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The application of wn&ry arithmctic in the computiD( circuitl of • hit;b r.peed d~L&1 computer iii di5-
eu»ed in detail. The dUaission coven, with oumerous n ampla, the Woe of compiclMnu to rI:presenl 
nega tive numbcn, the concctions nec~ in the mwtiplicarion proceas as • raull 01 the 11M of com
plements. and additional modifications of the proces.s to limplify mKhaniution A $(>«ial (hi~on method 
well-adapted to automatic: computer UK is descrihed, aDd round-oll procedures arc noted brirllr The '!lide 
IS toncluded ... ilb .. di!CWllSi.on of the Slorage of ncplivc numhen as abMlutc " . Iues .. -jib .. sign r.1btl 
than in complement form. 

INTRODUCTIO N 

T HE ex tensive development or la rge-scale digital 
computers in the past few years has natu rally 

been accompanied by a corresponding development of 
the maOtematical techn iques required for the most 
efficient use of these tools of research . Probably the 
outstanding feature of electron ic circuits, in:\Ofar as 
their application to digi tal computers is concerned, is 
their binary nature. It is possible, by relatively si mple 
means, 10 use these essentially binary ci rcuits for opera
tion in the decimal system, provided the decimal digits 
are represen ted in binary coded form. There is litt le 
doubt that all significant future development of general 
purpose computers, particularly for use in the com
mercial and industrial field , ..... ill be concerned ..... ith deci
rn.'l.i operation . Neverthekss, it is also true that many 
of the large-scale computers no ..... under development 
both in this country and abroad are purely binary, 
at least in thei r arithmetic operations. The greater 
si mplicity of this type of tlcvice and its slightly more 
efficient use of memory capacity ..... iII probably assure it 
a position of continuing inlportance in the field of 
smat! special-purpose compu ters such as those con
templated for industrial control applicat ions. 

While the present discussion is concerned chiefly ..... ith 
the arithmetic operations of the Binae, a general pur
pose binary computer recently completed by the Eckert
~I auchly Computer Corporation, they apply to a large 
rlcgree to most of the other binary computers no ..... under 
lonstruction. The mathematical developmen ts pre
sented are not intended to be rigorous. but are intended 
more to conny as simply and clearly as possible the 
principles underlying the operation of the Binac's 
arithmdic circuits. For a more thorough and rigorous 
analysis of these principles, the reader is referred to 
Ihe report of Bu rks, Goldstine, and von Xeumann , on 
Ihe mm puter being built at the Inst itute for Advanced 
Study.' T he arithmetic operations in this computer are 
!iimilar to those in the Binac. although the latter is 
serial in nature, while the Institute's computer is of 
the parallel type. 

• lJurlts, r..,ldsline. "n" von Neumann. I'.di", i,.af:y DIJ("<JJil1fl 

,1 Ikc iJlf,K.Ji DMIf," t>' <I>' flf(/1,' ,. i.c Co", podi .. g / .. m" ... c,d 
!lnS'lIu,e for Ad~';'\I1(e<t Study, !'nn.Non, ;';:c ... J f"r"'-.~. 1Q.i; I, 
'\('C'Ond cdi,il'Hl. Part I, Vol I. 

I. RANGE OF NOMBERS 

The arithmetic circuits and memory of a computer 
are designed to handle data in units, each consisting of a 
fixed number of binary digits; since these units may 
represent either numbers or instructions,! they are 
commonly referred to as " ..... ords." The choice of word 
length must be a compromise among a number of 
factors, such as available memory capacity. operating 
speed, required accuracy of numerical data, and other 
considerations. A word length of 30 binary digits, 
equivalent numerically to slightly less than to decimal 
digits, was chosen for the Uinac; other binary com· 
puters now in the process of const ruction use word 
lenJ,(ths varying from 16 to 4-1 binary digits. 

Placement of the binary point must nellt be deter
mined. Mult iplication will be simplified if the point is 
placed to the leh of the first significant digit, since it 
..... ill then be possible to form the product of two factors, 
each having the muimum of 30 significant digits, . 
without exceeding the call:lxity of the computer, and 
..... ithou t resorting to "noating point " methods which 
require the keeping of a St'parate record of the binary 
point position . Placing of the point in th is position also 
leads to a convenient method of handling negative 
numbers, as will be seen later. ·The absolute values of 
numbers ..... hich the computer can represent ..... ill lie in 
the range o~x< I, and , since JO binary digits can be 
stored. the smallest increment which the computer CAn 

represent is 2- " . 
Both positive and negative numbers C UI be repre· 

sented if one additional digit, to the left of the binary 
point , is used. Th is digit ..... ill bt- a 0 for positive numbers 
and a I for negative numbers; and the absolute value 
of the latter will actually be replaced by its complement 
with respect to I ; for example: +~l, will be written 
0.00 1 t , but -1~6 will be .... ·ritlen 1.1101. (It ..... ill he 
noted that if the sign is treat ed as if it ..... tre simply 
another digit, negative numbers ure represented by 

• tn,t ructlon' anti numeric,,1 'Iuant'u~ an· han-tied interchan~e. 
ably In both the memory aml arnhmetK ClrCU;15. 'nSlr\ICIIons 
hein.t modified on the bll<:r circulI ~ hy addlllOIl or subtraction of 
cnns,ants ... ·hel<: n~et>.<,a r y. lI o .... cvrr, an ,Mt ruction tURers fron • 
a quanhly on ,hat It can he onterprr,t'I'I by the control (lfCUlts of 
the curnputer and thmu,.h lhost circuits can cause preo-frtrrmonc<i 
"f't'rIlUOM II'> be perlormctl. 
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TABU: I 

"dd .... <1. "'- c ... yn¥" 

o a.nd 0 0 0 
o and I I 0 
I and 1 0 I 

thrir ('omplt:mt'nt§ with rr--pecl to 1. This statement 
.... iII he further amplifie<] ;n the discus.c;;on of addition 
a nd "ubtr:1C1ivn .) T he IOlal rall~(' of IlUmhNl' .... hich 
llit' mmpuler (".Ill repn-st'nt is then - I · x< I. 

II. ADDITI O N 

It will 1a'\"1 Ix- shown that Ihe correct al~ebr:l.i(' !iu m 
of two quantil;<-"!; Cln be ft)tmed by an adder which wi ll 
form Ihe correct !;um of IwO positive numbers. The 
lms;c Tullos of biliary addition arc illust ratt:d in Table I. 
Since the ad(icr must I~ cavablc of form ing the correct 
sum even if IwO ones from the two addends coindJe 
with a ca rryover from the p ren.·ding d igit, T able II, 
which is developed from the basic principles in Table I, 
summarizcs the results which Ihc adder must produce. 
An adder sat isfyin/.: these requ irements, Ihen. will form 
Ihe correct sum of two I».-i lke numbers. Since it is 
nOI t he purpose of this p • .'lper 10 d iscuss I.-i rcuit details, 
it is sufficient to state hNe that th<"SC requirements can 
be met elect ronically by re1at i\'ely simple means. 

The significanc(- of the statement. previously made, 
Ihal negative numbers are repf("scllt~ by their com
plements ..... ith respect 10 2, mu.~t no ..... he examined . 
This implies. that if - l~x<O, x is actually ..... ritten 
2+x . ..... hich obviously lies in the range ix't wet'n I and 2. 
Thus, in the e'(ample pre\'iously given, - 1\ {in binary 
fnrm -(j.!X)I I) is written 1.1 101. If the digits to the 
Idt of the sign pashion are ignored, any pos itive 
number O~x < 1 is indistinguishable from 2+.t; fo r 
example, 1~6 in binary form ~s O.rXH 1 ; 1~' + 2 is 10.001 1, 
..... hich becomes 0.0011 again if the 1 to the left of t he 
5i}!;n digi t is ignorer!. 

T hus. if an adder is const ructed which diSCards 
ca rries beyond the sign diHil , it should work equally 
well for positive or ne!!:a t i"e numhers. The following 
c'(amplC$ \,ill illust rate Ihi,.,. 

O.rXH I 
, 
" n.m I I ,'. 

(l lIlW I 

o Oflll , " 
1.1001 

, - ,. 
1.11110 - \ 

1.1 101 - I~' 
I lonl - /, 

(I) 1.01 iO -I 

• 

TABLE II. 

"'ckI~1I4o "'- c."Y" ....... 
0,0, and 0 0 0 
0.0. amI I I 0 
0, I. and I 0 I 
I , I. and I I I 

(The carryover. shown in parentheses. i~ discarded.) 

\.1101 
0.0111 

( I ) 0 .0100 

(:\ gain , the carryo\'er is disca rded.) 

, 
• 

To SUlllmari.lC these results, then , it is possible to U~ 
a si mple binary adder to add positive or ncgalivt 
numbers, provided (a ) each quantity is contined to tht 
range - 1 ~.t' < 1 and a 2 is addetl to the q uant ity befon 
it is sent in lo the machine, and (b) any lliJo(i ts to the Ich 
of the ~ position. called the sign pv~ili')n, arc dis 
carded, whet her they result from the orixinal addi t iw 
of 2 to the number or f rom an addi tion in thc ('nurse 01 

subsequen l computation. 

III. SUBTRACTIO N 

Si nce t he add ition process just destribc-d work~ 
equally well for positive a nd negal i\'e quantities, suh 
traction Cidn be accomplishl.'tl by chanJ.!ing thc sign 01 

t hc subtrahend and ad tlinJO::. Since the sign rrversal I~ 

accomplished hy delerminin~ t he complement of th ' 
quant ity with re~pect II') 2, a procedu re for mmple 
menting is requ ired. 

First. consider the result obtained by seltt:tjn~ a 
quan tity. changing all its zeros to ones and its Olles If 

zeros. then adft ing the resul! to the originaillumbct. 

0. 1101CKJI 
1.00101 10 

1.1111111. 

It is evident that the resu lt will alv.3ys be a YoCTll"S !II 

ones. For n di~its to thc righ t of the binary point , Ihl 
result wi ll he 2-2- ~ . The q uan tity obtained h,' intt·t 
chang i n~ zeros and ones is then'fore the compl('~ent 0' 

the ori~inal quantity with respect to 2-2·; Ihat I" 

the new quantity m'-2-2 ~- m. Sinr(' the rr--ul' 
requiren is l - m, it is only nC<'K"-'lI'}' 10 adlt 2 • to tho 
r('sult obtained by intt' rrhl'lnging: 00('<1 and I('ro;;: 

m""O. IIOI Oo 
- m _ I.CKIHJll +OJ'(l()()(J1 = 1 001 1m. 

Complt'mentin~ is thus arcumpli~h('d t.v irHctfhan),: 
inl; onCJi and l.cros in the q.'antity t(t II(' v JIllp[t'menlt'll 
and adding a one 10 the result in th(' ka:r;t .. i~nilir.tn! 
digit posi tion. 

:\ somewhat nitT{'f('n l subtra, lion mt' thod i!i ril~ 
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cussed in !he section dealing with storage of a bsolu te croute : 
\·alues. o 1 I () 1 

\ 0 1 0 I 
x 
y 

II 
- ti 

IV. M ULTIPLICATIO N 

Muhipl ication in the bi nary system is simpl ified by 
the fact tha t any multiplier digi t ca n be only a one or 
a l.ero. This fae! results in a process easy 10 mechani7.c, 
.since additions and shifts allernah.', whereas in the 
t\ccimal and (It her Ilumber systems, the number of 
addit ions between shifts \'a ries in accordance with the 
multiplier digils. (Of lOUrse, the case of 111) addition 
can be treat ed as equivalen t to the addi tion of zero.) 
Mul tipl ica t ion of Iwo positive binary quantities, then, 
consists of examining tile multiplier digi ts in succession, 
sla rting wit h the least sign iticant, addi ng t he mulli· 
plicand into the pa rtial prod uct if the corresponding 
multiplier digit is a one, bu t addi ng zero if the multiplier 
digit is zero, After every such addition, the partial 
product is shifted one place to the righ t. T he follo wing 
exa mplo illustrates the procedu re: 

o 1 1 0 1 .r H 
o I 0 \ \ y It 

{) \ \ I) x' \ 
01\ 1) \ x· 1 

noOoo x , O 

(/ 1 1 II \ .r 1 
IJ (I U n u x,O 

0 . 1 () 0 0 I I I I xy 143 '256. 

~ote that a shift takes place after every addi tion except 
the last. A lthou~h the above example is written as if 
the multiplicanrl were shift ed to the left, obviously t his 
is equivalent to shifting the part ial produc t to the righ t ; 
the latter process is better adapted to computer 
operation . 

:\ow SUpP()s(' that t he mul tiplicand, x, is poslllve 
anclthe multiplier, y, is nega t ive. As usual, y is written 
2- ' y ! = 2+ y. M ultiplying give.'i x(2+ y) = 2:1'+ xy, 
which can be conected to equal the produc t xy by 
subt racting 2.r. Although 2x is obtainable hy a simple 
shi ft, lIevt' rl hdess it would be more convenien t if this 
shi ft could he avoided, and this turns out to be easily 
possible. Let x be multiplied by a ll digits of y ellcept t he 
sign digit. Since y is negativt', this sign digi t is I ; t he 
resul t , therdore, is to multiply x hy one less t ha n before. 
This means the formation of the pro..luct x( l +y) 
= x+ xy instcall of x(2+ y)= 2x+ xy. :'Xuw, a com·,tion 
of - x is sufficient, and furlhermnn: , the prOC'es..~ is morC 
systemat ie, sine e every addit ion i~ {oil..", (·tI by it ... lIift. 

T hus, \0 take (.Lrc of the ca~~ of .r po!'itivc and y 
eitller positive or n~a!i\'c. 1\ is only ne(CSSilry 10 follow 
the procedure uutlined f\J r butll x and y P"SIII\'C, and, 
if )' is ne.,;"ti,·e, rurrC(t the r('!'u\t by ~u],lra(\ing .r 
frum it. The fnl1fJwin,l! to<tamplt: illu .. tratt':- the pro· 

o 1 I 0 I 
0000 0 

o 1 1 0 I 

o 0 0 0 ° 
00 1 00000 

00 
xy+.r 
-x 

\ 0 1 1 000 I xy - 1-'3 ' 256. 

From symmelry it is apparen t thaI if .t is negative 
a nd y positive, a correction uf - y will give the true 
product. As a prel im inary assumption, let the sign d igit 
of x be ignored unt il the correction a t t he end is made. 
Th is leaves only the question of how to add in the -Yo 
It turns ou t 10 be convenien t , as fa r as compu ter design 
is concerned , to examine successive d igits of y by 
shift ing y to the right a digit at a l ime, droppinl( off 
each d igit a ft er it has been examined . T his means tha t 
by the end of the process y has been lost and is not 
a va ilable for use in correctinl't' the product. Therefore, 
the possibility of making the correction digit by digit 
as the product is built up must be examined. 

Suppose the numhers being used have 30 digits and 
a sign. Rcferring back 10 the basic multiplication 
process, il is noted Ihat 30 shifts are made in building 
up t he prod uct ; therefore. the sign digit of x during the 
flTst addition tinally benlmes the 30th or least signiftc.'lnt 
digi t of the prrKluc\. Similarly, the si~n (Ii!o(it of .r on 
the second addition l.Jecomt.'S the 29th (li~it of the 
product, and so on. rt therefore becum(.'S app;iTcnt that 
the sign digi t of x durin~ any addition occupies in the 
fina l p roduct a position equivalent to that of the digit 
of y which cont rolled its addi tion into the product. 

:-';ex t , note lha t the correction needed is the com
plement of y. Th us, fo r every 1 in y a 0 is needed in the 
correction term, bu t for every 0 in y a 1 should appear 
in the correction term. As usual, the complement must 
be corrected by adding a unil in the last place. :-."ote 
fu rther that the correct iol1 is needed onl)' if x is negative 
- that is, if its sign digi t is l. 

Putting together the abo\'e facts, the required pro· 
cedu re may be defined. If a digit of y is 1, x (without 
its sign d igit) is added in to the partial p roduct. If a 
digi t of y is 0, its complement, I, must be added into 
the partial product, but a I is tl\·,L.ilabl(', in the correct 
posi t ion, in the form of thc siKn digit of .r. Thus, if a 
digi t of y is (I , the sign digit only of x is added. Of cou r~, 
thi!. sign digit might be 0, bult!\;It would illlply that x 
W;L~ positivc and no correction was required ; thus no 
harm is done by adding the zero. Sinte the addlti(lIls 
arc tNminate,l hefun' cxaminin~ the sign di~il of .' , 
the correction term , if any, still bcks a I in the si j!/1 
1I')<;l t iOll1 and ,I I in t1lt' units p4>~iti"n . 1I1'lIl('. if .r h 

-., 
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negative, the;e digits must 
as shown in the following : 

be added to the product, 

1 00 I I x 
o 1 0 I I Y 

Don 
nODI 
0000 

n /I U I 1 

001100001 

(.1' without sign) 

(siJ.:11 only of x) 

1 0 0 0 I (correction term) 

10 111 000 1 xy 

- H 
II 

-1-'-1/ 256. 

Taking the third term of the partial product (tha t is, 
1.<XXXl shi ft ed t ..... ice 10 become 0.0100) and the correc
tion term, and adding, the result 0.0100+ UXX)! 
- 1.0101 is obtained. Thus, it is sho ..... n thaI the com
plement of y has in fact ~n added to the product. 

Finally, the case of :c and y both negative will be 
considered. Slarting with the numerical example, and 
followin!i\: the procedure outlined for Ihe pr~t'ding 
cases: 

I 00 I I r 

1 0 1 0 I Y 

00 U I 
. I 0000 
000 I I 

1.0 0 0 0 

010 I 0 1 11 1 

(x without sign) 
(sign only of x ) 

- 1-1 
- It 

I 0 0 0 (corret:t ion for sign of x) 

ry+,r 1 1 0 I 1 I I I I 
o I " I -x (correction for sif;:11 of y) 

0. 1 0 0 0 I I I I xy 143/ 256. 

The correction terms added on account of the sign 
of x art' ( I ) 1,(lC(X), shift~1 three times to become 0.0010: 
(2) J.00Xl. shiftcd on('e to become 0 ,1000; (3) UXXH , 
added after all shifts are completed, 

Again adding these ,'arious correction~, the result is 
1.1011 , which appears to be ..... rong. b«'ause the com
plement of y is 0.1011 . J<ecalling that . up to the correc
tion steps, signs were disregarded. and that therefore 
the fa ctors beha"clilikex+ 1 and y+ I, the unmrrelted 
product obtained must he (x+ I )(y+ I ),. ,ry+,r+ y+ I. 
Hencc, it is necessa ry to subtract 1 a<; well as ,r allll y to 
get the true product. Since all c.lrryO\·ers heyond the 
sign at\" disre~arded, subtr:'lcting I is the <t.:1I1ll' as 
adding I. Thu ... the extra I which appeared in the 
complcment of)' is necess:H)'. 

The foregoin/{ diSC'ussion co,·cr .. all possihle ca~ anri 
shows that a smgle generalized multiplication process 
can be u~1 to produce results which are correct T{~~ard
Il$S of the signs of the factors . 

V. DIVISION 

The division proct'SS used in the binary c&mputer IS 

the non-restoring method, analogous to that used in 
desk computing machines. This method has t\O,'o Im
portant advantages-it eliminates time-consuming com
parison opera tions which are necessary in Ihe restoring 
methOd, and it requires no extra correction operations 
if either dividend or divisor is negative. 

In the non-restoring method of division, the signs of 
the dividend and di"isor are first examined. If they are 
alike, the divisor is subtracted from the dividend re
peatedly until the signs b«ome different, a unit being 
added into the corresponding quotient digit for each 
subtraction , If the signs are different, the divisor is 
added to the dividend repeatedly until the signs become 
the same. a unit heing subtracted from the correspond· 
ing quotient digit each time. Thus, in the dC('imal 
system, if the signs wefe alike and the divisor had to be 
subtracted th ree times to cause a sign revero.al, the 
corresponding quotient digit would be J, if the signs 
were different and the divisor had to be added se\'en 
limes to cause a sign reversal, the corresponding 
quotient digit would be - j. :\s soon as a si!!n reversal 
occurs. the remainder is shifted one place 10 the left 
and computat ion of the next quotient diJ.:it tK'!(ins, 

If the above prOCt.'ss is carried out exactlr ItS de
scribed, any quotient digit may be ±n, where /I is an 
integt'T in the range t to 10 indusivt'. It is ohvious, 
however, that if a sign reversal has not OClurred after 
nine additions or subtract ions (in the cJ('Cimat <;ystt'rn l, 
it must surely occur on the lenth operation.J Thus. it IS 

sufficient to terminate the computation of each digit of 
the quotient after nine operations and shift the re
mainder without waiting for a sign re,·ersal. The 
quotient digits then mar he ±I , ±2, "', ±9. Suppose 
the quotient ohtained is the sequence I, - 3,9.5, - .t , 6. 
To obtain the quotient in us.\ble fo rm , the aggregatt' 
of the ne,l(a t i\'e digits must be subtracted from the agJ.:rr
gate of the positivc diJ.:it s: 109.506-JO,!»02 it),.t66, If 
the q uolient was buill up in an accumulator {i. e .. a 
regisler nmtaillin}: :an addtr so arranged thaI aher 
entry of a new quantity the regio:;ter contains thc sum 
of the latter and the previous contents}, Ihio:; prul(,S~ 
was carriC(\ out stepwise as the quotient was built up, 

An accumulator must be used to hold the dividelHl 
(which becomes the remainder. of murse, aftfr t he 
process has started ). in order to provide means for 
adding in the divisor or its mmplernent. It is more 
convenient to store thc quotient digits in a simplr 
register, which cannot add or suhlran , thu<; :lnHdinl! 
thc ne<:t'Ss.it)' of providing an additilln.d ;1('1 umul.IlOr 
Ret urnin~ (or It nlOrne!) t to the dt·( im,lIl'~;unph:, it I~ 

nott'lJ that therr arc 1M pos.<:iblc quotll'nt digit va lue'" 

• An u CC'1,!ion 10 this rule IIfCUTS in !hl:' ('ll'o(' vI an imp,,,,,,·, 
di,·iSl"n. i r, one in .... hich !he .,Ii,·j.lend ,~ !arKI" Ih~n the .h"~,, r 
In thlS C1l$r. no ~ign rCHt".1 "·ouk! OCCl:r on th .. tf'n th OfW-UI .. , 
In the cumpula!lun 01 the firS! tiIlOIl('1H dlj!lI, ;1 HIll>. III b{I 
bt:' d~rablc 10 1wrform the t('nth "peralion and iMUlUlt a" 
:aulomalic corrN'Il\'c IlrO('l'durr If n" <iRn 1t" ' .. ,,,: .. 1 n('lur. 

() 
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(± I, ±2 . .. " ±9). Dy t he !I.,\me reasoning, it follows 
tha I in the binary system there are only two valu~ 
(± I) and that on ly one operat ion (addition or sub· 
traction , as the case may be) is ne1:~ry for each 
quotient digit. Thus, as in multiplication, additions 
(or subtract ions) can alternate with shifts, and the 
result is a proctsS C.l5y to mechaniu. There is still the 
ditlicul ty, ho ..... ever. that the qu ot ient register has no 
..... ay of distinguish ing - I from + I. An investiga tion of 
the possi bility of entering a 0 in the quotient wherever 
a -1 is called for immediatdy suggests itself, in order 
to ~ if the ~tido-quotient so obtained bears some 
si mple relationship to the true quotient, x/ y, of Iwo 
binary quantities. If such a simple relationship exists, 
it will be reasonable to compute the pseudO-Quotient 
and make any necessary corrections 10 the latter to 
obtain the true quotient. 

Reca lling that - 1 should be entered in the <luotient 
if y is ndd!'d to the remaind!'r, and + I if '1 is subtracted, 
o is used for each addi tion ahd + 1 for each subt raction. 
An txpr~ion can now be written for Ih!' new remainder , 
'I , in terms of the old remainder 'I_I. the quotient 
digit PI, andy : 

' . - 2'~_1+(t - 2p.)y 
which rroutes to 2,._,+'1 if p. is 0 and 2'~I-'1 if 
p; is 1. T he factor of 2 result s from the fact that the 
nld remainder was shilted to the left before the addition 
or subt raction of '1, Mult iplying through by ~ 

2- "1 ""' 2-(1- 1)' .1_1+(2-,10- 2-~ IIp. )'1 

gi\'es a more convenient recursion formula. Noting 
that the "zeroth" remainder is actually r itself, 

2- 1'1 "'" r+ (2- 1- 2"PI )Y 
2- t' 1= 2-1' 1+ (2-t_ Z-'P1)y 

""x+ [(2- 1+ 2-t )_ (:ZOPI+ 2- IPt)]Y etc., 

or, in genera l, 

• • 
2-~r .. - r+(L 2-,10- L 2-~Op,)y, , , 

~ow 

L 2- ' - 0.1+0.0 1+··· - 0.11 I ··· 

which is evidently equal to 1- 2- ". Thus, making this 
substitution and tr.tnsposing, 

• 
l'=- [ - 1 +2- ~+ E 2-{H ) p.Jy+ Z-",~ 

<lIld, dividing by y, 

T he expression in square brackets, then, is the de
!!ired quotien t. Now if 11 "'" .K), the first 30 quotient digils 
romputed by the method oUllined above correspond 10 

'he sign and t he hrst 29 digits of Ihe pseudo-quotient. 
rhe first digit , PI. corresponds to the sign rather than 
'It· most siltnifi("lIlt di,.::it l)('('aU~t· it is in the 'ZO position. 
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(2-~Il-:ZO for i . L) To convert the pseudo-quoticnt 
into the tru~ quotient, it is necessary 10 add 2- - and 
subtract one. The first of these corrections correspond!! 
to putting a unit in the l~ast signi6cant d igit position, 
a st~p which a lso coincides with the round-off procedure 
to be adopted. As for subtracting I from the result, 
since carries beyond the sign position are disrega rded, 
subt racting 1 is the same as adding I ; the two correc
tions can therefore be taken care of by bringing the 
pseudo-quotient from the register where it w&! built up 
into t he accumu lator, simultaneously clearing out the 
last remainder and adding unit! into the sign and the 
least significant digit!!. (It may be noted that the latter 
position is still unfilled, since pu was IIOt compu ted ; 
the correction in this position cou ld therefore have been 
made in the register, bu t an adder is required fo r the 
sign correction.) 

The reader may have been troubled by the fact that 
in doubling the remainder the sign digit will be lost. 
Act ually, this does no harm . The addition or subtrac
tion of the diviM>r is always such as to decrease the 
absolute value of the remainder ; since r<y to begin 
with , 2x-y<y and in genera l 2,-'1<Y. Since y<l, 
2r- y< I , and therefore the result of the operation is 
always within the range of the machine ; although the 
sign digi t of r W3.5 shifted ou t of range. it could not 
have affected the result in any case. It should be noted 
Ihat the sign of , is used to determine whether y is to 
be added or subtracted , however; therefore, since this 
sign is lost by the shi rt , it must be examined and com· 
pa red with the sign of y before the sh ift takes place . 

The example below illustrat es the d ivision process 
jU!!t described : 

LOlli x{r.) - {, 
0.1011 y II 
0.1110 2,. 
0.1 011 +y 

1.1001 " (p,-O) 

1.0010 2" 
0.1011 +y 

I.t tol '. (p.-O) 

1.1010 2, • 
0.1011 +y 

• 
0.0101 '. (p~-O) 

0.1010 2,. 
1.0101 -y 

• 
1.1111 " (p, - 1) 

-- -
0.0010 ,%"y+I-2 ' 
UXX}1 1+2- -

1.0011 :c y+2=r, y - I: 
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.... hllh i~ the e:c:acl quotient, -9 II , rounded off 10 fo ur 
bin:lr)' placcs. r. is discarded; the pS('udo-quotienl 
(PI f P:+ PJ+ P.= fUI()I ) and the (,(!Tr('( t ion term I.OIX) I 
Mt' addl'r! TclIotClhcr and Ihe resul, left in Ihe "nu. 
mulall)r 

VI. ROU ND-OFF PROCEDURES 

1I0lh mulliplicltion ilnrl di\'ision gi\'{" r{"sult .. having 
rnor{" !'IRllitiranl ligures than tht: ori~dnal numbers 
('nterin~ into t h(.~ procCSSt's; in gcneral, multiplicallOll 
of t .... " ,, -digit fa! tvrs \'iclds a proJuct of 211 dij.:its, and 
\livi~iol1 Yldch. a (lutlti{"lll having an inlinile numl>er of 
dij.:it~, !oiinl'e only /I digits are rt-quirl'tl for most mm
putaIHIIl:II I'r,)I,t ... ~,s. ~"ne muncl-oiT pru(cllure mu!>t he 
('lllf.l\lcd in order '" ;!\'oid the hias whith .... ould r~ull 
if the rt'mainlllJ{ di.,:il'> .... t'll· simply droJl,x"(l. TIlt' round 
ofT pr"tCtlurc shuuld fuliill tWl) requirements: Ihe .11" 
pW:l:im.lliu/l .. houl.1 lic ~ dose tu thc !rue produ.1 fir 
qUtltient as prMliul, alld it .. hould he unbi.l~d, Ie. il'> 
nl('J.n should equallhc Irue r('Sult. 

Of lhe va-rillus 100000 ... ilJlc round-off s.hem(·s, I .... " .trl· of 
illl('resl hcrc. Th(' tirst and most f;.mili:lr 1I"l! .. j ... I~ (If 
adding a unit In the,,+ lSI Jigit. all,,\\iuK any rl'o"ulliug 
('arrit.'S If) lake pIau:" and tht'll kt'('l'inX nnly th(' fir!oot " 
,Ii!!il". Tht' IIlhrr to,,~i ... t~ ot rt'lllaring Ihe IIlh di~it .... ttll 
a 1. rq.:ardIK~ of whet her thai tliJ:'it W;I<; tlri~ill;llIy a I 
or a II II rau tw "ho\\n 'hat ])(lilt .... hl·m('s pru(lute 
u'~ult~ Ilhith are sullicil'llll" unIJia<:.('i] in \·it,\\· of I/l(' 
fa" that I'Tt~I1H I~ and qu',li('I1'" tlll'llbChl'o; arc IIIJI 
1 'lIlirt'I~' uut.i.ht'd' 1'111' latter ~illl.'lli()n is du(' to Ihc 
Lut Ihnl tht· uriJ,:il\;d qU.tntlli(·s tht-nbc.""C"> arc, in 
KClwr.d. roundt .. ! off appruxlmations of ulht'r flu.tlllllies, 
f 111 tl!!· utht'r h:1n,l, Ihe \·ariall(c of th(· o;c,. on, I lI1('th.,d i!oO 

I\\in' a ... J,:rral a~ Ihat (If lilt' lif'>t. ht'inj.: n,;x limes Ihl' 
];"t dij.:it as wmp.1red If) n!ll lirnt'S Ih(' 1.1 ... 1 diJ.:it fm 
Ih(' rnnrc familiar c;cheme. 

TAau: IV. 

.. , , 
" , 

0 0 0 0 0 I 0 0 I 0 I I 0 0 0 I " I 0 0 I I I I I 

" I " I I 

" 0 I I I 

" I I " I 

\\ h('n it i ... tI\·, t'o;s;lry during ('om putation to round 
ofT tu Il'ss Ihan .m digllS, tht' mflTe precise mel hod can 
/)(' uSt.'(i; in rnost ('a"\('S the procedurc will be to shift 
right unli! alt hul one I)f Ihe un .... ·anted digits arc 1000t. 
add a Ullit III the lowest position, and Ihen .. hift right 
Otll' more placc. 

VII. STORAGE OF ABSOLUTE VALUES 

\\ 'hiJ~ nc:g,ttil'c quantities arc stor('d in mmplrmenl 
form in Ihe Am;ll and m,l<;1 other hinary wmpult'r" 
nn .... under (onslrunion . it is of inlere-sl t() f'lamlhC 
I,rielty thc Jlo .... ihility Clf ~Inring the ahsolute values Itf 
nC,i.:ali\'(' quantitie .... di'>Iin~uishing them fr'lIIl I"N!tI'e 
qU:lntitjt'S ollly "y IhctliiTt"rl"IKC in the ~j.!-:n "il<il. ill this 
('as(' il i.~ imrnalt'riJ.1 \\hether 0 and 1 aTe U5eil f'lT + 
and - . t(."'lk'\ lin·I),. or \i("c versa Tht"ft' arc I",,, pnn. 
cipal ad\,;tnlaj.!t·s tlJ sUlh a pt{ll(."(lurc, first, Ih(' Ilrep.!rJ. 
tion of mput tI.ltJ. ;lntl the interprctation of IIUtpUt ddt.1 
are ~implilietl, and !'.I'\·ond, the I'isual illtrrpretation IIf 
<lala in rtKi~lt'rs anti memtlf!' is made easicr. thus 
e"(IX'tlitllll-: troubll' .. hnolinJ!;. 

The CfJl'C! un IIlUhlpli(,,;Llion and .hl'isiun il' Ihat of 
.. iml'lI,i(';uion. SIII('(" in these op('tations tht' .. i.,:ns 1,111 hI' 
(1i~f('/o:,lrdCtI and Iht' operation!> IlCtformt"Ci on a/)Sf)luh' 
\·.tlm's \\ ill! nil nrrreitium nCt:t"Ic;.1.f!· .. \ prt'lirnilmrl' 
lomp.lri ... m of tilt' ~i,i.:ns of the operands djll('lO'ie~ im. 
IlIl'1li ,lh'ly {ht· o;iJ,:11 of the r('~ult: Ihis j~ stored untllihe 
0pt'r,lllon is romplt'!t' :tnd tht'n appended to the pTlldu, t 
or quolient. 

In thc {'; I .;c (If addition, however, Ihe operalmn .. 
I"'('cmll' mort' (!)mplc1C, lIefore additinn can take pl.l(,c. 
111(' ~iKtI" of the .uldends mu~t be comparcd, if thcy Me 

.rlikc. an additiOIl is performt"d; other ..... ise suiJt racllfln 
"" IIt'H",try, with <;orne pro\'ision for .1Ssuring the lOU/)
IrMlllln fJf the Ill'f'r;tnd hal'ing the smaller ah!ilJlu\e 
1.,1111' (mm that hal'lll,t: Ihe larger. o r for makrnl! a 
"'"1,;,1,1" fUrtCt tifln .... hieh .... ill produce the same I'fJl'tl 

III "pile of the l'lrJ.:{'r l'ar;;lII((', hOII'I'vcr, tht' "'{'nmd 
r"Ulld 41fT !;(Iwrnc i ... u4-1I. II h" .. lilt' ad\'ilnt;\J,:e of I)('illl: 
u...,1"1,, ('1'1'11 af'l'r thc n+ I~t digit ha ... IIlTn 1'''''1 a<; III., 
u"" .1I1 "f" riJ,:ht shift; thu~, it i .. unll('('t-SS;lr} '0 illtn 
rupl till' lIlulliplu.llinn prl)('('<:.~ I)('f"re thc tt .. t ..... 1' I" 
;td.1 ill 111(' unil fflr roulld-~lfJ. I'unhermqrc, nil Clrrll-'" 
.trt' I'T'"Jun .. 1 _ Ihu~, Ihe unit pulst· .·an lx, pUI in .If'n 
II,,' .1,1·il-T. an.1 tile Ilml("''' ("arri('.1 out (.m. urr\'nlh· 
\\i,1I Iht· ]a<;1 lompl.-mt'nt I'flrrCtli .. n. I II rllC' 1.\"'1' "f 
"il !~i,UI, ;.s it;", ,tI"·ad.\' 11('('n St.·,·u, th,' r'''''lh "t.1..iJlf'd 
.• 1", .• ,1.\ ,,"d',nll'" I.) II) i~ Tound "tT pn",·,luII Ililh""1 
f'lr,lwT m'"'III' ;'li'JI1~. i, Ihl'rd"Tt·I .... ,um'· ... '""Wi ...... ';lr.1 
I" "'"'pull' 1111' 11 .. , qUJlli"nt dh:il. 

• SM' r .. r ... n" " t t. 11) 

I ht· ~ulllral'lioll (all h(' ;t("('Umplisheti in a rt')nllar add •. , 
1,\, "Jrnplemf'lIlinJ: 1\('/o::lII\'e quantities bt-fote S(-n.lill~ 
Illrlll 10 thl' adder. hul it is pos .. ible In a\'oi<l ullnplc. 
11I<·IIt... "llllplt'td.I', evcn in the arithmetic cir,uils. h.\ 
u .. iulo: . 1 ... uhtr;tr!,'r r;tlher than an adder "111'/1 ~UI';' 
,11""r,\lI"1I h lIHlit,II.·.j The subtractor prol't'~ I" 11( ...... 
~im"ll· t·I\·. trllnil'llJy as an addl'r, ... jnee il mu~1 futuIJ a 
.;,·t .,( ,ulIIlili!lns diIT('nrl~ only slij.:'htl.1' frulll Iht)St . 
~;tlis't!'d b\ Ihl' ad<lf'r 
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Fllr two binary c1i~ils. the rules for subtraction can 
I~ summarized as in Tablr: III. To complete the sub
lral',ion. provision must be made for taking the 
.. IXlfro ..... " pulse and subtracting it from the next 
minuend d igi t. This is equh'alent. however, to adding 
it to the nellt subtrahend diJ:it; and the la tter procedure 
I'ffl\'CS to bt more ad"3.nta~eous electronically. The futl 
"1"1 of conl\itions can now be written down as in 
Tahle IV. 

The prt'Cei.ling discussion of the storage of absolute 
\'atllt'S has l)('to included here partly to illustrate the 
(lilli\ulties 10 be encountered in such a system, I!.nd 

p.ully because of the importance of the system in 
compu ters of the decimal type, even though the latter 
are not olherwise considered in this paper. Rec.au5e of 
the complications involved, storage of absolute values 
is not ordinarily employed in binary computers, prob
;lbly because it is felt tha t the inconvenience of repre
senting quantities in hinary form is not materially in
creased by the necessity of representing negative 
quantities in complement fo rm. In decimal computers 
such as the Univac, ·ho ..... ever, where convenience in 
handling of input and output data is of great Im
portance, the stora/o:c of cnmplements is avoided. 
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A Recording Polarimeter 

G,,"O. R I.I\·Y, PHILI' Scll\lIO: .\NI) 0"\'10 Fucl,:S 
HtJrIlrc!t /)cp",/mnlt. S(/.rnJq iA/J"'<ltl'ritJ, J,,,, IA;..,mfd/"" . / NJ'''N I 

( I.:«ei\"l:d ~h.rch H, 1950) 

A r«ur,lml( I_,\:mmeh'r h.:l~ llrtn nlnslructrd The rrinciple oi "1>C'rali'm i" "-.'Ot'nliallr Ihe repl:t.cement 01 
an o!'.., rator in con\'cnlionll l \'i~oal pularirnclry hy a ph<ltoe:l('I.":lric Itrvn s)",lem A photo· multiplier luI)( 
i~ uSoe(I ",'hith, in n:mjuncltlln ... ilh I ml'Chllniral choppin !!: s)""5lem, drli-'rr« an Iiternaling current 'ignal 
pfOl'orllonal 10 tbe unbalane" l or lauer is filter .. d a n.1 ampllfi~1 anti aClu.a tes a ~rvo mechanism. The 
I'r~'~on o[ th .. system is ±0005· [Of"slll!ic I~!;\nc .. and Ihe$r-<' :l.ooUI 0 5 1>1" minute Ilcnce the urange
m .. nt rQmpare$ favorably ""l lh (lrdinary visual op<u lion. The con~lruction I.of !h .. in~trurncnt is . h!CUM<"<[ 

!.ritA) amI il$ I'orrformanc .. i, iIIu~tra.l!'<1 hy uamples. 

INTRO DUCTION 

I !\ the st udy of chemical or hi()('hemical reactions, 
it is of $(reat 3<h-antage to select a meth()(1 of 

analysis that is non-destructive and which d()('s !lI)1 

invoh-e sampling. Pott'ntially, polarimetric mea~ure
ment~ are suitabl('", r~.-mi("ularly in the bioc.hl'mi(";tl 
lil'l(l, sinC"e thc optilal activity is frequen tly suiljcl t tt) 
('hange in the course of the rcaction. J!owever, the 
measurement of changing optical rotation by \·i<,ual 
methods is tedious and of lim ited precisinn. For SIKh 
.lpplications, a r('l.;ording polarimeter would be of J:rcal 
\;ilut'. 

Instrumcn ts of th is type arc not ayailablt', anfl 
furthermore, the uisting literature $(ives no cncourag:t'
menl for succ~ of such a scheme. For example, \\' . 
l1 eHer' slales: "I'er<>,()ns with particularly sensitive, 
srl('"f"ially tra int"d , and well-adapted eyes can he ('"(
IlCt-led, however, to surpa. .. ~ any photoelel trit r{'~i,,
tration . . .. " 

Considering th('" fact that m('"asurement of fa~1 
chang:inJ.: rotation is far from an id ... al (,unditinn for 
viJiual observa lion, we f('1t encouraJ.:NI 10 cnnstnllt a 
phfJ l()('II."ctric instrument d('spite the slatCIllt'lIt ri\(~1 

• -';(>\\' "" ilh Ihc: :\ati(lOal Alhi"ury r ommilleor [(>r ,\ I''''l]a1l 1'' ~ 
t ' lc,"elanrl. Ohiu 

w. IId l .. r, in " \ \ ·t15SUcrjo:fr. I'h ,in l I/rlb'O(/J n/o.'; ,/I';( 
< "(",iltn , \',,1 /I (/ulorrKiellfe I 'uhlishet~ , Inc , ;.; ... " Y" ri.. . -.; \ , 
1'11111 , I' 'R!i 

In addilion , the potential value of surh an instrument 
appeared to warrant the effnrt. 

We have chosen the most direr! approach, i.e., 
converting a visua l instrument In l'hntt)e1ectr ic opeta
tion. The periormanre of Ihe r(~lIh . l llt in!' trument and 
its potential value in the stll<h "f oJit ical a('ti"it), 
J-;Cem~ to justi fy its ,I\'~(ription ill .... "111' lit,tail. 

PRI NCIPLES OF OPERATION 

Essentially nJ(lnl)t.hrt)matit- 1i~hl is passed Ihroll~h a 
('OlIvcn l;onal polarimeter. Tht· " half-~hade" image {Will 

its Lippich analyzer (\I ith two fie],I ... ) is projectCfI onto 
a photo-multiplier photo-cell. Interposed is a sc'mi
circular sector \I·hkh is drivcn by a synthronous motor. 
Thus Ihe output of Ihc photo-cell, at unbalance, jot; a 
sinuroidal alternating Cll rrent whose plm~ is shifled 
hy t W}o whcn the direction of Ihe unb .. 1.lanre rc\"Crsts. 
Th i<; signal is amplilit'tl by a battery operatt:(t untuned 
preamplifier and further amplified hy an amplilicr 
tuned to the fixt:(l frequency of the :'oector an(l signal. 
The signal, II hich is thus freed from noise. i~ ft.'C1 afl('"r 
further ampl ification to One of thc two mils of a 
differential relar, the coil energizefl (11'1)t.·ndin~ 01\ Ill\' 
!,(I"ition Ilf Ihe <;("Ctor This arran/o:t>ment l'ro\"idC5 JI";I~' 
di·.aimination al1ft rectifica tion as 1\\' 11 :IS furtht"t 
Itltl'ril1J! T Il(' rel;l)' actuates a ren'~ihle (~)-f'}'d~' molor 
"bith i~ 11\('lhanic,.'· linkt"Ol 10 lite a l\ ;tI~ /t'r "f Ihl· 
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