on the lower half, which represent the chords of the actual reflection curve 
arc.) For each increment the program then finds that dip angle which maximizes this 
average, prints out this angle and the maximum, converts the center time of the increment 
to an elevation and prints this elevation. 

The program has been checked out and is now being run on actual records with 
different values of the averaging-length and trial step-out spread parameters. The re­
sults are very encouraging. 

Research reports are sent tp a restricted group of supporting companies, but 
reproductions may be obtained through the special collection division of the M.I.T. Hayden 
Library, six months after the reports are sent to the companies. 

.Programmers during the summer have been S. Simpson, S. Treitel, and D. Fink, 
who are all associated with the M.I.T. Department of Geology and Geophysics. 

S. M. Simpson, Jr. 
Geology and Geophysics 

120 B,N. THERMODYNAMIC AND DYNAMIC EFFECTS OF WATER INJECTION INTO HIGH-TEMPERATURE, 
HIGH-VELOCITY GAS STREAMS 

This problem Is connected with the development of a potential gas turbine 
component, called an "aerothermopressor", in which a net rise in stagnation pressure of a 
hot gas stream is brought about by cooling of the stream. The cooling of the hot gas is 
accomplished by evaporation of liquid water which is Injected into a high-velocity region 
of the flow. The concepts underlying the operation of the aerothemopressor are an out­
growth of comparatively recent work in the field of gas dynamics, and its proposed func­
tion In the gas turbine cycle Is analogous to that of the condenser in a steam power 
plant. 

The device consists of a converging nozzle which accelerates the exhaust gases 
from the turbine Into a circular duct of varying diameter. This duct Is terminated by a 
conventional conical dlffuser which recovers the kinetic energy of the flow before 

.(, 
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WHIRLWIND CODING AND APPLICATIONS 

discharging It to the atmosphere. At the entrance of the duct, special Injectors deliver 
minute Jets of water which are in turn atomized by the rapidly moving gas stream. 

The changes in state within the aerothermopressor are brought about by the si­
multaneous thermodynamic and dynamic effects of (a) evaporation of the liquid water, (b) 
momentum and energy Interactions between the phases, (c) friction, and (dj variations in 
the cross-sectional area of the duct. Under proper circumstances, these effects bring 
about a net rise In stagnation pressure across the device. Further descriptions of this 
device may be found in earlier reports, beginning with Summary Report No. 32, Fourth 
Quarter, 1952. 

The role of Whirlwind I in the successful development of the aerothermopressor 
is intimately connected with the determination of performance characteristics of the de­
vice, under all conditions of operation, by means of a comprehensive one-dimensional analy­
sis of the process. This analysis involves the simultaneous solution of seven, non-linear, 
first-order differential equations. 

During the past quarter a number of computations were made using the new Whirl­
wind program for the aerothermopressor (described in the Quarterly Report of March 2k, 
1955, No. kl). The computations can be divided into three groups: 

1. Theoretical calculations to compare with experimental results from the 
aerothermopressor being tested in the Gas Turbine Laboratory. These comparisons are in­
cluded in an Sc. D. thesis by Arthur A. Fowle entitled "An Experimental Investigation of 
an Aerothermopressor Having a Gas Flow Capacity of 25 Pounds Per Second". A typical 
example of such a comparison (Figure 19 from the thesis) is included with this report. 

2. A theoretical investigation of the desirability of having supersonic gas 
velocities at the plane of water injection. Calculations indicate performance of the 
aerothermopressor improves when supersonic vslocltles are used. This result, however, does 
not include the effect of increased friction upstream of the water injection plane. 

3. A study of conical diffusers with different angles of divergence in order 
to design a better experimental aerothermopressor for testing in the Gas Turbine 
Laboratory. 

The aerothermopressor program is being carried out at M.I.T. under the sponsor­
ship of the Office of Naval Research and is being directed by Professor Ascher H Shapiro 
of the Department of Mechanical Engineering. The theoretical aspects of the problem treats 
ed by whirlwind I were programmed by Bruce D. Gavril and are now being carried out by Alve 
J. Erlckson. 

A. J. Erickson 
Mechanical Engineering 
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WHIRLWIND CODING AND APPLICATIONS 

126 D. DATA REDUCTION 

Problem 126 i s a very large d a t a - r e d u c t i o n program fo r use In t h e Servomechan-
lsms Laboratory. The o v e r a l l problem i s composed of many component s e c t i o n s which have 
been developed s e p a r a t e l y and are now being combined into complete p ro to type programs. 
Desc r ip t ions of t h e var ious component s e c t i o n s have appeared i n past q u a r t e r l y r e p o r t s . 
Af ter the development and t e s t i n g of the prototype Whirlwind programs Is comple ted , the 
programs wi l l be re-coded f o r o the r , commercially a v a i l a b l e , l a r g e sca le computers , 
(probably the ERA 1103, IBM 701 and IBM 704 computers ) , for use by I n t e r e s t e d agenc ies 
fo r a c t u a l da ta reduc t ion a t o the r l o c a t i o n s . The programs a r e c u r r e n t l y be ing developed 
by Douglas T. Ross and David F.McAvlnn wi th the a s s i s t a n c e of Miss Dorothy A. Hamilton, 
Servomechanlsms Laboratory s t a f f members. This work i s sponsored by the Air Force Arma­
ment Laboratory through DIC Projec t 7138. 

The n a t u r e of t h e problem r e q u i r e s extreme au toma t i c l t y and e f f i c i e n c y in the 
a c t u a l running of the program, but a l s o r equ i r e s t h e presence of human o p e r a t o r s in the 
computation loop for the purpose of d e c i s i o n making and program m o d i f i c a t i o n s . For t h i s 
reason extens ive use i s made of output o s c i l l o s c o p e s so t h a t the computer can communicate 
with the human, and manual i n t e r v e n t i o n r e g i s t e r s so tha t the human can communicate wi th 
the computer in terms of broad ideas , whi le the computer I s runn ing , and have t h e computer 
program t r a n s l a t e these i d e a s i n to the d e t a i l e d s t e p s necessary for program mod i f i ca t i on 
to conform to the human o p e r a t o r ' s d e c i s i o n . The program which does t h i s t r a n s l a t i o n and 
modif ica t ion I s c a l l e d the Manual I n t e rven t i on Program (MIV). The most r e c e n t ve rs ion o f 
the prototype d a t a - r e d u c t i o n program i s ca l l ed the Basic Eva lua t ion Program. 

Most of the computer time d u r i n g t h i s q u a r t e r was used in t e s t i n g and modifying 
the WWI-1103 T r a n s l a t i o n Program desc r ibed in Problem 256. Three programs were w r i t t e n in 
the ERA 1103 code for t r a n s l a t i o n by t h i s program. Two of t h e s e programs were w r i t t e n t o 
t e s t the o s c i l l o s c o p e d i s p l a y un i t a t t a c h e d to the Air Force Armament Center 1103 Computer 
a t Egl in Air Force Base, F l o r i d a . One i s a ,'Jcope F lexowr i t e r Program which w r i t e s c h a r a c ­
t e r s on the scope corresponding to a F lexo tape r ead in to the computer. The o t h e r program 
i s the Mouse Program which s imula tes a mouse s o l v i n g a 16 x 16 maze with t h e succes s ive 
s t e p s drawn on the scope by the program. The t h i r d program, A Basic Input T r a n s l a t i o n 
Program for the ERA 1103 Computer, i s a companion to the program of Problem 256 except 
t h a t symbolic addresses a re not allowed. This program wi l l be used to make c o r r e c t i o n s 
to programs t r a n s l a t e d on WWI a t the 1103 s i t e . 

The Basic Eva lua t ion 
newer vers ions of the equa t ions 
The Par t I Program ha3 a l s o bee 
a d d i t i o n a l inpu t s and o u t p u t s 1 
a l s o been modified to use l o c a l 
program at no c o s t In accuracy , 
s u f f i c i e n t accuracy , but choose 
g e n e r a t e a new Taylor expansion 

The Manual I n t e r v e n t i o n Program (MIV) h a s gone through severa l new r e v i s i o n s i n 
e r f o r t s to gene ra t e a system which w i l l a l low, e s s e n t i a l l y , programming wi th programs 
whi le the computer i s in o p e r a t i o n . The Direc tor Tape Program has been modif ied under 
Problem 100 so t h a t the new system can incorpora te a l l of the Comprehensive System w i t h ­
out r e s t r i c t i o n . Logging and Edit ing Programs a r e being w r i t t e n by S & EC group program­
mers so that every ac t ion taken or d i s p l a y seen can be permanently logged In an e a s i l v 
understood form. 

Program has again been r e w r i t t e n to I n c o r p o r a t e s t i l l 
and t o simplify t h e o rgan i za t i on of s t o r a g e l o c a t i o n s , 

n again r e w r i t t e n u s i n g many p r e s e t parameters t o al low 
n a r b i t r a r y formats . The s ine and cosine r o u t i n e s have 

Taylor expansions t o g r e a t l y Inc rease the speed of the 
The program chooses the Taylor Expansion I f I t w i l l g i v e 

s the l i b r a r y subrou t ine o t h e r w i s e , and uses the r e s u l t s t o 
about the new po in t for use on succeeding s t e p s . 

D. T. Ross 
Servomechanlsms Labora tory 
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132 D. SUBROUTINES FOR THE NUMERICALLY CONTROLLED MILLING MACHINE 

The following work was done during the past quarter under Problem 132: 

1. A completed punched paper tape was used to cut a machine cam using the Numerically-Controlled Milling Machine. This work was submitted by John Runyon In a thesis report. 

2. A completed punched paper tape was used to cut out a profile cam for 
Chandler-Evans Corporation, Hartford, Connecticut. This work was also submitted by John 
Runyon in a thesis reoort. 

3. A third program was not completed. However, the Hydromatle Laboratory 
under the sponsorship of the Navy has resumed work on this program. 

Problem 132 Is now terminated with regard to Whirlwind I. 

T. Nagle 
Servomechanlsms Laboratory 

141 SUBROUTINE STUDY OF THE SCIENTIFIC AND ENGINEERING COMPUTATIONS (S 4 EC) GROUP 

1. Factorization of Polynomials 

CS II routines for factoring nth degree polynomials have been coded and tested, 
and have solved several tenth degree polynomials arising from physical problems. The 
tapes are on file, and their use Is described in DCL-94-1. Research Is continuing on 
numerical factorization methods. 

A CS II routine now almost ready for use will express functions given as long 
Taylor series in terms of sums of Tschebyscheff polynomials Tn(x). This type of expres­
sion minimizes the maximum error when the series representing a function must be trun­
cated. A measure of the truncation error will be given. A Digital Computer Laboratory 
memorandum describing the routine In detail Is in preparation. 

M. Jacobs 
2. Iterative Solutions 

A preliminary routine has been developed for iterative solution of linear 
systems. The method is particularly suited for use with large matrices, most of whose 
elements are zero, a type encountered commonly In network analysis or discretlzed ellip­
tic partial differential equations. Further, such matrices are commonly loaded along the 
main diagonal. This characteristic, too, is capitalized on by the Iterative process. 

The Iterative approach to a solution has two advantages. In the first place, 
only enough storage registers need be provided to take care of the non-zero elements In 
the matrix, whereas reduction processes such as Gauss-Jordan or Crout can not so profit 
from the character of the matrix. Secondly, Initial data are used at each stage of the 
iteration, obviating the necessity oT carrying large numbers of superfluous digits in 
order to overcome round-off. One can expect, though, that iteration will be very slow in 
convergence for large systems and this factor must be weighed against the advantages. 

In respect to time, the routine does not compare favorably with Crout's method 
for small matrices, but near the limiting size (28 x 28) of matrices which can be handled 
in core-memory by a Crout routine, the Iterative routine becomes competitive. It is ex­
pected that the latter method will in general take a time roughly proportional to n while 
Crout's method takes a time proportional to n3. In storage requirements, the Iterative 
routine is limited only by the number of off-diagonal elements in the matrix. A 100 x 100 
symmetric matrix with 400 off-diagonal elements can be handled in core storage, using two-
register arithmetic. 

The Jacobl iteration was chosen as that method which best takes advantage of 
all the characteristics of matrices of the type which was confronted. The method and the 
routine are described In some detail In memorandum DCL-101. 

M. D. Mcllroy 
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3 . Histogram P l o t t e r 
- i . „ „ H „ , ro» d o t t i n g h i s tog rams on the o s c i l l o s c o p e face has been 

r e g i s t e r s . „ D M o I i r o y 

4 . FU4A RAPID SINE-COSINE 

ing time . / ^ S V S S ^ J B ' S i r ^ d ^ ^ - ^ ^ ^ r u ^ ^ f ^ r o - o ^ ^ ^ w a r r o ^ r -

temporary storage. 

M. D. Mcllroy 

5. QS4 SCOPE MRA DECIMAL FORMAT 

programmer oy means of program parameters. This routine occupies 248 registers and uses 
2 registers of temporary storage. 

M. D. Mcllroy 

6. 0S5 SCOPE MRA DECIMAL OUTPUT 

Basically this routine Is identical to 0S4, except that the format is fixed by 
preset parameters. 0S5 occupies 205 registers and uses 3 registers of temporary storage. 

M. D. Mcllroy 

7. Printout Subroutines 

The following subroutines have been added to the subroutine library: 

Delayed Single Length Decimal Integer Print 

Delayed Octal Print 

Single Register Block Print (program parameters) 

Single Register Block Print (preset parameters) 

(30-J,j) Decimal CS Print 

(30,15) Decimal Print (CS or WW) 

CS (30-J,j) Block Print (preset parameters) 

CS (30-J.J) Block Print (program parameters) 

Four of the delayed output routines (OD 6, OD 7, OD 10, and OD 11) print out 
numbers. The first three are rewrites of OD 3, OD 5, and OD 2, respectively. In each 
case they are shorter than the original. All four routines have been written so that 
they may be used with the remaining four (OD 8, OD 9, OD 12, and OD 13) for printing out 
blocks of numbers from high-speed storage without magnetic tape stoppage between numbers. 
The number printout routines have banks of entrance blocks providing various terminating 
characters. These banks lie at the end of the routines. Unused entrance blocks can be 
deleted, thus shortening the routine. 

Two of the four block print routines provide for printing single register num­
bers. The other two are for double register numbers. The parameters for the block 
routines are: 

(1) The initial high-speed address of the block of numbers to be printed. 

a. 

b. 

c. 

d. 

e. 

f. 

g-

h. 

OD 6 

OD 7 

OD 8 

OD 9 

OD 10 

OD 11 

OD 12 

OD 13 
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(2) The address of the subroutine printing the number (OD 6, 7, 10, or 11). 

(3) The number of numbers in the block. 

(4) The number of numbers per line. 

(5) The terminating character between numbers on a line. 

Of each pair of block routines, one has this Information in preset parameter 
form, while the other has it In program parameter form. The preset parameter routines are 
shorter but less flexible. 

OD 11 is modeled after the PA PM printout routine. It provides more correct 
digits than any previous LSR output. For numbers with exponents of large magnitude it is 
the most rapid routine to date and it will successfully print numbers with binary ex­
ponents up tolS1-3. 

R. Watson 

8. FU RAPID SQUARE ROOT 

FU 8 Is a square root routine which takes, as its first approximation, the first 
three terms of the Tschebyscheff series and then does one Iteration by Newton's method. 
This routine takes 5 milliseconds as against 30 for FU 2, and it is one octal digit- less 
accurate. 

R. Watson 

144 N. SELF-CONSISTENT MOLECULAR ORBITAL 

Several revisions were made in subroutines developed under this problem in 
connection with the work on Problem 288. 

R. K. Nesbet 
Solid State and Molecular Theory 
Group 

155 N. SYNOPTIC CLIMATOLOGY 

During the past quarterly period, two phases of the Synoptic Climatology 
Project have utilized Whirlwind I. The method, essentially one of multiple linear 
regression, has been developed and Improved over the past two years, mainly by Dr. Thomas 
F. Malone and Mr. Robert G. Miller. 

The first phase has dealt with the prediction of 24 hour precipitation amount 
and duration at Boston, Massachusetts. The analysis has been extended to include the 
effects of the upper level circulation and moisture distribution, in addition to the sea-
level pressure pattern on the variability of rainfall. 

In this study two basic operations are involved: 1) representation of the 
fields of certain continuous variables (e.g. pressure, mol3ture) In terms of series of 
coefficients of orthogonal polynomials; and 2) matrix solution and Inversion. Programs 
have been written previously by Mr. Robert G. Miller to accomplish both of these opera­
tions and only slight modifications were necessary to fit them to the present study. 

A3 an extension of the above, it is planned to apply essentially the same 
methods to the specification and prediction of 5-day mean precipitation over the entire 
United States. 

The second phase has dealt with the specification, prediction, and verification 
of forecasts of 5-day mean temperature anomalies at Atlanta, Ga.; Blsmark, N. D.; 
Indianapolis, Ind.; Little Rock, Ark,; and Portland, Me. Also, the specification and 
prediction of 5-day precipitation totals at the same stations has been handled in this 
study. The prediction parameters used are standardized correlation coefficients between 
700 mb. 5-day mean height anomalies and the elements of Tschebyscheff orthogonal poly­
nomials. This phase of the project is nearlng completion and It is hoped to combine all 
of these results In a scientific report. 
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Hougnton? and Dr Edward N. Lorenz , Department of Meteorology. 

W. D. S e l l e r s 
Meteorology 

179 C. TRANSIENT TEMPERATURE OP A BOX-TYPE BEAM 

in Surcnary Report No. 39 a program for computing the t r a n s i e n t / e m p e r a t u r ^ a n d 

f t r ^ e r m a ? P r a d L ? l o n n e w a s ° r e p o r C t e d 1 0 n ^ r t n g T n ^ a s ^ p o r f pe'rfod t h ? . program has been 

be c o r r e l a t e d with exper imenta l work r e c e n t l y conducted by Mr. S. J . Engel ol tne ftero 
e l a s t i c and S t r u c t u r e s Research Laboratory . 

Luclen A. Schmlt 
A e r o e l a s t i c and S t r u c t u r e s 
Research Labora tory 

193 L. EIGENVALUE PROBLEM POR PROPAGATION OF ELECTROMAGNETIC WAVES 

The previous r epo r t on t h i s problem a p p l i e s a t the p r e s e n t t ime. A s e t of 
p r a c t i c a l r e s u l t s which can be compared wi th the exper imenta l r e s u l t s w i l l be o b t a i n e d in 
the near f u t u r e . 

H. B. Dwight 
Lincoln Labora tory 

194 B,N. AN AUGMENTED PLANE WAVE METHOD AS APPLIED TO SODIUM 

Mr. M. Saff ran of t h e Sol id S t a t e and Molecular Theory Group c o n t i n u e s t o t e s t 
the programs mentioned In the p rev ious Summary Report . 

I t has been found t h a t the mat r ix element g e n e r a t i o n r o u t i n e which has been 
used I s o v e r l y slow and l a r g e l y i n a c c u r a t e ; t h e r e f o r e , a new r o u t i n e i s being w r i t t e n . 

M. M. Saffren 
So l id S ta t e and Molecular Theory 
Group 

199 N. LAMINAR BOUNDARY LAYER OF A STEADY, COMPRESSIBLE FLOW IN THE ENTRANCE REGION OF A 
TUBE 

In connection with t h e resea rch on heat t r a n s f e r to a s t r eam of a i r f lowing a t 
superson ic speeds In a round t u b e , a t h e o r e t i c a l i n v e s t i g a t i o n of t h e c h a r a c t e r i s t i c s of 
the laminar boundary l a y e r in t h e ent rance r eg ion of t h e tube has been c a r r i e d o u t . The 
boundary l a y e r equat ions of c o n t i n u i t y , momentum and ene rgy a re t o be solved for s p e c i f i c 
en t rance Mach numbers and thermal cond i t i ons a t the tube w a l l . 

G i l l ' s method I s used In the numerical s o l u t i o n of t he se e q u a t i o n s . 

So lu t ions of the f i r s t t h r e e s e t s of the d i f f e r e n t i a l e q u a t i o n s fo r t h e c a s e 
where the en t rance Mach number I s 2 . 8 and t h e tube wall i s i n s u l a t e d were ob t a ined wi th 
the new program using CS. The t r i a l - a n d - e r r o r procedure s e t - u p to f ind the c o r r e c t 
I n i t i a l c o n d i t i o n s I s s a t i s f a c t o r y . 

Programs a r e being prepared for t h e so lu t i on of the d i f f e r e n t i a l e q u a t i o n s fo r 
the case where temperature dependence of the f l u i d v i s c o s i t y and the rma l c o n d u c t i v i t y I s 
taken i n t o c o n s i d e r a t i o n . 

T. Y. Toong 
Mechanical Eng inee r ing 
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204 N. EXCHANGE INTEGRALS BETWEEN REAL SLATER ORBITALS 

As Is usually reported the testing of this program continues. However, with 
the Insertion of an adequate set of constants for a sufficiently accurate guasslan 
quadrature, the program has proved able to give satisfactory results. Thus, at this 
Juncture, the program has fulfilled the projected specifications both as to mathematical 
procedure and programming accuracy. The testing that shall be continued will be prima­
rily devoted to more extensive Investigation of the complicated mathematical development, 
that Is, of an order of magnitude larger than one amenable to hand computation. 

The 
of molecular wave 
text. For this reason the projected succeeding step Is a program designed to compute all 
of the Integrals necessary to the computation of a molecule and organized to take careful 
account of the "computing weights" of each operation. This program should be forthcoming 
within the next year and will be described more fully In a later report. 

P. Merryman 
Laboratory of Molecular Structure 
and Spectra 
University of Chicago 

216 C. ULTRASONIC DELAY LINES 

This problem Is concerned with maximization of the reflection path aperture of 
a polygonal ultrasonic delay line. 

The aperture of such a delay line Is determined by the difference between the 
least ordinate of one set of points In a plane and the greatest ordinate of another set of 
points. Expressed symbolically we have two sets of ordinates 

T T T B B B 
(H0 , Hi , ..., Hp ), and (HQ , Hj , ..., Hp ). 

T B 
The aperture then Is given by A » mln Hj - max H1 . The H±, and hence, also 

A, are functions of the size, shape, and position of the polygon In a coordinate system. 
A, however, is independent of the position. The size, shape, and position are determlneu 
by the distances, R,, of the facets from the origin and the angles which they make with 
the x-axis. These variables are given Initial values, and then any new values are 
determined by changes, AR, and d\, from the old ones. 

The equations for Hi and H, are linear in the variables dRj and are algebraic 
expressions of trigonometric functions of theaf,. The latter are quite linear over the 
small range for the J, with which we are concerned, so that the approximate linear equa­
tions can be used to good advantage. We thus arrive at a set of equations 

T T n-1 n-1 
H, = Hj + JE. a. ,AR,-r £_ a' M tf, , l-o,...,p 

J-o 1J J J-o aJ J 

n-1 n-1 
B „ B 

H, : H. 2l_ b,,AR,-t-2— b',,</, , i:o,...,p 
jso 1J J J=o 1J J 

where n - number of sides of the polygon. The matrices of coefficients fa^A, 

la' \ , (.b J, [b' .{ are computed by a program on Whirlwind I as the Initial step of 

the problem. 

Since we want to maximize A with respect to only the shape of the polygon, we 
must impose other conditions on the variables. Also, certain physical requirements are 
maae of the angles. Altogether, these lead to four other equations which the variables 
must satisfy and, in addition, if the polygon Is symmetric, there are $n more conditions. 
For each additional condition one variable is eliminated. This Is done on Whirlwind as 
the second step of the problem, in addition to a transposition of the matrix and the 
addition of four variables needed in the linear program. 
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179 C. TRANSIENT TEMPERATURE OP A BOX-TYPE BEAM 

Tn Summarv Report No. 39 a program for computing t h e t r a n s i e n t t empera tu re and 

^ h ^ r r E ^ 
» J tn o b t a i n t r a n s i e n t tempera ture and s t r e s s r e sponses f o r the same s t r u c t u r e when 

e s d° ^ a r l o u T I n ^ s m e T o f thermal r a d i a t i o n on one s u r f a c e These r e s u l s a r e to 
be c o r r e l a t e d with exper imenta l work r e c e n t l y conducted by Mr. S. J . Engel ol tne Aero 
e l a s t i c and S t r u c t u r e s Research Labora tory . Lucien A. Schmlt 

A e r o e l a s t l c and S t r u c t u r e s 
Research Laboratory 

193 L. EIGENVALUE PROBLEM FOR PROPAGATION OF ELECTROMAGNETIC WAVES 

The p rev ious r e p o r t on t h i s problem a p p l i e s a t the present t i m e . A se t o f 
p r a c t i c a l r e s u l t s which can be compared with the exper imenta l r e s u l t s w i l l be o b t a i n e d in 
the near f u t u r e . 

H. B. Dwight 
Lincoln Laboratory 

194 B,N. AN AUGMENTED PLANE WAVE METHOD AS APPLIED TO SODIUM 

Mr. M. Saffran of the Sol id S t a t e and Molecular Theory Group con t inues t o t e s t 
the programs mentioned In the previous Summary Repor t . 

I t has been found t h a t the mat r ix element gene ra t ion rou t ine which has been 
used i s ove r ly slow and l a r g e l y i n a c c u r a t e ; t h e r e f o r e , a new r o u t i n e i s b e i n g w r i t t e n . 

M. M. Saffren 
Solid S t a t e and Molecular Theory 
Group 

199 N. LAMINAR BOUNDARY LAYER OF A STEADY, COMPRESSIBLE FLOW IN THE ENTRANCE REGION OF A 
TUBE 

In connect ion with the r e s e a r c h on hea t t r a n s f e r t o a stream of a i r f lowing a t 
supersonic speeds In a round t u b e , a t h e o r e t i c a l I n v e s t i g a t i o n of the c h a r a c t e r i s t i c s of 
the laminar boundary l aye r In the en t rance region of the tube has been c a r r i e d ou t . The 
boundary l a y e r equa t ions of c o n t i n u i t y , momentum and energy a r e to be so lved for s p e c i f i c 
ent rance Mach numbers and thermal c o n d i t i o n s a t the tube w a l l . 

G i l l ' s method I s used in the numerical s o l u t i o n of t h e s e e q u a t i o n s . 

So lu t ions of the f i r s t th ree s e t s of the d i f f e r e n t i a l equa t ions fo r the c a s e 
where the en t rance Mach number I s 2.8 and the tube wa l l i s I n s u l a t e d were obta ined w i t h 
the new program us ing CS. The t r i a l - a n d - e r r o r procedure s e t - u p to find t h e c o r r e c t 
i n i t i a l c o n d i t i o n s I s s a t i s f a c t o r y . 

Programs a r e being prepared for the s o l u t i o n of the d i f f e r e n t i a l e q u a t i o n s fo r 
the case where temperature dependence of the f l u id v i s c o s i t y and thermal c o n d u c t i v i t y I s 
taken i n t o c o n s i d e r a t i o n . 

T. Y. Toong 
Mechanical Engineer ing 
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204 N. EXCHANGE INTEGRALS BETWEEN REAL SLATER ORBITALS 

As is usually reported the testing of this program continues. However, with 
the insertion of an adequate set of constants for a sufficiently accurate guasslan 
quadrature, the program has proved able to give satisfactory results. Thus, at this 
Juncture, the program has fulfilled the projected specifications both as to mathematical 
procedure and programming accuracy. The testing that shall be continued will be prima­
rily devoted to more extensive Investigation of the complicated mathematical development, 
that Is, of an order of magnitude larger than one amenable to hand computation. 

The program that has been developed wa3 envisioned as a step In the calculation 
of molecular wave functions, and while meaningful alone, has Its primary use In this con­
text. For this reason the projected succeeding step la a program designed to compute all 
of the Integrals necessary to the computation of a molecule and organized to take careful 
account of the "computing weights" of each operation. This program should be forthcoming 
within the next year and will be described more fully in a later report. 

P. Merryman 
Laboratory of Molecular Structure 
and Spectra 
University of Chicago 

216 C. ULTRASONIC DELAY LINES 

This problem is concerned with maximization of the reflection path aperture of 
a polygonal ultrasonic delay line. 

The aperture of such a delay line is determined by the difference between the 
least ordinate of one set of points in a plane and the greatest ordinate of another set of 
points. Expressed symbolically we have two sets of ordinates 

T T T B B B 
(H0 , Ht Hp ), and (Hn H. H p ) . 

T R 
The aperture then is given by A - min Hi - max Hj . The H1, and hence, also 

A, are functions of the size, shape, and position of the polygon in a coordinate system. 
A, however, la independent of the position. The size, shape, and position are determlneu 
by the distances, R», of the facets from the origin and the angles which they make with 
the x-axls. These variables are given Initial values, and then any new values are 
determined by changes, AR« and rfj, from the old ones. 

The equations for HA and H, are linear In the variables 4Rj and are algebraic 
expressions of trigonometric functions of the cT<. The latter are quite linear over the 
small range for the tf, with which we are concerned, so that the approximate linear equa­
tions can be used to good advantage. We thus arrive at a set of equations 

T T n-1 n-1 
H, : Hj + *£! a. ,AR,-r^L a'.,J\ 

1 j:o 1J J J-o 1J J 
, l-o,.. 

n-1 n-1 
3 0 B T T J 

J--o '«-"J J=o J J 

where n - number of sides of the polygon. The matrices of coefficients /a^,), 

Ja' ), (b J, tb'! <i are computed by a program on Whirlwind I as the initial step of 

the problem. 

Since we want to maximize A with respect to only the shape of the polygon, we 
must impose other conditions on the variables. Also, certain physical requirements are 
made or the angles. Altogether, these lead to four other equations which the variables 
must satisfy and, in addition, if the polygon Is symmetric, there are £n more conditions. 
For each additional condition one variable is eliminated. This is done on Whirlwind as 
the second step of the problem, in addition to a transposition of the matrix and the 
addition of four variables needed in the linear program. 
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179 C. TRANSIENT TEMPERATURE OP A BOX-TYPE BEAM 

r. qMmmarv ReDort No 39 a program for computing the transient temperature and 

sea"* o ^ ta^rinsienTtemp^ature £ d stress Responses for the restructure when 
exposed to various intensities of thermal radiation on one surface. These ^sults to 
be correlated with experimental work recently conducted by Mr. S. J. Engel ol tne Aero 
elastic and Structures Research Laboratory. 

Lucien A. Schmlt 
Aeroelastlc and Structures 
Research Laboratory 

193 L. EIGENVALUE PROBLEM FOR PROPAGATION OF ELECTROMAGNETIC WAVES 

The previous report on this problem applies at the present time. A set of 
practical results which can be compared with the experimental results will be obtained in 
the near future. 

H. B. Dwlght 
Lincoln Laboratory 

194 B,N. AN AUGMENTED PLANE WAVE METHOD AS APPLIED TO SODIUM 

Mr. M. Saffran of the Solid State and Molecular Theory Group continues to test 
the programs mentioned in the previous Summary Report. 

It has been found that the matrix element generation routine which has been 
used Is overly slow and largely inaccurate; therefore, a new routine is being written. 

M. M. Saffren 
Solid State and Molecular Theory 
Group 

199 N. LAMINAR BOUNDARY LAYER OF A STEADY, COMPRESSIBLE FLOW IN THE ENTRANCE REGION OF A 
TUBE 

In connection with the research on heat transfer to a stream of air flowing at 
supersonic speeds in a round tube, a theoretical investigation of the characteristics of 
the laminar boundary layer In the entrance region of the tube has been carried out. The 
boundary layer equations of continuity, momentum and energy are to be solved for specific 
entrance Mach numbers and thermal conditions at the tube wall. 

Gill's method Is used In the numerical solution of these equations. 

Solutions of the first three sets of the differential equations for the case 
where the entrance Mach number Is 2.8 and the tube wall is Insulated were obtained with 
the new program using CS. The trial-and-error procedure set-up to find the correct 
initial conditions Is satisfactory. 

Programs are being prepared for the solution of the differential equations for 
the case where temperature dependence of the fluid viscosity and thermal conductivity Is 
taken Into consideration. 
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204 N. EXCHANGE INTEGRALS BETWEEN REAL SLATER ORBITALS 

As Is usually reported the testing of this program continues. However, with 
the insertion of an adequate set of constants for a sufficiently accurate guaeslan 
quadrature, the program has proved able to give satisfactory results. Thus, at this 
Juncture, the program has fulfilled the projected specifications both as to mathematical 
procedure and programming accuracy. The testing that shall be continued will be prima­
rily devoted to more extensive investigation of the complicated mathematical development, 
that Is, of an order of magnitude larger than one amenable to hand computation. 

The program that has been developed was envisioned as a step in the calculation 
of molecular wave functions, and while meaningful alone, has its primary use in this con­
text. For this reason the projected succeeding step is a program designed to compute all 
of the Integrals necessary to the computation of a molecule and organized to take careful 
account of the "computing weights" of each operation. This program should be forthcoming 
within the next year and will be described more fully in a later report. 

P. Merryman 
Laboratory of Molecular Structure 
and Spectra 
University of Chicago 

216 C. ULTRASONIC DELAY LINES 

This problem is concerned with maximization of the reflection path aperture of 
a polygonal ultrasonic delay line. 

The aperture of such a delay line is determined by the difference between the 
least ordinate of one set of points in a plane and the greatest ordinate of another set of 
points. Expressed symbolically we have two sets of ordlnates 

T T T B B B 
(H0 , Hj , ..., Hp ), and (HQ , Hj , ..., Hp ). 

T B 
The aperture then is given by A - min Hi - max Hi . The H^, and hence, also 

A, are functions of the size, shape, and position of the polygon In a coordinate system. 
A, however, is Independent of the position. The size, shape, and position are determlneu 
by the distances, R,, of the facets from the origin and the angles which they make with 
the x-axls. These variables are given initial values, and then any new values are 
determined by changes, AR, and ̂ j , from the old ones. 

T B The equations for Hj and H, are linear in the variables 4Rj and are algebraic 
expressions of trigonometric functions of therf\. The latter are quite linear over the 
small range for the J, with which we are concerned, so that the approximate linear equa­
tions can be used to good advantage. We thus arrive at a set of equations 

T „ T n-1 n-1 
H, = H, + ZL a..AR,-r,S. a' . , J, , l-o, . . . ,p 

J-o 1J J J-o 1J J 

n-1 n-1 
B o B y y r , i-o, 

J=o iJ • J=o 

where n - number of sides of the polygon. The matrices of coefficients l&^A, 

\a' X, l b , , ] , [b' 5 are computed by a program on Whirlwind I as the initial step of 

the problem. 

Since we want to maximize A with respect to only the shape of the polygon, we 
must Impose other conditions on the variables. Also, certain physical requirements are 
made of the angles. Altogether, these lead to four other equations which the variables 
must satisfy and, In addition, if the polygon Is symmetric, there are $n more conditions. 
For each additional condition one variable Is eliminated. This is done on Whirlwind as 
the second step of the problem, In addition to a transposition of the matrix and the 
addition of four variables needed in the linear program. 
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,.^^.^&^sm&g^v?£Z?> 
variables u, corresponding to thedRj, and Vj 

linear lnequa 
litles, rather than equalities, for which we wish to maximize the quantity 

-Z0lJ uj -Id ij VJ £ °Hi , 1-0,..., P 

£ 2 + £ d l J - J + Z d ' l J v J 6 " ° H 1 • VQ..... P 

we must make further substitutions, since the simplex method of linear programming is to 
be usld.^nd this method requires that the variables and the constant part of the Inequal­
ities must be non-negative. The variables y, and y2 are introduced for each "J- We 
substitute a new variable U, . Uj-r yx and for each Vj we substitute a new variable 
Vi < V,+y2. To make the constants non-negative we merely add .5 to each of them, and 
now consider our problem to be the maximization of £ ^ Cj - 1 . A. Since we know that 
H,T and -H,B * - 5 initially, this accomplishes our purpose. It will also come out in 
our solution that -yx - mln Uj and -y2 = min Vj so that Uj and Vj are non-negative. 

An additional program Is required after the linear program to reconvert the 
results back to the original variables. The output of the results may then be provided 
for and an iteration of the entire process may be set up in case the cfj are large enough 
so that they no longer can be treated as linear variables. 

The second step of this process actually requires two programs, one for the 
symmetric case and one for the non-symmetrl; case. 

Since the first program requires a considerable quantity of data which can be 
determined from much less Information, another program is to be used to compute the data, 
and also to change the parameters In the other programs to accomodate different polygons. 

The first of the programs mentioned above,as well as the program for the 
symmetric case in the second step,have been written and checked, as has the linear 
programming routine. The latter, however, is under revision to take advantage of the new 
si instructions for the auxiliary drum. The program used in the fourth step has been 
written. Some work has been done on the program for the non-symmetric case in the 
second Btep which will be similar enough to the symmetric case as to give no trouble. 
The program for setting up data is not started but will not be complicated. 

R. Bishop 
Arenberg Laboratory 

218 N. TRANSFORMATION OP INTEGRALS FOR DIATOMIC MOLECULES 

Several revisions were made in subroutines developed under this problem in 
connection with the work on Problem No. 288. 

R. K. Nesbet 
Solid State and Molecular Theory 
Group 

219 COMPARISON OP SIMPLEX AND RELAXATION METHODS IN LINEAR PROGRAMMING 

A program has been w r i t t e n to so ive the c l a s s i c a l t r a n s p o r t a t i o n problem by 
the s t epp ing s tone method. 

The t r a n s p o r t a t i o n problem may be s t a t ed a s fo l lows : 
producing a commodity, the i t h 0 f which can A company o p e r a t e s p l a n t s 
producing a commodity the 1 ^ of which can supply S, u n i t s of the commodity. The company 
! ! " s „ " 8 ^ " ^ " V 0 , " c u s t ° " > e " . the j t h o f w n l c 6 d e s i r e s D, u n i t s of t h e commodity. 
The cos t of manufacturing and t r a n s p o r t i n g a u n i t of the commodity from p l a n t i t o custom-
» L h n ? « n ; j ; I des i red t o f ind the number of u n i t s Xu t h a t should be sh ipped from 
each p l a n t J t o each customer, i n o rde r t o have the t o t a l cos t of the o p e r a t i o n be a 
minimu tn. c 
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Thus the problem may be stated mathematically as 

subject to the constraints 

minimize C = ̂ _ C X (1) 
l.J IJ U 

f X1J : si (3) 

X1J- ° <*> 

This is a special case of the general linear programming problem. 

A set of XAj which satisfies equations 2, 3, and h Is called a feasible 
solution to the problem. if the set also minimizes C, it is an optimum feasible solution 
containing, in general, exactly m + n - 1 non-zero X,,. 

The process of solution consists of 

1) generating a feasible solution having exactly m + n - 1 non-zero X . 

2) finding a zero Xj. which, if allowed to be positive, would yield a 
decrease in C. In the process of increasing this Xj., one of the 
non-zero Xjj must go to zero in order that equations 2 and 3 remain 
satisfied. Thus the new feasible solution will again have exactly 
m + n - 1 non-zero Xij. 

Step 2 is repeated until there are no zero X, . which can be changed so as to 
reduce C. The set of Xij Is then an optimum feasible solution. 

The Whirlwind program will handle problems for m * 128, m + n & h<X>, and 
mn * 7000. The program is presently in the final debugging stage. 

In the next quarter debugging will be completed and the program will be put in 
convenient form for users. Production runs will be performed with a number of sets of data. 

This work is being supervised by Associate Professor W. K. Llnvlll of the 
Electrical Engineering Department. Programmers are J. B. Dennis, Research Assistant, and 
W. J. Eccles, Teaching Assistant, in the Department of Electrical Engineering. 

This project has been supported In part by a grant-in-aid from the Union 
Carbide and Carbon Corporation. 

J. B. Dennis 
Electrical Engineering 

22<t N. COMPUTATION OP THE FIELDS OF VERTICAL VELOCITY AND HORIZONTAL DIVERGENCE 

The nature of the problem has been presented in Project Whirlwind Summary 
Report No. hi. During this quarter the fields of vertical motion, horizontal divergence 
and vortlclty were computed for eight consecutive 12-hour periods. No additional compu­
tations are planned until the Pressure Change Project of the Department of Meteorology 
has analyzed the results. 

J. M. Austin 
Meteorology 
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226 D. INVESTIGATION OF THE VORTICITY FIELD IN THE GENERAL CIRCULATION OF THE 
ATMOSPHERE 

1. Description or Problem: The physical processes which are important in the maintenance 
of the general circulation of the atmosphere are being investigated with the aid of a two 
parameter, non-linear, quasi-geostrophic model of atmospheric flow. The model makes use 
of the vorticity equation and the first law of thermodynamics and Incorporates effects of 
non-adlabatlc temperature changes and friction as well as the vertical advectlon of 
vorticity and the transformation of horizontal vorticity into vertical vorticity. A 
spherical coordinate system with pressure as the vertical coordinate has been̂  used in #the 
derivation, and the model is being applied to the Northern Hemisphere from lb N. to 80 N. 
latitude. The two parameters used to describe the flow are the 700 mb and 300 mb contour 
heights. 

With the aid of the model described above it is planned to examine the role of 
various heating distributions in generating the gross features of the general ciculation 
These distributions are described in the Initial report. (Quarterly Report for Project 
Whirlwind, Summary Report No. h2, Second Quarter, 19b5). The equation? of the model are 
also given in the initial report. 

2. Numerical Procedures: An Inverse matrix of a simple finite difference operator applied 
to 30 grid points has now been calculated. A solution involving the same simple operator 
has also been obtained by relaxation. The results are being compared in terms of 
accuracy and machine time used. It is planned to repeat the work for 60 grid points and 
extend the comparison. The program for calculating one group of non-homogeneous terms of 
the differential equations is nearly completely tested. 

3. Progress and Future Plans: During the next quarter other matrices of 30th or 60 t h 

order will be Inverted and the inverses will be multiplied by the sums of the non-
homogeneous terms to obtain initial values for the thickness tendency. This quantity will 
be used in programs yet to be tested for equ.-.tlons used to determine initial values of 
vertical velocity and 700 mb height tendency. 

If the relaxation program proves satisfactory, it may replace the matrix in­
version program in determining the Inverse of the finite difference operators used in the 
problem. 

1. Personnel: This research is being carried out under the sponsorship of the Air Force 
Cambridge Research Center by the following persons: 

Richard L. Pfeffer 
Geophysics Research Directorate 

Duane S. Cobley 
Geophysics Research Directorate 

Paulo Castillo 
General Circulation Project, MIT 

Kirk Bryan, Jr. 
General Circulation Project, MIT 

•.. u *• Mess''s- Castillo, Bryan, and Cooley are writing the program for the problem 
Mr. Martxn Jacobs of the Digital Computer Laboratory has been assisting them pr0blera-

D. S. Cooley 
Meteorology 
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23*4 N. ATOMIC INTEGRALS 

A program has been constructed which evaluates integrals of the type 

[vJJ-M rtr*#«Jl« ' 
where v ^ , ^ f A +1. ft- fcr y ^ (e_ tf , 

Here Mi i s a no rma l i za t ion c o n s t a n t . These I n t e g r a l s a r e eva lua t ed for 
a r b i t r a r y non-nega t ive I n t e g e r s A and -£»and a r b i t r a r y p o s i t i v e va lues of J4 . Resu l t s 
c a l c u l a t e d with t h i s program agree with hand c a l c u l a t i o n s to between seven and e i g h t 
s i g n i f i c a n t dec ima l s . D e t a i l s of t h i s program w i l l be given in Q u a r t e r l y P rogress Repor t , 
Solid S t a t e and Molecular Theory Group, M . I . T . , October 15, 1955. 

R. K. Nesbet 
Solid State and Molecular Theory 
Group 

236 C. TRANSIENT RESPONSE OP AIRCRAFT STRUCTURE TO AERODYNAMIC HEATING 

The t r a n s i e n t r esponse of a i r c r a f t s t r u c t u r e s to aerodynamic h e a t i n g was 
i n i t i a t e d on January 3 , 1955, by L. A. Schmlt of the M.I.T. A e r o e l a s t l c and S t r u c t u r e 
Research Labora tory . A program to compute the t r a n s i e n t tempera ture and s t r e s s d i s t r i ­
but ions i n a s t r u c t u r e s imu la t ing an a i r c r a f t wing has been w r i t t e n and run s u c c e s s f u l l y . 
The p a r t i a l d i f f e r e n t i a l e q u a t i o n s of h e a t flow were solved by f i n i t e d i f f e r e n c e a p p r o x i ­
mations s i m i l a r t o those r e p o r t e d in d e t a i l in t h e l a s t Quar te r ly P rog re s s Repor t . A more 
r e a l i s t i c f l i g h t h i s t o r y was i n c o r p o r a t e d in t h i s program than in the t h i n p l a t e or t h i n 
p l a t e and web programs. 

The r e s u l t s of t h i s program a r e now being analyzed and s e v e r a l more runs are being p lanned. 

H. Parechanian 
A e r o e l a s t l c and S t r u c t u r e s Research 
Laboratory 

239 C. GUIDANCE AND CONTROL 

No work was done on t h i s problem dur ing the pas t q u a r t e r t h a t was not c l a s s i f i e d . 

J . H. Lanlng, J r . 
I n s t rumen ta t i on Labora tory 

241 B, N. TRANSIENTS IN CONTINUOUS DISTILLATION SYSTEMS 

Addi t ional programs have been w r i t t e n t o s tudy the t r a n s i e n t behav ior of an 
i dea l model of a cont inuous d i s t i l l a t i o n column. The study of two c l a s h e s of problems 
has proceeded through the use of these programs: 

1) A column a t equ i l i b r i um o p e r a t i n g under c e r t a i n c o n d i t i o n s i s suddenly caused to go i n t o a t r a n s i e n t s t a t e by a sudden change in one or more of i t s o p e r a t i n g c o n d i t i o n s . 

2) A column at equ i l i b r ium suddenly has i t s feed composi t ion changed, and 
dur ing i t s t r a n s i e n t s t a t e the v a p o r - l i q u i d r a t i o s are ad jus ted a t i n t e r v a l s so t h a t the 
product composi t ions a r e prevented from f l u c t u a t i n g to any s i g n i f i c a n t e x t e n t . 

S. H. Davis , J r . 
Chemical Engineer ing 
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244 C. DATA REDUCTION FOR X-l FIRE CONTROL 

This problem is concerned with computing from gun fire control signals the 

15*5 PSlnceP?hIs tape may be used, with minor changes, in processing new data, this is to 
be considered a terminating report. 

The problem was coded by Dr. J. M. Stark of the M.I.T. Instrumentation Labora-
Results are classified information. tory. 

J, M. Stark 
Instrumentation Laboratory 

245 N. THEORY OF NEUTRON REACTIONS 

In the Summary Progress Renort No. 42, a master program was described which for 
any given x will find the cross sections for any range of yf by the use of a suitable 
parameter tape. ° 

Several logical errors have been uncovered and eliminated in this master 
program. There still remains a discrepancy between the cross-sections computed by this 
program and the known value for the particular case of a real square well. When this 
trouble Is cleared up it is planned to proceed as indicated in the previous progress 
report. 

E. Campbell 
Joint Computing Group 

253 N. APPLICATION OF THE A P W METHOD TO BODY-CENTERED AND FACE-CENTERED IRON 

The energy band solutions for one-electron wave function in face-centered and 
body-centered iron is proceeding via the APW (augmented plane wave) method. (Ref. 1.) 
Having chosen an approximate crystal potential, the first step is the formation of the so-
called "Evs. Eo' curves. (Ref. 1,2.) These curves are currently being produced for the 
face-centered structure, using programs developed by Howarth and Saffren. 

A program is being written which will form the electronic charge density from 
the one-electron wave functions. 

J. H. Wood 
Solid State and Molecular Theory 
Group 

References 
T. J. C. Slater, Phys. Rev. 92, 603 (1953); 

M. M. Saffren and J. C. Slater, Phys. Rev. 92, 1126 (1953). 

2. D. J. Howarth, Phys. Rev. 99, 469 (1955). 

256 C. WWI-1103 TRANSLATION PROGRAM 

A version of the two-pass input translation program described In Summary Report 
No. 41 Is operating satisfactorily on WWI. Problems coded for the ERA 1103 computer in the 
described mnemonic code can now be fed into WWI in the same automatic manner as CS flexo 
tapes with the reulting output being a machine-coded binary tape which can be read directly 
into an 1103. This procedure is being used now by Problem No. 126 programmers, who are 
making use of both WWI and the Air Force Armament Center 1103 computer at Eglln Air Force 
Base. 

Some modifications have been made to the translation program during the past 
quarter to make the binary tapes more easily acceptlble to the ERA photoelectric tape 
reader equipped 1103's. Many more changes have been made to improve the techniques used 
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In such tranalatlon programs as well as to enlarge the vocabulary of the Input language. 
A summary report on the program will be written in the next quarter. 

J. M. Frankovlch 
Digital Computer Laboratory 

258 C. DYNAMIC ANALYSIS OP AN AIRCRAFT INTERCEPTOR 

During the past quarter, four solutions of this problem were run on Whirlwind I 
The basic program consisted of a solution by the Gill method of eight nonlinear differ­
ential equations describing the motion of an aircraft. The current runs solved this basic 
program with certain changes in the original equations and in the input constants and 
functions. The modifications were ascertained by a study of the results of runs made in 
the previous quarters. 

The completion of the present series of runs brings to an end the Whirlwind 
phase of the problem. Results of this phase and of the analogue study completed on the 
M.I.T. Flight Simulator of the Dynamic Analysis and Control Laboratory will be described 
In D.A.C.L. Technical Report No. 95, September, 1955, and W.A.D.C. Technical Report 
No. 55-247, July, 1955, being written by engineers of the D.A.C. Laboratory and the 
Department of Aeronautical Engineering. 

K. Kavanagh 
Dynamic Analysis and Control 
Laboratory 

259 L. THE MEDIUM FREQUENCY IONOSPHERIC PR0P00ATI0N STUDY 

This problem was described in Summary Report No. 42. Data processing continued 
during the past quarter and is nearing completion. 

D. 0. Brennan 
Lincoln Laboratory 

260 N. ELECTRONIC ENERGY OF THE OH MOLECULE 

Using the one- arid two-electron (one- and two-center) integrals, calculated on 
Whirlwind(I, the matrix elements for the calculation of energy have been computed follow­
ing the Lbwdln procedure for handling.non-or;hogonal functions. These are now being used 
to calculate the ground state energy of the OH molecule at the observed lnternuclear 
distance. The 10 x 10 secular equation is dlagonallzed on Whirlwind. 

A whole new set of basic integrals is now being calculated at an lnternuclear 
distance larger than the observed one. This will serve as a check on the previous calcu­
lation and will determine the energy minimum of the E vs. r curve for the molecule. 

A. J. Freeman 
Solid State and Molecular Theory 
Group 

261 C. FOURIER SYNTHESIS FOR CRYSTAL STRUCTURES 

The problem, which was first mentioned and described in Summary Report No. 42, 
was continued during this quarter. Particularly, the complete 3-dlmenslonal Fatterson 
function for Dlglyclnhydrochlorlde was computed by Whirlwind from which, at the moment, 
the minimum function" is being obtained. Further, the crystal structure of Bectollte 
was essentially solved, and progress was made towards the solution of Wollastonite. 

Professor M. J. Buerger 
Geology and Geophysics 
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262 C. EVALUATION OF TWO-CENTER MOLECULAR INTEGRALS 

The evaluation of two-center Integrals between J - . ^ P ^ J r . K U S ' b " , 
bltals is partly completed. Two hundred and ^ . ^ J ^ ^ a f "„"program. Also, one 

Andrea ^ ^ ^ l l ^ ' Z ^ ^ ^ ^ ' - * ™ " — " 
Integral program. 

This problem was described In Summary Report No. »1, 

H. A. Aghajanlan 
Solid State and Molecular 
Theory Group 

264 C. OPTIMIZATION OP ALTERNATOR CONTROL SYSTEM 

m tue last Drozress report for this problem, It was suggested that the prob-
lem of optimizing IteVelZlf alystem could be' ̂ rased as a minimisation prob » J « t 
of the work completed In the past quarter consisted in coding a minimizat-or) procedure. 
The method of steepest descent appeared to be the only promising method. Although this 
method is available as a library subroutine, it is set up only for cases where expressions 
are avanable forthe3nece3sar7derlvatives. Since we wish our technique to be able to 
handle empirical functions such as magnetization curves, writing expressions for the de­
rivatives is impractical. Therefore, a program was coded and successfully run which per­
forms the method of steepest Cescent and uses difference techniques tc evaluate the de­
rivatives. 

A scheme has been worked out to apply the steepest descent technique to the 
problem of minimizing a function of n variables subject to constraints. Coding of this 
scheme has not started yet, but will De undertaken during the next quarter. Personnel for 
this quarter were R. M. Saunders, Professor of Electrical Engineering (visiting), and 
J. B. Dennis and R. F. Newe, Research Assistants in Electrical Engineering. 

The work reported here is under the sponsorship of the U. S. Air Force, 
Contract AF 33(616)2669, Study of Aircraft A-C Generating and Voltage Regulating Systems. 

J. B. Dennis 
Electrical Engineering 

265 L.- ELECTRON DIFFUSION IN AN ELECTROMAGNETIC FIELD 

Work or, this problem was described in some detail in Summary Report No. 42. 

On a subsequent set of parameter values it developed that a smaller interval 
size was required. Partial results were obtained for this set of parameters and the prob­
lem was terminated. 

D. N. Arden 
Digital Computer Laboratory 

266 A. CALCULATIONS FOR THE MIT REACTOR 

The program to calculate the reactor behavior for slow but .sustained changes 
in reactivity was successfully finlsned. The method outlined in the last quarterly re­
port was used. 

A great nuisber of data were obtained for subcritlcal and supercritical systems. 
A strong variation in the average neutron lifetime with />, the reactivity, and the amount 
of poison present, was found. 

The method described in the last report to obtain a zero determinant worked 
only with the heavy-water-cooled reactors; in cases with light water the round-off errors 
became too large. Alternate methods are being investigated. All programming and 
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coding was done by M. T r o o s t . 

This program l a being c a r r i e d out f o r the Nuclear Reactor P r o j e c t . 

M. Troost 
Chemical Engineer ing 

267 B. NUMERICALLY CONTROLLED MILLING MACHINE TURBINE BLADE 

The a i r f o i l p o r t i o n of the Je t engine t u r b i n e bucket used in th iB s tudy i s d e ­
s c r i b e d by the c o o r d i n a t e s of 272 p o i n t s , the upper and lower boundar ies of e i g h t unequal ly 
spaced but p a r a l l e l c r o s s - s e c t i o n s each being def ined by seventeen p o i n t s . For any c r o s s -
s e c t i o n the v a l u e of z i s c o n s t a n t . On a c r o s a - s e c t l o n boundary x I s the Independent 
v a r i a b l e . When p r o j e c t e d on the xz p l a n e , t he se form a t r a p e z o i d a l g r i d . The bases of 
the g r i d a r e t h e t r a c e s on t h e xz p l a n e of the root and t i p c r o s s - s e c t i o n s of t h e a i r f o i l . 
The s i d e s a r e t h e xz p r o j e c t i o n s of t h e l e a d i n g and t r a i l i n g edges. 

The t o t a l x Increment fo r each of t h e given c r o s s - s e c t i o n s was d iv ided by 
s e v e n t y - s i x and the Az between each a d j a c e n t p a i r of c r o s s - s e c t i o n s was d iv ided by f o u r , 
the r e s u l t be ing 2233 i n t e r s e c t i o n s . The i n t e r m e d i a t e z va lues were c a l c u l a t e d by hand. 
A program, u s i n g l i n e a r i n t e r p o l a t i o n , was w r i t t e n to so lve for the x values on c r o s s -
s e c t i o n s def ined by the i n t e r m e d i a t e z va lues . 

Another program was w r i t t e n to so lve the value of y a t each of the 2233 i n t e r ­
s e c t i o n s for bo th the concave and convex s u r f a c e s of the b l a d e . The method used was 
Newton's i n t e r p o l a t i o n formula in te rms of d ivided d i f f e r e n c e s . At the conclus ion of t h i s 
program 2233 x v a l u e s fo r p o i n t s on t h e concave surface of the bucket form a da t a block 
n e a r the end of drum s t o r a g e . The co r respond ing va lues of y form ano ther block which 
s t a r t s a f t e r t h e l a s t x v a l u e and runs to the end of drum s t o r a g e . The twenty-n ine z 
va lues are held in magnetic core memory as program c o n s t a n t s . 

A t h i r d program was w r i t t e n which e v a l u a t e s the normal to the concave su r face 
a t each of the above p o i n t s wi th the excep t ion o f those on the edges of the s u r f a c e . 
Each normal I s t h e c ro s s p roduc t of two vec to r s found by t ak ing the f i r s t d i f f e r e n c e s of 
x, y , and z between two p o l n t 3 on e i t h e r s i d e o f poin t P on the s u r f a c e . One v e c t o r I s in 
the c r o s s - s e c t i o n p lane . The o the r i s in the l o n g i t u d i n a l s ec t i on p l a n e . The program 
f i n d s c o o r d i n a t e s of P ' , a p o i n t on t h e normal t o the su r f ace a t P such t h a t the d i s t a n c e 
from P to P e q u a l s the r a d i u s of the b a l l end m i l l used in the machinery o p e r a t i o n on the 
Numerical ly C o n t r o l l e d Mil l ing. Machine (NCMM). Included a s cons t an t s in t h i s program a r e 
s i x feed r a t e s i n terms of Inches per minu te . These were c a l c u l a t e d by hand, I t being 
decided from t o o l load c o n d i t i o n s t o change the feed r a t e a t the end of the f i r s t , n i n t h , 
f o r t y - s e v e n t h , and f i f t y - s e v e n t h pas se s of the t o o l . At t h e conclus ion of t h i s program 
t h e r e a r e in drum s to rage 2025 da ta b locks of fou r pa ramete r s each. These a r e feed r a t e 
in inches per minute and t h e x , y , and z c o o r d i n a t e s of P ' . These b locks a r e in p roper 
sequence so t h a t the tool c e n t e r , when pass ing through consecu t ive p o i n t s , w i l l g e n e r a t e 
the convex s u r f a c e of a d i e block t h a t i s i n con tac t with the concave surface of the 
bucket dur ing f o r g i n g . 

With t h e s e r i e s of four parameter da t a blocks in drum s t o r a g e , U3e was made of 
a program w r i t t e n by A. S i e g e l of the D i g i t a l Computer Laboratory S ta f f . The da t a blocks 
in s t o r a g e a re a u t o m a t i c a l l y t r a n s l a t e d i n t o NCMM I n s t r u c t i o n s by t h i s program and the 
r e s u l t s a r e recorded on magnet ic t a p e . After checking out the programs for i n t e r p o l a t i o n 
and e v a l u a t i o n of p o i n t s a l o n g the normals , a run was made In which S i e g e l ' 3 program was 
the f i n a l phase . The punched paper t ape obta ined from the magnetic tape output was given 
a t r i a l run on the NCMM us ing a wooden mock-up o f the d i e b lock. This NCMM program ran 
s a t i s f a c t o r i l y f o r s e v e n t y - t h r e e of the seven ty - f ive t o o l pa s se s programmed. Near the end 
of t h e s e v e n t y - f o u r t h pass t h e program broke down. The cause was found t o be in t h e com­
pu te r program which e v a l u a t e s p o i n t s on the normals . There a r e s eve ra l s t r a i g h t - f o r w a r d 
methods of modifying the programs t h a t p repare t h e da ta for Siegel 3 program so as to 
a l low t h e NCMM program to be ob ta ined i n I t s e n t i r e t y a f t e r a s i n g l e computer run . Since 
time was not a v a i l a b l e to mf.ke a r e v i s i o n , i t was expedient t o r e c a l c u l a t e the l a s t two 
too l pa s se s by r e s e t t i n g c e r t a i n c o n s t a n t s and c o u n t e r s in t h e program a t f a u l t . The r e ­
s u l t s of t h i s s h o r t run were sp l i c ed on to the NCMM tape a t the beginning of the s e v e n t y -
fo ' i r th pa s s . The co r r ec t ed t a p e was r e run on the NCMM and the a i r f o i l sur face was cu t on 
a s t e e l b lock . The r e s u l t s ob ta ined were , s u b s t a n t i a l l y , t hose a n t i c i p a t e d . 

This problem has been the s u b j e c t of a b a c h e l o r ' s t h e s i s e n t i t l e d Numerical 
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0. Bromfield 
Business and Engineering 
Administration 

270 B. CRITICAL MASS CALCULATIONS FOR CYLINDRICAL GEOMETRY 

The two-aroup, two-region method mentioned in the previous Summary Report has 
been used to calculate critical masses for uranlum-alumlnum-heavy-water cores surrounded 
by a heavy water reflector. On comparison with Shell's published data or. this system, 
the calculated critical mass averaged about 30* lower than the experimental one Most of 
this difference can be accounted for by the shortcomings of two-group theory. The neutrons 
slow down much faster m diffusion theory than is actually the case; therefore, a two-
group model does not take Into account all the fast leakage. 

A parametric study of the effects of the fast diffusion coefficient and the age 
upon critical mass was made. As expected, critical mass was a strong function of the age, 
increasing with increasing age. The correct critical mass could not be obtained without 
increasing the age to a fantastic amount, however. Surprisingly, the fast diffusion co­
efficient had almost no effect. This Is probably due to the strong thermalizing effect 
of heavy water; the fast flux drops almost to zero very quickly after leaving the core. 

To obtain better agreement with experiment, a three-group approximation 
(mentioned in the last report) will be tried. Also, a numerical solution of the trans­
port equation by the SD method will be attempted, with a large number of regions and 
groups. As cylindrical geometry presents difficult problems for this method, a solution 
will be tested first in spherical geometry, and then extended to cylindrical cases. 

The two-group, two-region program is now being modified to obtain flux plots. 
From these, by numerical Integration and perturbation theory, lifetimes and void coeffi­
cients will be calculated. 

J. R. Powell 
Chemical Engineering 

271 B. EVALUATION OF A BEAM SPLITTING TECHNIQUE 

This problem is concerned with a statistical estimation of target position in a 
radar system when the operating conditions are such that the echoes received from the tar­
get are corrupted by random noise and microwave interference. A brief description of the 
method is given in the previous Summary Report and in the S. M. thesis report entitled 
"Maximum Llkllhood Estimation of Target Position in a Radar System With Gaussian Noise 
Distribution' submitted to the Department of Electrical Engineering in August, 1955, by 
Peter F. Engel. 

The quantitative results of interest were the means and variances of the fre­
quency distributions of the estimated positions, and the variation of these quantities 
with the radar system parameters. The means of the frequency distributions were biased 
away from the true target position by approximately two percent, or less, of the radar 
antenna's beam width, and the distributions had dispersions about the mean position of 
approximately seven percent of the antenna's beam width. The effect of doubling the 
antenna's angular velocity, thereby halving the sample size (or the number of received 
echo pulses), was to increase the azimuth dispersion by approximately twenty-five per­
cent. Additional results of the computations are presented in the above-mentioned thesis 
report, and the problem has been terminated. 

P. F. Engel 
Electrical Engineering 
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272 L. GENERAL HAYDIST SOLUTION 

A program which derives the coefficients of an elgth degree polynomial and then 
proceeds to find a real root of the polynomial has been written. The program has proved 
to be quite contumacious and is still at the troubleshooting stage. 

M. Rotenberg 
Digital Computer Laboratory 

273 N. ANALYSIS OF AIR SHOWER DATA 

In Summary Report No. 42 there Is a description of the main features of the 
data analysis program for the air shower experiment. That report describes how the pro­
gram is divided into a data processing part, a timing analysis, and a pulse height analy­
sis. 

During the past three months the major errors in the program have been cor­
rected and some testing has been done with an artificial air shower and a real one. 

The data processing and timing analysis work satisfactorily. The main diffi­
culties have been with the pulse height analysis. In the pulse height analysis we fit the 
function f(tt, a, X, Y) to the data by the method of least squares. The variables are nor­
malized so that they are dlmensionless and are all of the same order of magnitude. 'We 
denote by gj the numerical value of an event fc^orded by the 1th detector. For each g, 
there is an equation of the form 

r±(a, fi, X, Y) » g 1 + c^ , i = 1, 2, ..., Neq 

where 

f^O., $, X, Y) = f(<t, 6, X, Y, X l, y j 

The numbers x^, yi are constants associated with the 1
th detector; <f ± represents the un­

known error In the measured quantity g} and also the error Introduced by the poorness with 
which the empirical function f represents the true functional dependence of air showers. 
It is necessary to include J^ In order to make the equations compatible for any given set 
of values of the variables a, /8, X, Y. There are Neq equations (Ne » 4) and since there 
is a cf for each equation, the number of unknowns is TJeq + 4 so

 qthat there are In­
finitely many solutions. According to the method of least squares, the best solution is 
the one for which the following expression is a minimum: 

Neq "eq 

y(«,d, X, f)=21 »i<fi2=^ w^f, - g l )
2 

1*1 1=1 x 

where w^ 1B a weight which expresses the reliability of the observed value gj. 

We represent the four variables by a vector r = (<Z, 0, X, Y) so that f is a 
position vector in a four-dimensional cartesian coordinate system and 1^ is a scalar 
function of r. Letd0, $Ql Xo, Y0 be initial guesses of the best values of a., fi, X, Y 
(best In the sense described above). The present program minimizes y by an Iterative 
process. If rn »(a fi X_, y ) is the position vector after the ntri Iteration, rn+1 
Is given by 

grad y'^n* 

where X is an arbitrary number which is chosen to make a reasonable change in r* per itera­
tion. It Is required that -f- (rn+1) t^(i> n) and that gTafc "^(rn+1J- grill y^(?n) .» 0. 
There are other conditions w'lich must be satisfied but they are not Important and will not 
be described here. The minimization routine used is LSR 141-201-271 (with slight modifi­
cation). 

The main difficulty with this iterative method is that it takes too much time 
to minimize -[jr • A t present it takes about three minutes for Neq = 20. It is hoped that 
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the time can be reduced to one minute An effort will be ̂ e ^ p e e d ^ t h e evaluation 

o T r ^ ' ^ ^ b ^ ^ . t % ^ ^ - ™ . S S S ano^hirme^hod described in reference .. 
other procedure 
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•74 N. MULTIPLE SCATTERING OF WAVES PROM A SPATIAL ARRAY OP SPHERICAL SCATTEREBS 

During the third quarter troubleshooting has continued on this problem. Pro­
duction runs are expected to begin soon. 

M. Karakashlan 
Joint Computing Group 

277 C. HOBIZONTAL STABILIZER MODES, SHAPES AND FREQUENCIES 

A program developed under this problem number was used to determine the charac­
teristic values ?*) and eigenvectors Jx] for matrix equations of the type A • x = A. • B • x 

L. Schmidt 
Aeroelastlc and Structures 
Research Laboratory 

278 N. ENEROY LEVELS OF DIATOMIC MOLECULES (LiH) 

In the preceding Summary Report we described an investigation concerning the 
electronic energy of the lithium hydride molecule which is In progress. Extensive use is 
being made of Whirlwind facilities In evaluating the overlap, one-electron, and two-
electron Integrals for this molecule for a number of internuclear distances, and also for 
solving the resulting secular equations by dlagonallzatlon of the Hamlltonian and overlap 
matrices which are formed. 

Results have been obtained for the complete configuration Interaction problem 
at the observed internuclear distance in which we have used the Hartree-Pock Is, 2s lithium 
wave functions, and a normalized Is Slater Atomic Orbital for hydrogen. The result gave 
about one-half the observed binding energy, and was not appreciably different from the 
two-electron problem in which the Is shell is kept filled. Therefore, we have extended 
the two-electron configuration interaction problem to several other internuclear distances, 
and it has been possible to construct a Morse curve quite accurately through the calcu­
lated points. This phase of the work will be extended to several additional Internuclear 
distances. 

The two-electron configuration interaction problem has been enlarged to Include 
the possibility of one or both electrons occupying a lithium 2p orbital. Since the 2p 
energy levels lie near the 2s levels, it is expected that the value of the calculated 
binding energy should be somewhat improved by this treatment, although no results have been 
obtained at the moment. 

A. M. Karo 
Solid State and Molecular 
Theory Group 
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280 B. CORRELATION FUNCTION 

As indicated in the initial report, this problem concerns the application of 
trie theory of multiple time series prediction as developed by Norbert Wiener. From the 
practical standpoint, the most Important concept of the theory is that an implicit fac­
torization for single series permits a " factorization" for multiple series. 

During this quarter, most of the time has been spent in perfecting transform 
programs and the program for single series factorization. Program work remaining in­
cludes multiple summation of multiple series, a recursion formula, and the prediction 
and error' formulae. 

It is hoped that research on this problem will continue in the next quarter. 

P. Hanna 
Meteorology 

285 N. AUOMENTED PLANE WAVE METHOD AS APPLIED TO CHROMIUM CRYSTAL 

Radial wave functions for a chromium crystal potential have been obtained for 
13 "*£ " values and a grid of energies. From these,starting values for integration n.ave 
been obtained at a distance from the origin. This step shortens the time required for 
obtaining Uj needed in the E vs. E0 routine. 

"7 
M. Saffren 
Solid State and Molecular 
Theory Group 

288 N. ATOMIC WAVE FUNCTIONS 

Calculations on the ^P states of C, SI, and Oe have been concluded. Similar 
calculations have been carried out, through the stage of evaluation of coefficients in 
the approximate linear expansion of self-consistent orbitals, for Mn and Mn** , both in 
°S states. 

R. K. Nesbet 
Solid State and Molecular 
Theory Group 

291 B. DYNAMIC BUCKLING 

This problem is concerned with the unstable motion of structural columns sub­
jected to large, time-varying compressive loading. This motion may be in the elastic or 
plastic strain range of the column. 

The elastic-plastic response of the column after the loads have been removed 
has been approximated by the use of a 12 degree-of-freedom lumped mass system. A second 
order of accuracy polynomial approximation integration procedure Is used to Integrate the 
equations. A program has been written and two successful runs have been made. Two addi­
tional runs are planned to complete this phase of the work. 

The elastic response during the loading has been studied by expressing the de­
flection of the column by a combination of its normal modes. The Kutta-Oill procedure has 
been used to integrate the resulting equations. This motion has been calculated for four 
basically different variations of applied load versus time. One additional program may be 
run to secure additional data of this type. 

The work descrlbea above has provided useful Information about elastic-plastic 
vibrations and dynamic buckling response. It is anticipated that the next several days 
will complete this study. 

R. E. Jones 
Civil Engineering 

Its 
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296 C. SYSTEM ANALYSIS 

This program has been collecting data Tor a classified project at the 
Instrumentation Laboratory. Numerically the problem Involved the solution of seven simul­
taneous ordinary differential equations using the 0111 routine. 

This phase of the analysis has been successfully completed, but the system Is 
still In the development stage. Therefore, we are keeping the problem number open antici­
pating that future computations will be necessary. 

W. B. Kehl 
Instrumentation Laboratory 

297 B. DIFFUSION BOUNDARY LAYER 

A suggested solution to the thermal problem at the boundaries of high speed 
surfaces is the Injection of a coolant through a porous wall. As part of a doctoral 
thesis, the appropriate system of equations describing a compressible laminar boundary ^ 
layer flow for a binary mixture have been developed to determine the effects of foreign 
coolants. Mass and thermal diffusion are Included. 

By means of Blaslus and Dorodnitzyn type transformations, the system of equa­
tions reduces to three ordinary differential equations of the form (thermal diffusion 
neglected): 

(Af")' + ff" = 0 

•l"t [ f • {«""1},]*e1' • 0 

?" + tjf + t0* - tm 

which describe continuity of momentum, mass, and energy, f, ĉ, and T represent velocity, 
fractional concentration by weight, ajnd temperature, while A relates the products of 
density and viscosity for the mixtures and external stream fluid. The remaining para­
meters are functions of Prandtl, Schmidt, and Mach numbers, as well as f, Cj, the 
molecular weight ratio, and relative thermal capacities. Boundary conditions prescribe 
external stream conditions far from the surface, vanishing velocity at the surface, an In­
jection' rate, and, coupled with the latter, a concentration gradient such that no net flow 
of external fluid enters the surface. 

Several approximate treatments of the equations are possible. When the Schmidt 
number is identically unity, the concentration is linearly related to the velocity. In 
addition, when temperature effects upon the relative magnitudes of the thermodynamic 
transport coefficients are negligible, the momentum and mass continuity relations are In­
dependent of the energy equation. Lastly, with an appropriate constant Introduced into 
the original transformation, one may assume A to be characterized by its surface value and 
thus employ the profuse prior Information regarding the Blaslus equation. 

With the aid of Whirlwind, several of the mentioned simplifications are being 
evaluated using a Helium-Air mixture. Two point boundary conditions were replaced with 
Initial estimates at the surface modified successively so as to yield an array of in­
fluence coefficients deduced from asymptotic results at Infinity. (infinity was essential­
ly a value of 6.0 for the independent variable for asymptotic constancy to 5 significant 
figures.) The 0111-Kutta numerical Integration procedure was employed. Programming in­
cluded repeated Integration cycles using the more exact boundary conditions resulting from 
the Influence coefficient system until end conditions were satisfied to 5 significant 
figures. Generally, convergence to the proper values occurred within four cycles. In 
some cases, the tabulated Blaslus function, f, and its derivatives were used in conjunc­
tion with a Taylor Series to yield the necessary Intermediate values for the 0111-Kutta 
routine. 

The results Indicate appreciable reductions in the recovery (thermal equilibrium) 
temperature for a flat plate at relatively low injection rates. Due to the presence of 
the T term in the energy equation, the recovery factor varies with Mach number. Ao a 
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result, for certain injection rates and Mach numbers zero recovery factors are found. In 
all cases approximations to the exact equation yield conservative values. This is a con­
sequence of the importance of the relative molecular weights for the components. Contem­
plated work is concerned with further examination of thermal diffusion effects as well as 
the limits for injection rates. 

J . R. Baron 
Naval Supersonic Laboratory 

298 A. THE ELECTRONIC ENEROY OF THE HELIUM MOLECULAR ION 

The p o t e n t i a l i n t e r a c t i o n between a normal he l ium atom and a s ing ly charged 
p o s i t i v e hel ium ion I s of cons ide rab le I n t e r e s t in connec t ion with the unde r s t and ing of 
t h e c o l l i s i o n p rocesses occur r ing in gaseous hel ium. This I n t e r a c t i o n has been considered 
by Paul ing (1933) and by Welnbaum (1935) who both used f o r the e l e c t r o n i c wave funct ions 
of the 5 5 a n d £g s t a t e s of Heg t h e symmetrized forms 

* ^ ^ M Z ) ^ * . ^ ) • «»frtt/z)^,,r4j)J> 
-<i, i . l ) . 

(1) 

where X" i s a double t sp in funct ion given by 

X"(l, 2, 3) v £ K'9*-** ^ )« 

and 
u(r|z) =JS£, 

^ ( r i , r 2 ) = u f r j z 1 ) u ( r 2 / z a ) 

(2) 

(3) 

(*) 

the 3uf f ixes A and B r e f e r r i n g to the two helium nuc le i and 1 , 2 , 
of t h e system. 

3 , t o the t h r e e e l e c t r o n s 

Pau l ing took Z 
v a r i a t i o n a l method, whi le We 
t h e two exponen t i a l paramete 
r a t i o n R i t i s + found t h a t Z 
between the He ion and t h e 
molecu la r ion Welnbaum found 
had the va lues Z = 2.029 and 
In t h e l i m i t of l a rge R, and 
energy brought about by t h e l 

Z and determined the e l e c t r o n i c binding energy by the R i t z 
lnbaum c a r r i e d the c a l c u l a t i o n s one s t a g e f u r t h e r by varying 
r s independent ly . In the l i m i t of l a r g e l n t e r n u c l e a r s epa -

2 and Z* = 1.6875 which co r r e sponds t o vanishing i n t e r a c t i o n 
He atom. In the case of the *Zy ground s t a t e of the helium 

tha t a t the equ i l ib r ium p o s i t i o n the exponen t i a l parameters 
2- * 1 .73^, which a r e not very d i f f e r e n t from those obtained 
consquent ly , t h a t t h e improvement in the t o t a l e l e c t r o n i c 

r v a r i a t i o n was on ly s l i g h t . 

Welnbaum's c a l c u l a t i o n s correspond t o using C*) a s the unper turbed hel ium wave 
f u n c t i o n for l a r g e l n t e r n u c l e a r s e p a r a t i o n . In the p r e s e n t work (4) h a s been r e p l a c e d by 
the exp res s ion 

<^(T1,rs) - u ( r j / d ) u ( r 2 | ^3 ) + u ( r 2 | a ) u t r j / ^ ) (5) 

where the parameters a and fl have been fixed at the values 2.19 and 1.18 respectively, 
corresponding to Infinite separation between the helium atom and ion. This form for ^ 
gives a rather better binding energy for the helium atom than does expression CO used by 
Welnbaum. As before, the total electronic energy for the molecular Ion can be determined 
by the application of the Ritz variational principle. The calculation Involves the 
evaluation of one-electron,coulomb, hybrid and exchange molecular two-centre irtegrals 
for a wide range of lnternuclear' distances. These were performed by the Whirlwind elec­
tronic computing machine using programs devised by Messrs. Corbatd, Dalgarno, and 
Merryman. The results of the calculation have not yet been fully analyzed, but will oe 
available shortly. 

In conclusion, it is a pleasure to express «y thanks to Professor Morse, 
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Professor Slater, and Mr. Corbatd for their assistance and Interest In this work. 
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299 C. HEAT TRANSFER IN TURBULENT PLOW 

The physical situation analysed was that of a fluid flowing in well-developed 
turbulent flow lr. a smooth cylindrical pipe. The fluid Initially at a uniform tempera­
ture Tj enters a heated section having a constant wall temperature Tw greater than Tj. 
It was desired to determine a relation between the heat transfer coefficient at any 
distance downstream and the physical and dynamic properties of the flowing fluid as charac­
terized by the Prandtl and Reynolds numbers. 

In order to generalize the solution, the following reduced variables are defined: 

(1) 

fraction of possible temperature change 

T-T. 
*1 

6 = T„-Tl 

reduced radius 

y • r/S (2) 

and number of diameters downstream 

x = z/D (3). 

The heat transfer coefficients are given in a generalized form in terms of Nusselt 
Numbers by the following expressions: 

. (Be) (Pr) . *°o («, 
NU - i*(i-e0) a i r 

and the log mean Nusselt Number 

NUM . ^ h ^ - I-U-V (5) 

0 Q is the mixing cup mean 0 at distance x given by 

f y u 0 dy 

y u dy 
(6) 

where u is the velocity at a reduced radius y. The fractional temperature change at anv 
position is given by the partial differential equation 

| f £° Jl • L2ILB) 40] (7) 
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with the boundary condlti 

C*-y^l. 0 

y-0 

7*1.0 

0*y*l.Q 

3ns 

x«0 

x^O 

uo 
x-00 

e=o 

* -
0=1.0 

0.1.0 

(8) 

(9) 

(10) 

(11) 

B and W are functions of y only, as given by the following: 

W 5 (Re) (Pr) F7S u T (12) 

in which u is a function of y , a function of y 

y+ « (l-y) /ke\Jr/s (14) 

The friction factor, f, is a function of Reynolds number and may be 
approximated by 

f = 0 .023(Rep 2 (15) 
2 

be unity. 
The ratio of the eddy conductivity to the eddy viscosity, B/g , was assumed to 

y ^21.995 u + - 13.56*5 tanh / y + \ (!6) 

3-56̂ 5 7 tff 
y ^21.995 u- * 5.5+ 2.5 In y - 15 (17) 

r 
The constants were evaluated such that the function and Its first derivative 

are matched at a y + of 21.995. 

Solution of (7) was accomplished by means of a first order non-Iterative 
finite difference method. 

A variable spacing across the radius was employed for two reasons. One, the 
coefficients of the partial differential equation (7) approach Infinity at the two boundary 
conditions, y = 0, and y - 1.0. Two, the so-called laminar layer at the wall is very small, 
especially with high Reynolds numbers, and therefore small Increments are necessary if the 
effect of the laminar layer is to be included. If a stable solution is to be Insured, very 
small x increments are also required, of the order ofAy squared or less. 

In spite of the use of a variable y and x spacing, the number of repetitions 
required to obtain a solution is excessive. Ten thousand repetitions of the calculations 
in the region of the smallest x Increment are required to calculate one diameter down­
stream. This calculation would take about 15 hourB on the computer. If a steady state Nu 
is to be determined, approximately 70 to 100 diameters distance down-stream must be calcu­
lated. 

As a teat of the program, two very short runs (compared to the time required for 
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, c o m , w r » M M . Aw " H I the s t a r t i n g c o n d i t i o n s s p e c i f i e d of 0 » 0; 
r l b u t l e n was assumed s i m i l a r t o a c o n d i t i o n some 

roach the c a l c u l a t i o n . 

The program »«.« »•.:>• .- .•ssful. The r e s u l t s obta ined were, of c o u r s e , of l i t t l e 
v a l u e . A 0 , .••: UM work in t h i s problem w i l l be p resen ted in a Master s 
t h e s i s In U —msl l Eng inee r ing . 

A. Turano 
Chemical Engineering 

TROPOSPHKRIC PROPAGATION 

A tape m »l*tlOB of radio signal strength versus layers In 
I r-ogram was completed, and further use will be made of 

the tap* In the I analysis of other data. 

Values of a I«JVM -:ral have been computed, using a convergent power 
series - I -umber of satisfactory values have been obtained. 

H.B.Dwight 
Lincoln Laboratory 

3oa ». w I IMS 

P.-.7 -tr-.i.r a p p l i c a t i o n ] . p a r t n e r t of Bu i ld ing C o n s t r u c t i o n , Mr. M. 
Bar*.*- - a wooden beam made up of two beams suppor ted a t 
the fn:> I Mai ." MM o . e r l a y s F. The two beams are connected a t D and E. 
?ne , M « ; ; ;enct .- froa ' H la - . The o the r d imensions a r e f r a c t i o n s of L. 

T 7 
; ."-on 

car M shown. 

r to t h e nea re r end C, which v a r i e s from .25 t o .50 i n s t e p s of . 0 5 . 
i er»c of a component beam a t D o r E, which i s to vary from 

I -s HM maximum d e f l e c t i o n of t h e beam between A and B, 
rnulsun :' r :r.e sys tem. A uniform load W i s assumed. 

. ; . Uss fo rces a c t i n g a t D and E, the bending moments, 
Wmmmn Mai S *-~ a*J la t e n t s of . . i n which they a r e l i n e a r . 

•*•'•' "• tag r s t l o n a l e x p r e s s i o n s In K and R of a t most t h e e i g h t h d e g r e e . 
"":: • • • - - • . • • .-• t a t — r l i i . : i :".:-..-. smurm* polynomial to UM a i s t a n c e r r o a A, 

If«awj on p r e v i o u s l y computed q u a n t i t i e s . 
: - : • • " - ' - : taal art uaad and thoaa r~o - ; r e ; : r ave amCnltudt l e ss then one, 

••••••••' : • - .--•!:.• -T. . . . - - ; .5 «_:.-.:: tr.e four oeolmal d i g i t rar..-,e of Cam an l r iw lau w r 
•" • • - -- • • •• - r e c o u n t tc UM Intmrprmtmtl M eoMputar. The 

trtaauy roaaon Mils problem mas p re sen ted t o t h i s Labora tory was to save t ime . A complete 
* * • * • " maabera was r e tu rned t o Mr. Barkan about a week a f t e r he 

... ;»-.» ».-*J formula. I t would have t aken him about a month u s i n g a desk 

M. Welns te in 
D i g i t a l Computer Labora tory 
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303 B. PREDICTION OP CHROMATOGRAPHIC SEPARATIONS 

Very little Information Is available for quantitative prediction of chromato­
graphic separation by ion exchange. Hawthorn performed experimental work for the rever­
sible, non-equllbrlum case, where previous treatment is especially scanty. In addition to 
experimental work, Hawthorn developed a series of differential equations which describe 
the performance of an Ion exchange column effecting a chromatographic separation of two 
cations. Attempts to obtain solutions to these equati. s were unsuccessful, but a method 
of numerical solution was presented. 

As an extension of Hawthorn's work, this thesis proposes the following objec­
tives: 

1. Solution of tne equations derived by Hawthorn through the use of the pro­
posed numerical method and Whirlwind I. 

2. Comparison of these solutions, which have a theoretical basis, with the 
experimental data. 

3. Preparation of tables and graphs predicting elutrlatlon curves for chroma­
tographic separations for various parameters, if objective number 2 shows good agreement. 

Re-examination of the basis for derivation of the differential equations, If 
objective number 2 shows poor agreement. 

In order to achieve the above objectives, a program of instruction will be 
written for Whirlwind I. The first attempts will be kept as simple as possible, keeping 
close control on the adjustment of increment size, etc. Due to the complexity of the 
equations, the numerical method used will be the simple Euler method where it is assumed 
that 

is constant over the respective Increment. Convergence and stability of the solution will 
be checked by varying the Increment size. If the calculated values show good agreement 
with the nine sets of experimental data reported by Hawthorn, the Whirlwind program will 
be refined, if necessary, and "production" runs will be performed for preparation of de­
sign tables and graphs. 

The first two objectives listed above have been achieved. Solutions to the 
differential equations were found for two Bets of parameters. Comparisons of these cal­
culated results with experimental data give support to the validity of the assumptions 
used in the equation derivations. 

The following tapes have been left on file at the Digital Computer Laboratory: 

£ lol'M-lo0 ] emergence test 

fc 303-232-606 ) Elutrlatlon curve prediction 
fc 303-232-86 ) 

A complete description of the procedures used and the results obtained Is 
given in the M. S. Thesis, "Prediction of Chromatographic Separations by Ion Exchange 
Using Whirlwind I" submitted to the Chemical Engineering Department In August, 1955, by 
J. L. Fischer. 

J. L. Fischer 
Chemical Engineering 
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304 A. CALCULATIONS IN THE THEORY OP ATOMIC HYPERPINE STRUCTURE 

Measurements of atomic hyperflne structure (hfs) contain some of the best In­
formation about the stationary electric and magnetic properties of atomic nuclei. in order 
to deduce accurate values for these nuclear properties (called nuclear moments;, one must 
have an accurate evaluation of certain Integrals over the electronic wavefunctlons ol the 
atom, (Ref. 1). These Integrals have been evaluated previously (Ref. 2) by comparison with 
other atomic properties (the fine structure) using approximate but analytical wjJve-
l'unctlons which neglect the screening of the nuclear electrostatic potential. We decided 
to carry out a program of numerical computation of the wavefunctlons and Integrals, using 
a more realistic model for the atom. Since we require considerable accuracy In our 
results and expect to do the calculations for several atoms, this undertaking appeared 
feasible only with the use of a high-speed computer. 

The equations to be solved are: 

g 

fJ»,JC)g= [€-«]t 
^dx x/ 

where K, Clare constants; f(x),g(x) are the eigenfunctions; c is the eigenvalue; and V(x) 
is the potential seen by one electron In the atom. For this potential we use (Ref. 3): 

where Z is the atomic nucleus and fi is a parameter which will be adjusted to give the 
"best" results. The variable x may range from 0 to oo , but for physical and computational 
reasons, we have confined the study to .0001 £ X = 12. This region is divided into 484 
intervals, with spacings varying from 0.000005 to 0.1. Numerical integrations of the 
equations are done with the fourth-order Kutta-0111 subroutine. The ratio f/g at x I .0001 
Is determined rrom the boundary conditions that f, g be finite for x-»0. 

The main problem is to find the value of the eigenvalue £ which makes f and g 
go to zero as x goes to oo . Our method of finding £ is patterned after that used by 
Combelic, (Ref. 4). With some guessed value of € the equations are integrated out to some 
large value of x, x0 (we use xQ - 12.). For x ̂  x0 we set V = 0 and the solutions f, g 
for this outer region are then known in terms of spherical Hankel functions. The inner 
and outer solutions are then joined at XQ: 

g (x0), f(x0) •*- Cj h
( 1 ) (lkx0) -r C2 h

( 2 ) (lkx0) 

where the order of the Hankel functions depends on the constant K and k ? y?" 
Since the asymptotic value of these functions 18: 

h'DtikxJ-e-1* 

h(2)(lkx)-» e X" 

the eigenvalue condition is C2 = 0. Thus a linear combination of f(xn) and g(xn) multi­
plied by simple polynomials in (ICXQ)-1 gives the quantity Cpe^O which we take as our 
error functions oT( ( ). Then repeating the Integration of the differential equations 
with new values of ( we find the eigenvalue £0

 f o r which J (e"0) . o. With a fairly good 
initial guess for ewe can find £0 *° about one part in 105 or better in 3 to 5 iterations. 

It is probably worth noting that there are several ways In which one should not 
go about searching for the eigenvalue £Q. If one defines <f (£) from some such "normalized" 
form as 

f(x0)/g(x0), r'(x0)/f(x0), Cg/Cj, etc., 

the denominator of each of the q u o t i e n t s has a zero very c lose to where ^"passes throueh 
z e r o , and i t I s very d i f f i c u l t t o f ind the zero of a funct ion which looks l i k e the 
drawing on the next page. 
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^ 

Here the width of the interesting region is extremely small («~I0~' in our problems). 

An alternative procedure used was to put In the desired (experimentally 
measured) value of £ and find the value of fi (the potential parameter) that satisfies 
the eigenvalue criterion. When the eigenvalue is found, the several Integrals of 
Interest, 

J(f2+g2) dx, J(r2+g2) x_3dx, Jfgx_2dx, irgx^dx, 
0 0 0 0 

are computed with the eigenfunctions using fourth-order Integration. 

So far, these calculations have been carried out for the p-doublet ground 
states of eight different atoms spanning the entire periodic table. The results are In 
some cases significantly different from the results of the earlier work. There are still 
a few more calculations to be carried out. A careful analysis of results in comparison 
with experimental data is expected to yield the values of the nuclear moments accurate to 
within a very small per cent. 
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305 A. COURSE 6.25, MACHINE-AIDED ANALYSIS 

Fifteen students in the summer section of 6.25, a course in machine-aided 
analysis In the department of Electrical Engineering, used TAC to solve a homework problem. 
The problem, involving the generation of a sine function and the solution of a differ­
ential equation, was designed to illustrate the use of an actual computer for solving 
numerical problems. As is the usual case when students are first introduced to a digital 
computer, about 60# of the students had programs work correctly the first time. 

W. J. Eccles 
Electrical Engineering 

306 D. SPECTRAL ANALYSIS OF ATMOSPHERIC DATA 

Recent theoretical, observational and experimental studies (conducted at M.I.T. 
and other institutions) have demonstrated that the wave-like disturbances (eddies) In the 
atmosphere are of primary importance In generating and maintaining the mean global field of 
motion. To a large degree, the form of these eddies characterizes the state of the general 
circulation. Little quantitative information has been obtained, however, as to the exact 
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scales of these atmospheric disturbances and the contribution which the different "ales 
of disturbances make to certain dynamically significant processes such as the transport of 
heat and momentum. 

Accordingly, It Is the purpose of this investigation to obtain long series of 
...I space spectra for a number of Important atmospheric properties (kinetic energy, 

temperature, water vapor, vertical velocity, transport of heat and momentum) as a function 
of latitude, pressure-height, and time. These spectra will serve as the basis for: 

latitudinal space spec 
wati 
pre 

1 Providing a picture of the time and space variations of the spectral 
distributions of significant atmospheric parameters, as well as a measure of the relative 
Importance of the various scales of eddies In that atmosphere. 

2. Testing the results of certain theoretical models of the atmospheric flow, 
regarding the stability properties of disturbances. 

3. Relating changes in the kinetic energy spectral distribution to other 
Important parameters. 

4. Studying the dynamic interactions among disturbances of different scales 
and the mean flow. 

500, JOO 
In more concrete terms, it is proposed to obtain the specjra for the 1000, 700, 

, and 200 mb pressure surfaces at latitudes 30°, 45 , and 60 N. 

The spectra will be based on data obtained at 72 points (every 5 degrees of 
longitude) around a latitude circle and will be computed for wave numbers 1 through lb by 
means of the standard methods of harmonic analysis. In general, the complex spectral 
function for any property, q, is given by 

P(n) • PjfnJ-r i p2(n) 

where 

Pi(n) « ! > q( A ) cos nA 
7? £j 

72 
Pp(n) - JL > l(A ) sin n/\ (A=0°, 5°, 10°, ...355°) 

72 Z_ 

HereX represents longitude and n is the wave number. 

By suitably combining the Fourier coefficients for the heights of the pressure 
surfaces, temperature, the zonal wind, water vapor and vertical motion It Is possible to 
obtain all of the desired transport spectra and the kinetic energy spectra. For example, 
the spectral function, T(n), for the meridional transport of sensible heat for a given 
latitude **, pressure p, and time t, is given by 

T t(n) = n^b2(n)a1(n) - b-,(n)a2(n]j ̂f,p,t 

where a.± and a 2 are the real and imaginary parts, respectively, of the pressure-height 
spectrum, and bi and b2 are the components of the temperature spectra. 

The spectral function for the geostrophic kinetic energy of the north-south 
flow is given simply by 

Kf,p,t<n) = "2 f ai< n) 2 * a2(
n)2J 

It is anticipated that complete hemispheric data for the month of January, 
19^9, as well as a much longer series of height data for the 500 mb level alone, will 
be processed. 
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Ex tens ive computat ions of t h e type o u t l i n e d above have become f e a s i b l e only 
wi th the advent of h igh-speed machines such as WWI. 

The program i s c u r r e n t l y In t h e p rocess of being checked. 

B. Saltzman 
P. Ward 
Meteorology 

307 C. SUPERSONIC NOZZLE DESIGN 

The F r l e d r l c h s method employed a t the Naval Supersonic Laboratory for deducing 
supe r son i c nozz le contours has been programmed for Whirlwind-. On the b a s i s of an assumed 
v e l o c i t y d i s t r i b u t i o n (nozzle gene ra t i ng func t ion ) along a r e f e r e n c e a x i s , t he re fo l low 
e x p r e s s i o n s fo r t h e phys ica l c o o r d i n a t e s and flow p r o p e r t i e s a long s t r e a m l i n e s fo r a 
p e r f e c t gas expanding from subsonic to supersonic speed. I t i s r equ i red t h a t the exhaus t 
flow be uniform and p a r a l l e l for model t e s t pu rposes . Each des ign ( e x i t ) Mach number 
t h e r e f o r e n e c e s s i t a t e s a numerical I n t e g r a t i o n p rocess to e s t a b l i s h the flow p r o p e r t i e s 
a long a (des ign) c h a r a c t e r i s t i c in the supersonic f i e l d . Downstream of t h e l a t t e r c h a r a c ­
t e r i s t i c l i n e , s t r e a m l i n e s a r e determined on a mass c o n t i n u i t y b a s i s such t h a t a P r a n d t l -
Meyer flow r eg ion precedes the f i n a l uniform flow f i e l d . 

The G i l l - K u t t a procedure was employed for the numerical i n t e g r a t i o n p o r t i o n of 
the program. Appl ica t ion of the Newton-Raphson method was made to r ind c e r t a i n Mach num­
ber d i s t r i b u t i o n s a t equal coord ina te i n t e r v a l s . 

The program has been i n i t i a l l y success fu l and I s c u r r e n t l y being checked in d e ­
t a i l a g a i n s t e a r l i e r computat ions . I t I s Intended t o make use of the program for f u t u r e 
nozz le r equ i rements a t the Naval Supersonic Labora tory . 

J. R. Baron 
Naval Supersonic Laboratory 

308 A. FREQUENCY ANALYSIS OF APERIODIC FUNCTIONS 

This problem is a continuation of problem 195C. We now plan to generate cosine 
functions of different frequencies and cross correlate each function with the intestinal 
motility data. We then will calculate the root mean square values of these cross correla­
tion functions. 

J. Roseman 
Digital Computer Laboratory 

309 B,N. PURE AND IMPURE KC1 CRYSTAL 

A theoretical study is to be made of the electronic structure of an alkali 
halide crystal. The free-ion, Hartree-Fock wavefunctions will serve as a starting point 
of the study. Since an alkali halide In its ground state is a closed shell system, the 
ground state wavefunctlon may be approximated by a single Slater determinant or the nor­
mally occupied, free-ion functions. Due to the small overlap or these runctlons in the 
crystal, the approximation is ralrly good. If the determinant is made up of linear com­
binations of these free-Ion functions, the crystal energy is of course unchanged. For the 
perrect crystal it is proposed to determine one-electron wavefunctlons as those particular 
orthonormal linear combinations of the free-ion functions which satisfy the Bloch condi­
tion and which satisfy the Hartree-Fock equations. From this the Hartree-Fock energy 
band structure of the crystal will be obtained and can be compared to recent X-ray studies. 

It is further proposed to study the V-center as a particular example of the im­
pure or almost perfect crystal. The V-center in an alkali halide crystal is a positive 
ion vacancy with an associated, bound hole (an electron vacancy in an otherwise closed 
shell structure). The many-electron wavefunctlon can again be approximated by a single 
determinant which is made up of linear combinations or free-ion functions. Using an 
argument due to Koopmans, however, this wavefunctlon ±B completely determined when the 
coefficients of only the missing electron are known. Thus the crystal energy for various 
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states of excitation of the hole can be determined by solution of a finite secular equa­
tion. Because of the localized nature of the Impurity, the secular equation need only 
Involve free-ion functions on sites near the impurity center. This calculation does not 
depend on any preliminary, perfect crystal calculation. It is thus proposed to determine 
transition energies for the bound hole and compare the results to recent experimental 
observations. 

In both the pure and impure crystal problems described above, we must solve a 
set of simultaneous eigenvalue equations of the following form: 

£ 6«nm-*A.J • 0, 

where the am's are the coefficients of free-ion functions or linear, symmetry combinations 
of free-ion functions, and Hnm and A n m are respectively energy and overlap intervals. The 
Integrals are closely related In the two problems of this paper; hence the problems are 
being performed together. 

Many of the integrals involved are between functions on different centers In 
the lattice. These Integrals are to be evaluated by the expansion method of Barnett and 
Coulson as adapted for Whirlwind use by F. J. Corbatd of this group. In this method, an 
integral between wavefunctions on different centers is calculated by choosing one of the 
centers and expanding all of the displaced functions in a series of radial functions 
(called <X(r) by Corbatd) times spherical harmonics about that center. For two-electron 
Integrals l/vyz l s also expanded in spherical harmonics about the common center. The 
original integral then becomes a finite or infinite sum of integrals, each of which can be 
calculated easily. 

The order of calculation is as follows. The Hartree-Fock radial functions for 
Cl~ and K" are fitted with sums of exponentials times powers of r. The resultant analytic 
functions are expanded about another center using Corbatd's Alpha-Generation Program 
(named for the coefficients<t(r)). Certain linear combinations of the alphas are per­
formed by my own Mode Addition Program. Finally the basic integrals are calculated by 
Whirlwind using Corbatd's Integrator Program. The basic integrals are then combined by 
hand to form the Hnm andA__ mentioned above. Finally the secular equations for the a-'s 
and the t'a are solved on whirlwind using routines developed by Meckler and Corbatd. All 
of the programs mentioned have now been tested and have been found satisfactory. It Is 
therefore expected that by the end of the next quarter most of the production runs will 
have been completed. 

L. P. Howland 
Solid State and Molecular 
Theory Group 

310 C. TRAJECTORY CALCULATIONS FOR A ROCKET DURING POWERED FLIGHT 

A rocket obeys Kepler's Laws when It is in free flight, since no exterior 
forces are applied: however, when the rocket's engines are providing thrust Kepler's Laws 
no longer apply. Consequently, in order to find the optimum powered-flight trajectory, 
i.e., the trajectory which uses the least amount of fuel, it is necessary to do a trial 
and error trajectory study. A further complication is the effect of the atmosphere on 
the rocket, namely the forces of drag and lift. The equations of motion of a rocket 
during powered flight, taking Into consideration all the forces that have been mentioned 
are then 

iA ./ill f . , .. a i 

•u1 -*l7i) =»'"<*-*> ~ £"V • £ - y - f* 
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DEFINITION OF QUANTITIES USED IN EQUATIONS OF MOTION 

Launching 
Point 

X,Y 
X,Y 
R 
r 

• V 
p 
L 
D 
EM 

-
-
-
-

-
-
-
-
-
-

inertlal axes 
local axes 
radius of earth 
distance from center 

earth to rocket 
polar angle at center 
resultant velocity 
thrust 
lift 
drag 
gravitational force 

jf 

of earth 

<L - angle of attack 
<f - rocket engine deflection 
g - pitch angle > with respect to 
V - flight path anglej local horizontal 
§ - pitch angle -. with respect to 
"f - flight path angle! Inertlal horizon 

FIOURE J 
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For the purposes of this investigation the equations of motion were written 
In the following non-dlmenslonal form 

where 

I 
62 

A. 

F* c; -4- + c, £i 

*"£"• »KAX 
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C_ ^(lT7) 
4* 

/2 7I 

t 'Tm 

0 = 

R 

forcing function 

A typical trajectory is shown in Figure 2. In order to optimize the trajectory, 
various parameters must be varied, such as the length of time spent In vertical f l igh t , 
the Impulse angle-of-attack at t ip-over, the length of time before staging, the length of 
time before burnout, and the pitch-program used. For any given set of parameters the 

burnout 

velocity, flight path angle, altitude, and distance from launjhing point at burnout must 
be those which will cause the following equation to become zero. 
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/ — coifS - $ ) +• COi 
( * T - * ) 

where 4T is the specified range. 

The first routine written for CSII was one which evaluated 

Pe 
— i C, , Co, and Co 

Ae 
for various values of k and — . Since then all work has been concentrated on writing 

At 
subroutines for the main program. Subroutines which have been written and checked are 
determination of pressure, density, and temperature at any arbitrary altitude from sea 
level to 128,900 meters: evaluation of CD from mathematical representations of the curve 
of CD versus Mach number at any arbitrary Mach number: and determination of the burnout 
point through use of the cf equation given above, including a sixth order interpolation 
routine for evaluating the various parameters at the burnout point. 

During the next quarter further subroutines will be written and checked out, 
and the main program itself will be written. Trial runs will then be made and compared 
with check solutions, which have been computed on an IBM-CPC. 

The program thus far has been written by Granger G. Sutton, Research Engineer 
under the supervision of John S. Prlgge, Jr., Project Leader of DIC Project 7246, both 
of the Aerophyslcs Research Group, Department of Aeronautical Engineering. The work is 
sponsored by the U. S. Air Force under Contract No. AF 33(6l6)-2392 and will eventually 
be issued as a formal report. 

Definition of Symbols 

A area 

CD drag coefficient 

C L lift coefficient 

D drag 

E earth's gravitational factor - 1.4086414 x 1016 ft-^/sec2 

P thrust 

gR absolute gravity at earth's surface = 32.28512 ft/sec2 

gs gravitational conversion factor - 32.17405 ft/sec2 

Isp specific thrust 

k ratio of specific heat 

L lift 

m propellant mass flow 

M mass 

n load factor 

p pressure, absolute 

p pressure, gage 

r distance from center of earth to rocket 

R radius of earth • 20.888104 x 106 ft. 

w 

WHIRLWIND CODING AND APPLICATIONS 

/^ gas constant 

tb burning time 

T temperature, absolute 

V velocity 

vs velocity of satellite at earth's surface = /sRR - 25.968730 x 10
3 ft/sec 

W weight 

Greek Letters 

Y flight path angle 

cT rocket engine deflection 

3 pseudo propellant load factor 

1. efficiency 

f\,\ divergence loss of a nozzle 

& pitch angle 

><. weight loading factor • 1 s 

A 
1° density 

t non-dimensional time 

<$ polar angle measured from center of earth 

Superscripts 

ambient value 

~* non-dimensional (with exception of p) 

Subscripts 

c chamber 

e exit 

f final value 

F thrust 

m propellant mass flow 

N normalized with respect to initial value 

P propellant 

s satellite 

SL sea level value 

t throat 

J . S. Pr lgge , J r . 
Aerophyslcs Research Group 
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311 N. SOLITARY WAVE GENERATING CAM 

This i s the f i r s t q u a r t e r l y p rogress r e p o r t on Problem 311 N. The problem 
c o n s i s t s In t h e s o l u t i o n t o a s e r i e s of a l g e b r a i c equa t ions which d e s c r i b e the l o c i of 
the t o o l c e n t e r s for work t o be execu ted by the n u m e r i c a l l y - c o n t r o l l e d m i l l i n g machine 
of t h e Servomechanlsms Labora to ry . The work f o r the m i l l i n g machine I s the c u t t i n g of 
s t a i n l e s s - s t e e l cams to be used wi th the wave machine of the Hydrodynamics Labora to ry , a s 
p a r t of the work c a r r i e d ou t on the S o l i t a r y Wave Research P r o j e c t , DIC 3-666«, conducted 
fo r t h e Office of Naval Research under Contract No. NSori-07837. 

The form of t h e cams I s two h a l f - l e n g t h s ine waves superimposed on a n e u t r a l 
c i r c l e of the cam. The r a t i o of the two wave l e n g t h s v a r i e s from 1:16 t o 1:1 fo r a s e r i e s 
of e i g h t cams. The e q u a t i o n s fo r t h e cam s u r f a c e s were modified to account fo r t h e c e n t e r 
p o s i t i o n of the m i l l i n g machine t o o l dur ing c u t t i n g . 

The inpu t to t h e m i l l i n g machine i s b inary punched tape; t h e r e f o r e , a Whirlwind 
s u b r o u t i n e developed by John Runyon was used t o conver t the decimal r e s u l t s to t h e a l g e ­
b r a i c e q u a t i o n s to binary punched t a p e s . 

The programmers fo r t h i s problem a r e Donald C. Taylor and John G. Housley of 
the Hydrodynamics Labora tory . Techn ica l a s s i s t a n c e in programming was given by Mr. A. 
S i e g e l of the D i g i t a l Computer Labora tory s t a f f . 

J . 0 . Housley 
Hydrodynamics Laboratory 

312 L. ERROR ANALYSIS 

The e r r o r s in the knowledge of a s e t of s ix parameters d e s c r i p t i v e of a system 
a r e t o be determined from the e r r o r s in c e r t a i n measurements on the sys tem. These measure­
ments a r e assumed to be co r rup ted by a d d i t i v e gauss i an n o i s e . A small e r r o r approximat ion 
i s made so t h a t e r r o r s in t h e paramete rs a re l i n e a r in t h e measurement e r r o r s . The p a r a ­
meter e r r o r s a r e , t h e r e f o r e , a l s o g a u s s i a n . Whirlwind I w i l l compute t h e moment m a t r i c e s 
of t h e e r r o r s i n the pa ramete r s fo r v a r i o u s i n p u t c o n d i t i o n s . 

The problem can be s t a t e d mathemat ica l ly as the eva lua t ion of a 4 x 6 and a 
6 x 6 m a t r i x . The e lements of t he se m a t r i c e s a r e func t ions of s ix paramete rs and a 
v a r i a b l e of i n t e g r a t i o n , whose va lues w i l l be determined from the l i m i t s of I n t e g r a t i o n 
t o be desc r ibed below. The func t ions r e q u i r e the e v a l u a t i o n of square r o o t s , t r i g o n o m e t r i c 
and i n v e r s e t r i g o n o m e t r i c f u n c t i o n s . The parameters w i l l be given as inpu t c o n d i t i o n s and 
t h e r e s u l t s de termined f o r va r ious s e t s of t h e s e p a r a m e t e r s . The two m a t r i c e s a r e t o be 
m u l t i p l i e d t o g e t h e r to y i e l d a t h i r d m a t r i x , the elements of which w i l l be m u l t i p l i e d 
t o g e t h e r two a t a time and each p a i r i n t e g r a t e d . The l i m i t s of I n t e g r a t i o n w i l l be sup­
p l i e d and the r e s u l t s aga in determined for v a r i o u s s e t s of v a l u e s . The i n t e g r a l s w i l l 
form the e lements of four 6 x 6 m a t r i c e s which a r e to be added t o g e t h e r with w e i g h t i n g 
f a c t o r s which w i l l a l s o assume v a r i o u s va lues . The r e s u l t i n g 6 x 6 m a t r i x I s to be i n ­
v e r t e d and then p r e m u l t i p l l e d by a 2 x 6 matr ix and pos tmu l t l p l l ed by t h e t r an spose of 
t h i s m a t r i x . The e lements of the 2 x 6 matr ix w i l l be func t i ons of t h e s i x pa ramete r s 
mentioned above and w i l l r e q u i r e e v a l u a t i o n of the same bas ic f u n c t i o n s . The f i n a l 2 x 2 
m a t r i x i s t o be d i a g o n a l l z e d . The i n v e r t e d 6 x 6 m a t r i x , t h e e igenva lues and one e i g e n ­
v e c t o r of the 2 x 2 mat r ix a r e d e s i r e d as f i n a l r e s u l t s . The var ious combinat ions of 
i n p u t va lues needed w i l l r e q u i r e app rox ima te ] " 100 r e p e t i t i o n s for t h e ba s i c p rocedures 
d e s c r i b e d . 

The program has a l r eady been t e s t e d and w i l l be used in the nea r f u t u r e . 

I . I . Shapiro 
Lincoln Laboratory 
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WHIRLWIND CODING AND APPLICATIONS 

313 D. COURSE 6.601, NUMERICAL CONTROL OP MACHINE TOOLS 

As part of Course 6.601, the students are required to produce, using manual 
computation, a program for the Numerically-Controlled Milling Machine (NCMM). Because 
of time limitations, they are not required to carry their computations to completion but 
are permitted to stop at an Intermediate point at which the remaining calculations are 
obvious. 

A Whirlwind I routine was prepared which completed the students' computations 
and punched the resulting NCMM control tape. This routine was used to process all the 
data provided by the students, and the tapes were then used on the NCMM. The routine 
operated correctly, and produced satisfactory NCMM tapes. 

A tour of the WWI computer, during which was demonstrated the NCMM translation 
program developed under problem 2^0, was arranged as part of the course. 

A. Siegel 
Digital Computer Laboratory 

314 C. FACTORING HIGH ORDER POLYNOMIALS 

This problem concerns the analysis of the effects of aircraft flexure coupling 
with aircraft automatic control systems. The analysis results in two sets of six simul­
taneous differential equations of motion. Whirlwind was used to determine the roots of 
the resulting performance functions. Factorization of several polynomials of about the 
10th degree was done using Hitchcock's method, for which programs were written by M. 
Jacobs of the Digital Computer Laboratory. 

V. W. Howard 
Aeroelastlc and Structures 
Research Laboratory 

316 L. RADAR CORRELATION 

A method Is sought to correlate on a real time electronic computer the data 
that may be found directly by radar apparatus. 

Some time was 3pent to determine the analytic solutions which would have the 
least Inherent error and would allow high-speed computation. 

To minimize error in a function of more than one variable, a linear programming 
routine is being developed. This routine has already been checked In part and is now 
being modified to take advantage of new instructions pertaining to access to the magnetic 
drum storage. By evaluating the exact expression at several points and then letting the 
coefficients in a simplified expression be variable, we should be able to find coefficients 
that minimize the maximum error. 

M. Weins te in 
D i g i t a l Computer Laboratory 
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WHIRLWIND CODING AND APPLICATIONS 

NOTE: 

Reports on the following problems, done by members of the Machine Methods of 
Computation group, may be found In Section 2.2 of Part I. 

122 N. COULOMB WAVE FUNCTIONS 

172 B,N. ENERGY BANDS IN GRAPHITE 

11? N. ATOMIC WAVE FUNCTIONS AND ENERGIES 

235 B,N. EIGENVALUES IN A SPHEROIDAL WELL 

242 N. CALCULATION OF NUMBERS OF STRUCTURES OF RELATIONS 
ON FINITE SETS 

A. Temkln 
Z. Fried 
A. Tubls 

F. Corbatd 

A. Tubls 

J. Uretsky 

D. Mcllroy 
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APPENDIX 

1. SYSTEMS ENOINEERINO 

Magnetic Drums 

The Interlace on the auxiliary section of the buffer drum has been changed to 
provide more rapid access to drum storage. The computer may now read or record blocks of 
information at the rate of one word every 32 microseconds. The former rate was one word 
every 64 microseconds. 

The control systems for both drums have been modiried to permit the selection 
of a new mode of operation. The programmer, by adding 1000 (octal) to the present drum 
orders, may select the drum as a consecutively addressed storage medium with no discon­
tinuities at the end of each group. The Group Selection Register (GSR) has been made a 
counter which is added to by the end carry from the Storage Address Register (SAR). The 
SAR end carry to GSR is gated by digit 6 of the ln-out switch. 

Magnetic Tape 

In several instances, valuable Information recorded on magnetic tape has been 
destroyed by accidental recordings over this Information. A system has been Installed to 
allow the three printout units to be locked in the read mode by means ol toggle switches 
located on their control panels. The computer may sense an Intervention bit to determine 
whether these switches have been thrown or whether the units are ready to record. 

Power Supplies 

A spare filament alternator has been obtained and the installation work neces­
sary for connecting It into the system Is in progress. The control system will be such 
that the alternator may be used to replace either of the two alternators now In service 
by operating one or two toggle switches. A system for substituting a motor-generator 
set for one of the d-c supplies Is being developed. 

Polaroid Land Camera 

A Crown-Graphic camera with a Polaroid Land-camera back has been mounted in the 
control room for photographing the indicator lights. The photographs may be used in place 
of manual recordings of the lights. This system provides a sure, fast, accurate means of 
gathering trouble-location information. 

Computer Reliability 17 June 1955 to 22 September 1955 

Total computer operating time 2017 hours 

Total lost time 54.4 hours 

Percentage operating time usable 97.'' percent 

Average uninterrupted operating time between failures 14.2 hours 

Failure Incidents per 24-hour day 1.65 

Average lost time per incident 23.6 minutes 

Average preventive maintenance time per day 1.5 hours 
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APPENDIX 

2. VACUUM TUBES 

Vacuum Tube Life 

During the first three quarters of ly55, the Whirlwind computer operated for 
1780, 1932, and 1880 hours, respectively. Vacuum tube lire has been calculated for the 
six most numerous types in WWI, comprising approximately 8o£ of the total tube complement. 
A summary of this information is shown below: 

FAILURE RATE, PER CENT 1000 HOURS 

Tube Type 

7AD7/SR1407/6145 

7AK7 

5965 

608O/6080WA/6AS7O 

6BL70T 

Quantity 
now in 
Service 

4273 

3400 

887 

712 

496 

1954 
Average 

1.5 

0.44 

0.32 

1.1 

0.41 

First 
Quarter 
1955 

0.97 

0.25 

O.38 

0.48 

0.46 

Second 
Quarter 
1955 

1.1 

0.18 

0.52 

2.0 

0.52 

Third 
Quarter 
1955 

0.69 

0.08 

0.60 

3.5 

O.96 

The number of 2D21 failures has been materially reduced as a result of circuit 
changes correcting excessively negative grid voltage during conduction (see Summary 
Report No. 40, Fourth Quarter, 1954). 

The number of 5963 failures has been steadily decreasing. This is because most 
of the older tubes of the original complement have already failed due to cathode inter­
face impedance and have been replaced; the present failures either went into service after 
the original equipment installation or are in circuits where operating margins are wider 
and hence more tolerable of tube deterioration. 

The type 5965 continues to be quite stable, from a maintenance-of-characteristics 
point of view, practically all the failures In this type are due to high negative grid 
current, primarily leakage, with some grid emission beginning in the older tubes. 

The relatively large fluctuations in the failure rate of 7AK7's are caused by 
statistical variations in the small number of failures per quarter. The failure rate for 
this type continues to be comfortably low. 

The type 6BL7QT has now reached approximately 12,000 hours of operation. Although 
the failure rate has been relatively low, it has been Increasing as a result of a small but 
increasing number of low-plate-current failures partially due to cathode interface impe­
dance. The sharp Increase in the failure rate during the third quarter of 1955 is a result 
of the routine retestlng of a panel temporarily removed from WWI service and the subse­
quent failure, at test, of seven tubes for low plate current. The circuits in which 
these tubes operate (cathode follower being driven by a cathode follower) are such that a 
considerable decrease in zero-bias plate current can be tolerated before system failure 
begins. The extremely low zero-bias plate current cannot be completely ascribed to the 
magnitude of cathode Interface impedance involved (100-200 ohms). Qualitative tests in­
dicate a major decrease in cathode emission itself. 

Some comment Is in order regarding the high failure rate of the types 
6O80/6O80WA. A considerable quantity of these tubes is used in series - tube - regulator 
panels where, prior to a recent modification, circuit conditions were such that the tubes 
were being operated considerably over plate dissipation rating. In the magnetic core 
memory system where operating conditions are much less severe, the failure rate of this 
type continues to be reasonably low. 

TO 

APPENDIX 

3 . PUBLICATIONS 

P r o j e c t Whirlwind t e c h n i c a l r e p o r t s and memoranda 
to only a r e s t r i c t e d group known to have a p a r t i c u l a r l n t e r e 
ASTIA (Armed S e r v i c e s Technical Informat ion Agency) Document 
l n g , Dayton, Ohio. Requests fo r copies of i nd iv idua l r e p o r t 

a re r o u t i n e l y d i s t r i b u t e d 
it in the Projec t and to 
Service Center , Knott Build -

1 should be made t o ASTIA. 

The fo l lowing i s a l i s ' ; of memoranda publ i shed ty the S c i e n t i f i c and Engineer­
ing Computations Oroup dur ing the pas t q u a r t e r . 

No. 

DCL-81 Abstracts of memos on Automatic Coding 
Techniques Used on WWI 

DCL-82 A Proposal for a New Method of Select­
ing the WWI Drums for Block Transfers 
of Information 

DCL-83 Interpreted Instruction Code of the MIT 
CS II Computer 

DCL-84 The MIT Comprehensive System of Service 
Routines 

DCL-88 Normal S * EC Operating Procedures 

DCL-89 Recent Changes in the CS Conversion 
Program 

DCL-90 Whirlwind Display Program: Vibrations 
in a Length of String 

DCL-91 Modification of the Numerically-
Controlled Milling Machine Translation 
Routine for Use with the O&L Machine 

DCL-92 Proposed Additional Function for the 
Read-In Button 

DCL-94 Polynomial Factorization 

DCL-94-1 Revision in Polynomial Factorization 

DCL-97 Whirlwind I Processing Routine for 
Course 6.601 

DCL-101 Iterative Solution of Linear Systems 
Having Sparse Matrices 

6-22-55 J. M. Prankovlch 

6-21-55 J. M. Frankovlch 

6-24-55 J. M. Frankovlch 

6-27-55 F C. Helwlg 

7-15-55 P. C. Helwlg 

7-15-55 J. M. Frankovlch 

6-17-55 D. N. Arden and 
0. W. Patterson 

7-19-55 A. Slegel 

7-22-55 F. C. Helwlg 

8-1-55 M. Jacobs 

8-17-55 M. Jacobs 

8-18-55 A. Slegel 

9-12-55 M. D. Mcllroy 
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i|, VISITORS 

Tours of the WWI Installation include a showing of the film "Making Electrons 
Count", a computer demonstration, and an Informal discussion of the major computer com­
ponents. During the past quarter, 11 groups totalling 253 people visited the computer 
Installation. Included In these groups were: 

June 28 Training Course for Whirlwind I 

July 6 MIT Foreign Students Summer Project 

July 11 Course In "Machine-Aided Analysis" 

August 3 Westlnghouse Science Teachers Project 

August 2') Training Course for Whirlwind I 

August 31 Summer Session Course in "Numerical Control 
of Machine Tools." 

September 9 MIT Textile Department 

September 13 MIT Freshmen 

September 22 Worcester Polytechnic Institute Seniors 

The procedure of holding Open House at the Digital Computer Laboratory on the 
first Tuesday of each month has continued during this period. Three groups totalling 35 
persons visited the Laboratory at the Open House demonstrations. These persons represent­
ed members and friends of the MIT community, Boston University, Harvard University, Tufts 
College, Royal Canadian Air Force, Michigan Department of Revenue, Arenberg Laboratory, 
and the University of Illinois. 

During the past quarter there were also ^3 individuals who made brief tours of 
the computer installation at different times- Represented by these individuals were 
Reliance Electronics and Engineering Co., Caswell Aeronautical Laboratory, U. S. Army Ord­
nance, Pratt and Whitney Aircraft Co.,Convair, and the Air Force Armament Center. 
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