UNIVERSITY OF ILLINOIS
DIGITAL COMPUTER Aux.
LIBRARY ROUTINE V 8 - 219

TITLE Ordinary Bessel Functions (DOI OR SADOI)
TYPR Closed with program parameter
NO. OF WORDS 257
TEMPORARY STORAGE 0, 1,2, 3 6,7, 8,9
ACCURACY ' About 4 decimal places (see below)
DURATION At wost 100 ms. (see below)
USE Enter with x.2™ in A, M >0
o] XY Mp
| 50 pF
‘p+1 | 26 gF (this routine at g)

X = 5 -» Functions of Pfirst kind (JK) only will be computed

X = J - Funetions of both first and second kinds (¥Yn often written Nn)
will be computed '

Y = 4 - Punctions of zero order @B,,i%} only will be computed

Y = 2 - Functions of first order (Jl’ Yi) only will be computed

Y = O - Functions of both zero and first orders will be computed

More explicitly:

2 Lns . computed

s I ()

52 I, (=)

50 | J,(x), Jy(x)

Jh I (x)s ¥ (x)

J2 Jl(x), Yl(x)

J0 Jo(x)s 3, (x), Y (x), ¥, (x)

19

The results are scaled by 27~ and are left in locations 6 - 9 as follows:

JO(X) 29 45 1ec 6

Jl(x) 2™ in 1ee 7



y .29
‘2 9

Y (x) in loc 8

Yl(x) in loc 9

T1lliac will stop if x £ 0, and upon starting again will transfer control
to the right hand order at the location specified by the preset parameter
53.

-M

NOTE The integer M meed not be the smallest integer such that X.2 < 1.

DESCRIPTION If x > 16, the following asymptotic expressions are used:

J(x \l—-—-—— [sin (x+E)+8»—sm (X*E)]

Jl(x) ~ \;té_ [sin (x =~ f—:) + sin (x + )’_{-)]

X

P N

Y,x) x \= [sin (x - ) - g7 sin (x + )]

T X

123 (SN

Yl(X) ~ ;[-?—X- [~sin (X + -E) + 8— sin (K - -E)]

No matter what entry is used, if x > 16, then all four functions are computed.
The time is about 25 ms. At x = 16, where these formulae give the worst
results, the error is less than .000L.

If 0 < x < 16, the following expansions are used

2
3 (x) = 2 (-1)" “n
(n
X §2n
I) = 3 & () H'—E(ETDT
N (X)En

Y (x) —% (D/+Qm}2-c-) Ja(x) 'nél ('lznl)g (1 +%+ e + %)]
1) = 2 (B +8ed) 5 (x) - 2

N 2n+1

-;I:L-%:O ('l)n(i)n (l+-32;+"‘+%+l+’é];+" +nl+l

nt (o+l) v




where N is large enough in each case so that the last term is less than 2'16.

The time to compute JO(X) or Jl(x) is at most 40 ms. depending on the size
of x (less time for smaller x). The time to compute J’O(x) and Yo(x) or
Jl(x) and Yl(x) is at most 100 ms. The error is less than 2'16.

If Jn(x) or Yn(x) with n % 0, 1 are desired, use the recurrence relations:

2n

X Jn(x) = Jne1 (x) + Jr:x--l(x)

2n

x Yn(x) - Yx:H—l(X) + Y‘n-l(x)

For x < 03 JO(O) =1

Jl(O) =0
YO(O) = - %
Y, (0) = -
We also have
I (%) = T (x)

Jl(-x) = - Jl(x)

1]

Y (-x)

Yl(-x) = Yl(x) - (en+l) =i Jl(x)

Yo(x) + (2n+l) w4 Jo(x)

The branch point at the origin produces the multiple values of
Yo(-x) and Yl(-x)
Library routines S1 (Natural Logarithm) and T5 (Sine - Cosine) are included
in this routine and may be used by other parts ‘of the program. Sl starts at
word g + 191 and TS5 starts at word g + 236 s Where g is the locatien of the

first word of this routine.

RT: 4/3/61

DATE July 24, 1956




Ordinary Bessel Functions

LOCATTON

0]

10

11

13

1k

15

16

ORDER

NOTES

PAGE 1

OCK (V&)
L0 185L

15 175L
ho 12271,
26 89L

15 174L ;

Plant Link

00 M 0Q M

Stop if X < 0

— Adjust M to 4

— Functions of 1lst and 2nd kinds

—Bookkeeping

v8



LOCATION ORDER NOTES PAGE 2
17 L2 88L
L5 175L
18 Lo 1221
26 611
19 00 5F u
32 21L
20 L5 175L
Lo 41,
21 26 35L
00 1F
22 36 24T,
L5 175L | — Functions of 1lst kind only
23 Lz 6oL
26 481,
24 L5 176L
ho L1,
25 L5 175L
L2 60L |
26 26 35L
L4 28L
27 46 28L
L5 185L M>5 Bookkeeping
28 00 1F
32 29L
29 26 127L
4o 1F
30 L5 28L
L6 3oL, Is X <16 ?
31 32 31L
L5 1F
32 10 ..
L0 185L
33 36 3hI,
26 127L
3k L5 1F 1
26 10L s ]

V8



L5 187L

; LOCATION | ORDER MibTEéh PAGE 3
§ 35 50 185L B
§ 77 185L
é 36 ho 7L |
% h1 188L |
37 L1 177L !
Lo 187L Preset
38 L5 L77L
4o 190L
39 Lo 6F ,
15 187L | i ;
4o Lh 178L N *
40 187L — Count 1
b1 L4 188L F I, (x) x <16
| 40 188L i '
42 50 F ]
7L 190L g
43 10 13F ’
66 188L
Ly S5 F
40 190L Compute
L5 L4 6F i
40 6F L |
16 L7 190L : |
L0 179L Test
b 32 39L | !
26 F i :
48 50 185L - ;
73 185L %
kg 4o F . :
15 185L ! -, (x) x < 16
50 10 16F ;
40 190L 1] Preset
51 - 40 TF ] |
41 187L
52 L1 188L

V8



| LOCATION ORDER ~ NOTES PACE 4
53 Lh 178L B
4o 187L —_ Count
54 Lh 188L
Lo 188L ||
55 50 F I
71 190L
56 10 13F
66 188L
57 S5 F T, (x) x<16
Lo 190L e Cempute
58 Lk TF
| 40 TF 1
59 LT 190L
1.0 1795 Test
60 32 52L
26 F |
61 56 185L ] 7
7J 185L
62 ho F
k1 187L
63 k1 188L
41 189rL, — Preset
64 41 8r
L5 180L
65 10 9F
40 190L | ¥ () xa6 -
66 Lo 6F
50 179L || |
67 15 187L ] |
14 180L
68 Lo 187L
00 1F
69 LO 180L
14 1881 -— Count
70 40 188L
L5 180L ]

v8



LOCATION:

NOTES

ORDER PAGE 5
71 10 5F B
66 187L
T2 85 F
L& 189L
Vg 4o 189L
50 F
74 71 19CL
10 4F
) 66 188L
S5 F - Compute
76 40 190L
Ly 6F !
T7 o 6F
50 190L
78 75 189L |
00 5F
79 Lh 8F \-Ya(X) x <16
Lo 8F |
80 L7 190L
LO 179L Test
81 32 66L
L5 185L
82 22 821
50 82L
83 26 191L
L4 182L Logarithm
8k Yo F
50 F
85 75 6F
00 5F
86 LO 8F
ko r
87 50 F
7J 183L
88 Lo 8F

26 T

v8



PAGE 6

LOCATION | ' ORDER NOTES
89 11 17F
19 22F
90 LO 185L
36 123L Is it o.k. to divide?
91 L4 185L
66 185L
9 S5 F
40 186L
93 50 185L
7J 185L
ol 50 T [
11 187L
95 41 188L
50 179L
96 L5 181L
00 LF
97 Lo 189L Ei(x) x <16
15 185L — Preset
98 10 16F
40 190L
99 4o TF
10 1F L
100 40 oF 1
15 187L 3
101 Lk 181L ;
40 187L ; Count
102 L4 188L ;
10 188L |
103 15 180L ]
4 187L
10k 50 179L
10 5F — Compute
105 66 188L
S5 F
106 L4 189L
40 1891

v8



LOCATION | ORDER NOTES PAGE T
107 50 F
71 190L
108 10 4F
66 188L
109 S5 F
40 190L — Compute
110 h 7F
Lo TF
111 50 190L
75 189L
112 00 LF
Lk oF
113 Lo OF
L7 190L |
11k LO 179L
32 100L Test
115 15 185L _-Yl(x) x < 16
50 115L
116 26 191L
L4 182L Logarithm
117 Lo F
50 F
118 ™ TF
00 5F
119 LO 186L
LO OF
120 o F
50 F
121 73 183L
Lo oF
122 22 1221,
26 F
123 R B
09 1F
12k FO F
40 9F x <279
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LOCATION | ORDER NOTES PAGE 8
125 L5 122L
42 60L x <27 Ly, (x) x < 16
126 26 48L
00 F | _
127 15 169L ] 1
ho 1341,
128 L6 1381
L 172L
129 b2 1331
46 137L
130 Ly 1721
k2 150L Preset
131 LO 173L
46 141L n
132 50 184L
7J 185L
133 ko 186L —x > 16
19 F
134 L4 186L
00 F
135 50 135L
50 135L
136 26 236L
4o 187L Sine
137 19 F
LO 186L i
138 00 F
50 138L
139 26 236L
Lo 186L Sine
140 50 179L
15 1841,
141 10 F
66 185L i
142 hi rp

g5 F

| vs




LOCATION ORDER NOTES PAGE 9
143 Lo 1F
51 1F
144 10 1F
ST F
145 40 188L
50 F
146 15 1F
66 188L Square Root
147 85 F
1.0 188L
148 10 1F
36 150L
149 L4 188L
26 145L -
150 50 179L
19 F
151 66 185L L x > 16
S5 F
152 Lo 189L
00 1F
153 Lk 189L
L0 190L
154 50 188L
7J 187L
155 40 187L
50 188L
156 79 186L
Lo 186L
157 50 189L ]
7J 186L
158 L 187L
10 19F I
159 4o 6F
50 190L i
160 7T 187L ]
Lk 186L J
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LOCATION ORDER NOTES PACE 10
161 10 19F 5
40 TF 1
162 50 189L
T9 187L
163 L 186L
10 19F Y, <> 16
164 Lo 8F -
50 190L
165 7J 186L
L0 187TL ¥,
166 10 19F
Lo oF -
167 L5 14L ]
46 281, Reset Location 28 relative
168 22 168L
22 F Link
169 00 F
00 F
170 00 5F
00 5F
171 00 4F
00 4F
172 00 1F
00 1F Constants
. ’ and
173 00 5F Storage
00 F
17h 00 F
00 89L
175 00 F
00 167L
176 00 F
00 48L
177 00 1F
00 F
178 00 2F

00




LOCATION | . ORDER NOTES * Page 11
179 00 F '
00 4F
180 00 512F
: 00 F
| 181 00 1024F
, o0 F |
182 0F : |
00 830205377054 -
! 183 4o F | |
00 1366197723687
184 00 F :
ﬁ | { 00 318309886184
. i85 | 00F ' Comstants
i ob°F | sm?iie
186 00 F
, . 00 F i
. 187 | O0OF
! o0F
188 00 F
. 00 F
189 ’ 00 F
00 F
190 00 F
00 F |
191 . Lo 2F —
| 85 1F
192 L4 191L
k2 226L
193 i F L Natural
50 F Logarithm Sl
194 L5 2F
L4 235L
195 32 199L
L1 228L
196 f LY F

30 83 1

¥




NOTES

| LOCATION | ORDER PAGE 12
-
E 197 o F
; L5 2F
. 198 00 6F
P ko oF
199 22 194L,
% L1 227L
200 22 201
§ Lo 2F
. 201 L1 227L
L 00 1F
L o0 s F
% ' Lo F
203 15 2F
.| 001F -
20k 3 200L
' 15 227L
; 2051 ‘\;;OO 1F "'Log§i§2i2181 !
f - o IAF . :
L 206 hoF
: I5 2F
. 207 10 1F
| | 40 1F
. 208 15 229L
% 10 1F
| 200 L 1F
§ Lo 1F
. 210 41 3F
' 50 3F
211 15 2F
LO 229L
212 66 1F
S5 F
213 40 1F
50 1F
214 T7J 1F
1 ko oF

vé

PRV ON




00 12500]18591M

i
i

LOCATION | ORDER NOTES
215 50 230L
i 7J 2F
' 216 L4 2311
40 F
217 50 3F
! 75 2F :
218 |14 2%L i
ko 37
219 50- 3F
77 2F
220 Lk 233L
| 40 3F
. 201 50 3F - §
! 73 1F f
! 022 Lo zF -
20 5F Natural
223 73 2F Logarithm S1
Th 17
- 22k Lh 2341,
| 10 5F
| 205 10 227L
I | 14 F
i 226 Lo w
' 22 F
! 227 00 F
: | 00 108304246967 ‘
L 208 00 F
00 129965096355F
229 o ¥
00 2071067811877
230 00 F |
00 464olkhs5T7y
: 231 00 F
| 00 22285586037
232 00 F

T
PAGE 13 |
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00 49999?202h69J

v8

i

LOCATION ORDER NOTES PAGE 1k
233 00 F ‘
00 83333329LLLJ '|
23k 00 F }; Netural
: . . ‘Logarithm S1 .
o 00 16F b :
235 IF F !
' 0O F _
236 4o F
K5 250L -
237 Lo 2L48L
L9 F
238 bor
, LS F 1
239 Lo 7
50 F
- 2ho 7L F
00 2F
2kl Lo 1F
| 15 236L L Sine-Cosine
ol 4 2h3L =
50 249L.
23 79 1F
L4 255L
24k Lo oF
50 2F
2k5 F5 2431,
' ko 2h3,
246 L0 256L
36 243L
L7 LJ 2451
™ F i
248 00 1F 3
22 F "
ole . 00 F E
00 27232J
250 NO F




" PAGE 15

o v

'LOCATION | ORDER NOTES
em1 00 F-
| | o0 802191997
52 . {.wmrF | L]
] o hetesmezons |
253" 00 F SREIR & -
.} oo se8k6s1z00T | [sine Contne
25k wmor | 1 Zo
00 1770179512587 |
255 BoF '
. { 00 2853981633975
256 L9 IF :
| L 2561, !
]
i
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