ROYAL MCBEE CORPORATION
ELECTRONIC COMPUTER DEPARTMENT

INTEGRATION OF DIFFERENTIAL EQUATIONS
(Gill's Method)

- (Program 28.0)
FUONCTION:

To integrate n first-order differential equations of the form

J .
%% = £J (t, yl, y2’ XXT yn)- ¥*

The method is described in detail at the end. (The variables are designated by super-
scripts because subscripts are reserved for something else.)

INPUT:

Provided in the initial set-up part of the main program, which is used oniy at
the very beginning, and in the calling sequence.

OUTPUT:

The new values of the functions, and of other quantities carried along to make
the calculations possible (see discussion of method).

For each variable must be stored four quantities:
J
y 3
dt
4?, a quantity carried along only for use in the computation;
and  n’ = /, (afi-wd) 1 af < qyd
2
(\ any negative number if q.j = q j
y

qu > qyj is forbidden.

qu is the q of the jth derivative;
qyj is the q of the jth function.

Note again that the derivative may not be carried at a higher q than the corresponding
function.

It is assumed that the functions and derivatives are all carried at the lowest possible
q's, subject to the restriction of the preceding paragraph.

# A later section deals with the problem of integrating equations of order larger
than 1.

STORAGE ¢

The routine itself occupies 209 cells, (1 -1, +O208)10j but L +17-19, Lo+57,

Lo+125, L *153; Ly#161-3 are not used; it also Bses’11 cells on tracR 63:
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ROYAL MCBEE CORPORATION
ELECTRONIC COMPUTER DEPARTMENT

INTEGRATION OF DIFFERENTIAL EQUATIONS (Gill's)
(Program 28.0) :

6305, 6311, 6318, 6339-41, 63L5, 6355-6, 6358, 6362,

In addition, four quantities must be stored for each variable.

Let the n variables be stored in Yl - Yn;
the n derivatives in F1 - Fn;
the n "modifiers" in Ml - Mn;
The n q's in Q1 - Q"

It is seen that, in genéral, Ln storages must be set aside for the functions and the
quantities necessary to compute them. #

In the following discussion h is the interval of integration i.e., .

h= tk"‘l - tk.
CALLING SEQUENCE:

Actually, two calling sequences are necessary. In the "initial set-up” portion of
the program, used only at the very beginning, must appear:

Location Order Address

& o2 B L(C) C is usually B (Ly+62). s

< -1 H (L,+1L0)10 c > p+bo © ®

& B L(h) H at 0 (h=1 Ras the hex. repre-
sentation Twwwwwwq.)

&+ 1 H (Lo+015b)10 — Lo+15h

,5’ + 2 B (Lo"‘0160)10

A+ 3 C (Ly+0038) 10 0 —> AC

& + L H (@) ™ : ®

245 H (Q2) L & made for all j.

& + (n+3) H (Qn)—#}/

# The exception, in integrating n-th-OT9€T o uations, is discussed later.
#% In one special case this command will be something else. (See page 6.)

/A and &+l store the interval of integration./+2 and#*3 initialize the routine
correctly. &%l through 4#(n+3) make the n 4's 0. The §J must be made O at the start
and at any time new initial conditions are read in. The rest of the time they are
stored by the routine itself, along with the computed values of the yJ, The purpose

of %, through £+(n+3) may, of course, be served by a loop or by data input.

The independent variable must be carried as the solution of a differential equation.

g% =1, 2(t,) = z,. '



ROYAL MCBEE CORPORATION
ELECTRONIC COMPUTER DEPARTMENT -

INTEGRATION OF DIFFERENTIAL EQUATIONS (Radioplane)
(Program 28.0)

The calling sequence in the main program is:

Location - Order Address

= - 15 B L[(n-2) at 29] (n-2) at 29
H (L,+0102);5  — 0102
B L(M1) y —
Y (Lp+0203),,  A(L+0203)
B L(Yh) ¥ —
Y (L,+0130) A(L,+0130) &
¥ (1+0131);, - A(Ly+0131)
B L(Fly Fl —s
B 1(Ql) ot —+
¥ (L,#0126),,  A(L,+0126) &
Y (L5+0200), A(Lo+200)

A -3 U (x -1)
U ---- Special return, for i =L
R (Lo+0101)1o
U (L,+0200)5

oL+ 1 ---- ordinary return, for i< L

The return will be too-2 or tox+l. Since this is, essentially, a Runge-Kutta
scheme, there must be 2 different returns. Only values at i = L "count", so the
"end logic" (testing, printing, etc.) will be done only when i = L. <X +1, therefore,
will usually be a return to the section of the program in which the derivatives are
evaluated. :

Notes: It might be thought that h < 1 is a severe restriction; actually, it is not.
One can easily make a change of variable to get the new interval down to size, and
change his equations accordingly.

It is very easy to integrate mth-order equations (m > 1) with this scheme.
Suppose

m

dy = F(t,y ™1 (m-2)

‘f% (ty > ¥ s ===3 ¥), where
dt

y() < gy |

atd
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INTEGRATION OF DIFFERENTIAL EQUATIONS (Radioplane) {
(Program 28.0)

Then, y(l) s f15

ym = £ < g ¢ (1)
at
Incidentally, if one stores y, y(l), y(m) consecutively, m + 1 cells will suffice
to hold y and its first m derivatives instead of 2m cells. (Therefore, Fl - Yl +1.)
Furthermore, IY(J), 1< j<m-~1, need be stored only once, not twice. .

ACCURACY:

Not easy to estimate, but the developer of this method puts the upper bound of
the error at

-1
120

hsy per time step, or ' .

o0 h5§:y over the whole range.

TIME:

Roughlyl“ﬁ%__ljg sec. / variable (based on 15.2 msec. / revolution). + L times
the time to ewvaluate the derivatives.

DESCRIPTION OF METHOD: .

The procedure used is S. Gill's modification of the fourth-order Runge-Kutta
method, with two changes to enable greater accuracy than provided by equations (26)
of Gill's paper.#*

For each of n variables must be solved a first-order differential equation

dyJ :
VA B |
& oL A L, .

The last equations show what the ﬁj do; it is not yet clear what purposes the modi-
fiers, mJ = 2afJ - GyJ  gserve. h is carried at 0. In (1c), (2¢), (3c), and (Lc),
we have (without superscripts).

(5) y; = yi -1*hrg.

#5. Gill, "A Process for the Step-by-step Integration of Differential Equations in
an Automatic Digital Computing Machine." Proceedings Cambridge Philosophical

Society. Vol 47, Pt. 1.
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INTEGRATION OF DIFFERENTIAL EQUATIONS (Radioplane)
(Program 28.0)

The r{ are linear combinations of derivatives, and the derivatives and corresponding
functions may be at different q's. In the machine, then, (5) is calculated by (6):

(6) y; at 9y = Y31 2t gy + (hat 0) (1 at % - Q) (rf at qp)

The 1 at (qy-qf) is 29f-9y, or the modifier previously defined.

Note: It is possible to save (n-1) more cells (and a little time in the integration
routine) in one special case. Suppose

qu - qyj = constant for all j.

By far the commonest situation in which this relation would occur is that in which

qu =q yj for all j.
In this case only, only one modifier (in Ml) is necessary, instead of n modifiers
(in Ml-Mn). Then, one command must be changed and the "preliminary" calling
sequence must read:

Location Order Address
A2 B L(C) In this case, C = U (Lo + 143)
~ B L(h)

As used here, the equations for each variable in turn are:

1st step,
(la) r} =1/2 £ - gp
i=1 (1b) ) = o+ 3rf- 1/2 &,
(le) y1 = yo* h r§
2nd step,
(2a) r5 = (1 -V 1/2)(f3- )
i=2 (2b) g = qf +3r) - (1 - VI/2)(f) - q7)
(2¢) yp = yy+h rd
3rd step,
(3a) 15 = (1 + VI/2)(£; - d3)
i=3 (3b) @§ = @5 + 3r§ - (1 +VI72) 1,
' (3c) y3 =9y * hrg

5



ROYAL MCBEE CORPORATION
ELECTRONIC COMPUTER DEPARTMENT

INTEGRATION OF DIFFERENTIAL EQUATICNS (Radioplane) P
(Program 28.0) :

Lth and last step,

(La) )y = 1/6 £3 - 1/3 o
i=1l (kb) of, = o + 37), - 1/2 £3
(hc) Yu= y3 +h r{:

One can check out the evaluation of his derivatives by printing the qJ. The
following equations are appended for this purpose.

n .
I‘lc\\jl/Z fo, .
=t ,

o

‘ 503
WBVIT2 £ )

' rg ~ 1/2 £;
qg ~ 1/2 1, .

rﬁ 0 ; ‘I’

q/)l r~ 0.

If y is linear, the "~ " and "=-" would be "=W; qﬁ should always be
identically O, and will be except for round-off.
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ROYAL MCBEE CORPORATION
ELECTRONIC COMPUTER DEPARTMENT

A TYPICAL PROBLEM FOR USE WITH SUBROUTINE No. 28.0
=

STATEMENT OF THE PROBLEM: "Integrate the following system of differential
equations with the given initial conditions:

. dx - . dy = _ . dz - o
EQUATIONS: x y H A X 5 x
INITTAL CONDITIONS: x=0 H y=1 3 z =0

Since the results of the process of numerical integration will give the values
of the functions or variables, "x","y" 2"z" at the end of a specified time interval,
an alternative statement of the problem would run as follows:

"Given the system of differential equations

d 3 dz _
=3 ; F = x - 2

and the initial values of the functions at the time t = O, namely,
x =0 H y:l H z =0 s
compute the values of the functions at the time t = 1/8.

The punched tape for this problem contains linkage instructions or "calling"

sequences for three entities: a) functions
b) derivatives
I. The problem's "data" c) modifiers N
d) special constants " q "

II. Subroutine No. 28.0 (Stored on tracks 50, 51, and 52)
III. Data Output No. 1 (Stored on tracks 08, and 09.)
The names, initial values, and corresponding scale factors during storage and
output printing are as follows:

QUANTITY In. VALUE STORAGE "Q" OUTPUT "Q" LOCATION
1o X eoeevencas O teerennenanen 3 L ovevevenanan 1003
2¢ Y eeeenn B 1 veeiennnnnenne boveeneennnn 1002
D o B T ovennnnn R A ... 1001
L. dx/dt ...... O teerennnnenns 3 J T 1035
5. dy/dt.eeeeiee 0 iivirnnnn.. s R bovereiennnn. 1034
6. dz/dt ...... 2 e 7 2 boveeeieennns 1033
Te Qg venes B S Ceeeenn bovevenanenns 5620
8. ﬁy ...................... 3 Boweeeeuaans 5619
9e Uy eervencens  aueen B boveevennnnns 5618

The operating program may be adjusted, via three instructions, to print the
above nine quantities at the end of each stage "i", or at the end of a given time
interval "h", or at the end of a multiple of "h" depending on the words in the
locations: 202L, 2027, and 623).
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A TYPICAL PROBLEM FOR USE WITH SUBROUTINE NO. 28.0 ‘

These three printing possibilities may be tabularly listed with their locations and
corresponding instructions as follows:

PRINTING AT THE END OF :

EACH "in EACH TIME INTERVAL "hﬁ* A MULTIPLE OF "h"
Location Instruction Location Instruction Location Instruction
2024 : U 6200 2024 : U 6200 2024 : U 1920
2027 : U 6200 2027 : U 1906 2027 :+ U 1906
6234 : U 1906 6234 : U 1936 623L : U 1936

- Automatic carriage return key is to be placed such that automatic return of
the carriage follows the printing of the ninth information item, "q ". (The "q's"
with the circumflex symbols are special calculational constants and”are not related
to scaling processes.)

As can be seen from printing the contents of the problem tape the operating
program, or control program, is stored in locations on tracks 17, 19, 20, and 62.
This particular storage arrangement is completely arbitrary.

A copy of the program description for Subroutine No. 28.0 should be available
to the reader when using this particular typical problem.

PROCEDURE

1. Store Data Output beginning on 0800

2. Store "A Program for Operating the "Integration of
Differential Equations" Subroutine No. 28.0"; this
tape has all of the necessary "Start Fill" Set Mod"
information all punched on tape.

3. Store Subroutine No. 28.0 beginning in location 5000.

L. Execute a transfer to location 1710 via ".0001710' ",

5. When this is done, the program will compute the
nine pertinent values and will print them out for
time equal to 1/8 second, as the tape is presently
punched. To obtain other intervals of printing
listed above, make changes in words indicated.

¢  As the problem tape is presently punched it will execute
printing at the end of each time interval "h".
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Prog. No
Proble“F]:rrbetgra-tic)n of Simultaneous Differential Iquations (Radtoplane).
Program Input g Location Instruction §~ Contents of Notes
Codes n Op. Address |w Address
{ ,
1
NS RS !
ey ool R G |
).O.o.o;aoko‘/ LI - ; NECIRA WA 2P q
o = 4 L 0z . ‘X. '16.5./7!;5' -
A { A , 90,3 ——s .MILOL/ 00| zZ
—— LN .xH%b.B.%o ' _ ‘
— L L0 5] .)(.STLéﬁl(o.Z ' 5,2/1’(3“:"'” the e
AT B 9,8 .XAH%éJ S8 . |
N : —t . 9.7 L .X.z‘?;éﬁLbLZ ! 5’0
N o0l XS16340.| % K ‘
L 00 L XA 6B 58| 4B the e
N L] .V IVAC Y 4 0 B
— L Ko 331
N R RS J/;Q/lo?.éa ‘
——— NEVLIES N VN A e =
N L loal ‘5,ro./,¢;7. ooz o
N B bl Hi0038)
N R LA BN VoWV 90 to exit
NN RN I K
e N N K
e I N
—— 200 XHI63.506]
N NI . A VIO N 2vA 1 Y
R C22| . Moos gl g - e,
N .23 .x,ﬁ/:télz-‘&z?,
N S ,_D}OlC), LOY: é-’\
e L 2,5 14)(1/-7%(9.5.8,L2' 7z
PR S , 2.6 ) ‘)QLC¥613‘0‘5' ~
PP — L2 7 l)(,\.’S!é‘.ng'(o / L, ‘
X ) } . , 2 81 M}O‘O,5,?' /-ix =L,
I C20 L L XAe 305 4 » 28,
A R 3o Ko 330 _
A 3L 0,260 X .
' X

Conditional Stop Code

Royal M¢Bee Corporation

Carriage Return
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Job No. Prog. No 28.0 Prep. by £ M. Stone  cird. by M:Moove Date
Problem_ 1ntegration of Simultaneous Differential Equations (Radioplanﬁ)mck
Program Input g Location Instruction g_' Contents of - Notes '
Codes 7] Op. Address iwn Address
} ,
¥
—t } P ! r
— e, 8.2 .u%o.o.s.s'
— L33 5{0./.5.2?' Joo39
— L3 A .H[rO‘O,é’.g '
N S L35 .!/%0./.0./ ' 10 exit
ia : et 223,81 .5;[. L
N B e e
D I ) B 2T o
e : e L 3.9 ./’(F/L”C}’ AK
1 N
— | A R )gg,(o:ﬁéll #2 .
— ; — LI M;O,O.do.a fts g (41F)
e 42| L Dosool|  Z ,
RPN B L3 XCG E3 58!
N R Y A
T L /‘-’JiOOéS A5[Cas 1+ .
_L: . 4.6 ..X«,HG RRiE
A B R Y A -2
L s XA b2 58] A
el ol XAGL3 3 kK
R B ) eyl A ®
i LS xA63.58] £
o s Ras 33l
N T Y {
oo Aol B9l voes
e sl #0033
e Cssl . veror], lo exit
[},aoo;o 007 |, 5,8 z,b,'z,K:[mv,e.é, R
N 35555554 /Z'Z’
s e 6.0 2/:./'TF=FIF'/-'.F' 3
R R 8 T B2y
P N B | @ g - ___-_‘__].
PN T L8336 KA NBTT, T K i( =IriE)
! Conditional Stop Code @ Carriage Return

Royal M¢Bee Corporation
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PROBLEM: TRACK
Integration of Simultaneous Differential Equations (Radioplane)
R Sy e
i a INSTRUCTION & CONTENTS
PROGRAM INPUT CODES g LOCATION SrERATon | AooiE: g OF ADDRESS NOTES
-
IR R L
¥
ooy i
T R O /e 10 |4 AAGOOAA | = i
I T B poop by 1”; Loy -~ ex/t
- cov-tesd, -
A Ldoqz oy y o g IV PR ERG
Lo ! Lt L1043 L I%léﬂél\jl'jlé/ / .
A Lo | MO O G z
T _l ,2 S, , /
L ! | 11 ] 1045 | lJ(:C;@:ul‘/l/ .
< R 7
I R Laoge | 1 OS03162)7 /7
I P g 1/75.01045@ / cl
L Lwogs | | UG EAN I 2
TINNY R B I T I I L O IX’-J% L 351501 ,
IR Clro g 101’/\ a0’ s
— A
T - 11 L L X ’l/l(’i 'Slkl/ /1/ ’;3
N O Y L2 | ldewu?’ i
T S T T L El ’l(ffl{‘// Z
L b L] NQM CE Al
T . . }. -, ’\'
T Y L Lgs |y 1/{1/1?1«14 d /‘,\:'* i d
S R Lo L asecl ] e
T O R g7l l/ N 146!
R B LI GO T AvAwiL -
I B LS luf'i/l/n//’
I R LA IH,IOIOL./M?{ / ,
| O I | L4z q! | lfé’l‘-/f')l /16’1/ 1| E<r,
! = ‘N7 TED o
S S T T T I A T 194/ L7
T I T N LN | r‘élﬁ oAl :
. A B 'l
41 g ' L2 44 ] 11 l(/éol/kf)l/ / ) G
[ 5 | | 215 11 { N
Ll iy 11 [ ]2 ¢ AL
S N L1z |y WA A7) _
T T L d2 e | | lél/;i(/l/)/ ARZEATACED)
1/ / g - I," /‘/
I B R N I.A/.l/'ﬁ' Al
[ Jr | L3194 1 1 I‘”/lv! ] 1—-/ d
[ N WO N N o3 bbb If‘/l AN
FORM LP-10 Royal MCBee borporanon CARRIAGE RETURN
DATA PROCESSING DIV.
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Problem L 7 + < e £ Y K )[ </ / L //5, o :/»”-’/../4 ’ s ua s ir::k ” 0/‘ e C)
.
4
FUNEY ST S S S !
A B PR .Y R VA
b 3.3 711[ il —
T S —— AT B b{%ﬂ,d.a./ ! /é@f??
A L% T L 3,8 P .H}&/OOZ'
—— 2 3,80 4,5110./197.é ! _ .
P R cerl o, A 048 A &I
et sl Y d00]
R B . LY RAL
L vo|l . Aoob .| £ 27

L 4.0 ..4&/%21
el L.4‘2..b/1 A0, 3
e a3 poos AR IEAT
N N B B PWIEY B2 XL,

— NVLILE SR 1/ = WA L .
PRSI 114 o L .416 TSy Vlu./jﬂ '
P T e L0664 [ 27
N T L8, ./flr’! 0,7, 0
o J: T RS B UIO /50!

N L,S.OJL.,/IA,QJ/)'
PO B IR .V}O,/.fl.al'

N Lu5.2 v Aoo].
coooe00d | sl 2 gmed 48] 002
AN I A0S S B
l; Lu5,8 510/\6"/' A
A T .l5.5..{/40fx./’6'

—— A U10 0, 4,0
IR S % — p 3,8 s 1_.!/15' qu !
e L45,9,.(/l<9/03,

N L6800 L/ll 0.0 A
2,000 002 || 61| i/, %71)5&/ A 0.0/

— , 8,2 ]leijf' £/
N T . .8,31/.7, .117,/191/:' J

X
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! Conditional Stop Code Carriage Return
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, Ny ) . ‘ Rud 10 plane
problem LT taTion of Simullayeous Jitereatial Equal ’U’Véag plarg

Program Input g Location Instruction g Contents of Notes
Codes %) Op. Address |n Address
I
i ]
——
. 1 A l A 4 A !
i i N A 7
L. '} Ll 'l L 'l (OAQIOIO A A lgl[l 1 IJ ’ q(J
| LI} !
. L L0t . .X.Hlé’.g.élf’l !
T i
W S} % PR S| 2 1012 L lu }O'A:-)|O.3 ! 5z ( ) C( ')
' g TF01- 9T or
—— 0.3 BIL . .J’ {naj»
A A . 1 1 A i i lol‘4 s A ITIOI{ISIS’
T |
1 PO J 1 2 i 2 cons i i t\v\lOL tl_E‘J'\ ! h
T T
3. 1 ) I ' 'l —ead A ‘0.6 i '} IHLOIOAOIO 4
1 T
A, A A ' A 4 i 1 1017 A A IUIOLQAI;OIQ !
1 1
R B .81 L JUIO,O.B.G'
' T
—— b NPT IV RS B
1 I
I s A 1 i ' L A lllo L ' Jl l A A A !
I T
N PR LIV U B I
1 T
) IS L ‘ 1 'l 1 A llL2 1 i o ’ i I 1 !
T T
. | 1,3 | I
I A 1 ' IS i ' A . il A A 1
A, A 1 ] i 1 1 1 Ill4 1 1 s l ' L 1 !
T T
A i s l '} ' 1 4 AILS i '} ' l A N A !
T T
1 A '} J 1 IS 1 i lll6 L L | l A i A !
T T
- A 1 1 1 1 1 -y lll\’ 1 A A l 1 ' 1 !
I T
A Il A ILI 1 s lll8 . - ' Ll i 4 !
T |
P N1 % L1 " 1119 P { P S !
e PP B S
l T
J. A '8 l 1 1 L 4 lzll 1 i A | A 'S L 4
T )
s L A l L ' 1 i 1212 i '} A l A ! A !
I l
A 1 (! l . 'l i A l2I3 A A A I 'S A A !
P I
- A ). l 4 ' Il A l244 A A A I 4 A A !
! 1
e 'S A ‘ 1 '} 1 A 12|5 A L i J . 1 ' !
T {
Lk ' 1 ! ' L 1 1 I2l6 1 ) 1 'l A 1 .. !
J. 1 '} J . i 1 1 1217 A A 1 1 i A - !
| I
NP BN L. .28 . R '
I T
d- L A l Il i A I A2 9 ! A i l A ' A !
T L
4. . 1 ' A 'l 4 'S 13.0 A ) 4 I L ' A !
T T
J. L l l [l L ! A lall 1 N — l ] 1 1 !
' Conditional Stop Code g Carriage Return
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