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Instructions for Use File No. 5.02.01

Runge-Kutta Step

Introduction

The Rungs-Kutte Step routins can be used for the numerical solutionm,

one step at a time, of systems of differential equations by a numericel
integration process. Given the starting values of all variables, and
the desired inerement h of the independent variable (here called x ),
RKS will calculate the value of each dependent varisble corresponding to
the new value of x 3§ x + h . If an appropriate Master Control program
is provided, this process can be continued over any desired range of x .

RKS

The ectual equations used in this, the Runge-Kutta fourth order process,
are given in several standard worke on numsricsl analysis.192’5- To use
RKS, however, it is necessary merely to understand how to prepare the
equations for numerical golution, what program steps have to bs written
uniquely for these equations, and how to establisgh linkage with the
subroutine. This programming information i1s given on the followlng pages.

RKS will automatically deconvert and punch cut, at the end of each
integration interval if desired; the current value of x and of all y ‘s,
However, since such a voluminous output would easily cause the computing
time to be inordinately held up by the slower deconversion and punching
process, it is possible to speeify that the machine punch out answers only
every &nd, or 5th, or P th step. For instance, suppose for accuracy in
following a rapidly changing funetion it seems desirable to let x incresse
inssteps of .0l. VWhen plotting the results, however, values of the depend-
ent variables for setps of x = ,1 provide a sufficient number of points
for accurate plotting. In such a case, pwich every 10th point (i.e,, set
P =1c,)_v.= 2, ) . | : -
I

Although the Runge-Kutta method, like many other formulae for numbrical
integration, can handle directly only first order differential equations,
this is - a restriction easy to circumvent, Any Nth order differential
equation can be converted into N first order equations, merely by sub-
stituting new variables for each of the derivatives (except the highest)
where they appear. An example of this 1s shown on the "Sample" page.

ﬂ%ﬁe : TP |eas Q:T@:t 's Aes?reé
fﬁ CHD
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-&"S-—s- Runge-Katta Step
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Procedure P2g

- = —— s ]

Given one or more differential squations

o : p P “p

g m L RL X Yy Fhe G )
‘J}c k

dx

i i 1.2 . th . ;
by appropriate substitutions expand “3£ gach Imf order equation into a set
of N, first order equations: o

¥ = H(=xs ¥p % o)

:7é = fe { b .o ' }?‘3‘3 Yoo ¢ ¢ o )

3’[& mfk('x:!' Flﬁk.')'z’*?)

4

If there are § such criginal equations, there willbe N = g N, first
order simultancous equations to solwve, 58

. Thres blocks of instructions and one set of consbants snd initial valuss must
be prepareds:
1, SETUP

a. Mading el
b. -Conversion of decimal valunes
¢. Adapbticn of subroutines, if required

2. BRE MASTER, which controls the decision ag to whether to
Integrate another step, whother to change step size, etc.
> . according Yo
3. F, which generstes the set of (y')s . the f's listed above.

[ k. DATA  location  Conmbents Remarls .
\ X -2 N shich must be in the form N )
3 X « 11 h = Ax
¥ : X x

initial valves must
e : bs loaded with rest
N o 4 6] of Dsla block,
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.‘ Space Required

; <
In addition to the space required by RKS itself (001-088), a block of storage
locations immedlately following it must also be reserved, containing € + 2N
locations. RES will then require from C01L teo 08@ + 2§ . Note: like all
relocatable subroutines, RKS may be loaded snywhere in standard memory that a
block of this gize is available, provided it is subsequently ADAPTED to its
new location, : :

Overall Flow Digggn_

‘ Ser - L»
S Ao F
(‘f\;zm‘) Masrar,
HALT
RK Master : \)’e u°
. The link word to RKS must supply the following informations ‘
b, i % } . /6
L+*2: O P K. F /3 \:‘L‘—‘—-—i ......
where P = number of pointe per punch ™ o s ?w&k
X = address of x in the data block . \(1;3
F = addross of first word of the F block skl &
=0 Al 3
8 = return (¢ ety )

Whenever entry to RES is made (as it must be the first time) via RES:1

(TU = = RKS:l), the set up block contained in RKS will extract the P, X ,
F, and B information, calenlate all necessary constants such as h/2, N=1,
ete., copy the data twice into two duplicate storage blocks, and make up and
insert all necessary orders and addresses. However, since it will often be

the case that no chenge in these quantities is wanted between steps, RKS may
alternatively be entered at RKS:2, which bypasses the RKS set-up block and pro=
ceeds immediately with the integration routine. In thiscase h, x, ¥y,




TR e
RES S 2ATS ‘f

e LD

o new caleulation are taken Lo ke the same ag ab the end of thas

{Note: £ is stepped to : x 2, W = 41 internally by

In the simple cave where no change of increment is conbtemplated, ths MASTER
block will lock like thigs

: Dy
e F e A L 35¢ 254 |

‘ " Pa i
| L«."*‘L 3 ;j e - zre_;i
\ , . fommen | [R1CS 2 1
L. v 2* 3 4 5 G ,.M.z g
vl L TP TP : RKS:2 -

pﬂlnﬂ-m-r s k\ ‘h !‘U‘%

IMASTER
AASTER %WM ¥
v, "d(’&

7 BLOCK ‘

F will contain orders to perform the following operations:

v

F Frl Set {i? from 33¢ imte Fin

Fa2 diven the ¥y in locations X #+ i,
to
| Pened ¢alsulate a '1.1 ¥i and store in X +.4,

using yif = f£.(x, V. =
SA0g F:!» f:\.( X 3 315 },,”" o e)

Fan W o = (ge) s

RKS makes four passes through F for sach :mwgrat::.on gtep, and hence musi

make provision for wmedify ing its return address accordingly. The linkage
uged by RES o transfer %o F and retwn is:

2 : 2008 1Ls1 3¢ 35r f.{
L+ W 8, (r) g‘}
b iy - d

-

so that Fil must bes

Fel: 00d E 35¢f Olc Fm
1. Hildstrand, F. Bog T,nt**odm.tien to Mumorical Analysic. Mclraw-Hill, New

YOI’;., 195"5 F., «..x.uq

2 Ie"v v, Hoy and B. A, Baggott, Numerical »m"mtmns of Differentisl Equations,
New York, Dover, 1950, pp. lh3<l.

3. Crandall, S. H., Engineering Anelysis, McGraw-Hill, NY., 1956.




