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{571 ABSTRACT

An arithmetic unit for accomplishing the multiplica-
tion of two binary numbers at high speeds is described
herein. By utilizing a plurality of gates connected in
successive stages, the combinations of individual digits
of a multiplicand and a multiplier to produce the
product thereof is accomplished. The gates of the suc-
cessive stages are so connected as to shift the partial
product produced at each stage by one digit to the
right, the least significant digit of that stage being
shifted out as a product digit. In the simplest case,
there will be as many stages as there are multiplier
digits. However, a modification of the basic system
provides for the simultaneous combination of the mul-
tiplicand with a plurality of individual multiplier digits
to reduce the number of stages required in the ap-
paratus. Each stage produces carries which are added
in by means of inter-spaced adders or half-adders at
each stage. No timing signals are required since this
apparatus operates as an-asynchronous device. There-
fore, each stage occupies only the time required to
transfer the function through it, and the total multipli-
cation process is speeded up thereby. The modifica-
tion which permits simultaneous. combination of a plu-
railty of multiplier digits with the multiplicand shor-
tens the required multiplication time even further, and
if special encoders are utilized, the total multiplication
time can be even further reduced. Since no timing pul-
ses are required, information flows through the mul-
tiplier as a ripple.

9 Claims, 5 Drawing Figures
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ASYNCHRONOUS BINARY MULTIPLIER
EMPLOYING CARRY-SAVE ADDITION

BACKGROUND OF THE INVENTION

When electronic computers were introduced to the
world, they were hailed as a major step forward in the
solution of many problems. Their great speeds of
operation enable the solution of problems which were
too complex to be solved by earlier methods or ap-
paratus, or which were too long to offer a solution in a
normal life time. Since the introduction of electronic
computers, continual efforts have been made to reduce.
the solution times for problems even further.

Often, these efforts result in compromises because
higher speeds can be achieved by utilizing more com-
plex and expensive equipment. Thus, in order to devise
general-purpose computers which do not occupy too
much space and which remain relatively simple in or-
ganization, large computer systems will have but a sin-
gle device to perform all of its arithmetic functions. In
order for this to be feasible, a great deal of reiteration is
required, and one classic system for multiplying two
digits together was by the repeated addition of the mul-
tiplicand the number of times specified by the multipli-
er. By shifting the partial product the number of addi-
tions is reduced, but this type of multiplication still
requires a great deal of time even though the amount of
equipment -is kept to a minimum. Another system
which has been used for multiplying two digits together
is a multiplication table constructed in the form of elec-
tronic components, relays or the like. The table
generally comprises a plurality of matrices to which the
multiplier is applied on one side and the multiplicand is
applied on another. The partial product is indicated by
the line or lines which are energized as a result of the
two inputs. This type of multiplier is rapid, but it is ex-
tremely complex and requires a large amount of equip-
ment. In such multiplication tables, a single matrix
usually produces a partial product only of a single mul-
tiplier digit with a single multiplicand digit so that if the
partial product of a single multiplier digit and the entire
multiplicand is desired in a single operation, the
amount of equipment must be enormously increased. If
this amount of equipment is too great for the problem
being considered, the multiplication process must oc-
cupy a larger amount of time.

In addition to the above-mentioned disadvantages of
the prior art equipment and methods, the use of
synchronous circuits has an added disadvantage. In
order to ensure that each step of each operation
proceeded in order, and to avoid conflicting operations
in a large device, each step was initiated and controlled
by a timing pulse, usually supplied from a central clock.
This meant that no matter how fast any individual piece
of equipment could operate, its successive stages of
operation had to wait until the timing pulse arrived to
initiate them. Even in the more complex systems, the
use of timing pulses to control the individual opera-
tional steps added to the time required for a multi-step
operation such as multiplication.

DESCRIPTION

Now, therefore, it is an object of this invention to
provide a new and improved arithmetic apparatus
which operates at high speeds.
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It is another object of this invention to provide a new -
and improved multiplication device which operates at
high speeds.

It is a further object of this invention to provide a
new and improved high-speed apparatus for producing
the product of two digital quantities.

It is still another object of this invention to provide
apparatus for accomplishing the multiplication of two
digital quantities without the use of timing devices.

Other objects and advantages of this invention will
become apparent as the following description
proceeds, which description should be considered
together with the accompanying drawings in which:

FIG. 1is a chart setting forth the steps performed by
the apparatus of this invention in multiplying two num-
bers;

FIG. 2 is a chart setting forth the individual steps per-
formed by the apparatus of this invention in shifting a
number by a prescribed amount;

FIG. 3 is a functional block diagram of a multiplier
according to this invention;

FIG. 4 is a chart setting forth the several steps in a
multiplication operation according to this invention in
which multiplication is accomplished in a reduced
number of steps; and

FIG. § is a functional block diagram of another em-
bodiment of the apparatus of this invention.

The method and apparatus of this invention are
primarily to increase the speed of computation. To il-
lustrate the operational method used by the apparatus
disclosed herein, the chart of FIG. 1 is provided. Basi-
cally, in order to provide maximum computation speed
with a minimum of complex equipment, it is contem-
plated that the entire multiplicand will be processed by
an individual digit of the multiplier at each step in the
simplest method, and that the entire multiplicand will
be processed by more than one multiplier digit in each
step in the later embodiments discussed. In binary nota-
tion, of course, each digit can have either a 0 condition
or a | condition. If a multiplier digit is 0, then the mul-
tiplicand is not added to the partial product in that par-
ticular digit position. If, on the other hand, the multipli-
er digit in any particular digit position is a 1, then the
multiplicand is inserted at that particular step. With
this simplified explanation, the method disclosed in
FIG. 1 can be better appreciated.

The table of FIG. 1 shows five separate steps which
are numbered 1 through 5 in the left-hand column.
Each operational step comprises the following parts:
(a) The accumulation of values from a prior step; (b)
The application of the carry sum from the prior step;
(c) Insertion of the multiplicand in that step; (d) The
summation of the above values; and (e¢) The presenta-
tion of any carry produced at that step. For the exam-
ple presented by FIG. 1, it is assumed that the multipli-
er and the multiplicand are both four digit numbers and
are both the same quantity; namely, 1111, Referring
now to FIG. 1 and to step 1 of the figure, the first mul-
tiplier digit considered is 1. This is the least significant
digit and can be represented by X°. Since this is the first
step, the accumulated amount from a prior step is,
naturally, 0, and the carry sum from the prior step is
also 0. The multiplicand, 1111, is added to the accumu-
lated sum and to the carry sum to produce the sum of
step 1 which is 1111. This addition produced no car-
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ries, so the carry for the next stage is 0000. This
completes step | of the operation. Step 2 follows the
same format as step 1 with the added feature which
takes place between step 1 and step 2 of shifting the
sum produced in step 1 a place to the right. This is
equivalent to dividing by two. Therefore, the amount to
be added in step 2 is 0111 with a fourth 1 shifted a
place to the right and accumulated in the final product
as it is. There was no carry added in step 2. Since the
second multiplier digit, that which is represented by X!,
is 1, the multiplicand is added to the shifted accumu-
lated sum and the carry. The sum in step 2 is 1000 and
a carry is produced in step 2 which is 0111. The opera-
tion of step 3 is similar to that of step 2. That is, the sum
of step 2 is shifted one place to the right and appears in
step 3 as 0100 with a O shifted out to the right. The 1
which was shifted out in step 2 is also shifted a place to
the right so that those digits shifted out of the multipli-
cation process are now 0 and 1. The carry from step 2 is
0111 and this is added to the shifted accumulated total
and, since the third multiplier digit is 1, to the mul-
tiplicand which is 1111. The sum in step 3 is 1100 and
the carry which is generated is 0111. Step 4 is the same
as steps 2 and 3. Step 5 accumulates the final carry and
the shifted sum from step 4 to produce the final
product. It must be remembered that in each operation
the carry produced by the addition of the digits in a sin-
gle digit position is accumulated separately and is then
added in the next subsequent step in the operation to
save time. The final product comprises the final sum or
partial product produced in step 5 and the digits which
were shifted out of the operation to the right in each
step of the operation. In addition, FIG. 1 illustrates that
the number of digit positions taking part in any addition
is always the same even though the final product con-
tains as many digit positions as there are in the sum of
both the multiplier and the multiplicand. Using the ex-
ample of FIG. 1, only four operational orders are
required in each stage. Thus, even though the entire
multiplicand is utilized in each step of the operation,
the amount of equipment required is kept to a
minimum.

The apparatus for accomplishing the operation
shown in FIG. 1 is shown in schematic form in FIG. 3.
The apparatus comprises a matrix in which each row of
gates performs the first part of an operational step as
shown in the table of FIG. 1. The matrix comprises four
separate rows of gates, the first row including gates 21,
22, 23, and 24; the second row including gates 25, 26,
27, and 28; the third row comprising gates 34, 35, 36,
and 37; and the fourth row comprising gates 42, 43, 44,
and 45. Each gate 21-28, 34-37 and 4245 has two in-
puts, one input being a multiplier digit and the other
input being a multiplicand digit. The gates in the first
row of gates 21-24 are all connected to the multiplier
digit input having least significance; the gates of the
second row of gates 25-28 are all connected to the
second multiplier digit input ier,; the gates of the third
row of gates 34-37 are all connected to the third mul-
tiplier digit input ier,; and the gates of the fourth row of
gates are all connected to the fourth multiplier digit
input ier;. The apparatus shown in FIG. 3 is exemplary
of the apparatus used in the invention and is arranged
to perform the operation shown in tabular form in FIG.
1. Since, in FIG. 1, the multiplications are performed
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by a 4-digit multiplier and a 4-digit multiplicand, only
sufficient apparatus is shown in FIG. 3 to handle num-
bers of that size. Similar to the manner in which the
rows of gates are connected, the gates are also arranged
in columns of four each with each gate in the first
column of gates from the left, comprising gates 21, 25,
34, and 42, being connected to the multiplicand digit
having the most significance. In a similar manner a
second column is formed of gates 22, 26, 35, and 43
which are all connected to icand,; a third column com-
prising gates 23, 27, 36, and 44 which are all connected
to icand,; and the last column of gates 24, 28, 37, and
45 which are all connected to the least significant mul-
tiplicand digit icand,. Thus, each gate has a multiplier
input and a multiplicand input, and the output of that
gate represents the single combination of a particular
multiplicand digit equal to 1 and a particular multiplier
digit equal to 1. With any combination which includes
0’s, the output of the gate will not be energized. In addi-
tion to the gates which perform the first part of any
operation step shown in the table of FIG. 1, adders are
included to add together the partial product of a previ-
ous step with the digits which are introduced by any
particular row of gates. Since the only operation in the
first step is the insertion of the multiplicand, there are
no adders used in the first row in FIG. 3. Further, since
no addition takes place in the first step, no carries are
produced, so the first row of adders need not be full ad-
ders but can be half-adders. The difference between a
full adder and a half-adder, of course, being one input
since a full adder adds not only the two quantities ap-
plied to it but also a carry. Half-adders 31, 32, and 33
provide the first row of adders in the system. Each of
the half-adders 31-33 has two inputs and two outputs.
One input to each half-adder will come from a gate in
the first row of gates, and the other input to each half-
adder is applied from the second row of gates. To per-
form the equivalent of a shifting of the quantity from
the previous step, a half-adder will have an input from a
gate of row one and an input from a gate of row two
which is the next lower digit position. The two outputs
of the half-adder comprise the sum and the carry, with
the carry being represented by the left output and the
sum by the right output. The third operational row of
the apparatus of FIG. 3 includes the gates 34-37 and
three full adders 38, 39, and 41. Each full adder in-
cludes three inputs and two outputs. Two of the inputs
to each of the adders 3841 are applied in the same
manner in which the inputs to each of the half-adders
31-33 are applied. Thus, an input to each adder will
come from the previous step and represent a digit of
the partial product of that step and another input will
come from a gate in the next lower digit position of the
same row that the adder is in. The third input to each
adder is a carry digit from the previous step. Their
three inputs are added together in each adder to
produce two outputs, a sum output which is the right-
hand output and a carry output which is the left-hand
output of the adder. The adders 46, 47, and 48 are part
of the fourth operational row of FIG. 3 and are con-
nected in the same manner as are the adders 38-41 of
the third operational row. The fifth step in the multipli-
cation operation as shown on the table of FIG. 1 is per-
formed by two adders 49 and 51 and a half-adder 52.
Since the fifth step comprises adding together the sums
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and the carries from the previous step, this is accom-
plished by these three elements. The product output of
the system shown in FIG. 3 appears at terminals 53, 54,
55, 56, 57, 58, 59, and 61. These are further identified
as product digits, P—P,,.

The system of FIG. 3 operates in the manner
described in connection with the table in FIG. 1. The
individual gates 21-28, 34-37, and 42-45 produce out-
puts when the two digits supplied to the inputs are both
1’s. Should the multiplier digit be 0, then none of the
multiplicand digits are inserted at that step. Should the
multiplier digit be 1, then the multiplicand is applied at
that step. This insertion of the individual digits of the
multiplicand at one step or another is controlled by the
individual gates, each row of gates representing the in-
sertion of the multiplicand digits at that particular
stage. To perform the multiplication as illustrated in
the table of FIG. 1, the multiplicand is or is not inserted
at the separate steps in accordance with the multiplier
digit, and the multiplicand so inserted is added in that
same step to the partial product which resulted from
the previous step. To reduce the time for each step, the
addition of any carries which are produced takes place
at a later time. In this manner all of the carries from one
step form a word which can be added in the next fol-
lowing step. When the individual digits of the multiplier
are applied to the input terminals 11, 12, 13, and 14
and the individual digits of the multiplicand are applied
to the input terminals 15, 16, 17, and 18, the apparatus
of FIG. 3 is energized and operated to produce a
product. The least significant multiplier digit ier,, in
this case 1, enables the gates 21-24 to permit the in-
dividual multiplicand digits to pass therethrough. Since
the multiplicand for this example is 1111, the outputs
of all of the gates 21-24 are energized. As indicated in
the discussion of FIG. 1, the output of the gate 24
becomes the least significant digit of the product and is
applied to output terminal 61 as P,. The outputs of the
other gates 21-23 are individually applied as inputs to
the half-adders 31-33. The gate 21 is in the icand,
column but its output is applied to the half-adder 31
which is in the icand, column. This effectively produces
a shift one place to the right in the output of each step
when applied as an input to the next step. The outputs
of the gates 22 and 23 are similarly applied to the in-
puts to half-adders 32 and 33. At the same time, the ier,
digit, which is applied to the input terminal 12, deter-
mines the passage of the multiplicand through the gates
- 25-28. The outputs of gates 26-28 are applied as the
second inputs to the half-adders 31-33. At the same
time these half-adders 31-33 generate the sums of the
inputs applied to them and energize their carry and sum
output lines. The output of the gate 25 is applied to the
next step. Similar to the insertion of the multiplicand in
steps 1 and 2, the multiplier digit ier,, applied to input
terminal 13, determines the insertion of the mul-
tiplicand in the third step of the operation by the open-
ing of gates 34-37. This step includes the full adders
38-41, and the output of gate 25 of step 2 is applied as
one input to an adder 38 while the carry output from
the half-adder 31 is a second input, and the output of
gate 35 is a third input to the adder. In a similar manner
the full adders 39 and 41 include as inputs a digit of the
sum from the previous step, a digit of the carry from the
previous step, and a digit from the multiplicand as in-
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serted in this step. The outputs from the full adders 38,
39, and 41 are applied in a like manner to the com-
ponents of the fourth step, adders 46, 47, and 48.
Since, in the operation of the system of FIG. 3, the par-
tial product produced at each step is shifted one place
to the right in transfer to the next following step, a digit
of that partial product is removed from further opera-
tion. In this manner each step provides a digit of the
final product. The rest of the digits of the final product
are provided by the outputs of the two adders 49 and
51 and the half-adder §2. This last step which utilizes
the adders 49 and 51 and the half-adder 52 is the final
summation of the partial product from the fourth step
and of the carries produced therein. So, the sum output
of the adder 48 in the fourth step of the apparatus
produces the product digit P;, and the carry output
from the adder 48 is applied to the half-adder 52 where
it is added to the sum output from the adder 47. The
sum output of the half-adder 52 is the product digit P,,
and its carry output is applied as one input to the adder
51, the next higher order, where it is added to the carry
output of the adder 47 and the sum output of the adder
46. The sum output of the adder 51 is the product digit
P;, and its carry is applied to the adder 49, whose sum
output is the product digit Pg, and whose carry output is
the product digit P-.

Since the apparatus of FIG. 3 does not utilize
clocking pulses, the information is available at each
step as soon as the equipment in the previous step has
stabilized at its value. In this manner, the information
flows through the entire multiplication system at a rate
which is limited only by the transfer time of the in-
dividual components. Of course, the input information
applied to the multiplicand terminals 15-18 and to the
multiplier terminals 11-14 must exist for at least as
long as the time required for the information to
completely flow through the entire system of FIG. 3. In-
formation in the form of short pulses may be temporari-
ly stored in a register to ensure that the potentials exist
long enough for the entire multiplication to take place.

The apparatus of FIG. 3 incorporates some basic
requirements. The insertion of the multiplicand at any
step is determined by the existence of 1 in the multipli-
er at the corresponding digit position. This is accom-
plished by a single gate for each digit in the mul-
tiplicand. In a step where a previous partial product
was formed, the digits of the previous partial product
are individually added to the digits of the next lower
digit position of the multiplicand. In this manner, at
each step of the operation the partial product is shifted
a step to the right. Where only an insertion of a mul-
tiplicand is required in a step, that step comprises only
gates. Where a step incorporates the addition of a par-
tial product and a multiplicand, only half-adders are
required. Where a step requires the addition of a partial
product, the multiplicand, and carries produced in an
earlier step, then full adders are required. At each step
the least significant digit resulting from that step forms
a digit of the product, with the least significant digit of
the first step forming the least significant digit of the
product. Thus, utilizing the principles set forth above
and the apparatus shown in FIG. 3 and the method
shown in FIG. 1, it is possible to construct a multiplier
for multiplying together a pair of numbers having as
many digits as desired.
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The apparatus of FIG. 3 can also be used to shift a
digital word a prescribed number of spaces to the right.
The method used is shown in the table of FIG. 2. The
word to be shifted is applied to the multiplicand input
terminals 15-18 (of FIG. 3), and another word, ar-
bitrarily constructed to control the number of shifts
required, is applied to the multiplier input terminals
11-14. The word applied to the multiplier terminals
11-14 is comprised of 0’s, except for 1 in that digit
position which is the prescribed number of shifts from
the most significant digit. Assume for this discussion, as
shown in FIG. 2, that the number to be shifted com-
prises all 1’s (1111). Also assume that this word is to be
shifted two spaces to the right. Then, as shown in FIG.
2, the word applied to the multiplier terminals 11-14 is
0010. As shown in FIG. 2, since the first (least signifi-
cant) multiplier digit applied to terminal 11 is 0, the
number to be shifted is not introduced in the first step,
and, since there is no partial product from an earlier
step, the sum and the carries from step 1 comprises
0000. In step 2, the multiplier digit, the digit applied to
the terminal 12, is again 0, and the word to be shifted is
not introduced in the second step, either. Thus, all of
the numbers to be added together in step 2 are 0’s and
produces a sum output which comprises 0000 and a
carry word 0000. However, the third digit applied to
the input terminal 13 is 1 and, as explained above in
connection with FIG. 3, this causes the introduction of
the word to be shifted in step 3 by means of gates
34-37. This is shown in step 3 in FIG. 2. Since all of the
~ previous quantities to be added to the number to be
shifted are 0’s, the sum output from step 3 is 1111, the
number to be shifted. The carry from step 3 is 0000. In
step 4, the digit applied to the terminal 14 is another O,
which prevents the introduction of the number to be
shifted in this step also. However, since the sum output
of step 3 was 1111, this is applied to step 4 shifted one
space to the right so that the output from the gates
34-37 are applied as inputs to the adders 38, 39, 41,
and 46. In step 4, as in the earlier steps, the shifted sum
from step 3 is added to the number introduced in step 4
producing a sum and carries. Since only 0’s are added
to the shifted sum from step 3, the sum output from
step 4 comprises 0111 and 1 is shifted out as the output
of adder 41 to form the product digit P,. Thus, the word
to be shifted has now been shifted a space to the right.
The output from step 4 is again shifted a step to the
right when applied to step 5 which is the final summa-
tion step. Since the carries in this operation are also 0’
s, the final summation is really the shifted total handed
down from step 3 through step 4. So the second shift
takes place when the quantity is transferred from step 4
to step 5 producing a number 0011 with the two least
significant 1’s shifted out to the right, forming the
product digits P; and P,. In this manner, the number to
be shifted is shifted the prescribed number of spaces by
a word which has only 0’s, except for a single 1 in that
position which is the number of shifts in from the most
significant digit.

The apparatus of FIG. 3 performs multiplication by
multiplying the multiplicand by a single digit of the
multiplier at each step. In a device of that type where
the binary numbers comprise n digits, the number of
gates which would be required is r%. In addition, such a
system would require n half-adders and a number of
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full adders which is also related to n. The apparatus of
the type shown in FIG. 3 performs those operations in n
steps, and the time required to produce the product in
such a device is one gate time plus n—1 adder times plus
n carry times. By reducing the number of steps in the
operation it may be possible to reduce the amount of
time required to produce a product. One method for
accomplishing this is to multiply the multiplicand by
two digits of the multiplier at each step. Such a method
is shown on the chart of FIG. 4 where the multiplicand
(icand) is represented by a first 4-digit word (1101)
and the multiplier (ier) is represted by a second 4-digit
word (1011). Although the chart of FIG. 4 shows four
steps, the multiplication is actually performed in two
steps, and the last two steps merely shift and add the
carries. In the first step the two least significant digits of
the multiplier (ier, and ier;) are used. These two digits
are 11 and they represent the amount 3 which means
that to accomplish the multiplication, three times the
multiplicand (3icand) must be added in. To obtain
three times the multiplicand, this method adds in
4icand and subtracts licand. Adding 4icand is readily
accomplished by generating a carry, which, since the
carry is added to the third multiplier digit, is the same
as 4dicand. In the table of FIG. 4 under the column
labeled operation it is shown that the accumulated
amount of step 0 is 0. The carry sum from step 0 is also
0. Adding in —icand is the same as adding in the 2’s
complement of the multiplicand and this is accom-
plished by inverting the digits and adding 1. Thus, the
quantity 10011 is inserted. The sum of all of the values
of step 1 is 10011, and the carry to be added at this
point is 0000. In step 2 the multiplier digits ier; and ier,
are 10 which require 2icand. However, a carry,
representing icand in step 2, was produced in step |
which carry, when added to 2icand, produces 3icand.
Thus, the procedure in step 2 is the same as that in step
1. The accumulated sum in step 1, shifted two spaces to
the right, is 11100, and the two least significant bits
(11) are shifted out to become the least significant bit
of the product. A 1 in the most significant position of
that word indicates that the word is negative and the
two empty spaces produced on the left by the right shift
are filled with 1's. The carry sum of step ! is again
0000. As above, —icand (10011) is added, and the sum
of step 2 is 01111. The addition or the summing of step
2 produced a carry of step 2 which was produced only
because of a negative overflow from the addition itself.
This is identified by the * and is to be ignored since it
does not denote a carry for multiplication purposes. In
step 3, the multiplication carry produced in step 2 is in-
serted. This was the amount which, when carried to
step 3 and shifted two spaces to the left, produces the
equivalent of dicand in step 2. Therefore, the sum
which is accumulated in step 2 is shifted two spaces to
the right and produces 11011, has two bits (11) shifted
out to form the next two most significant bits of the
product. At this point, the partial productis 1111. No
carry is produced by the summing of step 2. The carry,
which is the equivalent of 4icand in step 2, is now in-
serted, and the sum is produced. The sum is 10110, and
the sum carry of step 3 is 01001. In step 4 the accumu-
lated sum of step 3, shifted 2 spaces to the right, and
the sum carry produced in step 3, also shifted to the
right, are added. The final summation takes place to
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produce the product which comprises the eight least
significant bits and is 10001111. Summarizing the
method of FIG. 4, it can be said that the multiplier is
considered two bits at a time and each pair of bits is ex-
amined so that the number of times the multiplicand is
to be added in can be determined. Considering the mul-
tiplier two-bits-at-a-time, there are four possible com-
binations which may exist. These four combinations are
00, 01, 10, and 11, and it is apparent that three dif-
ferent values of the multiplicand are required. These
are the the multiplicand itself, two times the mul-
tiplicand, and three times the multiplicand. The mul-
tiplicand is available, and two times the multiplicand
readily can be acquired by shifting the multiplicand it-

self one bit to the left. However, obtaining three times

the multiplicand is a different story. One way in which
this can be accomplished is by adding together the mul-
tiplicand itself and two times the multiplicand. This
method requires adders in the hardware to obtain three
times the multiplicand as a source word. The manner of
obtaining 3icand chosen for the method of FIG. 4 is ad-
ding the complement of the multiplicand in one step
and then adding the multiplicand in the next higher
step. Since the sum to which the multiplicand is added
at the next higher step is shifted two places to the right,
this is equivalent to shifting the multiplicand two places
to the left, and that is the same as 4icand. In order to
accomplish the method of FIG. 4, three quantities must
be available at each step. These quantities are: icand,
2icand, and —icand.

Apparatus for accomplishing the method of FIG. 4 is
shown in FIG. 5 which has decoders 101 and 102 for
decoding the value represented by pairs of multiplier
digits. Decoder 101 has the two least significant mul-
tiplier digits, ier, and ier,, applied to it and produces a
signal on any of three output lines at any time. The
three output lines represent the switching of icand,
2icand, or —icand. To accomplish the switching, the
system of FIG. § is provided with a first matrix of gates
having three rows and four columns. The three rows
represent the three switching conditions, and the four
columns represent the four multiplicand digits used in
this example. Of course, it must be understood that the
system shown in FIG. § is exemplary only, and that
multiplier and multiplicand words having any suitable
numbers of digits can be used with this type of ap-
paratus. The gates in each row of gates are identified by
reference characters in which the last digits are the
same. For example, the gates of the first row are gates
121,131, 141, and 151; the gates of the second row are
identified as 122, 132, 142, and 152; and the gates of
the third row are identified as 123, 133, 143, and 153.
Similarly, the gates of each column are identified by
reference characters in which the second digits are the
same. Thus, starting with the left most column, the
gates are 121, 122, and 123; the next column to the
right contains gates 131, 132, and 133; the next column
to the right comprises gates 141, 142, and 143; and the
right column includes gates 151, 152, and 153. Each of
these gates has two inputs, one of which is connected to
an appropriate multiplicand input terminal 111, 112,
113,114,115,116,117, 118, and 119; and the other of
which is connected to the appropriate output line from
the decoder 101. Each of the gates of the first row of
gates 121, 131, 141, and 151 has one input connected
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to that output from the decoder 101 which represents
icand; each of the gates in the second row of gates, 122,
132, 142, and 152, has one input connected to that out-
put from the decoder 101 which represents 2icand; and
each of the gates of the third row of gates, 123, 133,
143, and 153, has one input connected to that output of
the decoder 101 which represents —icand. The gates
151 and 152 of the right column of gates have their
other inputs connected to the input terminal 111 which
has applied to it the least significant digit (icand,) of
the multiplicand, and the gate 153 has its other input
connected to the input terminal 112 which- has the
complement of icand, applied thereto. In a similar
manner, the other input to the gates 141 and 142 of the
next column of gates are connected to the input ter-
minal 113 which has the digit icand; applied thereto;
the gate 143 has the complement of the icand, applied
to its other input through terminal 114; gates 131 and
132 have their other inputs connected to terminal 115
to receive icand,, and gate 133 has its other input con-
nected to the terminal 116 from which it receives
—icand,; and the gates 121 and 122 have their other in-
puts connected to the terminal 117 which has the
icand, digit applied thereto while the gate 123 has its
other input connected to terminal 118 which applies
the —icand; thereto. An additional gate 104 has one
input connected to a terminal 119 from which it
receives —icand,, and its other terminal connected to
the —icand output of the decoder 101 to supply the
overflow digit of the complement.

A second matrix of gates also comprises three rows
and four columns with the reference characters follow-
ing the same logical designations mentioned above.
The top row of gates comprises gates 124, 134, 144,
and 154; the second row includes gates 125, 135, 145,
and 185; and the third row comprises gates 126, 136,
146, and 156. The right column includes gates 154,
155, and 156; the next column to the left includes gates
144, 145, and 146; the next column comprises gates
134, 135, and 136; and the left column comprises gates
124, 125, and 126. Each gate of the three rows of gates
has one input connected to the icand output of the
decoder 102, the 2icand output of the decoder 102, or
the —icand output of decoder 102 similarly to the gates
of the matrix described above. Also, the gates in each
of the columns have the other outputs connected to
either the icand, or —icand,, icand, or —icand,, icand ,
or —icand,, and icand; or —icand;. Another gate 105
has one input connected to the terminal 119 to receive
—icand, and its other input connected to the —icand
output from the decoder 102. There is a carry connec-
tion from the decoder 101 to the decoder 102 so that
the effect of a carry (4icand) from 101 to 102 can be
taken into consideration when the digits are decoded in
102. A device 103 receives a carry (4icand) from the
decoder 102 to generate an output.

A first row of half-adders comprising half-adders
127, 137, 147, 157, and 161 receives inputs from the
gates described above. Half-adder 127 has two inputs,
one of which is connected to the outputs from gates
105 and 125, and the other of which is connected to the
outputs of gates 104 and 122, which two outputs are
also applied as one input to each of half-adders 137 and
147. The other input to half-adder 137 is connected to
the outputs of gates 124, 126, and 135. The other input



3,691,359

11

to half-adder 147 is connected to the outputs of gates
134, 136, and 145. One input to half-adder 157 is con-
nected to the output from gates 144, 146, and 155, and
the other input to the half-adder 157 is connected to
the outputs of gates 121, 123, and 132. One input to
half-adder 161 is connected to the outputs of gates 154
and 156, and the other input to the half-adder 161 is
connected to the output of gates 131, 133, and 142.
The outputs of gates 151 and 153 are connected to ter-
minal 171 and the output from gate 152 is connected to
terminal 172 and represent the two least significant
digits of the product.

Each half-adder has a sum output and a carry output,
and for this description the sum output is to the right
and the carry output is to the left. This standard is fol-
lowed with all of the adders and half-adders in FIG. §.
The sum output from the half-adder 161 is connected
to an output terminal 173 which is the third digit of the
product. The carry output from the half-adder 161 is
applied to one input of a half-adder 162, whose other
input is the sum output from the half-adder 157. The
carry output from the half-adder 157 is applied as one
input to an adder 159. Half-adder 147 has its sum out-
put applied as another input to the adder 159 and its
carry applied as one input to an adder 149. Half-adder
137 has its sum output applied as a second input to the
adder 149 and its carry output applied to one input of
an adder 139. The half-adder 127 has its sum output
applied as a second input to the adder 139 and both its
sum and carry outputs applied as inputs to an OR gate
106. The output of the OR gate 106 is applied as one
input to a half-adder 129 which has its other input con-
nected to the output of a gate 128 which has one input
connected to the terminal 118 from which it receives
icandg, and its other input connected to the output of a
carry switching device 103. The input to device 103 isa
carry from the decoder 102. The third input to the
adder 139 is from the output of a gate 138 which has
one input connected to input terminal 115 to receive
icand,, and its other input connected to the output
from device 103. The third input to the adder 149
comes from the output of a gate 148 which has one of
its two inputs connected to the input terminal 113 from
which it receives icand,, and its other input connected
to the output of the device 103. The third input to the
adder 159 is the output from a gate 158 which has two
inputs, one of which is connected to input terminal 111
to which is applied icand,, and the other of which is
connected to the output of the device 103. The sum
output of the half-adder 162 is applied to an output ter-
minal 174 as the fourth product digit, and the carry
output from the half-adder 162 is applied as one input
to a half-adder 166. The other input to the half-adder
166 is the sum output of the adder 159, whose carry
. output is applied as one input to an adder 165. Another
input to the adder 165 is the sum output of the adder
149, whose carry output is applied as one input to an
adder 164. The sum output from the adder 139 is ap-
plied as another input to the adder 164, and the carry
output of the adder 139 is applied as one input to an
adder 163. A second input to the adder 163 is the sum
output of the half-adder 129 whose carry output is not
used. The sum outputs of the adders 163, 164, and 165
and the half-adder 166 are the four most significant
digits of the product which are applied to output ter-
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minals 178, 177, 176, and 175, and the carry outputs of
these adders are applied to the next higher digit posi-
tion adder as an input, with the carry output from the
half-adder 166 applied to the adder 165, the carry out-
put from the adder 165 applied to the input of the
adder 164, and the carry output of the adder 164 ap-
plied as an input to the adder 163.

In operation, the multiplicand digits are applied in-
dividually to the input terminals 111, 113, 115,and 117
and the complement of the icand digits are simultane-
ously applied to the input terminals 112, 114, 116, 118,
and 119, with the lowest numbered terminal represent-
ing the least significant digit. The multiplier digits are
applied in pairs to the decoders 101 and 102 with digits
ier, and ier, applied to decoder 101 and digits ier; and
ier; applied to the decoder 102. Thus, the decoders 101
and 102 analyze the pair of multiplier digits which are
applied to them and energize the appropriate output
line in accordance with the amount represented by the
pair of digits. When the two digits in a pair are 01, then
the top line of decoder 101 or 102 is energized; when
the two digits are 10, then the center line of the two
decoders is energized; and when the pair of digits is 11
then both the bottom line and the carry line of the
decoder are energized. This is in accordance with the
operation or method described in connection with FIG.
4. As indicated above, when a carry is generated by the
decoders 101 or 102, it is the same as passing on the
multiplicand shifted twice to the left (4icand). Assume
that the digits ier, and ier, in decoder 101 are 01, then
the top line of the decoder 101 is energized. This ap-
plies a signal to one input of all of the gates 121, 131,
141, and 151 of the top row of gates, and those gates in
the top row which have a 1 applied to their other input
are opened to apply a signal to the next stage. Assume,
for this discussion, that the multiplicand is 0001. Then
the terminal 111 is the only one which has a 1 applied
to it, and gate 151 is the only gate to pass on a signal.
The output of the gate 151 is applied to the output ter-
minal 171 as the least significant digit of the product.
Should the two multiplier digits (ier; and ier,) applied
to the decoder 101 be 10, then the center output line
from the decoder 101 is energized and a signal is ap-
plied to one input to each of the second row of gates
122,132, 142, and 152. Again, only one gate is opened
to pass a single 1 and that is the gate 152. Energization
of a line represents a 1. The output of the gate 152 is
applied to the output terminal 172 and forms the next
to the least significant digit of the product. From this it
can be seen that the effect of utilizing the second row of
gates rather than the first row of gates is the same as
using 2icand rather than icand itself. Should the con-
tents of the decoder 101 be 11, then the bottom line
from the decoder 101 is energized and the third row of
gates 123, 133, 143, and 153 have their inputs ener-
gized. However, the gates in the third row of gates do
not have their second inputs connected to the icand
terminals, but, instead, have their inputs connected to
the complement of the icand terminals. Since the icand
is 0001, the inverse plus 1 is 11111. In this case, all of
the gates 123, 133, 143, and 153 have 1s applied to
both of their inputs. In addition, the gate 104 has both
inputs energized. As expected, the outputs of the gates
in the third row, and the outputs of the gates in the first
row are connected together, so that the output of the
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gates of the third row is the complement of icand, not
of 2icand. In addition, a carry is generated by the
decoder 101 whenever it contains 11, and that carry is
applied to the decoder 162 which adds 1 to its contents.
The operation of the decoder 102 and the second
matrix of gates is the same as that described in detail
above for the decoder 101 and the first matrix of gates.
Therefore, no detailed description of the second matrix
and the decoder 102 will be given.

So far, the description of the operation of the ap-
paratus of FIG. 5 has dealt only with the switching
necessary to select which of three quantities would be
used in any case. The actual summation of the various
signals takes place in the adders and half-adders to
which the gate outputs are applied. Consider first the
situation described above where the multiplicand is
0001, ier, is 1 and ier, is 1. The bottom line of the
decoder 101 is energized, and a carry is generated to be
applied to the decoder 102. Assume, also, that ier, is 0
and ierg is 1. In the first matrix, gates 123, 133, 143,
and 153 have one of their inputs energized from the
decoder 101. The other inputs to each of these gates
comes from the terminals 112, 114, 116, 118, and 119
which carry the complement of the icand. Since the
icand is 0001, the complement is 1111, and all of the
gates 104, 123, 133, 143, and 153 are opened to pass a
signal. The output from gate 143 is applied to output
terminal 172 to form the next to the least significant
digit of the product, and the output from gate 153 is ap-
plied to terminal 171 as the least significant product
digit. The output from the gate 133 is applied to one of
the inputs to the half-adder 161, and the output from
the gate 123 is applied to one of the inputs of the half-
adder 157. The gate 104 is used only when the comple-
ment of the icand is utilized, and its output is applied
simultaneously to one input to the half-adder 147 and
also to one input of the half-adders 127 and 137. Thus,
the complement of the icand results in signals being ap-
plied to one input of the half-adders 127, 137, 147,
157, and 161. As mentioned above, the decoding of
two multiplier digits (11) by the decoder 101 results in
the generation of a carry applied to the decoder 102.
Assuming that ier; is 1 and ier; is 0, then the decoder
102 contains 10 plus the I carry from the decoder 101
to give a total amount of 11. This means that the bot-
tom line of the decoder 102 is energized and the same
type of operation takes place in the second matrix of
switching gates as took place in the first matrix of
switching gates. The energization of the third output
line from the decoder 102 applies one input signal to
each of the gates 105, 126, 136, 146, and 156. The
other inputs to these gates are connected to the respec-
tive input terminals 112, 114, 116, 118, and 119 to
which are applied the complement of the multiplicand.
As mentioned above, if the multiplicand is 0001, its
complement is 11111. Thus, each of the gates 108,
126, 136, 146, and 156 is opened to apply output
signals to its output. The output of gate 156 is applied
as a second input to the half-adder 161. The gate 146
applies its output as a second input to the half-adder
157, the gate 136 applies its output as the second input
to the half-adder 147, the gate 126 applies it output as
the second input to the half-adder 137, and the gate
105 applies its output as a second input to the half-
adder 127. Thus, half-adders 127, 137, 147, 157, and
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161 have two inputs applied to each of them, one from
the first matrix of gates and one from the second matrix
of gates. Output terminals 171 and 172 each has an
input applied to it from the gates 153 and 156. The sum
output of the half-adder 161 is 0 which is applied to the
output 173 representing the third digit of the product.
The carry output from half-adder 161 is applied to one
input of half-adder 162. Each of the half-adders in that
row of half-adders has a 1 applied to each of its inputs,
and, therefore, each of the half-adders 127, 137, 147,
and 157 generates a carry output of 1 and a sum output
of 0. The sum output of the half-adder 157 is applied to
one input of a half-adder 162, and the other input to
the half-adder 162 is a 1 from the carry output of the
half-adder 161. The sum output of which is applied to
terminal 174 is a fourth product digit, and its carry out-
put is 0 which is applied to an input of half-adder 166.
The carry output of half-adder 157 is a 1 which is ap-
plied as one input to the adder 159, and a second input
to the adder 159 is the sum output of the half-adder
147 which is 0. When the bottom line of the decoder
102 was energized, that decoder generated a carry
which was transmitted to the device 103 and energized
the output of that device. This applied one input to
each of gates 128, 138, 148, and 158. The other input
to gate 158 is connected to the input terminal 111
which is the multiplicand digit 1. Thus, gate 158 sup-
plies a 1 as a third input signal to the adder 159. Adder
159 has two 1’s and a O applied to its inputs, and it
generates a 0 on its sum output which is applied to
another input of half-adder 166 and a 1 on its carry out-
put which is applied to one input of adder 164. The
adder 149 receives the sum output of the half-adder
137 which is 0 and the carry output of the half-adder
147 which is 1. Since the second input to gate 148 is
connected to the terminal 113 to which a 0 is applied,
the gate 148 has a 0 on its output, and this is applied to
adder 149 as the third input. The sum output of the
adder 149 is 1 and is applied as one input to the adder
165, but the carry output of the adder 149 is 0 which is
applied as one input to the adder 164. The adder 139
receives the sum output of the half-adder 127 which is
0 and the carry output of the half-adder 137 which is 1.
Again the output from gate 138 is 0 since its input from
terminal 115 is 0. Therefore, the sum output of the
adder 139 is 1 and is applied as an input to adder 164,
and the carry output is 0 and is applied as an input to
the adder 163. The half-adder 129 receives a 1 output
from the half-adder 127 through the OR gate 106, and
a 0 from the gate 128, since one input to the gates 128
is the 0 which is applied to the input terminal 118. The
sum output of the half-adder 129 is a 1 and is applied as
another input to the adder 163. Considering now the
final outputs from the system, the product digits which
appear on the output terminals 171-178; the output
terminal 171 has a 0 applied to it from the gate 153, the
output terminal 172 has a 1 applied to it from the gate
143, and the output terminal 173 has a 0 applied to it as
the sum output of the half-adder 161. The half-adder
162 has a | applied to it on its input from the carry out-
put of the half-adder 157. Therefore, the sum output
from the half-adder 162 is a 1 which is applied to the
output terminal 174. The carry output from the half-
adder 162 is a 0 and serves as one input to the half-
adder 166. The sum output from the adder 159 is 0 so
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that both inputs to the half-adder 166 are 0’s. The sum
output from the half-adder 166 is a 0 and is applied to
the terminal 175, and the carry output of the half-adder
166 is also a 0 and is applied as one input to the adder
165. The carry output from the adder 159 isa 1 and is
applied as another input to the adder 165. The sum out-
put from the adder 149 is a 1 and this is applied as the
third input to the adder 165 resulting in a sum output
from the adder 165 which is a 0 and which is applied to
the output terminal 176, and a carry output whichisa 1
and which is applied as an input to the adder 164. The
carry output from the adder 149 is a O and serves as a
second input to the adder 164, and the sum output of
the adder 139 is a 1 which provides the third input to
the adder 164. Thus, the adder 164 has a sum output
which is 0 and which is applied to the output terminal
177 and carry output which is 1 and which is applied to
one input to the adder 163. The carry output from the
adder 139 is 0 and is second input to the adder 163, and
the third input to the adder 163 produces a sum output
from the adder 163 which is 0 and which is applied to
the output terminal 178. The carry output from the
half-adder 129 and the carry output from the adder 163
are not used. From the above, it can be seen that the
product as it appears on the output terminals 171-178
is 00001011. This is the product of a multiplicand
which is 0001 and is multiplied by a multiplier which is
1011.

The apparatus shown in FIG. § comprises two sets of
switching matrices and two rows of adders by which the
two separate partial product generating steps are ac-
complished. A third group of gates and a third row of
adders provides means for adding a carry from the
second step. In the apparatus of FIG. 5 the multiplier
digits are considered two at a time, and each pair of
multiplier digits is analyzed or decoded to determine
what multiple of the multiplicand will be added at that
step to produce the product. Each of the two matrices
comprises three sets of gates, and the multiplicand is
applied to these sets of gates to produce the three
values called for by the method of FIG. 4. To one set of
gates the multiplicand itself is applied; to a second set
of gates two times the multiplicand is applied; and to
the third set of gates the complement of the mul-
tiplicand is applied. One of these three values of the
multiplicand is used in that step, and which one is
determined by the value of the two multiplier digits
being considered at that step. Thus, the pair of multipli-
er digits at each step is decoded, and the result of the
decoding selects which set of gates will switch in the
desired value of the multiplicand. The first row of ad-
ders accepts information corresponding to the first step
of the operation of FIG. 4. The second row of adders
adds in the information from the second step of FIG. 4.
The final result is a product which is produced rapidly
and accurately. In the apparatus of FIG. 5 the genera-
tion of a product requires one gate time plus three
adder times plus n carry times. For this reason the ap-
paratus of FIG. 5 is rapid in its operation.

The above specification has described a new and im-
proved product generator using flow-through
techniques for multiplying two digitally represented
quantities together. The apparatus disclosed in the two
embodiments in FIG. 3 and FIG. § are rapid and accu-
rate in their operation. The apparatus in FIG. § is rela-
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tively simple. In both cases a multiplier and a mul-
tiplicand having only four digits each has been used to
illustrate the system. However, it is contemplated that
any number of digits may exist in both the multiplier
and the multiplicand used in the apparatus of this in-
vention without departing from the principles illus-
trated herein. It is realized that others skilled in the art
may have additional ways suggested to them by this
specification for utilizing the principles of this inven-
tion without departing from its spirit. It is, therefore, in-
tended that this invention be limited only by the scope
of the amended claims.

What is claimed is:

1. An asynchronous digital product generator for
producing the product of a multiplicand having M
digits and a multiplier having N digits; said product
generator comprising a plurality of groups of switching
means; each of said groups having sets of switching
means; means for connecting together the outputs of all
of the switching means in each set; means for applying
to said individual sets of switching means a mul-
tiplicand digit, a digit of the complement of said mul-
tiplicand, and a digit of a multiple of said multiplicand,;
a plurality of multiplier decoder means; means for ap-
plying to each of said decoder means A multiplier digits
to be decoded thereby, where A is any integer between
1 and N; means for connecting the decoded outputs
from said individual decoder means to said sets in in-
dividual groups of said switching means to select which
of said multiplicand digit, multiplicand digit comple-
ment or multiplicand digit multiple passes through each
of said switching means sets; and means connected to
the outputs of said sets of switching means for adding
together the outputs from the plurality of groups of
switching means, said adding means including a first
plurality of adders, each of which adders of said first
plurality has at least two inputs and two outputs, means
for applying outputs from two of said sets having the
same numerical order to inputs of the same adder when
the appropriate decoder selects the multiplicand and
multiplicand complement digit, and means for applying
to the two inputs of each adder associated with any
group outputs from sets having different numerical
order significance when the appropriate decoder
selects said multiplicand multiple digit.

2. The product generator defined in claim 1 wherein
the number of groups of switching means is N/A, and
wherein each set of switching means comprises one
switching means for each combination of said A mul-
tiplier digits for which an output is produced by said
decoders.

3. The product generator defined in claim 2 wherein
the number of multiplier decoders is N/A, each of said
decoders comprising a plurality of selection output
lines and a carry line, each of said decoders energizing
a single selection output line for each multiplier com-
bination which selects the multiplicand or muitiplicand
multiple digits and energizing a single output line and
said carry line for each multiplier combination which
selects said multiplicand complement digits.

4. The product generator defined in claim 3 wherein
each group of switching means is controlled by one of
said multiplier decoders and wherein each set of
switching means within a group has applied to it mul-
tiplicand information of a single multiplicand digit.



3,691,359

_17

including a carry selection means, means for applying
to the input of said carry selection means the carry out-
put from the multiplier decoder having the highest nu-
merical significance, a plurality of gating means, means
for applying to individual ones of said gating means in-
dividual multiplicand digits, means for applying to all of
said gating means the output from said carry selection
means, said adding means further including a second
plurality of adders which have at least two inputs and
two outputs, means for applying to at least one input of
individual adder means of said second plurality in-
dividual outputs from said individual gating means, and
means for applying to other inputs of said individual ad-
ders of said second plurality the individual outputs
from said first plurality.

6. The product generator defined in claim § in which
said adding means further includes a third plurality of
adders, each of the adders of said third plurality having
at least two inputs and two outputs, and means for ap-
plying to the individual inputs of said third plurality the
individual outputs of said second plurality to accumu-
late all digits of common significance, the outputs from
said third plurality comprising the product generated
by said generator.

7. An asynchronous binary product generator for
multiplying a multiplicand comprising M digits by a
multiplier comprising N digits; said generator compris-
ing N/A multiplier decoders where A is any integer
between 1 and N; means for applying A multiplier
digits to each of said decoders; each of said decoders
having a selection output line for each combination of
said A multiplier digits except all zeros and a carry out-

10

18

puts of the gating means in each set; means for con-
necting to each set of gates at least a multiplicand digit,
a digit of the complement of said multiplicand and a
multiplicand digit of the next higher numerical order;
means for connecting all of the output lines from each
decoder to its group of gating means so that each com-
bination of A multiplier digits causes said multiplicand
digit or the digit of the complement of said mul-
tiplicand or said higher order multiplicand digit to be
passed through each of the sets of gates in the group; .
said decoders also energizing the carry output line
whenever the output lines which select the digit of the
complement of said multiplicand to be selected are

- energized; means for connecting the carry output line

from one decoder to an input of the next higher order

~ decoder where it is considered as another digit input;
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and first means for adding together the output from
said groups of gating means to produce a product.

8. The product generator defined in claim 7 wherein
said first adding means includes a plurality of individual
adders each comprising at least two inputs and two out-
puts, means for connecting the outputs from individual
sets of gating means having the same numerical order
significance to the two inputs of individual adders, and
means for accumulating from the individual adders
those outputs having the same numerical order sig-
nificance.

9. The product generator defined in claim 8 further

includi itional grou ati | n
facluding, an additional romh ol gaing means, means

group of gating means, means for opening said addi-
tional groups of gating means when the carry output
line from the highest order decoder is energized, and
additional adding means for adding the outputs from
said additional group of adding means and the outputs
from said first adding means.
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