UNIVERSITY OF ‘ILLINOIS
DIGITAL COMPUTER '
LIERARY ROUFINE _F 2 - 115

TTTLE Solution of a System of Differential Equations by MIlne's
Tterative Method (SADCI Only)
TYPE , Closed subroutine
NUMBER OF WCRDS Interlude 80 Subroutine L6
TEMPORARY STORAGE Imterlude O, 1, 2 Subroutine 0, 1
' 13 locations specified by S6 |
PARAMETERS - sk - s8

STORAGE LOCATiONS These parameters and the computed parameter gtored in
- location 9 should not be destroyed during the subroutine.

L O0OF O0O0aF a is 'loéation of first word of auxiliary
routine

5 O00F 00DbF _N(‘b+i) are the independent va.riables X
(1 =0, 1,2, e, n-1)

6 OOF 00CcF Locations ¢ thru c+12 are used as
temporary storage

7 O0OF O00nF n is the mumber of differemtial equations

' to be solved
8 O00F O00hI  h is the length of each step of integration .

_ ' n-1
DURATION Time of Interlude: [(11.3+ 3 X D) n - 1] x
' 1=0

maximm (Ii) + .5 milliseconds
) n-1 ‘ :
Time of Subroutine: L 2.5 I, + (I,+1) D, + 13.5n
. , i i i
i=0
milliseconds per step of integration

n = mmber of equations
T = number of iterations required per equation
} D = duration of auxiliary routine
DESCRI?].'ION This routine will solve n simultaneous first order ordinary

differential equations expressed explicitly- as a function
‘of the varishles. It is also possible to éblv_e an equation
" of order n by reducing the equation to & set of n first
order differemtial equations. |



PROCEDURE

(9:

y*+8Y +bg(x)=0 can be written as

3 =
o= 71
y; = ¥, -bgx)
At location b, specified by a parameter in locatiom 5,
x, (£ =0, 1, sce, n=l) i8 stored. This iz followed by
ygi 3 yéi and Yoi® Before the program can be hegum it

i8 necessary to have three other values of the fumction
and their derivatives. These are all found by ar imterlude

~ using several equations devised by W. E. Milne. The impfor-

mation is stored at the fallowing locations:
T

s f};/) - }-11 (1 =1,2, «ary nsl)
¥ (b+1+5m)= iy
X (b-+i+6n)%yéi

K(b+i+M)=y,

After these values have been found, the subrowtine is
autametically read in, amd the main routine can be begm.
Each time the subrowtine is called into use it will carry
ocut enme imtegration step of length h and store the walue
of the function. The sulrouwtine will also find the value
of the derivative and store it. These values will be stored
in the follewing mammer:

Yf‘i=llb+2(k+l)n+il
K=0;1, sesy M where.ﬁ is the mumber of
integration stq;:a
i =031, seey B~1
yki=l[b+ (2k + 3) n + 1]

k = .l, O, l, 2’ a%sy M

i = 0, l’ 2, deeyg n"l



During the interlude the value of x oscillates from X5+ h
to X - h and then changes to X, + 2h. Therefore it is
necessary for the coder to kmow where x is at all times.
For each equation X can be found at 1S56.

Milne's method uses two quadrature formulas which
fﬁ‘st predict a value of the fumction and then make a
cai'rection. When the correctiom is less than or equal
to 2 39, then the new value will be accepted. 8Since the
pﬂ:gmmar does :wt know exactly how many iterations are
necessary each time, a counter ‘h#s been provided which will
tell the coder which equation is being used. In location
86, during both the imterlule and subrowtine 1 x27°
will be foumd. |

Tt is possible that h has been chosen too large so
that the prefiicted value will be of little use. If this
15 trué, then a carrisge retwn and line feed character
w11l be punched followed by several F's dpnd then the machine
will be gtopped. Dividing h Ry 2 will de¢rease the error
by a factbr of thirty~two.

During the entire operation the absolute value of
‘&’he derivative sust be less than ome-half. If the derivatives
are greatdd tham or equal to one-half then overflow will
'occur and this w1l also cause F's to be punched. Finally,
!the punching of F's may also indic¢ate that 3 faulty sub-
.routine hes been written. Before wsing this code, the
programmer should determine by usidg a code check the average
‘mmiber of iterations necessary. Of course, the mmber of
jterations W11l vary with the difficulty of the equation.

DISCUBSION b MATHEMRTICAL, WETHOD USED
A. Interlude
Trial values of yi and yj_l are computed from the relations

yl=yy+wd s ¥ =S -y (Buler's method)



ol

These values are substituted into equatioms A, anmd 5
to give first approximations to Y1 axd Y.1° The first
approximetions sre then substituted into the given differemtial
equation and improved valmes of y]‘_ and 7:.1 are campated.

The process is continued until the change in yi and yll
15 not more than + 2727,

The next step is to use equatiems B ard C in a similar
way to obtain a value of y,, the tolerance again being + 2=39,
Here we obtain Y, from B, yé from the differemtial equatica
and Y, again from C.

(&) ¥y =y, +0/2k (y7;, + 16 55 + T31) + 73 n?/k

(h,) ¥y =¥, - 2/2k (T3l +16 35 +3]) + y3 b°/h
®) v, =¥+ 2n/3 (53] =¥y - ¥l1) =2 ¥ 'S

) ¥,=vy,+1/3@)+4y]+vy)) (Simpson's Rule)

& Subroutine

With the initial wvalues and the three values found by
the imterlude an approxcimation ygl) to y; is mde by using
formula (D). This value is then substituted imto the
differemtial equation amd the result is msed in formtla
(E) to obtain an spproximtion ygz) to y,e Tt showld
Be noted that (E) is simply Simpsom's rule. JIf ygl)
and y§2) agree, then we are finished; otherwise, witk
y§2) an improved evalwation of y% is made and the process

45 comtimued.

(B) ¥pu1 = Yu3*+ /3 (yp o - vy +27;)

(B) 3u,q =¥y + B3 iy + g+ ¥5,1)

It can be shown that the final correction ia m factor
of the original correction Co. That is, Cm = e"co where
@ = ny'/3.
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The process will converge if and only if 6] < L.
Dividing h by 2 will not necessarily reduce the iterations
by a factor of two. The number of iteraticns f:er step :
of integrations will be reduced by a factor of two or xﬂcre
only if 0 > 1/2.

It 1s now possible to estimate the approximate mmber
of itermstions necessary per step of integration. The final
correction is never greater than 2'3 9 and the originsl
correction is never greater than 2"12 or elae the machine
will stop and punch en P.

_C_:_Error

tp———

The truncation error can be estimated by the computation.

From Equetion (D) y = I(il) + E L, E 28/90 h5 (5) ~

' () v =32 + B, 4%, - 2/50 y©)

n+l

:&:Z Yg - - 207790 y®) = 29 (- 1/90 ¥ y©)) - 29 E,

:E =*(r(l) - 5@y /29

n+l

It is also possible to make an estimation of the maximum
accumulated error of a mumerical integration over a range
of length L with N equal steps. Let G be a positive constant
such that |y"| < G and let M be a positive constant such
tmat [yO)] <M, then B < 'y (20-1)/180 ¥ c.

The value of G ¢an be estimated from the camputation.
That 18, G~ (v} - YA, My, = ¥p1) s y(5) can be estimted
by knowledge of the trucation error. Simce E, = ( -’ (5))/90

G E, )/b°. Natwrally, the error of the subroutime

will be dependent on the error of the values found by the
interlude. For compleéte analysis of the error, see Richter, W.
"Sur 1'Erreur commisse dens la methode d'integration de Milne”,
Comptes Rendus de 1'Acedemie des Sciences, vol. 233 (1951)

pp. 1342 - 134k,
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NOTES ; _ PAGE 1

LOCATION ORDER
00 K(F2)
26 1000K
0 00 F
00 3F
1 L5 1s6
40 85
2 00 F
00 L
3 38 F
00 F 7/16
L 51 8F
! 66 L
5 85 BT
ko gF h/3 - 9F
6 k1 s6
1 ¥ from T6L
T L5 85 Bring out Xo1? Y;i: Y;i: and Yo1 and
4o 186 ’
8 19 38F store at 186, 286, 386, u4s6.
b
9 k2 1L
Ik 5L
10 4% TL
19 1F
1 L4 F Count
bor
12 36 TL
50 8F
13 ™ 256 yoh
ho ¥
1k L4 386
ko 586 Y. + byh
15 L1F
o L+ 386
16 Lo 1086 R

50F

F2



LOCATION | ORDER 'NOTES PAGE 2
17 7 &F
| 10 2F )
18 | 4o 986 yr H/n
L5 186
19 14 8F
40 186 x +h
20 49 1186 Store 1/2 at 1186
L5 1086 |
21 10 kp Form Yo, h/ih (g +26 7, + Typ) +
. L4 386 (y2 B°)/%
22 R T J
| 50 586 |
23 T 3L
| 4 F
2k r
50 ¥
a5 ™ 9F
00 1F
26 Lk 986
| s
27 Lo (686)| by b2, kb
50 27L
28 26 sh Call in awxiliary subroutizne
’ oF
29 LO 586
v Lo 1F
30 19 38F
31 36 3oL Test 2 39 Iyi( ) yiglj. ¥
41 1186 if <0
3 L5 1086 *
i 40 586 Y:_ ,Yi
33 L5 F .
ko lOS6 Yy =¥, -
¥ y] and y!, are iaterchanged alternatively.




LOCATION ORDER NOTES PAGE 3 IF 2
3l 41 1286
50 1286
by L1 &F
4o 8F
36 00 1F
L4 186
37 L0 1s6 x +h
| L1 OF
38 40 9F + b/3
Ll L |
-39 bo L Binary switech
| 32 Ll |
ko 15 13L
46 27L
41 22 20L
L5 9L
k2 46 27L )
. L3 1186 Test for zero
43 36 20L
: L5 1S6 |
Ll Lh 8F x; + 2h
40 186 ’
45 L5 386
L4 1086
46 10 3F
F
b7 L5 586
10 1F
48 40 1F Formy_ + (20)/3 (533 - ¥ - ¥!y) - 2y0 b0
10 2F
k9 Ls 1IF
IOF
50 Lo F

50 F




LOCATION NOTES PACE »
51 ™ 9F
00 1F
52 LO 986
00 3F
5% L4 4g6
4o 8s6
54 22 5L erom 6k
50 5hL
55 26 sk Auxiliary routine
4o TS6
56 L4 336
10 2F
ot Lk 586
" 4O F Form
28 50 F Yo +0/3 (r + 4 ¥+ 7)
7 9F
59 00 2F
L4 ks6
60 LF
Lo 856 y,@ g, ®
61 40 1F
L5 F
62 4o 836
19 38F
83 10 1F 239 L |y @) . ya(i)[
36 65L if >0
6l L5 886 . if <0
22 S5LL
£5 L5 186
4o S5
&6 19 18F

L4 65L

Store valuss permanently

<
<




LOCATION NOTES PAGE 5
67 IATF '
4o 65L
68 19 2F
Lk 1286
69 40 1286
' 36 65L
T0 19 38F.
Lk 86
ol 4o 86
. LO'TF;
T 32 T6L Does i = n?
15 86 If 1 # n change addYesses in 65 and 66
) 4 1L
. 40 65L
™ 00 20F
o 46 TL
T L5 36L
ko TL
76 22 6L
L5 5F from T2 Find location of Y3 and store at 3
T s TF
ko 3F
7 | s50eL
26 999F
(L) 00 686
26 4L
26 1N
o . S5 F .
‘ Lh 1h1 Set link address
1 b2 b
, 41 86
2 L5 55
N 50 186 Bring out X,
s ;

b0 9%

F2



00 2F

'LOCATION | ORDER NOTES | PAGE 6
b L5 S3 Bring out initial values and store
Lo 286
5 19 38F
4 L
6 ko hy,
L4 32L
7 k6 41
L5 9s6
8 L4 9s6
4o 986 Count
9 36 UL
L5 4L
10 10 20F
s TF Set store address for y;, amd y,,
1 k2 33L
s TF
12 k2 3L
L1 586
13 10 1F
Lh 386
14 Ik TS6
4o 1.1? Form
15 50 1F Yoozt (/3) @y, -y, +27))
) ™ 9F
16 00 3F
R L4 286
17 ho 8s6
50 17L*
18 26 sh Call in awxiliary subroutine
Lh 586
19 10 2F
L4 TB6 :
20 %0 F Formy , + (8/3) (v, + % ¥} +¥,,)
50 F |
21 ™ 9F

F2



NOTES . PAGE 7

LOCATION ORIER
22 14 686
4o 1F
23 L0 8s6
Yor Stare yﬁ])_ - ﬁj)_
24 L5 9s6
32 28L Test for first iteratian
25 19 14
I2 F
26 36 26L s [y&) - )52
92 129F Ro, tra.nsfer to 28 and contimue
27 92 898y Yes, print F's and stop
OF ¥
28 41 986
1 e o 1) - ol <e®
29 I2 F
36 31L Yes, transfer to 31
30 L5 1F
26 1TL No, transfer to 17
31 15 IF |
o ( ¥ by 12 Btore y .,
32 50 ST
' 50 32L
33 26 sk Call in auxiliary subromtine
bo ()Fr by 11 Stare y!
3 19 38F |
Lk 86
35 ko 86 Increase i
LO TF 1 = n?
36 32 4oL Yes, transfer to 40
51 86 No, increase addresses by 1 amd continue
37 00 59F to salve other differential equaticms
LA 45L
38 4o 4L
19 18r
39 L4 2L

ko 21,

F2



LOCATION ORDER NOTES PAGE 8

ko 26 2L from 36
51 TF _

b1 00 60F Increase gddresses by 2n
Ik 5L

k2 Lo 4L
40 45L

b3 L5 ML

k6 2L

Il 50 85 Constant
22 ()F Byl Leave subroutine

k5 L5 S3 '

40 286

av]
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