UNIVERSITY OF ILLINOIS
DIGITAL COMPUTER

LIERARY ROUTINE G 2 = 98 .
TITLE Poieson's Equatiom, Lie‘nmnn-!ﬁnhl Method  (poI Only)
TYPE Open ' ‘
NUMBER OF WORDS Locations 6-64. Grid poimts and key words may fill

memory .

TEMPORARY STQRAGE 0-8
ACCURACY 107
DURATION 4 PQ milliseconds, where P = number of imteriocr points

Q = mumber of times over grid
For rectangular regioms Q is roughly approximated by

| 3/108,, K*|

where K* = hot, ~ 1,

0

oG = [2Ab+(cos x/p + cos x/q)Q]/[cos x/p + cos x/q] 2,

p+1 =X = mmber of colums,
qQ+1 =M = mumber of rows.
DESCRIPTION This code gives the solutiom Y(x,y), corresponding to -
given boumdary values of V and given interior values of p, of the
differemce equation Vo + Vo = /0h2 vhich approximetes Poissom's

v
equation

d 2 LA

T2 P /°(x,y).

The solution is found for all imterior grid points of an arbltrary
closed regior with a square mesh of side h. The process used is that
of Lietmann and Frankel, which requires an initial approximation (im
this case 0) Vg’s for each interior point (r,s) and then improves this

approximation by the following iteration formula:
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where r = 1,2,..4,p = 13 8 = 1,2,...,qg - 1. For rectangular regions
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2 A4 = [ cos %x/p + cos ;QQ]

d= q, = 2
[ cos x/p + cos n/q]

0

-and A is computed by the "DetermineX™ routine, which also
places it in location 5. This will suffice also for near=-rectangular
reglons. For more peculiar regions omit "Determine o " routine and
set N(5) = 1/k before " Evaluate Interior Poinmts”.
Iteration stops when

- Lo vt LR

T,s r,s
r,s

The maximumm mmber of boundary and interior points depends on the

| <5x 107,

complexity of the boundary but is limited to about 950 for very
simple boundaries. First the boundary should be enclosed in a
rectangular grid of M rows and N colums, preferably with N > M.
Khown boundary points, of course, should correspond to points of

the grid. If a given interior point has a sequence position i in
the M x N grid ( reading from left to right and top to bottom) then
1ts neighbors have the position i - N, 1 - 1, 1 4+ 1, 1 + §. Since
‘the exterior poipts will not be stored it is necessary to find the
actual addresses of the points in sequential position i, i-N, and 1+N.
This is done as follows: 1in preparing the problem a count is nade_nf'
" the nmumber of points, with the sequences arranged 1n the same order as
they are on the grid. These are called temporary key words and

are placed on the tape after 00 65K as 20 nF OOF, 30 nF OOF, 40 nF OOF
for interior, boundary, exterior sequences, respectively, where n is
the number of points in a sequence. The total number of boundary

and interior points plus the number of sequences of interior points



plus the number of sequences of interior points may not exceed 9kl.
The tape of temporary key words must be termimated with OOF OOF. It
is placed in the memory in locations (65ff) later occupied by the
function values and the />h2‘s at the grid points. Temporary key
words are operated on to form the addresses of grid points 1, i.N,
i+N, for each i which starts a sequence of interior points, and to
place them into ome word. These words are called the key words and
are put into the memory in sequence starting at any location following
the space required for the grid points. A suggested position is at
address J = [998 minus number of sequences of imterior points]. Key
words are of the form [m x 2-9 19 '59]
N(p), N(q) are the (i - N)-th, i~-th, (i + N)-th numbers of the grid,

+px2 7 4+qgx2 , where N(m),
respectively.
All boundary values and f)hz‘s are required to lie in the
range - 1/5< V,/Dhe < 1/5. The V's an?phg's are written and punched
on the input tape as K(+) or S(~) followed by up to six decimal digits
and are put in sequential order except that the character J must precede
each boundary sequence (i.e. V's) and N must precede each interior
sequence (i.e./O}F's).v The character F must be at the end of the input
data. Function’values V and thef’hz’s are stored by the "Input"™ routine
iri the same word ae follows: The sign digit distinguishes boundary points
(1) and interior points (0); V occupies the next 20 binary digits;
/O hg's comprises the last 19 digits. Hence only one memory location
is needed for each grid point, although the accuracy has been corres-
pondingly reduced.
Printing of the solution is done in sequence, with,ah?
for each interior point on the same line as the V for that point.
"Input" parameters required are (1) N, the number of
-19, and (2) j, the address
for the start of the key words, to be placed in location 4 as J x 2‘59.

"Determine (", parameters are (1) p = N = 1 in location 3 as p x 2-39,

columns, to be placed in location 3 as Nx 2
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and (2) ¢ =M-11in location b as q-x.2-59. The . "Print" parameter
is s, the address of the last point to be printed, in location b as
s x 2b59. The first grid point is at location 56. - » -

' The complete routine requires the following tapes:

1. Decimal Order Imput (X1) '

2. Temporary key words (in 65ff) followed by OOF OOF

and "Input" parameters.

3. Routine to form key words (in 10-64), followed by 26

10N.

4. Input routine (in 10 -k1), followed by 26 1ON.

5. Boundary points V and />h2*s,'followed by F

6. "Determine " parameters and routine (in 5-46),

followed by 22 1LN. '

T. Input parameters again and routine for evaluating interior

point (in 6-54), followed by 26 €N.

8. Print parameter, print routine (in 10-25), and Print

routine (P2) (in 26-43), followed by 26 1ON.

The order listed must be adhered to although only 2,5 and
parameters need to be constructed for each problem. For non-rectangular
regions, instead of (6) set N(5) = 1/h. Code (4) overwrites (3), (6) over-
writes (4) and (2), (7) overwrites (6), and (8) overwrites (7).

An example follows:

Q 1 8 27 6k 125

M=4,g=73 L 12 18 ol 30 > all values times
- = -4
5 18 | 2k | 20 56 10
l J h = .01

27 28 35 544 91 152

For boundary points the given numbers are function values V; for interior
points /0 ha‘s are given. All these numbers are in range. The temporary
keys are 30 TF OOF, 20 4F OCF, 39 2F OOF, 20 4F OOF, 30 TF OOF, OOF OOF.

The list of boundary values and L h2’s is J, K, KO0Ol, KO008, KO027,

KOOb4, K0125, KOOOl, N, K00l2, K0018, K002k, K003, J, K0126, K0008, N, KOO18,
KOO24, K003, K0036, J, K0133, K0027, K0028, K0035, KOO54, KO091, K0152,F.
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19 and m(¥) = [998-2] x 279

= 9% x 2", "Determine oL " routine parameters are N(3) = 5 x 2=
and N(4) = 3 x 2'59. The print parameter is N(4) = 79 x 2=39

Input parameters are N(3) =6 x 2~

RT: 4/10/59
DATE September 13, 1954

PROGRAMMED BY Richard F. King
APPROVED BY /:
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LOCATIOR ORDER NOTES
FORM XEY WORDS (POISSONM) 00 10K  10-64F
0 M :
ko 8r N(7) = ®K(8) =0
1 50 (65)F | From 46' |Q = Cwrremt temporary key
oL 3F S |
2 LO 52L Test for end of temparery keys
36 kL |
3 L1 p By 41 Insert O at end of keys
24 999r Read in "Impwt™
'Y L0 52L From 2!
L0 52L Test for interior sequence
> 36 “'TL KO
41 5P Yes R(5) = K(6) = 0
6 Lo 6F
L5 7 _
7 1.0 8F K(0) = [munber of interior points +
26 8L number of boundary points] x 2™
8 LO F
15 1L
9 46 26L Plant address of cwrrent temparary
k6 koL key
i0 10 51L Plant address of previous temporary
46 11L key
11 50 F By 10',17
01 3F From 1T' Test for exterior sequence
iz 10 53L
36 18L Yes
13 11 3F No
15 SF K(5) = [mmber of pointe we have
14 Sk F vacked wp] x 277
40 5F
15 10 3F
32 20L Yes Heve we backed up a row?
16 15 11L Mo Plant address of previous temporary

LO 51L

PAGE 1 |

key.

G2



LOCATION L ORDER NOTES _ PAGE 2 G2
17 [ w1
26 11L |
18 11 3F from 12'i N(6) = [number of eJEigrior points we
L5 6F have backed up] x 2
19 sk F
Lo 6F
20 22 13L
15 541 From 15'| A = [address of first mesh word] x 2"19
21 Ik F
Lo 1F
22 L0 3F N1) mx 219 + p x 2719
Ik 6F
23 00 10F
L4 1F -
2k Lo 1F
41 5F
25 L1 6F N(5) = N(6) =0
26 26L By 9
26 50 F From 32°' Test for exterior sequence
01 3F
27 L0 53L
36 33L Yes
28 11 3F No
I5 5F From 35 N(5) = [number of points we have pro-
29 sk F gressed] x 5719
Lo 5F
30 IO 3F Have we progressed a row?
%2 35L Yes
31 L5 26L No
Ik 51L Plant address of next temporary
32 L6 261 - keye. .
26 26L
33 11 3F From 27°* N(6) = [number of exterior points
L5 6F we have progressed] x 2_19
3L sk F




LOCATION ORDER NOTES PAGE 3 G2
o Lo 6F
35 22 28L
15 1F From 30'
36 L4 3F N1) =mx2 2 +px2td 4 qx2?
L0 6F ‘
37 10 20F = key word
ho 1F
38 15 1F
26 391 Store key word
39 Lo sk By ko'
L5 39L
4o Ik 51L Piant addresses for next key word
L6 39L
b1 L6 3L
26 kL2l
4o 50 F By 9' Q = [number of points in present
00 3F interior sequence ] x 2-16
43 11 3F From 48
5 TF From 50! | N(7) = [number of interior points
L sh F + number of exterior points +
Lo TF number of boundary points] x 5719
45 5 1L
Ik 51L Set address for next temporary key
TS 46 1L
26 1L
L7 LO 52L From 5 Test for boundary sequence
32 L8L NO
L8 26 43L Yes
11 3F From 47°
k9 L5 8F N(8) = [number of e¥berior points]
sk T x 27
50 Lo 8F
22 L43L
51 00 1F

00

F




LOCATION ORDER NOTES PAGE L G2
52 00 F
00 1F 2739
53 OO0 F
00 LF x 277
5h 00 56F
00 F 56 x 2719
26 10N
INPUT 00 10K 10-41F F - End of input
N - Interior sequence
J - Boundary Seguence
K - Positive Number
S - Negative Number
0 81 4r | From 18'| Read in next character
22 15L
1 ™ 1F From 7
00 39F
2 Lo 1F
50 28L
3 15 2F
™ F
L S5 F
4o F From 21,22' Code N3
5 81 4r
50 28L
6 Lo 2F
L0 26L
7 36 1L
I5 F
8 66 1F
15 24L Test fior interior point
9 36 23L Yes
L5 29L NO
10 sk F
10 1F Round off and position boundary
11 - %2 121, point number




1T LOCATION ORDER ! NOTES PAGE 5
[ 26 13L
12 00 F
Ih 26L
13 4o (56)F From 241251
15 13L By 14' 11' |} Store point values and step
14 4 31L address of store order.
46 31L '
15 15 2F
10 27L From O' Test for F(end)
16 34 999F Yes
00 38F Test for X or S
17 36 19L Yes
L1 2hL, Set N(23) negative or positive
18 Lo 241,
26 L Start next sequence
19 00 1F From 17 Test for K
32 21L
20 11 30L N(L) = -2 for &
ko 1F
21 23 41, Form number
L5 30L From 19' |N(1) = 279 for &
22 4o 1F
2% 41, Form number
23 S5 F From 9
T4 31L
24 10 21F Roundoff and position
36 13L (interior point number) x 2
25 Ih 28L
26 13L
26 80 F
00 10F -1+ 10 x 2777
o7 00 F |
00 14F 14 x 279
28 00 F
00 10F Ji0x 2™




LOCATION ORDER NOTES PAGE %
29 00 F
8&F 20
30 00 F
00 1F 239
31 00 1F
0 F 19
26 10N
N(3) =p x 27
K(d) = @ x 279 Determine “k
00 5K 5-15F
0 51 10L
00 2F AQ=rnx2
1 22 1L
| 66 3F A =x/p
2 g5 F
50 2L ¥(3) = (cos =/p) L/2
3 26 167
15 2r
h ‘ 40 3F
51 10L
5 00 2r
66 4r A =x/q
6 85 F
50 6L
T 26 16r A = (cos x/p) 1/2
15 2rF
8 Lk 3F N(3) = (cos x/p + cos x/q) 1/2
Lo ¥
9 26 999r End of interlude
50 3r
10 Lor 00 28%3
9816 3397 J /4
00 16K

Sine, Cosine (T1) 16 - L6F




| LOCATION ORDER NOTES PAGE 7 G2

0015K 15-g2F y y 5
0 73 3F N(5) cos T« p2+ CO8 m/q )
Lo 3F
1 15 TL
10 3F
2 10 2F
50 21, A = l/)+ [1 - (cos r[/p ; CcOS :z/q}i ]
3 26 23F
ho 1F
L 1O 2F
66 3F N(5) =of
5 S5 F i

ho 5F 4}/(008 7/p + cos :n:/qf
6 2l 999F 2 q k- 2 7]

[ (cos n/p + cos n/q) 1/2 1°

OF F Read in next routine
7 7L LO95F Stop
IL 4095F 1.2
00 23K 23 - 32F Square Root Routine (R1)
. 22 1k
Evaluate Interior '_Po;Lnts (Poisson)|N(5) =K
00 6K 6- ShF
0 L1 3F N(3) =0
L3 Sk By 9',39 |Test for end of grid
1 32 35L
L5 Sk By 10, 39'|N(2) = current key word
2 ' ho 2F From 35
46 TL
3 46 30L Plant p,q
Lo 16L ‘
y Ik 4iL Plant p+l
46 15L
5 10 koL Plant p-1l
46 18L
6 10 30F

ho 191, Plant m




LOCATION ORDER NOTES PAGE 8 G2
7 15 (p)F | By 2
4o LF N(Y) A = current function value
8 36 111 Test for boundary point
I5 L Yes
9 L4 LiL Plant key word addresses
ko L,
10 42 1L .
22 L End of interior seguence
11 50 461, From 8
00 21F A =1/2 (f 1n2/u)
12 10 3F
50 4F
13 JO 47T A=1(0)=1/2 (+ 4% g% + P1°)
sk F ’
14 00 2F
4o F
15 50 (p+l)F| By U4
JO 47L
16 S5 F
50 (q)F | By 3'
17 JO WL
sk F A=1/2 (b ¢
18 50 (p-1)F| By 5'
JO L7L
19 sh F
' 50 (m)F | By 6
20 JO 47L
sk F
21 IO F
00 1F N(O) = 4™ - ugP- I n®
22 Lo F
50 F
23 75 5% N(0) =of [4p -1 - on7]
Ik 451,
24 Lo F




LOCATION ORDER NOTES PAGE 9 G2
10 1F ~
05 50 LF N(L) = 1/2 {¢n +1x[11{} - 1/2 g™t
JO 4TL
26 sk F
Lo 1F
27 50 LF
JO L6L
28 S5 F
50 1F N(p) = 1/2 [ + 2720 x p1°)
29 JO LTL
sk F
30 Lo (p)F | By 3
50 F
51 J0 8L N(3) =2 [Ny, () - 1, ()]
ST F
%2 Ik 3F
Lo 3F
33 36 34T Test for overflow [N(43) < 0]
40 43L Yes
3L 15 2F From 33
Th LT Stepm, p, @ by 1
35 26 2L
1 43L From 1 Test for overflow
26 36 38L
L5 4L NO
37 I0 3F Test for end
34 999F
38 L9 431, From 36 Reset N(43) >0
15 LoL
39 ho 1, Reset addresses and start over on
ho 1L grid
Lo 26 L
OF sk Address used
b1 00 1025F

00 1025F

079 4 0719 L 29 2"39




LOCATION ORDER NOTES PAGE 10 G2
4o 00 1026F
00 1025F 29 42 x 219 4 2729 4L 27
43 o
00 F 1/2
L OOF 00 0005
0000 0000 J 5 X 10”“
45 Q0 F
80 F 20
46 00 F
7L LO95F 00 == 0} 001 -- 1
L7 7L LO9SF
80 F 0ll-- 1 1000 == 0
48 LL 4095F
00 F 11 == 1 00-.== O
- 26 6N
Print (Poisson)00 10K 10-25F
0 92 129F | From 11
50 (56)F | By 9!
1 JO 1hL Extract, position + print function
00 4OF !
2 50 3F values
50 2L
3 26 26F
L5 (56)F. | By 10
L 36 5L NO Test for boundary point
22 8L Yes
5 22 5L From 4
50 (56)F | By 10'
6 Jo 15L - Extract, position, and print fhg"s
00 60F .
1 50 2F
50 TL
8 26 26F
19 38F From 4°
9 Ik L Set addresses for next point




LOCATION ORDER NOTES PAGE 11 G2

Lo L

10 ho 3L
o 5L

11 10 13L Test for end
%2 12L Yes

12 26 L NO Print values for next point
OF F Final stop

13 2 129F
50 18k End constant

14 TL 4O95F
8F 011 == 1 {100 == O

15 00 F
7L L095F 000 == = |=11 == 1
00 26K

Print Routine (P2)

26 10N
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