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Relay Circa 

T o DETERMINE whether a oomplex circuit ­
ele«:lrical or hyd raulic- Is open or cloeed haa 
previous!)' required a l) pe of mathematics 

with wh ich (l'W en gin<'1.' rB arc familiar. To avoid 
mtroducing this higb e r mathematic • • a lIimple 
fq .... or mathematics , calloo odd·et1e7l algebra, elUl be 

"'" d This algebra dltrc r"IJ (rom conventional algebra 
11\ ' ..... 0 wayB : (1) only whole numbers are used Rnd 
( 2) evcry ('ven number i8 conaidered to be the aame 
as tNO whill' evcry odd numbu i8 considered to be 
th(' &1. rnc 88 the num ber 1. Th is 8{'cond role makes 
IWvf' ral inter l'Bting changea In the appearance of the 
In .... f'g, 1 .l- 1 - 0, but they are caally understood. 

1I"",u.: VOCABUI.ARY: In translAting Crom circuits 
to formulas it i8 nf'C('BBu ry to relatc the two po8sibl,. 
pOtli l iona of n SWit ch to t he t ..... o pouible rcpreaentative 
numbt>nI and also to gh'e th ... elementary formu lRIJ 
fflr "" ri l' s connection nnd pRmUl'I connection . TheBC 
fll' Is I\rC mAttCnI of defin ition. Rnd are 88 follow8 : 

I A cklflt'd Iwltch Ie repre.ented by an odd num ber 
2 An oflE'n I witch II reprellf'ntf'd by an e \'~n number 
, It X reprt'9('ntl one Iw ltch and Y repr("~nta an· 

(,lhf' r . then the ayatern ('onalaUng of th(" two 
IIwltchell In er nel 18 n.-prellented by XY 

4 It X repreM.ntJ one Iwltch and Y rrpre.lle.ntl an· 
other. thrn the .ys trnl conlllsUng of the two 
flwil ch("1 In parallel I. repre8('nted by X + Y .f XY 

The fort'going baaic factA ar~ illustrated in Pig. 1. 
}o'or example, if two dOlled switchcs are in parallel . 
th e fi rst switch may be rt'pr('8ented by 3 and the 
second by 5. The number for the parallel connection 
will be 3 + 5 + 15 : 23. As 23 is an odd number, 
the parallel circuit is itself closed . In practice. It 
ill convcnient t o let 1 N'preeent all odd number. and 
o I"t'pl't'8('nt a ll (' \'('n numbcn. but this i. a convenience 
ra ll..-r thnn a ncccaaity . 

LAWS OF OOO·EV.; S AI.GEHRA : The multiplication 
table for odd·even algebra eonsist8 of only four prod· 
uets which ngrt'e with the eustomary algebraic law. : 

" 0, '" eW'n num ber time. an odd number 
II an rVlI!n numbfor 

, 0 0' an odd number time. an even number 
Ie an eVlI!n number 

Q y 0 0 : an even number time. an even number 
I, an fOven number 

I , I ' an odd numl:M:r times an odd number 
I, an odd number 

The addition table al.eo haa tour eleme.ota. Thl" 
ftnt th ree ate identical with ordinary addition. Tho 
fourth law of ndditlon appean different hecauee 2 
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being an even numlx-r in conventional algebra. be­
cornell identified 88 0 in odd-even algebra : 

o + 1 I, an odd number added to an e\'en num-
ber 18 an odd number 

+ 0 1, an ('ven number added to an odd num -
bt>r \$ an odd number 

o + 0 _ 0 ; an even number added to an even nurn­
boer Is an even number 

+ 1 _ 0 ; an odd numbfor added to an odd num· 
ber III an f:\'en number 

From the Iut' two lawl of multiplication. it will 
be obeerved that any power of a quantlty il identica l 
witb the quantity : ' 

x~ = X •.. .... .. ... .. . (1) 

where" i.I a politivc integer. 
From the 1ut two Jawl of addition. It sbould be 

noted that any quantity added to itself equal. %.(If'O 

and lhuB in any expreuion two like terms can be 
cancelled: 

x +x = o ...... . . ...... .. ... ( 2) 

~u.ae of Equatione 1 and 2. exponcnta o r c()('fCi· 
cieot. are not needed in odd-c\'<"n algebra. 

It will be observed th"t odd-E'ven algt'bra obeys 
the laws oC ordinary algebra if We withhold the idenl!­
Cication at even numben with U'ro and odd numbers 
with unity until the vt'ry end oC the calculations. 
which is permisaiblc. The only ncc(,Mll ry change in 
thinking il the concept of identifying a whole daaa 
ot numbers with a lingle number. 

CoWPl.EMENTARV SWITCUt:S: Two Iwitche!J are com­
plementary if one Is always in the opposite poaition 
Crom the ot ber . Delignating the complement of X 
by X'. X Is open when X' ie closed and .Y. Ie cJOBed 
when X' is open. The fonnula for X' ill : 

X' = X+l .................... .. . (3) 

The three-way awltch circuit la in etred two com­
plementary nrltcbea, the circuit employing two three­
way awitcbea beini' ahovm in Fill . 2. The Cormula for 
tbI. circuit I. derived u Collowa : The Cormula for the 
upper branch ia XY. The formula tor the lower 
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branch ia ( X + 1) (Y I- 1) ;::: Xl' j X I l ' T 1. 
Combining these two fonn ulu by usc of d('finition .. 
under Baaic Vocabula ry, the formula for tb(' Circuit is : 

XY + eX Y + X + Y + 1) + XY ( XY + X + 
y + 1 ) 

fWmoving parl'nthcsu : 

XY + Xy + X + Y + 1 + X : y , + x :Y + 
XY 2 + XY 

Applying Equation 1 , 

XY + XY + X + }' + 1 + XY +X l' + Xl' + 
Xy 

and applying Equation 2, XY + Xy = 0, ther"forl' 
the fo rmula for the circuit ia 

x + y + 1 . I " ) 

It will be noted from I::quation 4 that a l'hllngl' o f 
e ither X or }' ..... 111 cha.ng~' th(' l'nti rt' ci rcUli , Th iS IS 

the propert y fe r whi ch tnt' ci rcuit ia dl'a ignt'do 

FUNCTION Tlu:OI'u, ,, ~ IN OOP· f: n : S AI£f:IIRA : A 

function of X i!l an al,::-"braic l'Xllrf'ssion con taIn ing 
the 1I;' II(' r.Y, En'n If the exprlliaion con ta ins o thl' r 
I(' He ra, it ('a n lx' C'onsid(' r,'d lUI Il function of X. Thill" 
fo r ('xampl.,. ttl(> (' xprC'ss:on X + Y + Xl' + 1 II! n 
function of X, wh ic h is wnUt'n 

I I X) x + Y + X}' + 1 

If thia is the runetion of X that il! mE'Dnt , Ih (o n b) 
/(0) la meant the n 'Huit found by letting.\' 0 In 
/(X), thu,, : 

1 ( 0) := 0 + Y + 0 X Y + 1 = Y + 1 

Simila rly, I( 1 ) is found by Ictting X .0 1 in I ( X ): 

/(1) - l + Y+l x Y + l 0 

whe re the N'duction to 0 hllR been accompliahed by 
noting that 1 1 1 0 and Y + Y O. The thr<'<' 
foregoing eqUl\tions a rc simply examples to Illustrate 
the function Id('s Rnd art" not 10 b(' takf'n too a('rioua­
Iy; tbuA, 1(1) dl)('a not RlwaYI! equ"l 0 , bccaulI(' I ( X) 

I, not alway. X + y + XY + 1. 
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Any function ot X in odd-t.·ven alg('bra can be ('x· 
pand" d by the (ollowmg thcon.'rn: 

Theorem. l : fIX) X /(1) + (X + t ) / (0) 

Thle expanBion th~or('m i8 " (' rifled by lIuhatitution 
of thl' onl y two poRSibll' valueR of X, viz. 0 nnd 1 : 

/(0) ::: 0 X /(1) + ( 0 + 1 ) 1 ( 0 ) .. 

/11 ) 1 x f( 1) + (1 • 1) /(0) .. 

. . (5) 

. ( 6 ) 

lJaing the law8 o f mulliplic.ution and addition. i.e., 
7.,' ro timl'8 an)' (IUantity is zero, one times any quan­
tity ill thl' quanti t y Itactf, ze ro added to any, quantity 
'8 Ih (' quantity iuW'If, and the 8u m of two lik(' 'luanli· 
tH'R 18 zl'ro, t he truth of Equation. 5 a nd 6 i8 shown. 

By multiplying both rn€'m lx' .... of Theor (' rn 1 by X 
lind not ing that X 2 X and thut X ( X + 1 ) X~ + 
X X + X 0 the followi ng theore m ma y he de­
nw'd 

ThefJr(' m 2 : X/(X ) X/(1 ) 

An i n ~l}('ction of Theor em 2 m ight tempt one to 
d iv,d" holh mcmb<' rll by X and thus conclude that all 
sWLtch('s a rc c lo8t'd . Howl'v(' r . the fact that some 
IIwll(' hn an' op('n . ( X 0 ) prohibits division by X 
] .. 'tJlII"" . as in ord in;\ ry algebra . di vision by uro ill to 
r .. 1to\·uldNi. Inasmuch 8S X has a good c hance of be· 
Ing zero. division by X is t o be (woid('d . 

AI'PLIC ATION OF FUNcrlON T IIE:lR}: :.tS: The ex pan­
~lnn th('nr('m ma y be applied t. c~cuit ar.alYII!s ~II 

'I I' ASllu mt' a circuit n'sl'mbling th(' customa ry 
' 10.1.:. Ci rcuit . IlII sho,,"'Tl in F ig. 3. Let the fonnula 

fo r thl' ci rcui t hl' l eX) . By conside r ing X closed , 
th, ·r,· I 'l' sult~ a circ uit in which A and B in pllrnll('1 
ar,' ill St' ri l's wi lh C and D in parall(' l, 80 that by dcft -
11>lInnS 3 and;{ IIndl' r Basic Vocabulary : 

/( 1 ) ( A +B+ AB )(C+ D+CD ) .. ( 7 ) 

By eOMid(' ring X open, .A. and C in s(' riell a r e in plUal­
h·1 with Band D in serif's , 80 that 

f rO) AC + BD + ABCD .... . ... . (8) 

Pulling Equations 7 a nd B into Theor em 1 the fonnula 
for the c ircuil is 

j(X) _ S ( A + 8 + AS) I C + D + CD) + 
( X + I ) (AC + BD + ABe D ) .. .. . . . . (O) 

Aftt' r f' xpa nding and cancf'lI lng, Ihf' formula fo r the 
" rlilit ('fin !)(' writtl'n 

JJCX + AHC.\: + Af)X + AODX + 
n CDX + lie + OD + ABCD 

ACDX + 
.... (to ) 

By lIuccessive application of the t'xpansion theorem, 
Ih.· fonnula fo r nny ci r cuit ean be found by consider ­
II1 K 011(' SWltcb at a time, 

l'h,'or(' m 2 has a cireuit interpretation by noting 
tha t if a SWitch X ill in lIe rl u with R circuit which 
contain8 oth t> r s witchea X, then the openneu or 
dosur(' of the enlire sylltem i8 unchanged by perma­
m'nt l), cloaing all Hwitche8 X except the original one, 
The tnJth of the foregoing is apparent when it I. H­

aliud that if X is open thr ('ntire circuit Is open ud 
if X i. c1osrd. the permanently closed X .WitCM 
agree with the "olllBide" -Y_ Having discovered a en 
cult fact by algebraic manipulation, ita validity c-.. 

00 M't'n by eleme ntary consid('rn t iona. The alge braic 
manipulation, t hen, is an aid in ferreting out simple 
relationsh ips which might othe rwise be o..,erlooked. 

DERIVINC It. C IRCUIT FROM It. GIVEN FORMULA : The 
ftnal step in applying math('matical. methods is to 
translate the symbolic N'ault back into the pbyllical 
llyatem. In o rde r to de ri ve a circuit for a given 
tonnula, note that the fo rmula in Theorem 1 iA given 
by the circuit in PIg. 4, beca use the formula tor 'ig. 
4 is o btained by appl ying d r ftnitio ns 3 and 4 under 
oRsic Vocabulary : 

x x 1(1) + I X 
( X+1 )/(0) 

+ 1 ) /(0) + X X /( I ) X 
..... ( II ) 

X x/tI)+ 
XI(1 )/(0) 

( X + 1) /(0) + Xf(1) X /(0) + 
... ( 12) 

X/(I ) + ( X + 1)/ ( 0) . (13) 

For any given t onnula the foregoing pf'()«" can be 
applied wcceulvely (or each .witch by calculallnl' 
1(1) and /(O) and 8ubatltuting into the circuit at 
Pig. 4. 

Aa an u:ample, consider the formula X + Y + 1 
(C,,"h"tI.(:d 0 " PcJyc 192) ... 
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as I<X). Then /(1) = Y and 1( 0 = Y + 1 = ¥', 
P uttmg th('8(' I"f'8U lt8 into the ei re it of Fi{J. 4, thf'rt" 
r~'z:;uIt8 the circui t of FW. 2. 

Conside r alao Equation 10 as I 
tin$:' X ;.. 1 

111) Be + ABC + AD 
BCD + A C + BD + ABeD 

By If'tting .Y 0 

/(0) .t C + 8D + ABCD 

X ). Th('n by It" l-

ABO + AeD + 
.. .... (H ) 

. . . (15) 

KaY>' expanding .. ·8ch of IhNI(-' ab" 11, fillY. switch A : 
Fe,r A t. EquatIOn 1-1 bccoml'8 

g(1) Be + Be + D + D + CD + BCI) 
+ C + BD + HC D ~ C + D + CD . . . (16) 

and for A 0, i:quation Ii bccomt' 

9(0 ) - Be + BCD + BD 

for A. :- I , Equation 15 twcomt'll 
hI 1) = C + BD + BCD = 

and for A 0, Equation 15 bccom 

h ( O) _ BD 

The · gr.nC'ral form of the cirelli 
about Iwo 8wit ches. as illustra{('d 
given in Fig. 5. 

By comparison with definitions 
fI('en thaI q ! 1) ill C and D ;n pa 

B (C + U + CD} 

t 17 , 

+ BD + e, BIJ , 
( 18 t 

for the ('xpansion 
n th e forf'going. Is 

3 and 4 it clln bt> 
fl Url, that rJ(OI I. 

B in aerie. with C and D in parallel. that 11 (1) II C 
In parallel with Band D In seriea and that h (O) il B 
In aerif"s with D. Puttin g theM values into PIY_ 5 11. 
circuit can be derived whoae OP4'nnC88 and do.urc is 
identical with the bridge circui t of Pig. 3. 

By Kucceuivc expanaion sa begun alrcady for X 
and A, it can be 8«'n. Fig. 6. that a.ny circuit ha\'ing 
N .wltches clln be exprt'B&ed RB an cqu ivah'nt circuit 
having at moat S lwitchea where 

S == 2 t- 4 + 8 + 16 .,. .. + 2" 2~ I I 2 
(20) 

' o r by ulling three-war awitchcs for pllirs of com pl!'· 
mentary .witchu. any circuit can bt· f'xpn'S8f'd by 
u.ing not mort' than 2. - 1 three--way switch!,B. In g!'n· 
eraJ, of cou~, all the pouible .witches will not be­
n~~ to express an equivalent circuit. 

CJRCUIT SIMPUf'lCATIONS: It is obviouB that. if X 
factors out of $I. formula , thf" circuit can be {'xpreU('(i 
as the Bwitch X In Herin with the. circu it N'prf'lIE'ntt'd 
hy the factor by which X III multiplied. Thil facl ill 
expreue-d in the following th eoN'm : 

Th~n:m3 : If { (O) = O, then{(X ) =-. XIII ) Rnd 
the circuit can be exprea.aed by Iwilch X in III' ries 
with /(1) 

The tint part of Theorem 4 followa from Thf'Qrt'm 
I, and the second conclullon of Th l'orem 4 i8 a. con­
.aequence o f definition 3. tn a lik E.' manner it ill poB­
Bible to IItRte a I"('lationship by whic h the ('ntin' cir· 
cuit can IX' eXpl"('88f'd all a circuit in parallel wit h 
.witch X. vi:r;: 

Theorem 4 : If 1(1 ) = 1, then I(X ) ::- X + 
( X + 1) HO) = X + /(0) + Xf( O),andthecir ­
cuit can be exprt'Bscd by switc h X in ptlrall('1 with 
1(0) 

To illustrate Theorem 4, consider a circuit mAde up 
of IIcv('ral pollitlon.B of switches A find B. flS giv!'n in 
Fig. 7. For A = 1, it ill IIccn that the ci r cuit would 
be c.loee-d, 80 that I ( 1 ) 1. Fo r A . 0, it iB Ren 
that the circuit d('penda on th(' condition of the low· 
"at B switch ,' 110 that {(O) B. Thul Theo", m 4 
ltates t hat the circuit Is equi valent t o A in parall('1 
with 8. 

CONCLUSION : The for('going II admittedly a mel"(' 
I"I('Kin ning in the analysis of relay circuitll by meana 
.. I odd-ev!'n algebra. The primary Interl'.Bt haa bet-n 
In d('tf"rmining whethe r an entire circuit la o~n or 
cloSNI. TABt..Y. 1 iJluatratca circuits using two relays, 
showing the condition of the cireuit fo r variouB com­
hlRationa of relay poeition. These condition. are es­
tabliahed by the u~ of the formulall included in the 
tablf'. 

Othpr applicationa of odd-cvl'n algebra appear poe. 
"HM. The lIystem can tx- I'xte-nded to lIymbolic logic 
11\' Identi fying odd numbers with true propoaitionl. 
I' \'rn nllmbt'rt! with falae propositionll, multiplication 
with Ihe "and " . (unction and, finally. ide ntifying "or" 
with th t· X -t Y + XY relationship defined in thill 
article (o r two awitches in parallel. The Itudy of the 
foregoing theory hAl bef-n found useful for aolvlng 
(' irc uit problE'ml: 

M .,.\CIIISE Dl:8IGN-Drcl'mber. 1949 t , J 
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