UNIVERSITY OF ILLINOIS
DIGITAL COMPUTER A
JLLINOIS CODE_ Gl - 78

TITLE Iaplace's Equation - Lietmann Method (DOI Only)

TYPE ' Open

KUMBER OF WORDS 5 through 46. Grid points and key. words may f£ill memory
TEMPORARY STORAGE 0-8

ACCURACY Arbitrarily set at 1072, but may be changed by user.
DURATION 3pQ milliseconds, where P = pumber of interior points

Q = number of times over grid
For rectangular regions and 5 - place accuracy Q is
roughly. approximated by t
——— 2 . l s
loglo,l(*

vhere X* = [1 -2/ ([F-11"% 4 [M-1]172 )12,
K = number of columms, °
M = number of rows. A
DESCRIPTION This code gives the solution v(x,y) , corresponding to
a given boundary values, of the difference equation Vix +
v§y = 0 , which approximates Laplace.'s equation ‘
o 2y + 2y =0
J = oy
The solution is found for all interior grid points of an
arbitrary closed region. The scheme used is that of
Liebmann, which requires an initial approximation for each
interior point and then improves the approximation by taking
for a new value at a point the average of the previous
function values at the four neighboring points of the grid.
When successive approximations at every point of the grid
fail to change by more than a predetermined amount, the
present values of V are taken as the solution. For an
initial approximation the interior points are taken as
linear interpolations between thelboundary points merking
each horizontal sequence of interior points.
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The maximm mmber of bowmdary and interior points depends on the
complexity of the boundary but is limited to about 950 far very simple
boundaries. First, the boundary should be enclosed in a rectangular grid
of M rows and N columms, preferably with N > M. Known boundary points,
of course, should correspond to points of the grid. If a given interior
point has a sequence position i in the M x N grid (reading from left to
right and top to bottom) then its neighbors have the positioms i - N,

i -1,1+1, 1+ N. Since the exterior points will not be stored it is
necessary to find thefactual addresses of the points in sequential positionms.
i, 1 - N, and { + N. This is done as follows: in preparing the problem

a count is made of the number of points in each sequence of interior,
boundary, and exterior points, with the sequences arranged in the same order
as they are on the grid. These are called temporary key words and are placed
on the tape after 00 65K as 20 nF 00 F, 30 nF 00 F, 40 nF 00 F for

interior, boundary, exterior sequences, respectively, where n is the mumber of
points in a sequence. A tally should be kept of the total number of boundary
and interior points, for tﬁis mumber plus the mumber of sequences of interior
points may not exceed 950. The tape of temporary key words must be terminated
with OO F 00 F. It is placed in the memory in locatioms (65 ff) later
occupied by the function values at the grid points. Temrorary key words are
operated on to form the addresses of locations i, i - N, 1 + N, for each {
which starts a sequence of interior points, and to place them into ome word.
These words are called the key words and are put into the memory in sequence
starting at any location following the space required for the 'grid points.

A suggested position is at address J = [998 minus aumber of sequences of
interior, points]. Key words are of the form [m x 279 4 px 2719, q x 2'39],
vhere N(m), N(p), N(q) are the (i - N)th, i - th, (1 + R) - th numbers of the
grid, respectively.

Without loss of gemerality all boumdery point values are required
to lie in the range 0 < V < 1/4. Then the interior points are also
within this range ana the boundary point values may be marked by entering
them as negative values. Requiring a meximum of 1/4 permlits adding Lﬁe
four points to be averaged without chance of overflow. The boundsry we v
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values are written as S followed by wp to 11 decimal digits end are placed
on the tape in sequentisl order except that after the first boundary point
following a sequence of n interior points the mmber K (n + 1), where (n + 1)
must be 8 3 - decimal digit mumber, is inserted. This list is terminated '
by the character N. Imput of this tape places in order the boundary point
values and f£ills in all sequences of interior point values by linear inter-
polations between the boundary values marking each sequence. Boundary
point values are stored as their negatives; interior points are unchanged.
Parameters required are (1) N, the mmber of columms, to be-
placed in location 3 in the form N x 2'19, and (2) j, the address for the
‘start of the key words, to be placed in location 4 in the form § x 2-39,
The print parameters are (1) K (3) = k x 2759 uhere k 1s the mmber
of decimal places to be primted, and (2) N (4) =8 x 2'59, where S
is the address of the last point to be printed.
The complete routine for solving the problem requires the following
tapes:
1. Decimsl Order Impwt ( X1 - 18 )
2. Temporary key words (in 65 ff) and parameters
%, Routine to form key words (in 10 - 64), followed by 26 10K
4. Decimal mmber sequence imput ( ¥3 - 23 ) and modification
(in 26 - 46). N3 is obsolete, but it has been copied into
Gl and no copy is required by the programmer.
5. Boundary imput routine (im 5 - 25), followed by 26 28K
6. Boundary points, followed by N '
7. Parsmeters again and routine evaluating interior polnts
(in 10 - 38), followed by 24 10K
8. Print parameters, print routine, and Single Columm print
( P6 -25) (in 10 - 28), followed by 24 10N
The order listed must be adhered to although amly 2, 6, and paramcters meed
to be constructed for each problem. Codes U4 amd 5 overwrite 3, 7 overwriies
4 and 5, and 8 overwrites 7. '
Relative locaticn 28 in the code for evaluating interior points
(fixed location 38) contains the constant whick determines the accuracy
and thus the stopping point of the routine. This has been set arbitrarily-
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at 5 x :I.O'6 to give five-place accuracy, but may be varied at the
discretion of the user by setting N(38F) = 5x 10~(n + 1), (vhare n 1s
the mmber of decimal places of accuracy desired) after imput of the routine
for evaluating interior points, but before its executiom.

An example follows:

Suppose the encircled boundary points havé the value 10 and the others the
value (-2). First add 2 to the function to get it nom-megative through-

out the region. Then scale by a factor of 50 so that the fimction values

V are all in the range ( 0 <V <24 ). The temporary keys are 40 1F 00 ¥,
507F00F,hoapoor,301?001?,2071‘001",3011‘00!,&01!00!',

30 1F 00 F, 20 3F 00 F, 30 3F OO F, 20 2F 00 F, 30 2F OO F, 20 2F 00 F,

30 1F 00 F, 40 3F OO F, 30 IF OO0 F, 20 IF 0O F, 30 IF 00 F, 40 1F 00 ¥,

30 2F 00 F, 40 5F 00 F, 30 1F 00 F, OO F 00 F. Parameters are N(3) = 10 x 2°39
and N(4) = [998 - 5] x 277 = 993 x 277, The 115t of boundary points is 52k,
sek, 24, s, 8, s, S, s2k, S, X008, sk, s24, XKook, 8, S, S, K003, Sk, sok,
K003, 8, S, K002, Sek, S2k, S, N. -

lgr
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00 10K

k1 TF
ko 8F
50 (65)F
01 3F
L0 52L
36 4L
b ()F
24 999F
L0 52L
LO 52L
36 LTL
41 SF
4o 6F
L5 TF
L0 8F
26 8L
Y F
15 1L
L6 26L
k6 k2L
LO 51L
k6 111
50 ( )F
01 3F
LC 53L
36 18L
11 3F
L5 5F
sk F

40 SF
LO 3F
32 20L
L5 11L
LO 51L

From 46°'

No
By 41

From 2°¢

No

Yes

By 10' 17
From 17}

Yes
No
From 20

Yes
Ko

It

AT

i
i

I L

Il

1L i1 Il

11

J 1

X(T) = X(8) = 0

Q = current temporsry key
Test for end of temporary keys
Insert O at end of keys

Read in "boundary inmput”

Test for interior sequence

G

N(5) = N(6) = 0

N(0) = [mmber of intericr parts

+ number of boundary poilmts! 27

Plant address of current temporary key

plant address of previous temporary keyt

Test for exterior asziuenis

N(5) = [number of points we have hackgﬁ
up] . 2"19

.

Have we backed up a row?

Piant address of previcwes ton or.vy key

2 LT T
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NOTES PAGE 2 ¢

1

v i
12

L

21

22

23

-~

o]

27

35

zh

- b6 1L

26 11L
11 3F
L5 6F
sk F
Lo 6F
22 13L
L5 SLL
Lk F
4O 1F
L0 3F
L4 6F
00 1OF
L4 1F
40 1F
L1 SE
41 6F
26 26L
50 ()F
Ol 3F
LO 53L
36 33L
11 3F
L5 5F
Sk F
4o 5F
LO 3F
32 35L
L5 26L
L4 51L
46 26L
26 26L
11 3F
L5 6F
Sk F
Lo 6F

From 12!

From 15'

By 9:, :
From 32'
Yes

No
From 35

Yes
No

From 27'

11

N(6) = [mmber of exterior pointe
| _we have backed up] . 2-19

lIL

A = [address of first mesh word] . 2

N(1) =m . 279 4 P - >™19

| K(5) = X(6) = 0

I {

Test for exterior sequence
==

11

N(5) = [mumber of points we pave

progressed . 2-19

I Have we progressed & row? y

-1
| Plant address of next temporary key

=
H

N(6) = [number of exterior parts we

~have progressed] . p™19

19




LOCATICR ORDER ROTES PAGE 3 G1
%5 22 28L _}
L5 1F From 30' | |
36 Lk 3F | N@) = m . 29 4p .29 g . 2™
' LO 6F
37 10 20F
42 1F | | = key word
38 L5 1F B
26 39L | Store key word
39 Lo ( )sh |
L5 39L i
Lo L4 51L
46 39L | Plant addresses for next key word
41 L6 3L,
26 koL -
Lo 50 ( IF By 9' ﬁ__ Q = [number of parts in present interior
00 3F | sequence] . 2"16
L% 11 3F From 48 B K(7) = [pumber of interior parts +
15 TF From 50' L number of exterior points + pumker of
i sk F boundary points] . 27 '
4o TF -
L5 L5 1L |
L4 51L | Set address for next temporary key
46 46 1L '
26 1L -
By LO 52L From 5 ] | Test for boundary sequence
32 L8L No B
48 26 L3, Yes |
11 3F From 47! B
L9 L5 8F N(8) = [number of exterior points] x
sk F B
50 L0 8F
22 431, -
51 00 1F
“ 00 ¥ 2719
52 ' ' Q0 F
! {00 1F 2739

S
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PAGE b4 G

[

ROTES

|
|

00 F
00 LF
00 4TF
00 F

26 10N

BOUNDARY INPUT

57

29

Lo

=

00 26k |
DNSI Code N3
00 36K
66 1F

26 SF

40 (WT)F
L5 37F
L4 32F
L6 37TF
L5 2F

LO 45F
4o 1F

34 999F

00 5K

S5 1F
%2 1L
26 3TF
40 1F
L5 3TF
LO 20L
46 TL
46 10m
46 141
L0 20L
46 6L
46 13L
L5 ( J)F
50 21L
Lo ( )F
40 L4F

By 5

By 3

11

I ]

|

b x 279

LT x 2~19

26 - L6F

Modification to DRSI code (N3)

Read in "Evaluate interior points" routine

interior points or boundsry points

K(1) = 10°° (n + 1)
Get address of interic¥ points

Plant first interior point address

Plant left hand boundary point address

- e y—

Find functional increment per interior E

point




LOCATION ORDER NOTES PAGE 5 G 1
8 75 4F
66 1F
9 S5 F
4o Ly B
10 15 ( )F By 3' ||N(3) = right hand boundary point
Lo 3F 1
11 I5 21L B
I2 1% ° f Count to n and test
12 40 1F |
36 18L- A
13 L7 ( )F By 5°' ,15- Form initial values for interior points
Ik LF « |
1k Lo ( )F By 4, 16|
L5 1L i
15 46 13L
4 20L.
16 46 147, Set addresses in loop
00 63F- ‘
17 00 63F
26 11L. ]
18 15 1L 1 '
L6 37L Prepare to store right hand boundary
19 15 3F° point
26 3TF L
20 00 1F 2~19 4 279
21 ( DOF~ 00001
00000 1000J 1072 + 1077
I I 26 28N | |
EVALUATE INTERIOR POINTS.
00 10K
0 41 6F _,N(6) -0
L3 ( )sh By 23 Test for end of grid
1 32 19L L
15 ( )sk By 23' [ N(2) = current key word
1
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. LOCATION T ORDER TS PAGE 6
- - o 7
46 TL
3 46 1hL Plant p, q
¥ L
Y Ik 25L
46 13L } Flant p + 1
s L0 26L
k6 12L } Plant p - 1
6 10 30F
k2 1oL } Plant. m
T L5 (p)F By 2° } H(p) = H(4)
Lo kF
8 36 1L Test for boundary point
5L Yes j , .
9 1A 25L ~ Plant key work addresses
. -
10 k2 1L .l
22 L End of row
n 19 3TF From 8 ~T
L7 (F | B 3" |
12 16 (p-1)F | By 5' Ny (@) = /b (8, () + Ngla) +
L6 (m)F By 6' . (p-1) + Hy(p+d)]
13 L6 (p+l)F | By 4°
10 2F
L %0 (p)F = ‘
10 uF m
15 40 4F
LT bF |_5(6) =L [x,,(p) - B (p}]
16 Lk 6F '
40 6F L1
17 36 18L Test for overflow
40 27L Yes R(zTL) < 0
18 15 2F
' IA 25L :] Stepm, p, by 1
19 26 2L
‘ Ll 27L From 1

|

é1l



R Rt T

 LOCATION

CRDER

NOTES PAGE T

ks

20 .

21

23

2k

25

26

a7

28

| 00 1025F

. PRINT ROUTINE

&

|

3§ 22L
15 28L
LO 6F
34 999F
49 27L
L5 24L
b2 L
42 1L
26 L
OF Sk
00 1025F

No

_ b
From 20

=

00 1026F *
00 1025F

Y F

00 F

O0OF 00000
005 000000J
2k 10N

00 10K
L5 (U7)F
50 L

26 16F
19 18F
Ls L
46°L

10 5L

32 4L

1L

e

_j Test for overflow
_-W o .

Test for end

Read in print routines

"}~ Reset N(27L) > O

Reset addresses and start over om grid

Address used
2°9 ;4 2719 , 229 , 2-39

2'9 +2 .2719 4, 2729 4 >

- 1/2

=

forss:

26 L
00 F
LS 1Sk
50 L
00 16K

Single Column Print (P 6)

24k 10N

5 .10

Argument to "single columa i
Step addrees for uew wrium:
Test for emd

Print nexz pvintA

fipsl stop
Fnd comstant
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