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PART I
Machine Methods of Computation and Numerical Analysis
1. GENERAL COMMENTS

The summer quarter marks a turning point in the

activities of the Project. In place of the personnel who re-

ported their final results at the end of the last quarter, new
personnel are being introduced to the computing facilities of

the Institute. As always, these new members have apeclal in-

terests 1in various scilences and common interest in the tech-
nigues of modern computing machinery.

Most of the reports in the following pages represent
projects that continued in progress over the summer in the

filelds of mathematics and physics. One new and one final re-

port on projects initiated in the engineering and mathematics

departments are also included. The common objective of each
of these 1s to extend the techniques of numerical analysis and
computing into some field of application, In achieving this
objective, the techniques themselves are enriched with useful

sub-routines which then become available to other workers,
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2.2 Progress Reports
EIGENVALUES IN A SPHEROIDAL SQUARE WELL

It will be recalled [1] that this problem is con-
cerned with the solution of the matrix equations

D1 Auw (h)ay, = 0
i%

where the gfq, depend upon the €nergy parameter h through com-
binations of spheroidal wave functions., The elgenvalues hk
are determined by the usual condition that the infinite deter-
minant

det %/“,(h} = 0,

The procedure that was followed was to find the "eilgenvalues"

of a set of n x n determinants of increasing size 1in the hope

that the successive approximations hkn would converge rapidly
as a function of n.

The result was unexpected. It was found that for
the well distortions of interest (£-.i where € = interfoecal
distance/ma jor axis) the values of hkz d1d not change by more
than a per.cent or two for 1€ nel, Here héﬁ is the Z'th
Zzero of the diagonal element Akk'

Since 1t took better than fifteen minutes for Whirl-
wind to find a typieal hk;) as contrasted with 4-5 minutes
for the corresponding first-order approximation, I decided to
be content with the lesser accuracy in the hundred or so
elgenvalues which were required.

Computations are about 80 per cent complete for a
nucleus of A = 160, well-depth 40 mev, and nuclear radius
1.5 Al/B X 10'13 cm. Five different eccentricities are being
used, ranging from ¢ = -5 oblete to € = .8 prolate. The
energies thus obtained will be used to compute the variation
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in the total energy as a function of the distortion.

Jack L. Uretsky

Reference:

1 Machline Methods of Computation and Numerical Analysis,
(] Quarterly Progress Report No. 15, March 15 (1955) p. 19.
Also Report No. 16, June 15 (1955) p. 21.

ATOMIC WAVE FUNCTIONS AND ENERGIES

The program outlined in Quarterly Progress Report
No. 16 has been abandoned and the computation of energles has
been completed using a lengthier but more stralghtforward and
accurate procedure.

The method mentioned in the preceding Progress Report
glves six significant figures for the first term of non-
1scelectronic sequence but loses accuracy rapldly for the
higher terms. The method used in its place consists simply
of firs*t holding "b" and "¢" constant and finding the best
value of "a" %o within 70.02 and then doing similarly for "b"
and "¢" with A"D" = *0.02 and aA"c" = T0.003. This process
1s then 1terated as many times as 1is necessary to give six
slgnificant figures. The process for one atom takes about one
minute of machine time. The computation of the energy 1is
divided up into an "a" dependent part, a "b" dependent part,
ete. so that we need not go through the full energy evaluation
procedure each time as we go along one of the parameter axes.

Listed below are some results which are compared to
previous computation done on I.B.M. W = energy in atomic units.

(1322522p2) 3p

a b c W
Cr 3.51 3.18 0.965 75.256
Nig 3.24 2.892 1.027 107.655
Or11 3.01 2.55 1.003 146.080
8
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Whirlwind Results

a b c W
CI 3.44 F: 10 0.942 75.25T
Nit 3.20 2.81 1.007 107.657
Or1g 3.00 2.53 1.023 146.081

The Programming of the variational procedure has
taught the writer or this report one ma jor lesson--namely,
that 1t 1s usually best to use the most stralghtforward pro-
cedure possible instead of more elaborate ones whose value
is evident only in special cases. A glance at the previous

Progress reports on this problem will bear the above statement
out,

Arnold Tubis

ENERGY BANDS IN GRAPHITE

The tight-binding calculation of a two-dimensional
graphite model 1s being continued. As was described 1in a
previous report [1], three-center integrals were found to be
necessary and these are being evaluated. These integrals
dre belng done by the method of expanding the orbitals around
another center and expressing the result as a series of Gegen-
bauer polynomials with numerical integrals as coefficients,
For several cases the serles were found after ten terms to
be only moderately convergent. By empirically observing that
the coefficients in a gliven series are roughly 1n a geometric
progression, 1t 1s possible to greatly enhance the convergence
by approximately summing the infinite tall of the series using
expressions derived from the generating function of the Gegen-
bauer polynomials. To avold numerical eérrors, a computer pro-
gram has been written to accomplish this latter process and is
currently being tested,

Fernando J. Corbato/

\O
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Reference:

1 F. J. Corbato) Quarterly Progress Report, Solid-State and
(2] Molecular Theory Group, M.I.T., July 15, 1955, p. 8.

COULOMB WAVE FUNCTIONS

The methods of getting the regular and irregular
Coulomb wave functions outlined by Abramowitz (Phys. Rev. 98,
1955) requires a knowledge of the irregular function &y, for
L = 0. Up to now the problem has been one of computing the
irregular ru:iﬁ:on { oo _1( J_) ,
o el - - +T

el (s By
with sufficient accuracy to be useful in any iterative or
Interpolative procedure for finding other Coulomb wave func-
tions. To this end new subroutines were written for all the
functions which occur in the above integrand. These routines
are accurate to 8 and 9 places for almost all relevant values
of the argument. One additional difficulty 1s the fact that
the second term in the integrand is not well behaved as t—1.
It oscillates more and more rapidly in this 1imit, and the
question arises, how to get a good estimate of its contribution
to the whole integral. Dr. Abramowitz, when he was at M.I.T.
during the summer for a week, suggested the following device,
which we think largely eliminates this difficulty. From the
second term of the integral (taken along the transition line
f = 29 for convenlence, and this can be done for any value of
f=;nd h ) subtract and add the limiting form of the integrand.

e ﬁq[f-éﬁf—.“—ﬁ] =1~ jly % Thos
L’-'f*"tf';[t— lg i1t =
ol g $£1) - am( 21+ g 507)
ffo-dw(,g;?[]*é_&'_jig_])lr ;
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The second Integral can be done analytically:

1
{,don(p?[l-rél-lqz!—;-fjj‘/r =

H’[“(?%Z)-Mh(?‘w)}
" SELE [ain (nlog 2) + p (g2

The trick 1s to evaluate the 1ir
expression numerically, for it now has the property that 1ts
oscillations rapldly vanish near the end peoint t = 1
the two sines in the integrand approach each other, Thus, ‘
although the above integral has a somewhat more complicated I
analytic form, 1t 1is much better behaved than the original
integral and one Should be able to get a much better numerical

estimate of 1t. The Integrated terms can be done once and for ]
all,

itegral in the above

s for

The numerical technique we hav
quadrature. But it must be kept in mingd
dre severely handicapped on Whirlwind whe
store 1s ten decimal digits,

e In mind 1s 3 Gaussian
that all these methods
re the maximum one can

Zoltan Fried
Aaron Temkin
Arnold Tubis

CRACK GROWTH IN A DUCTILE MATERIAL

The stress pattern wlithin a bar with an axlal crack
under torsional loading must be found 48 an 1initial step in

investigating the processes by which cracks Erow 1n a ductile

material. Due to the complexity of the problem because of
the deviation from linearity in the plastic region,

the use
of a high-speed computing method 1s necessary. The problem is
being studied in nrder that 1t may be presented in a form

adaptable to the Whirlwind machine.
Joseph B. Walsh

11
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THEORY OF STOCHASTIC PROCESSES

The purpose of this report is to present a theorem
which has arisen in the theory of enchained stochastlc processes.
Some 1deas relating to this theorem have been presented pre-
viously in these reports [1] and have found application in the
theory of cosmic ray showers [2,3]. a

Let (A,%d, P) be a probability space and let (I, H),
(y ,67/] be measurable spaces. The symbols L) ,[" , ¥ represent
some general spaces made up of points w, G, g, respectively.

For each real x> 0, let (¥ (x), ¥ (x) be measurable functions

defined M1 tol, y, respectively. The collections O’E{Q(xi,asx‘m},

T = {5 o0sxco }  will be called stochastic processes.

In order to state the theorem of interest in this
paper, 1t will be necessary to make the following assumptions:

(1) ™ 15 a Markovian process.

(2) The r-field of w events induced by ‘¥ (x) 1is
contained in that induced by (¥ (x) for all x-= 0.

(3) Forallx, y, x20,y 20, F(x) =°F (y) 1if
and only 1f & (x) = & (y).

() For all x, y, x 2y 20, &(x) = M(y) if and
only if for all z, x 2z 2y 20, (x) = &(z).

(5) The space 7 to which “¥(x) is defined 1s de-
numerable and g € ‘ﬁr.ror all g ey.

(6) Corresponding to the process (¥ there exists for
all x, y, x >y 20, a transition t‘uncti;)_il, P1(B , x|a, '1)’
such that (1) as a set function of Br.t'- S-J'r.it 18 non-negative
and completely additive, (2) as a point function of G € [ it
18 measurable with respect to 6;« and (3) for each set B.é& Qp
and each x, y, x>y 20, Pl(Br., x fGﬁ’(v)} ¥) 1s the conditional
probability of the event (% (x) € B, given@’(ti) with probability 1.

(7) Pl(Br,xIGOU) satisfies the linear, temporally
homogeneous diffusion equation,

éax Tf (—BF;"‘G.JO) - [I‘I?(JEJXIGE’?O) TF(G_"-BP)
< f?(drélx]@,a)o{{aﬂ

12 B
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Br.t(ebm Gof.": 6¢x <o, Where

M6 = L TS, 216,4) Six-gy | 6 4,

m(6=6¢)= o, xX(6)= (6 =>T)

From these assumptions 1t follows that there 1s a
transition function, Pz(g, x]g:i), corresponding to the process
S, which plays the analytical counterpart of the conditional
probabllity of the event ¥ (x) = g glven % (). The purpose
of the theorem of this report 1is to establish that a certain
condition on the function ®(G) 1s sufficient for insuring
that Pz(g, x]go, 0) has a specified analytical form. '

It 18 necessary to define a special stochastic
process. This process is 8lmply a tool for computing the
chance that if “F arrived at the state g for some x > 0, then
1t did so by passing through a certain specified sequence of
points of the denumerable Space Y . Let w(g) represent the
Sspace of all finite sequences of distinet points in Y ending
with g. That 1s, 1f pé w(g), there is some finite sequence
€os Bys+++y By y» €& (where N may be different for different p)
such that p Ea(go, Bysees By 1y g). For each g €y, define
a random variable §°(g) such that P(g) = P = (go, Biseeey
8N-1» &) If and only 1f (1) for some set (%, Xps e
Xe > X 1> 0, G (2) = Bgs q*(xl) = By quxN_l) = By 1»
¥ (xy) = g and (2) for all x, Xy 2x 20, F(x)= &, for
some k = 0, 1,..., N, g = & In words, ¥(g) = P when the
sequence of points which ¥ has passed through 1n getting to
g is P - To complete the definitdion 1t 1is necessary to im-
pose the normalizing condition

sz ms) Pl C?(fs) et

g xN),

Now define the process
with the statement
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O = ( QLTI T, x50,

(?1r(x) {s thus a random variable defined to the space of all
pairs (p, g), Pem(g), g€y . PT (x) = (p,g) is the event
that at x T (x) = g and the process % arrived at g by passing

through the sequence p . It is clear that for all g e}/

P(F(x)=q) =L PIEFFCI=(pp).

pe ﬁtl)

The theorem can now be stated. In the statement of

the theorem " x" represents the operation of convolution.
Theorem: Suppose assumptions (1)-(7) hold. If for each g €)’
«(G) = const. = o/(g) for all G¢ g, then Q% 1s Markovian and

A - - xellg,) - X q)
R(3,%19,9-L [T Tl 8] %) o nollgye "(3)

pe ™) k=1 (th} d(gﬂ)

gy = 8, where for each fixed g' ¢ )/ | -T-,\(T,;.I) Hot 7,)
is a probabllity measure over the space y -

The proof of this theorem willl be contained 1in a paper
yet to be published entitled, "The Concept of Enchainment--A
Relation Between Stochastic Processes.”

[

Bayard Rankiln

References:

[1] Machline Methods of Computation and Numerical Analysis,
Quarterly Progress Report No. 14, December 15 (1954), p. 45.

[2] 4ibid. Report No. 13, September 15 (1954), p. 48.
(3] 1ibid. Report No. 14, December 15 (1954), p. 1l.

2.3 Final Reports
CALCULATION OF NUMBERS OF STRUCTURES OF RELATIONS ON FINITE SETS

A table of numbers of structures of dyadic relations
has been calculated on Whirlwind ‘I. The problem was taken up

14
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primarily to test a multi-register arithmetic program for manipu-
lating numbers of arbitrary length. Thus, we obtained exact
integer answers to this problem, even though these results are
as high as 10 0. The results are given here completely written
out, although they have primarily curilosity value.

The problem, as described in a previous repove, [2] , con-
cerns dyadic relationships holding among a set of n obJjects.
A complete relationship 1s specified by an n x n matrix of 1's
and O's, a one 1in the 1] place 1ndicating that element { bears
the relationshlp to element J while a zero indicates the absence
of such a relationship. Counting the number of structures of
relations amounts simply to counting the admissable arrays df
1's and 0's 1n the lncldence matrix. With no further restric-
tions, we see that the answer 1is E"E, but in this figure we
have 1included many "orbits" of isomorphic structures which can
be permuted 1nto one another by renumbering the obJjects of the
set, The task at hand is to find how many orbits of non-
isomorphic structures exist. Davis [1] has shown that this
number 1s

(1) str, = % Z b(r) 24 (m)

-~

T

where the summand is to be evaluated for one permutation, T, from
each conjugate class of the symmetrlc group of permutations on

n objects. Every member of a conjugate class has the same
distinet disjoint cycle scheme specified by

(pll pzl’"'l pn)

where Py is the number of cycles of length k in the permutation.
The total number of conjugate classes is the number of partitions
of n into integral summands., The quantity b(w) 1is the redundancy,
or number of member permutations in one conJugate class and 1s
given by

P P Pn -1
: Pyt 2 e Pplesseen pnl)
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n
The quantity d(r), known as the number of "degrees of freedom
connected with the permutation w, 1s defined by
n

n
2. 2. pp by (k)
k=1

h=1

"

d(m)

n

— 2

2 E Pp P (hk) + 2, %k py
he<k k=1

(h,k) = greatest common divisor of h,k

Davis has developed other formulas for enumerating specilal-

lzed classes of relation:
Non-1isomorphic reflexive (or irreflexive) relations

Non-isomorphic symmetric relations

a._ (m)

1 sym

sym, = =y E‘ b(r) 2
m

n

dsym(“) = g;; Py { {%-] + 1+ k(p,-1)/2 }

+ Z Py Py (h,k)
h<¢k

[%]= greatest integer function

Nonisomorphic irreflexive (or reflexive) symmetric rela-
tions

16
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(m)
11531 = [;1—' Z b('ﬂ') 2 irs
T
n
Urs(T) = Qoym - Z’ P
k=1

Non-isomorphic anti-symmetric relations

= d (m)
1 d8y
asym, = &r ) b(m) 3 28y
T
n
k-1 .
dasym(ﬁ) = pk {[2__:] + k(pk—l)_"'Z}

+ Ph Py (h,k)
h<k

Incidentally, note that refn 1s the number of directed gEraphs
on n nodes and 1rsn 1s the number of non-directed graphs,.

All these formulas have been evaluated for n ranging up
to 16 and the values are given in the accompanying tables.
Asymptotic Formulae - Inspection of the various enumeration
formulae given above shows that the dominant contribution to
the total number of structures 1s due to Just one of the par-
titions. This partition i1s the one conslisting of n l-cycles
and corresponds to the identity transform of the group of
transforms of the incidence matrix. Taking this term from
each of the formulas we have

strZ ~ 2"

rer, ~ gn(n-1)
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To show the accuracy of these approximations, we give Table VII

as a representative table.

It appears that the asymptotic

formuloe are good to about one per cent if the true structure

number

larger structure numbers.

References:

(1] r. 1.
[2] m. D.
TABLE I

a1l structures

oo JES B e IRV 1 IS i Y B N E

10
11 |
112
13
14
15
16

18

str
"2

10
104

3044

2.
9.
1.
I,
6.
3.
6.
4, 6557
.0169
1521

9197
6929.
1228
5830
6666
4939
6607%

o

Davis,

Proc

M.

. Am.

Douglas McIlroy

Math. Soe. 4(1953) 486

1s of the order of 1019 and are (naturally) better for

McIlroy, Machine Methods of Computation and Numerical
nalysis, Quarterly Progress Report No. 15 (1955) p. 10

Numbers of Structures of Relatlonshlps

10°

107 |
1011
Lolh

lﬂld

1027

102°

10
100
10

10”7
1082

34

L8,

ireflexive

rifn
3
16
218

9608

8
1

-3 H =\ o\

! o e

51.5409-
.6203,

L7934
3028~
4126
.2523
L1367
4669
.0316
.2583
A446

1077 1.1374
20| i
10°¥|1.0926

'1025h1'956n
1071 6.52%4

10°7 14, 0540
1Hu3 4,7057
10°1 11,0251
10°° 4,1788

symmetric

100
ln"i
10C
1012

¥
Lol
1017
1020

ol
102
1027

-zﬁzigéiigve{asymmetric
| L f_ oo i
L2 | 2
' 4 I
l 11 L 2
r 54 | 582
| 156 21480
| 1044 2.1423.10°
i123u6 ;5.7502-108
|2.7467 10° | 4.1594 101}
11.2005-107 |8.1601 101
{1.0190107 |4.3744 1018
1.6509 10%1 6.4540 . 1022
5.0502-10%  2.6378 1027
2.9054 100! 50037 . 1072
3.1426 1019 9.5773.10°7]
1022| 8.5888 1042

6.4001

TABLE II

O~ WU =D

—
O WO

11

13

14

15

16

6666

90545

85078

89066
901685
19117

57604
43236

N
79295
20973

asTeT
57533
89642

49349

18075
46557
03112
91267
62528

T4157
77230
12334
18834
59863

62971
09620
93721

GRADUATE

98391

b660
85386
45648
66511
11300
96061

1152
55389
31424
k1401
69376
65854

20722
02145
a72hs

SCHOOL

Numbers of Structures of Dyadic Relations

104
3044
glqbb
28ag2
08928
61728
27936
3493
61856
34210
36288
25869
04256
T6041
48096
05015
34617
28672
68606
L8648
35136
5534
05192
19348
80352

RESEARCH
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TABLE

VI N It

\un

14

15

16

cQ

IIT Numbers of Structures of Reflexive (or

irreflexive) Dyadic Relations

13
341260

09385
25400

146
69037

179
02795
43195

05588

11
57443
69085
09607

15234
97990

12
67281
12349
60738
17815
03432

15
8820
33591
68243
29725
3
61111
36674
38940
69271
53162

99952
40912
58345
04228
03206
34225
32315
37883

ref

16
218
9608
Looky
33440
92848
99552
80352
25229
g7h40
54308
Ok224
29298
20928
7031
13855
17920
26155
58105
83008
80541
89171
67872

d N
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TABLE IV Numbers of S a - »
Relationg — ructures of Symmetric Dyadic

Sym

6

20

90

:_'),r.l 4

5096

Taz64

2e 08612

1137 43760

1 09262 27136

195 63634 35360

05233 0845 12006

405 LozeT 34209 26800

4 70568 6216 11199 63904
10230 63423 47118 4310
41788492 03082 02323 60582

4|

CH
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TABLE V  Numbers of Structures of Irreflexive (or
reflexive) Symmetric Dyadic Relations

-

29
1e 31426

16 640 01015

05415

48596

7045

.l
&

P

10189
50911
20313
56572
98043

75578

llnn

g

1560
1044
12346
TLH668
05168
97864
72592
67952
35488
08768

94928

TABLE

14

15

VI HNumbers
Dyadie R

80530
957
49950

84182
38402

GRADUATE SCHOOL RESE

Structures of Antisymmetrie

ations

41
81600

ko620

05349
72686

dﬁ?S?

49161
27902

21
5750
59392
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Frovlems Belng Solved
COMPREHENSIVE SYSTEM OF SERVICE ROUTINES

mmary Report were made and tested

WHIRLWIND CODING AND APPLICATIONS ring the

ter &

Work

W on a manual which will
ture of the

In some detall the

Introductlion

2 r, Helwig
Prog eports as submltted by the varlous programmers are presented in numeri r fely m;”m-rl § .
Shotio m'J ince thls summary report pr nts the combined efforts of DIC ; -
2 Sin 1
45 and 64915, reports on problema undertaken by mf.]:nlf:l’:.! of the MuthanHStr:(l)efs;sa_ 1
tion [MMC) E‘r:nt.;, have been omitted from Section 2.2 of Part II to avo uplic

Part I For reference purposes, a list of the MMC Oroup problems appears on C MIT SEIS FROJECT

fdec " ) L 8 to indicate whether the problem e
Lett have been added to the problem numbers 1 % ; i s
q:-;m,ezie:llt and whether 1t i1s aponsored, The letters have the following sig In par ular with

A implles the problem 1s NOT for academic credit, is UNsponsored. N

B implies the problem IS for academic credit, s UNsponsored. . . )
= The reader is referred to the March 25,
1) for our recent approaches to the g
ntrated on the follewing problem: the examinatlon of a split spread multitrace sels-
T possible reflection s ignals, where the time position of the signal on e
¥y due to both dip of refle Ltor and finlte curvature of the wave f

nt. and
nversion of these results 5 directly into structural information about the eart

5 quarterly report (Summary Report

€ implies the problem is NOT for academic credit, IS sponsored. During the last quarter we have con-

D implies the problem IS for academlc credit, 15 sponsored,

N implles the problem is sponsored by the Office of Maval Research.

L implies the problem 18 sponsored by Lincoln Laboratory. A program which h. been de ped for t
of time, eross-correlations across the reco
reflection to fall for varlous trial dip angles, ac
(Actually 1t averages along two straight
e on the lower half, wh represent

h increment the pr am then (ind
ri out this angle and the max‘,mur.
Lo an elevation and prints this elevat lon,

averages, lor each small
curves on which we would
ording to any given velocity
line segments, one on the upper halfr
the actual reflection curve
& dhir‘h maximizesa this

r time of \he Increment

f"a letter indlcatea that the problem originated within the S and EC Group.

The abaence o

The program has been ¢
values ol the averaging
Very encouraging.

Cked out and 18 now being
ength and trial step-out

ual records with
ieters. The re-

d group of
ection di
> companies

:ompanies, but

Research reports are sent to a restrict
g he M.I.T. Hayden

pre \l.u‘Lans may be or tained through the
brary, six months after the reports are sent

Programmers during the summerp .Id"l
Wnooare all assoelated with the M,I.T. D

Tred

1y Flnk,
and Geoph
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discharging 1t to the atmosphere. At the entrance of the duct, speclal injectors deliver
minute jets of water which are in turn atomized by the rapldly moving gas stream.

The changes in state within the aerothermopressor are brought about by the si-
multaneous thermodynamie and dynamie¢ effecta of (a) evaporation of the liguld water, (b)
interactions between the phases, (c) friction, and (d) variations in
Under proper circumstances, these effects bring
Further descriptions of this
32, Fourth

momentum and energy

¢ crogs-sectional area of the duct.
t a net rise in stagnatlon pressure across the device.
be found in earlier reports, begin ; with Summary Report No,

The role of Whirlwind I in the succesaful development of the aerothermopressor
intimately connected with the determination of performance characteristics of the de-
,under all conditions of operation, by means of a comprehensive cone-dimensional analy-
of the procesa. This analysis involves the simultaneous solution of seven, non-linear,
differential equations

813
firat-order

During the past quarter a number of computations were made using the new Whirl-
rram f'or the aerothermopressor (described in the Quarterly Report of March 24,
41). The computations can be divided into three groups:

1. Theoretical calculations to compare with experimental results from the
aerothermopresscr beling tested in the Gas Turbine Laboratory. These comparisons are in-
cluded in an D. thesis by Arthur A. Fowle entitled "An Experimental Investigation of
an Aerothermopressor Having a Oas Flow Capaclity of 25 Pounds Per Second'. A typlecal
example of such a comparison (Figure 19 from the thesls) 1s included with this report.

8

2. A theoretical investigation of the desirability of having supersonic gas
veloclitles at the plane of water injection. Calculationa indicate performance of the
aerothermopressor improves when supe nic vzloclities are used. This result, however,
not lnclude the effect of increased frictlon upstream of the water injection plane,

does

A study of conleal diffusers with different angles of divergence in order
1 a better experimental aerothermopressor for testing in the Gas Turbine
Laboratory.

The aercothermopressor program is being carried out at M.I.T. under the sponsor-
8hip of the Office of Naval Research and 1s being directed by Professor Ascher H. Shapiro
of the Imngrtmcnt of Mechanlecal Engineering. The theoretical aspects of the problem treat-
jd ﬂ .w:' lwind I were programmed by Bruce D. Gavril and are now being carried out by Alve

. Erickson.

A. J. Erickson
Mechanlcal Engineering
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126 D, DATA REDUCTION

el 4 s for use in the Servomechan-
3 26 very large data-reductlon program Bl ’
t.mm‘l‘rlwfl_'\}-IE:I':J.J.t.p-ro:-lum is composed of many component .h...tigna wh_h.t;a::ve
1o 11':‘.315 and are now being combined into complete pr‘otot_,.|,'.-e]Ipr'sg‘lum’é
.J':a:- :-ar'"c.u:l component sectlons have ajl.;-xl-a:l'»_-j 1‘JOEII\{E:J:IWQI;iT(E:r:L-:!E‘.r'.‘:i, l.hé
log £ and g of rototype Whlrlwind programs 1s »l
opment and teating of the pro !.u YE FTAIL T ante aosle robontare:
:d for other, commercially available, abd S S PRERERY,
[ O4 comg 3 for use by lnterested age
IBM 701 and IBM 7O4 computers), posTed Npnoles
' iy & programs are currer ¥ eling il
juction at oth locatlons. The ,{,x gram d : i M2
: i 2 488 ance of Miss Dorothy A. m A
F s and David F.McAvinn with the assistance 38 L ! . : .
: JJs-:|-:4-rr:;<1,ux--,' staff members. Thils work is sponsored by the Alr Force Arma
through DIC Project 7138.

The nature of the praobl
al running of
in loog

em requires extreme automaticity and efficiency 1nL;:c
but alsc requires the presence of human operators .ln :

: of decisi ing and program modificationa. For ;h .‘;s
13 made of output osci SC 8 89 that the computer ca:mr.c_:gm\znwrr?he
;n.-J-r!!anuaJ intervention re;’_is!u:r‘ 50 th?‘tlzh:u?fﬁ: ﬁ::\jcgw: .tj;he -"Orri.\uLer
t ideas, while the compute ning, ar ave comg
'_:ijr.:g;:d',r.?.;aﬁhe detalled steps necessary for program modi:‘it.fl:ah:rr;d
operator's declsion. The program which does this tr.'ana a &Inn g
i the Manual Intervention Program (HI\.’}: ':I‘he rnol:s?'rt::cent versio

iz ta-reductlon program 1s called the Basic Evaluatlon Program.

e computer time during thls quarter was used in testing and mi?tf‘ylrgﬁ
ion Program described in Problem : Three :-x_"ugrams were ml‘Lteento
r translation by this program. Two of these prug:r‘eq'.s were wr x n e
» dlaplay unlt attached to the Air Force Armament \.erluter ]103', clm;:u. or
ze, Florlda. One ls a fcope Flexowriter Program which wr‘l_.te: chera
ondling to a Flexo tape read into the computer. The other program
*h simulates a mouse solving a 16 x 16 maze with the suc?eaaive

by the program. The third program, A Hasic Input Tg‘ags at.iot;n

A 3 Computer, 1s a companion to the program of Problem 256 excip
addre a are not allowed, This program will be used to make correctlona
nslated on WWI at the 1103 site.

the WWI-1

y E uatlon Frogram has agaln been rewritten to lnecorporate still
'*:gliz:?:-‘ia:m ]:m-ih:n sim[lil.r.;':; the organization of stura,‘_.?e locations,
am has also been agaln rewrltten using many preset parameters to allow
8 and outputs Zn arbitrary formats. The sine and cosine routines have
led to use local Taylor expansions to greatly Increase the speed of the

in ascouracy. The program chooses the Taylor Expansion 1f it will gjve
» but chooses the 1ibrary subroutine otherwise, and uses the results to
lor expansion about the new point for use on succeeding steps.

newer ve
The Par
addition
also been
program al nc
suffiecignt accu
Eenerate a new Ta

he Manual Intervention Program (MIV) has gone through several new revisions in
efforts to Eenerat.o a syatem which will allow, essentially, programming with programs
while the computer is in operatlon. The Director Tape Program has been modified under
Problem 100 so that the new system can lncorporate all of the Comprehensive System with-
out restrictlon. Logglng and Editing Programs are belng written by S & EC Eroup program-

mers 80 that every action taken or display seen can be permanently logged 1n an easily
understood form.

D. T. Ross
Servomechanisms Laboratory

all the characteristics of matrices of
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b.  SUBROUTINES FOR THE NUMERICALLY CONTROLLED MILLING MACHINE
The following wark was done during the past quarter under Froblem 132:

1. A completed punche
ally-Controlled Millirg Ma

d paper tape was used to cut a machine cam using the
report,

ehine. This work was submitted by John Runyon in a

<. A completed punched pape
‘handler-Evans Corporation, Hartford,
nyon 1n a thesis report,

I tape was used to pcut out a

profile cam for
Connecticut,

This work was also submitted by John

3. A third pro,

gram was not completed.
sponsorship of

the Navy has resumed work

However, Lhe Hydromatic Laboratory
on thls program,
Froblem 132

‘@ 18 now terminated with regard to Whirlwind 1.

T. Nagle
.';or"wnu.*chanlﬂma ].:i::ol'.ﬂ.or:.r

L4l SUBROUTINE STUDY OF THE SCIENTIFIC aND

1. Factorization of Polynomi 1s
factorization hd -4

CS II routines for lfactori
and have solved several tenth degree
tapes are on file, and
numer!

ENGINEERING COMFUTATIONS (35 & EC) GROUP

Ng nth degree polynomials have been coded and tested,
polynomials arlsing I'rom physical problems. ‘The
thelr use 1g described in DOL-<U94-1, Re search 1s continulng on
factorization methods, '

&l

A CS II routine riow al
Taylor series in terms of sums of Tsch

ready lor use will express
chel'l polynomials Tn(x)
when the series rep

atlion error will be -
ndum deseribing the rcoutlne in d

functions given as long
+ This type of expres-
esenting a furiction must be trun-

ven. A Digital Computer Laboratory

slon minimizes the maximum error
cat A measure of the trunc
Im

Iterative Scluticns
——=r= g utlons

A preliminary routine has t
€ The method is particular
ents are zero,

iterative solution of linear
large matrices, most of whose
work analysis or discretized ellip-
trices are commonly loaded along the
allzed on by the iterative process.

sulted for use with
E & Lype encountered commonly in net
tlc partial difrerential equations. Furtrep,

maln diagonal. This characteristic, too, is cg

18 Cag

The iterative approach to a solution has two adva
anly enough storage reglsters need be provided to take ¢
the matrix, whereas reductlion processes
from the character of the matrix,
iteration, obviating the necessity
order to overcome round-of'f,

convergence for large systems

ntages. In the {irst place,
care of € non=zero elements 1in
sUuch as Gauss-Jordan out can not so profit
Secondly, initial data are at each stage of the
of carrying large numbers of superfluous digits 1in

One can expect, though, that ratlon will be very slow 1in
and thls factor must be welghed against the advantages,

In respect to time, the routine does not compare favorably with Crout’s method
for small matrices, but near the Iimiting slze (28 x Edl) of matrices which can be handled
in core-memory by a Crout routlne, the iterative routine becomes competitive. It 15 ex-

pected that the latter method will in general take a time roughly proportional to n° while
Crout's method takes a time proportional to n - In storage requi rements, the iterative

routine 1s limited only by the number of off-dlagonal elements 1in the matrix. A 100 x 100
symmetric matrix with Loo off'-diagonal in core storage, using two-
reglster arithmetic,

elements can be handled

The Jacobi iteration was chosen as that method which best

the type which was conf
in memorandum DCL-101.

takes advantage of

onted., The method and the
routine

are deacribed In some detall

M. D. MeIlroy
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y. Histogram Plotter

A general routine for plotting histograms on the oscilloscope ETCE h?s h:i:s
\iulrd After £ program parameters are given, it plots and callbrates g
'-n;uLQ am {rom a geries of reglsters contalning Hh%rlwlnd ? integers. Ps
s H:- registers and refers to a decimal integer display routine occupying ©b

M. D. Mcllroy
FULA RAFID SINE-COSINE

A new veraion of the (30-),J)) sine-cosine subroutine is avallable. The quﬁat—
ing time ls equivalent to 18 or 10 interpreted instructlions as opposed\tu uywar@s of f
I né:ﬁ; Instructions for the previcus FU 4 subroutine. Accuracy of this routine 1=

the same as that of FU 4, Sapce reguirement is TH registers plus 4 reglsters of
rary BLOTAgE.

M. D. Mcllroy

0S4 SCOPE MRA DECIMAL FORMAT

routine displays normalized generallzed dec al numberslrrnmpthﬁ é;;iréo;r
ete ] - Reglster Accumulator (MRA) on the scope in any rectangular array es
ot o X } Positioning of numbers proceeds

ach a baslc ¢ ) gric face,
not erreach a basl 10 x 40 grid on the acope : g R
sequentially elther by row or by column. The format pattern may be hhangea at will by the
pro « by means of progré arameters. This routine occuples 248 reglaters and uses

of temporary sto
M. D. MelIlroy

JOFE MRA DECIMAL CUTPUT

Basleally, this routine 1s identlecal to 054, except that the format ls {ixed by
preset parameters. " 085 cccuples 205 reglsters and uses 3 reglsters of temporary storage.

M. D. McIlroy

it Subroutines

The following subroutines have been added to the subroutline llbrary:

a. 0D & Delayed Single Length Decimal Integer Print

b. O pelayed Octal FPrint

¢, ODB Single Reglster Block Print (program parameters)
d. 0D 9

Single Reglster Block Print (preset parameters)

e. OD 10 (30-4,J) Decimal CS Frint

. 0D 11 (30,15) Decimal Print (CS or WW)

g. 0D 12 £s (30-J,J) Block Print (preset parameters)

h. 0D 13 5 (30-),J) Block Print (program parameters)

Four of the delayed output routines (0D 6, OD 7, OD 10, and OD 11) print out
numbers. The first three are rewrites of OD 3, OD0 &, and OD 2, respectively. In each
case they are shorter than the original. All four routines have been written sc that
they may be used with the remaining four (OD 8, OD 9, OD 12, and 0D 13) for printing out
plocks of numbers from high-speed storage without magnetic tape stoppage between numbers.
The number printcut routlnes have banks of entrance blocks providing varlous terminating

characters. These banka lle at the end of the routinea. Unused entrance blocks can be
deleted, thus shortenling the routine.

Two of the four block print routines provide for printing single register num-

bers. The other two are for double reglater numbers. The parameters for the block
routines are:

(1)

The initial high-speed addresa of the block of numbers to be printed.

— TPy
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(2) The addreas of the subroutine printing the number (OD &, 7, 10, or 11)

(3] The number of numbers in the block.
(4) The number of numbers per line.
(5) The terminating character between numbers on a line

Of each pair of block routines, one has this information parameter
form, while the other has it in program parameter form. The preset
shorter but less flexible,

* routlines are

0D 11 is modeled alter the FA PM printout routine. It provides more correct
than any previous LSR output. Por numbers with exponents of large magnitude it is
1 t rapid rg'ﬁline to date and 1t will successfully print numbers with blnary ex-
1ta up tot 242,

R. Watson
FU RAPID SQUARE ROOT

FU 4 1s a sguare root routline which takes, as Iits
1iree terms of the Tschebyscheff series and then does one lte

utlne takes S milllseconds as against 30 for FU 2,
urate.

proximation, the first
/ Newton's method.
and 1t is one uctal digit less

k. Watson

L4k N. SELF-CONSISTENT MOLECULAR ORBITAL

Several revislons were mac
ronnectlon with the work on Problem

in subroutines developed under this
1= 18

pr

f. K. Nesbet
Solid State and Molecular Theory
Group

SYNOFTIC CLIMATOLOGY

During the past quarterly period, two phases of the Synoptle Climatology
Froject have utllized Whirlwind I. The method, essentially one of multiple linear
regression, has been developed and Improved over the past two years, mainly by Dr. Thomas
F. Malone and Mr. Robert G. Miller.

The first phase has dealt with the prediction of 24 hour preclpltation amount
and duration at Boston, Massachusetts. The analysls has been extended to include the
elffects of the upper level circulatlon and molsture distribution, in additlon to the sea-
level pressure pattern on the varlabllity of rainfall.

In this study two baslc operations are involved: 1) representatlion of the
fields of certain continucua variables (e.g. pressure, moiature) in terma of series of
coefflcients of orthogonal polynomlals; and 2) matrix sclution and inversion. Frograms
have been written previously by Mr. Robert G. Miller to accomplish both of these opera-
tlons and only slight modificatlons were necessary to flt them to the present study.

As an extenslon of the above, 1t 18 planned to apply easentially the same
methods to the specificatlion and prediction of 5-day mean preciplitation over the entire
United States.

The second phase has dealt with the apeciflicatlon, prediction, and veriflcation
of forecasts of 5-day mean temperature anomalles at Atlanta, Ga.; Blsmark, N. D.;
Indianapolis, Ind.; Little Rock, Ark; and Portland, Me. Alsc, the specification and
Predictlion of 5-day precipitation totals at the same statlonsg has been handled in thie
study. The prediction parameters used are atandardizea correlation coefficients betwee
{00 mb. 5-day mean helght anomalies and the elements of Tachebyscheff orthogonal poly-
nomials. This phase of the project 1s nearing completion and it is hoped to combine all
of' these results in a sclentiflc report.
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i 5 n the flrst phase, and by Miss
& 18 belng performed by Mr. W. D. Sellers o ) .
El4 eth ﬁuoi;tllz;un ihfa second phage, both under the supervision of Professor Henry G
21izabet . Ke a \ ol 4
Houghton, and Dr. Edward N, Lorenz, Department ol Meteorology

W. D, Sellers
Meteorclogy

179 €, 'TRANSIENT TEMPERATURE OF A BOX-TYFPE BEAM

mma Sap o or ¢ ) = the translent temperature and
n Su ry Report No. 349 a program for computing .

3 (Inlau:‘: at oﬂe ci‘osu sectlon in a simple thin walled beam, cx;:o:sed an cm;a1 au:‘iaze
'ther"na' radiation, was reported, During the past r‘epor:’. r-ezki]ad ;:l;saffgiciﬂe :ﬁenj e

i = 8p es lor e same ue

s obtaln transient temperature and stress respons A B i D

: L: to various intenslties of thermal radiation on ane ""‘N‘,’.C‘Z' Tnt:fe f'?.s:l.'t’aﬁ:izvtc
related with experimental work recently conducted by Mr. 5. J. Engel o e

;tle and Structures Research Laboratory.

Lucien A, Schmlt
Aeroelastic and Structures
Research Laboratory

153 L. EIGENVALUE PROBLEM FOR PROPAGATION OF ELECTROMAGNETIC WAVES

L probl pplies at the present time., A set of
The previous report on this problem appli at t ] ! .
practical results which can be compared with the experimental results will be obtalned 1n
the near future.

H. B. Dwight
Lincoln Laboratory

4k B,N. AN AUGMENTED FLANE WAVE METHOD AS APFLIED TO SODIUM

Mr. M. Saffran of the Solid State and Molecular Theory Group contlnues to test
the programs mentioned in the previous Summary Report.

It has been found that the matrix element generation routine which has been
overly slow and largely inaccurate; therefore, a new routine 1s being written.

M. M. Saffren
Sclid State and Molecular Theory
Group

199 N. LAMINAR BOUNDARY LAYER OF A STEADY, COMPRESSIBLE FLOW IN THE ENTRANCE REGION OF A
TUBE

In connectlon with the research on heat transfer to a stream of air flowing at
supersconic speeds in a round tube, a thecretical invcstipgation of the characteristics of
the laminar boundary layer in the entrance reglon of the tube has been carried out. The
boundary layer equations of continuity, momentum and energy are to be solved for specifie
entrance Mach numbers and thermal conditions at the tube wall.

Gill's method 1s used in the numerical solution of these equatlons.

Solutlons of the flrst three seta of the differential equations for the case
where the entrance Mach number 1s 2.5 and the tube wall is insulated were obtained with
the new program using C5. The trial-and-error procedure set-up to find the correct
initlal conditions is satisfactory.

Frograms are being prepared for the solution of the differential equations for
the case where temperature dependence of the fluld viscosity and thermal conductivity is
taken into consideration.

T. ¥. Toong
Mechanical Engineering
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N. EXCHANGE INTEQRALS BETWEEN REAL SLATER ORBITALS

As 1s usually reported the testing of this program continues. However, with
!:Inr.-‘-‘tlon_ of an adequate set of constants for a sufficlently accurate guasslan
ature, the program has proved able to give satislactory results. Thus, at this
ure, the program has fulfilled the projected speciflications both as to mathematical
rocedure and programming accuracy. The testing that shall be continued will be prima-
ly devoted to more extensive investigation o! the complicated mathematical development ,
that 1a, of an order of magnitude larger than one amenable to hand computation.

The program that has been developed was envisloned as a step in the calculation
molecular wave functions, and while meaningful alone, has 1ts primary use in this con-
text, For this reason the projected succeeding step is a program designed Lo compute all

the lntegrals necessary to the computation of a molecule and organized to take careful
iccount of the "computing welghts' of each operation. This program should be forthcoming
within the pnext year and will be described more lully in a later report.

F. Merryman

Laboratory of Molecular Structure
and Spectra

University of Chicago

1t ©, ULTRASONIC DELAY LINES

This problem 1s concerned with maximization of the reflection path aperture of
i polygonal ultrasonic delay line.

The aperture of asuch a delay line is devrermined by the difference between the
ordinate ol one set of polnts in a plane and the greatest ordinate of another set of
Expressed symbollically we have two sets of ordinates
T T T B B B

(Hy + By 4 <.os Hy ), and {HU.H1_.....H Vi

m "
The aperture then is given by A = min H._ - max Hli. The r':,__ and hence, also
in a coordinate system,
ia independent of the position. The size, shape, and position are determineu
by the dlstances, R,, of the facets from the origin and the angles which they make with
the x-axl These “variables are glven initlal values, and then any new values are

[ »rmined by changes.AH] and d'l:,, from the old ones

A, ‘are functiona of the size, shape, and position of the polygon
A, however

T L "
The equatlions for H, and H E are linear in the varlables 4Ry and are algebrale
expressions of trigonometric finctlons of the of ;. The latter are guite linear over the
small range for the d, with which we are concertied, so that the approximate linear equa-

tions can be used to Food advantage. We thus arrive at 2 set of equatlons
T L § n-1 n-1
Hy = “Hy + e .n‘,aﬁlri a'y, d y 450,000
1 T : Teo |
n-1 n=1
B B
.0 :
H'. = "H, +2: b‘_J4H$+2_-_ -L-.I,J1 ¢ 1=05...,4p
: J=o - : J=o 5

where n = pumber of sides of the polygon. The matrices of coefficients {ulJ]'
2‘""1 1 zts‘ ,I. iL " 3 are computed by a program on wWhirlwind I as the initial step of
o o 4 J

the problem.

Since we want to maximize A with respect only the shape of the polygon, we
Impose other condlitions on the variablea. Also, certain physlcal requlrements are

» angles, Altogether, these lead to [four olher egquatlons which the varlables
and, 1n addltion, 1 the polygon 1s symmetric, there are _‘m more conditiona.
tiona! condition one variable is eliminated. This 1s done on Whirlwind as
p of the problem, in addition to a transpositlion of the matrix and the
four variables needed in the linear program.
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d b r 5 ars the rirst phase, and by Miss
pelng performed by Mr. W. D. Sellers on
Elizabteth r\‘.‘b:(:Li::, on ?hz second phase, both u::dlez- th sx:per\riuion of Professor Henry G.
Ei:'n:;ntr_rr‘. and Dr. Edward N, Lorenz, Department ol Meteorology -

W. D, Sellers
Meteorology

179 C. TRANSIENT TEMPERATURE OF A BOX-TYFE BEAM

34 a program for \:umpuLln,;_Lh(f transient temperaturefﬂrjd
sg response at one crosa section in a aimple thin walled beam, exﬁmaegoo_:a;n?em:u::g:;e
to thermal radlation, was reported. Dur_'im_-'. the past repor'r,lhr-eriod this ItL:Ir-u:tur'e it

4 to obtaln transient temperature and stress responses for Llhe same :: e
ased to various intensitles of thermal radlation on one sum?\lce, 'Ijhc_‘s? .rf-m:hp Podf
rrelated with experimental work recently conducted by Mr. 3, J. Engel © e

tie and Structurea Research Laboratory.

In Summary Report No.

Luclen A. Schmit
Aeroelastic and Structures
Regearch laboratory

147 L, ETGENVALUE PROBLEM FOR PROPAGATION OF ELECTHOMAGNETIC WAVES

The previous report on this problem applies at thn?
ical results which can be compared with the experlimental
the near future.

present time. A set of
results will be obtalned 1n

H. B, Dwight
Lincoln Laboratory

B,N. AN AUGMENTED PLANE WAVE METHOD AS APPLIED TO 30DIUM

Mr. M. Saffran of the Solid State and Molecular Theory Group contlnues to test
the programs mentlioned in the previous Summary Report.

it has been found that the matrix element generatlion routine whlch has been
used is overly slow and largely inaccurate; therefore, a new routine is being written.

M. M. Saffren
Solid State and Molecular Theory
Group

19% N. LAMINAR BOUNDARY LAYER OF A STEADY, COMPRESSIBLE FLOW IN THE ENTRANCE REGION OF A
TUBE

In connectlon wlth the research on heat transfer to a stream of alr flowing at
supersonic speeds in a round tube, a theoretical investigation of the characteristics of
the lamipar boundary layer in the entrance region of the tube has been carried out. The
boundary layer equations of contlnulty, momentum and energy are to be solved for specific
entrance Mach numbers and thermal conditions at the tube wall.

Gill's method 1s used in the numerical solution of these equations.

Solutions of the first three sets of the differential equations for the case
where the entrance Mach number ls 2.0 and the tube wall 1&g insulated were obtained with
the new program using C5. The trial-and-error procedure set-up to find the correct
initial conditions is satisfactory.

Frograms are being prepared for the solution of the differential equations for

the case where temperature dependence of the fluld viscoslty and thermal conductivity is
taken lnto conslderatlion.

T. Y. Toong
Mechanical Engineering
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4 N

EXCHANGE INTEGRALS BETWEEN REAL SLATER ORBITALS

As 18 usually reported the testing of this program continues. However,
the insertion of an adequate set of constants for a sufficlently accurate guassian
drature, the program has proved able to give satisfactory results. Thus, at this
ure, the program has fulfflled the projected apecificationa both as to mathematical
The testing that shall be continued will be prima-
ly devoted to more extensive investigation of the complicated mathematical development,
that ia, of an order of magnitude larger than one amenable Lo hand computation,

with

Ar
procedure and programming accuracy.

The program that has been developed was envlisloned as a step in the calculatlon
»f molecular wave functions, and while meaningful alone, has its primary use in this con-

C For thls reason the projected succeeding step 18 a program designed to compute all
integrals necessary to the computation of a molecule and organized to take careful
of the "computling weights' of each operation. This program should be forthcoming
the next year and will be described more fully in a later report.

F. Merryman

Laboratory of Molecular Structure
and Spectra

University of Chicago

216 €. ULTRASONIC DELAY LINES

This problem 15 concerned with maximization of the reflection path aperture of

a polygonal ultrasonic delay line.

The aperture of

such a delay llne 1s determined by the difference between the
| ordinate o!' one set of points in & plane and the greatest ordinate of another set of
P Expresaed symbolically we have two sets of ordinates
T P T B B B
(Hy » Hy "'"'HF' ), and (HG.H1‘ ..,.H‘_J.

T B
The aperture then is given by 4 = min H!_ - max Hi . The Hi' and hence, also
A, are functions of the slze, shape, and positlon of the polygon in a coordipate aystem.
A, however, 18 independent of the positlien. The slze, shape, and position are determineu
the diatances, R,, ol the lacets from the orlgln and the angles which they make with
x-axl These “varlables are glven initial values, and then any new values are
rmined by changes.ARJ and dj. from the old ones.

T B
The equations for H," and H,” are lipear in the varlables 4Ry and are algebralec
expressions of trigoncmetric finctlons™of the o ;. The latter are gquite'linear over the
small range for the J] with which we are concerfied, so that the approximate linear equa-
tions can be used to food advantage. We thus arrive at a get of equations

T 4. T n=i n-1
Hy = °Hy +2- a,, AR+ & &', d , 120, ...,p
1 1 = 1J J = 114
J-o =0
n-1 1=1
B B
H, = c’}-{‘ + E -"){..QHJ-FZ u'l‘ﬂri IS B N -
. - J=o Bt J=o Ll

where n = number of pides of the polygon. The matrices of coefficlents {a“},

{;.'1,‘£. ZD. i;' [D'u are computed by a program on Whirlwind 1 as the lnltial step of
J 1
the problem.

Since we want to maximlize A with respect to only the shape of the polygon, we
impose other condltions on the varlables. Also, cvertaln physical requirements are
of the angles Altogether, these lead to tour other eguations which the variables
satisly and, in additlon, if the polygon 18 symmetric, there are in more conditions.

each tional ditlon one varilable is eliminated. This is done on Whirlwind as
xcond step of proplem, in addition to a transpositlion of the matrix and the
tion of four variables needed in the llnear program.

3T
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; " by W. D. Sellers on the first phase, and by Miss
Work ls beilng performed by Mr. W. D. o > : L .
1izabeth A U;zl‘eg o; the second phase, both under the supervislon of Profeasor Henry G
H Q%L}ul aﬁu Dr. Edward N. Lorenz, Department ol Meteorology.

W. D. Sellers
Meteorology

174 ©. TRANSIENT TEMPERATURE OF A BOX-TYPE BEAM

In Summary Heport No. 34 a program for computing the translent temperatu:if:ng
; - =% le thi 1 posed on one 8 e

5 pONS » eross sectl in a simple thin walled beam, exposec

response at one cross sectlon ;

Lr«rmaf‘rgdiaLlon, was reported. During the past repory ;eijous:;{safﬁﬁgizgeh:ﬁegeen

‘ "ari 3 ) 3 ress responses for the e at

ain transient temp=rature and stress b

various intensitles of thermal radlation on one ﬂurrﬁvo, These rEsSSlaaZEZ to

ed with experimental work recently conducted by Mr. 5. J. Engel of e

nd Structures Research Laboratory.

Lucien A. Schmit
Aeroelastic and Structures
Research Laboratory

L. EIGENVALUE PROBLEM FOR PROPAGATION OF ELECTROMAGNETIC WAVES
The previous report on this problem applles at the present time, A set of

practical results which can be compared with the experimental results will be obtalned in
the near future.

H. B. Dwlght
Lincoln Laboratory

i B,N. AN AUGMENTED PLANE WAVE METHOD AS APPLIED TO SODIUM

Mr. M. Saffran of the Solid State and Molecular Theory Group contlnues to test
the programs mentloned in the prevlious Summary Report.

been found that the matrix element generation routine which has been

used 1is and largely inaccurate; therefore, a new routine 1s being written.
M. M. Saffren
S0lid State and Molecular Theory
Group

199 N.

LAMINAR BOUNDARY LAYER OF A STEADY, COMPRESSIBLE FLOW IN THE ENTRANCE REGION OF A
TUBE

In connectlon with the research on heat transfer to a stream of air flowing at
gupersonic speeds 1n a round tube, a theoretical investigation of the characteristics of
the laminar boundary layer in the entrance region of the tube has been carried out. The

boundary layer equatlons of continuity, momentum and energy are to be solved for mpecific
entrance Mach numbers and thermal conditions at the tube wall.

Gill's method 18 used Iin the numerical solutlon of these equations.

Solutions of the first three sets of the differential equations for the case

where the entrance Mach number 1s 2.5 and the tube wall 1s insulated were obtalned with
the new program using CS.

The trial-and-error procedure set-up to find the correct
initlal conditions ls satisfactary.

Frograms are belng prepared for the sclution of th
the case where temperature dependence of the fluld viscosit

e differential equations for
taken lnto consideration,

Yy and thermal conductivity is

T. Y. Toong
Mechanlcal Englne 'ring
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N. EXCHANGE INTEGRALS BETWEEN REAL SLATER ORBITALS

As 18 usually reported the testing of this program continues. However, with
inaertion of an adequate set of constants for a sufficiently accurate guassian
rature, the program has proved able to give satisfactory results. Thus, at this

ture, the program has fulfilled the projected apecifications both as to mathematical
procedure and programming accuracy. The testing that shall be continued will be prima-
rily devoted to more extensive invesatigatlon of the complicated mathematical development,
that ia, of an erder of magnitude larger than one amenable to hand computation,

The program that has been developed was envisioned as a atep in the calculation
molecular wave functions, and while meaningful alene, has its primary use in this con-
= % For this reason the projected succeeding step 18 a program designed to compute all
lnnegralﬂ necessary to the computation of a molecule and organized to take careful
ourit of the "ecomputing welghts' of each operatlion, This program should be forthcoming
within the next year and will be described more fully in a later report.

Lhe
AC

P. Merryman

Laboratory of Molecular Structure
and Spectra

University of Chicago

16 €. ULTRASONIC DELAY LINES

This problem is concerned with maximization of the reflection path aperture of
polygonal ultrasonie delay line.

The aperture of such a delay line is determined by the difflerence between the
ordlpate of one set of polnts In a plane and ihe greateat ordinate of another set of
Expressed symbollcally we have two sets of ordinates
T T B B

T
(Hy o He vovsn Hy ), and (HC viBy: pomeea Hp ).

The aperture then Is given by A = min Htl - max HiB. The H,, and hence, alsoc
functiona of the slze, shape, and positlon of the polygon in a Eonrdinate syatem.
however, 1s independent of the position., The size, shape, and positlon are determineu
the distances, HI' of the {acets from the orlgin and the angles which they make with
x-axls. Theses “variables are given initial values, and then any new values are
:rmined by uhanges,AR] and J.]- from the old ones,.

A, are

The equations for HlT and H B are linear in the varlables 4Ry and are algebralc
expressions of trigonometric functlons’of the o ;. The latter are guite' linear over the
amall range for the d; with which we are concerﬂed, 80 that the approximate linear equa-
tions can be used to Food advantage., We thus arrive at a set of equatlans

T & T n=1 n-1
Hy = %Hy 4+ & ARV E 8. d s 1%0,...,p
= 3 J 1 13 9J
J=o J=0
n=1 n-1
B B
Hy :QH‘ + n”AHJ-rZ b'kJOr. o 150,0044p
- J=o o J=o & W
where n = number of aides of the polygon. The matrices of coefflclents {51]}.

{d 1 z inl I';' [n'* 1 are computed by a program on Whirlwind I as the initlal step of
Lthe problem.

Since we want to maximize A with respect to only the shape of the polygon, we
impose other condltions on the varlables. Also, certain physical requlrementa are
of tne angles. Altogether, these lead to four other equations which the varliables
satisfy and, ln addition, if the polygon 18 symmetric, there are 4n more conditions.
@éach additional conditlon one variable is eliminated. This is done on Whirlwind as

ond step of the problem, ln additicn to a transpositlon of the matrix and the
on of four variables needed in the llnear program.

muat
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blem is then reformulated.
these two steps have been completed, the pro
After elel:EiTpn ;r varlable‘a to make the remalning OM?_ iniep::der}t.a:g 2&::ta°?et of
3 3 °
variables u, correaponding to the aﬂj, and vy corresponding to 3

inequalities, rather than equalitlies, for which we wish to maximize the quantity

T

s )
£y -Zeyuy -Zey vy & Oy, 190,00,

B
£, +Zd“ uy+2Zdgyvy €=My , 150,..., P

. v ing is to
we £ further substitutions, since the gimplex method of linear pr‘ogr::rrln

:‘-e T::S m‘:l::i this metnod requires that the variables and the constant part of the inequal-
‘LLL-.’E must be non-negative. The variables ¥y and yp are introduced for each Uj. We
substitute a new varlable U, = uy+ y; and fol each v,y we substitute a new varlable

BUDT i J J r -

VT s Vy+¥o. To make the constants non-negative we merely add .5 to each of them, and
now consider our problem to be the maximization of €7 €5 - 1 = A, Slnce we know that

H by and —H-H & _.5 initlally, this accomplishes our purpose. It will also come out in
otr solutisn that ~y) = min uj and -yp = min v; 8o that Uy and V, are non-riegative.

An additional program 1s required after the linear program to reconvert the
results back to the original varlables. The output of the results may then be provided
for and an iteration of the entire process may be set up in case the d'J are large enough
so that they no longer can be treated as linear variables,

The second step of this process actually requires two programs, one for the
symmetric case and one for the non-symmetri: case.

Since the first program reguires a considerable gquantity of data which can be
determined from much less information, another program 18 to be used to compute the data,
and also to change the parameters in the other programs to accomcdate different polygons.

The {irst of the programs mentioned above,as well as the program for the
symmetric case in the second step,have been written and checked, as has the linear
programming routine., The latter, however, is under revision to take advantage of the new
s1 instructions for the auxiliary drum. The program used in the fourth step has been
written. Some work has been done on the program for the non-symmetric case in the
second step which will be similar enocugh to the symmetric case as to give no trouble,

The program for setting up data 1s not started but will not be complicated.

R. Bishop
Arenberg Laboratory

218 M. TRANSFORMATION OF INTEGRALS FOR DIATOMIC MOLECULES

Several revisions were made In subroutines developed under this problem in
connection with the work on Problem No. 288,

R. K. Nesbet

Solid State and Molscular Theory
Group

219 COMPARISON OF SIMPLEX AND RELAXATION METHODS IN LINEAR PROGRAMMING

A program has been written to scive the classical transport
the stepping stone method. x SRR RO

The transportation problem may be stated as follows: A c
producing a commodity, the 1th of which ompany operates plants

cap supply Sy unita of the commodity. The compan,
sells 1ts production to n customers, the ,1{';h of whlcg desires D, units of tge comodit?. ’
'rhele?at_ of manufactuving and transporting a unit of the comoélity from plant 1 to custom-
er } is LH. It 1s desired to find the number of unita X34 that should be shipped from

each plant“to each customer, 1
m1nlmu:-.x. » 1n order to have the total cost of the operation be a

38
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Thus the problem may be stated mathematically as

minimize C = .S_ c X (1)
1,3 413

subject to the constraints

Aj;x” =D (2)
{—xu - (3)
le.é 0 (4)

This 1is a special case of the general linear programming problem,

A set of Xy4 which satisfles equations 2, 3, and 4 is called a feasible
solution to the problem. If the set also minimizes C, it 1s an optimum feasible solution
containing, in general, exactly m+n - 1 non-gero Ii‘],

The procesa of solutlon consists of

1) generating a feasible solution having exactly m+n - 1 non-zero x”.
2) finding a zero x“ which, if allowed to be positive, would vield a
decrease in C. In the process of increasing this Xy s one of the
non-zero Xy4 must go to zero in order that equations 2 and 3 remain

satlsfied. Thus the new feaslble solutlon will again have exactly
m+n - 1 non-zero Xyj.

Step 2 is repeated untll there are no zero Xy
reduce €. The set of X3, is then an optimum feasible

which can be changed so as to
solutlon.

~ The Whirlwind program wliil handle problems for m £ 1268, m + n £ 400, and

mn % [UU0.  The program 1s presently in the Cinal debugglng stage.

In the next quarter debugglng will be completed and the program will be put in
convenlent form for users. Production runs will be performed with a number of sets uf data.

. This work is belng supervised by Assoclate Professor W. K. Linvill of the
Ih;e.-cir'lcal Englineering Department., Frogrammers are J. B. Dennis, Research Aasistant, and
W. J. Eccles, Teaching Asslstant, in the Department of Electrical Englneering.

This project has been supported in part by a grant-in-ald

I'rom the Unlon
de and Carbcon Corporation.

J, B. Dennis
Electrical Englneering

COMPUTATION OF THE FIELDS OF VERTICAL VELOCITY AMD HORIZONTAL DIVERGENCE

_T11e nature of the problem has been presented in Project Whirlwind Summary
Report No. 4l. During this quarter the flelds of vertical motion, horizontal divergence
and vorticity were computed for elght consecutive 12-hour periods. No additional compu-

tatlons are planned untll the Pressure Change Project of the Department of Meteorology
has analyzed the results.

J. M. Austln
Meteorology
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226 D INVESTIGATION OF THE VORTICITY FIELD IN THE GENERAL CIRCULATION OF THE
ATMOSPHERE

lon of Problem: The physical processes which are lmporgant in Lqe mg!n;ona?C§
al ¢lrculation of the atmosphere are being 1nve?tlgateu with th: Ti _o a n"
non-linear, quasi-geostrophlc model of atmospheric flow, ‘The T?JE mﬂ?gﬁtu :n
of the vortlelty equatlon and the firat law of thermodynamics and.lﬂﬁorbuﬂdti? ef FC B
atlc temperature changes and friction as well as the vcrt;nal autecL on o =

and Lhe'tra!“rormatéon of horizontal vorticity into vertical vo;ticlty, S i
|l coordinate system with presaure as the vertlcal coordinate hga bee? used ;crne
ivatlion, and the model 1s being applied to the quLhern Hcmlsghere f'rom ;ﬂ N. to .
ltude, The two parameters used to deserlbe the flow are the 700 mb and 300 mb contour
helghts.

With the ald of the model described above 1t 1s planned to examln? the role of
ous heatlng distrlihutions in generating the gEross features of the menera{ ciculétlon
e distributions are deseribed in the initial report. (Quarterly Hepgrt for Project
Whirlwind, Summary Report Na. Second Quarter, 1YL%5) The equations of the model are
alsc given in the Initial report,

var
The

Numerical Procedures: An lnverse matrix of a simple finite difference operator applied

to 30 grid poInts has now been caleculated. A solution lnvolving the same simple operator

has also been obtalned by relaxation. The results are being compared_Ln terma of

accuracy and machine time used, It 1is planned to repeat the work for 60 grid points and‘

] comparlson. The program for calculating one group of non-homogeneous terms of
1 equatlons is nearly completely tested,

Frogresas and Future Flans: During the next quarter other matrices of jOth or bOLh

urﬂE?"ETTT"uE‘Tn?F?TFﬁ and the inverases will be multiplicd by the suma of the non-

homogeneous terms to obtain initial values for the thickness tendency. Thias gquantity will

e Programs yet to be tested for equitions used to determine initial valueg of
eity and 700 mb height tendency.

I the relaxation program proves satisfactory, 1t may replace the matrix in-
i program in determining the inverse of the finite difference operators used in the
problem.

onnel: Thls research is being carried out under the sponsorship of the Air Force
2¢ Hesearch Center by the following persons:

Richard L. Pfeffer

Geophysics Research Directorate
Duane Cooley

Geophysics Hesearch Directorate

Faulo castille
General Circulation Project, MIT

Kirk Bryan, Jr,
General Circulation Project, MIT

Messrs. Castillc, Bryan, and Coole

Yy are writlng the program for the problem.
Mr. Martin Jacobs of the Digital Computer Lab

oratory has been asslating them,

D. 8. Cooley
Meteorclogy

WHIRLWIND CODING AND APPLICATIONS
ATOMIC INTEGRALS
A prog

ram has been constructed which evaluates integrals of the type

uh :!-tu . ':IJ.'-' f—-(_i_KT .)7“‘ (I) vb (IJ ’

Ma = Ny vAtha - dar Y (6, 9)

4 normallzation conatant. These integrals are evaluated for
Integers A and £aand arbitrary positive values of Ja . Reaults
ram agree with hand calculations to between en and elght
alls of this program will be Elven 1in Quarterly Progress Report,
Theory Group, M.I.T., October 15, 1955,

R. K. Nesbet

Solid State and Molecular Theory
Group

"ONSE OF AIRCRAFT STRUCTURE TO AERODYNAMIC HEATING

~ The transient Fésponse of alrcraft structures to aerodynamic heating was
ltlated on Janua 3 4955, by L. A. Schmit of the M.1.T. Aercelastic and Structure
h Laboratory. A program to compute the translent temperature and stress distri-
1 : @ slmulatling an alreraft wing has been written and run succeasfully.
1l equations of heat 'low were solved by finite difference approxi -
re ed In detall 1in the last Quarterly Progress Report, A more
was incorporated in this pProgram than in the thin plate or thin

and wet ;

The results of this

Program are now being analyzed and
belng planned,

several more runs are

H. Parechanian

Aeroelastic and Structures Research
Laboratory

GUIDANCE AND CONTROL

No work was done on this problem during the past quarter that was not classifiad,
J. H. Laning, Jr.
Instrumentation Laboratory

e+l B, N. TRANSIENTS 1IN CONTINUOUS DISTILLATION SYSTEMS
Additlional pre
1 11

ough

ams have been written to 8tudy the transient behavior of an

distillation ecolumn, The atudy of two classes of problems
use of these programs:

of a

1) A column at equilibr ating under certain conditions is suddenly
caused L0 go into a translent 8tate by a sudden change in one or more of its operating
conditions. i I

ium ope

2) A column at equilibrium suddenly has its
durlng its transient State the var
wPod

product compositions are r revent

feed composition changed, and
—1§qq:n ratios are adjusted at intervals so that the
Irom fluetuating to any significant extent.

S. H. Davis, Jr.
Chemlcal Engineering
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3 to enlarge the vocabulary of the Input language

UOTION FOR X-1 PIRE CONTROL it grams &y well 1
als the ' L * program will be written in the next quarter.
*iption of
18t Firat Quarter, J. M. Frankovich
1 Af 1w new data, thils Lo Digital Computer Laboratory
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YNAMI Al S5 OF AN AIRCRAFT INT PTOR
T Stark 1 jquarter, four sclutions of oblem were on Whirlwind 1.
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1 the motlon of an - T I b
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betwoen the by this | ent of Aergnautical Englneering.
f | a age of when this
A ar case of a )
to proceed as indicated 1in .]-’;' Kd\h‘lnﬁﬂ'.h‘ ’ ;
" Dynamic Analysis and Control
ol Laboratory
E. Camg
Joint Comput!ing Grodp
i TONOSPHERIC FROPOGATION STUDY
N FION A F W METHOD TO BODY-CENT AND PACE-CENTERED IRON I _Report No. 42. Data processing continued
D: G. Brennan

on wave function in face-centered and
i plane wave) method. (Ref, 1.) 3 '

-3 s - Ancoln borato
the formatlon of the so- Linceln Labors

T8t atep 1is
currently elng produced for the
ren,

arth and Safl

8 for one-elect
a the APW (augment
al potentlial, the |
’ Thes

142, )

using programs develo
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OF' THE

RONIC

ernLe
written which will form the electronic charge density from
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262 ©, EVALUATION OF TWO-CENTER MOLECULAR INTEGRALS
P e
The evaluation of two-center integrals between 1s, ﬂn.12phév:ndba§ﬁ"5§:?::€ag &
is is partly completed. Two hundred and forty hybrid integrals o g
:éta :e gl‘LP J. Corbatd's «-generation and numerical integratlion prog 's'exchanée-
m:.rem:ed and t’.uer‘\ty exchange integrals have been evaluated by P. Merryman

integral program.
This problem was described in Summary Report No. U1,

H. A. Aghajanlan
Solid State and Molecular
Theory Group

264 ¢. OPTIMIZATION OF ALTERNATOR CONTROL SYSTEM

ested that the prob-
In the last progress report for this problem, 1t was Sugg
lem of olem?zlng the agslgn of a system could be phrased as a minimizati?nnprggizgﬁrapart
of the work completed in the past quarter cunst;ted i; ;gg;gg1:Sm;:i:é:ab.:ltgough thlé
The method of steepest descent appeared to be e on . e
1 ly for casea where expression
method is available as a 1ibrary subroutine, it is set up on
! ish our technigue to be able to
re available for the necessary derivatives, Since we w "
:nnule empirical functions such as magnetizatlon curves, writing expressions for ghﬁ der
rivatives 18 impractical. Therefore, a program was cuded and successfully run whic dpe -
forms the method of steepest cescent and uses difference techniguea tc evaluate the de-
rivatives,

eme has been worked out to apply the steepest descent technlque to the
problem of ;l:i:lzlng a function of n variables subject to constraints. Codlng of thisr
schem= has not started yet, but will pe undertaken during T._he next quarter. Personnz or
this quarter were H. M. Saunders, Frofessor of Elecu:h:al E.ngg.necrmg (visltlng). an
J. B. Dennis and R. F. Newe, Research Assistants In Electrical Engineering.

The work reported here is under the spongorship of the U, S, Air Pc_}rce, Y
Contract AF 33(616)2665, 'Study of Aircraft A-C Oenerating and Voltage Regulating Systems.

J. B. Dennis
Electrical Engineering

265 L. ELECTRON DIPFUSION IN AN ELECTROMAGNETIC FIELD
Work on this problem was described in some detaill in Summary Report No, 42.

On & subsequent set of parameter values 1t developed that a smaller interval
size was required. Partial results were obtained for this set of parameters and the prob-
Jem wag termlnated.

D. N, Arden
Digital Computer Laboratory

266 A. CALCULATIONS POR THE MIT REACTOR

The program to calculate the reactor behavior for slow but sustained changes

in regctivity was succesafully finished. The method ocutlined in the last quarterly re-
port was used,

A great number of data were obtalned for suberitlical and superoritical aystema.

A strong variation in the average neutron lifetime with 2, the reactivity,and the amount
of poison present, was found,

The méthod described in the last report to obtain a zero determinant worked
only with the heavy-water-cooled reactors; in cases with light water the round-off errors
became too large. Alternate methods are belng investigated. All programming and

by
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wiing was done by M, Trooat,
This program is being carried out for the Muclear Reactor Project.

M. Trooat
Chemical Engineering

267 B, NUMERICALLY CONTROLLED MILLING MACHINE TURBINE BLADE

The alrfoll portion of the Jet engine turbine bucket used in this study is de-
soribed by the coordinates of 272 points, the upper and lower boundaries of eight unequally
spaced but parallel cross-sections each belng defined by seventeen points. Por any cross-
section the value of z is constant. On a cross-sectlon boundary x is the lndependent
variable., When projected on the xz plane, these form a trapegoldal grid. The bases of
the grid are the traces on the xz plane of the root and tlp cross-sections of the ailrfoil.
The sides are the X2 projectlions of the leading and tralling edges.

The total x lncrement for each of the given cross-sections was divided by
seventy-six and the 42 between each adjacent palr of cross-sections was divided by four,
the result being 2233 intersections. The intermediate z values were calculated by hand.
A program, using linear Interpolation, was written to solve for the x values on cross-
sections defined by the intermedlate = values. x

Another program was written to solve the value of y at each of the 2233 inter-
sections for both the concave and convex surfaces of the blade, The method used was
Newton's Interpolation formula in terms of divided differences, At the conclusion of this
program 2233 x values for points on the concave surface of the bucket form a data block
near the end ol drum storage. The corresponding values of y form another block which
starts after the last x value and runs to the end of drum storage. The twenty-nine z
values are held in magnetic cors memory as program constants.

A third program was written which evaluates the normal to the concave surface
at each of the above points with the exceptlion of those on the edges of the surflace,
Each normal is the cross praoduct of two vectors found by taking the firat differences of
X, ¥, and z between two polnts on elther side of point P on the surface. One vector is in
the eross-sectlon plane. The other is in the longitudinal section plane. The program
finds coordlinates of P', a point on the normal to the surface at P such that the distance
from F to P' equals the radius of the ball end mill used in the machinery operation on the
Numerlcally Controlled Milling Machine (NCMM). Included as constants in this program are
5lx feed rates in terms of inches per minute. These were calculated by hand, 1t belng
decided Irom tool load conditlons to change the feed rate at the end of the first, ninth,
forty-seventh, and fifty-seventh passes ol the tool. At the conclusion of this program
there are in drum storage 2025 data bilocks of four parameters each. These are (eed rate
in inches per minute and the x, y, and 2 coordinates of P'. These blocks are in proper
s¢quence s8¢ that the tool center, when passing through consecutive points, will generate
the convex surface of a dle block that 1s in contact with the concave surface of the
bucket during forging.

With the series of [ous parameter data blocks in drum storage, use was made of
a4 program written by A. Siegel of the Digital Computer Laboratory Staff. The data blocks
in storage are automatlecally translated lnto NOMM instructlions by this program and the
resulte are recorded on magnetic tape. After checking out the programs lor interpolation
and evaluation of points along the normals, a run was made in which Slegel's program was
the final phase. The punched paper tape obtalned [rom the magnetic tape output was given
a trlal run on the NCMM ualng & wooden mock-up of the die block. This NCMM program ran
satislactorlily lor seventy-three of the seventy-five tool passes programmed., Near the end
of the seventy-fourth pass the program broke down. The cause was found to be in the com-
puter program which evaluates polnis on the normals. There are several stralght-lorward
methods of modifying the programs that prepare the data for Siegel's program 8o as to
allow the NCMM program to be obtained in ite entirety after a single computer run. Since
time was not available to make a revision, it was expedient to recalculate the last two
tool passes by resettlng certaln constants and counters ln the program at fault. The re-
sults of this short run were spliced onto the NCMM tape at the beginning of the seventy-
fourth pass., The corrected tape was rerun on the NCMM and tHe airfoll surface was cut on
a steel block. The results obtalned were, substantlally, those antlcipated.

This problem has been the subject of a bachelor's theels entitled Numerical

45
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yroblem has been terminated and the theslis

darped Surfaces. The p 4 - -
T dth 88 and ingineerlng Administratlion.

Control lor Machlnin, )
@G. Bromflield
Business and Englneering
hdministiration

0 B. CRITICAL MASS CALCULATIONS FOR CYLINDRICAL GEOMETRY

two-reglon method mentioned in the previcus Summary Report has
al &hsseﬁ for uranium-aluminum-heavy-water cores surrounded
)n comparison with Snell's published data on this system,
aged about 30% lower than the experimental one. Most of

The two
been used to calcul
by a heavy water re
the calculated critic

ma

this difference can accounted for by the shortcomings of yuo—gruup.thROQy. The neutrons
slow down much faster in diffusion theory than is actually the case; therefore, a two-
proup model does not take Into account all the fast leakage.

A parametrlc study of the effects of the fast diffusion coe{ficient aqd the age
upon critical mass was made. As expected, critical mass was a strong functlon of' the age,
increasing with increasing age. The correct critlcal masa could not bq 0btq1nqd without
inereasing the age to a fantastlc amount, however, Surprisingly, the fast uiftusioq co-
efficlent had almost no effect. This 18 probably due to the strong thermalizing effect
of heavy water: the fast flux drops almost toc zero very quickly aflter leaving the core,

To obtain better agreement with experiment, a three-group approximation
(mentioned in the laat rcpurLf will be tried. Also, a numerical solutlon of the trans-
port equation by the 5., method will be attempted, with a large number of reglons and
groups. As cyllnercaT geometry preésents dl"ficult problems for this method, a sclution
will be tested first in spherical geometry, and then extended to cylindrical cases.

The two-group, two-region program ls now being modifled to obtain (lux plots.
From these, by numerical integration and perturbation theory, lifetimes and vold coeffi-
clents will be calculated.

J. R. Fowell
Chemlical Engineering

271 B. EVALUATION OF A BEAM SPLITTING TECHNIQUE

This problem ls concerned with a statistical estimation of target position in a
radar system when the operating condlitions are such that the echoes received from the tar-
get are corrupted by random nolise and microwave interference, A brief deseription of the
method 1s given in the previous Summary Report and in the 5. M. thesis report entitled
"Maximum Liklihood Estimation of Target Position in a Radar System With Gaussian Noise
Distribution’ submitted to the Department of Electrical Englneering in August, 1955, by
Peter F. Engel.

The quantitative results of interest were Lhe means and varlances of the fre-
quency distributions of the estimated positions, and the variation of these quantitles
with the radar system parameters. The means of the frequency distributions were blased
away from the true target position by approximately two percent, or less, of the radar
antenna's beam width, and the distributions had dispersions about the mean position of
approximately seven percent of the antenna's beam width. The effect af doubling the
antenna's angular velocity, thereby halving the sample size (or the number of received
echo pulaecs), was to increase the azimuth digpersion by approximately twenty-five per-
cent. Addltional results of the computations are presented in the above-mentioned thesis
report, and the problem has been termlnated.

P. P, Engel
Electrical Englneering
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L. GENERAL RAYDIST SOLUTION

A program which derives the coeffliclents of an eigth degree polynomial and then
proceeds to find & real root of the polynomial has been written. The program has proved
to be quite contumaclous and 1s still at the troubleshooting stage.

M. Rotenberg
Digital Computer Laboratory

N ANALYSIS OF AIR SHOWER DATA

Summary Report No. 42 there 1s a description of the main features of the
program for the air shower experiment. That report describes how the pro-
d into a data processing part, a timing analysis, and & pulse helght analy-

During the past three months the major errors in the program have been cor-
rected and some testlng has peen done with anp artif'icial alr shower and a real one.

The data processing and timing analysis work satisfactorily. The main diffi-
culties have been with the pulse height analysis, In the pulse height analysis we fit the
functicn (e, 4, X, ¥) to the data by the method of least squares. The variables are nor-
malized so that they are dimensionless and are all of the same grder of magnitude. " We
lenote by g4 the numerlcal value of an event r-.orded by the 1'P detector. For each £y
there is an equation of the form

£y A X Y) =g+ dy 5 4 21,8 seus N
where
£ila, B, %, ¥) = £(a, B, X, ¥, xg, yy)

The numbers X;, y4 &re constants associated with the 1M detector; d 4 represents the un-
known error in the measured quantlty gq and alsc the error introduced by the poorness with
which the empirical function I represents the true functional dependence of air showers.
It is neceasary to ipnclude dy in order to make the equations compatible for any given set
of values of the varlablesd, &, X, Y. There are Ny, equations (Ng > 4) and since there
is a & for each equation, the number of unknowns ls Neg + 4 8o that there are in-

I tely many soiutions. According to the method of least squares, the beat solution 1s
"or which the following expression 18 a minimum:

Neg Neg
v (4,4, x, YJ=¢§T uiagzé wy(t, - 8g)°

where wy lg a welight which expresses the reliablility of the cbserved value g,.

We represent the four variables by a vector T = (€, 8, X, Y) so that T 18 a
position vector 1n a four-dimenslonal cartesian coordinate system and Vs 18 a scalar
function of r. Letf,, 85, %o, Yo be initial guesses of the best values of 4, 4, X, Y
\best in the sense described above). The present program minimizes by an lterative
procesa, If Tp=(a,, @, X, ¥,) is the position vector after the nth iteration, Fp,)
is given by

grad ¥ (7))
RS O Sl i
T e TR v ()]

n: &0y Lyl Ryiics

where A is an arbitrary number which is chosen to make a reasonable change in 7 per itera-
Lion. It 1s required that W (Th,1) < Y- (%)) and that EFRd Y~ (T, )+ &Fad Y~ (F,) > 0.
There are other conditlons which must be satlsfied but they are not Important and will not

be qw;rrahed here. The minimization routine used is LSR 141-201-271 (with slight mudifi-
cation).

The main difficulty with this lterative method 18 that 1t takes too much time

to minimize Y . At present it takes about three minutes for Neq = 20. It is hoped that
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g 2 the evaluation
the time can be reduced to one minute. 1“n’EFI°f:-:;1} EE :ngr;ungghzuffable sy pein
. and Era by changling the emplrical Ifunctd | ore, i M
Tét}ﬁndgn 5 Eiglta]yucmputer. More drastic cha;gigaéﬁitzg Eg:;iuzkiuienzb;zzcned iur .
¥ a p {bility that the iteratlve method ae \ S
:TﬁLi ;3D:ehjii.) We ire planning to inveatlgate another method deseribed 1n referer

References

. DuMond, J. W, E
Hevlews of Modern Fhysles 23, No. 3,

M and Cohen, E. R., Least-Squares Adjustment of the Atomlc Constants,
de : BT (July, 1953

gecond edition, The Johns

2. Scarborough, J. B., Numerical Mathematical Analysls,
Hopkins Press, 1 . b3,

G. W. Clark
F. Scherb
Physics Department

274 N, MULTIPLE SCATTERING OF WAVES FROM A SPATIAL ARRAY OF SPHERICAL SCATTERERS

During the third quarter troubleshootling has continued on this problem. Pro-
duction runs are expected to begln soon.

M. Karakaahlan
Joint Computing Group

277 ©. HORIZONTAL STABILIZER MODES, SHAPES AND FREQUENCIES
A program developed under this problem number was used to determine the charac-
teristlic values (A ) and elgenvectors x] for matrix equatlons of the type A - X = A- B . x,

L. Schmidt
Aeroelastic and Structures
Research lLabvoratory

278 N. ENEROY LEVELS OF DIATOMIC MOLECULES (LiH)

In the preceding Summary Report we descrlbed an investigatlon concerning the
electronic energy of the lithium hydride molecule which is in progress. Extensive use 1a
being made of Whirlwind facllitles in evaluating the overlap, one-electron, and two-
electron integrals for this molecule for a number of internuclear distances, and also for

solving the resulting secular equatlions by dlagonalizatlon of the Hamiltonlan and overlap
matricea which are formed,

Hesults have been obtained for the complete configuration interaction problem
at the observed internuclear distance 1n whlch we have used the Hartree-Fock 18, 2s lithium
wave functiona, and a normalized ls Slater Atomlc Orbital for hydrogen. The result gave
about one-hall the observed blnding energy, and was not appreclably different from the
two-electron problem in which the ls shell is kept fllled. Therefore, we have extended
the two-electron conflguration Interactlon problem to several other internuclear distances,
and it has been possible to construct a Morse curve quite accurately through the calcu-

lated points., This phase of the work will be extended to several additional internuclear
distances.

The two-electron conflguration interaction problem has been enlarged to include
the possibllity of one or buth electrons occupylng & lithium 2p orbital, Since the 2p
energy levels lle near the 28 levels, 1t 18 expected that the value of the calculated

binding energy should be somewhat improved by this treatment, although no results have been
cbtained at the moment,

A. M. Karo

Solid State and Molecular
Theory Group

uB8
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ION FUNCTION

RAELA'T

As indicated in the l1nitial report, this problem concerns the application of
sle time serles predlction as developed by Norbert Wiener. From the

the moat lmportant concept of the theory is that an implicit lac-
» serles permits a " lactorization" for multiple series,

uring this quarter, most of the time has been spent in perfecting transfcrm

L s and the m for single serles factorization. Program work remaining in-
: 3 multiple mmat of multiple serles, a recursion formula, and the prediction
ANGd error io'mulae
It 18 hoped that reaecarch on this problem will continue in the next quarter.
P. Hannpa
Meteorology

N AUOMENTED PLANE WAVE METHOD AS APPLIED TO CHAOMIUM CRYSTAL

) Radlal wave functlons for a chromium crystal potential have been obtained for

4" yalues and a grid of energles. From these,starting values for lntegration have
j at a dlstar from the origin. This step shortens the time required for

L needed in the E va. E; routlne.

03

M. Saffren
Solid State and Molecular
Theory Group

1 N ATOMIC WAVE FUNCTIONS

Caleulations on the “F states of ¢, Si, and Ge have been concluded. Similar
leulations have been carrled out, through the stage of evaluation of coefflicients in

approximate linear expanslion of self-consistent orbitals, for Mn and Mn , both in
atatea.

R. K. Nesbet
S0lld State and Molecular
Theory Group

2491 B.

DYNAMIC BUCKLING

problem le concerned with the unstable motion of structural columns sub-

ed to » bime-varying compressive loading. This motion may be in the elastle or
stlc straln range of the column.

The elastic-plastic response of the column after the lcads have been removed
has been approximated by the use of a 12 degree-of-freedom lumped mass system. A second
order of accuracy polynomial approximation integration procedure 1s used to integrate the
equations. A program has been written and two successalul runs have been made, Two addl-
tiopal runs are planned to complete this phase of the work.

The elastlc response during the loading has been studied by expresslng the de-
flectlon of the column by a combipation of i1ts normal modes. The Kutta-Gill procedure has
been used to integrate the resulting equations. This motlion has been calculated for four
basically different varlations of applied load versus time., One additlonal program may be
run to secure additional data of thies type,

The work descrlbeg above haas provided useful
vibratlons and dynamic buckling response. It
will complete this study.

informatlion about elastic-plastic
is antlelipated that the next several days

Janes
Engineering
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296 C. SYSTEM ANALYSIS

1 g 1 "le :t at the
This program has been collectlng data for a classilied projec ) )
lastrumentation Laboratory. MNumerically the problem involved the solution of seven simul
taneous ordinary different!al equatlons uslng the G1ll routine.

B : i 1 put the system is
This phase of the analysls has been successfully completed, bu 3
still in the development stage. Therelore, we are keeping the problem number open anticl-
pating that future computatlions will be necessary.

W. B. Kehl
Instrumentation Laboratory

247 B. DIFFUSION BOUNDARY LAYER

A suggested soiution to the thermal problem at the poundaries of high speed
surfaces 1s the ilnjectlon of a coolant through a porous wall. As part of a doctoral
thesls, the appropriate system of equations deseribing a compressible la_minar tzogndar_y =
layer flow for a binary mixture have been developed to determine the effects of "forelgn
coolants, Mass and thermal diffusion are 1ncluded.

By means of Blasius and Dorodnitzyn type transformations, the system of equa-
tions reduces to three ordinary diflerential equatlons of the form (thermal diffuslon
neglected):

fAf'")‘+ ez 0
ey"s [ra@l) ]ace,' -0
LR T SR P SR

which describe continuity of momentum, mass, and energy. f, Gy and T represent velocity,
fractional concentration by welght, and temperature, while A relates the products of
density and viscosity for the mixtures and external stream fluld. The remaining para-
meters are functions of Prandtl, Schmidt, and Mach numbers, as well as [, ¢;, the
molecular welght ratlic, and relative thermal capacities:. Boundary conditions prescribe
external stream conditions far from the surface, vanishing velocity at the surface, an Iin-
Jection rate, and, coupled with the latter, a concentration gradient such that no net llow
al' external fluld enters the surface.

Several approximate treatments of the equatlons are possible. When the Schmidt
number is identically unity, the concentration is linearly related to the velocity. In
addition, when temperature effects upon the relative magnitudes of the thermodynamic
transport coefficlents are negligible, the momentum and mass continuity relations are in-
dependent of the energy equation. Lastly, with an appropriate constant Introduced into
the original transformation, one may assume A to be characterized by its surface value and
thus employ the profuse prior information regarding the Blasius equation.

With the aid of Whirlwind, several of the mentloned simplifications are being
evaluated using a Hellum-Alr mixture. Two point boundary conditions were replaced with
initial estimates at the surface modified successively so as to yleld an array of in-
fluence coefficlents deduced from asymptotic results at infinity. (Infinity was essential-
ly a value of 6.0 for the independent variable for asymptotic constancy to 5 significant
figures.) The Gill-Kutta numerical integration procedure was employed. Programming in-
cluded repeated integration cycles using the more exact boundary conditions resulting from
the influence coefficlent system untll end conditions were satisfied to 5 significant
figures. Generally, convergence to the proper values occurred within four cyeles, In
some cases, the tabulated Blasius function, f, and its derivatives were used in conjunc-

;13:1““ a Taylor Series to yleld the necessary intermediate values for the Gill-Kutta
outine.

The results indicate appreciable reductions in the recovery (thermal equilibrium)
}Empgrn‘tu‘re Tfor a flat plate at relatively low injection rates. Due to the presence of
the T term in the energy equation, the recovery factor varies with Mach number. Az a
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result, for certain injection rates and Mach numbers zero recovery factors are found, In
all cases approximations to the exact equation yleld conservative values. This 1s & con-
sequence of the importance of the relative molecular weilghts for the components. Contem-
plated work 1s concerned with further examination of thermal diffusion effects as well as
the limits for injfection rates.

J. R. Baron
Naval Supersonic Laboratory

298 A. THE ELECTRONIC ENERGY OF THE HELIUM MOLECULAH ION

The potential interaction between a normal helium atom and a singly charged
positive hellum lon is of considerable interest in connection with the understanding of
the collision processes occurring In gaseous hellum. This interaction has been considered
by Pwlgg {193%) and by Weinbaum (1935) who both used for the electronic wave functlions
of the Yy and <5g atates of Heg the symmetrized forms

L 2 [u(r"“ IZ} ¢(YB=-' Ye3) 3 wlvg, ]IZ}N’VM ,ru)jx-{m‘ﬂ“- (1)

13,3

where X~ ls a doublet spin function given by

x*(1, 2, 3) =8 &, /-2, 5 )&, (2)
and -Zr
u(r|z) =Ee (3)
i
i 71 |51
q&(r‘l,rgl = u(rllz ) u(ryfz”) (&)

the suffixes A and B referring to the two helium nuclel and 1, 2, 3, to the three electrons
of the system.

Fauling took 2 = 2.l and determined the electronic binding energy by the Ritz
variational method, while Welinbaum carried the calculationa one atage further by varying
the two exponential parameters '.ndepe?dem.ly. In the limit of large internuclear sepa-
ration R it is found that Z = 2 and 2 = 1.687% which cor&eaponda to vanishing interaction
between the He 1ion and the He atom. In the case of the ¥ ground state of the helium
molecular lon Welnbaum found tsiat at the equilibrium position the exponential parameters
had the values Z = 2,029 and 2% = 1,734, which are not very different from those obtained
in the 1limit ol large R, and conaguently, that the improvement in the total electronic
energy brought about by their variation was only slight.

Welnbaum's calculations correspond to using (4) as the unperturbed helium wave
function for large internuclear separation. In the present work (4) has been replaced by
the expression

¢lryurp) = ulryfa ) ulrg|@) +ulrpla ) u(ry|8) (5)

where the parameters 2 and A have been fixed at the values 2.19Y and 1.18 respectively,
corresponding to infinite separation between the helium atom and lon. This form for ¢
gives a rather better binding energy for the hellium atom than does expression (U) used by
Weinbaum, As before, the total electronic energy for the molecular ion can be determined
by the application of the Ritz varlational principle, The calculatlion involves the
evaluation of one-electron,coulomb, hybrld and exchange molecular two-centre lrtegrals
for a wide range of internuclear distances. These were performed by the Whirlwind elec-
tronic computing machine using programe devised by Messrs. Corbatd, Dalgarnc, and
Merryman. The results of the caleculatlon have not yet been fully analyzed, but will be
avallable shortly.

In conclusion, it is a pleasure to express my thanks to Professor Morse,

g, T
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299 C. HEAT THANSFER IN TURBULENT FLOW

turbulent flow ir a smooth eylindrical plpe.

terized by the Prandtl and Reynolds numbers.

In order to generallze the solution

fraction of possible temperature
T—Tl
@ = Tu=Ty
reduced radlus
y =r/R

and number of diametera downstirea

x = z2/D

Numbers by the {ollowing expressions:

@ f-yuﬁs

o 0

where u is the velocity at a reduced radius y.
position 1is given by the partial dirfrerential

-t P

¥
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Professor Slater, and Mr, Corbatd for thelr assistance and interest in thils work.

B. L. Moiselwltsch
S0l1id State and Molecular
Theory Group

The physical situation analysed was that of a fluld flowing in well-developed

The fluld initlally at a uniform tempera-

, the fo

change

Re Pr) .. dgo
Nu = 1_¢0 dx
and the log mean Nusselt Number
=(Re) (Pr) _ 4,1y
Nup = hx@y, nl
6, 18 the mixing cup mean © at distance x given by

Jé-x u @ dy
o Z

ture T1 enters a heated sectlon having a constant wall temperature Tu greater than T;.

It was desired to determine a relatlon between the heat transfer coefliclient at any
distance downstream and the physical and dymamic propertles of the [lowing fluid as charao-

llowing reduced variables are defined:

(1)

The heat transfer coefflicients are given in a generalized form in terms of Nusselt

(4)

-0,) (s)

(6)

The fractional temperature change at any

equaticn

4d1np
dy

) g] (7)

—— e —
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with the boundary conditlons

02y<1,0 x=0 ©=0 (8)
y=0 x>0 ao

ar " U (9)
¥=1.0 xa0 @=1.0 (10)
Ocy<1.0 X=oo Gel.0 (11)

B and W are functlons of y only, as given by the following:

W T (Re) (Pr) Jfrﬁ ut (12)
fe)om) [ "
€ du”/dy*

*
in which u 18 a funectlion of y'. a function of y

" . e W e
¥y = (1-y) /Re |j;-e (14)
(72
The friction factor, ', is a functlon of Reynolds number and may be
approximated by
f = 0.023(Re) ™" (15)

-

The ratlo ol the eddy conductivlity to the eddy viscosity, E/¢ , was assumed to

be unity.
The u', y* relation used was as follows:

+ —— + . /! +

¥ £21.995 u' = 13,5645 vann [yt ) (16)

(13.5605 /

Moy + +

y =21.995 u- = 5.5+ 2.51lny - 15 (17)

¥

The constants were evaluated such that the functlon and 1ts [

8 derivative
are matched at a y~ of 21.99%

Solution of (7) was accomplished by means of a first order non-lterative
Finite difference method.

A variable spacing across the radlus was employed for two reasons. One, the
coefficlents of the partial differentlal equation (7) approach infinity at the two boundary
conditions, y = 0, and y = 1.0. Two, the so-called laminar layer at the wall 1s very small,
especially with high Reynolds numbers, and therefore small increments are necessary if the
effect of the laminar layer 1s to be Included. If a stable solution ls to be insured, very
small x increments are also required, of the order ofAy squared or leas.

In splte of the use of
required to obtaln a soclution i
in the region of the smallest x

*lable y and x spacing, the number of repetitions
lve, Ten thousand repetitions of the calculationa
are required to calculate one diameter down-

stream. This calculatlon would take about 15 hours on the computer, Il' a steady state Nu
is to be determined, approximately 70 to 100 dlametera distance down-stream must be calcu-
lated.

A3 a test of the program, two very short runs |(compared to the time required for
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a complete solution) were made. One with the starting conditions specified of @ = 0;
and another in whioh a temperature distribution was assumed similar to a condition some
three-quartera of the way through the caloulation.

The program “as successful. The results obtained were, of course, of little i
value. A complete description of the work in this problem will be presented in a Master's
thesis in the Department of Chemical Englneering.

A. Turano
Chemical Engineering

300 L. TROPOSPHERIC FROPAGATION

A tape was cut for the correlation of radio signal strength versus layers in
radlo refractive index. A pilet program was completed, and further use will be made of
the tape in the future for the analysis of other data.

o

Values of a Presnmel integral have been computed, using a convergent power
series with a complex argument. A number of satisfactory values have been obtained.

H.B.Dwight
Lincoln Laboratory

2 B FARTIALLY CONTINUOUS WOODEN SEANS

Por certalin applications in the Department of Bullding Construction, Mr. M.
properties of a wooden beam made up of two beams supported at
center of overlays B. The two beams are connected at D and E.

lays
to C i3 L. The other dimensions are fractions of L.

e e e e S
L3 R
X —— K —
A oA Lk g

R is the diztance from o the mearer end C, which varies from .25 to .50 in steps of ,05.
£ 15 the sistance from © the end of a component beam at D or E, which is to vary from

i7 in stege of Q4 Y 1s the maximum deflection of the beam between A and B,
2% oEm be shown, 1F the maximum for the system. A uniform load W is assumed.

(L

For saoh of these OO0 cases, the forces acting at D and E, the bending moments,
e sheers and ¥ are o be Tound in terms of W, in which they are linear.

= ‘$ o ten retlonal expressions in K and R of at most the eighth degree.
The esmess - Y is maximum of a fifth degree polynomial in the distance from A,
whape ooelllrlamts Sepend on previously computed quantities,

_:m_:...s:::s'.ef t_"n!'m used and those required have magnitude leas then one,
courmsy cequired 13 within the four decimal digit range of the Whiriwinu vuw-

tiem was solved without recourse to the interpreted C5 computer, The
'.::..s Frot.em was presented to this Laboratory was to save time. A complete,
o about "S0 mumbers was returned to Mr. Barkan about a week after he
Sata and formula. It would have taken him about a month using a desk

M. Weinstein
Digital Computer Laboratory

WHIRLWIND CODING AND APPLICATIONS

303 B. FREDICTION OF CHROMATOGRAFHIC SEPARATIONS

Very little information is available for gquantitative prediction of chromato-
graphlc separation by lon exchange. Hawthorn performed experimental work for the rever-
#ible, pon-equlibrium case, where previous treatment is especlally scanty. In addition to
experimental work, Hawthorn developed a serles of differentlal equations which describe
the performance of an lon exchange column effecting & c¢*romatographic separation of two
cations, Attempts to obtain solutions to these equati. & were unsuccessful, but a method
of numerical solution was presented.

As an extension of Hawthorn's work, this thesis proposes the following objec-
tives:

1. Solution of the equations derived by Hawthorn through the use of the pro-
posed numerical method and Whirlwind I.

2. Comparison of these solutions, which have a theoretical basis, with the
experimental data.

3. Preparation of tables and graphs predicting elutriation curves fer chroma-
tographic separations for various parameters, if objective number 2 shows good agreement.

Re-examination of the basis for derivation of the differential equations, if
objective number 2 shows poor agreement.

In order to achleve the above objectives, a program of instruction will be
written for Whirlwind I. The first attempts will be kept as simple as possible, keeping
close control on the adjustment of increment size, etc. Due to the complexity of the
equations, the numerical method used will be the simple Euler method where 1t 1s assumed

that
AW g0

Ay %

is constant over the respective inerement. Convergepce and stability of the solution will
be checked by varying the increment size. If the calculated values show good agreement
with the nine sets of experimental data reported by Hawthorn, the Whirlwind program will
be refined, 1f necessary, and "production” runs will be performed for preparation of de-
algn tables and graphs.

The first two objlectives listed above have been schieved. Soclutions to the
differential equations were found for two sets of parameters. Comparisons of these cal-
culated results with experimental data glve support to the validity of the assumptions
used in the equation derivations.

The following tapes have been left on file at the Digital Computer Laboratory:

fe 303-232-100 ; t
fo 303-232-20 Convergence tes

I[.‘E ig%:g%g:ggb ] Elutriation curve prediction

A complete description of the procedures used and the results obtalned is
given in the M. S. Thesls, "Prediction of Chromatographlic Separations by Jon Exchange
Using Whirlwind I" submitted to the Chemical Engineering Department in August, 1955, by
J. L. Pischer.

J. L. Fischer
Chemical Engineering
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304 A. CALCULATIONS IN THE THEORY OF ATOMIC HYPERFINE STRUCTURE

Measurements of atomic hyperfine structure (hfs) contain some of the best in-
formation about the statlonary electric and magnetic properties ol atomle nuclei. In order
to deduce accurate values for these nuclear properties (called nuclear mor:}enw). one must
have an accurate evaluation of certaln integrals over the elnctrnn[c yavalunctions of the
atom, (Ref. 1). These integrals have been evaluated previously (Ref. 2) by comparison with
other atomlc properties (the fine structure) using approximate bul analytlcal “'ﬂ‘“?‘; saah
functlons which neglect the screening of the nuclear electrostatic pm.em!.ul. We declde
to carry out a program of numerical computation of the wavefunctions and Integrals, using
a more realistic model for the atom, Since we require considerable accuracy in our
results and expect to do the calculations for several atoms, thls undertaking appeared
feasible only with the use of a high-apeed computer.

The equations to be solved are:

e P
(i*_{f)g: [g-av]r

where K, @ are constants; f(x),g(x) are the eigenfunctions; &€ is the elgenvalue; and Vix)
is the potential seen by one electron in the atom., For this potential we use (Ref. 3):

vix) = 3 [ +1]

where Z la the atomic nucleus and 4 is a parameter which will be adjusted to give the

"best" results., The variable x may range from O to %o, but for physical and computational
reasons, we have confined the study to .0001 & X £ 12, This reglon is divided into 4B4
intervals, with spacings varying from 0.000005 te 0.1. Numerical integrations of the
equations are done with the fourth-order Kutta-0111 subroutine. The ratio /g at x = ,0001
is determlned from the boundary conditlions that {f, g be finlte for x—0,

The main problem is to find the value of the eigenvalue € which makes { and g
£0 to zerc as X goes toee , Our method of finding & is patterned after that used by
Combellc, (Ref’. 4), With some guesged value of € the equatlions are integrated out to some
large value of x, x, (we use x5 = 12.). For x 3 Xg we set V = 0 and the solutions [, g
for this outer region are then known in terms of spherical Hankel functions. The inner
and outer solutions are then Jolned at Xg:

g8 (xg), £(xg) ~ €, nf1) (Lixg) + €2 n(2) {hexg )

where the order of the Hankel functions depends on the constant K and k = /&
Since the asymptotic value of these functions 1s:

h( ) (1kx) e oK

h(2)(1kx) =+ e kh

the eigenvalue condition 1s Ca = 0, us a linear comblnation of f(x d -
plied by simple polynomials 1% {kxo)'Thglves the quantity ¢ BEJ‘O whiug)tf:ntaﬁi(axgl? z‘l..tlll"u
error functiona J (€ ). Then repeating the integration of %ha differential equations

with new values of' € we find the eigenvalue € Tor which o (€y) = 0. With a fairly good
initlal guess for €we can find €y to about one part in 107 or better in 3 to 5 lterations.

It la probably worth noting that there are several ways in which one shou
%u about searching for the elgenvalue €5. If one defines o (€) from some such “norm:glggz“
orm as

r(xg)/&(xg), '(xg)/T(xg), Ca/Cy, ete.,
the denominator of each of the quotients has a zero very close to where ﬂ"paases through

zero, and 1t is very difficult to find the zerc of a function which looks 1lke the
drawing on the next page.

_TESee——
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e

Here the width of the interesting region is extremely small (v 10°7 in our problems ).

An alternative procedure used was to put in the desired (experimentally
measured) value of € and find the value of £ (the potential parameter) that satisfies
the eigenvalue critericn. When the eigenvalue is found, the several integrals of

interest,
- - y o 3 -
Ju’{l‘dfge] dx, ﬁ-rﬁg“’) x"Jdx, jrg:"‘edx. ff‘gx'ud.l.
0 0 0

are computed with the elgenfunctions using fourth-order integration.

8o far, these calculations have been carried out for the p-doublet ground
states of eight different atoms spanning the entire periodic table. The results are in
some cases significantly different from the results of the earller work. There are still
a few more calculations to be carried out. A careful analysis of results in comparison
with experimental data is expected to yleld the values of the nuclear moments accurate to
within a very small per cent.

References
1, €. Schwartz, Phys. Rev. 97, 380 (1955).

2, H. B. G. Casimir, On the Interactions Between Atomic Nuclel and Electrons,
Teler's Tweede GengoLschap, Waarlem, 1030.

3. T. Tetz, J. Chem. Phys. 22, 2094 (1954).
4, D. Combelie, Project Whirlwind Summary Report No, 30, Problem No. 60, page 17 (1952),

Charles Schwartz
Research lLaboratory ol Electronics

305 A. COURSE 6£.25, MACHINE-AIDED AMALYSIS

Fifteen students in the summer section of 6.25, a course in machine-alded
analysis in the department of Electrical Engineering, used TAC to solve a homework problem.
The problem, involving the generation of a sine function and the solution of a differ-
ential egquation, was designed to illustrate the use of an actual computer for solving
numerical problems. As 1s the usual case when students are (irst introduced to a digital
computer, about 60% of the students had programs work correctly the first time.

W. J. Eccles
Electrical Engineering

306 D. SFECTRAL AMALYSIS OF ATMOSPHERIC DATA

Recent theoretical, observational and experimental studies (conducted at M.I1.T.
and other institutions) have demonstrated that the wave-like disturbances (eddles) in the
atmosphere are of primary importance in generatlng and maintalning the mean global fleld of
motion. To a large degree, the form of these eddles characterizes the state ol the general
eirculation, Little quantitative information has been obtained, however, as to the exact

- |
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itributlon whilch the different scales
transport of
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ls proposed to optain the s

In more ¢oncrete Lterms ) 5
at latitudes 30°, 45%, and &

‘Bra for the 100G, 704,
Ul 400G, and <00 mb pressure sur N.

The spectra will based on data obtained at 72 points (every of _
lengltude) arcund a latitude circle and will be computed for wave numuers 1 15 by

mea of the standard methods of harmonic analysis. In general, the complex 8pectral
wtion for any property, q, is given by

P(n) = py(n) + 1 pp(n)

where

pyln) “Z q(A) cos nA
-3 1

i qlA ) sin nA (AZ0%, 5% 10%. ..
1

psln) =

Here  represents longitude and n 1s the wave number.

By sultably combining the Pourier coefficlents for the helghts of the pressure
surfaces, temperature, the zonal wind, water vapor and vertlcal motion Lt la possible to
obtaln all of the desired transport spectra and the kinetlc ener spectra. For example,
the spectral function, T(n), for the meridional transport of sensible heat for a given
latitude 9. pressure p, and time t, ls given by

1, () = nfopnday(n) - by (m)an(n)] .0t

¥

where a, and ay are the real and lmaginary parts, respectively, of the pressure-helght
spectrufi, and 5y and by are the components of the temperature spectra.

The spectral function for the geostrophile kinetic energy of the north-south
low is given simply by

Kf,;:.ut“) zn® ]':al(r.)'f + ae(n}d_] :

_ 1t ls anticipated that complete hemispheric data for the month of January,
1949, as well as a much longer serles of helght data for the 500 mb level alone, will
be processed.

WHIRLWIND CODING AND APPLICATION:

) Extenslve computatlons of the ype outlined above have become leasiblie only
with the advent of hlgh-speed machines such am WWI.

The program 18 currently in the proc 1l beling

307 C. SUFERSONIC NOZZL
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states of excitatlon of the hole can be determined by solution of a finite secular equa-
tion. BPecause of the locallzed nature of the impurity, the secular equation need only
involve I lon functions on s8ites near the 1 rity center. This caleculation does not

vend on ¢ s1iminary, perfect crystal calculation, It is thus proposed to determine
transition ene #s for the bound hole and compare the results to recent experimental
obaservatlons.

In both the pure and lmpure crystal problems described above, we must solve a
set of simultanecus elgenvalue equations of the followling form:

% (Hrlrrl-é-‘ﬁ'nrn) ap = s

where the ag's are the coefficlents of free-lon functlons or linear, symmetry comblnations
of rree-lopn functlons, and Hy, and Anm are reaspectively energy and overlap intervals. The
integrals are closely r‘eJaL-:H in the two problems of thls paper; hence the problems are
being performed together,

Many of the integrals involved are between functions on different centers 1n
the lattice. These lntegrals are to be evaluated by the expanslon method of Barpett and
Coulson as adapted for Whirlwind use by F. J. Corbatd of this group. In this methed, an
integral between wavefunctions on different centers is calculated by choosing one of the
centers and expandlng all of the displaced functlions In a serles of radlal functions
(called d(r) by Corbatd) times spherical harmonica about that center, For two-electron
integrals 1/rj» 18 also expanded in spherlical harmonics about the common center. The
ariginal integral then becomes a finlite or infinite sum of integrals, each of which can be
calculated easily.

The order of caleulation is as follows. The Hartree-Pock radial functions for
Cl™ and K~ are fitted with sums of exponentials times powers of r, The resultant analytic
functlons are expanded about another center using Corbatd's Alpha-Generation Program
{named for the coefficlentsd (r)). Certain linear combinations of the alphas are per-
formed by my own Mode Addition Frogram. Finally the basle integrals are calculated by
Whirlwind using Corbatd's Integrator Program. The baslc Integrals are then combined by
hand to form the Hy and A ; mentloned above. Finally the secular equatlons for the ap's
and the ¢'s are solved on ﬂﬁlrlwlnd using routines developed by Meckler and Corbatd. 11
of the programs mentloned have now been tested and have been found satlisfactory. It is
Ltnerel'ore expected that by the end of the next quarter most of the production runa will
have been c¢ompleted.

L. P. Howland
Solid State and Molecular
Theory Group

310 €. TRAJECTORY CALCULATIONS FOR A ROCKET DURING POWERED FLIGHT

A rocket obeys Kepler's Laws when it ls in free flight, since no extericr
forces are applied:. however, when the rocket's engines are providing thrust Kepler's Laws
no longer apply. Consequently, in order to find the optimum powered-flight trajectory,
il.e., the trajectory which uses the least amount of fuel, 1t s necessary to do & trial
and error trajectory study. A further complication is the effect of the atmosphere on
the rocket, namely the forces of drag and 1ift, The equations of motion of a rocket

uurlTﬁ powered fllght, taking into consideration all the forces that have been mentlioned,
are en

i
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DEFINITIUN OF QUANTITIES USED IN EQUATIONS OF MOTI1ON

Y
Launching
Point
'|
/ R IL-

angle of attack
rocket engine deflection

plteh angle Yy with respect
flight path angle!{ leoc¢cal hor
pliteh angle with reap
flight path anrlal

inertls

- lnertial axes
iloca axes
- radius of earth
dlistance from center of
earth to rocket

- resuyltant veloclity

- gravitational lorce

Lo

FIGURE

ATIONS

- polar angle at center of earth

Gl




WHIRLWIND CODING AND APPLICATIONS WHIRLWIND CODING AND APPLICATIONS

For the purposes of this investigation the equations of motion were written |
in the following non-dimensional form |
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M = .L”__ - RS“ = 4T | A typical trajectory is shown in Figure 2. In order to optimize Lhe trajectory,
N M i v I ”’N varlous parameters must be varied, such as the length of time spent in vertical rlight,
fe £ R the impulse angle-of-attack at tip-over, the length of time before staging, the length of
3 time before burnout, and the piltch-program used. For any glven set of parametera the
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E f‘t Eas constant
g —-— !-cos( - ) + cos( - )
R (? )1 Qr @ @T ¢ t burning tim
” cur b E e
T temperature, absolute
_r-nJ/S-H (é —é) _)'2.”
r v veloeity
where <}‘_ is the specified range. Va velocity of satellite at earth's surface = ," = 25,968730 x 107 rt/sec r
The first routine written for C3II was one whlch evaluated W welght
Pe = ; Oreek Letters L
LT ’ LI » Co, and (}1 e it
< e Y flight path angle
for various values of k and — ., Since then all work haa been concentrated on writing i
Ay o rocket engine deflection
subroutines for the maln program. Subroutines whlich have been wrltten and chec_uad are =
determination of pressure, density, and temperature at any arbltrary altitude I‘r'om sea J peeudo propellant load factor
level to 128,900 meters: evaluation of Cp from mathematlcal representations of the curve
of Cp versus Mach number at any arbitrary Mach number: and determination of the burnout n ef'ficiency
point through use of the o" egquation given above, including a sixth order interpolation
routine for evaluating the various parametera at the burnout point. ru divergence loss of a nozzle
During the next quarter further subroutines will be written and checked out, a8 pitch angle
and the main program ltsell will be written. Trial runs will then be made and compared M.
wlth check solutions, which have been computed on an IBM-CFC. M weight loading factor = -2
A
Tne program thus far has been wrltten by Granger G. Sutton, Research Englneer fad density
under the supervision of John 5, Prigge, Jr., Project Leader of DIC Project 7246, both
of the Aerophysica Research Group, Department of Aeronautical Engineering. The work 1ls T non-dimenaional time
sponsored by the U. 5. Air Porce under Contract No, AF 33(616)-2392 and will eventually
be issued as a formal report. Q polar angle measured from center of earth
) Definition of Symbols Superscripts
A area . amblent value
Cp drag coefficlent - non-dimensional (with exception of §)
C 1irft coefficlent Subseripts
D drag c chamber
2
E earth's gravitational factor = 1.4086414 x 10%0 rt3/sec® e exit
¥ thrust L : final value
BR absolute gravity at earth's surface = 32,28512 I‘t/sec2 |.| F thrust
Es gravitatlional conversion factor = 32,17405 f't/snar:2 L] propellant mass flow
Isp specific thrust I N normalized with respect to initial value
k ratio of specific heat F propellant
L lire -] satellite
m propellant mass flow 8L sea level value
M mass t throat
n load factor J. Frigge, Jr
Aerophysics Research Group
P pressure, absolute
P pressure, gage
r distance (rom center of earth to rocket
R radius of earth = 20,888104 x 10° rt.
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WHIRLWIND CODING AND AFPPLICATIONS

311 N. BSOLITARY WAVE GENERATING CAM

Thie 1s the first quarterly progress report on Problem 311 N. The pmbleml
consists in the sclution to a serles of algebralc equations which describe the locl of
the tool centers for work to be executed by the numerically-controlled milling machine
of the Servomechanisms Laboratory. The work for the milling machine 1s the cutting of
stainless-steel cams to be used with the wave machine of the Hydrodynamics lLaboratory, as
part of the work carried out on the Solitary Wave Hesearch Project, DIC 3-66b4, conducted
for the Office of Naval Research under Contract No, Noori-O7837.

The form of the cams 1a two half-length sine waves superimposed on a neutral
circle of the cam. The ratio of the two wave lengths varies from 1:16 to 1:1 for a series
of eight cama, The equations for the cam surfaces were modified to account for the center
pesition of the milling machine tool during cuttlng.

The input to the milling machine is binary punched tape; therefore, a Whirlwind
subroutine developed by John Runyon was used to convert the declmal results to the alge-
brale equations to binary punched tapes.

The programmers for this problem are Donald C. Taylor and John G. Housley of
the Hydrodynamics Laboratory. Technlcal assistance in programming was glven by Mr. A.
Siegel of the Digltal Computer Laboratory ataff.

J. G. Housley
Hydrodynamica Laboratory

312 L. ERROR ANALYSIS

The errora in the knowledge of a set of slx parameters descriptlve of a asystem
are to be determined from the errors in certain measurements on the syatem, These measure-
ments are assumed to be corrupted by additive gaussian nolse, A small error approximation
is made so0 that errors in the parameters are linear in the measurement errors. The para-
meter errors are, therefore, alsc gaussian. Whirlwind I will compute the moment matrices
of the errors in the parameters for various input conditions.

. The problem can be atated mathematlcally as the evaluation of a 4 x 6 and a

6 x 6 matrix. The elements of these matrices are functions of six parameters and a
variable of integration, whose values will be determined from the limits of integration

to be described below. The functions require the evaluation of square roots, trigonometric
and inverse trigonometric functions, The parameters will be given as input conditlions and
the results determined for various sets of these parameters. The two matrices are to be
multipllied together to yleld a third matrix, the elements of which will be multiplied
together two at a time and each palr integrated. The limlts of integratlon will be sup- !
plied and the results again determined for various sets of values. The Integrals will
form the elements of four & x 6 matrices which are to be added together with welghting
factors which will also assume various values., The resulting 6 x 6 matrix 1s to be in-
verted and then premultiplied by a 2 x 6 matrix and postmultiplied by the tranaspose of
this matrix. The elements of the 2 x 6 matrix will be functions of the six parameters
mentioned above and will require evaluation of the same basic functions. The final 2 x 2
matrix 1s to be diagonalized. The inverted & x 6 matrix, the eigenvalues and one elgen-
vector of the 2 x 2 matrix are desired as final results. The various combinations of

input values needed will require approximatelv 100 repetitions for the basic procedures
described.

The program has already been tested and will be used in the near future.

I. I. Shapiro i
Lincoln Laboratory

WHIRLWIND CODING AND APFLICATIONS

313 D. COURSE 6.601, NUMERICAL CONTROL OF MACHINE TOOLS

As part of Course 6.601, the students are required to produce, using manual
computation, & program for the Numerically-Controlled Milling Machine (NCMM), Because
of time limitations, they are not required to carry thelr computations to completion but

are permitted to stop at an intermediate point at which the remaining calculations are
obvious.

A Whirlwind I routine was prepared which completed the students' computations
and punched the resulting NCMM control tape. This routine was used to process all the
data provided by the students, and the tapes were then used on the NCMM. The routine
operated correctly, and produced satisfactory NCMM tapes.

A tour of the WWI computer, during which was demonstrated the NCMM translation
program developed under problem 250, was arranged as part of the course.

A. Slegel
Digital Computer Laboratory

314 €. FACTORING HIGH ORDER POLYNCMIALS

This problem concerns the analysis of the effects of alrcraft flexure coupling
with aireraft automatic control systems. The analysis results in two sets of six simul-
taneous dlfferentlal equations of motion. Whirlwind was used to determine the roots of
the resulting performance functions., Factorizatlon of several polynomials of about the
10th degree was done using Hitchcock's method, for which programs were written by M,
Jacobs of the Digital Computer Laboratory.

V. W. Howard
Aercelastlec and Structures
Research Laboratory

316 L. RADAR CORRELATION

A method 1s sought to correlate on a real time electronic computer the data
that may be found directly by radar apparatus.

Some time was spent to determine the analytic sclutions which would have the
least inherent error and would allow high-speed computation.

To minimize error in a function of more than one variable, a linear programming
routine is being developed. This routine has already been checked 1in part and ls now
being modified to take advantage »f new lnatructions pertaining to access toc the magnetic
drum storage. By evaluating the exact expression at gseveral polnts and then letting the
coefficients in a simplified expression be variable, we should be able to find coefficients
that minimize the maximum error.

M. Welnstein
Digital Computer Laboratory
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WHIRLWIND CODING AND APPLICATIONS

Reports on the following problems, done by members of the Machine Methods of

group, may be found 1n Sectlon 2.2 of Part 1

COULOMB WAVE FUNCTIONS

ENERGY BANDS IN GRAFHITE
ATOMIC WAVE FUNCTIONS AND ENERGIES
EIGENVALUES IN A SPHEROIDAL WELL

CALCULATION OF NUMBERS OF STRUCTURES OF RELATIONS
ON FINITE SETS

= oW =N

Temkin
Fried
Tubils
Corbatd
Tubls
Uretsky

McIlroy

APPROVED FOR PUBLIC RELEASE. CASE 06-1104.

AFFPENDIX
1. SYSTEMS ENOINEERING

Magnetic Drums

The interlace on the auxiliary sectlon of the puffer drum has been changed to
provide more rapld access to drum storage. The computer may now read or record blocks o
information at the rate of one word every 32 microgeconds. The former rate was one word
gevery 64 microseconds.

The control systems {or both drumsa have been modified to permlit the selection
of a new mode of operation. The programmer, by adding 1000 (octal) to the present drum
orders, may select the drum as a consecutively addressed atorage medium with no discon-
tinulties at the end of each group. The Group Selection Register (GSR) has been made a
counter which is added to by the end carry from the Storage Address Register (SAR). The
SAR end carry to GSR ls gated by digit 6 of the in-out 3wltch,

Magnetic Tape

In several Ilnatances, valuable informatlion recorded on magnetlc tape has been

r

destroyed by acclidental recordings over this information. A system has been inatalled to

allow the three printout units to be locked in the read mode by means ot toggle switches
located on thelr control panels. The computer may sense an interventlon bit to determin
whether these switches have been thrown or whether the unlts are r-ady to record.

Power Supplles

A spare filament alternator has been obtained and the installation work neces-
sary for connecting lt into the aystem 1s in progress. The control system will be such
that the alternator may be used to replace elther of the two alternators now in service
by operating one or two toggle switches. A system for substituting a motor-generator
set for one of the d-c¢ suppllies ia being developed.

Polaroid Land Camera

L

A Crown=-0Oraphic camera with a Polarold Land-camera back has been mounted ln the
control room for photographing the lndicator lights. The photographs may be used 1n place

of manual recordings of the lighta. This system provides a sure, fast, accurate means o
gathering trouble-locatlon information.

Computer Reliabllity 17 Junme 1955 to 22 September 1955

Total computer operating time 2017 hours
Total lost time 54.4 hours
Percentage operating time usable 97.4 percent
Average uninterrupted operating time between fallures 14,2 hours
Fallure incldents per 24-hour day 1,65

Average lost time per incldent 23.6 minutes
Average preventive maintenance time per day 1.5 hours

r
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APPENDIX
APPENDIX
3. FUBLICATIONS
2. VACUUM TUBES
Project Whirlwind t ical reports and memoranda are routinely dlstributed
Vacuum Tube Life to only a restricted group kno to have a particular interest ln the ProJect and to
e e ASTIA (Armed Services Technical Information Agency) Document Service Center, Knott Bulld-
During the first three guarters of 1955, the Whirlwind computer operated for ing, Dayton, Ohic. Requests for coples of individual reports should be made to ASTIA.
1780, 1932, and 1880 hours, respectively. Vacuum tube 1ife has been calculated for the ‘
six most numerous types in WWI, comprising approximately BO¥ of the total tube complement. The following is a 118% of memoranda putlished bty the Sclentific and Engineer-
A summary of this informatlion 1s shown below: ing Computatlons Group during the past quarter, '
FAILURE RATE, PER CENT 1000 HOURS No,
Quantity Firat Second Third DCL-B1 Abvstracts of memos on Automatic Coding b-22-5F J. M. Prankovich 1
now in 1954 Quarter Quarter Quarter Techniques Used on WWI
Tube Type Service Average 1955 1955 1955 .
DCL-E2 A Proposal for a New Method of Select- 6-21-5% J. M. Frankovich
TAD7 /SR1407 /6145 4273 1.5 0.97 1.1 0.64 ing the WWI Drums for Block Transfers
" . of Information |
TAKT 3400 O, 44 0.2% 0.18 0,08 l
DCL-83 Interpreted Instructlon Code of the MIT -2l -5F J. M. Frankovich
5965 88T 0.32 0,38 0.52 0.60 €S 11 Computer
BOBO/ BEOBOWA /OASTO Ti2 1.1 Q.48 2.0 3.5 DCL -84 The MIT Comprenensaive System of Servlice 6-27-55 B C. Helwlg
Routines
GBLTGT H96 0.41 0.46 0.52 0.96 )
DCL-8B8 Normal S & EC Operating Procedures 1=-15-5% F. C, Helwig
The number of 2D21 fallures has been materially reduced as a result of circult neL <89 Recent Changes in the C8 Conversion 7-15-55% J. M., Prankovich
changes correcting excessively negative grid voltage during conductlon (see Summary Frogram
Report No, 40, Pourth Quarter, 1954). Ty < 1
DCL-30 Whiriwind Display Program: Vibrations b-17-55 D N. Arden and
The number of 5963 fallures has been steadily decreasing. This 18 because most in a Length of String G. W. Patterson
of the oclder tubes of the original complement have already failed due to cathode inter- = ==
face lmpedance and have been replaced; the present fallurea either went into service aflter DCL-91 Modlr tion of the N'.Jmm".:all;.-‘-_ 7=19-55 A. Blegel
the original eguipment installation or are in circuits where operating margins are wider Coantro d Milling Machine Translation
and hence more tolerable of tube deterloratlon. Routine for Use with the G&L Machlne
The type 5965 continues to be quite stable, from a maintenance-of-characteristics DCL-32 Proposed Additional Function for the 7-22-55 F. C. Helwig
point of view: practically all the fallures in this type are due to high negative grid Read-In Button
current, primarily leakage, with some grid emission beginning in the older tubes, =
DeL-34 Polynomlial Factorlzatlon d4-1-55 M, Jacobs
The relatively large fluctuations in the fallure rate of TAK7's are caused by
statistical variatlions in the small pumber of fallures per quarter, The fallure rate for DCL-34-1 Revlslon in Polynomial Factorlizatlon B-17-5% M. Jacobs
this type continues to be comfortably low.
: DCL-97 Whirlwind I Processing Routine for B8-18-5% A. Slegel
The type BBL7GT has now reached approximately 12,000 hours of operation. Although Course 6.601
the fallure rate has been relatively low, 1t has been increasing as a result of a small but - )
increasing number of low-plate-current fallures partially due to ecathode interface impe- DCL-101 Iteratlive Solutlon of Linear Systems i-12 M. D. Mcllroy
dance, The sharp increase 1n the fallure rate during the third gquarter of 1955 1s a result Having Sparse Matrices
of the routine retesting of a panel temporarily removed {'rom WWI service and the subse- ¥
quent fallure, at test, of seven tubes lor low plate current. The circults 1ln which
these tubes operate (cathode follower being driven by a cathode follower) are such that a
considerable decrease in zero-blas plate current can be tolerated beflore system lfallure
begins. The extremely low zero-bias plate current cannot be completely ascribed to the
magnitude of cathode interface impedance involved (100-200 ohms). Qualitative tests in-
dlcate a major decrease in cathode emission itself,
. . Some comment 1s in order regarding the high fallure rate of the types ¢
60B0/60B0WA. A considerable quantity of these tubes is used in series - tube - regulator !
panels where, prior to a recent modification, circult conditions were such that the tubes
were belng operated considerably over plate dissipation rating., In the magnetic core
memory system where operating conditions are much less severe, the falilure rate of this
type continues to be reasocnably low.
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