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Arit~ .e ti c in a One 's-Conplement Corpu~cr . 

A. !:I t. r od\,;.cti On 

7he ...... tin parts of the :' :-1t.r~e ti c secti on o f a one ' . ­

c o~- l enent COt':p:l tcr r - e t ho :.- ?f' ·-istcr (abbrevi a t e d ;(3.) , 

Ot. lru:cn fran t '!".(' cells nf the ::1('-.o r;: s~c ti on a~d ;>ut. into 

L-/Ilt 

t h.(' sc regis t e r s f' !'Id t r..~ lou r filndan.:ntn l arith:l!.C' tic 0 .... o r l\ \.1. 006 

p~ rfnr'c on t~~r t r. c r ~ . :or cnch ~f t~1 npc rn"i~n s wr shnl l 

ir.1ic:t\. :' th.: n:'oc o.!SS th rouct.· w~.i,:h t !1':. "'!"lc":!nc ~OI; S ar.-! n r ovc 

t hat t11.1:3, I) !"O(" OSS .; i'l c !' th ... · corr .. c t r osult . 

be TS. c"\ch 0 : ",'11.1 ch r ,-]l :- , .:ot,$ a positi\'e " '!" :lCt;A. \ ivc 23 digi t 

binar y !",.""L-:lb : r (;:.c ,)-.... "1 'P$ r~ .. o;in~ sUTJC'rflul"Ills zer os.) The numbers 

... l \.h ",hich t he m .chinc opc rnt u6 .. ,ill be r .... f~ rr cd t o as c'.1; 1ta1 

nu-;;bc rs . 8 :J.d t he nu."b.: r g f o r \o.~ l c.: .. h . $ f; ;...md n~ b inary num­

b "' r s . or s i ":l'ply :1unbc r s . 

It l~ f ir s t nCC09'J3 ry to Inves t.ig'lt c the 'W Q,Y in wh i ch a 

n'.lr.'lb ~ r i8 r C'PTc s onte d .t n t he corrputc r . 

3 . The C o rrc spondone~. 

Consl~~r t he sign nss binar y nu~br r s (d i gital n~b~ r6 ) of 

24 diGits. :0:.:: %23 • . . xo' Xi = 0 or} . e xcluding that digital 

nunbc r consi s ting e xclus ive l ," of l' 8. Th e one ' s -eogpl cmon t of 

S'.lc !-. /.I dig i t Al nUt.1bo r X is def i nod t o be X' ::: (2
24 

- l ) - X. 
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.:iincc 

whnr l.l 

• (... \ , -.. ( , -

2:2 ' ~ _ 1 = 11 . . . 11. it : : .. :. cn U ... · t 

xi 1. acco rding t:!. S 7. i ~ 
~ , , O· . 1 

• • 
Ai (X ) , .:... 

, . 
X ::: x2~ 

l'o t c that 

x. -

nctw('en thL' obovc ~et. C' dl~it ~.l :'.ll::bor !:: a r.d .. hi) so t of 

. .. (011 0\1; 

I f y. ~ 0 :!~d 

OXZ2 ... x o' If x ( 0 :o.r.d >X. , "22 ... Xo t hen l e t 

X • • 224 x......,. = 1>:22 ... '0 -- - 1 - 1 Y. , , i . (. . , if x i s 

n. ';'C:1.tivl.! let it co rrcsFo!'.d t o t ~c (.n~ls-cc ;n. l e ~.cnt o f !,;", 

i ::uge o f :. t ~ ., :so l·:te value . :' o t ( t ~~'\ t the t '"o !Je t s be twee n 

which the c orrcs:oor,dcncc is dcfi!, .;:d D. r G ac t ·.l'll1:1 cRr dir.ally 

cq'Ji · .... 1. 1 ~ r. t . 

T!" .. c :'3, C}. ann. r.ler.lo ry cells r c!'r c s cl:t bi M !';" nunbors 

x , 1 - 223 f: x '.:' (!23 - 1. as d i (;1 t al n~';) crs b:, ::lenns o f the 

&bo'IC' c or r c -::pondcncc. ThC" AC . howe ve r. Cl\.'l r cp r osc:lt a. ntl.,:"bc r 

47 47 .. 
8 , 1 -.2 '5- a f 2 -.1, :lo S t\ 48 d1t;it d1Cital r.ur.b c r by 

'/i rtuc of n:l ano.loGous One - cne c o rre :;oondcncc . If A is on.) 

of t ~~ s c 48 dig1 t dlg itn l nunba r s (r. c t consisting cxclusivc l r 

of l's) t h~ n its onc 1 s-conpl cmcnt is by dc ~i n iti on the 

diGi t a l nc."b c r ' •. no ",he r e 
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(A )' = J... ?h-; fU\."'. lo ... O\lS "i"c-one corrp.fr"londc nc c b -' v i r t ue 

f ollo"i:-. one . i,e t I ~ I 
~ f) t l ' on 

f". t--t J\ ::. Oe.4~ •• " (,'0 ' I f n"r, t:1C':1. 1'. ---" - 1<'6 .'10 , 

: :,!48 _ 1 _ 1,.. 1 = Z?B - 1 ... c. • 

• 

X ::. ,.~;; .,. :'1:
0

' ' Te h:- vc t he :11'--:11 :1 v l!rlfi r.d 

t hen x ~ X:~. 

C, Al\dit1on . 

\ '. 1t' b X 1 n ·~ 1. '-' ,'.- '." to ~ I .... ,;; ,.~ nun or : x?,:\ •. , ;:0 .1\..."'\ ...-1" .<C 

1'. <".1, '1 t~.l nU:1b~ r Do = n4? •. , ~.o in AC i n t he fo llou i ng 

uC\'/ . ':'~'e cl'.c hir.e eOT-u t e" 

A - ~~7 °16 n?~ n?4 ~:" n?2 ... ". , -
. .. , • 

n1nuG .. ~ = "2, x?:~ x23 x? .. , x'?~ x?? x. 

nn,l i f t~Arc i n r. borro" l eft ov(" r a t t he l cft- · t, .. .n" enC' .• 

t hi s borr o, · is 8u'il tr" ct en fro ' \ t1".c r:'l sult1 ~ ~ difference to 

or A ~ X. 

- ~ -
3/)..1 
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&' t '~"'· . :'::,C s:.:.b:rn,: · i o r. 1) 1" the bo rrow ~ r ');"" !he f ir st 

s{>c,):1d series CAnno t. r u.:: l o r w.c re t r.3.:l 48 plac e !" , sl nc e i n 

t '1<.> :~'ir r t SU '':) ' r Actio;". A. ::o r rc~" C.:\!l , r ic; i r.Ate o:11 y a t t\ can-
• 0 

f ~!':".l rat !. c n ')1 the f o rr.' +. and the 1 i f. the:> fi r s t. d iffe r e nce 

~'l!ll kill nny borrow g('r.~ r ::. t cj in t he soc c n:i suh t n .c ti on . 

It ~ust be shown tno t, within ~t~ r ange of thu c o~ut c r . 

if x 't:---o' X £\.:"I<! R, t--'1 A t!-.cn a ... x ~ ..... 111 X. ~ :c reovc r. 

! t .... i 11 b e sho\om th."'\t if t he r C!sul t runs o ve r the c<".pnc l t y o f 

t~c ~chinc it i s atill correct r.oculo 248 - 1. 

If XA -:. ;., t hen no cnd - a r ound Do rrow c~ n be Gcn~ r:tt('d 

anI! A ";:,, X :- A - XA• End a r ound bo r r ow 10'111 occ~r if f' .. :'ld only 

• X' it . A ' A. Using cnd-a Tound bor r ow is cq'.livn l ('nt t o A.ddlng 

246 t o A. sub trncti ng AA fr on the i r 6~~ , And then 8ub-

tr.:\ctlng 

Lot 

1 

if 

f r oQ this diffor unc o . Thus if 

t hcn -' ') 

Concisel y , 

, 
X- :~-X~}. , 

if X: .. A t nen I\. 'T X = A 
" " .. 

x, 1 - 223 ". x ~ 223 - 1 , , 

n~~bcr r ap rc scnt cd on XP. by X, and 
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n, P. '; .:14.6 • . , "'0 be f\ nunbcr 

r cp r c tocntcd on .~C ~y ~~ . llo t i c e fi r st t~At 

J / 2·1? - 1. The r e t\r c f our C!\SCS, one fo r 

c~ch ~~ he D~& Klblc dist r ibutions of sIgns on x nnd n , 

which arise i n the ~dditlon of To to R by ~c~ s of t he ir 

roprc~u'jnt .t hos on the conputcr . .!:nch ca se r.lus t be con side r od 

scpnrnt l"'l y in ?rde r to p rove t M t In gene rru a - :x. '- -: A : A. 

C:;. sc 1: 1 ? 0 Rnd 8 1 o. In this CAse 

a - ... = 0..46 Ro = , a : 

x '- ..... X : 0122 

~(A ::: 0 •• . 0%22 ' " Xo = lx/ nnd 

x' • -1 . .. 1 X;2 '" x~ = (2
48 

Since X~ ) .1. , An) x = A + :~ = ' 0:. 1 r I X I. If 

.. . a : • IX , -: 247 - 1 the l'J-

j a ; - I X (247 _ 1) -+ (223 - 1 ) , ; ~ , • ' X , = (247 - 1) T n 

vhc r o Thon sinco 1, 

\riC havo 

:But ( . a 't ' :r ,) - 1Il • 248 
- 1 80 a .. x = 

10. 1 "t ~ :l l .. o (1104 2'18 - 1 ) and 

A '~ X f-- - 00\ 1:1: ~ ~ + - (mod 248 - 1). ~ -, 

, ~ 

-" ., . 
JiJl? . -' - 5 -
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Ccsc II: x t: 0 and a ,,? O. In this C"80 

a _A ;: Oa46 

x \0--+ X ;: lX22 
, 

• • • Xo 

XA -- 1 1 
, 

~ZZ ... 

:<~ - 0 0 '::22 ". -

. 
~o = 

Xo --

If Xl 
A " 

;.. then ;.. 

, 
But if X" 

, 
A t hen ·x, 

( Z',8 - 1) ·x , and 

Ixl· 

r X • = A - ,, ' 
-'J" = ,. . - l X I , 

. • co. I nnd 0 , 
I A. j - , X' -" 

$ 
2,17 

and A :P X <-, In l I x : = • -.-' On the ot.h e r h:U1d . If -
, 

x,. ) A t hon ;. \I; X = A + (Z48 X, = 'n l • -
~ 

(2,18 1 ) ( . ad . 
, > io. - - , ~ , - Al so , \! X", 

I X' ) Int and 0 < I X I - lal ~ 247 - 1 and 

it. (9 X H - (I X I - I P. I) - a .. x. 

Ca s O I II : x ~ 0 Rnd e < O. In t his case 

x ~ X: OX22 ••. Xo ::; I X ' 

XA - 0 - " 0 • ~ , 

1) - , XI --
then 

- 1 

, 
X 1 

48 (Z -1 ) -'~ 1 . 
A = 

If x~ ~.... then :\.;T' X ::; .... - x~ ';. 

If 

Xl .... ... then' x : .. .r. . so 0 ~ _ .1\1 • , x I -;:. 21.7 - 1 
.... ' " 

c.nd .\. @ X t-r - IIlI .. i x ~ ;: a + x . 

- 6 -
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Since >;\ > A, I X' < on. . e.nd 0 < la' - / XI oS 247 1 • 

Case IV: x ~· 0 and 4 -: O. In this cnse) 

Q ~.l = la.~6 a ' 
0 = ( 2"8 - 1 ) - "" 

,~X 
, 

= 17.:22 ' 0 

X}, = 1 1 '22 
, and 

0 

Xl - 0 ... o '22 xo :: I x I • 

Since 

If 'el _ , X I (: 347 - 1 then ).. '~ , X t-..., - ('ll ' .,. I X .) :: a - :1:. , 

But if la' + IXI ; 247 - 1 then , since 

l a' .. IX' !~ ( 247 - 1) -+ (~- 1) , la l ~ I X I :: ( 2 .. 
7 

- 1) . D 

where o , n ~ 223 - 1- Then ( 21,8 - 1) - ( 18. 1 • I x , ) = 

247 _ n, and sinc e 0< 247 - n ~ 2"~? - 1 , 

A ~ X <-i 247 - n = c . But c - ( - ( III 1 • IXI ») • 

2'~B - 1 so n • x = - ( Ill. , - l XI ) == M (cod 2·;S _ 

end A m X +----P 0 :: £'.... X 
48 . 

hOd 2 - 1). 

The above ~GU~cntG provo t~~t if x, a and a ~ x ~ r e 

~ithln the ranGes of hR , AC and AC respec t ive ly. t~n 

a .. X~A G X and i f n 40 x i9 beyond the rAnGe of AC -
_ 7 -



L-N( 

t he A Efl X is stil1 the c orrect !.~e of a '" x . r.lo du!.o 248 - 1. 

D. Subtr action. 

Subtra ction ~. s perfor med by the computer by subtracting 

~ fron A using end-around borr ow ~hcn necessa ry , 1.e ., 

AE- X = Atp X: If a f--) A IUld x if---1.X then - ,-: ~X" nnd 

• • x ( d 248 - 1 ) no 

p_ - x (nod;f8 - 1) as the c~sc ney be . Thus t he desi r od 

co rrc~pondcnce 18 pre ser ved by machine subtract i on. 

~ 3ns i c Ar i th~otlc Opcr nt l ons . 

3010w 1s n t abl e 6ur.M~r l z1ng the bas i c Arlthne tic opcr~ti ons . 

NUl·ffiERS SUD?RI;'CTED I F'I''O .t\C Hi T;.-']; E.""SIC O?::RATIO:'S 

vP~~TIOll - I .t!.C :)1 G I T5 

B..;.? 1'\46 :1", . 
0'; 

~~23 ~22 0'1 P,. 

, , , , , , 
1 _U>D :G. TO AC ' 23 '23 '23 '23 x22 Xl Xo 
, 
SUD7;bCT :-13 FRO!·: AC x23 x23 x ;';:3 Xz:; x22 Xl Xo 

, 

IABSOLUTE ,~!):> :':R TO •• C 
, , 

IF ~23 = 0 1 1 1 1 x22 x, Xo 

I F '23 = 1 1 1 1 1 x22 '1 Xo 

A]3SCLUTE SU3TFACT X3 FROll AC I 
I 

I? x23 = 0 
, 

G ., ., . 6 0 y..J2 Xl Xo 
I , , 

IF 1 
. Q' ..• o 5 x' x' 

"" 
x23 = ... x22 1 0 

- 8 - rh7 
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The onl y opora t i ons in this table which have not been provod 

t o yi eld co rrec t r esult . arc tho operatIons of absolut~ ndd and 

abso!utc sub t rnct. From a conside rAtion of tho diGits put i nt o 

AC i n t he se operations it is cas U y ve rified thr.t they correspond 

t o the t r ue op~rations of addition and subtraction of r.hsolutc 

vi'Uuc a. 

r . t·!ultio11c"tUon. 

In ndd l tlon to XR lUld ~~C the a rithr.!ctic soction cont l'1.1ns 11 

q-Rcgistc r, QR . vhlch holds a 23 dIgIt signed binAry ns n 

d iglt~~ nunbc r of 24 di gi ts jus t 8.S XR doce . . All the d IgIt s of 

~'q or of ~C rnt'.y bo shifted l e ft. ~ny nU':Ibcr of pln.ccs fron 1 to .~? 

The shift Is circular, 1 . c . , n d!glt shift i ng out tho left end of 

tho regis t e r Is n o t l o st but shifts t o t he rl g."t.t end. 

I n the proof of the nul t inllc .... U on r'.leo rith.':! "'0 ... ill noed the 

following t~o l c~~s. 

Lc:::l.~"" II: Let ;;. = 1\tI,? , ,' AO be p, dip,l t al nuob~r in .\C. Let 

.• b~ the r ccult of shifti nG '"" circul".r ly to the l of t s 

p l C\c c s whore . , 48 . Then • ( '~8 ) .~2 nod 2 - 1 • ~hcrc 

is thr,; pr~duc t o !' 2 8 
... :1th the d i ~it .. .l nur:.bc r A (not its 

Pr oof : 46 pIneo !; 

-~. - ,-.-' ~ ---- -- , 
,.' P';~8- n 1\'17_s .•. P' I) 00 ... 00.., '--.-. nnd 

6 pl.-\,C C 6 

- 9 -
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,-, :'!. , -.7-s 

1',,:7 • • • ~.ie-s CO . . . b Ij 

·18 pl:> . .:os 

' .r.! .~. 
• ..,t ( d ,18 .... , .0. 2 

L-IJ/ 

n ·.. ) = 
· . ~- s 

r·.}7_3 •• • "0 ,.· ... 7 . . . ~·i8- G:: 

1) , 
" 

r~ r:. d- B t.... t \I~ ' ,t::l r 1l'1..r.a ;'U~1t. .... l ~u;:.bcrs -mt. . ' 

l ~t ,', ":: - :.:-n-. to h ir dl!"fc rc-!lcr; 

C"ci . s p l:·.c .. s ",b_t'~ 

l s i lJ' cnc!. -J'. r our.C; ~c rrow j f . , 

rr"~ t : It is 1-:pUc 1!. 

- ' :g , .\ I? ;; l!i - 3. 

; ·,"3 d " _ 3E ( • 'In .... :.c~ 

0&( - ) (.n. r:; - , 3ut C $. .... 8 3 ( t,~a - 1 '\r.1i :':;1 (; .\. 6 '5 :::.. . ... ~j -' = ...'l , • ... 

( 

- .. 
, A 8 :s -= .. & ~ . 1 

',f::._ !". II,,': !:" "' '''ru:,~ r ... o,!d~ ~r.cl. "~ (. !'l. it t;uot r "c l !' it co~utC's 

r l-. lt,c ',.; ' i ti · :, 

-' , ( , 

-. ... .;; :-j", 

- 1') -
10/1.1 
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Hult iplicnt i on .';' lp,'o r ith", 

IDt ~iAl con t onts 

Q3 contn ins ~ultipli cr 

XR con t.a ins rnul ti plic".nd 
AC cont~lns nunbor to which 

t ho p~~duc t 1s to be n1dcd . 

""Igo r ! tht.1 

1 . S~ift AC 21 pl ace s l eft. 

2. If q23 = 1. subtr~ct XR i nt o AC. 

If q23 = O. pr oceed directly t o atep 3. 

3 . Do 24 t i nes: 

-n o Shift AC one plnce left . 

b. If q23 =- 1 ndd )::rt i n "o AC . 

ot ho rwi se proc~od t o 3C . 

c . Shift Q...~ 0 00 pl_~co loft . 

~ . If q23 = 1. c dd AR i nto AC . 

Rc sul, t 

AC con t '\ i ns pro" 'lCC pius it !; init l , .... ! con t ents. 
~~ con tn ins oultipllcr . 

q ~ Q = q23 . . . 'to - At t ho cnd o f tho opc r n t i on ""e n"1.S b CCln 

shift ed l e f t -fe"plncos nnd is b .... ck .... h..-:ro it st''.r to.:(L In view 

o f L~::"L""'. III 'We ::l~ consi<! c r the .r. ; helt! H it tionnTY nnd X .. ~ 

shi ft ed alof'lb it c!'.ch step . Sinco QR. is ahifte d 01\ch step we 

- 11 -



,---.. 
'" ~ 

~ 
.Q 
~ 
~ ~ 

"- ' . .c 
I '" ...J 

~ 

0' ~ 

~ .l! ~ 
0 ~ • 
~ c • 
~ - .c 

" ~ 

." 1! .., • a~7 a~6 a~6 .... . 825 "24 823 822 ••.. . "1 ·0 <--' • 
~ • 

" ~ ~ ,I 24-• " " (? (q23 ) 
, . , . , , 

"- 0 0- X?3 x ~ 2 x2l ... .. xl Xo x23 x22 · . . .. x23 x23 ..... -x' 2 ' q23 
e ~ " 0 

X'223 ' q23 ~ < 0 

'" (q23) Xo x23 x23 x22 .... ..... xl x23 · . . . . . . . . x23 ..... 
0 • 0 
.c .c c 22 
~ ~ :;l lit (q22) x23 x23 x23 x22 . .. . . ' '123 .-. . .. .. . . . . xl Xo x23 x'2 'Q22 
• ~ 0 • 0 ~ ~ 

~ 
c 
0 .ll ~ 

0 ~ ~ '" < 
0 c ~ EiJ (ql) .. .. . . . xl Xo x23 x'2 

~ 

~ ." .2 x23 · . . . , . . ... , . . x23 x23 x22 ..... 'Ql 

• § ~ 0 
c ~ ( QO ) x23 ' 23 x23 x23 x22 Xl Xc ...... x'2 '''0 
~ ., • · . . . . . . . . . . . . · .. . . 
.c • 0 0 

~(Q23) 
0 

~. · .c x23 · .. ..... . ... . x2} x23 x23 x22 · ... . xl Xo ..... x· 2 7q2 3 
'" • 

• g • .c '" ~ 0 

~ ~ 

" ~ 

0 • 0 

'" ~ " ~ • • 0 • .., • 
0 ... • 0 • .c .c ~ 

m g} ~ 
0 

• 

l' 
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The cooplcncnt ia used in t~c second I1no bocnu8c ~~chlna 

subtr".ctlon fa the snnc 1\8 t:If'.chino ",ddlt1on o f the cOt:lplonont . 

The fnct oTs ql to the l eft slnply i ndicate whe t her or not the 

te r n 18 t o bo included in the t o t fl. l 8W"i ( r>.cco r dlng A6 ql = 1 o r 0). 

Tho corre spondences t o tho right follow fron 

LccnP. IV . By s cc tion C the t o t~l oachlno sun co r r esponds t o tho 

S~~ of tho :n~c s or t o 80~C nunbc r which 1s congr uent nodule 

2~.s _ 1 t o the 8~ o f the l c~cs . Lot P be tho n~chlno sun 

of the dl bltnl nunbcTa. Then 

if 'l23 ~ 0 then Q. (--> q ~ 0 'l22 ... 
0 

a - x 22'~ QZ3 • 2.:: x 
1=23 

21 qi • x q23 - n • -

n . x q nnd P <---+ P :: e. • q x (nod 218 

• 
If, on t he othe r ~~d , ~ = 1 . t~cn 

~ ~ q ~ -0 q~ 

". -

, 
7..2 1 .(1 L n - -

1=23 

q ' {OlUld 
o 

0 

e j ) 
,,-

~ P. - x 
~. 

i=23 

t h is C '\ I> O ". 8 well I~ S the first 

(s':Od :.:f~8 - 1). 

- 1:" -

.... -

21 I 
q1 = 

( nod .. 18 _ 1 ) , 

qo ~ 0 and 

0 

x " q1 21 ~ -'-
1~23 

- 1) . 

" • q x. Thus 1n 
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:J . Divisi c: n. 

In pc r fo ro ln~ the division opcT~tio n t he conput c r ~OC 8 

thro'ogh the p r ocess i n~ l c:>. t c d 1n the f~ llo,,; ing di~.;rN:J. 

::)1visi o[l .\l .;o riH'_'l 

Inithl CcntC"fI.2 

~~. i s clc "\r cd 
:.3 c Ol\ t '\ ir:s d ivisor 
... e c on t "t ins divi .icnrl. 

L C:'.~c 1: If '\I'~? ~ 0 , tiO to step 2 . 

Cnsc II: ' If ''-,17 :;: 1 . I'.bsolutc subtr .... ct XR 

i nto j,C. 

2 . Shi ft .... C 2·~ p I '1.C OS . 

3 . Do 2·~ tine:'; : 

1". . Shift .. i.e on .-:- pl ..... cc . 

b. If p'Z.} : x
23

, su'b tr1' c t :-2 into .\C n.nd In!h:rt 

1 in qo ' 

If c
Z

.1 'I x~3 ' f\dd XR intO ."C. 

c . Shift ~~q One plneo . 

. 
" . Do En.£ of tho f o ll o-\o' ioti : 

n. If Co2 1 : 
, if Cf'.S C I , Abso lu t e add - , 

..=..C , 

b . If a 201 = 1 . 
AC. 

c. If R2'~ - 0 , 

d. If 1\21 - , 
J , 

Fi nc l Contcr.ts 
~ co nt~ln& ~uotlcnt 

XR contRi ns divisor 

r cpll'.c c qo by ,Q23 ' 

if ca se II' Absc lut c 

if caf' ~ 1 , No p.c ti on . 

i f c .. '. sc II , Repl nce 

AC c ontn1ns l c~st non-ncg~tivc ron~indcr. 

- 101 -

add 

qa 

D into 

lS i n t o 

by q23 ' 



In the p r oo f o f t h ~ vall ~lt y o f t his ~lgG r i thn we sh~ll 

n eed t he 

Leona V: Lot f ( x) = 2 x -~. Then 

P r oof : 

o 

~ 
k:n-l 

o 
..,n . ~ 

, L 
k :. !':- ! 

o 
~-. 

k=n- l 

= 

.~n .. l - " - 1 - 7. (' . , 

C:).SC 1. 11:.: ..,ill first c c nddc r U .<? C'1UC .. f t ... · .. ;"' 'J SitiVl :::\u.'":-

bo r s. !hro u.;~u;;u t t h .. ' p r oo ! ·.loe .d !l b .... --:"'c o f l ll':: r!" I I ' .. ~ <:'. 

II I. The ."\C .... i11 b(l c .. nd !! . r~d ~t"'l l ~ tl "'. ry ".nrl t he ::\ slid 

Rl o ng i t '\n '1J:".ount ·..-hi : h ".Il .~ xp.r.i:-. ". ti o n ""> f t:-.c "'.l ':t l"itr.:' .. ,ill -,-v..c 

uvid cnt. S l ::ii1 '1.r l;r~!i. .... 111 'toe cons i de r ed s t 'l ti <. n ' .r;.· ~:: .! U".c 

c or.;pu t cr will be .... ssunec. t o inse r t to r, .. p r cpc r di~i t In t he rr ,-

pe r pl,..cc . In the C'1.S\; of two nor.-ner' ,ttv ..:: n u:-:b. r s :ho (!i \"i~ i'n 

.rUG:0 rit h. .. ·1 r <:rluccs t o the f o ll .... \Jinc. 

- 1 !.> -
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, 

q23 '10 +-' q 

X ; "23 ' , , .xo ~ x = 0%22 Xo ~ 0 , "23 

A : "17 ' .. 800 f"'""4 a • 0 &.16 aD ~ O. ~1? 

1° , Shift AC 25 placos 
Subtr~ct xa into ~C and i n.ort 1 i n ~ . 
Shift QR one pIece. 

2
0

, Do 23 tica. 
a. Shtft AC one pIneo. 

; 0 

• 0 

b . It ~4 - 0 lubtract XR into AC nnd insert 1 In ~. 

3° , 

If a.. ;1 " ddXR ' lnto AC • • 1 

c . Shift QR Onc placo. 

Do one of tho f oll oYinG! 

". If "21 - 1: - Add XR in to AC. replace qo by q23 ' 

b, If e.2-~ ; 0 : 110 ac tion. 

Step 1° . Make q 6 = 1 tmd cocput o 

A,4? &46 · .. . 1\25 ~24 "23 "22 · .. ... ' 0 ...... " 
23 

9 0 %23 %0 0 0 <---> % 2 · .. .. ... .... · ... .. 
1 1 .t25 JZ1 .1-23 .1-22 

1 
>2

23= - n~? 046 · ... · ..... DO = Nl ~ a --
If YO de tine f( t ) == 2t - I, ve rove , aince. '10 = I, 

~ : a - f( ~ ) x 2
23

, Noy l e t us a ssuno t~t not onl y do X 

and A repre.cnt Don-noGntl vo n~bor • • but also t hA t 

o < x ~ 223 - 1 and 0 <. a ( x z23 . Then -'I: ~ ( 01 < 0 

and But % 223 < (223 - 1 ) z23 < 246 - 1 , nnd , 

- 16 -
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46 
t n1' <. 2 -:. . Tbere f ore 

1 
"46 ':" 1. 3 1nc(' l r. ".lbs t ep 1 of 

( notice th.:!t is n JW the 

t\l\d since 

o 1 
st op 2 n.~ 1! COr:lp"lr e d 

..,l th X
23 

~ 0 , the o~cTnt i on in substcp 1 1s 

is le ft aG I), 

St op 2° , Substcp 1: Co~pute 

1 "46 
1 1 1 1 1 

n~? :14~ . . . . no ' n23 n
22 

.. .... " 0 - n
1 ~. 

:B 0 0 ' 7..\ . . .. . . . .... . 
0 

Xo 0 0 -x222 
. ... 

2 " n2 2 2 n2 x:!22 
= n4? n46 n2t; nO nZl ...... = 112 H n1 • = n2 ' 45 23 0 

Sinc e =\23 ;: O. 

l'. _ x ~2::! Thu. 

I ,,:??, 
~ n2 . ,.x 00 

f orc 

. l 

n .. ~ 0 or • 

Substep CO;;ptilC 

0 2 02 
n~7 i.e .. 

~'o r ~n 0 u 

= 

0 
n' 

" 

x 2,1 

Also 

B ... 

and 0':'1:> - x z22 • 

-1. Thorc-

l'.Jld si nce t he o ~'cTl'.t i c n o f s UbJ t.,;o p ?, \s 

2 0 .:.:. 015 = o r I , i t i s 

,2 0 2 2 r. ;;-:- n22 11. 21 "2·1 -" 
' " .......... . Xo 

3 3 ' 3 3 ".,4 n ~..,. n2:1 "21 ............ -

c " 

o r ~ <lcc ord-

n 2 
0 ~ n2 

~ - x 
" 1 2" 

-Since 1.!; 1 ~ r a nccordlnc'l\~ the opcmtion il;; , :; 

or 



L - ,- r 

21 + 21 
"3 = "2 - f( 'Ia2) z 2 • Aloe "3 = "a - Z 3 McordiA& aa 

"3 I = I Z a21 - I "a I I , ""d 11"". Z a21 
- ' ''2 I ~ z ill and 

I "2 I - Z a2l < Z a22 - Z a21 = Z a21
, we ban '''3' ~ Z 221. 

1Iu\ Z a21 < 244 - 1 .... d.o 1"3 I < 3"" - 1. 1'Mrofore 

n~7 = nis • n~ = n~1 and .ince tho oporatlon ot · .ub.tap 3 1. 

e or ~ aecord1nc ae ~ = 0 or 1 U 18 e or~' I'LCcordinc 

70r a genoral It, 1 c-:. k: < 23, aawco that 

Tho" 

Since the next operation 18 8 or Ci:) accordl nc a. n~?_k = 0 or 1 . 

it 10 9 or ffi ""cordine~' "k ~ 0 or "k <.. O. 

Sub.top k: Cocpute 

._k ..It'" nk23_~ ~_ ~ "47 •.•. "4?-k: 1r"46-k • • • • .. . Gr .. . • •• n~ 

~or~~o~._._ .. ~o~_"23~~~~~~~O~~"~'~'~O 
k+l .. k+l .. k:.l ""k+l k.1 · · · ~.1_1l.+1 ~ 

n47 •. . . "47-k: "46-k • . .. .... 23-k Il~: ,It ·· V ~ ".---,. 

"k :;. za23-k"", 

Sinco Cl24-k = 1 or 0 Mcor41ng a. the operllUon is e or 63 • 
. + 

"k+l = "k - f(~_) x a23-k• Allo "k+l : "k - x z23-k 
""0014-

- 18 -



n.nd si nce < x 223- k 

" 
23-k 

2 = 

• .nd 

2
23-k 

x • we h.·we 

Since the next opcrnti on is 

c r ~ I\ccord~ .le P- S 

k ... l - (' f' 
n1-6-k = 0 or 1 . 1 t is ~ or IJ;J ~cco rding 

Tho ~lgorithn proceeds in this way until finnlly it will 

be the c~s c th3t 

anr! tho operati on o f subst ep 23 1& G o r f'£ e.cccrdint;; 1\8 

n.,_ ') 0 or n 23 < o. 
, 0 • 

Subs t op 23 : co~uto 

n23 n23 n23 23 n~ n23 
4'< 

. , .. , .. . 
2' ~ 23 n22 .. ' .. . ..., 

e or E;!l o ..... ... 0 x23 . . , . . . . . . . Xo .... 7- 20 

2~ 21~ 24 2- ~ nvi U:y, 
_ 0 

- n47 
........ nZ<l n23 n~2 

. . .... - ,..... f!.23+ X2 
- 0 -

Sinco ql = 1 or 0 nc co rdi nc a 8 the ope r:'. tion is e or '¢* 

= 

• 

0 ." 2
0 

f (Qj) . 2 . Al oo n2·1 = n23 - . acco rdinG " n;}l =: n23 -

n23 < 0 or n23 ~ O. Thus 1 n2_1' - I ' 2
0 

- In2311 and -

cinco x 20-ln23\~ X and In23\ - X2° ~ X 2 _:l2
0

_x • 

...-
we have ,n24 1 S x < 223 - 1. By t h is In8t inequali t y 

" 

- 19 -
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Recap! tulntin& our results throUGh stop 2° . \{O M.ve 

. 
°2-:11 ~ x f'.nd , 

U1 +---to n1 = a - r ( 'lo) x 223 

N2 r-; n2 = "J. - f (q23) x 222 

N3 ~ D3 = n2 - f(q22 ) x 221 

11k ...... "k = 
( ) 21-k 

"k-l - f qa5-k x 2 

Addl nl; the 1ll8.{;'cs D1 ..··· ... n23 .. ~4 -

Lcnnn V FUld tho f net th..-"\t 'lo - 1. 

o 
~­

L.. 
k::22 

and by 

r. 
= a - x L 

k=23 

1/ kn , - < If 2·\ 2-l 0 h - 0 owtlut In241,x. n24 =047= t on 

or 

o ~ D21 < x. For aasunc D24 = x. Then , since the DUr:lber 

addoNo or aubtrAC t od froD D23 in subst.op 23 is x, tho 

l- -1,/1 

op~ration muat be e . f or it'" 1 t vore E9 . 023 ."auld equal 

zero and zero calla fo r subtrnctlon . Now since tho opcrntlon 

In 8ubst ep 22 the 

-20-
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_, ,. , uld c . 
o!)C mtlon tlust. "baln be ;,:: • f or if it wor o J:' ... 0 W'O nt\VC, 

1n vic.., o f t ho f1\ct that <21 1. addod t o o r 6ubtrt'l.ctod from 

nGG 1n 8ubstop 2G. n22 = 0 which would cnll f or 6ub t.rt\c tion . 

, ~ "zG = 2(XG
1

) 
0 

Again s i nce the opcTntlon 10 .~ we crust hAvo - x2"'. 

Pr oceodi nG i n this "'~~. we find t~~t tho opcrt\tlon of 6ubs t cp 1 

Is .0 . But we ".l r c ,...dy know t,h.Po.t this opornt1on Is J.:.,. nnd hence 

we ~~vc n cont r~dict ion . Thor efore )lov if 

then no ac tion is t l'.kcn in atep 3 nnd ""C contr.ins N2.~ ~ n24 , 

and Q;t contnin~ Q. ':: <\23 . •• ~ t---:jo q :: <\23 •• , Q.o since q23:: O. 

But 

o 
= f\ - x 'i. qk zk - " - qx or a = qx • n2.1 whero 

k=23 

en the o t he r Mnd i f n~:~:: n~j - 1 tftcn -x ~ n24 < O. 

We do kno w th. ... t 1\ :: qx ,. ~ .... hc r o q iG tho itl;'.c.c o f the con t ent 

of ~" -ftor ste p 2° . I t 3
0 

i t hi 1 1 ","1. co n s op • n ~ C::\80 , <\0 - s r c-

pl acod by <\23:: 0 And~. r epr osonts q :: q - 1 ~~ the conpl c-

t1 0n of tbe ent1re op .: r ntion . :~lso: :J. is I\ddod t o AC M d :~t the 

cnd of the opcrnt1on he r aprc acntG n2~ + x. But a - OX - n • -- 2'. -

",her o O ( n • x : x . ,... 2·1 • 

Thus w"c have pro ved thAt if 0 < x ~ ~ - 1 Md 

o (.:1. < x 223 thcn t ho c1 v1 s i Qn nll;o r1t hn Gives the co r-ree t 

- 21 -
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/... - ('i! 
rosult, thr~t the contonta of qR, AC and XR corrospond reapoc-

tlvoly t o t~o quo~ l o nt. tho l enst non- ncgn.t1vo r Cl:Il\ladcr and 

tho dlvieor. 

Suppose a ~ x 223> x 223 - 1 = X( 2
23 

- 1) + (x - 1). 

Thon the quot i ent must be Grpatcr thnn 2
23 

- 1. thAt i8 t o 

say, ~ is De t capnblo of holding the quotient. If 1\)%2
23 

. / 

the co~uter will not ~lvc the co rrec t answer, no r will it givo 

an nnswcr correct modul o z24 - 1. 

It r enains t o extend this r e sult t o o t he r C~8ea. In whAt 

f ol l ova tho a1sorltho vi II bo used AS it stnnds on pr~10 14. Tho 

devico c~dc po ~slble by LO~~9 II nnd I II viII no t be ceployed. 

Cn&C II: ASSUOC thAt 

[ 0> x ~ 1 - 223 
, 

.( lxl il3 0< 
W \ l x = 

lXZ2 
, . , .. . :Xo _ x = - Ox22 Xo 

A = 00'.16 . •• . eO - R. - Onll6 .. . aO 

I 
a ( Ixl ~ 223 _ 1 

a ( a < IX . il3 

!henj 
X' OX~2 

, 
~ I xi = OX~2 

, 
= ' 0 .. . Xo 

V 
A = 0"'-16 a O r~ A = Oo.t;6 ... "a 

We know f r om ca8 0 I tha t the co~putGr viII p r oper ly d i vide 

a. by I x t. C:tll t his division V C~l l the divi sion of e 

by x divi d on ';l • We s h. ... U eOr.1pD.rc d ivi.sion V with division T . 

- 22 -
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In each division &4? = 0 80 no act i on ia taken in step 1 

of tho algoritho. In .u~.tep 1 of stop 3 in division V 

, 
8

4
? : x23 = 0 80 XR Is subtracted into AC and 1 inserted In' 

~. In t he corrosponding step of division W. ho~ever . 

8
47 

: 0 ; 1 s %23 and XR 1s added lnto AC nnd ~ left 8S zero. 

But in W the content of XR 1_ tho coopleocnt of tho content of 

XR in V • and since addition of XR and .ubtr~etlon of ttl 

co~pleoent are the lame th1ng, the content ot AC at the end of 

substep 1 18 the anne in V 88 in V . SltlHnrly in each 8ub-

sequent 6ubstep tho contents of AC 1n V and V a r c the sane 

and opposlte diGits arc In8~rted 1n QR. 

In atep 4 action (a) 1& token in both V and-W or action 

(c ) 1s taken in both divisions. If it 1s (c), no a ction 1s 

taken and the r er.talnder in AC 18 the sane in V as in W find 
• 

the contents at qR in V and ." a re complccents. If the 

ie (a). X 
, 

CI'.ch acti on i. added t o AC In divisi on and in V 

'I() is chaDged fron 1 t o 0 and in 11 'I() is changed. from o t o l. 

Thus in either ease (a) or ( el the content of AC 18 the SMC in 

V and W • let 1 t& i~ be r • The contents of Qj! in V 

and 11 are cooplements o If q \ e tho 1oago of the content -
of Qj! in V and q ' i. the 1~O of thc contont of qR 1n ." 

thon o / q ~ z23 _ 1 and 1_ 223 ", ' (0 and q = -q. 
::: q , 

. (-q)(-Ix l) + r 
, 

Fron Ca8Q I . a - q I X I +. r - - q x • r. -

- 23 -



..... 

L-11ff 

Tho ~orltho 1, t~. Talid 1n thl. CASO AS well al enlo t. 

Cale III : Let 
r 0 <x ... 223 - 1 . ~ 

I 0)& >x (1 - aZl) 

V ~~ = 0%22 '" "0 ~ x = 0%22 - -, "0 

l A :; lA'46 ••. &0 t---i a = -Oa~ . . . aQ 

The division of ~ by x vill be referrod to &8 divisi on V. 

In step 1 . since &4? = 1 . XR 1, aubtrBctad froc AC. The ro-

sulti~ dlg1t~1 n~~ber 1s z = , = 

a - x <. O. Let division 'll bc tho dlvhion ot I z I by x. 

Now 

• 

O< x<zZl-l , 

0< ! ZI < a23 23 
(Since 1,1 = Ia-xl < /al l' IXI < :1(2 - 1)+% , 

In step 1 of division W no thinG 1s done . We wi1 1 c on~c 

ctcps 3 of divisi ons V and W In ~bstep 1 of W XR 1s 

6ubtr,\ctcd into AC Md 1 inse r t ed in '10' In 8ubstcp 1 of V 

since '4? = 1 ; 0 = "23' XR 1s Added into: AC and 0 i nserted 

1n '10 - Since the contents of AC just before 8ubat ep 1 in V 

and W a r c conplcocnt a ry. and t he oper~tloDs a r c opposi t e . the 

r esul ting digitAl nunbars arc coopl cocnt~ry. Thus 1n subs t op 2 



tho operations are again opposite and opposite integers inserted 

in QR. The process · obviously continues in thi s ~Gr, and at 

the end of step 3 the contents of AC in the divisions V and 

W are cocplonentary and so are the contents of ~~. 

Let d , - d . q . - q be the 108(;08 a t tho end of step 3 of 

' the contents o;~ AC in division V. AC in V , QR in Y 

IUld QR in V rospectively. In the Cf) urSQ of the proof of CI'\80 I 

YO shoycd t Mt I z( = qx + d even b of or e step -1 is tnken. 

Therefore Z: - I l l = -qx - d. Supposo now t M t in step 4 o f 

d1vis10n V course .(b ) 1s token . Then AC beco~e8 tho 1~~ of . 

-d ~x and Qn rc~~ ins tho 1~ of - q . But sinco z = a _ x , 

a = z • x = (-qx - d) • x = (-q)(x) • (-d. x) . Of course 

o ~ x - d <.::. .AtS\lr.IC on tho other Mnd that Cours e Cd ) is t aken . 

Then AC re~nln8 the inRge of -d (which in this Alternntive oust 

be positive) and Q-~ becoccs -q ~ 1 since Clo 1s changed from 

o t o 1 and -q <. O. Hore a:: l + X :: (-qx _ d ) ~ x _ 

x( -q • 1 ) + (-d). Thus in eithor coursc, a t t~e end of the 

ope ra tion XR cont~ins the divisor, QR tho quotient and AC the 

lC~8 t non-neeat ivc re~~ indor. 

Cafe IV: Le t 

"'O> x~l-~ 

o > ~ "> Ixi (1 _ 223 ) 

V lx = ~2 •• . Xc H x = -a.:;z ... xQ 
, , 

A = 1846 " ' ''0 t-T a = - 0&46 • •. aO 

- 25 -



then 

r 0 < I x l ~ 223 - 1 

0> a >1 xl ( 1 _223 ) 

, , 
X =0%22'" 

, 

L-/41 ' 

: ~2"'XO 

Ve will co~arc dlv alc~ V • an instance of CASO IV, vith 

div isIon ". nn instance "'If ca.so III . In step 1 t he 68r.1C 

action is taken in oach division And the eont ents of AC i n each 

Arc the 6~C a t the end of hi. step . In 6ubstcp 1 of s tep 3 in 

divisi on 
, 

&17 = 1 1 0 = 1z3 so XR 18 added into AC and 

o i nserted in 'lq ' I n tho corrosponding stop of di vision V 

847 = 1 = ~ ' so XR 1, .ubtr~e tcd into AC and 1 inserted In 

~. Since machine addi tion and ~chine 8ubtrRction of tho 

co~plcccnt ar c the 8&00 thine . t ho cont ont s of AC at the end 

of 8ubstcp 1 arc t ho .~e i n C~ h div isi on. The procoss oon-

tlnuc a i n this vay, and at tho end of atep 3 the contents ot AC 

in V and V are the same and the con t ents ot QR a r c comple-

menlary . 

Let r bo the 1~. of the contenta ot AC i n each divi s i on , 

l ot q and -q be the 10880. of ihe contents of qa in V and 

V respectively . I f in atep 4 course (b ) 1a taken in W 1t 1a 

taken in V. Should thia \0 the CI\SO , QJt r emains the 8ame and 

1n each divil10n AC becooca tho 1ma~o of r + I x l which 18 

po8it1ve and le88 than I X' . But f r om C~IO III 

- 2£ -
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" .. , 

! 

~-I 'if. . 

6: I X I ( -q, ) '" (r - I xl ) = (- I XI)(Q ) .. (r + I X I) = XC!.'" ( r'" IX I ). 

If course (d ) is taken 1n V it is t~on in V also. Here AC 

rc~. l n 8 tho Im&go of r vhlch ~U5t in this c~so be positivo 

and l e8s t~ I xl. In W • QR beco~os the lDAgc of -q ~ 1 

and , in V • QR becooe s tho image of ~ - 1 . By case III 

a: IXI ( - q ... 1) • r = (- t x/ )(q - 1) + r : x(q - 1 ) + T. Rence 

in each case XR 1s the l~o of the d ivlsor. QR the image of tho 

quo tient, and AC the imaGO of t he lans t non-negat ive rc~lnder 

Rt the end of the ope ra tio n. 

V. Ca sos involving zeTO: If 0 Is divi ded by a positive nunbar, 

the quotiont turns out to be 0 and t he r CnAlndor O. If 0 13 

divided by n- ncua t1vc nunber the rc~l ndcr is 0 And tho quoti ent 

is all l Is, a r esult Yhlch 16 not COQpl c tely non8ena lc~. If a 

positive nuobcT ,/ 223 _ 1 is divided by 0 the quotient 1. ;:, 
al l l i S and tho r cnnicdc r 10 the divi der.d. !fa negative 

n'Ur.lbc r > 1 _ 223 i& divided bl 0 th~ quotient is 0 and the 
/ 

r emainde r 1s the dividcn~ (neeati v~). I f 0 i8 divided by 0 -the r emaindor i8 0 nnd tho quotient ~ll 1 1 8 . These r osults 

arc easily verifi ed . 

lie have proved thnt 1f 1 _ 223 : x , ~223 
~ 

- 1, but x ;. 0 , 

and 1f 
23 

I x I (l - 2 ) < a <. I XI 2
23

, but a " O if x ( 0 , 

t hen the algori thm givos the cerrect r eault. 

I f QR becooo a filled vlth 1 1. througb a division involTing 

zer o , and QR i, then added or aubtracted into AC . the contont 

o f A.C 11 no t al teredo 

- ?!7 -
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