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Abstract

We introduce bi-capacities as a natural generalization of capacities (or fuzzy mea-
sures) through the identity of Choquet integral of binary alternatives with fuzzy mea-
sures. We examine the underlying structure and derive the Mobius transform of bi-
capacities. Next, the Choquet and Sugeno integrals w.r.t bi-capacities are introduced.
It is shown that symmetric and asymmetric integrals are recovered. Lastly, we intro-
duce the Shapley value and interaction indices. It is seen that besides a generalization
based on the classical definitions, a definition involving two arguments is natural.

Keywords— bi-capacity, Choquet integral, Mobius transform, Shapley value,
interaction index.

1 Introduction

Capacities [1] (or fuzzy measures [15], non-additive measures [3]), and integrals w.r.t capac-
ities such as the Choquet integral [1] and the Sugeno integral [15], have become a central
tool in decision making, extending e.g. expected utility models and linear models of multi-
attribute utility theory. While the so-called Choquet expected utility models are among the
most general models for preference representation when utility functions are positive, the in-
troduction of negative quantities for utility functions makes possible several extension of the
usual Choquet expected utility model. Up to now, the most general extension is called the
CPT model (Cumulative Prospect Theory [16]), and is a difference of two Choquet integrals.

More specifically, let us denote by v, v, two capacities on a finite universe NV of n elements.
For any real-valued function on N, the CPT model is expressed as:

CPTul,Vz(f) = CVI (f+) - CV2(f7)

1



where C,, is the Choquet integral with respect to the capacity v;, and f™:= fV 0, f~ =
(—f)*t. We denote by 14 the characteristic function of A, for any A C N. We call these
functions binary functions, as they take only values 0 and 1. It is known that for any A C N,
any capacity v, we have C,(14) = v(A). Hence the capacity is uniquely determined by giving
the integral (or expected utility) of all binary functions. Let us consider ternary functions,
i.e. functions valued on {—1,0, 1}, which we express under the form (14, —15), for A, B C N,
AN B =10. Observe that

CPT,, ,,(14,—1p) = 1 (A) — 1(B),

which entails that, if vy, are given, we have no freedom for determining the utility of a
ternary alternative (function), since this value is determined from the utility of two binary
alternatives.

In order to get rid of this limitation, we introduce bi-capacities as the value assigned to
a ternary function.

The report presents first results on bi-capacities, their structure and machinery. We
assume basic knowledge on capacities and Choquet integral (see e.g. [9] for background).
To avoid heavy notations, we will often omit braces and commas to denote sets. Also, the
cardinal of a set is denoted by the corresponding small letter, e.g. |N| = n.

2 Bi-capacities

The definition is given through the following: an act with scores equal to 1 on A C N, to -1
on B C N has an overall utility denoted v(A, B). By convention, v((, ) = 0, v(N,0) =1
and v(0), N) = —1. Due to basic assumptions in decision making (dominance), we have

(A, B) <v(C,B)if AC C, v(A,B)>uv(A,D)if BcD.

This leads to the following definition. We denote Q(N) := {(A, B) € P(N) x P(N)|ANB =
0}.

Definition 1 A function v: Q(N) — R is a bi-capacity if it satisfies:
(i) v(0,0) =0
(ii)) A C B implies v(A,-) < v(B,-) and v(-,A) > v(-, B).

In addition, v is normalized if v(N,D) =1 = —v((), N).

In the sequel, unless otherwise specified, we will consider that bi-capacities are normalized.
Note that the definition implies that v(-,() > 0 and v((,-) < 0.

An interesting particular case is when left and right part can be separated. We say that
a bi-capacity is of the CPT type (refering to Cumulative Prospect Theory [16]) if there exists
two (normalized) capacities vy, vy such that

(A, B) = v1(A) — n(B),Y(A, B) € Q(N).



When v, = 15, we say that the bi-capacity is symmetric, and asymmetric when vy = 7.

By analogy with the classical case, a bi-capacity is said to be additive if it satisfies for
all (A, B) € Q(N):

v(A,B) = v(i,0)+> v(0,i). (1)
icA i€B

They are defined by a “positive” distribution and a “negative” distribution, and are clearly
of the CPT type. More generally, decomposable bi-capacities can be defined as well, using
t-conorms. However, the problem arises of combining positive and negative quantities. For
a given t-conorm S, it is known that extensions of S on [—1,1] so that the structure is a
group can be built only if S is a strict t-conorm [6] [......detail if necessary......].

Definition 2 Let S be a strict t-conorm. A bi-capacity is said to be S-decomposable if it
satisfies:
U(Aa B) = (SiEA'U(ia @)) Os (SiEB(_U((ba 2)))

where ©g is the S-difference (see [6]).

However the case of maximum remains interesting since despite its extension fails to build
a group only due to a lack of associativity, associativity holds when negative and positive
quantities are merged separately [4, 5].

Definition 3 A bi-capacity is said to be max-decomposable or to be a bi-measure of possi-
bility if
A, B) = ' '
o(A,B)=[ @ vii.0)] o] @ o0,

where @ is the symmetric mazimum [4] defined by

—(la] V 1b|) if b # —a and either |a|V |b] = —a

b — or = —b
“VP=9 0 ifb=—a
la| vV |b] else.

To avoid heavy notations, we will often omit braces and commas to denote sets. For
example, {i},{4,j},{1,2,3} are denoted respectively i, 1ij, 123.

3 The structure of Q(N)

We study in this section the structure of Q(NN). From its definition, Q(/N) is ismorphic to
the set of mappings from N to {—1,0, 1}, hence |Q(NN)| = 3". Also, any element (A, B) in
Q(N) can be denoted (z1,...,x,), with x; € {—1,0,1}, with z; = 1ifi € A, z; = -1 if
1 € B, and 0 otherwise.

As a preliminary remark, Q(N) is a subset of P(N)?, and so can be represented in a
matrix form, using some total order on P(N). A natural order is the binary order, ob-
tained by ordering in an increasing sequence the integers coding the elements of P(N):



0,{1},{2},{1,2},{3}, {1, 3}, etc. Using this order, the matrix has a fractal structure with
generating pattern

X X

X

We give below the matrix obtained with n = 3.

M 1 2 12 3 13 23 123

D [x X X X X X X X]|
1 X X X X

2 X X X X

12 X X

3 X X X X

13 X X

23 X X

123 [ x |

As for P(N), it is convenient to define a total order on Q(NN), so as to reveal structures.
A natural one is to use a ternary coding. Several are possible, but it seems that the most
suitable one is to code (considering elements of Q(N) as mappings valued on {—1,0,1}) -1
by 0, 0 by 1, and 1 by 2. The increasing sequence of integers in ternary code is 0, 1, 2, 10,
11, 12, 20 etc., which leads to the following order of elements of Q(NV):

+++(2,3) (12,3) [(0,12) (0,2) (1,2) | (0, 1)|(D,0)](1,0)](2,1) (2,0) (12,0)|(3,12) (3,2)---

Again, we remark a fractal structure, which is enhanced by boxes: the (k+ 1)th box is built
form the kth box by adding to its elements (of Q(NV)) element k of N, either to their left
part, or to their right part.

It is easy to see that Q(NV) is a lattice, when equipped with the following order: (A, B) <
(C,D)if AC C and B D D. Supremum and infimum are respectively

(A,B)Vv (C,D)=(AUC,BnND)
(A,B)A(C,D)=(ANC,BUD,).

These are elements of Q(N) since (AUC)N(BND) =0 and (ANC)N(BUD) = (). Top and
bottom are respectively (N, () and (), N). Notice that a bi-capacity is an order-preserving
mapping from Q(N) to R. We call vertices of Q(NN) any element (A, B) such that AUB = N,
since they coincide with the vertices of [0, 1]™. We give in figures 1 and 2 the Hasse diagram
of (Q(N),<) forn =2 and n = 3.

Q(N) is in fact the lattice 3™. It is formed by 2" Boolean sub-lattices 2": each sub-lattice
corresponds to a given partition of N into two parts, one for positive scores, the other for
negative ones, which contain all subsets of non-zero scores, including the empty set. Hence,
all these sub-lattices have as a common point ((, ().

For any ordered pair ((4, B), (AU D,B\ C)) of Q(N) with C C Band D C (N \ (AU
B))UC the interval [(A, B), (AU D, B\ C)] is a sub-lattice of type 2% x 3!, with k = |CAD|,
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0,12
Figure 1: The lattice Q(N) for n = 2

and [ = |C'N D|. As a particular case, a sub-lattice of type 2¥ is obtained if C'N D = (), and
of type 3! if C' = D.
We use the notation

T(A,B) :={(C,D) € QIN)[(C,D) = (A, B)}

to denote the up-set of (A, B).

Let us remark that the nodes of Q(NN) appear in a rather unnatural way. It is possible
to have a more natural structure if we replace each node (A, B) by (A, B%). Let us call
(Q*(N), <*) this new lattice. A node (A, B) in Q*(N) is such that A C B, and A is the set
of scores equal to 1, while B is the set of scores being equal to 0 or 1. We have

(A,B) <* (C,D) if and only if A C C and B C D
(4,B)V* (C,D) = (AUC, BUD)
(A,B)A\* (C,D)=(ANnC,BND,).

Hence, <* is simply the product order on P(N)?. Figures 3 and 4 show the Hasse diagram
of (Q*(N),<) forn =2 and n = 3.

Let us give some properties of Q(N) (they are the same for Q*(N)). Since 3" is a product
of distributive lattices, it is itself distributive (see e.g. [2]). However it is not complemented,
since for example (), ()) has no complement (b is the complement of a if a A b = L and
aVb=T). Hence, (Q(N), <) is not a Boolean lattice, and so is not isomorphic to the power
set of some set.

Nevertheless, it is possible to give a simpler representation of Q(N). We recall some
definitions and a fundamental result of lattice theory [2].

Definition 4 Let (L, <) be a lattice. An element x € L is V-irreducible if x # L and
r=aVbimpliesxr=a orx=>0, Ya,b € L.

In a finite lattice, x is V-irreducible if it has only one predecessor.
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Figure 2: The lattice Q(N) for n =3

Definition 5 Let (P, <) be a partially ordered set. () C P is a downset of P if x € QQ and
y <z imply y € Q.

Proposition 1 Every finite distributive lattice (L, <) is isomorphic to O(J), where J is the
set of the V-irreducible elements of L, and O(J) is the set of all down-sets of J.

It is easy to see that the V-irreducible elements of Q(N) are ((,:°) and (i,i¢), for all i € N.
We have for any (A, B) € Q(N),

(4.B) =\ @)V \/ @),

icA JEN\B

In (Q*(N), <*), the irreducible elements are ((),7) and (i,4), Vi € N. On figures 1 to 4,
V-irreducible elements are indicated by black circles.

This permits to define layers in Q(N) as follows: (), N) is the bottom layer (layer 0),
the set of all V-irreducible elements form layer 1, and layer k, for k = 2,...,n, contains all
elements which can be written as the supremum over exactly k V-irreducible elements. Layer
k is denoted QFI(IV), and contains all elements (A, B) such that |B| = n — k. The top layer
(layer n) is reduced to (N, ().



0,0
Figure 3: The lattice Q*(N) for n =2

4 Mobius transform of bi-capacities

Let us recall some basic facts about the Mobius transform (see [13]). Let us consider f,g
two real-valued functions on a locally finite poset (X, <) such that

g(@) =Y f(). (2)

y<z

The solution of this equation in term of g is given through the Md6bius function by

fl@) =Y uly.z)g(y) (3)
y<z
where p is defined inductively by
1, ifx=y
M(xay) = _Zm§t<y M(xat)a if v < Yy
0, otherwise.

Note that p depends only on the structure of (X, <). When (X, <) is a Boolean lattice, e.g.
(P(N), C), it is well known that the Mdbius function becomes, for any A, B € P(N)

[ (=B ifAC B
u(4, B) = { 0, otherwise. (4)

Observe that this Mobius function has the following property
> u(A,C)=0, VA,BCN,A#B. (5)

AcCCcCB



12,12 23,23

Figure 4: The lattice Q*(N) for n =3

Indeed, when A C B

S A= 3 (v

ACCcCB ACCcCB
|B\A|
-y <|B\A|>(_1)k
k
k=0
=(1-1nP=o.

If g is a capacity, which we denote by v, then f in Eq. (2) is called the Mdbius transform
of v, usually denoted by m or m" if necessary. Equations (2) and (3) write

v(4)=> m(B) (6)

BCA
m(4) = (1P (B). (7)
BCA
The Mobius transform is an important concept for capacities, as it can be viewed as the
coordinates of v in the basis of unanimity games, defined by
1, ifADB
up(A) = { 0, otherwise.

Then Eq. (6) can be rewritten as



Our aim is to compute similar formulas for bi-capacities. The first step is to obtain the
Mobius function on Q(N).

Theorem 1 The Mdbius function on Q(N) is given by, for any (A, A"), (B, B') € Q(N)

) (g = { CDPVIEEPL i (44 < (B, B) and A0 B =0
n((A,4), (B, B)) = { 0, otherwise.

Proof: We use the fact that if P, () are posets, then the Mobius function on P x () with
the product order is the product of the M&bius functions on P and @ [13]. In our case, this
gives

p3n (X1, 1), -5 (T Yn)) = HM?,(%, Yi)
i=1
where pi3n is the Mobius function on Q(N) = 3", us the Mdbius function on 3 := {—1,0, 1},

and (z1,...,2,), (y1,---,yn) € {—1,0,1}" correspond to (A, A"), (B, B') respectively. It is
easy to see that

pa(riy) = -1, fz=y—1
0, otherwise.

Then pgn((x1,91)s .-+, (Tn, yn)) = 0 iff there is some i € N such that ps(z;,y;) = 0. This
conditions reads x; > y; or z; = —1,y; = 1. In term of subsets, this means (A, A") £ (B, B’)
or BNA"#10.

We have pze((1,y1), ..., (Tn,yn)) = 1 iff there is no ¢ € N such that ps(z;,y;) = 0, and
the number of i € N such that us(x;,y;) = —1 is even. We examine the second condition.

We have:
z; =0 and y; =1

ps(xi,yi) = =1 Qor
ri=—-—1 andy, =0
which in terms of subsets, reads (|B\ A| = 1 and |A"\ B'| = 0) or (|[B\ A] = 0 and
|A"\ B’| = 1). Then clearly the second condition is equivalent to |B \ A| + |A"\ B'| = 2k.
The case pzn((21,%1), - -, (Tn, Yn)) = —1 works similarly. |

Consequently, the Mobius transform of v is expressed by

mAA) =Y ()M ) = 3 ()R ). (s)
(B,B")<(4,A") BCA
B'NA=0 A'CB'CA®

By definition of the Mobius transform, we have

v(A,A)= Y  m(B B (9)

(B,B")<(4,47)



As immediate properties of m, let us remark that m(0), N) —1, and
E(A B)eQ(N m(4, B) = v(N,0) = 1.

Proceedmg as in [8], we may write the Mdbius transform into a matrix form, using the
total order we have defined on Q(N). Denoting v, m put in vector form as v(,y, m@), Eq.
(8) can be rewritten as

Mn) = Tin) © V(n)

where o is the usual matrix product, and T{,) is the matrix coding the Mdbius transform.
As with the case of classical capacities, T{,) has an interesting fractal structure, as it can be
seen from the case n = 2 illustrated below.

_@,12 0,2 1,2 0,1 0,0 1,0 2,1 2,0 12,_(/)

0,12 1
0,2 -1 1
1,2 ~1 1
! —1 1
To=9p9 | 1 1 -1 1
L0 1 -1 -1 1
2,1 ~1 1
2,0 1 -1 ~1 1
12,0 | 1 -1 -1 1|
The generating element has the form
1
-1 1
-1 1

1, 1] of the Mobius transform for

and is the concatenation of two generating elements |
classical capacities [8].

Let us examine several particular cases of bi-capacities.

Proposition 2 Let v be a bi-capacity of the CPT type, with v(A, B) = v1(A) —1v»(B). Then
its Mobius transform is given by:

m(A, A°) =m"(A), VACN,A#D

m(0, ): (Bc)a VBC N

m(, N) =

(A,B): V(A,B)EQ(N) such that A # () and B # A°.

Proof: Let us consider A # (). We have

m(A,A) = > (=)W (—)MVly(B, BY)

A'CB'CAc BCA
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> (FD)ME(B,BY) = Y (=1) (14 (B) — 1(B))

BCA BCA
— Z DIMBlL (B) — 1a(B') Z(—l)'A\B|
BCA BCA
= 2 (=) (B) = (4),
BCA

where we have used (5). Putting in m(A, A’) leads to
m(A, A) =m" (4) 0 (=),
A'C B/ C Ac
Using again (5), the sum is zero unless A" = A° (only one term in the sum). Hence we get

=

0, otherwise.

Let us now take A = (). We have:

m®,A)= 3 (~)P\(,B)

A'CB'CN

_ Z 1)IE\A,(BY).

B'OA

Let us consider A" # N, since in this case we know already that m(, N) = —1. We recall
that the co-Mobius transform [....] of a capacity v is defined by

m’(A) = Y (-1)MVPly(B).

BDAc°

We remark that m((), A’) = (—1)IV\A+1m»2 (A°). Using the fact that mm” (A) = (—=1)4+1m7(A)
for any A #£ 0 [...], we get finally m(0, A) = m”2(A°). [
We get as immediate corollaries the expression of the Mobius transform of symmetric and

asymmetric bi-capacities. Observe in particular that for asymmetric bi-capacities v(A, B) =
v(A) —7(B), we have for any A # N

m(0, A) = m"(A°).
Applying the above result leads easily to the following one.

Proposition 3 Let v be an additive bi-capacity on Q(N). Then its Mébius transform is
non null only for the V-irreducible elements and the bottom of Q(N). Specifically,

m(0,i) = —v(0,7),Vi e N
m(i, i) = ( 0),Vie N
m(0, N) =

11



The definition of the Mo6bius transform permits us to introduce k-additive bi-capacities.

Definition 6 A bi-capacity is said to be k-additive if its Mobius transform vanishes for all
elements (A, B) in QUW(N), forl =k+1,...,n.

Equivalently, v is k-additive iff m(A, B) = 0 whenever |B| < n — k. Clearly, 1l-additive
bi-capacities coincide with additive bi-capacities.

5 The Choquet and Sugeno integrals with respect to
bi-capacities

The expression of the Choquet integral w.r.t a bi-capacity has been introduced axiomatically
in [12], see also a presentation based on symmetry considerations in [7]. For any function f
on N, we denote by f; the value f(i),i € N.

Definition 7 Let v be a bi-capacity and f be a real-valued function on N. The Choquet
integral of f w.r.t v is given by

Co(f) == CVN+(|f|)

where v+ 15 a real-valued set function on N defined by
vy+(C) i =v(CNNT,CNN7),
and Nt :={i € N|f; >0}, N~ =N\ NT.
Observe that we have C,(14,—15) = v(A, B) for any (A, B) € Q(N).
Cy(f) can be rewritten as:

Co(f) = Z | fos)] [U(Aa(i) NNT, Ay NN7) = v(Asipy NNT, Agiyy NN (10)
=1

where A, := {o(i),...,0(n)}, and o is a permutation on N so that |fo)| < -+ < |fom)l-
The above formula is very similar to the one proposed by Greco et al. [11].

The following result shows that our definition encompasses the CPT model, and conse-
quently the symmetric and asymmetric Choquet integrals.

Proposition 4 If v is of the CPT type, with v(A, B) = v1(A) — 1»(B), the Choquet integral
reduces to

ColF) =3 £ [ (o) N NH) = 01 (A N )]
=1

=D oo |12 (Ae) N NT) = 1a(Agirny N N7)]
1=1

= Co(f*) — Con(f)
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Proof: Using the definition of v, and splitting N in N*, N, (10) becomes:

Z fo6) [ ﬂNJr)_VZ(Aa(i)ﬂNi)_Vl(Aa(i+1)mN+)+V2(Aa(i+1)ﬂN7)]
i)EN+
Z f |: ﬂN+) —Z/Q(A ()F‘IN’) —l/l(Ag(H_l)mN+)+I/2(AU(i+1)ﬂN7):|.
i)EN -
If o(i) € N*, then A, N = A,y NN, and if 0(i) € N7, we have A,y N N* =

Aty N NT. Substituting in the above expression leads to the first relation. Let us denote
by o*,0~ the permutations on N such that f*, f~ become non decreasing. Observe that
Aty = Agiy "NT and A,-(;) = Ay) NN, which proves the second relation. [ |

A similar construction can be done with the Sugeno integral. Let S,(f) denotes the
Sugeno integral of f: N — [0, 1] w.r.t. a capacity v.

Definition 8 Let v be a bi-capacity and f: N — [—1,1]. The Sugeno integral of f w.r.t v
s defined by
So(f) = Su (IFD)

with the same notations as above.

However, since vy+ can assume negative values, the usual definition of Sugeno integral has
to be replaced by the following one [5]

8,(f) = (& [frty O v(Asi)))

where [ is assumed to be non negative, v is any real-valued set function such that v(()) = 0,
and o is a permutation on N such that f becomes non decreasing. Also, @ is the symmetric
maximum, ® the symmetric minimum defined by

| —(Ja| A|b]) if signa # signb
aBb:= { a[ Al else,

and for any sequence ai,...,a, in [—1,1], the expression (an a;) is a shorthand for
i=1
(@ a’) @(— @ a;).
Then the Sugeno integral for bi-capacities becomes

Sv(f) :<191 |fa(z)| ®U(Aa(i) N N+7A0'(i) N N_) > (11)

Proposition 5 Let v be a bi-capacity satisfying v(A, B) = v1(A) @(—wo(B)) for all (A, B) €
Q(N), with vy, vy being two normalized capacities on N (v is called a V-CPT bi-capacity ).
Then the Sugeno integral reduces to

So(f) =8, (f7) @(=8u(f7)).

13



Note that if v; = vy (v could then be called a V-symmetric bi-capacity), then S, is the
symmetric Sugeno integral [5].

Proof: Denote by o a permutation on N such that | f] is non-decreasing. Since f*, f~, vy, vy
are non negative, we have as in the proof of Prop. 4

81/1 (f+) = \/ |:f:(z) VAN 141 (Ao'(z) N N+)]
=1
Su,(f7) = \/ [f;(z) A VZ(Ag(i) N Nf)]

@
Il
—

Using the definition of v, we get

Su(F) = (© [1fo0] 0l (Ao N N) @(=va( Aoy N NI

=1

Due to the definition of (-), we have to show that if S, (fT) is larger (resp. smaller) than

S,,(f7), then the maximum of positive terms is equal to S,,(f*) and is larger in absolute

value than the maximum of negative terms (resp. the maximum of absolute value of negative

terms is equal to S, (f ) and is larger in absolute value than the maximum of positive terms).
Let us consider o(i) € N*. Two cases can happen.

o if ) (Ayi))ANT) > v5(AsNN ), then the corresponding term reduces to f:(i) O vy (AgiN
NT). This term is identical to the ith term in S, (f7).

e if not, the ith term in S,(f) reduces to —f;r(i) ® v2(Agiy N N7). Due to monotonicity
of vy, this will be also the case for all subsequent indices o(i+1),...0(i + k), provided
they belong to N*. Moreover, assuming o(i + k + 1) € N~, we have

| fotirrt )] O (V1 (Asrrsy D NT) @(—v2(Asiires1y NNT))

= —|fo+rn)] O Vv2(Ag@rrrny NN7)
< |fop)l @Ay NN7), Vi=1i,...,i+k.
N—_— ——

Ag(irk+r1)NN~

Hence, in the negative part of S,(f), the term in o(i + k£ + 1) remains, while all terms
in 0(i),...,0(i + k) are cancelled, and it coincides with the term in S,,(f~). On the
other hand, in S, (f*) @(=8,,(f 7)), the term in o(i) in S, (f") is smaller than the
term in o(i +k + 1) of S,,(f7), so that the term in o (i) cannot be the result of the
computation, and thus it can be discarded from S,, (fT).

A similar reasoning can be done with o(i) € N~. |

The following result expresses the Choquet integral in terms of the Mobius transform.

14



Proposition 6 For any bi-capacity v, any real valued function f on N,

=m0 A £)+ X wan[( A L+ N\£)vo

BCN i€BeNN~— (A,B)€Q(N) i€(AUB)eNN~ icA
AZ£D

with the convention Ny f; == 0.
The proof is based on the following result.

Lemma 1 For any real valued function f on N, the Choquet integral of f w.r.t. a bi-
unanimity game uap) (see (14)) is given by:

0, if (A,B) = (0, N)
Cunn )= 0 e ; o (haaze 02
(Aicaunynn- fi+ Niea fi) VO, otherwise.
Proof: Using (10), we get:
Cucap ( Z | foti) [ o) VNT, Aoy N NT) — wia,) (Aery NNF, Agiy NNT)

with the above defined notations. For a given ¢ € N, the difference into brackets is non zero
only in the following cases: the left term is 0 and the second one is equal to 1 (case 1;), or the
converse (case 2;). Case 1; happens if and only if A;;11) " NT D A and A4y NN~ C B,
and either Ay, NNt 5 Aor A,y NN~ ¢ B. Observmg that the 3d Condltlon cannot occur
if the 1st holds this amounts to

(i) o(i) € BENN~
Case 1; & ¢ (6;) A,y NNT DA
(vi) Asaany NN~ C B.

(o) o(i) e ANNT
Case 2; & { () AsyNNT DA
(’)/Z) Aa(i-}-l) N N_ C B

We remark that only the first conditions differ.

Let us suppose that (A, B) = (), N). Then, for any i € N, neither case 1; nor case 2;
can happen, since conditions (a;), (o;) cannot hold. Hence C,, ., (f) = 0. This proves the
first line in (12).

Let us suppose (A, B) = (0, B), B # N. Then for any i € N, case 2; can never occur
since condition («}) is not fulfilled, and condition (3;) is always fulfilled. If B°N N~ # (),
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there is at least one i such that both (q;) and (v;) are fulfilled, namely o(i) € B°N N~
such that |f,(;)| is maximum (this forces o(i + 1) to be either in N or in B). Hence we get
(Cu(ij) (f) = Niepefi under BN N~ # (), and 0 otherwise. This proves the second line of
12).

Let us suppose (A, B) = (A, A°). If condition /3; holds for some i, then we have A C N™.
For any i € N, case 1; cannot occur since o(i) € ANN "~ by condition ¢, so that by condition
Bi, 0(i) € NT, which contradicts condition «;. Any o(i) € A fulfills conditions « and ~;,
while fulfilling also condition f3; imposes to choose o(i) € A such that f,(;) is minimum.
Hence, under these conditions we get Cy, ,.,(f) = Aicafi. This proves the third line of (12).

Let us consider the general case, with A # (), B¢. Let us suppose that case 1; occurs
for some i € N. Then necessarily, A C N* by condition 3;, o(i) € (AUB)*N N~ # ()
(conditions o, £;), and moreover o (i) is such that |f,)| is maximum on (AU B)*N N~ and

| fo)] < Njeafois) (13)

(conditions f3;, 7;). Under the assumption that case 1; holds, let us show that case 2; must
occur for some j. Since ) # A C N, condition o’; holds for some j. For any such j, j >
by (13). Now, condition (; imposes to choose j such that f,¢;) is minimum in AN N*. j
being such defined, let us show that v; holds. Suppose it is not the case. This means that
there exists j’ such that o(j') € Ay(j11)N N~ and o(j') € B. Since A C N, this means that
o(j') € (AUB)*N N~. However, ¢ < j < j', so that |f,;)| > |fs@)|, which contradicts the
definition of o (7). The reverse result can be shown as well, so that either both cases hold or
both fail to hold. If both hold, Cy, (f) = Niecaup)enn-fi + Nicafi, which is > 0 by (13).
This proves the last line of (12). |

Using the above lemma, the proof of Prop. 6 is immediate considering Eq. (15) and
convention Ay = 0.

6 The Shapley value and interaction indices

We consider now bi-capacities as bi-cooperative games, as introduced by Bilbao et al. [...].
Their definition coincide with our definition of bi-capacities. An example of bi-cooperative
game is the one of ternary voting games as proposed by Felsenthal and Machover [...], where
the value of v is limited to {—1,1}. In ternary games, v(S,T) for any (S,7) € Q(N) is
interpreted as the result of voting (+1: accepted, -1: rejected) when S is the set of voters
voting in favor and T the set of voters voting against. N \ S UT is the set of abstainers.
For (general) bi-cooperative games, one can keep the same kind of interpretation: v(S,T) is
the worth of the coalition S when T is the opposite coalition, and N \ SUT is the set of
indifferent (indecise) players. [....to be modified....]

An important concept in game theory is the Shapley value [14] and other related indices
(e.g. Banzhaf index, probabilistic values), as well as their generalizations as interaction
indices.
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6.1 Bi-unanimity games

A direct transposition of the notion of unanimity game leads to the following. Let (5, S’) in
Q(N). The bi-unanimity game centered on (S, S’) is defined by:

1, fT>SandT' C8'

. (14)
0, otherwise.

U(Sysl) (T, T’) = {

It is easy to see by (9) that the Mobius transform of ug ¢y is

1, if (T,7T") = (S, 5

0, otherwise.

m"©sH(T,T') = {
Hence, as in the classical case, the set of all bi-unanimity games is a basis for bi-capacities:

o, T = Y m(S, ) u,sy (T, T"). (15)
(S,8")eQ(N)

Remark that u(g ¢ is not a normalized bi-capacity since ug s1)(0, N) # —1.

6.2 Derivatives of bi-capacities

We extend the notion of derivative of a set function to bi-cooperative games (in fact to any
function on Q(NV)). As bi-cooperative games are defined on Q(NV), so should be the variables
used in derivation. For any i € N, the left-derivative with respect to i of v at point (S, T)
is given by:

ANjgv(S,T) :=v(SU,T)—v(S,T), Y(S,T)e QN \1i). (16)

Similarly, the right-derivative is given by:
Apiv(S,T) :=v(S,T) —v(S,TUi), V(S,T)e€ Q(N\1i). (17)

The monotonicity of v entails that the left derivative is non negative, while the right deriva-
tive is non positive. One can also introduce the derivative w.r.t. 7 by

Av(S,T) == N gv(S,T) + Ay ,;v(S,T) =v(SUL,T) —v(S, T Ui). (18)

Left and right derivatives permit to define in general the derivative with respect to any
element (0, () # (S,T) in Q(N) by the recursive relation:

AS,TU(K, L) = Ai,@(AS\i,TU(Ka L)) = A(D,i(AS,T\i'U(Ka L)),V(K, L) & Q(N \ (S U T)) (19)
We have for example

Ajjv(K, L) =v(KU4,L)—v(K Ui, LUj)—v(K,L)+v(K,LUj)
Ajjov(K, L) =v(KUij, L) —v(K Ui, L) —v(K Uj, L) +v(K,L).
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The general expression for the (S, T')-derivative is given by:

Aggv(K,L) =Y (-1~ (KU, LUT), V(KL €QN\(SUT)). (20)
s'cs
T'CcT
As before, we introduce the derivative w.r.t. S for any S C N
Asv(K, L) = AS,Q)'U(K, L) + A@,S'U(K; L)

We express the derivative in terms of the Mobius transform. The starting point is the
following.

Lemma 2 For anyi € N and any (S,T) € Q(N \ i),

A gu(S,T) = > m(S", T") (21)
(S",T7)€[(4,i¢),(SUi,T)]
Agv(S,T) = > m(S', T") (22)
(5", T)€el(0,:9),(5,T)]
A (S, T) = > m(S",T"). (23)

(87, T7)€el(0,€),(SUs,T)]

On the other hand,

[(4,i%), (SU i, T)] ={(S",T") € Q(N)|li € ' c SUi, T Cc T' C i}
={(S'Ui,T") € Q(N)|S' € S,T' > T}

hence the result. Similarly, we have
ANg,v(S,T) =v(S,T) —v(S, T Ui)
= ) m(sT)- m(S',T")

(87, T <(8,T) (87, T <(S,TUi)

= > ms.T)= > m(S',T").

S'CS, T DT igT’ (S',T")e[(0,i°),(S,1)]

Eq. (23) follows immediately since [(i,4¢), (S U4, T)] N [(0, i), (S,T)] = 0. [ |

By induction, one can show the following general result.
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Proposition 7 For any (0,0) # (S,T) in Q(N),

Agrv(K,L) = > m(S, T, Y(K,L)e Q(N\(SUT)) (24)
(S, TELV (15i€)V V (0,5¢),(SUK,L)]
i€S JET
Agv(K, L) = > m(S', T') + > m(S', T")
(8",T")€el V (i5i€),(SUK,L)] (8, Tel V (0,59),(K,L)]
i€ES jES
S [m(s UC, LU D) +m(C,LU D)] . V(K,L) € Q(N\S). (25)
CCK
DCN\(SUL)

Proof: We prove (24) by induction over (S,T’). The result holds for (i,) and (0, %) due to
Lemma 2. We suppose that the above formula holds up to a given cardinality of S and T
Let us compute Agy, v (K, L), for some k € N\ (SUT), and any (K, L) € Q(N\ (SUTUEL)).
As a preliminary remark, note that

V@) v\ (0,5 = (S,N\ (SUT)).

i€s jeT
We have

ASUk,TU(Ka L) = A(k,@)(AS,TU(K, L)) = AS,TU(K U k, L) - AS,TU(K, L)

_ [ 3 m(S',T") — > m(S', T")

(8, T)E[(S,N\(SUT)),(SUKUE,L)] (8", TE[(S,N\(SUT)),(SUK,L)]
:[ Yo oms ) - Y m(s',T')]
SCS'CSUKUE SCS'CSUK

LCT'CN\(SUT) LCT'CN\(SUT)

= E m(S’,T")
SUkCS'CSUK Uk
LCT'CN\(SUTUk)

= > m(S', T")

(S", 7" €e[(SUk,N\(SUTUEk),(SUK UEk,L)]

= Z m(S',T"
(s1el V (6i)V V (0,59),(SUKUE,L)]
1€ESUk JET

which is the desired result. The case of Agpupv(K, L) works similarly. Lastly, Eq. (25)
comes directly from (24). |
Remark that for any (S,7) € Q(N),

Agzv(0, N\ (SUT)) =m(S,N\ (SUT))
m(S, T) = AS,N\(TLJS)U(@, T)
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6.3 The Shapley value of bi-cooperative games

The Shapley value for bi-cooperative games can be defined axiomatically by introducing
axioms which are straightforward extensions of the original axioms, plus an additional sym-
metry axiom [......detail if necessary.......]. For any player i € N, it is shown in [...] that the
Shapley value of 7 for v is:

o)=Y (=5 = D6 N\ (SU) — (s, N\ 9)]. (26)

n!
SCN\i

Note that the term into brackets is simply A;v(S, N'\ (SU7%)), so that the Shapley value uses
the value of v only at vertices.
It is immediate to see that if v is of the CPT type, i.e. v(S,T) = v1(S) — 1»(T), then

¢°(i) = " (1) + ¢ (i), Vi€ N,

where ¢", " are the (classical) Shapley values of v; and v,. Recalling that for any game v,
@” (i) = ¢” (i) for any i € N, we get ¢”(i) = 2¢”(4) for any symmetric or asymmetric game
v. If v is an additive bi-capacity, we have ¢*(i) = v(i,0) — v(0, 7).

The following expression gives the Shapley value in terms of the Mobius transform.

Proposition 8 Let v be a bi-cooperative game on N. For any i € N,

. 1 :
o)=Y —m(SS).
(5,5)>(0,:°)

We need the following lemma.

Lemma 3

Proof:

S (n—i— D1 2 k!

2 T R ey o S R PP § DY pray

n=1)--n—k)+kn-2)---(n—k)+k(k—1)(n=3)---(n—k)+---+ k!
nn—1)---(n—k) '

It suffices to show that the numerator is n(n—1)---(n—k+1). Summing the last two terms
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of the numerator, then the last three terms and so on, we get successively:

k(k—1)---2(n—k)+kl=k---2(n—k+1)
k---3n—k+1)(n—k)+k--2n—k+1)=k---3(n—k+1)(n—k+2)

k---i(n—k+i—2)---(n—k)—|—.
k---(i—1)(n—k+i—2)---(n—k+1)=k--iln—k+i—2)--
--(n—k+1)(n—k—|—i—1)

k(n—2)---(n—k)+k(k—1)(n—2)---(n—k+1).:k(n—2)---(n—k+1)(n—1)
m=1)--n—-k+knh-1)--n—-k+1)=Mn-1)---(n—k+ 1)n.

We can show now Prop. 8.

Proof: We have by Lemma 2
Aw(S, N\ (SUi)) = > m(S',T").
(87,T7)€l(0,i°),(SUi,N\(SUi))]

Observe that for S = N \ i, the interval becomes 1 ({),i°), which contains each interval
[(0,4°), (SU4, N\ (SU1))] when S C N\ i. Hence,

R ST VED S

n!
(S", T et (D,ic) SCN\:
SUiDS’
N\(Sui)CT’

In the second summation, condition S U7 D S’ is redundant. Also, due to the symmetry of
the combinatorial factor, it is equivalent to use S or N \ (S U 7) as variable. So the second
summation can be rewritten as

t/

SCcT' s=0
Zn—s—l't"
nl(t' —s)!

Using Lemma 3, the result is proven. [ |

6.4 The interaction index

As in [10], the interaction index can be obtained from the Shapley value by a recursion
formula. We first introduce necessary notions. Let v be a bi-cooperative game on N, and let
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() # K C N. The restricted game vV\¥ is the game v restricted to players in N \ K, hence
vM\E(S,T) = v(S,T) for any (S,T) € Q(N \ K), and is not defined outside. The reduced
game v¥) is the game where all players in K are considered as a single player denoted [K],
i.e. the set of players is then N[ = (N \ K)U{[K]}. The reduced game is defined by

(S, T) = v(b(S), ¢y (T))
for any (S,7) € Q(Nik)), and ¢ : Nig) — N is defined by

_[s, if [K] ¢S
Prx)(S) = {(S\ [K]) UK, otherwise.

Let us denote by I”(S) the interaction index for coalition S # () in game v. The recursion

formula is [10]
N\K

rE=roeesy- > (S\ K).

KCS,K#0,S
It can be shown that the interaction index writes

r°(s) = Z (n—s—t)it!

(n—s+1)!

Y (1)L UT,N\ (TUS))

LCS

= (=1)(T,N\ (LUT))|.

LcS
Observe that this may be written also

re)y =Y MASU(T N\ (SUT)).

el (n—s+1)!

Proposition 9 Let v be a bi-cooperative game on N. For any S C N,

v 1 —1
re =y n—t’—s+1m(S,’T,)+ > n_t,_8+1m(S/,T').
(S, 17)> XS(Z Ji€) (8",T")€Q(N\S)

Proof: We have by Prop. 7 for any TC N\ S
Agu(T, N\(SUT)) = > m(S', T")+ > m(S',T").
(S",T")€[(S,N\S),(SUT,N\ (SUT))] (8", T")e[(B,N\S),(T,N\(SUT))]

Let us study the first term. Observe that for T'= N \ S, the interval becomes 1 (S, N '\ S),
which contains all intervals [(S, N\ S), (SUT, N \ (SUT)]. Hence

(n—s—1t)t! -
e S, T
Z (n—s+1)! Z m(S,T)
TCN\S (S",T)€[(S,N\S),(SUT,N\(SUT))]
) . ' .
(S",TEN(S,N\S) TCN\S (n 5+ 1)'

SuUT>HS’
N\(SuT)cT'
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Observe that in the second summation, condition SUT D S’ on T is redundant. Also, due
to the symmetry of the combinatorial factor, we can interchange 7" with N \ (SUT). So the
second summation can be rewritten as

(n—s—tH = () (n—s—1)
TCZT, (n—s+1)! _Z;(t) (n—s+1)!

B (n—s—1t)t'
B Z (' —t)(n—s+1)!

t=0
1

n—s—t+1

by using Lemma 3.
In the second term, for 7= N\ S, the interval becomes [(), N\ S), (N\S,0)] = Q(N\S).
The rest works similarly. [

NOTE: the above proof will be subsumed by the proof for bi-interaction indices,
more clearly written.

This expression shows that if v is k-additive, then IY(S) = 0 for any S of more than k
elements, and for any S of exactly & elements, I”(S) = m(S,N\ S)+m(D, N\ S).

Proposition 10 If v is of the CPT type, with v(S,T) = v1(S) — v»(T), then
1°(S) = I"(S) + I™2(S),

where IV is the (classical) interaction index of v;. Since I"'(S) = (=1)*T11"(S), we have

I'(S) = 0 when s is even and v is asymmetric.

Proof: Using Prop. 2 and expression of classical interaction w.r.t. the Mobius transforms
of v1 and vy, we have

1 1
I1°(S) = S N\S _ T’
S'DS T'CN\S
1 1 _
= Vi S’ ey /) N Tl
s’—s—l—lm (5 + Z n—t’—s+1m (NAT)
S'DS T'CN\S
1 _
:[Vl 51 2 TII
)+ Y ™)
T"CN\S

= I1"(S) + I"™*(9).
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6.5 The bi-interaction index

Since bi-cooperative games are defined on Q(N), the interaction index should be defined for
all coalitions in Q(N). The most natural definition seems to use the derivative, as for the
classical case. We propose the following

Definition 9 Let (S,T) € Q(N). The bi-interaction index w.r.t (S,T) is defined by:

v n—s—t—k)k!
rEn = Y ((R_S_Hi)' Aszv(K, N\ (KU S UT)).
KCN\(SUT) )

A first observation is that for any S C N

1°(S) = I'(S,0) + I"(0, S).

Indeed,
s =3 %AS,W(KaN\(KUS))
KCN\S
rws =y %A@,SU(K, N\ (KUS))
KCN\S )

and since Agv = Aggv + Ay sv, the result holds.

This gives immediately
DI 0) =Y 1(0,i) =2 (27)
ieN ieN

since Y,y @"(1) = v(N,0) —v(D, N).

Proposition 11 Let v be a bi-cooperative game on N. For any (S,T) C Q(N),

v _ 1 ! !
I'(sT) = Z n—s—t—t’+1m(S’T)
(§9,1)et( V (5,i°)V V (0,j¢)NQ(N\T)

€S JjET

1
= > m(S', T").
n—s—t—t+1
(S, T7)€[(S,N\(SUT)),(N\T,0)]

Proof: By Prop. 7, we have

Asrv(K,N\(KUSUT)) = > m(S',T").
(sme[(S,N\ (SUT)),(SUK,N\ (KUSUT))]

N ~~ g
SCS'CSUK
N\(KUSUT)CT'CN\(SUT)

S'NT"'=0
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When K = N\ (SUT), the interval becomes [(S, N\ (SUT)), (N \T,0)], or equivalently

(V& ©)Vv V(0,79)NQ(N\T). This interval contains all intervals [(S, N\ (SUT)), (SU
ies jET

K,N\(KUSUT))]since SUK C N\ T. Hence,

3 (n_s_t_k)kASTU(K N\ (KUSUT))

KCN\(SUT) (n—s—t+1)
b) _ _ ' .
(S' T El(S.N\(SUT)),(N\T.0)] kemgory (M tHL!
SUKDS!
N\(KusSuT)cT'

Observe that in the second summation, condition SUK D S’ is redundant. Indeed, we have
N\(KUSUT)CT'& KUSUT D> N\T'" Since N\T'"D> 5" and TN S" =, we deduce
SUK DS

Using this fact and letting K’ := N \ (K U SUT), the second summation becomes:

Z (n—s—t—k)!k!_ Z Kl(n—k —s—1t)!

N\(KUSUT)CT" (n—s—t+1)! ot (n—s—t+1)!
_z,: E'l(n—Fk —s—t)!

(n—s—t+1)!

Z t"(n—k —s—1t)!
B (n—s—t+ 1)t —k')!

1
n—s—t—t'+1

using Lemma 3. |
The above proposition contains Prop. 9 and Prop. 8, as it can be checked.

We examine the case of k-additive bi-capacities and CPT-type bi-capacities.
Proposition 12 (i) If v is a k-additive bi-capacity, then

I°(S,T) =0, V(S,T)¢€ Q(N) such that |SUT| >k (28)
I°(S,T) =m(S,N\ (SUT)), Y(S,T)€ Q(N) such that |SUT| = k. (29)

(ii) If v is of CPT type, then I, = 0 unless S =0 or T = {).

Proof: (i) v is k-additive iff m(S’,T7") = 0 for all 7" such that ¢ < n — k. Using Prop. 11,
we see that in the summation, 7" C N\ (SUT). Consequently, if [SUT| > k, m(S', T") will
be always 0, and so IV(S,T) = 0.

Now, if |[SUT| =k, only 7" = N \ (SUT) gives a non zero term. For any 7", we have
S" c N\ T'. Since we have also the condition S C S" C N\ T, the only solution is S’ = S,
hence the result.
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(ii) By Prop. 2, we know that m(S",T") # 0 iff S’ =0 or S’ = N\ T". In the expression

of I'(S,T) of Prop. 11, the first condition implies S = (), while the second implies T = ).
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